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ABSTRACT

Wang, Jingyue Ph.D., Purdue University, August, 2008. Error Bound for Numerical
Methods for the ROF Image Smoothing Model . Major Professor: Bradley J. Lucier.

The Rudin-Osher-Fatemi variational model has been extensively studied and used
in image analysis. There have been several very successful numerical algorithms
developed to compute the minimizer of the discrete version of the ROF energy. We
study the convergence of numerical solutions of discrete total variation models to the
solution of the continuous model. We use the discrete ROF energy with a symmetric
discrete TV operator and obtain an error bound between the minimizer for the discrete
ROF model with a symmetric TV operator and the minimizer for the continuous ROF
model. Partial results are also obtained on error bounds of some non-symmetric

discrete TV minimizers.



1. INTRODUCTION

1.1 Notation

One of the most influential variational models for image reconstruction is the total
variation—based model developed by Rudin, Osher and Fatemi [1]. This model studies

the minimizer of the following energy

E(u) :/Q]Du\—i—%/g(u—g)zdx, (1.1)

where

/|Du| = sup /ud’wqb,
Q |9|<1; ¢€CF°(22) JQ

is the total variation of u, Q is a bounded region in R? with Lipschitz boundary.
For more details on functions of bounded variation, we refer the reader to [2]. This
functional is to be minimized over all u € L?(2). The function g represents the
observed image, which is treated as a L? function. The existence and uniqueness
of the minimizer have been studied by Acar and Vogel [3]. We study the case of
Q =10,1)? := I, the unit square.

On the computing side, the most fundamental discrete model is based on the

discrete energy

k—1 k-1
1
Ep(u) = > h’[(Vu);,| + X > 0w —gi5) (1.2)
ij=0 ij=0

where u is defined by a 2-dimensional matrix of size k x k, h is the scale factor. The
space of all such discrete images is denoted by X* = R***_ There are several possible

choices for the discrete gradient operator Vu ([4], [5]); one common choice is

(Vu)ij = (Vau)ij, (Vyu)ij),



with

u. 1, Pp— u.7 .
(Vmu)m = %

s (vyu)i,j = ZJ—Hh—%] .

On the boundary, u is assumed to satisfy the discrete Neumann boundary conditions:

u—Lj = UOJ‘, U,kﬂ‘ = uk—l,j7 (13)

Ui 1 = Uj0, Uik = Ujk—1- (1.4)

b

The discrete function g; ; is the input image.

It is not hard to show that minimizers of E, ['-converge to the minimizer of F,
therefore, the sequence {u"} of minimizers of J converges to v in L'(I) and E,(u™)
converges to E(u) as n tends to oco.

In this paper, we study a slightly different version of the discrete energy, (1.2).
Before we go into details, we explain the notation used throughout this paper.

We use superscripts to indicate a discrete image, for example u* is a k x k image.
When there is no ambiguity, the scale factor h in (1.2) equals 1/k.

For a k by k discrete image u*, we sometimes need to extend it over all indexes
—00 < 4,j < +o00. We apply the following process: first reflect * along the boundary
i=k—1/2,

ullz—i-i,j — ullz—i—l,j fOI' O S Za] S k - 17 (15)
then reflect the whole image along the boundary j =k — 1/2,
W =ulp sy for0<i<2k—1,0<j<k—1; (1.6)

last, periodize it over all indexes (i, j). Notice that the extension of u* satisfies the

discrete Neumann boundary conditions (1.3) and (1.4).

Define
k R k ok
gy Uiy, — Ui Utk — i1 — Ui
x i, T h ) Yy g T h )
E .k E .k
Vb — Uiy — Ui, Vb — Uij — Uij—1
z i,j T h ) Yy g T h )



and
+u Tk
vHtuF . = vw i, Vb = V:v U, j
ij = N ) Uij = v
Vy uivj Vy U, j
Vo u Vouk.
—+ k T zg -k x M,
VT = .\ , ViU = X
Vy ui,j Vy U, j

We use Ej(u*) to denote the discrete energy of u*,

e
ky _ k 2,k k |2
Bi(u®) = Ju(u) + 55 D0 Wiy = gyl

i,j=0
where Jj, is a discrete TV operator to be chosen later.

In this paper, we study the error bound for operator J, that can be written as a

convex linear combination of Jy,, J_., J,._ and J__, where

Jii(u Z hQ\/ Viug)? + (Viug;)?,

,JO

Z hZ\/ Viuk )2 4 (Vo uk,)2,

1,7=0

Zfﬂ\/ cub )2+ (Vb )2,

,JO

T (u Z B (ol + (Vyul)2

1,7=0

A special discrete TV operator is J,,
1
Th) = (T () + Ty () + T (0F) + T (uh)

this operator is invariant under horizontal or vertical reflection. In the following
context we call J, the symmetric TV operator and any other convex combination of
Jyo, J_y, Ji_and J__ a non-symmetric TV operator.

The discrete input data ggfj in E} is the discretized input image g, with

ko
9ig = |1 5]



Finally, we denote the discretization of the anisotropic TV, [, [Dyu| + |Dyul, as
k-1
Ta(uf) =Y " RVl + [Viuf]) . (1.7)
i,j=0

1.2 Properties of the Minimizer of Continuous Energy

In this section, we assume

1
B(o) = [ 1D+ 3510 = -

We present some fundamental properties of the minimizer of E.

Lemma 1 is well known.

Lemma 1 (Contraction)

lu—vl| < f =gl

Proof By definition of minimizer, for any w

T8 ) < J(w) — J(u), (1.8)

put v, u for w in these inequalities respectively, and add them to get

JZetuzv <o
A
then
Ju—=v|> < (f —g,u—v) <|If —glllu—vl,
the result follows. -

In the next lemma, we need the concept of modulus of continuity. For any function

f € L*(I), the modulus of continuity of f is defined by:

wi(f, )2y == sup ||f(z+h) = f(x)|le2m), (1.10)

0<|h|<t



where

Iy ={x:xel,x+hel}

For more details on modulus of continuity and Lipschitz space, we refer the reader

to [6].

Lemma 2 (Continuity of translation)
Assume u is the minimizer of E. Extend u to @ over R? by mirroring along each

side and iterating, then
[a(z + h) = u(z)|[; < Cwrlg, [hl) 2.

Proof Define @ on the torus M := (R/2Z)?>. Tt is easy to see, by this way of
extending u,

|Du|(M) = 4|Dul([).

We do not introduce new extra total variation on the extension boundary.

The minimization problem on the torus M,

1
min )|D1}|(T)+ﬁ/M|v—g|2

vEBV(M

is equivalent to the following minimization problem

1
min |DU\(2[)+/ \Dv\+/ ]Dv|—|——/ lv—g|?, (1.11)
) 71 Y2 27 21

vEBV(2I

where

7 = {0} x(0,2),
72 = (0,2) x {0}.

The function g is the extension of g the same way as extending u.
Simple calculation shows that u is the minimizer of (1.11).

Let

J(v):|Dv|(21)+/ |Dv|+/ D).



