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These notes are incomplet and inkorrect (as an old computer documentation joke goes).
Nonetheless, I've decided to distribute them in case they prove useful to someone.

My goal is to present certain results that can be proved in a (relatively) straightforward
way. So, for some problems we present complete proofs in Lo and partial proofs (or none
at all) for L,, p # 2. To simplify arguments even more, we consider only wavelet spaces of
piecewise constant functions on uniform grids of size 2% x 2* on the unit square. As far as
I know, all results can be extended to approximations of higher order. We don’t consider

kX

at all the area of “construction of wavelets,” which is a large topic in itself. I've presented

some of these results in graduate “topics” courses at Purdue University.

The notes have certain themes: generalized wavelets (results can be generalized to box
splines, for example), nonlinearity (nonlinear approximations, nonlinear wavelet decompo-
sitions, avoiding arguments that use linear functionals, etc.), non-Hilbert spaces (L, and
¢, for p # 2), nonconvexity (L, and ¢, for 0 < p < 1).

My approach has been inspired by and is derived from the approach of Ron DeVore,
who has made tremendous contributions to this field and with whom I collaborated for
about a decade.

Some parts of these notes are influenced directly by the survey paper “Wavelets,” by
Ronald A. DeVore and Bradley J. Lucier, Acta Numerica 1 (1992), 1-56. Specific examples
of nonlinear, piecewise constant, wavelet approximations appeared in “Image compression
through wavelet transform coding,” by Ronald A. DeVore, Bjorn Jawerth, and Bradley J.
Lucier, IEEE Transactions on Information Theory, 38 (1992), 719-746. And the approach
in that paper was in turn influenced by the proofs in “Interpolation of Besov spaces,” by
Ronald A. DeVore and Vasil A. Popov, Transactions of the American Mathematical Society
305 (1988), 397-414.

But my goal is not to document everything that influenced these notes, for two reasons:
(1) I can’t remember where many ideas came from and (2) nearly all these results are now
over 20 years old, so can appear, perhaps, in these informal notes without strict attribution.
Please e-mail me at lucier@math.purdue.edu to get the latest version of these notes,

or to point out errors or gaps in arguments.

I thank Jeffrey Gaither, who helped correct and complete some aspects of these notes.



Background

We use the following terminology.

A norm on a vector space X, || - ||: X — [0,00) C R, satisfies (1) (Va € R) (Vz € X)
laz|l = lal [|z]], (2) (Vo,y € X) [l + y[| < [lz]| + [y, and (3) (Vo € X | [z]| = 0) z = 0.

A semi-norm satisfies (1) and (2), but not necessarily (3).

A quasi-norm satisfies (1), (3), and (2'): (3C > 1) (Vz,y € X) ||lz+y| < C(||z]+||y])-

And a semi-quasi-norm (or quasi-semi-norm) satisfies (1) and (2').

Elements of the sequence space

l, = {:z: = (z1,22,...) | vk € R, ||x]|§p = Z lxg|P < oo}

k>0
for 0 < p < oo (with the usual change when p = c0) are denoted by (xj) or {zj}.

The notation A(f) < B(f), A,B: X — [0,00) C R, means that there exist positive
constants ¢, ¢ such that for all f € X,

cA(f) < B(f) <2A(f).
We say that A is equivalent to B on X. It is a standard result that all pairs of (quasi-)norms
on a finite-dimensional space are equivalent.
We use the following two inequalities extensively.

For any bounded domain Q2 C R?, let |Q| be the volume of Q. If 0 < g < p < 0o, we
can use Holder’s inequality on 2 with

1
:pzland -|——:1

q
to see that for any

Fery@ = {10k |11l q = [ 17 <o}

we have

GEALES <|Q|/('f'>)1/s<ﬁ/ﬂ”)l/r (s [ )p/q)q/p.

Taking gth roots shows that

Y (e fr) = (i)™

On the other hand, for 0 < ¢ < p < oo and sequence norms we have

@) I@)le, < l@e)lle,

when p = oo this is obvious, while for other values of p this inequality will be proved later.
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Nested finite-dimensional linear spaces
Let I be the unit interval [0, 1]?; for £ > 0 and

J€Z5 = {j=(1j2) €22 |0 < 1, jo <2}
let I; 1 be the square with opposite corners j/2 and (j + (1,1))/2¥; in other words

Lk =2"MI+)).

El

The corners of the squares I, and the squares themselves are called dyadic, as the corners
are pairs of rational numbers whose denominators are powers of 2.

We define the characteristic function of I ; to be

1, ze€ Ij’k,

Xjk(2) 1= {

0, otherwise.

We want to project a function f defined on I onto functions that are constant on each
I .. We'll call the space of such functions

Sk:{f:I%R‘f‘I_k isaconstant}.
Js

These spaces have the property that S* C S¥t1, i.e., this is an expanding sequences
of finite-dimensional spaces.

Projections as near-best approximations

1
Pkf‘[j)k = |Ij’k /Ijk fv

i.e., Ppf in I is the average of f on I; . Py f is the best Lo(I) approximation to f from
S* . as calculus shows.

For now, let’s take

We make a series of claims about Py. First, note that Py f is bounded on L,(I) for

1/p
/ mp) .
7k I',k

1 1
\Pkf|:'— f‘é(—
Lkl J1, |1 ;

1
/ |Pkf|ps/ —/ |f|”=/
I I iy Ik I
3

1 < p < o0, because, for each I;, by (1),

So,
|17
k
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summing this inequality over j and taking pth roots gives || Py fllz, 1) < | fllz,(1)-
Second, if S € S*, then P,S = S (which is obvious). Third, P,f is additive with
respect to elements of S*: for any S in S*,

P.(f+S)=P.f+P.S=P,f+5 Sesk

Py, is in fact linear, but we only need additivity.

