ZETA FUNCTION OF F-GAUGES AND SPECIAL VALUES

SHUBHODIP MONDAL

ABSTRACT. In 1966, Tate proposed the Artin—Tate conjectures, which expresses special
values of zeta function associated to surfaces over finite fields. Conditional on the Tate
conjecture, Milne-Ramachandran formulated and proved similar conjectures for smooth
proper schemes over finite fields. The formulation of these conjectures already relies on
other unproven conjectures. In this paper, we give an unconditional formulation of these
conjectures for dualizable F-gauges over finite fields and prove them. In particular, our
results also apply unconditionally to smooth proper varieties over finite fields. A key new
ingredient is the notion of “stable Bockstein characteristic” that we introduce. Our proof
uses techniques from the stacky approach to F-gauges recently introduced by Drinfeld
and Bhatt-Lurie and the author’s recent work on Dieudonné theory using F-gauges.
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1. INTRODUCTION

Let p be a fixed prime and ¢ be a power of p. For a smooth proper variety X over the
finite field F,, one defines the zeta function of X denoted as

Z(X,t) :=exp Z M;:)Wn.

m>1

In 1966, Tate [Tat66] proposed the Artin—Tate conjectures, which says that for a surface
X over F,, the Brauer group Br(X) is finite; conditional on this conjecture, they further
conjectured an expression for certain special value of Z(X,t) that involves |Br(X)| as
well as the Néron—Severi group of X. Milne [Mil75] proved that for a surface X over a
finite field of odd characteristic, the conjecture regarding finiteness of Br(X) implies the
conjecture regarding special values. Assuming the Tate conjecture, in [MRO04], Milne and
Ramachandran proved an expression regarding special values of zeta functions associated to
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smooth projective varieties over finite fields. Further, conditional on the Tate conjecture, in
[MR13], they formulated certain conjectures regarding special values of zeta functions that
one may expect to attach to a motive over a finite field. In [MR15], Milne-Ramachandran
studied this problem for zeta functions associated to objects in D2(R), where R is the
Raynaud ring [IR83]. Roughly speaking, D%(R) may be thought of as the p-adic realization
of the category of motives over finite fields. Conditional on certain assumptions, they
formulated and proved expressions involving special values of zeta functions. In all of these
work, even the formulation of the expressions regarding special values depend on other
unproven conjectures or assumptions.

In this paper, we formulate and prove an unconditional expression regarding special values
of zeta functions associated to smooth proper varieties over finite fields (see Remark 1.4).
In particular, we remove the dependence on unproven conjectures or hypotheses that
appeared in the previous results in this area. In fact, we work more generally with the
category of F-gauges over F, as defined and studied by Mazur, Ekedahl, Fontaine—Jannsen,
and others [Maz73, Eke86, FJ13]. We prefer to work with F-gauges instead of D2(R)
because the former notion is more flexible and it also admits a generalization to mixed
characteristic, as demonstrated in the recent work of Drinfeld [Dri24] and Bhatt-Lurie
[Bha23] involving certain prismatization stacks. In particular, they define a stack denoted
as (SpecF,)™" such that the category of F-gauges over F, is equivalent to the derived
category of quasicoherent sheaves on (SpeclF,)".

For a dualizable F-gauge M, in Definition 3.2, we define a zeta function Z(M,t) attached
to it. We set ((M,s) := Z(M,q™*). One of the key new ingredients in our work is the
notion of stable Bockstein characteristic, which we introduce in Section 5. Roughly speaking,
this gives a way to “measure” certain infinite type complexes. Using this notion, for every
r € Z, we introduce an invariant jigyn (M, 7) to the F-gauge M (see Definition 1.3). Our
main result is as follows.

Theorem 1.1. Let M be a dualizable F'-gauge over F,. Let r € Z. Suppose that p is the
order of the zero of ((M,s) at s =r. Then

. (M, s)

In the above, x(M,r) is defined to be
X(M,r) =Y (=)™ (r —i)h" (M),

1,JEZL,
i<r
where h¥/ (M) denotes the Hodge-numbers of the F-gauge M, as defined in Construction 6.1.
| - |p denotes the normalized p-adic norm.

As the notion of figyn(M, ) is crucial in the unconditional formulation of Theorem 1.1,
we include some remarks and motivations related to it. Roughly speaking, fisyn(M,7r)
“measures” the size of RI'syn(M, Zy (1)), where the latter denotes syntomic cohomology of the
dualizable F-gauge M of weight r (see Definition 2.19). Note that while RT'(M, Z,(r))[1/p]
is a complex of finite dimensional Q,-vector space, the dimension (i.e., Euler character-
istic) of RI'(M,Z,(r))[1/p] as a Qp,-vector space is always zero (Proposition 3.5). Thus,
dimension is not the desired notion in our context. Furthermore, the cohomology groups of
RTUgyn (M, Zy(r)) are typically not finite abelian groups, which makes it difficult to measure
its size. In the remark below, we discuss a similar, but different scenario.

1
» o ,usyn(M> r)qX(Mﬂ") '
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Remark 1.2. Let (SpfZ,)™" be the “syntomification” of SpfZ, as in [Bha23, Dri24].
A coherent sheaf M on (SpfZ,)®" may be called a coherent prismatic F-gauge over
Zp. Let Gg, denote Gal(@p/(@p). With M, one can canonically attach a finite free
Zy-module T equipped with a Gg,-action such that V' := T[1/p] is a crystalline Ga-
lois representation. The syntomic cohomology of M (in weight 0) is defined to be
RT'((Spf Zp)*™, M'). We will explain how to attach a numerical measure to the syntomic
cohomology group H!((SpfZ,)™", M). As proven in [Bha23], there is an isomorphism
H*((Spf Z,)™™, M)[1/p] ~ H}(GQP, V'), where the latter denotes the Bloch-Kato Selmer

groups defined in [BK90]. Let Dar(V) = (V ®q, Bar)% [Fon82]. There is a natural
filtration on Dgr (V') which we denote by Fil*Dgr (V). Now in [BK90], Bloch-Kato defined
an exponential map

Dgr(V)/Fil’Dggr (V) — H}(GQP, V).

Under the assumption that the local L-function associated to V' does not vanish at 1, it
follows that the above map is an isomorphism. Via this isomorphism, one obtains a measure
on H}(GQP, V) by using the Haar measure on Dgg(V)/Fil’Dgg (V) having total measure 1.
Now considering the measure of the image of the map H*((Spf Z,)™", M) — H}(GQP, V),
one can define a numerical invariant associated to H((Spf Z,)™, M).

For a dualizable F-gauge M over F,, one cannot apply any of the above techniques
involving p-adic Galois representations or Haar measure to measure Rl'sy, (M, Z,(r)) :=
RT'((SpecFy)®", M {r}) (Definition 2.19). Instead, we introduce some new techniques
inspired by algebraic topology to “measure” certain infinite type complexes. We work with
an object M € D%(Z,), equipped with an endomorphism 6 : M — M. In this situation,
we define a certain chain complex that we call Bockstein complex (see Section 4), and
denote it by Bock®(M, 6). In Construction 4.6, we discuss an interpretation of this complex
in terms of the Beilinson t-structure on filtered derived category. After developing some
formal properties of Bockstein complexes, in Section 5, we show that under certain mild
assumptions, the cohomology groups of Bock®(M, #") are finite length Z,-modules for all
7> 0, and thus the (length) Euler characteristic x!(Bock®(M, 6")) is well-defined. Further,
in Proposition 5.1, we show that

l . T
L X(Bock* (M, 07))
r—00 r

exists and is an integer. We call this integer the stable Bockstein characteristic and denote
it by x%(Bock®(M,6)) We apply this machinery to measure Rl (M, Z,(r)) as follows.

Definition 1.3. For a dualizable F-gauge M over F,, we define

/Jlsyn(M, r) = les(BOCk. (RFSyn(ﬂuZp(r))a'Y_l)) .
Here, M denotes the base change of M to (SpecF,)™" and v denotes the Galois action on
RUyn (M, Zy(1)).