We can easily verify that J is also convex and lower semi-continuous. Therefore,

the Euler-Lagrange equation for (1.11) is also

%“ € 0J(u),

thus we also have Lemma 1

o1 — va| < |Ifr = foll,

where vy is the minimizer for initial data f; in (1.11), vg is the minimizer for initial
data fo in (1.11).
It is also easy to see that J is invariant under translation for any periodic function

v with period (2,2), thus

1 _
T(©) + 5o = gz + )l[zeeary
1 _
= J(w(@ = 1)+ gy llv(@ = 1) = gl
_ L.
> J(u) + ﬁ“u — gll72n)
1
= J(u(x + h) + grllale +h) = gz + )2,
We conclude that for any initial data g(z + h), @(z + h) is the minimizer for (1.11).
By Lemma 1,
(e + ) — (@)l < e+ h) — @@l
< [lg(z +h) = g(@)ll2n
< wi(g, [hl) 2.
where I’ is the square [—3,3] x [3,3]. Because our extension satisfies Whitney’s
extension theorem [6],

w1 (7, W)Lm/) < Cuw (g, |h|)L2(I)-

Thus
|u(x + h) —a(z)|[r < Cwilg, [h])r2)-



Remark One can conclude from Lemma 2 that
wl(u, ’h|)L2(I) S Cwl(g, |h’)L2([) (112)

Remark Similar techniques allow one to show that this result also holds for the
discrete case of u* and ¢g* where u* is the minimizer of the discrete energy Ej, with
the symmetric discrete TV operator J,, and u” is extended on Z? as in (1.5), (1.6).

In fact, the corresponding discrete version is.
||Tm1,m2uk - uk||12(A) < Owl(gk7 |m1| + |m2|)12(A)7 (1'13)

where A is the index set {(4,5) : 0 < i,5 < k — 1}. For any discrete image v*, the

discrete modulus of continuity is

k

wi (", m)(ay 1= sup 1T, 1m0 = 0%l 2040, ) (1.14)

0<|ny|+|n2|<m

with T}, », being the shift operator:

k ok
(Tn17n2U )i,j T Ui+n1,j+n27

and

An17n2 = {(17]) : (27]) € Aa (Z+n1aj +’I’L2) S A}

Remark The proof of the continuity of translation depends on the symmetry of the
discrete TV operator J,. In Chapter 3, we use a different technique to obtain error
bounds for some non-symmetric operators, for example (J,, + J__)/2 with input ¢
satisfying

g€ LN Lip(8, L(I)),

where Lip(3, L*(I)) is a Lipschitz space. We will give the definition in Chapter 2.

Lemma 3 (Maximum principle)

k is the minimizer of E) where Ej is the discrete energy with either

Suppose u
symmetric TV operator or non-symmetric TV operator that we have considered. If
g € L, then

[ loe < (19" llo-



Proof Let

m = min ¢*, M = max g¢".
.3 .3

Define Tuﬁj to be the truncation of uﬁj, with

mooug; < m,
Tuiyi=q uf; m<ul; <M,
M uf] > M.
We have the following property:
Ta—Tb| < |a—1b|. (1.15)

In deed, it is easy to verify that

laANM —bA M| <|a—b|,

lavm—>bVvVm| <l|a—b|

Therefore,
Ta—Tbl = |(aANM)Vm—(bAM)Vm|<l|a—Dbl.
Thus,
|T“f+1,j - Tuf,ﬂ < |“i‘€+1,j - uf] )
‘Tuf,jﬂ - T“f,ﬂ < ’uf,jﬂ - uf] ’
Hence

\/(Tufﬂ,j - Tuf,j)2 + (Tuf,j+1 - T“ﬁj)Q

< \/(Ufﬂ,j —uf)? 4 (U0 — ulby)?

Add the inequality over all indexes (i, j)’s, we obtain

T (Tu®) < Jiy (uh),



In fact, we have proved that for any linear combination of J,,, J._, J_, and J__,
Jk - /\1J++ + AQJ_A,__ + A3J_+ ‘I‘ >\4J__

with )\17 )\27 )\37 )\4 Z 07
Je(Tu®) < T (u®).

For the L? term, again using (1.15)

Tui; — gt = |Tuf; — Tyl < luf; — g3,

[ =g < [ g,

collecting all these results, we have, for any w*,

SO

En(Tw*) < Ep(w®),

that implies, if v* is a minimizer, Tu* = u*, i.e.

[ lloe < (19" llo-

1.3 Plan of Proof of the Main Result
In this section, we assume
1
Ep(v*) = Ji(v") + ﬁllvk - g"II,

where J; may be a symmetric or non-symmetric discrete TV operator. Ej is a discrete
approximation to the continuous functional F.

To study the difference between Ej(u*) and E(u), it should first be noticed that
Ey, and E are two different functionals defined on different spaces. E' is defined on

the general BV(I) space while Ej is a discrete operator defined on k£ by k arrays.
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Therefore, some connection between these two operators should be built. We use two
energy bounds to bridge them.

First, given a discrete minimizer u* of functional Ej, we construct a “smoothed”
function @ € L? with E(u) less than Ejy(u*) plus some error. The construction of i is
done by first “smoothing” u*, then injecting it into L?. We shall explain the details

later. Assuming u is the minimizer of E, we have

E(u) < E(u) < Ek(uk) + eghn, (%)

where e, 5, is the error between Ej(u¥) and F(u), which depends on initial g and mesh
size h, and tends to zero as h tends to zero.

The second energy bound is similar but taken in the opposite direction. Based
on u, we construct a “smoothed” discrete function @* by first “smoothing” it, then
projecting it onto space X*, with Ej (") less than E(u) plus an error term e, , similar

to e,5,. By the definition of u*, we have
E(uf) < Ey(a") < E(u) + €. (%)

From (%) we see

E(u) — Ey(u*) < egn;

from (%)

then we conclude that
|Ep(uf) — E(u)| < max{eg, e’gﬁ}.

This will complete our error bound.

To relate a discrete image in X* to a continuous image in L2, we restrict our
bounded region in (1.1) to the unit square I = [0, 1] x [0, 1]. In discrete settings, we
divide [ into k by k grids, each grid

i i+ 1 joj+1 .
I JJT2 <ij<k—1;
Li; {k: k }X{k k } Osijsk=L
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k

then assign to the center of each grid /; ; a pixel value u; ;.

The “smoothing and projecting” process for a continuous function v is straight-
k .
i

forward. The final projected function 0% is

" = Ppy(¢e *v),

where ¢, is a mollifier with smoothing parameter € and P, is the projection L? — X*,

(Pf)ij = /IJ f.

k is a discrete

The “smoothing and injecting” process for a discrete function v
analogue to the above case. We first average v* at each pixel (i,7) over a small
square with side length (2L + 1) and center (7, ), then inject it into L? by piecewise

linear interpolation with grid size 1/k to obtain the final function .

L 4 L 4 L 4

¢ o o

*« O o
(i,7)

¢ o o

L 4 L 4 L 4

Fig. 1.1. Averaging v* on a square with center (i,5) and L = 2

In our proof, the bound of the errors ey and e, requires the following impor-
tant consistency property relating the discrete TV operator Jj(u*) to the continuous

operator J(u):

J(u) = /I|Du\.
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Consistency Property: For any v* € X* and v € BV(I)

J(0") < Jp(0F) + Ch Ji(0F); (consistency w.r.t injection)
€
Je(@%) < J(v) + @J(v); (consistency w.r.t projection).
€

where #% and % are the injected and projected functions respectively and € = Lh.

The consistency property is used in bounding the total variation terms in Ej(@")
and E(u) respectively. We shall show in the following chapters that our lemma both

holds for the symmetric and a special class of non-symmetric discrete TV operators.
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2. ERROR BOUND FOR THE SYMMETRIC DISCRETE
TV OPERATOR

In this chapter, we study the error bound for the discrete energy FEj:
1
Bu(uh) = J.(u) + Sl = oI,

where J, is the symmetric discrete TV operator

Tu(0) = (T 0) T () T () T ().

