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ON THE CLASSIFICATION OF NUCLEAR C*-ALGEBRAS

MARIUS DADARLAT anDp SOREN EILERS

1. Introduction

Two of the most influential works on C*-algebras from the mid-seventies —
Brown, Douglas and Fillmore’s [6] and Elliott’s [21] — both contain uniqueness
and existence results in the now standard sense which we shall outline below.
These papers served as keystones for two separate theories — KK-theory and the
classification program — which for many years parted ways with only moderate
interaction. But with this common origin in mind, it is not surprising that recent
years have seen a fruitful interaction which has been one of the main engines
behind rapid progress in the classification program.

In the present paper we take this interaction even further. Combining a concept
of quasidiagonality for representations and a new characterization of equivalence
in the Cuntz picture of KK-theory, we achieve a general uniqueness result. And
from the quasidiagonality notion we derive a corresponding general existence
result by comparing well-known realizations of the KK-groups. These results are
then employed to obtain new classification results for certain classes of
quasidiagonal C*-algebras introduced by H. Lin. An important novel feature of
these classes is that they are defined by a certain local approximation property,
rather than by an inductive limit construction.

We emphasize that our fundamental uniqueness result does not depend on the
universal coefficient theorem (UCT), nor on nuclearity of the C*-algebras
involved. On the other hand, when we refine the uniqueness result for use in
classification, we need to gradually add such conditions on the C*-algebras. It is
to be expected that requirements of this type are necessary, but we have found
that holding them back as long as possible leads to more conceptual proofs while
clarifying the role of the UCT and nuclearity in classification. Further, since
uniqueness results answer fundamental questions about KK- and K-theory, they
are of interest in themselves. We have pursued this theme in [14], and defer to
this paper the proof of the new characterization of KK-theory which lies behind
our uniqueness results.

Our existence and uniqueness results are in the spirit of the classical Ext-theory
from [6]. The main complication overcome in the paper is to control the
stabilization which is necessary when one works with finite C*-algebras. In the
infinite case, where programs of this type have already been successfully carried
out, stabilization is unnecessary. Yet, our methods are sufficiently versatile to
allow us to reprove, from a handful of basic results, the classification of purely
infinite nuclear C*-algebras of Kirchberg and Phillips.
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Indeed, it is our hope that this can be the starting point of a unified approach to
the classification of nuclear C*-algebras.

1.1. Existence and uniqueness

Existence and uniqueness theorems can be found in most, if not all,
classification papers to combine with refinements of Elliott’s intertwining
argument to yield classification theorems.

In this framework, a uniqueness result allows one to conclude that if the K-
theoretical elements induced by two x-homomorphisms ¢, y: A — B coincide,
where A and B are C*-algebras satisfying extra conditions, then ¢ and ¥ are
equivalent in a sense which generalizes unitary equivalence. In [21], one
concludes from the fact that ¢, =y, on Ky(A) that ¢ and y are approximately
unitarily equivalent when A and B are both approximately finite-dimensional (AF,
cf. [4]). In [6] one shows that if [¢]xx = [{]xk. then ¢ and ¢ are unitarily
equivalent whenever A = C(X) and B= ¥ (H)/# (H).

The role of the equally important existence results is to provide means of
realizing given K-theoretical data by a sufficiently multiplicative completely
positive contractive map. In [21], one realizes any positive element of
Hom(Ky(A), Ko(B)) by a x-homomorphism when A and B are AF. In [6], any
element of KK(C(X), ¥(H)/# (H)) is realized by a *-monomorphism.

One of the main obstacles in achieving general existence and uniqueness results
has been the fact that, as soon as one ventures beyond these classical examples,
one only can expect to achieve stable versions of such theorems in a sense that
involves adding or subtracting maps of the form u: A — M, (B). The challenge
has been to control the complexity of the stabilization, in order to be able to
incorporate these versions into classification results.

This has been quite successfully carried out, using maps p with finite-
dimensional images, in important classes of quasidiagonal C*-algebras. But in
most existence and uniqueness results so far the source A has been required to be
a member of a small class of C"-algebras forming building blocks for the class of
C™-algebras one has tried to classify, leading to restrictions on the ensuing
classification results.

We offer, in the present paper, existence and uniqueness results valid for sources
way beyond even the full class of nuclear quasidiagonal C *-algebras. More precisely,
we consider a unital separable source A and a unital target B, and require that this
pair allows a nuclearly absorbing and quasidiagonal unital representation
v:A—M(A(H)®B) as defined in §2 below. Such a map exists automatically
when A is quasidiagonal, or by Theorem 2.22 whenever A can be embedded in B such
that each non-zero a € A generates a dense ideal of B. In this case, our uniqueness
result, Theorem 4.5, states that if ¢, y: A — B are two nuclear x-homomorphisms
inducing the same KK, -class, we may conclude that ¢ is stably approximately
unitarily equivalent to ¥ in a sense involving adding ‘finite pieces’ of 7.

As mentioned above, our fundamental uniqueness result does not depend on the
universal coefficient theorem of [47], nor on nuclearity of the C*-algebras
involved. For a nuclear source algebra A which satisfies the UCT, our result is
predated by one of a similar nature, valid when A or the target algebra is simple,
which appears in [34]. However, the approach in [34] had the drawback of relying
on a certain result of [50] whose proof was not complete at the time.
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In fact, we shall require uniqueness results which hold also for sufficiently
multiplicative completely positive contractive maps, and this entails the
problem of associating to such maps a kind of partial KK-elements to
substitute for the globally defined group homomorphisms one gets from
x-homomorphisms. This is done using the universal multicoefficient theorem of
[19] in a fashion explained by the first named author in his talk at the Workshop
on the classification of amenable C*-algebras at the Fields Institute in December
of 1994. As soon as we have made sense out of this concept, a uniqueness result
for completely positive contractive maps, Theorem 4.15, can be derived from
those for s-homomorphisms using a procedure originating with [37] in the
torsion-free case. This method also requires keeping a close eye on the K-theory
for products of C*-algebras.

In our existence result Theorem 5.5 we manage to realize — partially, in a sense
corresponding to the one used in the uniqueness result — a given element from
KK,.(A, B) as a difference of nuclear completely positive contractive maps from
A to My(B). Again, all we require is that there exists a strictly nuclear nuclearly
absorbing quasidiagonal representation y: A — M (A4 (H) ® B). Furthermore, one
of the maps in the difference can be chosen as a ‘finite piece’ of ~.

In the building block approach, establishing existence has typically been
somewhat easier than achieving uniqueness results. This may still be the case in
our setting, but at the current stage it is in fact the existence which is causing
problems. Indeed, the existence result offered in our paper has shortcomings in the
finite case which are responsible for a number of unwanted, and hopefully
redundant, restrictions in the resulting classification results. For instance, we do
not have sufficient technology to prove in full generality that a positive
K K-element can be realized by a single map, as one would expect to be the case.

As a main application, we apply our existence and uniqueness results to the
class of tracially AF C*-algebras introduced and studied by H. Lin. Using a
factorization property of these C*-algebras, we are able to prove in Theorem 6.12
that, up to an isomorphism, there is only one unital, separable, nuclear and simple
tracially AF C™-algebra satisfying the UCT with Ky(A) = Q and K(A) =G,
where G is a countable fixed arbitrary group, thus proving that every such
C*-algebra falls in the well-studied class of AD-algebras of real rank 0.

We believe, however, that our existence and uniqueness results will be
applicable to a wide range of classification problems, extending well beyond the
tracially AF case. In fact, it might be that at least the uniqueness result will be
sufficiently versatile to serve as a unifying element for many future efforts to
classify nuclear C*-algebras. To substantiate this claim, we apply our methods to
the case of purely infinite C*-algebras, reproving in Theorem 6.21, rather easily,
the classification theorem of purely infinite simple unital nuclear C*-algebras (see
[30] and [41]) from a handful of fundamental results about such algebras.

We reported on the present paper at the 1998 Great Plains Operator Theory Seminar.
At the same conference, H. Lin reported results which — although the methods differ —
overlap with our classification results in the tracially AF C*-algebra case. More details
are given in the notes of the present paper. The exposition of the paper, and many
intermediate results, have been improved since the first final version as regards the
role of nuclearity as described above. However, the end results are the same.

We owe tremendous thanks to Takeshi Katsura who read a previous version of
the paper, pointed out a number of errors, and suggested corrections.
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1.2. Methods

Apart from K K-theory, the main technical tools are approximate morphisms and
partial K K-elements, defined using K-theory with coefficients.

We arrive at uniqueness and existence results from the existence of an
absorbing and quasidiagonal representation. To achieve such representations, one
may use the Kasparov Weyl-von Neumann—Voiculescu theorem, along with the
concept of quasidiagonality. One can also employ a related result by H. Lin [34]
stating that a certain representation associated to a unital inclusion ¢: A — B is
absorbing when A is nuclear and B is simple. A generalization of this result is
offered in Theorem 2.22.

To refine uniqueness results we depend on a number of basic properties about
the K-theory of products of C*-algebras. Furthermore, to apply our results to
classify tracially AF C*-algebras, we use several results by Lin about structural
properties of such C*-algebras. We prove classification for purely infinite algebras
by appealing to the embedding theorem for exact C*-algebras of [31], as well as
structural results by Kirchberg, Phillips and Rgrdam.

2. Absorbing and quasidiagonal representations

In the paper, a representation refers to a x-homomorphism from a general
C*-algebra to a C*-algebra of the form ¥ (E), where E is a Hilbert C*-algebra
module. The reader is referred to [29] for an introduction to these objects.
Throughout the paper, all Hilbert C*-algebra modules are assumed to be
countably generated over a o-unital C*-algebra B. As usual, the canonical such
module is denoted by Hp.

In this section we are going to define two properties for representations of a
C*-algebra which are refinements of known properties. Of these notions, the
definition of nuclearly absorbing representations is going to ensure that a given
representation, in a sense to be made precise, contains the full representation
theory of the C™-algebra, whereas the quasidiagonality property ensures that the
representation can be approximated by finite-dimensional compressions. These two
properties combine to allow uniqueness and existence results in the following.

2.1. Two properties of representations

DEfFINITION 2.1. Fix a o-unital C™-algebra B. When v: A — Z(E) and
v'iA— Z(E") are two representations, with E and E’ Hilbert B-modules, we
say that v and +' are approximately unitarily equivalent, and write y ~~', if
there exists a sequence of unitaries u, € Z(E’, E) such that

(1) limnHOO ”'Y(a) - un’yl(a)u; || = O’

(i) v(a) — u,y'(a)u, € # (E)
for any a € A.

We say that a representation <y is absorbing if v~ vy @ ¢ for any 0. We now
give a generalization of that notion.

DerFINITION 2.2 [51, Definition 1.1.d]. A completely positive contraction
m A— Z(E) is said to be strictly nuclear if there exist integers (n)) and



172 MARIUS DADARLAT AND S@REN EILERS

generalized sequences ¥\: A — M, and ¢\: M, — Z(E) of completely positive
contractions such that

Jim er¥a(a) = m(a)
in the strict topology, for all a € A.

REMARK 2.3. If either A or B is nuclear, then any completely positive
contraction m: A — Z(E) is strictly nuclear, by [51, 1.7]. Any scalar representa-
tion 6: A — L (H) c ¥ (Hp) is strictly nuclear, since it factors through a module
over the nuclear C*-algebra C.

DEFINITION 2.4. A non-unital representation m: A — ¥ (E) is called nuclearly
absorbing if m® o~ w for any strictly nuclear representation o: A — £ (F). A
unital representation 7: A — £ (E) is called nuclearly absorbing if = ® o ~ = for
any unital strictly nuclear representation o: A — Z(F).

We emphasize that we have two different versions of nuclearly absorbing
representations, one for unital representations and a different one for non-unital
representations. We are going to explain how they interrelate in Lemma 2.17 below.

DEFINITION 2.5. A representation v: A — M(# (H) ® B) is quasidiagonal if
there exists an approximate unit of projections (e,) for #(H)® B with the
property that

[ens v(@)] =0,

for any a € A. It is clear that if v is quasidiagonal, one may assume that (e,) has
the property that e, € M, (B) for some sequence of integers (r,). When this is the
case, we define a sequence of completely positive maps v,: A— M, (B) by
yu(a) = e,y(a)e,. We call (v,),cn a quasidiagonalization of v by (e,),c n-

The concept of relative quasidiagonality that we use in this paper was studied
in [48] and [50].

REMARK 2.6. (i) One notes that a nuclearly absorbing representation need not
be strictly nuclear.

(i) If a representation is both strictly nuclear and quasidiagonal, then it
follows from [51] that any element of a quasidiagonalization is a nuclear map.
Indeed, w is strictly nuclear precisely when for any o€ % (E), the map
A — A (E), defined by a— v 7 (a)v, is nuclear.

(iii) If v is quasidiagonal and y ~ +', then 4’ is quasidiagonal. Thus if there
exists a strictly nuclear nuclearly absorbing and quasidiagonal representation
v: A— M(A (H) ® B), then any strictly nuclear nuclearly absorbing representation
will be quasidiagonal.

2.2. Fundamental examples

DEFINITION 2.7. Let A be a separable C*-algebra. An admissible scalar
representation §: A — M (A4 (H) ® B) is a *-homomorphism which factors as

!
A0 oy =81

YH)QM(B) ~—— M(A (H) ®B)
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where 0’ is faithful and of infinite multiplicity, that is, of the form oo -y for some
representation 7.

DEeFINITION 2.8, A unital *-homomorphism (: A— B is called a full
embedding if span Bu(a)B is dense in B for all non-zero a € A.