Some work is needed to show that the formalism surrounding stable Bockstein charac-
teristic is applicable to the pair (RTsyn(M, Zy(r)),y — 1)). This is carried out in Section 2,
where the notion of isocrystals play an important role. Below, we record some consequences
of Theorem 1.1.
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Remark 1.4. For a smooth proper variety X over F, one can associate a dualizable
F-gauge M(X) over F,. This can be explained in the stacky language as follows. One
has a map f : X" — (SpecF,)*. We define M(X) := Rf,O. It follows from [Bha23,
Thm. 3.3.5] and the work of Katz—Messing [KM74] that Z(M(X),t) agrees with the usual
zeta function Z(X,t) of X. We denote fisyn(X,7) := psyn (M (X), 7). As a consequence of
Theorem 1.1, we obtain that

(1.1) — !
. , - [syn (X, r)qX(X,r) .

Here, x(X,r) := x(M(X),r) is the same as > ; jez (—1)"7 (r — i)h"I, where h’J denotes
i<r

- G(Xs)
ll—I}}" (1 — qT*S)P

the Hodge—numbers of X.

Remark 1.5. If one assumes certain finiteness conjectures as in [MR13], or the conjecture
that ¢~" is a semisimple eignenvalue of Frobenius on H, (X) ® Q for all 7 as in [MR15],

then it follows that the cohomology groups of the complex (defined by multiplying with a
canonical class in H'(SpecF,,Z,))

o HTYX, Zy(r) — HYU(X, Zyp(r)) — HTHX, Zp(r)) — ...

are finite abelian groups. Milne-Ramachandran defined x*(X,Z,(r)) to be alternating
product of the sizes of these abelian groups. Under these conjectures, the quantity jigyn (X, 7)
we defined can be directly shown to agree with x*(X,Z,(r)). Thus Theorem 1.1 combined
with Remark 1.4 recovers the work of Milne-Ramachandran for smooth proper varieties.

Remark 1.6. In the case of a smooth, proper, geometrically connected surface X over F,,
equation (1.1) gives an expression for the special value of (X, s) at s = 1 that circumvents
the Artin-Tate conjecture regarding finiteness of Br(X). In the case of surfaces, jusyn(X,1)
is related to the Brauer group and the Néron—Severi group. See Section 7.

Remark 1.7. Under the semisimplicity assumptions as in [MR15], Theorem 1.1 also
recovers the main theorem of Milne-Ramachandran in loc. cit. This can be directly
deduced from a structural result proven by Ekedahl [Eke86, Thm. 5.3], where he showed
that D2(R) embeds fully faithfully in the category of F-gauges. We are therefore able to
recover [MR15] by entirely circumventing the formalism of de Rham-Witt complexes (see
(11179, IR83]) and the detailed study of certain numerical invariants that appear in loc. cit.

The method of the proof of Theorem 1.1 is very different from the previous approaches.
Let us explain the key new ingredients in our proof. We use techniques from the stacky
approach to F-gauges due to Drinfeld [Dri24] and Bhatt-Lurie [Bha23] (also see [Mon24,
§ 3.2]). We also use the author’s previous work on Dieudonné theory in terms of F-gauges
[Mon24] (also see [Mon21, GM24]). One of the major difficulties in the proof is in working
with the invariant pyn(M,r) that we introduce. In Section 5, we prove certain formal
properties regarding the notion of stable Bockstein characteristic. This opens up the
possibility of understanding pisyn(M,r) by devissage. Our proof of Theorem 1.1 proceeds
via several reduction steps to ultimately reduce it to the case of F-gauges that are vector
bundles on (SpecF,)*¥" with HodgeTate weights in {0,1}; such an F-gauge corresponds
to p-divisible groups. We point out that these reduction steps are nontrivial and uses the
new approach to syntomic cohomology in terms of cohomology of certain line bundles on
(SpecF,)*¥", as well as the theory of isocrystals from p-adic Hodge theory. For a p-divisible
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group GG, we prove certain explicit results regarding the associated F-gauge M (G). This
allows us to understand fisyn (M (G), r) as well as x(M (G),r), which is then used to directly
handle the case of zeta functions associated to p-divisible groups.

Notations and conventions.

(1) We use the language of stable co-categories [Lurl7]. For an ordinary commutative
ring R, we will let D(R) denote the derived oo-category of R-modules, which is a
stable oo-category. We let D°(R) denote the full subcategory of D(R) spanned by
objects K € D(R) such that H*(K) = 0 for |i| > 0. For a quasisyntomic ring S,
we let (S)gsyn denote the quasisyntomic site of S (see [BMS19, Variant. 4.33]).

(2) Let C be any Grothendieck site and let D be any presentable co-category. Then
one can define the category of “sheaves on C with values in D” denoted by Shvp(C)
as in [Lurl8, Def. 1.3.1.4]. This agrees with the usual notion of sheaves when D is
a 1-category. Let PShvp(C) := Fun(C°P, D). For an ordinary ring R, the classical
(triangulated) derived category obtained from complexes of sheaves of R-modules
on C is the homotopy category of the full subcategory of hypercomplete objects of
Shvp(r)(C)

(3) Let G be a p-divisible group over a quasisyntomic ring S. In this set up, for n > 0,
we can regard the group scheme of p™-torsion of G, denoted by G[p"], as an abelian
sheaf on (5)qsyn- In this situation, the collection of G[p™]’s naturally defines an ind-
object, as well as a pro-object in (S)qsyn. We will again use G to denote colim G[p"]
as an object of (5)gsyn. We will use T),(G) to denote lim G[p"™] € (S)qsyn, and call
it the Tate module of G.

(4) For a field K, we let Gx denote the absolute Galois group of K. For any perfect
field k of characteristic p, we let (Spec k)®™ denote the “syntomification” of Spec k,
which is a stack [Bha23, Def. 4.1.1]. The derived oco-category of quasicoherent
sheaves on (Speck)™", denoted as Dqc((Speck)™") will be called the category
of F-gauges over k. We set F-Gauge(k) := Dq((Speck)®"). For a non-stacky
definition of the category F-Gauge(k), see [FJ13] or [Mon24, § 3.2]. An object of
F-Gauge(k) will simply be called an F-gauge. An F-gauge is called dualizable
if it is a perfect complex when viewed as an object of Dgy.((Speck)*". The full
subcategory spanned by such objects will be denoted by Perf((Spec k)¥™).

(5) The stack (Spec k)*™ has a canonical line bundle O {1}; we call this the Breuil-Kisin
twist. For an F-gauge M and n € Z, we let M {n} :== M ® O {1}*".

Acknowledgement. 1 would like to thank Niranjan Ramachandran for helpful conversa-
tions related to this paper at the annual meeting of Simons collaboration on Perfection
(2024), and for an invitation to visit Maryland. I would also like to thank Kai Behrend,
Bhargav Bhatt, Luc Illusie, Sujatha Ramdorai, and Xiaohan Wu for helpful conversa-
tions. During the preparation of this article, I was supported by the University of British
Columbia, Vancouver.

2. ISOCRYSTALS AND SYNTOMIC COHOMOLOGY

Our main goal in this section is to prove certain finiteness result (Corollary 2.21) involving
syntomic cohomology of F-gauges (Definition 2.2) that will be useful later. The notion
of isocrystals play an important role in this section, and we discuss their relation with
F-gauges. We start with some definitions.
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Notation 2.1. Below, we let k£ denote any perfect field of char. p > 0 and K := W(k)[]%]
Let px denote the automorphism of K induced by the Witt-vector Frobenius. Let K,[F]

denote the Frobenius twisted polynomial ring over k, i.e., we have the relation F'c = o(c)F.

Definition 2.2 (F-gauges). For any perfect field k of characteristic p, we let (Spec k)™
denote the “syntomification” of Spec k, which is a stack as defined in [Bha23, Def. 4.1.1].
We set F-Gauge(k) := Dqc((Spec k)*"), which will be called the category of F-gauges over
k.

Remark 2.3 (Realizations). For a smooth proper variety X over k one can associate
a dualizable F-gauge M (X) over k. By [Bha23], one has a map f : X*¥" — (Spec k)*™.
We define M (X) := Rf.O. We discuss certain “realizations” of M (X) in terms of other
cohomology theories. There is an open point ¢ : Spf W (k) — (Spec k)", and i* M (X)
identifies with prismatic cohomology RI' (X), which is further isomorphic to RI¢rys(X)
up to a Frobenius twist. There is also a closed point j : BG,, — (Speck)¥", and
§*M(X) identifies with @, RT'(X, Q% )[—i], considered as an object of Dqc(BGy,). Further,
there are two divisors jap 4+ : A'/G,, — (Speck)™, jur+ : A/G,, — (Spec k)™ such
that, as a filtered object, j;R,JrM(X)?j;IT,—i-M(X) identifies with the Hodge filtration on
de Rham cohomology RI'4r(X), and the conjugate filtration on de Rham cohomology
(up to a Frobenius twist). The stack (Speck)®™ has a canonical line bundle O {1}
called the Breuil-Kisin twist. For any n € Z, by [Bha23, Prop. 4.4.2] (cf. [BMS19,
Prop. 8.4]), RT'((Spec k)*™, M (X){n}) is isomorphic to weight n-syntomic cohomology
RTsyn (X, Zp(n)) (cf. Definition 2.19).

