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Abstract. We discuss a recent Besov space regularity theory for discontinuous, entropy solutions
of quasilinear, scalar hyperbolic conservation laws in one space dimension. This theory is very closely
related to rates of approximation in L! by moving grid, finite element methods. In addition, we establish
the Besov space regularity of solutions of the inviscid Burgers equation; the new aspect of this study is
that no assumption is made about the local variation of the initial data.
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1. INTRODUCTION

A regularity theory is developed in [2] and [8] for discontinuous, entropy solutions
u(x,t) of the scalar hyperbolic conservation law

us + f(u), =0, reR, t>0,
u(z,0) = up(x), x €R,

()

under the assumption that f is uniformly convex and uy € BV(R) has bounded support.
In this theory one measures the regularity of u( -,¢) in Besov spaces B (LP(I)); functions
in these spaces have, roughly speaking, a > 0 “derivatives” in LP(I), where [ is a bounded
interval, and ¢ is a secondary index of regularity. (See §2 for precise definitions.)
Whereas the solutions of many evolution equations (such as the heat equation) have
enough regularity in Sobolev spaces to be approximated to high order in LP(I) by piece-
wise polynomial splines defined on uniform grids with grid spacing 1/n, discontinuous
solutions of (C) can be approximated by splines on uniform grids to at most O(n~'/P) in
LP(I). Thus, if one would like high-order approximation by splines, one is led to consider
approximations drawn from the class of piecewise polynomials defined on arbitrary grids
with n intervals, i.e., free knot splines. Such approximations occur in moving grid finite
element approximations to time-dependent partial differential equations, such as those
used by Miller [9], Glimm et al. [5], and Lucier [7]. The following questions then arise:
What regularity is needed to ensure high-order approximation in LP(I) by free knot
splines, and do solutions of (C) maintain this regularity as time progresses? The answers
are that regularity in certain Besov spaces is necessary and sufficient for certain orders

* Reprint from Nonlinear Hyperbolic Problems, C. Carasso et al., ed., Springer Lecture Notes in
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of approximation by free knot splines, and that solutions of (C) retain this regularity if
one considers approximation in L!.

At this point, it is useful to contrast the approximation properties of functions in
Sobolev spaces W*P(I), « > 0, p > 1, with those of functions in the Besov spaces
By (LY(I)), « > 0, ¢ = 1/(a+1/p), p > 0. For u € LP(I), I a finite interval, p > 1,
define

Sn(W)p = Sn,r(u)p 1= in£ lu— P|lLe(1),

where S, := S, is the set of all piecewise polynomials of degree less than r on a uniform
grid of size |I|/n. (We use the notation := to mean “is defined as”.) Then it can be
shown that

sup n®sy (u), < 00, a=r¢cl,
n>0

u€ WP(I) <= o0 1/p
<Z[no‘sn(u)p]pn_l) <oo, r—1l<a<relz,

n=1

(1.1)

and that the quantities on the right of (1.1) are equivalent to the seminorm |u[y a.»(r).
(For o not an integer, the Sobolev space W*P(I) is the same as the Besov space
B (LP(I)); see [1, p. 223].)

Recent results of Petrushev [10], [11] and DeVore and Popov [3], [4] provide a charac-
terization of functions that can be approximated to high order by piecewise polynomials
in ¥,, := X, , the set of all piecewise polynomials of degree less than r on arbitrary grids
with n intervals. Define for p > 0

on(u)p = ony(u)p = Inf [u— P|Ls1),

n

and let ¢ = 1/(av+ 1/p). Then for a < 7,

o0

1/q
u € By (LI(])) <= (Z[no‘an(u)p]qn_l> < 00, (1.2)

n=1

where the right hand side of (1.2) is equivalent to the “seminorm” |u[ga(ra(r)). (This
“seminorm” does not satisfy the triangle inequality if ¢ < 1, in which case By (L4(I)) is
not locally convex, but only locally quasiconvex.)

This suggests that perhaps there are certain spaces X := B{(L%(I)) that are reg-
ularity spaces for (C); i.e., spaces X for which uy € X implies u(-,t) € X. In this
direction, the following general theorem is proved in [2]:

THEOREM 1.1. Assume that r is a positive integer and that ug € BV(R) has support
in I :=[0,1]. Then there exists a constant Cy := C1(r) such that the following statements
are valid. Let Q = {y | ly| < Ci||uo||pm)}. Assume that there is a constant Cy such that
for all £ € Q, |frH(€)] < Cy and f"(€) > 1/Cy. Then for any positive a < r and time
t > 0 there exists a constant C' such that ifug € B*(I) := By (L(I)), where ¢ = 1/(a+1),
then u( -, t), the solution of (C), has support in Iy = [infeeq f'(§)t, 1 +supgeq f'(§)t] and
- Dll etz < Clluollzey + 1).