The following definition gives a class of examples of full embeddings.

DEeFINITION 2.9. We say that a unital x-homomorphism t: A — B is a unital
simple embedding if it can be factored
L/ L//
A= C——B

where " and " are injective and C is simple.

This implies that C, «" and " are unital. Note that the composition (on either
side) of a simple embedding with a unital injective *-homomorphism is a simple
embedding. In this setting, we define a representation d,: A — M(# (H) ® B) by

d,(a) =1®(a).

With all the definitions in place we can now state the main results of the
ensuing sections as follows. Let A be a unital separable C*-algebra.

(i) If 6: A— L(Hp) is a unital admissible scalar representation, then 6 is
nuclearly absorbing (Proposition 2.18).

(i) If «: A— B is a unital full embedding, then d, is nuclearly absorbing
(Theorem 2.22).

Here (i) follows from the arguments of [29], as pointed out in [51]. As we need
many of the elements involved in proving this, we are going to supply details for
the benefit of the reader. Further, (ii) is a generalization of a result in [34], where
it was proved for ¢: A — B a unital embedding, with A nuclear, and either A or
B simple.

The results combine with the quasidiagonality condition. Indeed, note that d, is
always quasidiagonal, as it commutes with projections e, =n-1p. Thus by
Remark 2.6(iii) all unital strictly nuclear nuclearly absorbing representations
v:A—M(#(H)®B) are quasidiagonal when there is a unital nuclear full
embedding of A into B.

If A is a quasidiagonal C*-algebra, then by definition, it has an admissible
scalar representation §: A — M(#"(H) ® B) which is quasidiagonal. Therefore any
strictly nuclear nuclearly absorbing representation of A is quasidiagonal. We are
going to need the following subclass of the quasidiagonal C*-algebras.

DEFINITION 2.10. Let A be a separable C*-algebra and let (m,) be a sequence
of finite-dimensional representations of A. We say that (w,) is a separating
sequence if for every a € A there is n such that m,(a) # 0. If this is the case, we
say that A is residually finite dimensional or RFD.

Finally, note that, as in Remark 2.3, the map 0 is always strictly nuclear. The
map d, is strictly nuclear precisely when ¢ is nuclear; cf. Remark 2.6(ii).
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2.3. Absorbing representations (after Kasparov)

DEfFINITION 2.11. If m: A — Z(E) is a representation and ¢: A — 4 (F) is a
completely positive map, we write ¢ <= if there is a bounded sequence
v; € A (F, E) such that

(i) lim;_ « ||¢(a) — v w(a)v;|| =0 for all a € A,

(i) lim; _ |27 &|| =0 for all £€E.

The condition (ii) above is equivalent to
(ii') lim; o ||o] x|| = O for all x € #'(E).
If o: A— #(F)is arepresentation, we define 0,,: A— #(Fo) by 00 =0 DD ...,

where Fo, = FOF D ... .
The proof of the following lemma is routine; we leave it to the reader.

LEMMA 2.12. Let w and 7' be representations of A on £ (E) and £ (E'), and
let ¢ and ¢' be completely positive maps from A to A (F) and # (F'). We have
the following.

() If o<mand o' <, then o ® ¢’ <.
(i) If o<, then p <T@ 7.
(i) If o <, and © ~ 7', then ¢ <7’
(iv) If ve A (E), then vm(*)v" < Te.

We can now state the main result of this section.

THEOREM 2.13. Let A be a unital separable C*-algebra and let B be a o-unital
C*-algebra. Let m: A— % (E) and o: A— £ (F) be two unital representations
where E and F are Hilbert B-modules. The following assertions are equivalent:

() ™~ 00 &
(ii) for any v A (F), if ¢ = v 0(*)v, then ¢ <m;

(iii) there is an increasing approximate unit (e,) of A (F), with e; =0 and

quasicentral in o(A) + A (F), such that
(ensr—en) 20 (Nensn—e,) 2 <

for all n, k= 1.

The proof of the theorem, given at the end of the section, is based on the
following three results, due essentially to Kasparov [29].

LEMMA 2.14. Let A and B be as in Theorem 2.13, and let 0: A — ¥ (F) be a
representation. Let (e,) be an increasing approximate unit of # (F), quasicentral
in o(A) + A (F). Then for any compact subset # C A and any & >0 there is a
subsequence (e, ) of (e,) such that if f = elll(/;) and fi = (en(k+1) — en(k))l/z for
k=2, then

(1) Na) =>_7=1 fro(a)fy is strictly convergent, for all a € A,

(ii) a(a) — N(a) € H'(F) for all a €A,

(iii) ||o(a) —N(a)|| <& for all ae F.
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Proof. This is a reformulation of [29, Lemma 10]. ]

ProprosiTION 2.15. Let A,B,m:A— ¥(E) and o0:A— %(F) be as in
Theorem 2.13, satisfying condition (iii) there. Then there is a sequence of
isometries v; € L (F, E) such that

(i) vio(a) — w(a)v; € # (F,E),
(i) lim;_, » || v;0(a) — w(a)v;|| =0 for all a € A.
Proof. The result is implicit in the proof of [29, Theorem 5] and the remark

following it. We outline the proof for the benefit of the reader. Since o is a
*-homomorphism, it suffices to find a sequence of isometries v; with

Jlim lo(a) —vim(a)v;|| =0, and o(a)—v;w(a)v; € A (F),
for each a € A. Indeed, as in [2], this follows from the identity
(vio(a) — w(a)v;)" (vio(a) — w(a)v;)
= —(o(a"a) —viw(a"a)v;) + (0(a”) — v/ w(a")v;)o(a)
+o(a™)(o(a) — o] w(a)v;).
Fix ¢ >0 and # c A a compact subset with dense span, such that 1, € # = F ",
We need to find an isometry v € #(F, E) such that
lo(a) — v w(a)v|| <h(e) and o(a)— v w(a)v e A (F) (2.1)

for all @ € #. Here h is a universal function with lim,_ o A(e) = 0.

Let (e,) be as in condition (iii) of Theorem 2.13. Let N(a) = > 7~ fro(a) f; be

given by Lemma 2.14. Using condition (iii), we find inductively a sequence
zy € A (F, E) such that for all a € # and j, k,

| feo(a)fi — zim(a)z|| <e-27%,
|zim(a)z]| <e-27/7% forj<k,
lzegill < 27k forj<k,

where (g;) is a countable approximate unit of .#'(F). Then, as in the proof of
[29, Theorem 5], one shows that > ;_,z; converges strictly to an element
z€ % (F, E) satisfying

|lo(a) —z*w(a)z|| <3e and o(a) —z"w(a)z € A (F)

forall ae 7. Since o(1) =n(1) =1 and 1 € Z, ||z"z— 1| <3e. To obtain (2.1),
one replaces z by the isometry v = Z(Z*Z)7l . U

Let weo: Foo — F @ Fy, be defined as we, (&1, €5, £3,...) =& @ (£, &5,...).

LEMMA 2.16. Let m: A— Y (E) and o: A— L (F) be two representations.
Then for any isometry v: Fo, — E, the unitary

u=1p®v)wev +lp—vv" € Z(E,FDE)

satisfies

lo(a) & 7(a) —um(@)u”|| < 6][vow(a) — w(a)v] +4[|vow(a”) — 7 (a")o].
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Moreover, if vo,(a) — w(a)v € A (Fw, E), for a €A, then
o(a)® w(a) —um(a)u” € A (FSE),
for acA.

Proof. Although the proof of the lemma is implicit in the proof of [29,
Theorem 6], we supply a complete argument. Note that the two summands of u are
partial isometries. If p = vo* and p* = 15 — p, then (1 ® v)wev"*: pE — F @ pE
and p': ptE — pTE act as unitaries. Abbreviate w(a) = ||v0,(a) — 7(a)v].

First assume that m(a) and p commute. We have

um(a)u* = (15 © v)wev pr(a)pows(lp @ o*) ©pw(a)p”

~o (Ir @ V)We 0w(@)Wa(1p ®0") B p - m(a)p™
= 0(a) ® von(a)v* ®p w(a)p™t
~,0(a) @ pr(a)p & p m(a)p™
=o(a)®w(a),
where ‘=’ indicates that the error is dominated in norm by w(a) and that it is
compact if vo,(a) — w(a)v is.
For general w(a), we consider instead
'(a) = pr(a)p ®p w(a)p™.
Note that w'(a) = || 20w (a) — 7'(a)v|| < w(a) and that v04,(a) — 7'(a)v is compact
under the compactness assumption on v. We have ||o(a) — v 7(a)v| < w(a),
so that
Ip=m(@)pll <||7(a)p — pm(a)|
|

<||7(a)vv" — vox(a)v"|| + || vow(a)v” — vo w(a)]

<w(a) +w(@");

it is also clear that p 7 (a)p is compact if v0,(a) — 7(a)v is. This completes the
proof by reducing it to the first case, up to an error of 4(w(a) + w(a™)) which is
compact under the compactness assumption on 2. O

Proof of Theorem 2.13. Using three observations from Lemma 2.12 we get

(1) = (ii) via

p=v"0(")v<0,PH T~ T
If ¢ =2"0(*)v <0y, then ¢ <0, @ m; hence ¢ < by Lemma 2.12(iii). The
implication (i) = (iii) is obvious; take (e,) to be any countable approximate unit
of A (F), quasicentral in o(A) + #'(F) (cf. [2]). To prove (iii)= (i) we first
notice that if o, 7 and e, € # (F) satisfy (iii), then so do ¢, 7 and

ep=e,8..0e,00...€¢ A (Fy),
———
n

by Lemma 2.12(i). Since (0s)e = 0o, from Proposition 2.15 we find a sequence
of isometries v; € ¥ (Fy, E) such that

0i(0)oo(a) = m(a)v; € H (Foo, E) and  1im [|0; (00 )oo(a) — m(a) ;]| = O
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for all a € A. Let (u;) be a sequence of unitaries given by Lemma 2.16 applied to
T, 0, and v;. Then

0n(a) ®m(a) —ujw(a)u; € ' (Fo ®E) and lim |0 @ 7(a) — u;w(a)u; || =0
for all a € A. Thus o, ® ™ ~ 7. O

2.4. Nuclearly absorbing representations

If 7: A— Z(E) is a representation, we denote by A the C*-algebra obtained
by adjoining an external unit 1 to A, and define 7:A— Z(E) by
T(a+N) =mx(a)+ Ng.

A unital representation y: A — M(# (H) ® B) cannot absorb a non-unital
representation. However, if y=0®y: A — M(A4 (H ® H) ® B), where the zero
summand acts on H ® B, then we have the following result.

LEMMA 2.17. Let A be a separable C*-algebra and let B be a o-unital
C*-algebra. If 7 is a non-unital nuclearly absorbing representation, then T is
a unital nuclearly absorbing representation. Suppose that A is unital. If
v:A— M(A (H) ® B) is a unital nuclearly absorbing representation, then ¥y is a
non-unital nuclearly absorbing representation.

Proof. The first part of the lemma is obvious. For the second part, we need to
show that if ¢: A — #(E) is a strictly nuclear representation, then ¢ @y ~ 7.
If p=¢(1), then E=pE®p E and ¢ = ¢, ©0,., with ¢; =pe(+)p. We
have ¢, @y ~1~, since y is nuclearly absorbing. Since p~E @& Hyz = Hy by
[29, Theorem 2], we obtain

QD@'/Y\:@l@OplE@OHE@'Ywﬁol@’Y@OHBNOHB@V:/’Y\' O

PROPOSITION 2.18. Let A be a unital separable C*-algebra. If 6: A — ¥ (Hp)
is a unital admissible scalar representation, then 0 is nuclearly absorbing.

Proof. Given a unital strictly nuclear representation o: A — #(F), we want to
show that 0@ 0 ~ 0. Assume first that F = Hp. We are going to use the
implication (ii) = (i) of Theorem 2.13. If v € # (Hp) and ¢ = v"o(+)v, we need
to show that ¢ < 6. The set of all completely positive maps ¢: A — # (Hg) with
¢ <0 is closed in the point-norm topology. Thus, without loss of generality, we
may assume that 2 € M,,(B) for some n. Therefore ¢: A — M, (B). Since ¢ is a
nuclear map, because ¢ is strictly nuclear, ¢ <0 by [29, Theorem 4]. Hence
00 @ 0 ~ 0 by Theorem 2.13. This implies that ¢ ® 0 ~ 0.

The case F = Hp follows from the previous case, after replacing o by ua(*)u”,
where u is a unitary implementing the isomorphism F = Hp. Indeed,

oPO~us(-)u"do~0.
If F#£Hg, we define ¢ =0®0: A— £L(F®Hg). Since F®Hz=Hy by

[29], 0., ®0~6 by the previous part of the proof. Since o ® ol ~ 04, We
infer that ¢ ® 6 ~ 6. O

PROPOSITION 2.19. Let A be a unital, separable C*-algebra, and let B be a
unital C*-algebra. Let w: A— ¥ (E) be a unital representation. Suppose that
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0: A— £ (Hp) is a unital admissible scalar representation. Then the following
are equivalent:

(i) = is nuclearly absorbing;
i) T~0 7
(iii) for any unital completely positive map ¢: A — M,(C)c Z(B"), we
have ¢ < .

Proof. To prove (ii))= (i), let 0: A— ¥(F) be a unital strictly nuclear
representation and note that 6 & o ~ 0 by Proposition 2.18. Using (ii) twice, we get

T~TPO0~1DPODo~7TDo.