Definition 2.4 (Hodge-Tate weights). Let M € F-Gauge(k) be dualizable. Then j*M
(Remark 2.3) is a perfect complex on BG,,, and can be identified with a finite direct sum
@,cs M;, such that M; € D(k) is nonzero for i € S. The finite subset of integers S will be
called the Hodge—Tate weights of M.

Definition 2.5 (Isocrystals). Let k be a perfect field. An isocrystal over k is a finite
dimensional K-vector space V equipped with a bijective Frobenius semilinear map F' :
V' — V. With morphisms defined in the obvious way, isocrystals form a category that we
will denote by Isocrys(k).

Example 2.6. Let r, s be two coprime integers with » > 0. The K-vector space
Ko[F|/Ko[F)(F" —p°)

is naturally equipped with a bijective Frobenius semilinear operator which gives it the
structure of an isocrystal that will be denoted by E /.. Note that the dimension of the
vector space underlying E,/, is r. Identifying the latter vector space with K", one sees that
the semilinear operator F' acts as follows:

F(zy,...,xp) = (pr(x2), ..., ox(x), D’ 0K (21)).

Remark 2.7. When s > 0, the isocrystal E,.; admits a lattice given by W (k)®", that is
also preserved by F.

Remark 2.8. Let Vect((Speck)*¥™) denote the category of vector bundles on the stack
(Spec k)", In general, there is a forgetful functor

Vect((Spec k)™") — Isocrys(k).
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Further, any isocrystal can be used to define a vector bundle on (Spec k)%"; this amounts
to choosing a W (k)-lattice for the vector space underlying the isocrystal (which does not
need to be preserved by F') (see [Bha23, Prop. 4.3.1]).

Remark 2.8 allows us to relate isocrystals and F-gauges.

Proposition 2.9. Let k be a perfect field. Then we have an equivalence of categories
Vect((Spec k)™") ® Qp, ~ Isocrys(k).

Proof. One obtains a faithful functor Vect((Spec k)*")®Q, — Isocrys(k) from Remark 2.8
since the target category is Q,-linear. To see that it is full and essentially surjective, one
can choose lattices. ([l

Remark 2.10. Let K be as in Notation 2.1. Let Zsox denote the stack defined as
id

(2.1) coeq( Spec K Spec K )
PK

By the formal GAGA principle discussed in [Bha23, Lem. 3.4.11], one can deduce a natural
isomorphism
Perf((Spec k)™") ® Qp ~ Perf(Zso).

Note that Vect((Spec k)*™") is naturally equipped with a symmetric monoidal structure,
which induces a symmetric monoidal structure on Vect((Spec k)™") ®Q,. As a consequence
of Proposition 2.9, we obtain a symmetric monoidal structure on Isocrys(k), which agrees
with the classical one (e.g., see [Gro68]). The line bundle O {1} € Vect((Spec k)™™) defines
an object in Isocrys(k) that we again denote by O {1}, when no confusion is likely.

Definition 2.11. For M € Isocrys(k) and i € Z, the i-th Breuil-Kisin twist of M is
defined by M @ O {1}*" € Isocrys(k).

Classically, the above twist is called the Tate twist. In this paper, we use the terminology
of Breuil-Kisin twists to be compatible with the twists that appear for F-gauges. Concretely,
this twist is described as follows. Let M = (W, F'), where W is a K-vector space equipped
with a bijective semilinear map F. Then M {i} is given by the pair (W, 1%)

Definition 2.12. We call an M € Isocrys(k) effective if F' prserves some lattice. Note
that for any M € Isocrys(k), the isocrystal M {—i} is effective for i > 0.

Now suppose that k is algebraically closed. Then we have the following result, known as
the Dieudonné-Manin classification [Man63].

Theorem 2.13 (Dieudonné—Manin). Let k be algebraically closed. Then every isocrystal
over k is a direct sum of simple isocrystals. The simple isocrystals are all isomorphic to
E,). for coprime integers with r > 0.

Remark 2.14 (Slopes and multiplicities). For an isocrystal M over an algebraically closed
field k the set of slopes of M are defined to be rational numbers s/r such that E ), appears
in the direct sum decomposition of M. The K-dimension of the direct sum of all summands
of M that are isomorphic to E ), will be called the multiplicity of the slope s/r.

Example 2.15. The isocrystal Eg/, only has s /7 as a slope, which is of multiplicity r.
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Remark 2.16. If k is algebraically closed and M € Isocrys(k), then M is effective if and
only if in the direct sum decomposition of M into simple objects, the E;/,’s that appear
all have s > 0. Equivalently, all slopes of M must be nonnegative.

Proposition 2.17. Let k be algebraically closed and M € Isocrys(k). Then cokernel of the
map 4

F—p"-M—>M
is trivial and the kernel is a finite dimensional Qp-vector space for any i € Z.

Proof. By applying a suitable Breuil-Kisin twist, one can assume that M is effective and
i > 0. By the Dieudonné-Manin classification, one can can further assume that M = E, .
for s > 0,7 > 0.

First, we give an argument for the kernel. If 0 # = € E,,, then F(r) = p'z implies
that F"(x) = p™(z). Using the concrete description from Example 2.6 and writing 2 =
(z1,...,7,), we see that one must have p*p (z;) = px; for all 1 <4 < 7. Since = # 0,
there exists a j such that z; # 0. Since ¢ preserves p-adic valuations, we must have
s = ir. Since s, r are coprime, this forces r = 1 and s = 4. In that case, F(x) = p‘x amounts
to  being a fixed point of g, which happens if and only if z € Q. This proves the finite
dimensionality of the kernel as a Q,-vector space.

To prove that the cokernel is zero, we again use the concrete description from Example 2.6.
Using that, we are required to prove that for any y; € K, there exists x; € K such that

(pr(72),. ., oK (2r), P 0K (1)) — (1, 2r) = (Y1, -+, Yr)-

Since ¢k is an isomorphism, it follows that this is equivalent to solving the equations

r1 =P (1) = ¢ () — - — er(12) — w1
and
K (Te41) — T = Yt
for 1 <t <r —1. Thus, it is enough to prove that the map 1 — p*¢" : W (k) — W (k) is
surjective. Since W (k) is p-adically complete, it is enough to prove surjectivity modulo p.
Thus, for s > 0, the surjectivity is immediate. For s = 0, the surjectivity follows since k is
algebraically closed. This finishes the proof. O

Definition 2.18. Suppose that k is any perfect field as in Notation 2.1. Let M be a
dualizable F-gauge over k. There is a natural map Spf W (k) — (Spec k)*" (see [Bha23,
Rmk. 4.1.2]). The pullback of M along this map is a perfect complex of W (k)-modules
that will be denoted as M™; this can be regarded as the underlying module of the F-gauge
M. In this scenario, M" is naturally equipped with a Frobenius semilinear endomorphism.
Further, Mg := M" ®y (1) K is naturally a dualizable object of D(K). See [Mon24, § 3.2
for more details.

Definition 2.19 (Syntomic cohomology of F-gauges). For an F-gauge M over k, we define
RTUgyn (M, Zp(n)) := RI'((Spec k)™, M {n}).

We refer to RI'syn (M, Zy(n)) as the weight n syntomic cohomology of M. We define

Rl (M, Qp(n)) := Rlsyn(M, Zp(n)) ®z, Qp.

Proposition 2.20. Let M be a p@rfect complez in (Spec k)™, where k is algebraically
closed. Then HE  (M,Qp(n)) ~ (H (Mg))F'=P" forn € Z.

syn
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Proof. Let My denote the object of D(K) associated to M by pullback, which is a perfect
complex. M is naturally equipped with a Frobenius Fy,., that induces a Frobenius F' on
H*(Mf), which is a bijection. Since H(M[) is finite dimensional as a K-vector space, it
is naturally an isocrytstal over k.