In this paper we examine the special case of the inviscid Burgers equation,

u + (u?), =0, reR, t>0,
u(z,0) = up(x), z e R.

(B)

In this case, we are able to avoid the requirement that the total variation of uy be
bounded, and we can show that the Besov space norm of u is bounded independently of
time. Furthermore, the proof is simpler. Thus, in §3 we prove the following theorem:
THEOREM 1.2. Assume that ug € L*'(R) has support in I :=[0,1] and that f(u) =
u?. Then for any positive o there exists a constant C such that if ug € B*(I) =
Bg(L(I)), where ¢ = 1/(a+1), then u(-,t) has support in I; = [—(8]|uol| 1 myt) /2, 1+

(8lluoll L2 ryt) %) and [Ju( -, )| pa1,) < Clluoll o (1)-
2. PRELIMINARIES

In this section, we recall the definition of Besov spaces, present relevant properties
of the solutions of (C), and, finally, restate lemmas found in [2] that will be useful here.

Let I be a finite interval. Fix 0 < a < 00, 0 < ¢ < 0o and 0 < p < oo, and pick
an integer r > o Define the LP(I) modulus of continuity w,(f,t), to be the supremum
over all 0 < h <t of ||A}, flle(1,), where I, = {z € I | x +rh € I}, and A}, f(z) := f(x)
and A} f(x) := A7  f(x + h) — A7 f(x). The Besov space B(LP(I)) is defined to be
the set of all functions f € LP(I) for which

1/q

|flBe (e (r)) = (/0 [t~ %w, (f, 8)p]” dt/t)

is finite. Set || f||poze(r)) = [Ifl ey + [flBe (e (1)

We are particularly interested in the spaces B*(I) := Bg(L(I)), a > 0, where
q :=1/(a +1). These spaces have the property that if o/ > « then B (I) is continu-
ously embedded in B*(I), which in turn is continuously embedded in L!(I). We define
BY(I) := L'(I).

The spaces B*(I), a > 0, form a real interpolation family. The real method of inter-
polation using K-functionals can be described as follows: For any two linear, complete,
quasi-normed spaces Xy and X7 continuously embedded in a linear Hausdorff topological
space X, define the following functional for all f in Xg + Xi:

K(f,t, X0, X1) := inf t :
(f.t X0, X0) = inf (I follxy + A2l

where fo € Xy and f; € X;. The new space Xy , := (X0, X1)p,q (0<0<1,0<q<o00)
consists of functions f for which

1/q

T ||f||xo+xl+(/0 [t*’K(f,t,Xo,Xl)]th/t) <o,

where || || x,+x, := K(f,1, Xo, X1). DeVore and Popov [3] showed that if 5 > v > a >0,
q=1/(y+1), and 0 is defined by v = (1 — §)a + 083, then (B*(I), B*(I))e., = B(I).
In particular, (L*(1), B°(I))a/8,1/(a+1) = B(I).

As we have noted earlier, the Besov spaces B%([) are intimately related to approx-
imation by piecewise polynomials with free knots. For each pair of positive integers n



and r, let X,, := 3, , denote the collection of all piecewise polynomials on I of degree
less than r with at most 2" pieces. (This is slightly different than in §1.) If f is in L'(T)
and n > 0, we let

Un(f)l = Un,T(f)l = lllf ||f - vHLl(I)

vEX

be the error in approximating f in the L!(I) norm by the elements of X,; s_1(f); :=
| fllz1(r)- As a special case of (1.2) we have that a function f is in B*(I) with o > 0 if
and only if

oo

1/q
11l 4o () = ( > (QnO‘Un(f)l)q) < 00, (2.1)

n=—1

and || f|laa(z1(r)) is equivalent to [|f|[pa(r). More generally (see [4]), if § > a and

0 < g < oo then AY(L*(I)) = (L*(I), B%(I))a;p,4 The characterization given here
of the equivalence between approximation and regularity is more suited to our present
purposes than the one given in §1.