The opposite implication is clear since @ is strictly nuclear, and (ii) = (iii) follows
again from [29, Theorem 4], since by Lemma 2.12(iii), ¢ <7 & § ~ 7 implies
¢ < 7. It remains to prove (iii) = (ii), and we shall do so using the implication
(iii) = (i) from Theorem 2.13 with 0 =0 =0’ ® 1 with ¢ as in Definition 2.7.
Embed M, (C) into 2 (H) under an increasing sequence of projections (f,).
There exist a sequence of natural numbers m(1) <m(2)<...<m(n)<...
and finite rank operators x, €conv{f;:m(n—1)<i<m(n)} such that
(e,) = (x,® 1p) is an approximate unit of # (Hp) which is quasicentral in
0(A) + A (Hg). Note that x, < f,,(,) <X, . For any n and i we write

(eiz+i - en)l/20( . )(€n+i - en)l/z = ‘pn,i( : ) 02y IB’
with
Gui(*) = (i = x)" 20" (D) s — x0) 2= i — 20) () (s — x)'

where ¥, ;(*) :fm(Hi)G'(-)fm(H,-):A—>Mm(,1+,~)(C) is a unital completely

positive map. Our assumption gives v, ; ® lp <; hence ¢, ; ® 13 <, and so

by Theorem 2.13 we conclude that w & 0, ~ 7. Hence also w# @ 0 ~ . ]
The following result can be found in [1].

LEMMA 2.20. Let A be a unital separable C*-algebra and let ¢ € P(A) be a
pure state. Then there is a sequence (x,) in A™ with ||x,|| = 1 and

1xn(a — @(a))x,|| = O,
for all a € A.

A sequence (x,) with these properties is said to excise the state ¢.

LEMMA 2.21. Let A be a unital separable C*-algebra and let : A— B be a
unital full embedding. Then ¢ <d, for any unital completely positive map
¢: A—M,(C)cM,(B) = Z(B").

Proof. To simplify notation we identify A with ((A). Fix a finite set # C A
and a positive ¢. It suffices to find an isometry V € ¥ (B", B") with
le(a) =Via®1,)V]<e (2.2)

for each a € #. We may assume that in fact n = 1 after replacing ¢ by ¢: M,,(A) — B
as in [29, Lemmas 5, 6], for M,(A) — M,,(B) is also a full embedding.
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First assume that ¢ is a pure state. Apply Lemma 2.20 to get an excising
sequence (x,) for ¢, and choose n, such that x = x, satisfies

| e(a)x? — xax| <& (2.3)
when a € 7. For every n € (0, 1) we define f,, g,: [0, 1] — [0, 1] by
0 if r=0, 0 if r<n,
f) =<1 if t =, g, (1) =<1 ifr=1(n+1),
affine if 0<sr<n, affine if n<r<i(n+1).

Note that for a sufficiently large 5o, x =f, (x,,) also satisfies (2.3). Hence if we
let y =g, (x,,), we get a pair of positive norm-one elements x, y such that
xy=yx =y and x satisfies (2.3). Since A — B is a full embedding and y # 0,
there are bq,...,b,, € B such that

biy*by 4 ...+ byy?b,, = lp.
This is proved in the same way as [9, 1.10].
Define V € #(B, B™) by arranging yby,..., yb,, into a column matrix. Then V

is an isometry because V'V = lg, and since y acts as a unit on x, we have
(x®1,,)V = V. This implies that

le(a)lp =V (a®1,)V|
= ||<p(a)V*(x2 & 1m>V - V*<x® 1m>(a Y 1m><x® lm)V”
< lp(@)( © 1,) —xax® 1] <

for any a € #, using (2.3).
For ¢ an arbitrary state, we argue as follows. By Krein—Milman theory we may
approximate ¢ by a convex combination of pure states, say

k
o@=>"neita)
i=1
where a € 7. Let V; € (B, B™) be given by the first part of the proof, with

Vi*ViZIB, ViVi*g(O,...,O, 1m®13,0,...,0).
W—/
]

Then V = 3%, /X, V; defines an isometry of #(B, B™), such that

k
p(a) — Z \NVi(a®1,)V, '

k
+ Z Nillei(a) =Vi(a@1,)Vil

i=1

<s,

le(a) =Via® 1, )VI=

< Hga(a) — zk: Nipi(a)

i=1

<2e,
where a € Z#. O

The following generalizes a result of Lin [34].

THEOREM 2.22. Let A be a unital separable C*-algebra and let v: A — B be a
unital full embedding. Then d, is nuclearly absorbing.
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Proof. Combine Lemma 2.21 and Proposition 2.19. |

3. K-theoretical preliminaries

In this section we collect preliminary results and definitions behind our use of
K- and KK-theory.

3.1. KK-theory

In all of the paper, except in the proof of the lemma below, we are going to
work exclusively with the Cuntz picture of the Kasparov groups KK(A, B). We
are only going to give a brief description of this realization here; more details are
given in [14], but for complete information we refer the reader to the original
sources [11, 25, 51], or to [28] for a detailed exposition.

The Cuntz picture is described in terms of pairs of representations

(e, ¥): A— M(A (H) ® B),
where
pla) —y(a)e X (H) @B, foracA.

Such a pair will be called a Cuntz pair. They form a set denoted by E,(A, B). A
homotopy of Cuntz pairs consists of a Cuntz pair (¢, ¥): A — M(# (H) ® B0, 1]),
and the quotient of E,(A, B) by homotopy equivalence becomes the Kasparov
group KK (A, B).

One defines groups KK, (A, B) by restricting attention to Cuntz pairs (and
homotopies) consisting of strictly nuclear representations. Hence KK = KK,
when A or B is nuclear. And one proves the following.

LEMMA 3.1. Let A be a unital separable C*-algebra and let B be a unital
C*-algebra. Let an admissible scalar representation 0 be given. Then any
o € KK (A, B) is represented by a strictly nuclear Cuntz pair of the form (p, 0).

Proof. We use the fact that KK, (A, B) also has a Fredholm realization
based on triples (¢q, @1, #) consisting of strictly nuclear *-homomorphisms
¢;: A— Z(E;) intertwined up to compacts by u € Z(E, E;) acting as a unitary,
up to compacts, on the ranges of ¢,. In fact, according to [51, 2.6], « is
represented by a triple of the form (5, 5, x). By using the standard simplification
given by Proposition 17.4.3 of [3] we may assume that x is a contraction. Finally
we may replace x by the unitary

X (1 —xx*)1/?
—(1—x*x)"/? x*

Hence, in KK (A, B) we have a = [6, 0, U] = [ubu”, 0, 1], and this translates in the
Cuntz picture to the desired identity o = [ufu”, 6]. O

Note that any #-homomorphism ¢: A — B induces an element [¢] € KK(A, B)
via the Cuntz pair (¢,0). Similarly, any nuclear x-homomorphism ¢: A — B
induces an element [¢] € KK,,.(A, B).
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3.2. K-theory

When B; is a sequence of C*-algebras we denote by []B; their (£,-)product,
and by > B; their (cg-)sum. It is well known, although perhaps not as well
known as it should be, that the natural map K,(]][B;) — [] K.(B;) is not an
isomorphism in general. In this section we are going to study, for large classes of
C*-algebras B;, injectivity properties of the natural map

7 K(H Bi) — [ K@®)),

where K(—) denotes the sum of all K-theory groups with Z/n coefficients for all
n =1, defined by collecting the maps

n" K, <H3i> =] K. (B, i K*<HB,-; Z/n) — [ k.(B::2/n)

induced by the projections w;: [[ B; — B;. We also use this information to prove
that surprisingly often, Pext(—, K,([[ B;/ >_ B;)) will vanish.

When discussing maps from K(A) to K(B), we are only interested in
collections of group homomorphisms which preserve the natural set of coefficient
transformations and the Bockstein operations (see [49] and [18]). We denote the
group of such maps by Hom, (K(A), K(B)).

If B is a C*-algebra we denote by Proj(B) the set of all self-adjoint projections
in B. The K-theory class of a projection p is denoted by [p] € Ky(B). If B is
unital, we let %,(B) denote the unitary group of M,,(B).

K-theory of products. We are going to define quantities cco (‘cancellation
order’), pfo (‘perforation order’), elo,, elo; (‘element lifting order’) and ipo
(‘infinite height perturbation order’) in N U {oo} for any unital C*-algebra B
by declaring

cco(B) < ¢ if whenever p,q€Proj(B® #"), then [p]=[q] implies that
p®L-1p ~qd -1,

pfo(B) < ¢ if for any x € Ko(B) such that nx =0 for some n>0, one has
x+{€[15 =0,

eloy(B) < ¢ if the canonical map Proj(M,(B)) — Ky(B) is surjective,
<

elo; (B)

4
¢ if the canonical map %,(B) — K,(B) is surjective,
ipo(B) < ¢

if for any x in Ky(B) and any n # 0, there is y in K(B) such that
—{[1p] < y={[lp] and x — y € nK((B),

and declaring the value to be oo when no such ¢ exists. For instance, eloy(B) = o
if Ko(B); #Ky(B). When {B;};c; is a family of CT-algebras, we define
cco({B;}) = sup;cco(B;), and so forth. We also write rr({B;}) =0 when each
B; has real rank 0.

The following results — some of which are known, cf. [20] — demonstrate the
relevance of these quantities to the map . We denote the unit of B; by 1; and the
units of [] B, and [[B;/ Y B; by 1y and 1y, respectively.
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LEMMA 3.2. Let B, be a sequence of unital C*-algebras for which
cco({B,}) < . Then n° is injective, and the image of n° equals

{ e [] ko(B)
Furthermore, if 7 (x):(xi) with each x;=0, then x=0. If in addition
pfo({B;}) < o, then Imy° is a pure subgroup of [] Ko(B;). If eloy({B;}) < oo,
then no is surjective.

AM e NVieN: —M[1,] <x,~<M[1,»]}.

Proof. Assume that cco({B;}) < {. To prove injectivity, let
~(p) -l e ko [T 2:)

be given by p;,q; € My(B;) and assume that »°(x)=0. We have
pi®l-1;~q; &€ 1;, so that (p;,) B 1y~ (q;) ® € 1y, proving x =0. To
prove that the image is contained in the set of bounded sequences, write
x€Ky([IB;) as x=[(p;)] —[(g;)] with p;, qg; € My(B;). By definition of
positivity, —N[lg] <x=<N]|ly] and we get the result by applying =;. For the
other inclusion, assume that x; € K((B;) is given with —M[1;] < x; < M[1;]. We can
write x; + M[1;] = [r;] for some projection r; in B; ® ", and since [r;] < 2M]|1;], w
get 2M|1;] = [r; @ s;] for some projection s; in B; ® . Since cco({B;}) < ¢, we see
that CM +4€)-1;~r; ©s; ® € - 1;; hence there is g; € My, ¢(B;) with r; ~ g;.
Consequently, x; = [r;] — M[1;] can be represented as a difference of projections
lgi] — M[1}] where qi € M2M+€< i) Defining ¢ = (¢;) € Moy ¢(]] B;), we find
that [¢q] — M[1y] is a preimage of (x;).

If n°(x) = (x;) and every x; is positive, we have 0 < x; < M|[l,] for some fixed
M. Hence x; = [p,;] for some p; which we may assume lies in My, ,(B;) as
above. Consequently p = (p;) defines an element of Ky( ][] B;), and x = [p] by
injectivity of 1°. To estabhsh purity when pfo({B;}) < {’, assume that x = ny in
[1 Ko(B;), where x € Imn°, so that for some M, Mnl[l;] £x;=0. We conclude
that (M + €')[1;] * y; =0, whence y €Imn°. Proving surjectivity of 7° when
eloy({B;}) is finite is straightforward. O

LEMMA 3.3. Let B; be a sequence of C*-algebras. If rr({B;}) =0, then 3" is
injective. If elo; ({B; }) < oo, then n' is surjective.

Proof. To prove injectivity, we assume that '(x) =0 with x = [(u;)] and
u; € M,,(B;). By [33], u; is homotopic to n-1; within %,(B;), and because
rr(B;) = 0 the exponential lengths of M,,(B;) are uniformly bounded (by 2, see
[32]), so we can choose short paths and combine them to one from (u,) to the
unit of %,(][B;). Proving surjectivity of ' when elo;({B;}) is finite is
straightforward. O

LEMMA 3.4. Let B; be a sequence of unital C*-algebras and abbreviate
II=][B; and I/E=]]B;/>_ B;. Then
(i) cco(II), cco(II/X) < cco({B;}),
(i) pfo(II), pfo(II/X) < pfo({B;}) if cco({B;}) < oo,
(iii) elog(IT), eloy(II/X) < eloy({B;}) if cco({B;}) < oo,
(iv) elo, (II), elo, (II/X) < elo; ({B;}) if rr({B;}) =0,
(v) ipo(T0), ipo(IL/T) < ipo({B,}) if cco({B;}), pfo({B}) < oo
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Proof. These claims all follow in a straightforward fashion from the properties of
n” established in Lemmas 3.2 and 3.3. We only prove (v), which is the most involved
result. Let x € Ko( [[ B;) and n be given and assume that ipo({B;}) < €. With
7°(x) = (x;), we can find y; € Ko(B;) with —€[1,] <y; < €[1;] and x; — y; € nK,(B;).
We know from Lemma 3.2 that (y;) =n°(y) for some ye Ky([]B;) with
—[ly) <y<<{[lg]. Since 7°(x —y) €n ] Ko(B;) by construction, we further
conclude by purity that no(x —y) €nlm no and, since no is injective, that
x—yenKy(I1By).