Note that we have a natural functor

Perf((Spec k)™") — Perf((Spec k)™™) @ Qp,

where the target is naturally a symmetric monoidal co-category. Concretely, Perf((Spec k)*™)®
Qy is the category of perfect complexes on the stack Zsox defined in Remark 2.10. By
construction, we have RI'((Speck)™", M {n}) ® Q, ~ RI'(Zsox, M {n}). Further, My
identifies with the pullback of M along the map Spec K — Zsog. It follows that

Fppe —p™

R (Zsog, M {n}) ~ Fib(Mg

This gives a fiber sequence

Mg).

Fupe —p™

RTgyn (M, Qp(n)) My My

The claim now follows from the associated long exact sequence and applying Proposition 2.17.
O

Corollary 2.21. Let M be a perfect complex in (Spec k)™, where k is algebraically closed.
Then Hgy, (M, Qp(n)) is a finite dimensional Qp-vector space for all i € Z.

Proof. Follows from Proposition 2.17 and Proposition 2.20. O

Remark 2.22. For an F-gauge M over an algebraically closed field k, the Z,-module
H! (M, Zy(n)) is not in general finitely generated. For a supersingular elliptic curve

E over an algebraically closed field k, the Z,-module nyn(E x E,Zy(1)) is not finitely
generated. As Corollary 2.21 shows, this issue disappears after inverting p.

3. ZETA FUNCTION OF F-GAUGES

In this section, we work with F-gauges over finite fields. We start by defining the
zeta function associated to such F-gauges. We also discuss a descent spectral sequence
that relates Galois cohomology and syntomic cohomology (Definition 2.19), and use it to
prove a result about syntomic cohomology (Proposition 3.5) and order of vanishing of zeta
functions (Proposition 3.9).

Notation 3.1. Let p be a fixed prime. Let k£ be the finite field F,, where ¢ = p”. Let
K = W(k)[%] For a dualizable F-gauge over k, the underlying W (k)-module M" is
naturally a perfect complex of W (k)-modules equipped with a Frobenius. The finite
dimension K-vector space H'(M “)[%] identifies with H!(Mf), on which the induced
Frobenius action F is bijective (see Definition 2.18). This equips H'(My) with the
structure of an isocrystal over k (Definition 2.5).

Definition 3.2 (Zeta function). In the set up of Notation 3.1, the zeta function of M,
denoted as Z(M,t), is be defined as follows

Z(M,t) =[] det(1 — tF"[H (M) D™
i>0

We set ((M,s) :=Z(M,q*).
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Before studying the zeta function further, we first discuss the construction of the descent
spectral sequence. Let M € F-Gauge(k) be dualizable. Let k be an algebraic closure of k.
Let Proét(k) denote the pro-étale site [BS15] of k. For any Spec A € Proét(k), there is a
map u : (Spec A)*™ — (Spec k). The association A — RI'((Spec A)™", u*M {n}) defines
a D(Zy)-valued sheaf on Proét(k). This sheaf, viewed as a functor, Proét(k)°® — D(Z,)
will be denoted by M {n}.

Let Shv p(z,)(Proét(k)) denote the category of D(Zy)-valued sheaves on Proét(k). By def-
inition, any sheaf Proét(k)°® — D(Zp) preserves limits. For any F € Shvp(z, ) (Proét(k)),
there is a map

~v: F(k) — F(k)
induced by the o, where o is the Frobenius on k. Since k ~ Fib(k o, k), by sheafiness,
it follows that
(3.1) F(k) ~ Fib(F(k) 1= F(k))).

In terms of continuous cohomology of Gy, it can be restated as

RUcont (G, F(k)) ~ F(k).
Applying this to M {n}, and denoting u*M by M, we obtain
chont(Gkv Rrsyn (Ma Zp(n))) = RFS}’H (M7 Zp(n))
This gives the desired descent spectral sequence

(3.2) EY = Hiop(Gr, Hl, (M, Zy(n))) = HEI (M, Zy(n)).

syn
By (3.1), the continuous cohomological dimension of Gy, is 1. Therefore, the above
spectral sequence degenerates and we obtain short exact sequences

(3.3) 0= HY(Gy, HL (M, Zp(n))) = Hip (M, Zp(n)) — H(Gy, HY,, (M, Zp(n))) — 0.

syn syn

Remark 3.3. Since M € F-Gauge(k) is dualizable and k is a finite field, HZ, (M, Zp(n))
is a finitely generated Z,-module for all j (cf. [Bha23, Prop. 4.5.1]). As a consequence
of (3.3), H(Gk, H&n(M,Zy(n))) is also finitely generated as Z,-modules for all i. But
H& (M, Z,(n)) itself is not in general finitely generated (see Remark 2.22). Nevertheless,
by Corollary 2.21, H&w(M, Z,(n))[1/p] is a finitely generated Q,-vector space.

Thus, we have the following lemma.
Lemma 3.4. rank H(Gy, H&n (M, Zy(n))) = rank HY (G, H&n (M, Zy(n))).
Proof. We have an induced map Hén (M, Z,(n))[1/p] NN H&n (M, Zy(n))[1/p] of finite
dimensional Q,-vector spaces (Corollary 2.21). Its kernel and cokernel are respectively

given by HY(Gy, H&n(M,Zy(n)))[1/p] and HY (G, Hdw(M,Z,(n)))[1/p], and therefore
must have the same dimension as Q,-vector spaces. ]

Proposition 3.5. Let M be a dualizable F-gauge over a finite field k. Then
> (=1)'rank H.,, (M, Zy(n)) = 0.

syn
i>0

Proof. Follows from the above lemma and the short exact sequence (3.3). O
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Remark 3.6. Combining a result of Ekedahl [Eke86, Thm. 5.3] with Proposition 3.5, one
obtains a different proof of [MR15, Thm. 0.1(a)]. In fact, we obtain a generalization of
[MR15, Thm. 0.1(a)] that does not require the semisimplicity assumption.

Now we proceed towards proving Proposition 3.9, which gives an expression of order of
vanishing of the zeta function associated to F-gauges (Definition 3.2) in terms of syntomic
cohomology. We will begin by fixing some notations and record a lemma.

As before, let ¢ = p", and consider the finite field Fy. Let M € Isocrys(F,). We set
K = W(F,)[1/p], and K := W(F,)[1/p]. We write M = (V, F), where F denotes the
semilinear endomorphism of V. In this case, (V,F) := (V ®x K, F ® ¢3) determines
an isocrystal M over Fq. Note that since ¢% = id, F" : V — V is K-linear. Further,
id® 4,0% : V — V is a K-linear map, which we denote by . By Proposition 2.17, the

Qp-vector space V""" is finite dimensional. Since F and ~ commutes, we have an induced
. —EF=p" —EF=p" . .
Qp-linear map ' : V " V"™ In this set up, we have the following lemma.

Lemma 3.7. For any n € Z, we have an isomorphism

r__.n 7f: " /__
VIS (V7)) @, K
of K -vector spaces.
: nl T T —F =q" . _
Proof. Since F and ~ commutes, we have VF'=7" ~ (V" =% )7=1 as K-vector spaces. By
the Dieudonné—Manin classification, we can write the isocrystal as a finite direct sum

V >~ @ Wj

where Wj is a direct sum of copies £/, such that u/v = j. Using the concrete description
of E,/, from Example 2.6 and p-adic valuation considerations, one sees that WjF =" —
if j # n. Similarly, WJF:pn i() for j # n. Suppose that W, ~ (E,;)®". Then by a
direct calculation we have Wf :qi ~ K% The Galois action restricts to a K-linear map
v K% — K% Also, one has W, 7" ~ QP and the Galois action restricts to Q,-linear
map 7' : Q" — QF*. Therefore, it follows that + identifies with 7' ®q, K. Since (-) ®q, K
is exact, we obtain

F =g

(V5 == (W, F == (RO~ (@)= g, K~ (WEP")'=1 g, K,

the latter is further isomorphic to (VF:pn)7/:1 ®q, K. This finishes the proof. O
Proposition 3.8. Let M be a dualizable I'-gauge over Fy, where ¢ = p". Then
(H' (M) =" =~ Hi,\ (M, Qp(n)) % @q, K.

syn
Here K := W (F,)[1/p] and M € F-Gauge(F,) is the base change of M.
Proof. Follows from Proposition 2.20 and Lemma 3.7. O

Proposition 3.9. Let M be a dualizable F-gauge over F,. Let us assume that q" is a
semisimple eigenvalue of F". Then for any n € Z, the order of zero of ((M,s) at s =n is
given by

orde—n((M,s) = > (—1)'i - rank H.,, (M, Zp(n)).

syn
>0
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Proof. Let P;(t) := det(1 — tF"|H*(Mf)). Then the order of zero of P; at ¢~™ is the same
as the order of zero of ¢" of the characteristic polynomial of F” on H*(My). By the
semisimplicity assumption, this is the same as dimg (H*(Mg))F" =4". The latter is equal to
rankHY (M, Z,(n))%Fa by Proposition 3.8. Let us denote u; := rankey, H*(M, Z,(n))“Fa.