We assume throughout this paper that u is the minimizer of the continuous energy
E and v* is the minimizer of the discrete energy Ej, when there is no ambiguity. The
value of u* at pixel (4, j) is denoted by uﬁj, with 0 <4,j <k —1.

In section 2.1, we introduce the notion of injected smoothed minimizer and esti-
mate its energy. Section 2.2 introduces the notion of projected smoothed minimizer

and estimate its energy. We give the main results in section 2.3 on the bound of the

energy difference |Ey(u¥) — E(u)| and the error bound of [|u* — u]|.

2.1 Estimate of the energy of the injected smoothed minimizer

The following Proposition is the main result of this section.
Proposition 1 If g € Lip(a, L2(I)) and u* is the minimizer of Ey, then
O o/~
E(u) < Ey(u*) + XHgHiip(a,LQ)h /et

Section 2.1.1 discusses the notion of injected discrete function and calculates its
total variation, then gives the definition of the injected smoothed minimizer. Sec-
tion 2.1.2 and section 2.1.3 are devoted to bounding the BV term and the L? term in
the energy of this injected smoothed minimizer respectively. In section 2.1.4, we give

the proof for Proposition 1.
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2.1.1 Injected discrete function and its TV

T3 T2

Ty

Is5 T

Fig. 2.1. Q, the support of ¢

We start by introducing some notation in discrete settings. Let A; be the triangle
{0, x;, x;11} as shown in figure 2.1, where 1 < i <6, z7 = x1, g = 0.

Define 2 :=J; A; as shown in figure 2.1.

Let ¢ be a continuous function on R?, supp ¢ € Q, ¢|a, is linear, and ¢|a, (z;) = 0.

We dilate and translate ¢ to obtain the function

Orj(w1,w2) == plar/h — (i +1/2), m2/h = (j +1/2)). (2.1)

We can see supp ¢} ; is a scaled Q by factor h with center at ((i +1/2)h, (j +1/2)h).
For any discrete function v* € X*, extend v* on Z?* as in (1.5), (1.6) and define

the injection of v* into BV(I) by

k

— k ik

V= g v ¢i;  on I
t,j=—1
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Notice that vﬁ ; satisfies discrete Neumann boundary conditions,

k _ .k kK _ k
Vo1 = Y,  Vkj = Vk-1;>

E _ k E ok
Vi—1 = Yo, Yig = VYig—1-

The injected function o is in the space spanned by {gzﬁﬁj}, —-1<14,j <k
Now we calculate the total variation of v on I.
First notice that each triangle in our construction falls into one of two categories;

see Figure 2.2.

(1) “upper-right” type triangle:

ALy = (i s G+ )R, (G )b, G+ D), (G + A G+ )}

k k

The basis functions whose supports overlap this triangle are ¢7;, fﬂ i Pijrty

and their gradients on A:j are

1 —1 1
k k k
Voi; = 7 1 y Vi, = 7 , Vi = 7 .
(2) “lower-left” type triangle:
1 1 1 1 1 1
A e (o L o1 1 -1 1 -1 .
b= L+ DG ). (G Dk G = D). (G )b G+ b))

The basis functions whose supports overlap this triangle are ¢§’ i f—l,j’ ¢ﬁ i1

and their gradients on A;; are

11 1 ([ -1 1 0
V¢k = 7 ) ) V(ﬁffl,jzﬁ 0 ) V(bf,jfl:% q

It is easy to verify that, in each “upper-right” type triangle A’

Z?]’
k k
Vo — L Vi, — Vi
ho\ ok ok ’
ij+1 ~ Vi
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((i +1/2)h. (j + 3/2)h) (6= 1/2)h, (5 + 1/2)h) (G + 1/2)h. (j + 1/2)h)

((i+1/2)h, (5 + 1/2)h) ((i+3/2)h, (5 + 1/2)h) ((i+1/2)h, (5 = 1/2)h)

Fig. 2.2. “upper-right” and “lower-left” type triangular meshes

((i + 1/2)h, h/2) ((i +3/2)h, h/2)

0000
s
s

,,,,,,,,,,,,,,,,,,,,,

(i +1/2)h, —h/2) ((i +3/2)h, —h/2)

Fig. 2.3. rectangular region on the boundary
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and in each “lower-left” type triangle A;

k k
1 % R |

V/l—} — Z).] 7j
ho\ ke ok
i~ Vig—1

On the boundary, parts of these triangles will stretch outside the region I, but
notice on each rectangular region inside the boundary, for example the rectangle in

Figure 2.3,

o1 1 o3, 1 o3 o1
(G + 5, G+ 5 5h), G+ 50, 0), (G + )b, 0),

the two triangles overlapping this rectangular region are on the same plane and Vv

is a constant vector in this rectangular region, in this example,

k k
Vir1,0 — Yo

1
Vi = —
h 0

Finally, on the four “corner”s of region I,

h h h h
[O, 5] [0, 5], [1 — 5, 1] X [0, 5],
h h h h
[075] X [1—571], [1—5,1] X [1—5,1],

v is a constant and |V©| = 0. Therefore, integrating |Vo| on the whole region I, we
get the following relationship between the total variation of v and the discrete total
variation of v¥,

k—1
/|Vv| = Z h2(|V++vﬁj| + |V__v£fj|)/2

I i,j=0

- %(J++(Uk) +J (). (2.2)

Now we introduce the notion of ”smoothed” function in discrete settings.

Definition 2.1.1 Define v®* to be the “smoothed” function of v* at (i,j) over a
square with center (i,j) and side length (2L + 1) as

L

1
Lk k
Vij = m Z Yitm,j+n

mn=—1L
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for0 <i,j < k—1. For indezes outside the range {0, --- ,k—1}, we use the extension
of v¥ defined in (1.5) and (1.6).

We can also rewrite v“F as
L
vk = —1 Z T, vF
— (2L n 1)2 mmnt
m,n=—L

where T}, ,, is the shift operator

(Tm,nvk)i,j = vf+m,j+n .

Finally we define the injected smoothed function of v* in space L*([).

Definition 2.1.2 Define v* to be the injected smoothed function of v* if

k

L _ Lk k
ve= E, Yij Pigo

17]:_1

where gbfij is the basis function as defined before.