To prove the result for II/X, we note that

0—K,(X) — K, (II) - K,(II/E) — 0

is exact and apply the argument above to an x € K(II) lifting the given element
in Ko(II/X). O

Algebraically compact K-groups. An abelian group G is algebraically compact
when Pext(—, G) vanishes. This class of groups is well studied (cf. [24, VII]), and
we are going to use the characterization of it as those groups for which the
following hold [26]:

(i) the subgroup (), ennG is divisible;

(i) G is complete.

Here completeness refers to the Z-adic topology (cf. [24, 7]), and completeness
does not (as it does in [24]!) imply any separation properties.

Note that the quantities pfo and ipo make sense for general ordered abelian
groups with order unit. We extend the notions to such groups and families of

them in the obvious way. When (G, 1;) is a family of groups and order units, we
define a ‘bounded product’ [], by

[1.6:={(e)|3MeNViel:-M1;<g <M1,}.

LEMMA 3.5. Whenever G; is a sequence of abelian groups, then [ G;/ Y. G;
is algebraically compact. If, furthermore, all G; are ordered with order units, then
[1bGi/ >. G; is algebraically compact provided that both pfo({G;}) and

ipo({G,}) are finite.

Proof. When X =[] G;/ > G;, then X is algebraically compact by [27].
When the G; are also ordered, let X, =[[p G;/ > G; and consider X, as a
subgroup of X. We are going to prove that (i) and (ii) above hold for X, from the
fact that they hold for X.

Since pfo({G;}) < o0, we immediately see that if x € X, and x = my in X, then
y € X, if m #0, by an argument very similar to the one at the end of the proof of
Lemma 3.2. Note that this is stronger than mere purity of X, as a subgroup of X.
Fix m#0 and x € (), cnnXp and write x = my for y € (),cnynX. Applying this
observation twice, we get

yeXpn [ nX= (] (XN Xy) = () nXp.
neN neN neN

It remains to show that X, is complete. To do so, we first note that for any
given x € X there is y € X}, such that x — y €[,y 72X. For when ipo({G;}) < ¢
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and x = (x;) +>_ G; is given, we may find y; such that —€1;, <y, <¢1; and
x;—y; €i!G;. Clearly y = (y;) + >_ G, has the desired property. Now let (x,) be
Cauchy in X,, and recall that it converges to some x € X. With y chosen as
above, (x,) also converges to y € Xy, in the Z-adic topology of X,. This is
because the Z-adic topology of X, coincides with the topology of X, induced by
the Z-adic topology of X, since X}, is a pure subgroup of X. U

COROLLARY 3.6. Let B; be a sequence of unital C*-algebras. Then
() K ([IBi/ > B;) is algebraically compact if
rr({B;}) =0 and elo;({B;}) < oo,
(i) Ko([1B:/ > B;) is algebraically compact if either
cco({B}), elog({B,})< o or cco({B:}), po({B:}), ipo({B;}) <.

Proof. Part (i) follows from Lemmas 3.3 and 3.5. Part (ii) follows from
Lemmas 3.2 and 3.5. 0

3.3. Partial maps on K(-)

In this section we concern ourselves with associating K-theoretical data to
completely positive contractions. Starting from such maps, say from A to B, we
shall be able to induce maps sending a finite set of projections representing a
finite part of the K-theory of A to elements of the K-theory of B.

Although there are advantages of doing this even for subsets representing
elements of Ky(A), the real strength of this approach only surfaces when we work
with all of K(A) and K(B). Our partial maps do not descend to well-defined
maps on subsets of K(A), let alone to all of K(A), but this fact does not cause
any problems except notational and technical inconveniences.

As noted on page 661 of [15] we can realize any element of K(—) as a
difference of classes of projections from

Proj(A) = | J Proj(4 @ C(T) ® C(W,,) ® #')
m=1

where the W,, are the Moore spaces of order m. This picture of K(A)
encompasses the standard pictures of Ky(A) and K,(A) using projections of
A® A and A® C(T)® A", respectively, but not the standard picture of K;(A)
using unitaries of (A ® ). We need to pay special attention to this. Checking
the facts stated as lemmas below is tedious but straightforward. We leave it to the
reader with due apologies.

DEFINITION 3.7. Let A be a C*-algebra. A K-triple (2, %, §) consists of finite
subsets @gPr_oj(A) and ¥cA and a 6 >0 chosen such that whenever ¢ is a
completely positive contraction which is é-multiplicative on %, then

3¢ sp((p ®id)(p))
for each p € 2, where id is the identity of C(T)® C(W,,) ® #" for suitable m. A
K,-triple (7", 9, 6) consists of finite subsets 7" c #((A® #)”) and ¥C A and a
6 >0 chosen such that whenever ¢ is a completely positive contraction which is
o-multiplicative on %, then

0¢sp((p ®id)(v))
for each v € ¥".
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We define K- and K,-triples analogously to the K-triple case, by using
projections in A® # and A ® C(T) ® A", respectively.

The following lemma shows that any finite subset of projections or unitaries can
be augmented to a triple of the appropriate kind.

LEMMA 3.8. Let A and C be C*-algebras, and fix finite sets 2,V < (A® C)~
consisting of projections and unitaries, respectively. Then there exist 6 >0 and a
finite set G C A such that whenever ¢: A — B is a unital completely positive map
which is 6-multiplicative on 9, then

3¢sp((e®ide)(p), 0 sp((p@idc)(v))
for every pe P and ve V.

Let Xo- [0 %

, 1) ,1]—10,1] be 0 on [0,1) and 1 on (3,1], and let
xi: (0, 1] = [0, o

U (3
) be given by x;(x) =x~'/2

DEFINITION 3.9. Let (2,9, ) be a K-triple, and assume that ¢: A — B is a
completely positive contraction which is §-multiplicative on %. We define
oy # —K(B) by
e¢(p) = [xole ®id)(p)].

When (77, 9, ) is a K;-triple, we define ¢4: ¥~ — K;(B) by

ep(v) = [Vxi (V'V)]
where V = (¢ ®1d)(v).

Maps into Ky(B) and K, (B) are defined from K,-triples and K,-triples similarly
to the K-triple case.

LEMMA 3.10. Let A be a unital C*-algebra and (?,%,8) a K-triple. Let
¢: A — B be a completely positive contraction which is 6-multiplicative on 4 and
let j: B— C be a unital x-homomorphism. Then (jo)y(p) = j.ey(p) for all p € 2.

To establish the next two results, one may use the fact that the canonical map
from Ky(A) to K{(SA) is defined using scalar rotation matrices. The last result
follows from the definitions.

LEmMMA 3.11. Whenever a K, -triple (2., %9, d) is given, there exist a K-triple
(%, %y, 60) and a K,-triple (V", 4\, 6,) with 6; < 6 and 4; 2 % such that if for two
unital completely positive contractions ¢ and y which are 6;-multiplicative on 9,

e:(p) =vu(p) and ¢4(v) = ¥y(v)

for all pe #y and all v € V", then oy4(p) = ¥y(p) for all p € Z,.

LEMMA 3.12. Whenever a K-triple (%, %, 6o) and a K,-triple (V", %, &)
are given, there exists a K, -triple (?.,9,8) with 6 <6; and 9 29Y; such that if
for two unital completely positive contractions ¢ and  which are 6-multiplicative

on Y, o4(p) =¥y(p) for all p € P,, then
e:(p) =vy(p) and ¢4(v) =¥y(v)
forall pe Py and all ve V.
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LEMMA 3.13. Let (2,9, 6) be a K-triple on A. There exist € >0 and a finite
set F C A such that if ¢ and { are completely positive contractions which are
S-multiplicative on 4 and satisfy | e(a) —y¥(a)||<e for all a€ F, then

e4(p) = ¥4(p) for all p € 2.

4. Uniqueness

In the present section we present our uniqueness results as a sequence of
successive refinements, at the cost of added assumptions.

We summarize our results in Table 1; the reader should be able to deduce the
precise meaning of the various columns by comparing with the actual statements
of the uniqueness results below. In the table we require tacitly that every A is a
separable C*-algebra and every map ¢, ¥ is nuclear.

TABLE 1
Ref. A B (A,B) e ¥ @
44 Ivy: A— M(A @ B) morphisms ¥
nuclearly absorbing [e] = [V]
4.5 unital unital Iy: A—M(A @ B) morphisms Yn
unital o] = [¢]
nuclearly absorbing e(1) ~y¢(1)
quasidiagonal
4.12 unital unital Jui:A—B morphisms n-u
simple 4.9 unital morphism 0. =V,
exact e(1) ~y¢(1)
UCT
4.15 unital unital i A—B CP-maps n-t
simple 49 unital CP-map ey | 2=y, |2
exact e(1) ~y¢(1)
UCT

4.1. Stable uniqueness

We repeat the following definition and main result from [14].

DEFINITION 4.1. If 7, 0: A — ¥ (E) are representations, we say that = and o
are properly asymptotically unitarily equivalent and write w= ¢ if there is a
continuous path of unitaries u: [0, ) — % (A (E) + Clg), u= (u;);c[0,00) SUch
that for all a € A,

() lim, o [|u,7(a)u; — o(a)|| =0,

() u,m(a)u; —a(a) € # (E), for all ¢ € [0, o).

THEOREM 4.2. Let A be a (unital) separable C*-algebra and let B be a
o-unital C*-algebra. Let (¢, ¥): A— M(A (H) ® B) be a Cuntz pair consisting of
(unital) strictly nuclear representations. Then the following are equivalent:

(@) [‘P, ‘H =0in KKnuc(A’ B);
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(ii) there exists a (unital) strictly nuclear representation o: A — M (A (H) ® B)
with o @ o =Y D oy

(iii) for any (unital) nuclearly absorbing and strictly nuclear representation
Y:A—>M(AH (H)@B), ¢ B Yoo 2V DB Yoo

It is proved in [14] that
CPIRYPBo <= ©ePYERYDy

if 0 and vy are asymptotically equivalent in a sense made precise in that paper.
The same proof shows the following.

LEMMA 4.3. Let ¢, ¢,v,0: A—M(A'(H)®B) be representations. If
eDy=Y Dy, and vy~ o, then there exists a sequence of unitaries
v, € X' (H) @ B+ C1 such that

v, @ o)(a)v, — (Y Do)(a)| =0 asn— o
for any a € A.

The previous lemma simplifies matters when working with uniqueness — it is
necessary to work with asymptotic equivalence of cycles to characterize
KK-theory as above, but to prove uniqueness results one only needs an
approximate version of (i) = (iii) above. Hence we get the following.

COROLLARY 4.4. Let A be a separable C*-algebra and let B be a o-unital C”*-
algebra. Assume that ¢ and  are two nuclear x-homomorphisms from A to
A (H) ® B which satisfy [¢]| = [¢] in KKy (A, B). Let v: A— M(A# (H) ® B) be
a nuclearly absorbing representation. Whenever a finite subset & C A and & >0
are given, there exists a unitary v € M3(# (H)) ® B+ C1 such that

¢(a) Y(a)

v(a) v(a)
forall ac 7.

Proof. The corollary follows from the non-unital version of Theorem 4.2 after
the following remarks. Since ¢ and Y assume only compact values, we have

[90, \b] = [§0’ 0] - h[/’ O] =0

in KK,(A, B). From Theorem 4.2, ¢ ® o=y o for some strictly nuclear
representation o: A — M (A (H) ® B). Now ¥y =0@ v is (non-unital) nuclearly
absorbing by Lemma 2.17, whether or not + is unital. Since ¢ o B YRy Do DY
and o &y ~ v, we conclude that v exists by Lemma 4.3. O

Achieving stable uniqueness. We are now going to employ the quasi-
diagonality condition of Definition 2.5 to truncate the absorbing representation in
Corollary 4.4 to something more manageable in terms of classification.

We consider two x-homomorphisms ¢ and y/, between unital C *-algebras A and B.
To fix notation, let y: A — M(# (H) ® B) be a quasidiagonal unital representation.
We consider a quasidiagonalization (v,): A — M, (B) by (e,) (see the paragraph
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following Definition 2.5), where we may and shall assume that (e,) has the
additional property that

en‘p(a)en = ﬂa(a) and en‘l/(a)en = \L(CZ),
where n = 1.

THEOREM 4.5. Let A be a unital, separable C*-algebra and let B be a
unital C*-algebra. Assume that there exists a unital quasidiagonal nuclearly
absorbing representation y: A — M (X (H)B), and let (v,): A— M, (B) be a
quasidiagonalization of v by (e,) as above.

Suppose that ¢, y: A — B are two nuclear x-homomorphisms with [¢] = [{] in
KK (A, B), such that ¢(1) is unitarily equivalent to (1). Then for any finite subset
F C A and any & > 0, there exist an integer n and a unitary u € U, . |(B) satisfying

o0 o[

u

<e&

Ya(@) ] Ya(@) }

for all a € F. Moreover we may arrange that u(¢(1) @ v,(1))u” = ¢(1) B v,(1).

Proof. After conjugating ¢ by a unitary in B we may assume that ¢ (1) = ¢/(1).
We are going to compress by e, = e, ® e, ® e, (which is a quasicentral sequence
in M3(# (H)) ® B+ C13), in the conclusion of Corollary 4.4. We have

¢(a) ¢(a)
e, 0 e = 0
v(a) Ya(a)
and a similar equation for y. It is crucial to our argument that the unitary v provided

by Corollary 4.4 satisfies ||[v, e,]|| — 0 because v € M5(#"(H)) ® B + C15. There-
fore by perturbing e, ve, to a unitary z within Us,, (B), for some large n, we obtain

¢(a) ¥(a)

V(@) V(@)

for all @ € #. Consider the projection e = ¢(1) @+, (1) = ¢¥(1) B v,(1). After a
small perturbation of 7z we may assume that zez" = e. Then w = eze is a partial
isometry in M, , |(B) withw*w = ww" = e, and the unitary

u=w+1, . —e€uU,, (B

will satisfy the conclusion of the theorem. U
The following corollary is a good illustration of Theorem 4.5.