These three properties imply that Py f is a near-best approximation to f in S*, because
for any S € S*, we have

| Prf — flle,y = [(Pef — PeS) + (S = iz, ) < NPef — PeSllz, ) + IIf =Sz,
<|If =Sle, )+ If =S,

So for all f € L,(I),

3 P.f— < 2 inf -5 .
(3) 1 Prf — fllz,a) < Jnf 1f =Sz,

The same would be true of any (possibly nonlinear) projector of L, (I) onto S* that satisfies
these three properties.

Moduli of smoothness

We want to compare how close f is to P f by considering the smoothness of f. So for
any x € I, nonnegative integer r, and h € R? for which this makes sense, we define the
differences

A f(x) = f(z), A f(x) = AL f(x+h) - AL f(x), r2>0.
Thus
ALf(x) = flz+h) = f(z), A f(x) = fla+2h) = 2f(z + k) + f(x), etc;
by induction,

S
s=0

" (r
1@ =3 (7)1 fa+ sh),
We have x + sh € I for s =0,...,r, only for z in
I :={zel|x+rhel},

so for f(x) defined for = € I, A} f(x) is defined for = € I,.
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For any 0 < p < oo, the rth modulus of smoothness in L, () is defined by

wr(f,t)p == sup |ALfllz,z,0)-

|h|<t

Bounding approximation error by modulus of smoothness

We claim that for 1 < p < oo, we have
If = Pefllz, ) < @2m)Pwi(f,27V2),.

Why? Let’s consider 1 < p < co. On each I}, we have

p — _ 1 :
J W@ - ps@ra= | i@ =g [ s

x
Js 7

But now, because f(x) does not depend on y we can pull f(x) into the integral in y; since

1 < p, we can use (1) to show the latter quantity is bounded by

/ . y
j k
Note that for a given = € I, the values of y are also restricted to I; ; so, in fact, if we
define h = y — x, we have |h| < 2-%4/2 and we have the further bound

J,

J

dx.

p
1
dr < / |f(x) — f(y)|P dy d.
L ikl J1,

75

oL jk|/ |f(x+h)— f(z)” dhdzx.

|h|<v227F
x€lj,, v+hel

We now sum over all 5 to find

/\f — Ppf(z)|P do < | | / flx+h) — f(x)|P dhdz.
Gk |h|<v227Fk

IEI}L

Change the order of integration, take a supremum over all |h| < 27%y/2, and get

b o L1 Ih] < 27V
J 1@ = Pos@rar < HEE

= 2mwy(f,27FV/2)P.

sup / et h) - f(@)P de
|h|<2-kv2 Jael),

Thus
If = Peflln,a) < @m)YPwi(f,275V2),.
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A different argument, which we leave to the reader, is needed when p = oo.

At this point I'm supposed to present various properties of w,(f,t),, 1 < p < oo, like

(a) wr(f,t), is nondecreasing,

(b) wr(f,t)p >0ast—=0if 1 <p<ooand f € L,(I) or if p=o00 and f is uniformly
continuous on I,

(c) wr(f,nt)y < n"wr(f,t)p, and w,(f, At), < (A+1)"w,(f, ), for integer n > 0 and real
A >0,

(d> w?"(f + g: t)p S wT(f: t)p + wT(gv t)p:
(e) wr(f,t)p =0 for all t >0 iff f is a polynomial of total degree < r on I,

() wr(fs8)p < 271Nz, -

See Chapter 2 of DeVore and Lorentz, Constructive Approximation Theory, for the one-
dimensional theory. Note that property (d) implies that w,(-,t), is a semi-norm on L, (I).
The “only if” part of (e) is nontrivial. These properties hold for more general domains
than our square I, for example they hold for functions defined on open, convex ().

Because of (c¢) we have, in fact,

(4) If = Pufllr, ) < Cwi(f,275),.

And because of (4) and (b), we have that P, f — fin L,(I) as k — oo. Thus, if we define
P_1f =0 we can write

Ppf = (Pnf = Pmaf) 4+ (Pif = Pof) = Y _(Prf — Perf).

k=0

Let m — oo to see that

f=lim Pnf=73 (Puf~ Pi-1f),

k=0

where the sum converges in L, (]).
Since Pp_1f € Sk=1 c SF and P.f € Sk, Pof — P, 1f € Sk.

So we can write any f in L,(I) as a convergent sum of elements of S*, k > 0.

0 < p < 1: Not as strange as it might seem

If we use

1
Pkf(x):m/l f forzelj
Js ik

as our projector, then the above stuff works only for p > 1. For certain applications, we

will need p < 1 and it will be nice to get it to work there, too.
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The basic inequality for 0 < p <1 is

> It

(2

p
<D It

7

()

We can prove this as follows.

Without loss of generality we assume that 0 < b < a and
la +0|” = |a|P|1 4+ (b/a)|P =aP(1+2)P, 0<z=b/a<l1.

We now note that for x > 0,
(14 =)P
F =
(z) T 2p

satisfies F'(0) = 1, and for 0 < z < 1,

1+aP)p(1 +2)P~ " — (1 + x)PpaP!

oy (
F(w)_ (1+.’13p)2

The numerator is

p(14+2)P 1 4+2P —(14+2)2P ™ = p(l+2)P 1 42P —2P~  —2P] = p(1 +2)P 71 — 2P ).
Since p — 1 < 0 and 0 < x < 1, this quantity is negative. Thus, F'(z) is nonincreasing on
[0, 1] and

A+ _

T or <F0)=1, ie, (1+z)’ <1+2aP.

Backing up gives
a+b" = aP(1+ (b/a))? < aP(1+ (b/a)’) = a” + V7,
which in turn gives (5).

From (5) we can derive other useful inequalities. For example, if 0 < s <7 < oo and
t; = |xz;|", then set p = s/r <1 to see that

OO IS DR

or, on taking sth roots of each side,

(Z |93,|T> 1/r < (Z |xi|3)1/s,
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as claimed earlier.