Recall that we assume u* is the minimizer of Ej, the injected smoothed minimizer

is then defined by
k

L _ Lk &
u” = E u; 5o, onl,

9.
ij=—1

where uF is the “smoothed” discrete function of u*,

Lk
b Tm
Y 2L+1 Z !

mn=—L

2.1.2 BV estimate

In this section we bound the BV term in E(ua%),

/|DuL|.
I

The following lemma bounds the difference between non-symmetric discrete total

variations of “smoothed” discrete function v*.
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Lemma 4 Eztend v* over Z* as in (1.5) and (1.6). For any mon-negative integer

L <k,

e (05) — Ly (0P4)] < S 1,00, (2.3)

Proof For simplicity we rewrite J, , (vF) as

E—1
Lky _ 2 54+
Sy (077) = E h=o75", (2.4)
i,j=0
where
oFt = b (AF)2 + (B;h)2
2,] (2L _l_ 1)2 7,7 1,7 ’
Lk L.k Lk k
+  Yigry Yy Z Vit L+1,5+¢ — Vi L j+e
W, h )
=L
Lk Lk Lk ok
Bt — Vij+1 — Yij _ Z Vitej+r+1 — Yitej—L
7,7 h h .
(=—1L

Adding two terms
vk —oF
it L1+ L1 — VinLj+L+1
h Y
vk — o
it L1+ L+1 — Vit L41,j—L |
h )

to A;’j and B:“J respectively, we introduce:

L+1 |k k
it . VitL+1,j+¢ — Vi-Lj+e
Qg h ;
(=1L
L+l k ok
B+ o 2: i+0,j+L+1 i+0,j—L
ivj T h °
(=—L
In other words,
A+ + k k
AL [ A N 1 Yrq1j4r+1 = VieLjtr41
P+ + h k k
By By Uit L1, j4+L+1 — YisL11,j-L
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Then
+ A+ k k
+ - D+ h k k
B; ij Bi,j Vit L+1,j+L+1 — Vit L+1,j—L
i+
< Ai,j i _‘ k ok ‘
> N A VitL+1,5+L+1 — Vi—Lj+L+1
Z"j
l ’ k Lk |
p Vit Ltjr Ll — Vit L4151

Expanding the second term into a collapsing sum and applying the triangle inequality

gives
1 L+1
k k — K
7 Vit L4154 L+1 — Uz’—L,j+L+1| = Z V, Vit t,j+L+1
(=—L+1
L+1
< Z |V;Uf+£,j+L+1’7
(=—L+1
and similarly for the third term, so
VA5 + (B < (A2 + (B
L1 L+1
+ Z Vo ool + Z V0t pingeel - (25)
(=—L+1 (=—L+1
Let
. 1 = =
= —\/ A )2 4+ (B2
2,] (2L+1)2 ( ’L,j) +( z,]) )

L,k)

25++ o
we bound J, (v by the sum of h%,";" over all 7, j plus some error term.

Ty (0PF) = 2L 1 Z hz\/ (Bja)z

7.]_

G ZW B

7.]_

Lt1
QL +1)2 Z h { Z Vol + ‘vyvzk+L+1,j+€|} :

i,j=0 (=—IL+1
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The last line follows from (2.5). Exchange the order of summation in the second term

of the above line and notice that L < k, by the definition of extended v*,

2k—1
Z |V;t Uz+€j+L+1| < Z |V$U
1,j=0 4,7=0
_42 |V:v 2]
4,7=0

Similarly for the last term, so

k—1 k—1
Z ’Vz Uz+€j+L+1’ + ’vy U1+L+1]+€| < 4 (Z ‘vaz 1]’ + ’v )

1,j=0 4,j=0
for any ¢, L. Thus we obtain

L+1 —

J++ Zh26++ 2L—|—]. Z ZhQ |vm z]|+|vy z]|)

3,j=0 {=—L+11,57=0

Recall that

J —ZhQ IVook |+ [V uh]).

4,7=0
Thus
J Z h2o;F + 4 Ja(0%)
++ 41 a
1,7=0
< Z W20 + J( k). (2.6)
1,7=0

Similarly, we can bound J,_(v1F) by

Zh25+— ZJ.(0"), (2.7)

1,7=0

where

- 1 = =
L )2 = )2
5i,j (2L + 1)2 \/(Oz,]) + (Dz,]> )

L Uk —Uk
o+ — Z i+ L1540 i—L,j+0
h, )
(=—L—1

L+1 |k k
D — Vivejrr — Vitej-L—1
e E - i

{=—L




One can now make the crucial observation that

6 = 077,

i,7+1 °

Therefore, subtracting (2.7) from (2.6), we obtain

— ~ 4
J++(UL7k) - J+—("UL’k) < Z h2(_5¢—f 5z+lc+ )+ zJa(Uk)

— ~ 4
S WA ER=IACO

To bound the first term in (2.8), we need to bound

k-1
Zhggi—fo_ - Z \/ C;ro i,O) .
i=0

is symmetric about the boundary,

Since v*

D;y =0,

again writing each C’ ' as a collapsing sum, we have

S = e | 3 Mt
h25:r0—_ h2 1+ JF, 1— L,
(2L +1)2 — Pyl h

L+1

1 k—1
Zmzh2 Z D Viuk

{=—L—-1s=—L+1

L+1

1 ) B
(2L—|—1) Zh Z Z |Vacvz+s€|

=0 ¢=—L—1s=—L+1

Again since the extended v* is symmetric about the boundary j = —1/2,
L L
—k — k
Z ‘va: vi+8,€’ < 2 Z |Vx vi-l—s,@l :
{=—L—1 £=0

Exchange the order of sum in (2.9) and notice L < k, we have
=1 L+1
Doy < Zh2 > Y wok
i=0 i=0 {=—L—-1s=—L+1
L+l k=1 L

2L—|—1 Z Zzh2‘vxvz+s€

=—L+41 =0 ¢=0
L+1 k-1 k-1

2L—|—1 Z Zzh2|vxvz+s€

s=—L+1 =0 ¢=0

22

(2.8)

(2.9)
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Forany —L+1<s<L+1,

k—1 k-1 k—1 k-1
h‘ |V Uz-{—sél < 2 h xvzé
i=0 =0 i=0 =0
thus
k-1 4 L1 k-1 k-1
25+ Z h — ok
,0 — a4
i QL+1)? S
4 2
Ja k < —J, k
Sopra ) s gl
The same result also holds for ¢ h25," . then we obtain
C
T () = Jp(0F) < LJ( ).

By the symmetric nature of our proof, we also have

T (w") = T ) < Sa(eh),
then
L.k L.k c k
[Tt (07F) = T (0] < 7 Ja(07).
and we complete the proof. [ |

Remark With slight adaption, this result can be easily extended to bound the dif-
ference between any two of the non-symmetric discrete TV operators J,, J,_, J 4

and J__.

We next give the following property of the symmetric discrete total variation J,.

It states that “smoothing” a discrete function v* doesn’t increase its TV.

Lemma 5
J*(UL’k) < J*(vk).

Proof Extend v* over the torus (Z/2kZ)?, Let J, be the symmetric discrete TV on

the torus,

2k—1

- 1 _ —
() = 3 (VT 4+ [Vl [V [V,

4,7=0
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One can verify that

and J, is invariant under translation on the torus. Therefore,

L
Z Tmmvk )

al
=
Il
il
S/_\
s
|
|
h

This gives

Now we prove the first part of the consistency property for the symmetric discrete

TV operator.

Lemma 6 (Consistency with respect to injection)

/|D’UL| < J(v) + J( . (2.10)
Proof By (2.2), we have
[1De = 30 P + 1)
= J(P) + }lm (V) = Ty (o) + Ty (o) = T (o).
By Lemma 5,
T (v"F) < (o),
therefore,

_ 1 1
/I DT < (0F) + 1T (08%) = Ty (029) 4 1T (08) = (P,
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Now apply Lemma 4 and its remark,

/|DUL| < J.0") + Sah).
I L

Since J, is equivalent to J,, we obtain

/|DUL| < J(vF) + QJ*(M).
: L

2.1.3 [? estimate

Lk

In this section we treat g* (u*, al* resp.) as a piecewise constant function on the

unit square / with constant value gﬁj (ui€ o HZL jk resp.) on each grid
vt 1+ 1 Jj Jg+1 o
-[i': R X R ) 0<7 <k_]"
5] |:k' kf :| |:k’ k’ :| >7)>

The aim of this section is to bound the L? term

1., _

Ll — g
in E(u") by

1,

Lt — g

plus some error term. Therefore with the help of the consistency property we proved

in last section, we can get

1
B(@) = [ |Dat|+ 5ot - gl
1 3
1
< J(uF) + ﬁHuk — g*||? + some error

= B (u*) + some error,

and prove Proposition 1.