By (3.3) and Lemma 3.4, it follows that
rankHY (M, Z,(n)) = wi—1 + u;.

syn

Thus Zizo(—l)ii -rankH{ (M, Zy(n)) = Zizo(_l)iﬂuz’% the latter is clearly equal to the

syn

order of the zero of ((M,s) at s = n. O

Remark 3.10. Combining [Eke86, Thm. 5.3] with Proposition 3.5, one recovers [MR15,
Thm. 0.1(b)]. Although we impose certain semisimplicity assumption in Proposition 3.9,
our main result (Theorem 1.1) regarding special values will have no such assumptions. In
order to achieve that, we need some new notions that we will develop in the subsequent
sections.

4. BOCKSTEIN COMPLEXES

In this section, we construct a generalization of the Bockstein map, as well as the
Bockstein spectral sequence by introducing certain Bockstein complexes. We study general
properties of Euler characteristic (when it exists) of certain Bockstein complexes. The
constructions and the results from this section are used in Section 5 to define the stable
Bockstein characteristic, which will be used later in the context of special values of zeta
functions.

Construction 4.1. Let M € D%(Z,). Let 6 : M — M be a map. Let R := fib(#). Note
that there is a natural composite map

fib(0) — M - M — cofib(6).
Since fib(0)[1] ~ cofib(#), we obtain a map 3 : R — R[1]. Taking cohomology, we obtain a
complex (where H°(R) is in degree 0)
Bock®(M,0) := ... - H Y (R) - H(R) - H ™ (R) — ....
Definition 4.2. For a P € D%(Z,) such that H'(P) is a finite length Z,-module for all,
we define the length Euler characteristic of P to be Z(—l)ilengchpH {(P). We denote it
by x'(P).

Definition 4.3 (Bockstein characteristic). The Bockstein characteristic of (M, ) is defined
to be x!(Bock®(M, 0)), when it exists. In this situation, we will also simply denote it by
X"B(R), where R := fib(6).

Remark 4.4. Note that in the set up of the above definition, if x!(R) is defined (where
R = fib(0)), then it is the same as the Bockstein characteristic of (M, ). However, a crucial
point here is that x"Z(R) can be defined even if x!(R) is not defined.

We now explain how to construct the Bockstein spectral sequence in this generality; the
complex Bock®(M, ) can be seen in the Ej-page of this spectral sequence.
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Construction 4.5. Let M := Rlim cofib(M LA M). Then (]\/J\ LS VN VRN o)

defines a (complete) decreasing Z-indexed filtration on M whose graded pieces are all
isomorphic to cofib(f) ~ R[1]. Up to changing the indexing and using [Lurie,§11 |, one
obtains a spectral sequence whose F1-page identifies with Bock® (M, 6).

Construction 4.6. By viewing M%* := (]/\4\ LN VLN TN ...) as a decreasing
Z-indexed filtration, one can also view it as an object of the filtered derived category. Note
that the filtered derived category is equipped with the Beilinson ¢-structure, and one can
take cohomology objects Hf(-) with respect to this t-structure, which are certain cochain
complexes. By construction, it follows that H]%(M 9%) ~ Bock®(M, 0)[1] as complexes.
More generally we have

HE(M?*) ~ Bock® (M, 0)[n +1].

Example 4.7. Let M be a discrete Z,-module and let 6 : M — M be an endomorphism.
We will use M? to denote Ker(#) and Mp to denote Coker(#). Then Bock®(M, 6) concretely
identifies with the two term complex [M? — Mj], where M? is in degree 0. The map here is
given as the composite M? — M — My of the natural maps. The Bockstein characteristic
of (M, ) exists if and only if the map M? — My has kernel and cokernel of finite length.

Remark 4.8. In Example 4.7, suppose that M? and Mjy are finitely generated. Then the
Bockstein characteristic of (M, 0) exists if and only if M 9[%] — Mg[%] is an isomorphism.
Further, if we additionally assume that M [%] is a finite dimensional Q,-vector space, then
it follows that the Bockstein characteristic of (M, ) exists if and only if 0 is a semisimple
eigenvalue of 9[%].

Remark 4.9. Suppose that M € D®(Z,) and we are in the set up of Construction 4.1. By
abuse of notation, we will denote the endomorphism induced on H*(M) — H*(M) by 6
again. This allows us to form the Bockstein complex Bock®(H*(M),#). This complex fits
in a diagram of the form

0 +— H ' (M) «+— HYR)

| |

0 —— H ' (M)y —— H(R) —— H (M)’ —— 0

l |

H*YR) +—— H{(M)y +—— 0

By a diagram chase, we obtain a short exact sequence that calculates cohomology of
Bock® (M, 0) as

0 — H'(Bock®(H'™'(M),0)) — H'(Bock®(M, 0)) — H°(Bock®(H'(M),8)) — 0.

Corollary 4.10. Suppose that M € Db(Zp) and we are in the set up of Construction 4.1.
By Remark 4.9, it follows that the Bockstein characteristic of (M,0) exists if and only if
the Bockstein characteristic of (H'(M),0) emxists for all i. In such a situation, it follows
that

¥ (Bock® (M, 0)) = 3 (= 1) (Bock® (H' (M), 6)).

i



14 SHUBHODIP MONDAL

We must point out that the existence of the Bockstein characteristic is a subtle matter
(see Remark 4.8). In particular, it is not stable under taking extensions. For example, let
us look at the following diagram

0 Z, Zp ® L, Zp 0
l@l J/@g 03
0 Z, Z, ® Ly Zp 0

where 01, 63 are the zero map and 6 is defined by (¢, d) — (d,0). Even though the Bockstein
characteristics of (Zp,01), (Zy, 03) exist, the Bockstein characteristic of (Z, & Z,, 82) does
not exist.

The above example also shows that the maps

Bock®*(Zy, 601) — Bock®*(Z, & Zy, 62) — Bock®(Z,, 3)
do not form a fiber sequence.

Lemma 4.11. Let M', M, M" be discrete Z,-modules. Suppose that we have a diagram

0 M’ M M" 0
o e s
0 M’ M M" 0

where the rows are exact. Assume that M’el,M”GS,Mé)I,Méf3 are finitely generated Z,-
modules, and the Bockstein characteristics of (M',61),(M,02),(M",63) exist. Then

' (Bock®(M, 05)) = x'(Bock®(M’,61)) + x' (Bock®(M", 63)).

Proof. Note that by the snake lemma, there is a map s : M"% — My, . We also have a
diagram (with exact rows)

0 M/91 M92 M/193
M é1 — My, M, é; 0

such that after inverting p, by our hypothesis, the vertical maps induce isomorphisms. This

implies that s[%] is the zero map. Therefore, Im(s) is a finite length Z,-module.
By the snake lemma, we obtain a diagram (with exact rows)

0 M MO Ker(s) —— 0
0 —— Coker(s) Mo, My, ——— 0

It follows that the kernel and cokernel of the maps Ker(s) — My, and M %1 5 Coker(s)
are both finite length. We may view them as two term complexes with the source of the
maps being in degree 0 and denote them by Sy, .52 respectively. Thus,

x (Bock®(M, 05)) = x'(S1) + x'(S2).

Finally, we have the following two diagrams (with exact rows)



ZETA FUNCTION OF F-GAUGES AND SPECIAL VALUES 15

0 —— Ker(s) —— M"% —— Im(s) —— 0

L

N 1" id " N

0 —— M™ M 0

| | J

0 —— Im(s) —— My —— Coker(s) —— 0

which implies that x!(Bock®(M”,63)) = x'(S1) + length(Im(s)) and x!(Bock®(M’,6;)) =
x'(S2) —length(Im(s)). Combining the three equalities together gives the desired result. [

Proposition 4.12. Let (M',6,),(M,02) and (M",03) be such that we have a diagram

M —— M M
Hll Gzl 93l
M —— M M

where M' — M — M" is a fiber sequence in D*(Z,). Further, assume that fib(61), fib(63)
are perfect complezes and x'(Bock®(M’,61)), x!(Bock®(M, 63)), x' (Bock®(M", 63)) exist.
Then we have

x (Bock® (M, 65)) = ' (Bock®(M’,01)) + x' (Bock®(M", 63)).