Formula (5) immediately gives

[11@) +g@Pds < [(f@F +lg)P) d
1 I

ie.,

(6> ||f +9||22p(1) < ||f||1£p(1) + ||9||22p(1)-

The function F(§) = &P is concave on [0,00) for 0 < p < 1, so for 0 < ¢t < 1 and any

nonnegative a and b
tF(a)+ (1 —t)F(b) < F(ta+ (1 —t)b).

Setting t = 1/2, a = || f||z, ), and b = ||g||z, (1), We get with some algebra
||f||1£p(1) + ||9||I£p(1) < 21_p(||f||Lp(1) + ||9||Lp(1))p-
Combining this with (6) gives
1+ gl < 257 (1l + 9]z, o).

i.e., || -z, is a quasi-norm. The completeness of L,(I) for p < 1 is proved in the same
way as for 1 < p < oo.

Projections and moduli of smoothness in L,(I), 0 <p < oo

For any nontrivial measurable set {2 we can define a (possibly non-unique) median of
f on € to be any number m for which

7) () > m}| > 10] and [{7(x) < m}| > |0,

A median is a best L1 () constant approximation to f on . If k¥ < m, for example, then
because |[{f > m}| > 1|Q

/|f—k|=/ka(f—k)+/f<k(k—f)
::A?Jf‘m*fﬂyﬁm‘k”*LSKm“‘k>

wf e [ e [ e
= [15=ml+tn=m(s 2 m - gr <mi)+2 [ (=B

k<f<m
> [17 .



We can try a new projector

fik = Puf

:= a median of f on I; .
Ij,k

Note that this isn’t necessarily unique, so just pick one.
We note that
falrde < [ 1P ds

{zel; |l f(2)| =15k} Ik

No matter the choice of median, the measure of the set of all z such that |f(z)| > |f; x|
on I is at least 1|I; x|, so the left hand side is

p_ Hz ek [ 1f(@)] =15k
2k

1/
>3 |f',k|p7
2 Iin J

/ PP < 2 / P
I"k I‘,k:

J J

{x € L | 1F @) 2 150} i i,

| fikl?

SO

Summing over all j gives
||PkaI£p(I) < 2HfHI£p(1)~

or
1PefllLyy < 2Y71 o)

Note that this argument works for any 0 < p < oo, and the case p = oo is trivial.

Although Py, is no longer linear, one sees immediately that P,S = S for S € S* and
P, is still additive with respect to elements of S*, i.e., one can choose medians so that

Pk(f + S) =P.f+ P.S=P.f+S.

So, for 1 < p and P the median operator, we have that || Py f||, 1) < 2||fl/z,) and the
same argument as for the averaging operator shows that

— P <3 inf -5 :
17 = Pefl,n <3 ot 1F = Slle,m

For 0 < p < 1, use (6) to see that for any S € S*,

If = Pefllp oy =IIf =S+S=Pefly 1
<|f =S, ) + 1S = Pefllg,
=If = 5SI%, ) + 125 = HIL,
<3[f - g“lip(f)



SO
—P <3YP inf ||f—S ,
1f = Pellz, ) < R If Iz,

i.e., P, f is a near-best approximation to f in S* with a constant that depends on p.
If we now distinguish P78 f from Ppedian we see that for p > 1 and k > 0,

1f = Bet™ fll L,y < C dnf |If = Sllz,a = ClIf - P fll L,y < Cwi(f,275),.

A different argument works for all 0 < p < oo. For fixed = € I}, we note that for
points y that cover at least half the measure of I, ;,, we have

|f(z) = Pefl < |f(x) = f()l,

since f(y) and f(z) will lie on “opposite” sides of the median. So for x € I;; and p > 0,

< |f(x) = Pef"{y € Lix | |f () = f(y)| = |f(2) = Pufl}|

|f(z) = P f|” dy
veli |l f (@)= f )| 21f (@)= Pis1}

-
/{ (@) — F(w)IP dy
<[ 1

F@)~ PfIPLIL;

el k|| f(@)—F ()| > f(z)— P f|}
(y)[? dy.

So

1

sl [ 1@ -naracs [ [ i@ - s ayds
Ij,k gk jkz

| @ =parass = [ [ i@ - swr s

I'k ‘Ijk| Jk) Jk

72

or

and we proceed as with the average projector to show that
If = Pufllr, ) < Clp)wi(f,277),.

What are the properties of the modulus of smoothness when 0 < p < 17 When p <1,
property (d) for the modulus of smoothness is modified to

wr(f 4+ 9,t)8 <w(f, 1))+ w(g,1)b,
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or, for all 0 < p < o0,

we(f + g, )RnED < o (f,H)minED) 4y, (g, ¢)min@e1)]

p

Similarly, because
Y (-1t (Z)f(:v +sh)| da

/Im\A;;dex: / >

< [ () e snpas

rh =0

<[ Z (D) st st ae

< 2"[|f]]

p
Lp(I)

for 0 < p <1, (f) is now

w,(f, 1)@ < 2T]|f]|?;?§€)’1) for 0 < p < 0.

Finally, for integer n > 0 and real A > 0, (c) is now

wr(f, nt);ﬁn(p’l) < n"w.(f, t)gﬁn(p’l) and w,(f, )\t)gﬁn(p’l) <A+ 1D)"w(f, t);lin(p’l).

We can choose many other nonlinear projectors. One that I find interesting is

1
P.f = round(—/ f)
Lk J1,

where round(z) is the integer closest to x (breaking ties arbitrarily). It is shown in DeVore,
Jawerth, Lucier “Image compression through wavelet transform coding” that if f takes on
integer values (as it does from a digital camera, for example), then this Py f is stable for all

0 < p. This leads to so-called “integer-to-integer” wavelet transforms (which necessarily
are nonlinear) and wavelet transforms for binary images.