The L? term can be expanded into several terms,
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|ah — g|* = [|[a* —u" +u* — g + ¢F — g
< lu¥ = "7 + 2||u* — g"|l[|at — uF + gF — g

+ ||zt = u* + g* — g|*. (2.11)
By the triangle inequality,

i =+ g = gl = " — w4l g ]

< " — w4+ u™* =l + g™ = gll,

and

L

o — kg — g = fJa® — ub* bt — k- gf g

< 3(fla” — u™ M)+ [l =)+ lg" = gll?).
Therefore

[a" — gl < flu* = g"|I* + 2[lu* = g*| - (a" — u™*]| + lu"" —u*|
+11g" = gll) + 3(lla" — ™12 + lu* — w2 +[|g" = glI*).  (2.12)
and we shall bound terms: ||a* —u®"||, ||u®* —u*||, ||gF — g|| and ||u* — ¢g¥||. We first
look at ||gF — g]|.

Recall that the Lipschitz space Lip(a, L*(I)), 0 < a < 1, is the set of all L?

functions f on I that satisfy

1/2
{ \f(fc+h)\—f(w)|2dx} <M, 150
Ip,

for all h with |h| < ¢ where [}, :== {x : © € I,z + h € I}. Recall the definition of

modulus of smoothness w; in (1.10). We define the semi-norm of Lip(«, L*(I)) as

| flLip(a,z2) := stug)(t_o‘wl(f, t)r2())-
>

the Lipschitz norm of f is || f||Lip(a,z2) := | flLip(a,z2) + | f]-

For a general exposition of the theory of Lipschitz space, we refer to [6].
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Lemma 7 If g is in Lip(a, L2(I)), then

19" = gll < C|glLip(a,r2)h™.

Proof

/\g’“ — g’ = Z/ 955 — gl
I 77 i
ij /fw

By Holder’s inequality, we have for any p > 1,

dy < L / 2P (2.13)
7351 / 17351

Let p = 2 and apply (2.13) to the inner integral in the previous line, then substitute

dz .

—g(r)dy
1]

the integral variable y by x + 7 and exchange the order of integration, we obtain:

1
k 2 2
g gl < E / / glr +T1 g(x)|*dr dx
/I| | = — 1, h2 |T|§ﬁh| ( ) ( )|

1
< [ [latwsr) - g Pdsar
|7|<v2h JI

<C sup [lgasr) = gl do
N

< Cwi(g, V2h)p2 < Cl9lfip(a,2)h*" -

On taking square root on both sides, we get the result. [ |

The following lemma bounds the smoothness of ¢* in the discrete setting by the

smoothness of ¢ in the continuous setting. We use it later to bounding ||u®* — u*||

and ||al — ulk||.

Lemma 8 For any p > 1 and any multi-index ¢ = (m,n),
ITog" = g* ||y < Cawn(g, 1IR) Loy,

where || = |m| + |n].
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Proof Similar to the proof of Lemma 7, apply the inequality (2.13),
Z 2197 jn — 0P = Z n
i, i,

1
< g h2|[ | / lg(z + he) — g(z)|P dx
i,j ,J Iz‘,j

P

! /I”g(x—l—hﬁ)—g(:c)dx

|7 51

- / gz + ) — g(a)|P da

< wi(g, Mh)ip(y)

< Cuwi(g, |€|h)ip(1)-

Remark We have in fact proved that
wi(g" 1wy < Cwi(g, 1R Lor)- (2.14)
Remark Specifically, we have

1
Jo(g") = E(HTLOQIC — ¢"lr + 1 To19" — " ||11)

C
< le(g, h)Ll . (215)

Now we estimate ||ul* — u*|| and [|ul — u™*¥|.
Lemma 9 If g is in Lip(a, L*(I)), then

lu®" — ¥ < Clgluip(a,zz) (LR)™. (2.16)

Proof Because of the convexity and 1-homogeneity of || - ||,

1
2L+ 1)

b — ¥ = ‘ 2
m,n

~
M=
|
53
3
<
ol
|
<
N

1
e, 2 et =l
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Apply the translation continuity property (1.13) for u* to each term in the sum
of the above inequality and use (2.14) to see that

L
C
It =l < e 2 @il dml+nbe
mmn=—L
C L
S _ Z wl(ga Lh)L2
2
2L +1)? o~
C = a
“priay, 2 Wb ()
mn=—L

< C|gLip(a,r2)(Lh)".

Lemma 10 If g is in Lip(«a, L*(I)), then
12" = u"*|| < Clgluipga,r2)h™. (2.17)

Proof The estimate of ||ul — ul*|| is similar to the estimate of ||ul* — u*||. We
first bound it by the discrete difference of u*, then use the property of translation

continuity and Lemma 8.

~L _ Lk K k Y Y
Let @~ =}, w7 ¢ s, the sum of ¢ ;, over all (¢, j') such that for each (i', '),
supp ¢4 j intersects supp ol ; non-trivially, It’s easy to see that in the support of ol i
~L - Lk
" is a constant u;’;".
/ |uL’k—fLL|2:/ |I~LL—?7,L’2
2
Lk k Lk ik
S / Z(uz’] i/,j/ - ui/,jl i/,j/)
Ii,j 7;/7]‘/
Lk Lk 2
<6) ,/ (uij — ;)
i/7j/ Ii,j
Lk

Notice that, for the ”"diagonal” type terms in above expression, for example, (u”

Lk 2
w5 )%, we have

L.k Lk Lk Lk Lk Lk
(ui,j - uzel,gel)2 <2(u;; —wu )2 + (u uifl,j71)2]7



then, sum all these terms and re-index terms when necessary, we get

/luL,k_uL|2:Z/ |uL’k—ﬂL|2
I — g

<S03 [ -ty

(] i3’ L

<36Z |u7,+1] 23

+ w5 —

= C(| T ou™* — u™*|* + | Tou™* — u™*|?).

Then

Jutt lw—{/wm ﬂﬁ ’

C([| Ty ou™" —u")
k
b Z T (To 1 u™ — uF)|))
QL+1)2 4= “mmiod '

Again by the convexity and 1-homogeneity of || - ||,

L

Z (”Tm,n(Tl,Ouk - uk)H"i_

mon=—L

1
i <C

Lk
lu (2L + 1)?

HTm,n(TQluk - uk) “)

Lk L,k’2)h2

30

(2.18)

By the property of translation continuity of u* (1.13) and the definition of w; (g*, m);

n (1.14),
||Tm,n(T1,0uk - uk)” < Cwl(gk, 1)2;
T (Toau® = u®)l| < Cwr(g®, 1)z
therefore by Lemma 8,

=t < Clen(g", e+ wi(gh 1e)

< C’|g|Lip(oz,L2)ha'



Now we are at the position to bound the last L? term |[u® — ¢*|| in (2.12).

Lemma 11
[u* — g < llgll.

Proof The proof is straightforward, since u* is the minimizer of Ej,

1 k k112 2 2
_ _ < <
AHu g*|I> < Ep(u”) < Ei(0) = Hg |° < 2AHgH

2.1.4 Proof of Proposition 1

We prove Proposition 1 in this section.

By the BV estimate (2.10), we have
C
/|DuL] < J( )—l—ZJ*(uk).