Proof. By hypothesis, it follows that fib(f3) is also a perfect complex. By the long
exact sequence from Remark 4.9, we see that H'(M')% H'(M')g,, H'(M)%, H (M)g,,
Hi{(M")%, H(M")g, are finitely generated Z,-modules. We have a long exact sequence

=M L 7y s g ary Y g ()

that commutes with the maps induced by the 6;s. It follows that (co)kernel of the maps
fi, gi,b; are all equipped with an operator that we will simply denote as 6. Note that
Ker(b;)? is finitely generated, as it embeds in H*(M")%; further, Ker(b;)y is also finitely
generated, since it receives a surjection from H(M)g,. Similarly, one obtains an analogous
claim for kernel of the maps f;, g;, as well as the cokernels. Note that we have a diagram

Ker(b;)? —— H(M")%
| !

Ker(bi)g E— Hi(M”)93

where the top horizontal arrow is injective. By inverting p and using our hypothesis, we
obtain that Ker(bi)e[%] — Ker(bi)g[%] is injective. Similarly, we have a diagram
H(M)?% —— Ker(b;)?

| |

H(M)g, — Ker(b;)g
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which gives the surjectivity of Ker(bi)e[%] — Ker(bz-)g[%]. Thus it follows that the Bockstein
characteristic of (Ker(b;),#) exists. Similarly, one obtains an analogous claim for kernel
of the maps f;,g;, as well as the cokernels. Let x“(b;) := x'(Bock®(Ker(b;),0)) and
X" (bi) := x'(Bock®(Coker(b;),0)). Similarly, we define x*(fi),x"(g:), x"(fi), and x"(g5).
By Lemma 4.11 and breaking the long exact sequence into short exact sequences it follows
that
X' (Bock® (H'(M),61)) = x"(b:) + X" (bi-1)-

Similarly, we have x!(Bock®(H!(M"),05)) = x"“(b;) + x"(f), and x!(Bock®(H!(M'),0;)) =
XY (bi—1) + XV (fi—1). Combining these, we obtain
X! (Bock® (H(M"), 65))-+x! (Bock® (' (M’), 61)) = x! (Bock® (' (M), 61))x" (fi)+X" (fi-1).
Using Corollary 4.10 and taking alternating sums, the result follows. O

We record a generalization of Lemma 4.11.

Lemma 4.13. Let M', M, M" be discrete Z,-modules. Suppose that we have a diagram

M’ M M"
lel i92 l93
M’ M M"

such that fib(6,) — fib(62) — fib(03) is a fiber sequence. Assume that fib(61) and fib(63)
are perfect complexes, and the Bockstein characteristics of (M',01), (M, 63),(M",03) exist.
Then

x (Bock®(M, 05)) = x'(Bock®(M’,61)) + x' (Bock®(M", 63)).

Proof. By our assumptions, M0, M9 M"% My, , Mp,, My, are all finitely generated Z,-
modules. The proof follows in a way exactly similar to the proof of Lemma 4.11. O

Corollary 4.14. Let M be a discrete Zy-module. Suppose that 0 : M — M and 0" : M —
M are two maps of Z,-modules. Suppose that fib(0),fib(¢") are perfect complexes and the
Bockstein characteristics of (M, 0),(M,0"), (M,006") exist. Then

Y (Bock® (M, 0 0 0')) = x'(Bock® (M, 0)) + X' (Bock®(M, ).

Proof. Note that we have a diagram

M M
l@’ 000’ l@
M M m
that induces a fiber sequence fib(6") — fib(6 0 ') — fib(#’). Therefore the claim follows

from Lemma 4.13. (|

5. STABLE BOCKSTEIN CHARACTERISTIC

As the discussion after Corollary 4.10 shows, existence of the Bockstein characteristic is
a subtle matter, and not stable under extensions. In this section, we introduce one of the
key new notions of this paper, which we call the stable Bockstein characteristic. Unlike
the Bockstein characteristic, the stable Bockstein characteristic is defined for objects in a
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stable co-category satisfying very mild finiteness conditions, and agrees with the Bockstein
characteristic when the latter exists. The main result is the following.

Proposition 5.1. Let M € D%(Z,) such that M[%] is a perfect complex of Q,-vector
spaces. Let 0 : M — M be a map in D°(Z,) such that fib(0) is a perfect complex over Z,.
Then x'(Bock®(M, 0")) exists for all 7 > 0. Moreover,

l . r
lim X' (Bock®(M,07))

T—00 T

exists and is an integer.
Before giving a proof of the proposition, let us introduce our desired definition.

Definition 5.2 (Stable Bockstein characteristic). Let M € DY(Z,) such that M[%] is a
perfect complex of Q,-vector spaces. Let § : M — M be a map in D*(Z,) such that fib(6)
is a perfect complex over Z,. We define the stable Bockstein characteristic of (M, 6) to be
'(Bock® (M, 0"
X\ (Bock® (M, )) := lim X (Bodk* (M, ))

T—00 '

Proof of Proposition 5.1. By our hypothesis, it follows that H*(M )[%} is a finite dimensional
Qp-vector space for every ¢. Further, using the short exact sequence from Remark 4.9, it
follows that H'(M)? and H?(M)g are finitely generated Z,-modules, implying that the

two term complex [H*(M) HH {(M)] is perfect. Therefore, to prove the proposition, using

Corollary 4.10, we can reduce to the case when M is a discrete Z,-module. Let V := M [%]

which is a finite dimensional Q,-vector space. Let #' := 0[%]. We have a filtration
Ker(#') C Ker(6?) C ... C Ker(&'k) cC...CV;

we assume that it stabilizes at Ker(6'%).

By our choice of k, it follows that 0 is a semisimple eignevalue for 8" for r > k. By
Remark 4.8, it follows that x!(Bock®(M,6")) exists for r > k, proving the first part of our
claim.

For the second part, we fix an r > k. Using Corollary 4.14, we can compute x'(Bock® (M, 67("+1)))
inductively in two different ways. Viewing 0”"+1) as r-fold composition of "1, we see that
X (Bock® (M, 0"+ 1))) = rx!(Bock®(M, §7*1)). Similarly, viewing 07" t1 as (r 4 1)-fold
composition of 87, we get x!(Bock®(M, 6"("t1)) = (r 4 1)x*(Bock®(M, 67)). This implies

(5.1) (r + 1)x'(Bock® (M, 67)) = rx'(Bock® (M, 67T1)).

Since ged(r, 7 + 1) = 1, it follows that r divides x!(Bock®(M, #")). Therefore, using (5.1),
x' (Bock® (M.0"))

we conclude that lim, o -

exists and is an integer. (|

The stable Bockstein characteristic has much better formal properties, as we note in the
proposition below.

Proposition 5.3. Let (M',61),(M,02) and (M",03) be such that we have a diagram
M’ y M M
Oll Gzi Hgl

> M

Ml Ml/
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where M’ — M — M" is a fiber sequence in D°(Z,). Further, assume that M’[]%],M”[%]
are perfect complexes over Q, and fib(6,),fib(63) are perfect complexes over Z,. Then we
have

YL (Bock® (M, 6)) = ¥ (Bock® (M, 61)) + x (Bock® (M, 6)).

Proof. Follows from Proposition 5.1 by applying Proposition 4.12 after replacing 0; by 6]
for r > 0. O

Example 5.4. Let p : Z, — Z, be the multiplication by p map. Then x\(Z,,p) = —1.
The following result gives a broad generalization of this example.

Proposition 5.5. Let M be a finitely generated Z,-module and 6 : M — M be an
endomorphism. Let aq,...,q, € @p be the nonzero eigenvalues of 9[%]. Then

Xi(Bock'(M, 0)) = —vp(ar - o).

Note that if there are no nonzero eigenvalues, then the right hand side should be interpreted
as 0.

Proof. Since M is finitely generated, the stable Bockstein characterstic exists. Note that
[T;-; @i € Qp, so the p-adic valuation is a well-defined integer. First we handle two cases.