One can even calculate the averages using fixed-point arithmetic with enough precision
and still have a stable transform. This nonlinear theory can accomodate many computa-

tional “crimes”.
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Besov smoothness spaces

We measure the smoothness of f by considering how fast the modulus of smoothness
decays as t — 0. One natural measure may be: (3C,a > 0) (Vt > 0),

wr(f,t)p, < Ct™.

This is equivalent to
twr(f, 1), <C
and, in fact, we could take
sSup t_awr(f7 t)p
t

as a semi-norm if p > 1 (and a semi-quasi-norm if 0 < p < 1).

Unfortunately, this is not quite general enough for our purposes. We need to make a
more subtle distinction in the decay of w,(f,t),, so we add another parameter ¢ and define
for 0 < p,q < ocoand r—1 < a < r the (quasi-)semi-norms for the Besov spaces By (Ly(I))
by

1 d 1/q
| flBs(L,(n) = (/0 [t~ %wr(f, 1)) ;) , 0<g< oo,

and
|f|Bg‘o(Lp(I)) = Ssup t_awr(f7 t)p‘
0<t<1

We also define the (quasi-)norm

1flBe (2,1 = |flBe(z, ) + Iz, (1)-

(And after that bit of pedantic distinction between (quasi-)(semi-)norms and (semi-)norms,
we shall in the future call quasi-norms “norms.”)

/Ol[t— wr(f, 1)) 2/2 [tow (f, ) &

k>0
and we have for 27F-1 <t <27k

Now

2% (£, 2702 < [ (£, 0107 < (22K (,278),Job

We integrate over [27(+1) 27F] (which has length 2~ **1) sum over k, and use property
(¢) for moduli of smoothness (arguing separately for p > 1 and 0 < p < 1) to see that
there are positive constants ¢ and ¢ such that

1/q

(St 2—k>p]Q)1/q < flagaram <o e F200)

k>0 k>0
12



ie.,
|f 1B Ly = {22 w0 (£,27F)p e, -

So we can take as the norm of B{'(L,(I)) the quantity
£ B2 (o)) = 1Ly + 1{2%%wr (£,277)p e,

Sequence norms of wavelet coefficients: Part I, the direct inequality
We have decomposed f € L,(I) by

f=> (Pf = P f),

k>0

where we can take P, to be the average projector onto S* when p > 1 and we take P to
be the median projector onto S* for any p > 0.

Because
Pk_lf c Sk_l - Sk,

we have P, f — P,_1f € S* so we define d; 1 by

Pof =Py f = Z dj kX k5

; 2
JEL,

note that

1/p
| Prf — Pe—1fllo,a) = (Z ldjk X5,k |I£p(1)) = [[{lldj,kxxskll L, 1) Hle, Gezz)-
j

Now for 0 < p < oo and k£ > 1 we have

|Prf — Pe1fllo,ay = 1Pef —f+f—Poafllo,m
<CUPef = flle,y + 1Pe—1f = fllL, 1)
< Cxuﬁ(va_k%9+'W1(f72_(b+n)p)
f;(kUl(f:2_k>p,

while for k =0,

|1Pof = P-1fllL,y = 1Pofllz, ) = Idool < ClfllL, @)
13



Combining these bounds, we see that for any 0 < ¢ < oo we have

2% P f = Prea fllp iy Hlearzo) = I2°FI{1ds 15,1 L) e, ez2) Hlea (620)
< C(I{2% wi(f, 27 )p e, kz0) + 112, ))
= C||f||B;;(L,,(I))~

We tend to keep ||x; x|z, in there as a weight; we can also write the left hand-side
of the inequality as

2% x5kl 20 1 1 Hle, GGezz) g (k2 0) -

Since we have the explicit value ||Xj,k

L, (1) = 2-2k/P we can also write the left-hand-side
of the inequality as

[{2(—2/p)k {djkHle, iez2) e, (k0)-

If we use a different normalization for x; , then the weight 2(a=2/p)k will differ; normalizing
Xj.k to be have [|x; | L, ) = 1 rather than just being the characteristic function of I; ,
for example, will lead to a weight of 2°F.

The direct inequality

(8) I£2°* X6l 2y I 6}, ez Hleg 0y < ClF Nl (2010

which followed from the Jackson inequality

If = Pufllr, ) < Cwi(f,275),,

is the easy part.

Sequence norms of wavelet coefficients: Part II, the inverse inequality
The harder part is to show that

1l Be L, ) < CI{2°%|Pif — Po-1 £, 0 Hle, :0);

which is called the inverse inequality. The inverse inequality will follow by a bound on the
modulus of smoothness of any element of S*; specifically for S € S* we have the Bernstein
mequality

1Sz, (1), 27k <4,

9 wi(S,t), <C
( ) 1( )p { 2k/pt1/pHS||Lp(I)7 0<t< 92—k,
14



The first inequality is a special case of

min r min(1,
wr (S, t)p (1,p) <2 ||S’|Lp(§) p).

To prove the second, we start with

fle+h) = f(z) = f(z+ (h, h)) — f(z + (h1,0)) + f(z + (h1,0)) = f(x), h=(h1,h2),

SO
1ALz, < ColllAty 0 Ly, 0) + 1804y FIl 2y (0,000

so we need to consider only offsets parallel to the coordinate axes.