Then

Notice that

Thus

C 1
S0y < k o2 al 2
B(at) < 1)+ gl + o5l — gl

Recall (2.12), we rewrite the expending of the last L? term here,

|a* —g||* = [|a" — u* +u* — ¢F + ¢" — g

" — gl

< fluk = P + 20l — M la* — ut + g
+ ek — k4 gk — gl
- (=

<l = g*|* + 2l|u* — g

+1g" — gl)) + 3(]|a*

U e (e T e el ]

31

(2.19)

(2.20)
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Now applying Lemma 7, Lemma 9, and Lemma 10 to ||g* — ¢||, [|u®* — u*||, and

Lk

|ut — ulk||, respectively, in the above inequality, we obtain
17" = gll* < [lu* = g"II” + CUlglEip(a,2yh* + 91T ip(a,L2)h* (LR)*+
191Eip(a,z2) (LB)** + 1|9 lll9lipta,22) (L) + 19l |9 wipa,z2) )
Then put it back to (2.20),

C
E e < -
(@) A

T(0) sl = g7 S lglPE 4 B
+ ’g’%ip(a,LZ)ho{<Lh)a + |g|iip(a,L2)(Lh>2a
+ [19lllglLipa,2) (LR)™ + [lglllg|Lip(a,z2)h®)-

Setting L = |h~7], the smallest powers of h in the above expression are

h, pe=)

Setting them equal each other, we get

o«
7 - a + 17
and
_ ]_ C o/ (o
E(a") < J.(u*) + ﬁﬂuk —g"* + X(llgH2 + 1919l Lip(a,z2)) h/@HY
C o/ o
< Ep(u) + XHgH%ip(a,LQ)h /latl), (2.21)

Since E(u) < E(u"), we have immediately that Proposition 1 is true.

2.2 Estimate of the energy of the projected smoothed minimizer

We prove in this section the following proposition.
Proposition 2 If g € Lip(«a, L*(I)) and u* is the minimizer of Ey, then
O o/
Ek(uk) < E(u) + XHgHiip(a,LQ)h /( +1)‘
The structure of this section is similar to section 2.1. Section 2.2.1 introduces the
notion of projected smoothed function. In Section 2.2.2 and section 2.2.3, we bound

the BV term and the L? term in the energy of the projected smoothed minimizer

respectively. In section 2.2.4, we give the proof for Proposition 2.
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2.2.1 Projected smoothed function

To study the energy estimate in the other direction, we first briefly recall the
definition of mollified function v¢; here we assume v is a function in BV (7).

Define © be the extension of v over R? by symmetrizing v across the boundaries
of I and periodizing it (with period 2 in each direction).

Let n be a non-negative symmetric mollifier, with
/n=h

0, lz| > 1,

1
CelsP-1, |z| < 1.

for example,
’[’I =

Define for each € > 0

Now we introduce the notion of projected smoothed function. We call o* a pro-

k

jected smoothed function for v € BV if o* is a discrete function with value v;; at

index (4, j) for 0 <i,5 < k—1,

where v° is the mollified function of v.
Recall that we assume v is the minimizer of F; then @* is denoted as the projected

smoothed function for u. We also call @* the projected smoothed minimizer for E.

2.2.2 BV estimate

We estimate in this section the BV term of the discrete energy FEj (%), i.e. we

prove the consistency with respect to projection for the discrete TV operator J,.
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Lemma 12

L) < /|Dv€| +Ch/(|Dmv5| [ Dyy)). (2.22)
I I
Proof Recall
~ ~k k ~
V" — YA vE . — v
4~k Titly 0,J +~k _ Tig+l 1,]
vaij_Tv vyvi,j_T7
~ ~k ~k ~
(A YA . vy — pF.
—~k T4, 1—1,j —~k __ iJ 5,J—1
V. Uy = — Vy Uy = —

Then
v+~k _ i D €
x Ui,j 2 zV
z—l—l] i, / D Ve

1 1
=— [v(x + h,y) —v(z,y)|dedy — — / D, v°
hilijl Jr,,

The integrand of the first integral can be rewritten as an integral of Dv¢, then combine

these two integrals and once again rewrite the integrand as an integral of the second

derivative of v, we have,

hi/ </ Dt ac+ty)dt—hDv(xy)) dx dy
:hi/ /h(Dve(x+ty) Dot (2, y)) dt da dy
1/ //Dmv (z+ 5, y) ds dt dz dy

Therefore

1
~k €
Iz',j
1 h t
ﬁ/ / / D v (x + s,y)dsdt de dy .
I; ; JO 0
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Similarly,

Vﬂ?’-’f. = — Dyv+

I

1 h t

ﬁ/ //Dyyve($7y+8)d8dtdl‘dy.
I;; JO 0

So we can bound the norm of V*o}; by

{’f-| < i ffm’ Dyv*
TR f D,v°
Ii’j

1 flz-j foh fcf D, v (z + s,y) dsdt dz dy
" flij th fot Dyyve<x,y+8) ds dt dx dy

1 1 h t
< ]Dve\—i——g/ / / | Dy (z + s,y)| ds dt dzx dy
h? Ji,, b Ji; Jo Jo
1 h t
ﬁ/ / / | Dyyv(z,y + s)| dsdt dzx dy . (2.23)
n;Jo Jo

The last line follows from the fact that

IVt +

ff 2 2
¥ S/\/f+9

by Jensen’s inequality, and
<la| +1b].

To bound the discrete total variation J,,(9%), we should sum (2.23) over all

indexes (7,7) with weight h? at each index. We obtain

T (%) < /yzm +ei+en,
I
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where

1 h t
el:;}fﬁ/g,j/o /0 |Dyev(x + s,y)| ds dt dz dy

1 h t
< —/ / {/|Dmv5(x+s,y)|dmdy}dsdt
hiJo Jo Ui
1 h t
< —/ / {/ \Dmvﬁ|da:dy} ds dt
hiJo Jo Uar

< Ch/\DmvE\.
I

We also have

1 h t .
ey = izjm ﬁ/f/o /0 Dy, 0,y + )| ds dt dx dy
< Ch/]Dyyzﬂ.
I

Therefore

Tee@) < [ D]+ Ch [ (D] + D).

I I
By the same argument, we have the same bound for J, _, J_,, and J__,
5@ < [ 100+ Ch [(Dowve| + D),
I I

where J € {J,_,J_,,J__}. Thus, we complete the proof. [ |

Remark In fact, we have proved that for any convex linear combination of the

operators J,, J , J ., J |

J - )\1J++ + )\2J+_ + A3J_+ + )\4J__,
)\17)\27)\37)\4 Z 07

)\1+)\2+>\3+)\4:1,

the same result holds:

J(@) < / Dvf| + Ch / (I1D2s| + Dy
I I
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Similar to the discrete case, we also have the following result.