Case 1. Suppose that M is torsion. Since M is finitely generated, it must be a finite length
Zy-module and X! (M, 0) is simply length(M) — length(M) = 0. In this case, there are no
nonzero eignevalues and the claim in the proposition holds.

Case 2. Suppose that M is a free Z,-module of finite rank and 6 is injective. In this case, it
follows that Coker(6) is finite length, and therefore, x\(M,6) = —length(Coker(#)). Let A
denote a matrix representing #. By the Smith normal form, we can write A = SDR, where D
is a diagonal matrix whose entries are given by (81, ....5;), and S, R are invertible matrices
over Zj. It follows that length(Coker(#)) = v,(51 - - - 8). Note that have A = (SR)R™'DR.
Therefore, v,(det(A)) = v,(det(SR)) + vp(det(R"'DR)) = v,(B1 - - - B;). Combining the
equalities gives the claim.

Now we will handle the general case by induction on the rank of (the free part of) M.
When rank is zero, the claim in the proposition holds by Case 1 above. Suppose that
the claim is proven for any module whose rank is < n. We will prove the claim when
the rank of (the free part of) the given module M is n + 1. We have an exact sequence
0—>T— M — F — 0, where F' is free and T is torsion. Note that 8 restricts to a map
on T, that we denote by O, and there is an induced map 6’ : FF — F by passing to the
quotient. By Case 1 above and Proposition 5.3, we reduce to proving the claim for (F, ).
Now if Ker(#') is trivial, we are done by Case 2 above. Since Ker(¢’) is a submodule of F’
it must be a free module; thus we may assume that Ker(6) has rank > 1. Note that we
have the following diagram

0 —— Ker(#') F Q 0

RN

0 —— Ker(#') F Q 0
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In the above, the quotient F//Ker(6’) denoted by @ is module whose rank (of the free part)
is < n. Since the claim in the proposition clearly holds for the zero map, we are done by
Proposition 5.3 and induction. ]

6. SPECIAL VALUES OF ZETA FUNCTIONS

In this section, we prove the main theorem of our paper regarding special values of zeta
functions (Theorem 6.5). In order to state our main result, we will need a few definitions.
To this end, we fix some notations for this section. Let k be the finite field F,, where
g =p". Let M be a dualizable object in F-Gauge(k).

Construction 6.1 (Hodge-realization). In the above scenario, we can define the Hodge
realization of M, which gives a graded object MHodze — b, M Hodge,i iy the category of
perfect complexes over k. In the language of the stack (Spec k)*", this can be defined by
taking pullback of M along the closed immersion BG,, — (Spec k).

We define the j-th Hodge cohomology group of M to be H*H(ArHedeed) which is a

finite dimensional k-vector space, and will be denoted by Hﬁ’idge(M ).

Definition 6.2. The Hodge number of M, denoted as h?/ (M), is defined to be dimy, Hﬁidge(M).
Note that these numbers are zero for all but finitely many 4, j € Z.

Definition 6.3 (Weighted Hodge—Euler characteristic). For a dualizable F-gauge M, the
r-th weighted Hodge Euler characteristic denoted by x (M, r) is defined to be

X(M, )= > (1) (r — i)k (M).
e

The following is the key new definition, that uses the stable Bockstein characteristic
introduced in this paper.

Definition 6.4. Let v denote the operator coming from Galois action on RTgyn (M, Z,()).
Then the stable Bockstein characteristic x%(Bock®(RTsyn(M, Zy(r)),y — 1)) is well-defined,
since RTsyn (M, Zp(r))[%] is a perfect complex over @Q, (see Corollary 2.21) and fib(y—1) ~
RT'syn (M, Zy(r)) is a perfect complex over Z,. We define

Hsyn (M, 7”) = pxls (Bock® (RTsyn (M, Zp(r)),y—1)) .

Roughly speaking, one may think of psyn(M,r) as the “size” of RIsy,(M,Z,(r)) in a
special sense.

Now we can state our main result regarding special values of the Zeta function of M.
Below, for an element t € K, we set |t|, := (%)”P(t), which is called the (normalized) p-adic
norm.

Theorem 6.5. Let r € Z. Suppose that p is the order of the zero of ((M,s) at s = r.

Then
L)
s=r (1 —qr=s)r

1
B :U'syn(My T)qX(M’T) .

P

An important preliminary observation in our proof is that the weighted Hodge Euler
characteristic can be understood in a different way from the F-gauge M. To this end,
let us review certain piece of structures that are present in an F-gauge. By pulling back
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M along the map (Spec k)N — (Speck)™™, we can obtain a filtered module (over the
filtered ring W (k), equipped with the p-adic filtration) which we denote as Fil®* M. The
graded pieces of this filtration will be denoted as gr®*M. Let M* denote the W (k)-module
underlying the F-gauge. There is a natural map Fil"'M — M" whose cofiber will be
denoted by M*/Fil"M. Since M is a dualizable F-gauge, it follows that M"/Fil"M is a
perfect complex of Z,-modules. Further, we have that (M*"/Fil" M )[%] ~ 0. In other words,
each cohomology groups of M*/Fil"M must be a finite length Z,-module. In particular,
x (M /Fil" M) is well-defined.

Definition 6.6. In the above scenario, the integer x!(M"/Fil” M) will be called the r-th
Nygaard characteristic of the dualizable F-gauge M.

Now we are ready to state and prove the following proposition, which gives an interpre-
tation of the classical Hodge Euler characteristic in terms of the Nygaard characteristic
that we just defined.

Proposition 6.7. Let M be a dualizable F-gauge over k. Then

X MU/FIM) (M),

Proof. This amounts to the assertion that x!(M*/Fil"M) = n - x(M,r). Since M is a
dualizable F-gauge, M"/Fil"M admits a finite filtration whose graded pieces are given
by gr’(M) for i <r — 1. Note that gr'(M) is also a perfect complex of Z,-modules whose
cohomology groups are finite length Z,-modules. Therefore,

(6.1) X(M*/FIM) = Y X (g (M)).

i<r—1

Note that there is a closed immersion
hur.y : AL/Gy, — (Speck)™™,
and pullback of M along this map can be thought of as a filtered k-modules which we
may write as Fil* M AT The associated graded of this filtered object will be denoted as
gr* M T Forming the associated graded in this case amounts to pulling back along the
map BG,, — (Spec k)®™. This implies that we must have
@igriMHT ~ @iMHodge,i.

By construction, it also follows that gr'(M) ~ Fil' MHT . One can again put a finite filtration
on Fil' MHT such that the graded pieces are given by gr/! MHT for j < i. This implies that
(6.2) X FNMHT) = "y (drHiodeed),

J<i

Further, one has

(6.3) X (MM ) = N (1)t IR (M),
k
Combining these equalities, we obtain that
MY /Fil" M e
X( / 1 ) _ Z (*1)J+khj’k(M).
" i<r—1
i<i

kezZ
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However, each summand appears exactly once for every value of i € {j,j + 1,...,7 — 1}.
The latter set has size r — j. Therefore, the above sum is equal to

(=1 — )R ().
J,kEL
Jj<r

This finishes the proof. ([l

Remark 6.8 (Twists and zeta values). Suppose that V' is an isocrystal over Fy, where
g = p". Let V {i} denote the i-th Breuil-Kisin twist of V. Let Py (t) = det(1 — tF"™|V)
and Py (t) = det(1 — tF|V {i}). Then it follows that Py g;(t) = Py (¢~"t). This implies
that if M is a dualizable F-gauge over k, and M {i} is the i-th Breuil-Kisin twist of M as
an F-gauge, then we have

C(M {i},s)=C(M,s+1).
Moreover, by construction, it follows that we have
VL (Bock® (RT ey (M (7T, Zy(r)), 7 — 1)) = X (Bock® (RTayn(M, Z, (1 + )}, 7 — 1).

Thus we have

prsyn (M {i}, 1) = psyn (M, 7 + 7).
By Proposition 6.7, it also follows that

X(M{i},r) = x(M,r +1).

Consequently, proving Theorem 6.5 for a fixed M and a fixed r € Z is equivalent to proving
Theorem 6.5 for M {i} and r — i.

Note that viewing an F-gauge M as an object of the derived category of the stack
(Spec k)", one has RI'syn(M,7Z,(r)) ~ RI'((Spec k)™, M {r}). When M is the F-gauge
associated to a smooth proper scheme X over k, this gives a new way (involving the
Nygaard filtration) of understanding weight n syntomic cohomology of X which is quite
different from the classical one involving de Rham—Witt complexes. This idea, along with
Proposition 6.7, plays a key role in the proof of the proposition below.