S = Z Sj’ka’k.
J

When z € I, and 0 < h < 2% we have

Now we denote

sik—Sik=0, x4+ (h,0)e g,
S(:L'-i-(h,O))—S(:L’):{ ph (1, 0) € Ly

$j+(1,0),k — Sjks T+ (7,0) € Ljt(1,0) k-

The area where z € I, and x + (h,0) € I (1,0),5 is h - 27k therefore

/I S+ (,0)) — S(@)|P da = Z/j S + (,0)) — S(@)|P da

j LN (n,0)

—k
= > sjropk — Sjkl"h2
j1+1<2k

k 2 : —2k
=2"h |8j+(1,0),k — Sj’k|p2
J1+1<2k

__ ok 1 p
= 2°h[[ Aok 0 SI, 1,y )

< C2h|SIL .

This implies the second part of (9).
If we write Sy, = Pif — Po_1f € S*, we have

f:ZSk

k>0

If 0 < p <1 we have

sk = [

> Alsk
k>0
15
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If we now take |h| < 27™ and use the two parts of (9), we find
[airzc( X [iaisee S [ iaise)
0<k<m m<k
<o 3 @St n+ X IS0 )

0<k<m m<k

Taking suprema over |h| < 27 gives

a2z < (5 2SI 0+ X IS ) m>o

0<k<m m<k

and multiplying by 2¢™P gives

(2 < O 3D OIS o+ 3 IS )

0<k<m m<k

Now we see that we want to have 2akp||Sk||IL’p(I) on the right hand side, so we multiply
and divide each term on the right by 2°%?:

29wy (f,27™)) < ( > 2lermDm=Rgeke| gD+ D 20Tk g, (1))
0<k<m m<k

This set of inequalities can be written in vector form. We set
T o= 20MPwy (,27™)8 and yy, == 27%P|| Sk} -

Then, componentwise in m,

1 9—ap 2—2ap 2—3ap
2(ep—1) 1 g—ap  72ap
() < C | 22P=D 2ler=D 1 gmer ]

93(ap—1)  92(ap—1) 9(ap—1) 1

If p > 1 we proceed similarly, but now we use the triangle inequality and end up with

alh 2y <0 3 eIy )4 Y 2O )

0<k<m m<k
16



Now we set
T = 270y (£,277), and g == 2% el 1

and get the vector inequality

1 9—« 2—2a 2—3a
2(a=1/p) 1 - 972a
(zm) < C 92(a=1/p)  9(a—1/p) 1 27 | ().

93(a=1/p) 92(a=1/p) 9(a=1/p) 1

These two vector inequalities, which are the crux of the matter, were derived by Larry
Brown at Purdue.

In either case for £ > 0 we set

Te(Yo, Y1, Y2, - - - ) = (Yo, Yes1,---) and Ty (yo, Y1, Y2, ---) == (0,...,0,%0, Y1, - - - )
——

£ times

For any 0 < r < oo, we obviously have || Ty (yr)|l» < ||(yk)]| -

For 0 < p < 1 our vector inequality can be written

(wm) < 0(2 2P Ty () + Y 2““p—1>T_e<yk>)-

0<e 1<

We set r = ¢/p; if 0 < r < 1, we have

e < O(Z 2= | T () 7+ Zﬂmp*ﬁufr_ewwnz).

0<e 1<¢

Both these sums are finite if ap — 1 < 0, i.e., @ < 1/p, and we get

Iz = 3 20w (£,27 ™29 < Clll} = C SRSkl )7
m>0 k>0

which is what we want upon taking gth roots. If 1 < r, then we have

[l < O(Z 2| Ty ) |, + Zz“ap—”nT_z(yk)nr);

0<¢ 1<

again, both these sums are finite if & < 1/p, and

(@)l < Cll(yr) I,
17



which again gives what we want upon taking pth roots.

For 1 < p our vector inequality becomes

(xm> < C(Z 2_a£TZ(yk) + ZQZ(O‘_l/p)T—Z(yIO)-

0<¢ 1<

Now we take r = ¢; again, whether 0 < r <1 or 1 <r, we have for « < 1/p

DR (f,27™))0 < C Y 218kl L, )

m>0 k>0

In a similar way we can show

(10) £l 2,y < CIE2*% 1Skl L, 1) Hley 0<k)-"
So we have
1/q
(11) 1By (L, (1)) < C(Z[Qaknpkf - Pk—lfHLp(I)]q) ;
k>0

and from (8) and (11) we have proved the following theorem:

! Indeed, if p > 1 then Iz, ) < k>0 I1SkllL, (1); if ¢ <1 we have
/q L 1/q
S Sl < (3 15l (,)) < (2 lsul, o))
E>0 k>0 k>0

and if ¢ > 1 we have (with 1/g+1/q¢’ = 1)

1/4q N 1/d
SISkl = D 1Skl (ry22F2 ok < (Z ||sk||zp(1)2akq> (Z —— ) ,
k>0 k>0 k>0 k>0

so we’ve proved (10) for p > 1. If p < 1 then Hf”II), %8 <> k>0 ||Sk||’£ (1 if r =¢q/p <1 then
p = P

/a

SOUSHIE o < (ZnsknL o) = (st ) " < (2 s, o)

k>0 k>0 k>0

which implies (10), and if r > 1 we have (again with 1/r + 1/7' = 1)

1/’

1/r ,
S S, 1y = SISl 272k < (el gy2etr) (D2
k>0 k>0 k>0 k>0

which, since pr = ¢, again implies (10).

18



THEOREM 1. Assume 0 < p < 00, 0 < a <min(1,1/p), 0 < g < oo. Forx € I} we

let 1
[ 1 <p,
Pof(z) =14 Lkl /Ij,k
a median of f on I, 0<p.
Then
(12) 1l Be (L, (ry) = 2% 1Pk f = Pr1 fll ) Hleg0<i)-

Embeddings of Besov spaces

One can derive a number of properties of Besov spaces from Theorem 1.

Because L,(I) C Ly (I) when p' < p, we have in that case B (L,(1)) C By (Ly (1))

Because £, C £y if 0 < ¢ < ¢’ < oo, we have By (Ly(I)) C Bg(Ly(I)) for 0 < g < ¢ <
oo. In particular, Bg(L,(I)) C By (Ly(I)) for all 0 < g < oo.