We will now relate certain properties of conservation laws, all of which can be found
in the monograph by Lax [6]. When f(u) = u?, (C) is the inviscid Burgers equation,
(B). Given z and t, Lax shows that u(x,t) = ug(y), where y := y(z,t) is a solution (there
may be many) of the implicit equation y = = — 2tug(y), and furthermore y(z,t) is an
increasing function of x for each fixed ¢ > 0. It follows that when wug has support in [0, 1]
and is piecewise polynomial of degree less than r with 2" pieces then u(z,t) is piecewise
an algebraic curve in z for each t. On each piece, u satisfies the equation

u = P;(x — 2ut), (2.2)

where P; is one of the polynomial pieces of ug. Furthermore, u can only have jump
discontinuities that decrease. It follows that there are no more than r2" pieces in the
definition of u( -, t) for all ¢t > 0.

Lax also shows that for any ug € L'([0,1]) the support of u(-,t) is contained in
I == [—(8luol|l L myt) /% L+ (8]|uo || L1 w)t) /2] Also, if u(x,t) and v(z,t) are solutions of
(B) with initial data ug and vy respectively, then

u(-,t) —v(-, t)lLrw) < lluo —vollLr(r)- (2.3)

Thus, if vg is a best piecewise polynomial approximation in L!([0,1]) from X,, to ug (i.e.,
o — vollz1 (1) = on(uo)1) and U, (z,t) := v(z,t) is the solution of (B) with initial data
Vg, then

JuC- 1) = Un(-, D)L,y < lluo = Un(-,0)[[rr) = on(uo)i- (2.4)

It will be useful to redefine the values of Uy, (z,t) for = ¢ I, to be zero. Then (2.4) remains
valid because u(z,t) = 0 for x ¢ I.
We will need the following lemmas, which are proved in [2]. Let

ol = (o f1or)



LEMMA 2.1 (Equivalence of Norms). Let ¢ and 1) be defined on an interval I as
the functional inverses of polynomials P and Q) of degree < d; assume that ¢ and v are
monotone on I. Then for all1 <p <d/(d—1)

I =, (1) < Clp, d)llo — T (1). (2.5)

LEMMA 2.2 (Bounded Oscillation). Assume that P and Q) are polynomials with real
coefficients in two variables of total degree less than r. Let ¢ and v be functions that are
real analytic in the interior of an interval I and satisfy P(x,¢) =0 and Q(z,v¢) =0 for
rel. Let A=¢—1p. Then for k=0,1,...,r + 1 either A®) is identically zero on I
or AR (x) = 0 has finitely many solutions = in I. The number of solutions depends only
on r.

LEMMA 2.3 (Inverse Inequality). Let v be twice continuously differentiable on an
open interval I and assume that v, v', and v" each have one sign on I. If numbers p and
q are given such that 0 < p <1 and qp < q — p, then there exists a constant C such that
whenever v € L1(I) then v' € LP(I) and

15 (1) < CHITHoll5 (D). (2.6)

3. PrROOF OF THEOREM 1.2

If ug € B¥(I) := B (LY(I)), ¢ = 1/(a+ 1), then by (2.1) ug can be approximated
well in L*(I) by piecewise polynomial functions of degree less than r; inequality (2.4)
then shows that u(-,t) can be approximated well by piecewise algebraic curves of a
certain degree. The proof of Theorem 1.2 consists of showing that good approximation
by algebraic curves of the form (2.2) implies u(-,t) € B*(13).

Assume first that « is less than, but close to, an integer r, and ug € B*(I). Then
by the characterization (2.1), > [2"%0,,(ug)1]? < co. From (2.4) we obtain that U, (-, 1)
converges to u( -,t) in L'(I;) and therefore

u=Uo+ Y (Unt1~Un)= Y Tn,
n=0 n=—1
where T_1 := Uy and for later use we define U_; := 0.
From the form of the function U, (x, t) discussed in §2, we can write forn = —1,0,. ..
N
T”:ZAJ'? N <27,
j=1

where C depends on r. Here A; = (¢; —1);)x; with ¢; and v; algebraic functions and x;
the characteristic function of an interval I;. The intervals I, j =1,..., N are piecewise

disjoint. We can further assume by Lemma 2.2 that A;k) has one sign on I; for each
k=0,....,r+1and 1 <75 <N.

We fix j and measure the smoothness of A := A;. For this, fix h and consider the
sets I' of all x such that {x,x + h,...,z +rh} C I := I;, IV of all x ¢ T" for which
{z,x+h,...,z+7rh}NI+# ¢, and I of all remaining = € R.