COROLLARY 4.6. Let A be a separable unital residually finite-dimensional
C"-algebra and let B be a unital C*-algebra. Let (,) be a separating sequence of
finite-dimensional representations of A such that each w, is repeated infinitely
many times. Define v, =m @ ...®w,, with v,: A—M, (C)cM, (Clg). Let
@, ¥: A — B be two unital nuclear x-homomorphisms with [¢] = [{] in KK (A, B).
Then there is a sequence of unitaries u, € U, (B) such that

nlLrtgo |u,(e(a) ®v,(a))u, —¥(a)®y,(a)|| =0,
for a € A.
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Proof. This follows from Theorem 4.5 withy = 7 & w, @ ... . Note that since v
is an admissible scalar representation, -y is nuclearly absorbing by Proposition 2.18.
O

4.2. Some classes of C*-algebras

We single out several classes of C*-algebras for easy reference.

DEFINITION 4.7. We say that a separable C*-algebra A satisfies the UCT if
the diagram

0 — Ext(K.(A), K, . (B)) — KK(A, B) — Hom(K,(A), K,(B)) — 0

is a short exact sequence for every o-unital algebra B.

A large class of algebras satisfying the UCT was exhibited in [47]. If the
separable C*-algebra A satisfies the UCT, then for any o-unital C*-algebra B
the sequence

0 — Pext(K.(A), K. 1(B)) — KK(A, B) — Hom, (K(A), K(B)) — 0 (4.1)
is also exact by [18].

REMARK 4.8. It is not known whether there exist separable nuclear
C*-algebras not satisfying the UCT. If a separable C*-algebra A satisfies the
UCT, then A is KK-equivalent to a commutative C*-algebra; hence it is
K-nuclear. In particular, KK,.(A, B) = KK(A, B) by [51].

DEFINITION 4.9. A C™-algebra B is called an admissible target algebra if it is
unital, has real rank O [7], and is such that
(i) whenever p, g € Proj(B® "), then [p] = [¢q] implies p & 1z ~ g & 1p, and
(ii) the canonical map %,(B) — K, (B) is surjective,
and if either
(iii.0) the canonical map Proj(B) — K (B) is surjective
or both of the following hold:
(iii.1) for any x € Ky(B) such that nx = 0 for some n = 0, one has x + [13] =0,

(iv.1) for any x€Ky(B) and any n#0, there is y€ Ky(B) such that
—[13) <y=</[lg] and x — y € nKy(B).

When needed, we distinguish between admissible target algebras satisfying
(iii.1)—(iv.1) or (iii.0) by calling them admissible of finite type or infinite type,
respectively. Examples will be given in Propositions 6.6 and 6.15.

The point of this definition is that whenever a sequence of admissible targets is
given, then both of the natural maps

tomy (K(0) K ( []#:) ) — [ Hom(K(@). K(8). @2

KK(A, HB,»/ZB,-) — Hom, <§(A),K(H B,»/ZB,-)) (4.3)

will be injective (the latter is in fact an isomorphism) for an A satisfying the UCT.
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THEOREM 4.10. Let B; be a sequence of admissible target algebras of the
same type and let A be any C™-algebra. Then:

() :K(]]B;) — [ K(B;) is injective;

(ii) the natural map Hom,(K(A), K(]]B;)) — [] Homy(K(A), K(B;)) is
injective;

(iii) the natural map KK(A, [[B;/ Y. B;) — Hom,(K(A), K([[B:/>_ B;))
is an isomorphism if A satisfies the UCT;

(iv) [[ B; and || B;/ >_ B; are admissible targets.

Proof. For (i), decompose 5 into maps 7" and 7;. We find from Lemmas 3.2
and 3.3 that the n" are injections whose images are pure subgroups. Injectivity of
7, then follows by a diagram chase on

*

K.(T1B) " K.(T1B) 2 K (T1 B 2/m) " k. (T1 B)

"*J "*J ";l nml

ITK.(Bi) — =TI K.(B:) FH K.(B;: Z/n) F’H K, 1(B;)

Claim (ii) is a direct consequence of (i), and (iii) follows by combining the
UMCT (4.1) with Corollary 3.6. Finally, (iv) follows by Lemma 3.4. U

REMARK 4.11. As is clear from §3.2, we can get injectivity for the maps
discussed above by asserting considerably weaker versions of (iii)—(iv). On the
other hand, B; = C(|[0, 1]) is a counterexample to injectivity in (4.2) and B; = C
is a counterexample to injectivity in (4.3).

4.3. Stable uniqueness with bounds

Let A be a separable unital C*-algebra and let (: A— B be a unital full
embedding. If one specializes to the case v = d, in Theorem 4.5, one obtains a
stable approximate unitary equivalence of the form

H” {w(a) " V(d)

<E&.

nw<a>}” n~L<a>]

To make such a result useful in our quest to classify C*-algebras, we need to
refine our uniqueness results to the effect of controlling the number n. More
specifically, we need to know that these integers can be chosen uniformly with
respect to the targets; that is, only depending on the source algebra and, of course,
the requirements on how closely the two morphisms are to agree after
composition by the unitary.

We also need to strengthen the theorem to allow for maps which are not
*x-homomorphisms and only induce the same element locally in Hom, (K(A), K(B)),
rather than in KK(A, B). To achieve such results, we are going to work with
products of C*-algebras, and we are going to depend on the results in §3.2
regarding their K-theory. If A satisfies the UCT, then it follows from (4.1) that
Hom, (K(A), K(B)) is isomorphic to Rgrdam’s group KL(A, B) [46].
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Bounded stable uniqueness for x-homomorphisms

THEOREM 4.12. Let A be a simple, unital, exact, separable C*-algebra
satisfying the UCT. Then for any finite subset & C A and any € >0, there exists
n €N with the following property. For any admissible target B, any unital
embedding v: A — B and any pair of nuclear x-homomorphisms ¢,\y: A — B such
that ¢, =, in Hom,(K(A), K(B)), and ¢(1) is unitarily equivalent to (1),
there exists a unitary u € U, , (B) such that

[so(a) }u B V(a) nw(g)]

for all a € F. Moreover we may arrange that u(¢(1)@n-1u" =¢(1)dn- 1.

u <e,

n-u(a)

Proof. We have KK, (A, B) = KK(A, B) by Remark 4.8. Seeking a contra-
diction, fix & and e for which the theorem fails. Then for any i we choose an
admissible target algebra B; equipped with an embedding ¢;: A — B;, and ¢; and ;
nuclear x-homomorphisms with ¢;, = y;,, and ¢;(1) unitarily equivalent to ¥, (1), yet

AN T A |

We define ®, ¥, I: A — [] B; in the obvious way. The homomorphisms ® and ¥
are nuclear since ¢; and y; are nuclear and A is exact (see [12, 3.3]). By
composing with the canonical map we get &, ¥, /: A — [1B:/ > B;, with ¢ and
¥ nuclear. Since ® and ¥ induce the same element of [[ Hom, (K(A), K(B;)) by
construction, we get, from Theorem 4.10(ii), ®, = ¥, in Hom,(K(A), K([] B;)).
Then of course (®), = (¥), also, and by Theorem 4.10(ii) we get [®]xx = [¥]xk
in KK(A, [[ B;/ > B)).

Since I: A— [] B;/ Y B; is a unital full embedding, we conclude by Theorem
4.5 that there exist n and a unitary w € %, ([[ B;/ Y. B;) intertwining & & n - I
and ¥ ©n-Tuptoson Z. Letu= (u;) € Uy, ( HB ) be a unitary lifting w. Then

inf max =g.

UEU;y\(B) a€F

T {901'(61) ] * [%(@ ]
im sup max || u; u; <s,
i ae7 n-(a) n-u(a)
yielding a contradiction after projecting onto M, ;(B;) for large i. The last part
of the proof is done exactly as the last part of the proof of Theorem 4.5. U

REMARK 4.13. If ¢ and ¢ are as in the conclusion of either Theorem 4.5 or
Theorem 4.12, it follows immediately from the cancellative nature of K-theory

that ¢, = .: K(A) — K(B).

REMARK 4.14. Under assumptions restricting the algebraic complexity on
K,(A) and K,(B) the result above can be simplified somewhat. If we add, for
instance, the assumptions that K,(A) be torsion free and Ky(B) be divisible, we
need only require that ¢, = ¢, on K,(A). This is done by basing the proof instead
on injectivity of the maps

tom (K., K. ( T[ 8:) ) — T Hom(k. (4). &.(5,),

(10 558) e (18 50)
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We get the latter by applying the UCT and noting that since K(A) is torsion free,

Ext (KO(A),K1<HBi/ZB,»>> :Pext<K0(A),K1<HB,»/ZB,->> =0

from Corollary 3.6(i), and that

Ext(Kl(A), K0<HB,~/ZB,~>> =0

since, along the lines of the first half of Lemma 3.5, if all Ky(B,) are divisible,
then so is Ko( [ B;)-

Bounded stable uniqueness for approximate morphisms. We refer the reader to
§ 3.3 for a discussion of partially defined maps on K(—) and a definition of K-triples.

Our next result was inspired by the main result in the version of [34] that we
had received from the author when we began our work in February 1998. The
original statement is corrected and generalized below. A significant difficulty in
the proof below comes from handling the K-theory for products of C*-algebras; a
point which was overlooked in that version. Our methods for overcoming this
difficulty were developed in § 3.2, leading us to Theorem 4.10.

THEOREM 4.15. Let A be a simple, unital, exact, separable C*-algebra
satisfying the UCT. For any finite subset % C A and any € >0, there exist n € N,
and a K-triple (2,9, §) with the following property. For any admissible target B,
and any three completely positive contractions ¢,¥, 7. A— B which are
6-multiplicative on 9, with 7 unital, ¢ and  nuclear, and ¢4(p) = ¥y(p) in
K(B) for all pe 2, and such that ¢(1) and Y(1) are unitarily equivalent
projections, there exists a unitary u € U, (B) such that

7l )

for all a € F. One may arrange that u(e(1) ®n-Nu" =y(1)@&n- 1.

<e&

Proof. We have KK,,.(A, B) = KK(A, B) by Remark 4.8. Seeking a contra-
diction we suppose that there are & and & such that with n=n(A, 7, &)
provided by Theorem 4.12, no K-triple will work. We choose sequences of
K-triples (2;, 9;, 6;) with the following properties:

(1) 2, Py, and |J;cn P; exhausts the semigroup
U Proj(A® C(T) ® C(W,,) @ #')/ =~ ;
meN

(11) {qi c gl‘-‘rl and Ui gi :A,

(iii) 6; > 6,1 and §; — 0.

By our assumption, we can then choose admissible targets B;, which we may
assume are of the same type, and ¢;, ¥; and 7; which are §;-multiplicative on ¥;,
with ¢; and ; nuclear, and satisfy (¢;);(p) = (¥;)4(p) in K(B) for all p € Z;,
and ¢;(1) and ¢;(1) are unitarily equivalent projections; yet

inf  max
UEM,(B)acs
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Define ®, ¥, T: A — [] B; from the sequences (¢;), (¥;) and (7;), and compose
with the canonical map to get &, ¥, 7: A — [[ B;/ >_ B;. These maps are in fact

*-homomorphisms by (ii) and (iii) above, so T provides a unital full embedding of
A into [[ B;/ >_ B;, and ® and ¥ induce maps

$,, ¥.: K(A) HK(HBi/ZB,).

We are going to show that &, = ¥, .
We may check this on p € 2; by (i) above. Let C = C(T) ® C(W,,) ® A", with
m chosen appropriately. In the diagram

0 —— Ko((XBi)®C) —— Ko((][ B)) ® C) —>K0<g?®c> —0

lz lﬂ J"T
K [[Ko(B;®C)
0—— Y Ko(B;®C) —— [[ Ko(B; ® C) ZK(())(Bi@C)

7 is injective from Theorem 4.10(i) because it can be naturally identified with a
component of x. It is not hard to check that the above diagram has exact rows.
(The first row is induced by a quasidiagonal extension.) By the five-lemma, 7 is
also injective, and hence it suffices to show that

(@ @idc)(p)] = al(¥ @ idc)(p)]-

With x, as in §3.3, lift (& ®id)(p) first to a self-adjoint element (® ® id)(p)
in ([][ B;) ® C, and then to a projection g in

xo((® ®1id)(p)) + (Z B,-) ®Cc (HB,-> ® C.

Then 7([q]) = ([¢;]) where g; = xo((¢; ®id)(p)) for all i larger than some i,
since 7 is induced by a family of *-homomorphisms. We conclude that

(@ @id).(p)) = kn([g]) = [xo((¢: ®1d)(P))]i=i, + > Ko(B; @ C).
Similarly,
(¥ @id).(p)) = [xo((¥; ©1d)(p))]i=1, + Z Ko(B; ® C),

and these elements agree since the sequences coincide for i =iy, iy, j.

Note that ® and ¥, and hence also ® and ¥, are nuclear since ¢; and {; are
nuclear and A is exact [12]. Having proved that &, = ¥, and since ®(1) is
unitarily equivalent to ¥ (1), we may thus apply Theorem 4.12 to find a unitary
we€ U, 1([]B;/>_ B;) such that

[ Jre

<e,

N {‘1’(0)

n'T'<a>]W n‘m)}

for all a € #. Note that we may apply Theorem 4.12 since whenever B; is a
sequence of admissible targets, [[ B;/ >_ B; is an admissible target by Theorem
4.10(iv). We finish the argument by lifting the unitary as above. O
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REMARK 4.16. As in Remark 4.14, the premises of Theorem 4.15 simplify
under extra assumptions on K,(A) and K. (B). If Ky(A) is torsion free and Ky(B)
is divisible, one needs only check that ¢ and ¢ agree on a K,-triple. This is
because divisibility passes from Ky(B;) to Ko(][B;/>_ B;) as outlined in
Remark 4.14.