If o/ > «a, however, then B(‘;‘,/(Lp(l)) C Bg(Ly(I)) for any q and ¢'. One sees this by
noting that B;",/(Lp(f)) C B% (L,(I)) and f € BY (L,(I)) implies there is a C' such that

29K P f — Pe-1fll,m <C.
This means that for all k
2R\ Pof — P flln,(ry < C27 (@',

and the right-hand side, being a decreasing geometric sequence, is in ¢, for any q.

Thus « is the main determiner of smoothness for fixed p, and the second parameter ¢
allows us to make finer distinctions.

We now fix § € R and consider the pairs a, ¢ (¢ > 0, 0 < o < min(1,1/q)) that satisfy
1 - %y
(13) o=

For any pair satisfying (13) we have with P, f — Pr_1f = Zjezi dj kXj,k

1{29% || P f — Pk—1fHLq(I)}||Zq(0§k) = Z2akq Z |

k=0 JELZ

— Z 2akq Z |dj,k:‘q2_2k

k>0 jez?

- Z Z |22/ kg

k>0 jez2

=D > [27%djul

k>0 jez?
19
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So
(14) ooy = 12N Pef = Pocr fll Ly Hleyo<k) = 1{272%°d; 1}l o, (0, jezz)-
If the pair o/, ¢’ also satisfies (13) with o’ > «, then ¢’ < ¢; because ¢, C ¢, in this
case, we have that Bg‘,/(Lq/(I)) C By (Ly(I)).
All these inclusions come with norm inequalities, so they are in fact embeddings.
To summarize: for a, o’ >0, 0 < p,p’,q,q¢ < 0,
By (Ly(I)) = Bg(Ly(I)) when p’ > p;
BE(Ly(1) = BY(Ly(1) when ¢ < g
B (Ly(I)) < BX(Ly(I)) when o/ > a for any ¢,q';
/ 1 1 /
B (Ly (1) = BX(Ly(I) when = — 2 == - % and o’ > o
¢ 2 q 2
In fact, we have for 0 < «a, 0 < p < 00, and
1 1 1
e (805:—),
qg 2 p p
that BY(Lq(I)) = Lp(I). This can be shown simply when p = 2, so
1 a 1 1
- =—4 = (soéz—),
¢ 22 2

Py f is the best Lo(I) approximation to f on S*, and 0 < a < 1. For then Pyf — Py_1f
is orthogonal to all S € S* for £ < k — 1, and for fixed k the X, x, j € Z3, are orthogonal
because they have essentially disjoint support.

Thus we have

||f||%2(1) = Z | Prf — Pk—lf“%g(l) = Z Z ldj, 1,k

k>0 k>0 jez2

(15) =3 ) 2P =)0 127,

k>0 jezs? k>0j€ez;

|2
Lo(T)

2

= ||{2_2k5dj,k}“£2(k20, JEZ2)
Again, because ¢ < 2, £, < (5. Thus from (15) and (14) we have, as claimed,
By (Lg(I)) < La(I).

We summarize these results in the important Figure 1. A function space with smooth-
ness « in L,(I) is graphed at the point (1/p, ). This concept is not so precise, so the
Sobolev space W'!(I), the Besov space Bj(Ly(I)) for any 0 < ¢ < oo, and the space of
functions of bounded variation BV(I) would all be represented by the point (1,1). Sim-
ilarly, all Besov spaces B¢ (Ly(I)) for any ¢ would be graphed at the point (1/p, ), and
the space L,(I) would be represented by the point (1/p,0) (since functions in L,(I) have

zero smoothness).
20



1
«@ %=y
P 2
1
BY (Ly (1))
0 1) 1
p

FIGURE 1. The Besov space Bf;‘,l(Lp/(I )) is embedded in every Besov space
By (Ly(I)) with (1/p, a) in at least the (open) shaded area.

Two-dimensional Haar transform

This may not look much like “regular” wavelets, so we specialize a bit further and see
how this applies to two-dimensional Haar wavelets.

For each k > 0, each interval
Ijk—1=1I2jk Ulzji 1,00,k YU l2jr0,1),6 YU l2jr1,1)k)
so naturally we can write on I; ;1

Pof — Peo1f = dajkX2jk + doj(1,0),kX25+(1,0),k

+ d2j4(0,1),kX2j+(0,1),k T d2j4+(1,1),kX2j+(1,1),k

doj+(0,1).k  doj+(1,1).k
doj  d2jy(1,0)k

where we have boxed the values of the difference of projections to suggest the values in
each quarter of the interval [; ;1

We choose a different basis for this four-dimensional space: For any numbers a, b, c,
and d, we can write

-1 11 1 41|, [+1 41
_ 5
“ L U R *

a b
(16) c d +1 -1 +1 -1 +1 +1

Therefore, for any projector Pr we can write Prf — Pr_1f as a linear combination

Pkf — Pk_lf = Z Z Cj,k—l,z/]wj,k:—l
JEZZ | Yev
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where

v = {p, @, @ 40}
and each 1 is defined on I by

1, 0<x <1/2,
¢(1) xl 3’;2 = { 1. /
otherwise,
1, 0<xy<1/2,
d]( ) a’;l 33'2 { 2_ /
otherwise,
5 1 0<zp,xz9<1/20r1/2<xy,29 <1,
@D( ) (71, 72) )
otherwise,
¢(4)($1,$2> 1 for all (331,1’2) el.