Lemma 13 For any v € BV(I),
/|qu| < /|Dv|.
I I
Proof The proof follows directly the one given in the discrete case in Lemma 5. H
Now we prove the consistency with respect to projection.
Lemma 14 (Consistency with respect to projection)

h
(%) < /]Dv[—l—o—/\DvL
I € Jr

Proof It is clear we only need to bound

/ (IDuat| + D))

1

in (2.22). We now prove

/|Dmv€| < €/|Dv|.
I € Jr

In fact
/|Dmvﬁ| = sup /Dmv6 e
I |p|<1; ¢peCg°(I)
= sup /D:CUequﬁ
|¢|<1; ¢eCg°(I)
= sup /(Dzne * U)DI¢
|6|<1; ¢€CF°(I)
= sup /UD$<_D$77€('TJ y) * (b)
[#|<1; ¢pcCFe(I)
Notice

| = Done(z,y) * @] < || Dane(, y) || 21| Al oo

C
§_7
€
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and —D,n(z,y) x ¢ € C°(I°), where
I€:={x : dist(x, ) < €},

therefore

C
/|Dmv5| <% [y
I € Jre

SQ/IDUISQ/]DU].
€ Jor € Jr

The same result also holds for [, |D,,v¢|. Applying these results and Lemma 13
to (2.22), we have the result. [

Recall that we assume @* to be the discretization of u¢, where u¢ is the mollified

minimizer u of the continuous energy F. Applying Lemma 14, we have

(i) < /\Du! +@/|Du|. (2.24)
I € Jr

Noticing that
1
/mmgmmsﬂmsﬁmm
I

we obtain
. Ch
1) < [ 1Dul+ gl (2.25)
T €

This completes the estimation of the total variation term in Ey(@*).

2.2.3 [? estimate

Finally we bound the L? term

in
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Similar to the first part, we prove
|@* — g*||* < |lu — g||* + some error.
Expand the L? term into a sum of collapsing terms,

13" = g*|* = [|" —u+u—g+g—d"|

< flu—gl* + 2llu = glll|a* —u+g — || + |&* —u+g - g"|*.

Notice
[3* —u+g—g"l = [la" — v +u —utg—g"]
< [J@* —uf + flut = ull + lg = "I
and
[ =t g =g = =t =g = g
< 31" — wlf® + [lu® = ul* + llg — g*[1*)-
Thus

1" = g*[1* < llw = gll* + 2llu — gl - (Ia" — [l + [Ju* = ul + llg — "]}

+3([1@" —u* + [lu = ul® + [lg — g*I1%)- (2.26)
We shall bound four terms:
1 — |, Jlu = ull, llw = gll, llg = "Il
We have already obtained the bound for ||g — ¢*|| previously,
lg = ¢"Il < Clyluip(a.c2yh” (2.27)

AISO’

thus

lw =gl < gl - (2.28)

We only need to bound the first two terms.
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Lemma 15 If g € Lip(a, L?), then
a* — ufl| < ClglLip(a,2yh”.

Proof We have,

ak_u6H2:Z/ ‘ﬁk
ivj ]Z’J
1 2
<3 [ g ] W) - w@ld] a
— JI ‘Ii,j| I;
(2¥) ©J

(Apply Holder’s inequality)
_Z/ / lu(z + 2) — u(x)|*dx dz
L |1 41 |<Vv2h

< —2/ /]ue(w +2) — u(7)|?dx
|z|<V2h JT

< Cw?(uf,V2h) 2
< Cw?(u, V2h) 2

By continuity of translation property (1.12),
wi(u, h)r2 < Cwi(g, h)re
Thus

13" — || < Cwi(g, h)re

< C‘g‘Lip(mLz)hfa-

Lemma 16 If g € Lip(«, L?), then

||uE - u” S C’|g|Lip(oz,L2)€C%
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Proof We have,
Jut = ulP = [ Ju =
I
- / / 1) (u(z — y) — u(z)) dy
I1J B(0,¢)

</ ( / W / . |u<x—y>—u<x>|2dy)dx
<

1 \JB(0,)
1
<5 [ [ te =y - ut@pPdsdy
€ JB(0,e) JI

< Cw%(u7 E>L2 < CW%(Q, €)L2 < C’g’iip(a,L2)€2a'

2

dx

With all the estimates given, we can bound the L? term.

Lemma 17
||ﬂk - gk“Q S /I|u — g|2 + O|g|iip(a,L2)h2a + C|g|iip(avL2)€2a+
Clgltipa,2)h% e + Cllgllglipta.)h™ + Cllgllgluipa.r2)e®

Proof We collect the inequalities we need here.

From (2.27),

g — g*| < Cl9|Lip(a,L2yh™ ;

From (2.28),
lu = gll < llgll

From Lemma 15,

13" — || < Clgluip(a,2)h®;
From Lemma 16,

[u® — ull < ClglLip(a,r2)€”-

Apply them to (2.26), the result follows.
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2.2.4 Proof of Proposition 2

At this point, we can establish the second main energy bound.

Proof of Proposition 2 By (2.25) and Lemma 17,

. _ L.
Ey(u) = J(@") + 5 l@" = ¢

Cllgll*h 1/ 2

< [ |Du| + =090 2 [y
< [ 1D+ SER 5 5 g+
C

5(
9lll9lLip,.2)P™ + |9l 9|Lip(a,L2)€”)-

’g’%ip(a,L2)h2a + |g’%ip(a,L2)€2a + ’g’iip(a,L2)ha€a+

The terms with the smallest powers in h and e (without considering coefficients) are
h he, e
Let € = h”, these terms become

R pe, e

Noticing ya < a, let 1 — v = ya to get

Then

Eu(u¥) < Ey(a

/ Dul + = / - glP+
o,

;ﬂg\iip(a,m) + lglllglLipas + lglf2)h/ @+

C o/
< B) + S glpia ),

2.3 Error estimate of the discrete minimizer

Our main theorem follows immediately from Proposition 1 and Proposition 2.
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Theorem 2.3.1 If g € Lip(«a, L*(1)), u” is the minimizer of Eyx and u is the mini-

mazer of E, then

c¢ af(a
[E(u) = Bi(u)] < < 119IEip(a,zoh ),

Remark For g € BV(I), we have a = 1/2, so a/(aw + 1) = 1/3; thus the order of

energy difference is at most h'/3.

Finally we give the estimate of error between discrete minimizer and the minimizer

in L?. We need the following lemma.
Lemma 18 If u is the minimizer of the functional E, then for any v € BV,

o — ull® < 27(E(v) - E(u)). (2:29)
Proof Let J(u) be the total variation of u,

() = / D,
I
By the definition of F,

E(v) = E(u) = J(v) = J(u) + %(Ilv =gl = llu— gl").

Since w is the minimizer, (¢ — u)/A € 9J(u), i.e. for any v,

then
g—u 1
E@) = E(u) > (v —u)+ 57 (lv—g]* = lu—g|*)

A 2\
g—u 1

= (S v—w) + oo —ulP+ 200 —wu—g))
1

= oollo—ul®.

Theorem 2.3.2 If u is the minimizer of the functional E and u* is the minimizer

of the functional Ej, then

i = ull? < Cllgl iy,
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Proof Let @” be the piecewise linear function defined in the first approach,
[a" —ul* < 2X(B(a") - E(u))
C o/l
< OA[(B) + g Bz h D)

C o/
+ (—Ep(u*) + XHgHiip(a,LQ)h /et

The substitution for the first term is by (2.21); the substitution for the second term

is by Proposition 2. Then clearly
HaL - UH2 < CHgHiip(a,LQ)h‘a/(aJrl)'
Thus by Lemma 9 and Lemma 10,

Huk . UH2 — Huk . uL,k + uL,k . ﬂL 4 ﬂL o UH2
< B(Jfu™* = M ™t — et et - u]?)

< C||g||iip(a,L2)ha/(a+1) :
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3. ERROR BOUND FOR A NON-SYMMETRIC
DISCRETE TV OPERATOR

In this chapter, we study the error bound for the discrete energy Ey,
1
Byy(u*) = Jp(u®) + et = J"II%, (3.1)
where J, is a special case of non-symmetric discrete TV operator

Tl = S (T () + T ().