5. Existence

In this section we show how to realize locally a given KK-element by a
difference of completely positive contractions (see Theorem 5.5).

5.1. Realizing group homomorphisms

We refer the reader to §3.3 for the definition of K-triples. Let x, be the
characteristic function of (3, 1].

LEMMA 5.1. Let D be a unital C*-algebra. Let p € D be a projection and let
x € D be a positive contraction. Then:

@ [x=3[=G - llx=pL;
(i) sp(x) [0, NJU [l — N, 1], where \ is the smaller root of
N =N+ |[x* — x| =0;
thus if || x* — x| <1, then xo(x) € D is a projection with ||x — xo(x)|| <\;
(iii) if (f,) is a sequence of projections such that [p, f,] — 0 as n — oo, then

there is a sequence of unitaries (v,) in D, such that [v,pv,,f,] =0, for
n=1, and ||v, — 1| — 0 as n — oo.

Proof. For (i), we may assume that D acts on a Hilbert space H, and for (ii),
that D = C(X) with X compact. After these assumptions the claims become
elementary. In (i), we may assume that ||[p,f,]|| <% for all n. Define

qn = XO(anp) + XO(plfan» Then [Qn’ p] = 0’ for n= 1’ and ||Qn _fn” —0
as n— oo. By functional calculus, there is a sequence of unitaries (v,) in D
such that ¢, = v, f,v, and ||v, — 1] = 0 as n — oo. The sequence (v,) has the
desired properties. O

LEMMA 5.2. Let E; and F; be projections in M(A (H) ® B) with
IEq = Eill<3, [IFo-Fill<3, E—~F,exX(H)®B
for i €{0,1}. Then [Ey, Fy| = [E|, F,] in KK(C, B).

Proof. 1f X, =(1—1)Ey+tE, and Y, = (1 —t)F, + tF;, then
sp(X,), sp(¥;) < [0, %) o (%» 1]
for all t€(0, 1], by Lemma 5.1(i). Define E, = xo(X,) and F, = x¢(Y;). Then
(E,, F,), for 0 <t =<1, is a homotopy of Cuntz pairs from (Ey, Fy) to (E, F,). O

Lemma 53. If E and F are projections in M(A(H)®B) with
E—Fe X (H)®B (that is, (E,F) is a Cuntz pair), and e is a projection in
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H(H) ® B with
lle. EJI <3, e, FII <3, le*(E - F)e*] <3,
then the natural isomorphism between KK(C, B) and Ky(B) takes [E, F] to
[Xo(eEe)] — [xo(eFe)].

Proof. Note that
I(eEe)* — eEel| < [[e. E]|| < 5.
Therefore ||eEe — xo(eEe)|| <\ with A =1(3 —V/5) by Lemma 5.1(ii). We have

similar estimates for e "Ee’, eFe and e Fe™.
Let g = xo(eEe), g = xo(e Ee"), h = xo(eFe), and h' = xo(e*Fe™"). Then

IE~(g+8 )| <|E—eEe—e Ee”|
+leEe —xo(eEe)| +|le " Ee™ — xo(e " Ee™))]
<Z+2n<i.
Similarly, one shows that
IF = (ROl =5+2N <5, llg' A <§+N<3,

and all those quantities are compact. Moreover g, g’, & and h’ are all projections
and we may apply Lemma 5.2 to get

E,Fl=[g+¢ h+h'|=gh+[g h]=[gh+[g &l =g h

in KK(C, B). Since g, h€ # (H)® B, the isomorphism between KK(C, B) and
K,(B) takes [g, h] to [g] — [A]. O

We now come to the main results in this section. The reader is referred to §2.2
for examples of quasidiagonal strictly nuclear nuclearly absorbing representations.

Any element « € KK(A, B) induces a morphism «,: K(A) — K(B). Let us
first describe the map induced by o on K. If A is unital and if p is a projection in
M,(A), and o is given by a Cuntz pair (7,7), then «, takes
[p] € Ko(A) =KK(C,A) to [(r®1id,)(p), (y®id,)(p)] € KK(C, B). More gener-
ally, if D is a unital C*-algebra, then ap = (7 ®idp, ¥ ®idp) induces a map
a,: Ko(A ® D) — Ko(B ® D). In particular o induces a map on K(—).

THEOREM 5.4. Let A be a unital, separable, C*-algebra and let B be a unital
C*-algebra. Let a € KK,.(A, B). Assume that there exists a quasidiagonal strictly
nuclear unital nuclearly absorbing representation v: A — M(A# (H) ® B), and let
Yu: A— M, (B) be a quasidiagonalization of y by (e,) as in Definition 2.5.

For any K-triple (2, 7, 8) there exist N and a completely positive contraction

0:A—M,, (B)
such that o and ~yy are both nuclear, 6-multiplicative on ¥, and satisfy
o3(p) = (vw)s(p) = e[ p]
Sor all p € P. We may arrange that o(1) and vyy(1) are both projections.
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-~

Proof. By Lemma 3.1 we may represent « by the Cuntz pair (p, §) consisting
of strictly nuclear representations. Recall that this entails that

pla)—0(a)e #(H)®B
forallacA. .

Since ¥ and 6 are both nuclearly absorbing, we have § ~% in the sense of

Definition 2.1. Thus we get a sequence u; € % (M (A4 (H) ® B)) with

¥(a) —ub(a)u; € #'(H) @B, ||¥(a) —u;6(a)u; || — 0. (5.1)
Note that for each i, (u;pu;, u;0u’ ) is a Cuntz pair representing «. Then
X; = (u;pu;,v) is also a strictly nuclear Cuntz pair, and [X;],: K(A) — K(B)
converges pointwise to the group homomorphism induced by o as a consequence
of Lemma 5.2. Fix i large enough that [X;],[p] = «.[p] for each p € 2.

Let 7 =u;pu; and let e, € M, (B) be as in the statement. Then
fon=e,®e, €M,, (B) is an approximate unit of projections which in the
obvious sense quasidiagonalizes 7 into vy,: A — M;, (B). We set o, = f,7f,; the
maps thus achieved are nuclear maps by Remark 2.6(ii).

Note now that

[fus (@] =0, fi(1(a) =7(a)fim =0
for a€ A, since 7(a) —y(a) € # (H) ® B. We have 2 < C where

C=P avc(T)acW,) e M.

ms=M

Therefore for N large enough, oy is 6-multiplicative on & and

Ifv @ le. (r@ide)(p)lll <5 lfy @ le. (Y@ ide)(P)]] <3

Ifv @ 1le((r@ide)(p) — (Y®ide)(p)fi @ el <3,
for all p € 2. By §3.3 and Lemma 5.3 we have

(UN)#(P) - ('YN)#(I))
= [xo(fv @ 1c(r@ide)(P)fyv @ 1¢)] = [xo(fy @ Le(Y ®ide)(p)fy @ 1¢)]
=[(r®idc)(p). (Y®ide)(p)] = [Xi].[p] = a.[p].

By Lemma 5.1(iii) there is a sequence of unitaries (v,) in M(# (H) ® B) such
that [v,7(1)v,, f,] =0 and ||v, — 1|| — 0 as n — oco. By replacing o, = f,7f, by
0, = f,v,70, f,, we find that 0,(1) is a projection. Note that if N is large enough,
(fv7fw)e(p) = (fnonTonfn)e(p), for p € 2, by Lemma 3.13. O

Next we specialize the result to the case of a quasidiagonal source A. An
application of the general existence result for purely infinite C*-algebras can be
found in Theorem 6.17.

We say, cf. Definition 2.10, that A is locally RFD if for any finite set & and
any & > 0, there exists an RFD subalgebra A" of A, containing all elements of #
up to e.

THEOREM 5.5. Let A and B be unital C*-algebras with A quasidiagonal, and
let o € KK (A, B). For any K-triple (?, % ,8) there exist N and completely
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positive nuclear contractions
0:A—My(B) and p:A—My(Clp)
which are d-multiplicative on & and satisfy

o4(p) — wy(p) = a.[p]

forallp € 2. We may arrange that o (1) and p(1) are both projections. Moreover if A is
locally RFD and if € > 0 is given, we can arrange that there is a unital RFD subalgebra
D of A such that & <, D and the restriction of p to D is a x-homomorphism.

Proof. Since A is quasidiagonal, it has a quasidiagonal admissible scalar
representation 6. Note that, using projections e, € # (H)® 1z we obtain a
quasidiagonalization consisting of maps 6,: A — M, (Clg). The first part follows
from Theorem 5.4, by taking p = 0, for some large n.

In case A is locally RFD, we find first a unital RFD subalgebra D of A such
that # <, D. Then we work with an admissible representation 6 whose restriction
to D is a direct sum of finite-dimensional representations. It is then clear that one
can choose the quasidiagonalization such that the restriction of 0, to D is a
+x-homomorphism for all n. ]

6. Classification

In this section, we present applications of the uniqueness and existence results
to classification problems. The first part is devoted to a class of finite C*-algebras
which allow a further refinement of the uniqueness result, leading to a complete
classification of C*-algebras in this class having K,-group Q. In the last part, we
show how the results also apply to reprove the classification theorem for purely
infinite C*-algebras of Kirchberg and Phillips.

6.1. Approximate unitary equivalence

In a class of C*-algebras studied by H. Lin it is possible to absorb the
stabilization required in Theorem 4.15, leading to further improved uniqueness
results. Furthermore, this class is contained in our class of admissible targets. In
this section, we develop these points.

DEFINITION 6.1 [35]. A simple unital C*-algebra A is called tracially AF
(tracially approximately finite dimensional) if for any finite subset % C A, any
e >0, and any non-zero projection g € A, there is a projection p € A, with p £ 1,,
and there is a finite-dimensional C*-algebra C c prAp* with p* € C such that

(i) ||[p,d]|| <& for all a € 7,
(i) dist(ptap™,C) <€ for all a € 7,
(iii) upu™ < q for some unitary u € A.

ExAMPLE 6.2. The approximately (sub)homogeneous C*-algebras with real
rank O classified in [23, 4.6] and [15, 9.1] are all tracially AF algebras. Also the
class of examples of non-nuclear subalgebras of AF algebras constructed in [13]
consists entirely of tracially AF algebras.
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The conditions (i)—(ii) from [42] imply quasidiagonality of A. Let us
summarize a few other structural results on tracially AF C*-algebras that we
shall need. Lemmas 6.3 and 6.5 are from [35].

LEMMA 6.3 [35, 3]. Let A be a simple unital tracially AF C*-algebra. Then A
has real rank 0 and stable rank 1, and Ky(A) is weakly unperforated in the sense
of [3]. When p €A is a projection and n € N, then both pAp and M, (A) are
simple unital tracially AF C*-algebras.

The following fact can be deduced from [53, 1.1(i)]. We give a direct argument
for this more specialized claim.

LEMMA 6.4. Let B be an infinite-dimensional unital separable simple
C™-algebra of real rank O and stable rank 1, with Ky(B) weakly unperforated.
Then for any n=1 and any non-zero projection f € B there are mutually
orthogonal projections e',....e" and r in B such that e' + ...+ e" +r = 1 with

[e']=...=e"] and [r] < [f].

Proof. Let QT(B) denote the normalized quasitraces on B. The image of the
natural map p,: Ko(B) — Aff(QT(B)) is uniformly dense by [3, 6.9.3] and K((B)
has the strict ordering induced from p, by [3, 6.9.2]. If e is a projection, we
write @ = pg(e). By simplicity, we find N big enough such that N[f]> [1]. If
e=1/nN, then 1/n—&>0 and nel < f. Since the image of p, is uniformly
dense, there is a projection e € B such that (1/ n—s)T<2< 1/ n1. Therefore

0<1—ne<nel < f; hence
0<[1] —nle] < [f]-

This is readily seen to imply the statement. Indeed if d "eB are projections
equivalent to e then d 'o...@d" is equivalent to a subprojection d of 1z. If
r=1—d, then [r]| =[1] —nle] < [f]. O

The tracially AF C™-algebras are suitable for classification because of the
following factorization property.

LEMMA 6.5 [35]. Let A be a simple unital infinite-dimensional tracially AF
C*-algebra. For any n=1, any finite subset # CA and any &> 0, there are
projections p, g €A with p~Ap" =M, (gAq) and [p] <[q] and such that there
exists an approximate factorization of idy,

i,
N jﬂ
PAp ®M,,(C)

with |\pv(a) —al|<e for ac€F, where C is a unital finite-dimensional
C*-subalgebra of qAq, v(a) =pap @ (n(a) ® 1,) is e-multiplicative on F with
n: A— C a unital completely positive contractive map, and p is a unital
x-monomorphism whose restriction to pAp is the natural inclusion.
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Proof. We include a proof of this result which is somewhat different from the
original proof of Lin. We do not require A to be nuclear. It also suffices to prove
the statement with 8¢ instead of €. Since A is tracially AF, we find a projection
P € A and a finite-dimensional C*-algebra C with P* € Cc P"AP™" such that for
all a € # we have

@ [P, dlll <,

(i) PTaP* €, C,

(i) (n+2)[P]<[1].