For z e I, A} (A,x) =0, so

/” IAT (A, 2)|9 dz = 0. (3.1)

For z € TV, A} (A,x) < 2"(|A(z)| + -+ + |A(z + rh)|). Since I'" has measure no
greater than 2r min(h,|I|), we have for a fixed p > 1 with p < 1+ 1/r, by Hélder’s
inequality

q/p
. |A} (A, x)|?dz < C[min(h, \I\)]l_q/” (/1 \A(a:)\p) . (3.2)

We can write A = ¢ — 1 where ¢ is a piece of U, 1 and ¥ is a piece of U,. From (2.2),
we can write ¢ as

x— (I+2tP) Y(x)

¢ = 57 : (3.3)

where P; is one of the polynomial pieces in the definition of U,,41(0); similarly for ).
Therefore,

1
16 — ¥l (1) = %H(I'i‘QtPl)_l — (I +2tP) 7| 5(1)

C «
< 2_t||(1+2tpl)_l — (I +2tP)H1(1)

=Cll¢ —2li().

Here the first equality is (3.3) and the inequality that follows is by Lemma 2.1. Therefore,
from (3.2) and (3.4) we can conclude that

|AT (A, z)|?de < Clmin(h, |I|)]'~9/?|1|79+a/P </I |A(z)] d:v) . (3.5)

1_‘/

We next consider z € T'. Because A(") is monotone on I, we know that for each
there is a £ such that

AL (A, )| = C(r)h"[AT(€)] < Ch™ max(|AT) (2)], [AT) (z + rh)]).

Without loss of generality assume that the maximum is attained by the first term. For
a number € > 0 to be specified in a moment, let o, := a and ap = agr1 — 1 — ¢,
kE=r—1,...,0, and let g; := 1/(ax + 1). Then by choosing € appropriately, we will
have gyg = p, where p is as in (3.4). (Here we must assume that « is close enough to r.)
We also have that 0 < ¢ < 1 for k = r,...,1, and that qzqr_1 < qx_1 — qx; therefore,
Lemma 2.3 implies that

[, (1) < CHITHIATDIl () < -+ < CUI Al (1),

qr—1



We then apply (3.4) to find that

/\Ag(A,x)\Qda:gcmq/|A<T>(x)|qu
T I

1 a/p
< Chm|I|Trett (m / |A(x)|P da:) (3.6)
I
q
< Oh™|I|7raatt (/ |A(z)| daj) .
I
Because I' = ¢ if h > |I|/r, (3.6), (3.5), and (3.1) imply that
[ 18,2 do
R
q
< ¢ (in(n, 1)~/ et m) ([ )
I

where x is the characteristic function of [0, [I]/r]. It follows that w,(A,h)? is also less
than the right hand side of our latest inequality. Therefore,

/ h= %, (A, h)d dh/h
0

1 00
<C <m—q+q/p/ h—®9=49/P qp 4 ‘1‘1—11/ p—ea-1 gp,
0 1]

|| Tramatt /0 ! h“‘“)q_ldh> ( /I |A(:L')|d:)3)q (3.7)
<cper o ([l ar)
e (/I|A<x>|dx)q,

because —aq —q¢+1 = 0.
We can now estimate the smoothness of T, = T;,( -, t). Because ¢ < 1, we know that

Hence, (3.7) and Holder’s inequality imply that

[ wearmgann < o3 ( [ awa)

< ON'T1g,
< CN| Tl |7,

q

(3.9)
(1+)

(1e)"

Consider now the expression for u, u(-,t) =Y - | T,. Using (3.8) and the continuous



embedding of B*([0,1]) into L*([0, 1]), we obtain

/ wr(u, )™  dh < Z/ wr (T, R)IR™~ " dh
0 n——_10

<C Y 2" Tl g,
" (3.10)
<C Y 20 (ug)

n=-—1

< Clluoll Ba 0,17 + Clluoll T (go,17)
< ClluollBa .17
because from (2.3), for n = —1,0...,

| T (22 (r,) = 1Uns1(t) — Un(®)|lL2 (1)
< NUnt1(t) = w) i (r) + ) = Un(@ll L1,
< |NUn+1(0) — ol z1(1,) + lluo — Un(0)|| 1 (1,)
< 20, (up)1-

By (3.10), [[u(-,t)[ 31,y < Clluoll B (jo,1)-
This proves the theorem for « close to r. The proof for other values of o < r can
be completed using interpolation; see [2]. O
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