So we can write

(17) F=Y30 cikwthn

k>0 j€72 YeW

On each interval I; 1, we have for any 0 < p < oo
P
(18) / (Z dﬁ,kXﬁ,k) = Z/ ¢ k=100 k-1,
I 1 ¢ W Ij k-1

with constants that depend only on p because all (quasi-)norms on a four-dimensional
space are equivalent. Thus, from (12) and (18) we have the norm equivalence

1/p1q\ /1
1 Bg (2, (1) = (Z [2‘”“ <Z||Cj,k,w¢j,k!|’£p<z>) ] )
i

k>0

When P, is the average projector,

Py f(x)

= f:fj,k fOI‘QZEIj’k,
Lkl J1,

we can specialize things a bit more. We have on I;
1
fik—1= Z(fzj,k + foj+1,00,k T f2j4+00,1)6 T f2j4+(1,1),%)5
i.e., fjr—1 is the average of the four k-level “pixel values” on I ;_1, and the coefficient ¢

n (16) is zero. (When k —1 =0, J is the average value of f on I.)
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We then write ¥y = ¥ and
U, = {w(l),w(m,w(?ﬂ}, k>0,
and normalize 1, in Lo(]):
Yin(@) =25p(2%z — ), k>0, ¢ € Uy, j € Z;.

The set {1 | k >0, ¥ € ¥y, j € Z2} is orthonormal and, because of (17), forms an
orthonormal basis for Ly(I). In particular, if

f= Z Z Z ¢jkpWik  (the Haar transform),

k>0 )Wy, jez2

then

(19) 1f ey = 1(es,0)llen o<, jez2 wew)-
Furthermore, since
1/p
1,6l 2y = ( / [2’“]1”) = (272F2FP) /P = 2FI=2/P) for all ¢ € Wy and j € ZF,
I,k

Wecanwritefor0<oz<%andp21

£z ) = (Z [2ak2k<1—2/p>( S5 Jean

k>0 YEVy jeL?

1/pqaN 1/4
)]
because the average projector Py is bounded on L, (I).

In particular, if 0 < a < 1 and p = ¢ satisfies

so 1 < g < 2, then the exponent of 2 in the previous formula satisfies
2
(a+1-2)k=0,
p
and

(20) 1l Be gy = ¢k lleg0<h.jez2 pew)-

Since £, C {2, we see immediately from (19) and (20) that Bg(L,(I)) is embedded in
Lo(D).
In the following we accept implicitly for the Haar transform that 1) will be used only

when k£ = 0.
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The big picture, part I: Linear approximation

In the next two sections we discuss two big ideas in the context of wavelets:

(1) Nonlinear approximation is better than linear approximation.
(2) Approximation is equivalent to smoothness.

We ask a number of questions:

(1) What do we mean by linear and nonlinear approximation by wavelets?
(2) What does it mean to approximate a function well by wavelets?
(3) Can one characterize the set of functions that are approximated well by wavelets?

We note that the average projector Py f is the best approximation in Ly () to f on S*,
and using the Haar wavelets we developed in the previous section we can write

(21) Pyf = > Ciepie, Gy = (f,¥50)-

0<t<k, jEZ2, T

There are 22* terms in the sum in (21), and the dimension of S* is 22*. So for each k we
have chosen, a priori, a set of 22¢ wavelet terms

{¢j,£|0§€<kv ]6237 ¢€\Il}
before even looking at f. We also have that
Py(af +Bg) = aPyf + BPyyg,

i.e., this approximation process is linear.

So if we define for 1 < p < oo
En(f)p = Siélgk If =Sl N= 22k (the dimension of S*),
the error of best approximation of f in L,(I), we have by (3) and (4),
B (f)p < |1f = Pefllz, (1) < 2Boa()p < Cwn(£,277),.

So, forany 1 <p < oo, 0<a<1/p,and 0 < ¢ < o0,

1{2°% B2t (£)p}Hl ey (h20) < CI{2 w1 (£, 27%)p Hle, 6200 = Cll flBe (L (1) -
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Conversely, from Theorem 1,

1l Be (L) = 2% P f = Pree1 fll ) g0
< H2**(I1Pef = fllL, ) + 1 f = Pec1 fll, ) Hley r20)
< Coll{2**1Pef = fllz, o Hle, (k>0)
< CI{2% Eoer (f)p Hle, (0)-

Combining the previous two inequality gives

12 oo (£)p}ley 20y = I f 1l Bg (L (1)

i.e., f can be approximated in S* at a certain rate if and only if f is in a specific Besov
smoothness space.

This is the first example of the dictum:
Approximation is equivalent to smoothness.

The big picture, part II: Compression of wavelet coefficients
Note: This section is not yet written in a way that fits in with the previous material.

We choose an error space; for the moment, we choose Ly(I). We also work with
orthonormal Haar wavelets {1; 1 }.

We note that if we want to approximate

F= Gt

j’k”l/]

by a sum

f= Z Ci kb Vi k

Cj ke, Pj,k EA

with no more than N terms in A and we want to minimize

3 1/2
||f—f||L2<I>:( 3 |cj,k,¢|2)

Cj ke, W5,k EA

then we should put into A the N terms c; i ¢, with the largest values of |c; 1 |; we call
that approximation fy. (Break ties in an arbitrary manner.)

If we sort {c¢; k,»%; k} in nonincreasing order of |c; |, and call the resulting sequence

{Cz'} = {|Cj,k,¢\}, Ci 2 Cit1,
25



then

1/2
1 = fullan) = (Zcf) |

N<z

We now want to find an equivalence between the rate of decay of ||f — fn|lr,r) as
N — oo and the smoothness of f in By(Ly(I)), if in fact

1/q 1/q
||f||B;<Lqm>x(Z|cj,k,¢|Q) :<Zc3) < o0,

Jiksp i

A simple bound on ||f — fnl[z,(r) when f € Bg(Ly(I)), 1/q¢ = a/2 + 1/2, can be
obtained as follows.