The idea of the proof is to find a unital embedding of M,(C) @ C into the
relative commutant of C in P"AP" such that the image of C is supported by a
very small projection. Write C=M,, ;)@ ... ® M, and let e,...,e; be the
minimal central projections of C. Let B; be the relative commutant of ¢; Ce; = M,,(;)
in e;Ae;. Then e;Ae; =M,,;)(B;) and hence B; is tracially AF as it is isomorphic
to a corner of A. Let f be a non-zero projection in A with (n+ 1)k[f] < [P]. For
each 1 <i=<k we apply Lemma 6.4 for B;. We obtain

e;=e +...+e+r
where e , for 1 <j < n, are mutually equivalent projections in B; and[ ) <[f]in
Ko(A )Setef—e +. +e’f0r1<]<n r=r+...+rande=e' +... +e".

Note that P+ = el + .+e"+r with ¢/ mutually equivalent in the relatwe
commutant of C in PLAPl We have

(n+ D[] =0+ D([n]+...+[r]) < (n+ Dk[f] < [P].
Therefore
(n+ D[P+ [r]) < (n+2)[P] < [1] = [P] +n[e'] + [1];

hence n([P] + [r]) <nle']. By weak unperforation we get [P+ r] <|[e']. We are
now ready to complete the proof. By Arveson’s extension theorem [2], the identity
map on C extends to a completely positive contraction E: A — C. We have
E(x) = x for x € C. Hence ||a — E(a)|| < 2dist(a, C) for a € A. Using (i) and (ii)
we have, for a € &,

~y¢ PaP+ P aP* ~,, PaP+ E(P aP")
= PaP +E(P*aP)r+E(P*aP")e
~4s (P4+1)a(P+7r)+EP aP")e.

The last estimate follows by compressing the estimate a ~,, PaP + E(PaP ™) by
P + r. It follows that a ~ (P +r)a(P+r) + E(PaP™")e. We finish the proof by

setting p = P + r and 4= e and noting that E(P-aP " )e is of the form 5(a) ® 1,

since e = e' + ...+ ¢" with e’ mutually equivalent in the relative commutant 0f
Cin PTAP™". O

The uniqueness Theorems 4.12 and 4.15 apply to tracially AF algebras because
of the following proposition.

PROPOSITION 6.6. A simple unital infinite-dimensional tracially AF C*-algebra
is an admissible target algebra (of finite type).
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Proof. Let B be a simple unital tracially AF C*-algebra. We get (i) and (ii) of
Definition 4.9 by two results of Rieffel [43, 44]. For (iii.1), note that if nx = 0 then
nx+n[lg] >0 and x+ [13] >0 by weak unperforation. Finally, to prove (iv.1),
assume that dim(B) = oo and let x and n be given. The image of the natural
map pgo: Ko(B) — Aff(QT(B)) is uniformly dense by [3, 6.9.3], so we can
find z€Ky(B) with pg(x) —1<pg(nz) <po(x)+1. By [3, 69.2] we have
x—[lg] <nz<x+[l], so y =x— nz will work. O

THEOREM 6.7. Let A be a simple unital, exact, separable tracially AF
C*-algebra satisfying the UCT. Then for any finite subset # C A and any & >0,
there exists a K-triple (2,9, 6) with the following property. For any unital simple
infinite-dimensional tracially AF C*-algebra B, and any two unital nuclear
completely positive contractions ¢, y: A — B which are é-multiplicative on ¥,
with ¢4 (p) = ¥4 (p) for all p € P, there exists a unitary u € % (B) such that

lug(@)u” —¥(a)ll <&
forall ac 7.

Proof. Let us begin by outlining the proof. We first construct such a unitary in
the special case where ¢ and ¥ are nuclear *-homomorphisms agreeing on all of
K(A). This involves invoking Lin’s factorization result, Lemma 6.5, to pass to
another pair of *-homomorphisms @ and ¥ which are of a special form. Because
Lin’s result only gives an approximate factorization, even though we start out with
x-homomorphisms, our proof will take us to a setting where our uniqueness
theorem for completely positive contractions, Theorem 4.15, is needed. The
general case will follow in the same way that Theorem 4.12 implies Theorem
4.15, by letting n =0 and T =0 in the proof of Theorem 4.15. We include a
sketch for the benefit of the suspicious reader.

Part 1. Given & and &, we are going to prove that whenever
(i) B=1]] B;/ >_ B; with each B; a unital simple infinite-dimensional tracially
AF C*-algebra (or B itself is a unital simple infinite-dimensional tracially
AF C*-algebra),

(ii) ¢, ¢¥: A — B are unital nuclear *-homomorphisms,

(iii) ¢, = ¥.: K(4) — K(B),
then there exists u € %(B) with ||ue(a)u”™ — ¢(a)|| < e for all a € Z.

Let us thus fix n, 2, ¥ and 6 by applying Theorem 4.15 to # and %e.
Furthermore, let p, g, C, » and p be given by Lemma 6.5 such that v is
é-multiplicative on % and | pv(a) —al <4 for all a e 7.

Step la. Since B has stable rank 1 by Lemma 6.3, it has cancellation of
projections, and because ¢, =y, we may assume, after conjugating ¥ by a
unitary in B, that the restrictions of ¢ and ¢ to the finite-dimensional algebra
p(Cp ®M,,(C1,)) are equal. Applying u to the matrix units of M,,(C1.), we can
define matrix units (g;;) in A, where g = g;; = 1¢. Let

e=e¢(p)=¥(p) and fi;=e(q;) = ¥(q;), (6.1)

abbreviating f = f};. Invoking cancellation again, since [p] <|[g], we can find a
projection ¢, and a unitary v in B with v(e + ¢g)v” =f. Let g = ¢ @ 13 € M,(B)
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and note that [g] = (n + 1) - [ f]. Hence an isomorphism y: gM,(B)g — M,, ., ( fBf )
can be found. Denoting the matrix units of M,,, {(Cf) by f;; with 0 <i, j<n we
may choose v such that

7<{eob0€0 :|> :ﬁ)ov(ebe-l-eoboeo)v*foo, 7([0 ]) :ﬁj- (6.2)
ebe fij

Combining all of this, we get a *x-homomorphism ¢ fitting in a diagram
idy

¢ L2
A——B <" gM,(B)g

N

pAp 53] Mn(C) TMRJ’_I(fo)

where ¢, sends B into the (2,2) corner of gM,(B)g. Identifying @ using (6.1) and
(6.2) we see that for all d € pAp and x € M,,(C),

pdox)=¢"(d)® (¢ ®id,)(x),
where
¢ C—fBf and ¢": pAp —fBf

are defined as corestrictions of ¢ and Ad(v)e, respectively. Furthermore, by
symmetry of (6.1), the same procedure shows that V = yi,Yu: pAp &M, (C) —
M, . (fBf) has the form

Y(dox)=y"(d) (¥ @id,)(x)
for all d € pAp and x € M,(C).

Step 1b.  With v;: fBf — B we clearly have (;;0'). = (i,¢'), and ("), =
(Lf’gb”)*. But since f is full in B as the image of a full projection under a unital
map, we find by [5] that ¢, induces an isomorphism from K(fBf) to K(B), so
that (¢'), = ('), and (¢"),=(¢"),. From this we may assume, after
conjugating ¢ by a unitary of fBf, that ¢’ and y' agree on C. Thus the maps
ov and y» are of the form

Fv(a) = ) ,

Jv(a) = | ,

i ¢'n(a)
where we define w: A — pAp by w(a) = pap. Note that w is é-multiplicative on
4. Now ¢"w, ¥"w and ¢’y are §-multiplicative on % and by Lemma 3.10 we
have (¢"w)y(p) = (Y"w)4(p) for all p € 2. Therefore, Theorem 4.15 applies to



202 MARIUS DADARLAT AND S@REN EILERS

the triple of maps (¢”w, ¥"w, ¢'n) if we can prove that fBf is an admissible
target. When B itself is a tracially AF C*-algebra, so is fBf by Lemma 6.3, and
Proposition 6.6 applies. When B = [[ B;/ >_ B; we note that there are projections
fi € B; such that fBf is isomorphic to

[178:f / > fiBif:

and hence it is admissible of finite type by Lemma 3.4 since all the f;B;f;
are. Thus, by Theorem 4.15, there is a partial isometry v €M, (fBf) such
that v*v =gr(1), vo" =y¥»(1) and ||vgr(a)v" — ¥r(a)| <ie for all ac Z.
Since (1) = ¥r(1) = vi,(1) and vi,(B) = yi2(1)M,, 1 (fBf)ye2(1), we have
v =v1,(u) for some wunitary u€B. Since i, is isometric, we obtain
|uepv(a)u™ — Yur(a)|| <ie; hence ||up(a)u”™ —y(a)|| <e for all a € F, since
|uv(a) —al| <ieforalla e 7.

Part 2. As the argument reducing to the case covered in Part 1 closely
parallels that in the proof of Theorem 4.15, we only sketch it here. If the theorem
is false, we can choose sequences Z;, 6; and ¥; with the properties (i)—(iii) of
that proof, and corresponding simple unital tracially AF C*-algebras B; as well as
unital completely positive contractions ¢;, ¥;: A — B; being §;-multiplicative on
9, satisfying (¢;)3(p) = (¥i)4(p) for all p € Z;; yet

inf max ||ug;(a)u” —y;(a)|| = e.

uEUB)acF
Define &, ¥: A — [[ B;/ >_ B, and check as in the proof of Theorem 4.15 that ¢
and ¥ are *-homomorphisms inducing the same map on K(A). Since (i)—(iii) of
Part 1 are met, we conclude from the first part of the proof that there is a unitary
Uc#(T]B;/ > B;) such that |U®(a)U* — ¥(a)|| < & for all a € Z. Lifting U
to a unitary (u;) € [[ B; and projecting, we get the desired contradiction. O

NOTEs 6.8. As noted above, Definition 6.1 is due to H. Lin. It was motivated
by a result of Popa [42] and the classification theory of AH algebras [23, 4.6;
15, 9.1]. Definition 6.1 is in fact a version of the original definition, slightly
simplified for the class of simple algebras. To correlate this with [35] one
compares to [35, 3.7] and notes that since Popa’s conditions imply the (SP)
property (all hereditary subalgebras have a non-zero projection), it suffices to find
a p inside a generic corner rather than inside a generic hereditary subalgebra.

6.2. Classification results

We begin this section by presenting a shape-type isomorphism result for simple
tracially AF C™-algebras. Note that in this setting, there is no need to appeal to
our existence results, as the KK-classes are represented by completely positive
contractions from the outset. We then prove, this time using both existence and
uniqueness, that certain tracially AF C*-algebras are isomorphic to the AD-algebra
with the same K-theory. This leads to our main classification result, Theorem
6.13. We refer the reader to [8] for the basics of asymptotic morphisms.

THEOREM 6.9. Let A and B be two unital, separable, nuclear, simple tracially
AF C*-algebras satisfying the UCT. Suppose that there are unital asymptotic
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morphisms ¢ = (¢,): A— B and ¥ = (y,): B— A such that ¢,: K(A) — K(B) is
bijective and ¢, = .. For instance, this condition is satisfied if A is homotopy
equivalent, or just shape equivalent, to B. Then A is isomorphic to B.

Proof. We may assume that both A and B are infinite dimensional. We use
Theorem 6.7 repeatedly to find an increasing sequence of positive numbers 7, € (0, 1)
and sequences of unitaries u,,_ € A and u,,, € B, with n = 1 such that the following
diagram is a two-sided approximate intertwining in the sense of Elliott [22]:

g A o Adus)

N

I
B

O

Ad(us) Ad(uy)

If r is a positive integer, we denote by [, the C*-algebra of continuous
functions f: [0, 1] — M, (C) such that f(0), f(1) € Cl,. We denote by [, the
subalgebra of functions vanishing at 0. Let & be a class of algebras B of the form
B=B,®...®B, where each B; is either a circle algebra M,(C(S")) or a
dimension-drop algebra M;(I;). An AD-algebra is a CT-algebra which is
isomorphic to an inductive limit of a sequence of C*-algebras in Z.

LEMMA 6.10. Let D=1, or D= Cy(R). Let E be a simple unital tracially
AF algebra and let f be a non-zero projection in E. Then the map
[D, fEf] — KK(D, E) is surjective.

Proof. Let n=1 if D = Cy(R). The proof uses the following series of facts.

(i) [19] lim [D, My (E)] = KK (D, E).

(ii) ([17] when D =1,) If C is a finite-dimensional C*-algebra, and %: D — C
is a x-homomorphism, then the map d+— 75(d)® 1, from D — M, (C) is
null homotopic.

(ii1) [38] There is a finite subset & < D and there is &>0 such that if
a,B: D— B are two x-homomorphisms satisfying ||a(d)—B(d)| <&,
then « is homotopic to (3.

(iv) [38] For any finite subset & < D and € > 0 there is a finite subset #; c D
and there is &; >0 such that if o: D — B is any completely positive
contractive map which is &;-multiplicative on %, then there exists a
*-homomorphism 8: D — B with ||a(d) — B(d)|| <& for all d € 7.

Fix & and € as in (iii) and let % and &; be given by (iv). We may assume
that # c %, and € > ¢,. Let x € KK (D, E). Then by (i), x can be represented by
some *-homomorphism y: D — M (E). With A =M (E), A is a simple unital
tracially AF C*-algebra by Lemma 6.3. Since E is simple, there is m =1 such
that [1g] <m[f]. Consider an approximation of id, provided by Lemma 6.5
applied for the set v(Z#), %81, and the integer mnk:

id,

>

pAp @ ank(c)
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Therefore
|pr(a) —all <3e (6.3)

for a €y (#,), where C is a unital finite-dimensional C”-subalgebra of gAgq,
v(a) = w(a) ® (n(a) ® 1,,i), w(a) =pap, v is e;-multiplicative on (%) and
n: A— C 1is a unital completely positive contractive map. We may arrange
that u(p) <f. Indeed, from [p]=<|g] and [p]|+ mnk[g]=1 we see that
(mnk + 1)[p] <[1]. Since u(1) = 14, we obtain

(mik + D)[a(p)] < [14] = n[1s] < mnk[f].