The consistency property for this discrete TV operator is particularly easy to

prove based on the following observation.

J1pal = 50w )
= Jp(ub), (3.2)

where % is the piecewise linear interpolation of u*,

k—1
— k .k
U= § ,uw 0§
i,j=0

¥ is the basis function defined in (2.1) in Chapter 2. By (3.2), we immediately have

consistency with respect to injection for Ji,

J() < Jp(u).

However, it is difficult to prove the consistency property for the non-symmetric
operator J, . with the technique introduced in Chapter 2. This is because although
we can also smooth u* first and inject the smoothed function into L? to get w™*, we
are not able to apply the idea of the proof of Lemma 5 to prove the similar result for

‘]++7
T (@h*) < Jyp(uh),
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due to the dependence on the symmetry of the operator J, in our proof.
We assume throughout this chapter that u is the minimizer of the continuous
energy I and u" is the minimizer of the discrete energy Ej, when there is no ambiguity.

The value of u* at pixel (i, j) is denoted by u¥ ., with 0 <i,j < k — 1.

’Lj7
The proof of the error bound for the non-symmetric J; shares most parts with
the proof for the symmetric J, in the previous chapter. First, It doesn’t need any

adaption on the proof of Proposition 2 to prove the following result.
Proposition 3 If g € Lip(«a, L*(I)) and u* is the minimizer of Ej, then

Ek(uk) < E( ) HgHLlp(a L2?) h’a/ a+1

Corollary 1 If g € L>* N Lip(B3, LY(I)) and u* is the minimizer of Ey, then
C
By (u") < B(w) + 5 (91 + lloclglripgo.cn 7O+,

Proof We only need to point out that g € L*(I) N Lip(8,L'(I)) implies g €
Lip(3/2, L*(I)). In fact, for any w € R?, jw| < h,

i lg(z +w) — g(z)* < sup lg(z +w) — g()] i lg(z +w) — g(z)|dz

< ngp gl wi(g, h)

< C|glso|glLip(s.1y2”

where Ij, is as defined in (1.10), thus

wi(g,h)pz = sup { . Ig(:c+w)—g(:c)|2}1/2

0<|w|<h
1/2
< Cllgl X9l s.n ™",

and

191 Lip(3/2,12) = Sup(h*mwl (9,h)z2)

1/2
< C”gHI/Q’g’L{p(B L)
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We prove in the next section the bound in the other direction.
Proposition 4 If g € L™ N Lip(3, L*(I)), then

C
E(u) < B(u") + ~ (lgll” + 9lloolglLips,1)) B2, (3-3)

3.1 Estimate of the energy of the injected minimizer

Unlike the symmetric case, we do not use “smoothed” discrete function; instead

we interpolate directly the discrete function to obtain its injection into L2

Definition 3.1.1 Define v to be the injected function of v* if

where ¢ﬁj is the basis function defined in (2.1) in chapter 2.

Assuming u* is the minimizer for Ej, we now bound the energy E(u).

For the BV term, by (2.2) in section 2.1.1 we have

[ 1pal = 50w )

We use it directly as the BV estimate.

To estimate the L? term in F(u), we expand it into a collapsing sum.

la—g|* = |lu—u"+u"—g"+¢"—g|
<l = gF|1P + 2)|lu” = gF|l||la — uF + ¢F — gl + |Ja — v + ¢* — g
< |Juf = g"|” + 2||u” = ¢¥||(J]a — «¥|| + ||lg* — gl])

+2([la —u*|* + llg" - gll*)- (3.4)



48

Thus we shall bound ||z — u*|, ||g* — ¢|| and ||u* — ¢*||. By Lemma 11 in section

2.1.3, we have
lu* = g1 < gl

We also need a slightly modified version of Lemma 7 of section 2.1.3 to bound

lg* = gll.
Lemma 19 If g € L>(I) N Lip(B3, L'(1)), then

1/2
I9" = gl < Cllll 1ol .2

Proof As shown in the proof of Corollary 1, g € L>(I) N Lip(8, L*(I)) implies that
g € Lip(8/2, L*(I)) and

1/2
9lin(s/2.22) < CllgllX2lglt 25,00 -

By applying Lemma 7 in section 2.1.3, the result follows. [ ]

Finally we bound ||a — u¥||.

Lemma 20 If u* is the minimizer of Ey, and g € Lip(3, L*(1)) (N L>(I), then
_ 1/2
la—u*ll < CllglliLlglghogsn ™"

Proof Let a = }_, . uy ;¢% ., where the sum is taken over all (i/,') such that

supp gbf}7 j» Intersects supp gbﬁ ; non-trivially. We have shown previously the formula (2.18),
k- k k k k
/I!u - u|2 < 36 E (lui-‘rl,j - ui7j’2 + |ui,j+1 - ui7j|2)h2’
2
Thus,

/W —a* <36 ) (lufy; —ulyl” + ludy = ufy )R’

4 ij

S CHukHoo h- Ja(uk)7 (35)
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where J,(u¥) is the discretization of the anisotropic TV defined in (1.7) in section

1.1. Therefore,

12— u*|] < C{l[ublloc - 1o+ Jo(u)}7?
< C||g*I12h2 T2 (w*) (by maximum principle Lemma 3)
< Cllgl| Py (g, ) (by (2.15))

1/2
< Cllgl¥glss.nh™".

Now we can prove Proposition 4.

Proof By (2.2), we have

[ 1pal =

Since u is the minimizer of E,
E(u) < E(u
1
= [ |Dul + —1la — ¢|?
J1pal+ g5l =l
1
= )+ o7 = gl
1
= Je(u) + oylla —ut +u — "+ g" — gl
1 1 )
< Ji(u )+—||U gk||2+X||Uk—ng||U—uk+gk—g||
£l =+ gF — gl
oy lli—u+g" g
1 _
< B(u®) + XHU'“ — " ll(la =" + Ig* = gll)
1,
+ (e - W17+ lg" = gll?)  (by (3.4)).

By applying Lemma 7, Lemma 19 and Lemma 20 to the last inequality, we obtain

C
E(u) < Ex(u") + T (Igllclghive.cnh” + lglloclgluine.cnh’+

1/2 1/2
Hglllg22 191t 5,2 + Mgl gl 22112 .0 P2 -
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When h < 1, the largest terms have order O(h%/?); thus

C 1/2
E(w) < Bu(u*) + S (lglllg] 2 lgl .00 )0

C
< Ep(u¥) + X(HQH2 + 1| gllsolglLipes, 1)) 7.

We combine Proposition 4 and Corollary 1, and notice
B/2>pB/(6+2),
to obtain the inequality (3.3) for the solution of (3.1).

Theorem 3.1.1 If g € Lip(3, L') N L™ and u* is the minimizer of energy with a

non-symmetric discrete TV operator Jy,
1
Jp(u*) = §(J++(Uk) +J(u")),
and u is the minimizer of E, then
K c 8/(8+2)
() — Blu)| < S N(g)h?/ )
where
N(g) = llgll* + llglloolgLip(s.c1)-

Along the same line as the argument in the proof of Theorem 2.2, we obtain the

following error bound for the discrete minimizer.

Theorem 3.1.2 If uy is the minimizer of Ey defined in Theorem 3.1 and u is the

manimazer of E, then

lu* = ul| < CIN(g)]"/2hP/20+2),

where N(g) is as defined in Theorem 3.1.
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