We choose an € > 0 and ask “How many coefficients can satisfy |c; x| > €77 If we
denote this number by N, then we must have

1/q
) < Ol f 55 ety

1/q
(Ne?)H/a < ( > |Cj,k,w\q) < (Z [

[cj, k9] >¢€ 3.k,

SO

N < Ce ||l Ba

a(Ly(D) and € < CN_l/quHBg(Lq(I))-

We put these N coefficients into A, the resulting error is

1/2 ) ) 1/2
1/ = Flloa = (Zc?) < sup o>~/ (Z )
ci<e cise cise
< 2-9)/2 (Z c§>1/2
_ — 2

< CON Y fll g 2a0) 2= U WS )

— CN_(Q_q)/(Qq)||f||B;;(Lq(I))

= ON"| fll Be (L,(1)

since

«
5

Q=
N =

We can rewrite this as

N2\ f = fnllay < Clf o (Lo
26



or

(22) N2 f = fvllea Hlso < CllfllBg (zyor)-
In fact, we have the more subtle estimate

(g swants) "= (pe(5e) T3)”

N>1 N>1 i=N

oo l/q
= (ch) < 1l ety

i=1

(23)

which we prove using a lemma from DeVore and Temlyakov, Advances in Computational
Math, Vol 5, 1996, 173-197. I'm responsible for any errors in translation. Note that (23)
implies (22) since ) 5 1/N diverges. Let {a;} be a non-negative, non-increasing sequence,

k=m
and
1_a,1
g 2 2
Then we have
1 2m—1 1/2 1
a2m < A2m—1 < (- Z ai) < —120m
k=m
So
oo oo 1 oo
Z CL%,L S 2 Z mq/QUg’L =2 Z maq/2ag,b
m=1 m=1 m=1
or
o) 1/q 0o 1 1/q
(Z a?n) < 21/‘1(2 [m®/ %0, )
m=1 m=1

In the other direction,

(3 )
2m k

k:2'rn
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since q < 2.
Thus,

00 9 9

maq/2 __q magq/2 kq/2 q
Y 2 2.<Y 2 Y oki/2gd,
m=0 m=0 k=m

0o k
= Z oka/2 Z 2mo‘q/2agk (change order of summation)

o(k+1)agq/2 _ 1
= Z oka/2 ST 1 aj.  (geometric series)

2aq/2 >

kq/260kq/2 q

< Qaq/2_1z2 e Qo
k=0

2aq/2 > )

= SaaZ 1 ZQ’“ ajy, since ¢/2+4 aq/2 =1,

k=0
2aq/2—|—1 0 .

= 2aq/2 _ 1 a;

j=1
since aqr < a; for the 2k=1 terms with j = 281 +1,...,2%. We also have

Ogm > 0 > Ogm+1 and omaa/2 < jO‘Q/2 < 9(m+1)aq/2

for the 2™ terms with 2™ < j < 2™*! — 1. So

omtl_1
Z jaq/2o_?l < 2(m—|—1)o¢q0_121m2i2m < 2ozq/22mo¢q/20_121m‘
. J "

j=2m

Combining these inequalities gives us

i gag+l =

Z a/2 : 2aq/2 Z 2mo¢q/20_2m < 2aq/2 Zay

which is what we needed.

“What is a wavelet?”
In the course of presenting these notes I was asked “What is a wavelet?”.

There are many people who can give a better answer than I can, but I'll give my
perspective.
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I prefer the question “What is a wavelet transform?” The reader should realize that
the rest of this section is meta-mathematics, not mathematics.

Let ¢: R? — R be a refinable function, that is, there are finitely many coefficients a;,
j € Z2, for which

d(x) =Y a;p(2z — j).
J
For each k > 0, let S* be the span of the functions
Gk () = (25w — j), jeZ?

whose support intersects with the unit interval I nontrivially.

Assume that there are (possibly nonlinear) projectors Py : L,(I) — S* for some range
of p and a positive constant C such that for some r > 0 and all £ > 0 and all f € L,(I),

(24) 1Pef = Fllo, ) < Cun(f,275),.
Assume also that there is some 8 > 0 and C > 0 such that for all S € S*,

1SN, )5 27k <,
2k5/ptﬁ/p||SHLp(I), 0<t< 2-k,

(25> WT(Sv t)p < C{

In other words, Jackson (24) and Bernstein (25) inequalities hold for the spaces S*.

In this case, the series

F=Y (Puf = Paf)

k>0

converges in L, () and Theorem 1 will hold for some range of a and p.

Conclusion: This combination of a family of subspaces S*, generated by the dyadic
dilates and translates of a function ¢, together with specific projectors Py, such that Jackson
(24) and Bernstein (25) inequalities hold is a wavelet transform.

In most cases people construct linear projectors P, such that that S* is the direct sum
of S*~1 and the range of P, — P;_1, which we’ll denote by W*~!. So

Sk — Sk—l @ Wk_l.

Because ¢ is refinable, the space W*~! is generated by 2¢ — 1 functions ¢» € ¥, where we're
working in R? (d = 2 up until now). If the functions ¢(- — j), j € Z2, are mutually orthog-
onal, then the functions (- — j), j € Z?, ¢ € ¥ can be taken to be mutually orthogonal.
This is the situation for the Haar transform, for which ¢ = xj, the characteristic function

of I, and Pj, is the Lo(I) projection onto S*.
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If Py is the median transform, however, then it’s not hard to see that the range of
P, — P, is S* itself. Nonetheless, with this specific way of calculating coefficients,
Jackson and Bernstein inequalities hold, and we consider this a wavelet transform.

This definition is at the very least imprecise and most likely incorrect in important
ways. But it is general enough to allow the notion of nonlinear wavelet transforms, binary
wavelet transforms (apply median projectors to functions f whose ranges take only the
values 0 and 1), integer-to-integer wavelet transforms (see Devore-Jawerth-Lucier, “Image
compression through wavelet transform coding”), etc.
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