Hence [u(p)] <n[u(p)] <[f] since Ky(E) is weakly unperforated in the sense of
[3] by Lemma 6.3. After conjugating p by a suitable unitary, we obtain u(p) <f.

Let us observe that wy and 75y are e;-multiplicative on %;. By (iv)
there are *-homomorphisms w’: D — pAp and 5': D — C such that if we set
vV =w' ®(n'®1,,), then

lvy(d) —v'(d)] <32 (6:4)

for all de#. From (6.3) we have |ury(d)—v(d)|<ie, for de 7.
Combining this with (6.4) we get

[wv'(d) —v(d)] <3(e) +2) <o

for all d € #, "% = Z. By (iii) this implies that y is homotopic to u»’. By (ii), »’
is homotopic to w’ so that v is homotopic to pw’. We conclude the proof by
observing that the image of pw’ is contained in fEf since pw'(1) = u(p) <f. O

LEMMA 6.11. Let A be a unital C*-algebra with (Ky(A), [1,]) = (Q, 1). Any
finite set of projections Py CAQ A can be augmented to a Ky-triple (Py, 9, 6)
with the property that for any unital completely positive contraction ¢: A — A
which is 8-multiplicative on 9, one has ¢4(p) = [p] for all p € %,.

Proof. We may write [p] = (r/s)[14], so s-p@®m- 14 ~ (r +m) - 1, for some
m = 0. When ¢ is sufficiently multiplicative, we have

sep(p) +mla] =eu(s-p@m-1,) =u((r+m)-14) = (r+m)[ly]. O

The following theorem generalizes a result of Lin [35] by the fact that it allows
non-zero (countable) K;-groups.

THEOREM 6.12. Let A be a unital, separable, nuclear and simple tracially AF
C*-algebra satisfying the UCT and suppose that Ky(A) = Q as ordered groups.
Then A is isomorphic to an AD-algebra.

Proof. Clearly A 1is infinite dimensional, and we may assume that
(Ko(A), [14]) = (Q, 1) as ordered pointed groups. For any finite subset # c A
and any £ >0 we will find an algebra B € &, and a *-homomorphism 3: B — A
such that % <, B(B). This will prove the theorem as all elements of the class &
(introduced before Lemma 6.10) are semiprojective [38]. As noted in Remark
4.16, applying Theorem 4.15 to fixed # and & associated to C *-algebras A and B
with torsion-free divisible Ky-groups results in a K,-triple (2, 4, §) rather than a
general K-triple.
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Let (%), 9%y, 6y) and (¥, %,,6,) be a Ky-triple and a K,-triple, respectively,
given by Lemma 3.11 for the input K,-triple (2, %,6). Let (2',%',6') be a
K .-triple given by Lemma 3.12 for the input triples (2, %y, 6y) and (7, %y, 6,).
We also may assume that 4’ and &’ satisfy the conclusion of Lemma 6.11 applied
for the unital C*-algebra A and the set of projections .

By [22] there are an AD-algebra D and a group isomorphism «: K;(A) — K;(D). By
Theorem 5.5 there exist completely positive contractive maps o: A — My(D) and
p: A — My(Clp) which are 8’-multiplicative on 4" and a4 (p’) — py(p') = k[p']
for all p’€2'. Here k is regarded as an element of Hom(K,(A), K,(B))=
Hom, (K(A), K(B)). By the choice of the K,-triple (2',%',8') we have
0y(u) — py(u) = «[u] for all unitaries u € ¥". Note that py(u) = 0 since K;(C) =0,
so that we have oy (1) = k[u] forallu € ¥".

Recall that o(1,) = ¢ is a projection, so that if we set B =gMy(D)gq, then
0: A — B is a unital map. Write B as the inductive limit of an increasing sequence
of algebras B, € 2, and let j,: By — B be the inclusion map. Using the Choi-
Effros theorem as in Lemma 4.2 of [16], we find a sequence of completely
positive contractive maps 7;: B — B; such that j,y; converges to idgp in the
point-norm topology. Choose k large enough so that

oy(u) = (jrnio)y(u) (6.5)
for all u e v
Consider the group morphism & ~'(j),: K;(By) — K{(A). There is a unital
s-homomorphism v: By — A such that v, = k' (j;),, obtained as follows. Write
By =My()(Bi,) @ ... ® My, (Bi,) where the By, are either Cc(s") or I];(,-). Let
g1+...+q,=1, be a partition of 1, by non-zero projections. We have
Ko(qiAq;) = Ky(A) = Q as ordered groups. Therefore we find mutually ortho-
gonal projections p; such that €(i)[p;] =[g;]. Since A has cancellation of
projections, we find a unital inclusion

P Mo (piAp:) cA.
i=1

Using Lemma 6.10 we find unital x-homomorphisms v;: B; — p;Ap; such that
v = @i (y; ®id¢(;)) has the desired property.

Next we want to show that v o (n,0) gives an approximate factorization of
idy on K,(A). More precisely we want (yn,0)y(p) = [p] for all pe 2. By
virtue of our choice of the K,- and K;-triples above, it suffices to show that
(Ynr0)4(po) = [po] for all pge#y and (yn,0)y(u) = [u] for all ue ¥". Using
Lemma 3.10 twice, the definition of vy and (6.5), we have

(777k0)ﬁ<”) =Y. (ni0)g(u) = K_l<jk)*(77k‘7)ﬂ<u)
=k (Gemio) g (1) = k" oy (1) = [u]

for all u € 7. It remains to check that (yn,0)s(po) = [po] for all py € Z,, but
this follows from Lemma 6.11 by our choice of the %’ and &'.

Define o =n;0: A— B;,. We have seen that (yo)y(p) = [p] for all pe 2.
Therefore by Theorem 4.15 there is a unitary u € A such that if 8 = Ad(u) o v,
then ||Ba(a) —al| < & for all a € #, and hence # , B(B). O
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THEOREM 6.13. Let A and B be unital, separable, nuclear and simple tracially AF
C*-algebras satisfying the UCT. Suppose that (Ky(A), [14]) = (Ko(B), [15]) = (Q, 1)
as ordered groups, and K,(A) = K(B). Then A is isomorphic to B.

Proof. By Theorem 6.12 both A and B are isomorphic to simple AD-algebras of
real rank 0. These are classified by their K-theory data as proved by Elliott [22]. [J

Notes 6.14. Lin proved Theorem 6.12 for K;(A) =0 in [35]. He subse-
quently, independently from and at about the same time as the present work,
generalized his result to allow general K;-groups in [36]. This paper also attempts
to give classification of C*-algebras with other K,-groups.

6.3. Purely infinite C*-algebras

The purpose of this section is to demonstrate how our methods can be applied
to give the classification result of Kirchberg and Phillips starting from three basic,
albeit deep, structural results about purely infinite C*-algebras. The methods used
here are very similar to those used in the finite case, with Cuntz’ algebra 0,
playing the role of M, (C). The exposition will emphasize this similarity. Our
starting point is the following observation.

PROPOSITION 6.15. A purely infinite simple unital C*-algebra is an admissible
target (of infinite type).

Proof. A purely infinite simple C*-algebra A has real rank 0 as noted in [52],
and as seen in [10], the canonical maps from Proj(A) and %(A) to Ky(A) and
K,(A) are surjective. Furthermore, it is also noted there that if p,g€ A are
non-zero projections, then

=l = pr~gq

proving the remaining requirement. O

To make it very clear exactly how much else we need to import from the
theory of this class of C*-algebras we collect the required results below.

(I) [31, 2.8] Any exact, separable and unital C*-algebra embeds unitally
into (02.

(IT) [45, 3.6] Let B be an admissible target algebra. If ¢, y: ¢, — B is a pair
of unital x-homomorphisms, then for any finite set &# < (, and any & >0 there
exists u € % (B) with |ug(a)u” — y(a)|| <& for all a € Z.

(III) (A variation of [40, 2.4]) Let A be a purely infinite simple nuclear
separable unital C*-algebra. For any n = 1, any finite subset # c A and any & > 0,
there are a projection p €A and a unital inclusion M, (0,) cp*Ap~ such that
there exists an approximate factorization of id,,

id,,
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where ||uv(a) —all <e for ae€ F, v(a) =pap ® (n(a) ® 1,) is e-multiplicative
on & with n: A — (), a unital completely positive contractive map, and p is a
unital *-monomorphism whose restriction to pAp is the natural inclusion.

REMARK 6.16. We have rephrased (II) and (IIT) slightly to suit our needs.
Rgrdam requires that B satisfies

U(B)/Uy(B) = K,(B)

and has finite exponential length [39], but this follows from Definition 4.9 by
[32]. Also, Phillips proves (III) only for n =1, but since it is easy to prove
directly, by splitting the unit of ¢/, into matrix units, that M,,(0,) = 0,, we may
replace (0, by M,,((,) without loss of generality (and without using the theorem
we are aiming for).

THEOREM 6.17. Let A and B be unital C*-algebras with A exact and
separable and B containing a unital copy of O,, and let oo € KK, (A, B). Then
Sfor any K-triple (P, F,6) there exists a nuclear completely positive contraction
0: A— B which is 6-multiplicative on F and satisfies o4(p) = a.[p] for all
p € P. We may arrange that o(1) is a projection.

Proof. By (I), A embeds unitally into @,, so with ¢ defined as the composite

A%@z;)B

we obtain a unital full embedding. By Theorem 2.22, the representation d, is
absorbing, and it is clearly also quasidiagonal as it commutes with the projections
e, =n-lg. By Theorem 5.4, we find N and o: A — M,y (B) such that

(0)¢(P) = (vw)(p) = a.[p]
where vy is a x-homomorphism of the form
yy(a) =0® N-(a),

so that (yy), = O by the fact that ¢ factors through /,. Thus (0); = «, on 2, and
assuming, as we may, that (1) is a projection e, we find that e € M,y ((B) is a
subprojection of (2N ) - 1z which is equivalent in M,y {(B) to a subprojection of
lp =1, via some unitary u. We may hence replace o by uou™: A — B inducing
the same partial map on 2. 0

REMARK 6.18. If B is simple purely infinite and o, [1] = [1], then after taking
1 € # we may arrange that o is unital. Indeed, since o(1) = e is a projection and
o4[1] = a,[1] =[1], we have [l —e] =0, and hence (1 —e)B(l —e) contains a
unital copy of @,. Let J: A— (1 —e)B(1 —e) be a unital embedding with image
contained in this copy of (,. Replacing o by ¢ @ we see that o5 = (6 @ J)4 on
2 and o @ J is unital.

ReEMARK 6.19. Kirchberg proved a stronger form of the previous theorem
where « is lifted to a *-monomorphism.

THEOREM 6.20. Let A be a purely infinite simple separable unital nuclear
C*-algebra satisfying the UCT. Then for any finite subset # C A and any & >0,



208 MARIUS DADARLAT AND S@REN EILERS

there exists a K-triple (2,%,6) with the following property. For any purely
infinite simple unital C*-algebra B, and any two unital nuclear completely
positive contractions ¢, Y: A — B which are 6-multiplicative on 9, with
04(p) =¥y(p) for all pe P, there exists a unitary u€ U(B) such that
lup(a)u™ — ¢ (a)|| < € for all a € 7.

Proof. The proof follows closely that of Theorem 6.7, and we are only going
to indicate the changes needed. Here Part 1 of the proof deals with a pair of
«-homomorphisms into B =[] B;/ > B; with each B; a purely infinite simple
C*-algebra. Applying first Theorem 4.15 and then (IIl) we get n, 2, 4, 6, p, q, v
and p as in that proof. Then Step la applies verbatim as soon as one notes that
because they are all non-zero, one has cancellation on all the projections in play
by the result of Cuntz mentioned above. In Step 1b one applies (II) to obtain a
unitary of fBf which conjugates ¥’ to ¢’ to within & on Z. This suffices to
achieve the desired conclusion by the argument given in Theorem 4.15.
Furthermore, to show that fBf is admissible of infinite type, one uses the same
argument to reduce to the case of showing that a corner of a purely infinite
C*-algebra is also admissible of infinite type. This is clear since it is itself
purely infinite. Finally, Part 2 of the proof carries through verbatim because of
Proposition 6.15. O

THEOREM 6.21 [30, 41]. Let A and B be purely infinite simple separable
unital nuclear C*-algebras satisfying the UCT. Then any isomorphism
k: (K, (A), [14]) — (K.(B), [1g]) is induced by a *-isomorphism.

Proof. We may assume that A and B are in the standard form, that is 1, and
15 both represent the zero class in their respective K-groups. It follows by [10]
that A and B both contain unital copies of (. We may thus apply the existence
result Theorem 6.17 in conjunction with Remark 6.18 to get unital maps
0;: A— B and 7;: B— A which are increasingly multiplicative on larger and
larger sets, and induce x and k', respectively, on larger and larger subsets of
K(A) and K(B). Arranging this appropriately, we may conclude by the uniqueness
result Theorem 6.20 that unitaries u; and v; exist making

A Ad(uy) A Ad(u,) 4
o\ o N
B B B

Ad(v,) Ad(v,)

an approximate intertwining in the sense of Elliott [22]. O
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