Proposition 6.9. Let M be a dualizable F'-gauge such that for some m € N, multiplication
by p™ on M is homotopic to zero. Then we have
1

psyn (M, 1) = gx(M.r)’

Proof. Note that under our assumptions, RI'syn(M,Z,(r)) is a perfect complex of Z,-
modules, whose cohomology groups are all killed by p™. Therefore, the cohomology
groups are all finite length Z,-modules. In this case, the stable Bockstein characteristic
Y, (Bock® (Rl syn (M, Zy(7)), — 1)) is simply equal to x!(RTsyn(M,Zy(r))). Using the fact
that Rlgyn (M, Zy(r)) ~ RI'((Spec k)", M {r}), we obtain a fiber sequence

RUyyn(M, Zy(r)) — Fil" M 2225 e

where ¢ is a certain Frobenius linear map and can is the canonical map arising from the
filtered object Fil*M. Tt follows from our assumptions that x!(Fil"M) and x!(M*) both
exist and

(6.4) Y (Fil" M) — X' (M™) = x'(RTsyn (M, Z,y(1))).
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Also, we have a fiber sequence

Fil"M =5 MY — MY/Fil" M
It follows that one has
(6.5) Y (Fil" M) — X H(MY) = —x (M /Fil" M)
Combining the two equalities above, we obtain
N (RT g (M, Z, (1)) = = (M /Fil" M).
By Proposition 6.7, we obtain

1
NSyH(Mv r) = qX(M,r)’

as desired. OJ

Now we will establish certain structural results regarding dualizable F'-gauges over k.

Lemma 6.10. Let M be a dualizable F-gauge over k. Then there exists a fiber sequence
T—-M-—=>YV

such that V >~ & Vi[r;], where V; is a vector bundle on (Spec k), r; € Z, and T is an
F-gauge such that multiplication by p* is null-homotopic for some k € N.

Proof. We will use the fact that Perf((Speck)®™") ® Q, ~ Perf(Spec K)*" as defined in
Proposition 2.20. The image of M in Perf((Speck)*¥") ® Q,, will be denoted by M[1/p].
Under the above isomorphism, M[1/p] can be regarded as a perfect complex of k-vector
spaces equipped with a Frobenius semi-linear isomorphism. Since the ring Frobenius
twisted polynomial ring k,[F] is left-hereditary, one has an isomorphism

M[1/p] ~ @V’ ri]

in Perf(Spec K)®™, where for each i, V/ is an isocrystal over k. By choosing a lattice for
V/, one can lift V/ to a vector bundle on (Spec k)®", which we will denote by V;. Let us
set V := @™, Vi[r;]. By replacing f’ by p*f’ for k > 0, we can without loss of generality
assume that there exists a map f : M — V in Perf((Spec k)®™") that induces f’. Let

T := fib(M EN N). By construction, it follows that T[1/p] ~ 0 in Perf(Spec K)%™. The
latter implies that the zero map on 7' is homotopic to multiplication by a power of p. [

Remark 6.11. Suppose that k is a perfect field. Then a vector bundle on (Spec k)%™
with Hodge—Tate weights in the integers {0, 1} can be concretely identified with finite free
W (k)-modules M with a Frobenius semilinear operator F' : M — M such that pM C F(M)
(see [Mon24, Prop. 3.45]). We will call the category of such objects Dieudonné modules.
By Dieudonné theory, the category of such vector bundles is equivalent to the category of
p-divisible groups over k.

Definition 6.12. Let k be a perfect field (not assumed to be algebraically closed) and
i € Q. An isocrystal V over k will be called pure of slope i if the base change of V' viewed
as an isocrystal over k is a direct sum of finitely many copies of E;.
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Lemma 6.13. Leti € QN[0,1]. Let V be an isocrystal over a perfect field k that is pure
of slope i. Then there exists a Dieudonné module (M, F') such that V' is isomorphic to the

isocrystal corresponding to (M[%], F[%])

Proof. Let us first suppose that k is algebraically closed. Let i = s/r where ged(s,r) =1
and r > 0. By the Dieudonné—Manin classification, it follows that V is a direct sum
of finitely many copies of E; /.. Therefore, in this case, we may assume without loss of
generality that V' = FE, /.. Let K = W(k)[%] By Example 2.6, one can identify the
isocrystal V' as a semilinear map F' : K™ — K" given by

F(z1,...,2) = (pr(x2), ..., pr(xr), p’ 0K (21)).

Note that s <. If 0 < s < 1, one can simply take M to be the F-stable lattice W (k)®";
in this case the condition pM C F(M) is clearly satisfied. Now we may assume that
s> 2. Let eq,...,e, denote the standard K-basis vectors of K”. We define M to be the
W (k)-span of the elements in the set

(&) €9
pis—l’pis—Q""’es""’er .

It follows by construction that M is an F-stable lattice and pM C F(M).

Now we return to the case when k is only assumed to be perfect and let & denotes an
algebraic closure. We will argue by Galois descent. Let V' denote the base change of V/,
viewed as an isocrystal over k. Let v : V' — V denote the Galois action. By the above
paragraph, one obtains a Dieudonné module (M, F') corresponding to the isocrystal V.
Since M is a lattice in V, the Galois action induces a map v : M — pMk for some k£ > 0.
Let v : M — pMk denote the natural inclusion. We set N := Ker(y — ¢). It follows that
N [%] ~ V7' ~ V. Thus N is a lattice in V. Let F and F denote the Frobenius semilinear
endomorphisms of V' and V respectively. Since F' and v commutes, and M is F-stable, it
follows that N is F-stable. It would be enough to show that pN C F(N). To this end, let

x € N. Then pxr = F(y) for some y € M. Therefore,

F(y) = px = py(z) =vF(y) = F(7(y)).

Since F acts bijectively on V, the above equation implies that v(y) = y; i.e., pr = F(y)
for y € N. This finishes the proof. U

Lemma 6.14. Let V' be a vector bundle on (Spec k)®". Then there exists a fiber sequence

ma
T—V — @ U;
1=—m
such that U; {i} is a vector bundle with Hodge—Tate weights in {0,1}, and T is an F-gauge
such that multiplication by p* is null-homotopic for some k € N.

Proof. Our proof will use the notion of slopes. Let V' denote the isocrystal over k given by
V[1/p]. Let V' the isocrystal over k obtained by base change. By the Dieudonné-Manin
classification one can write V/ = @ W; where W is pure of slope i and all but finitely many
of the Wj-s are zero. Note that V’ has a natural Galois action that preserves W; for all i.
Therefore, by descent, we obtain a direct sum decomposition V' = @ V; such that each V;
is pure of slope 7 and all but finitely many of them are zero. Let a; be the unique integer
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such that i € [a;,a; +1). Then V; {a;} is pure of slope i — a; which is a rational number in
the interval [0, 1]. Let M; denote the Dieudonné module such that MZ[%] ~ V;{a;}, as can
be chosen by Lemma 6.13. Therefore, M; {—a;} is a vector bundle on (Spec k)%™ whose
isogeny class is isomorphic to V;. In other words, there is an isomorphism

f o VI/p] ~eM;{—a;}[1/p]
By replacing f’ by p™f for m > 0 if necessary, we can assume without loss of generality
that f’ is induced by a map f : V — @M, {—a;} in Perf((Speck)™¥™). Let T = fib(f).
Since T'[1/p] ~ 0 in Perf((Spec k)*") ® Q, it follows that the zero map on 7" is homotopic
to multiplication by a power of p. By changing the indexing, we obtain the claim. O

As we have remarked earlier, in general for an F-gauge M over an algebraically closed
field k, the groups H'(M,Zy(r)) need not be finitely generated Z,-modules. However, in
the proposition below, we prove that this issue does not occur when M is a vector bundle
on (Spec k)™ with HodgeTate weights in {0,1}. As we will see, this will require an
application of Dieudonné theory in the language of F-gauges as developed and studied in
[Mon24].

Proposition 6.15. Let k be an algebraically closed field. Let M be a vector bundle on
(Spec k)™ of Hodge-Tate weights in {0,1}. Then H*'(M,Zy(r)) = 0 whenever i # 0 or
r # {0,1}. Moreover, HO(M,Z,(r)) is a finitely generated Z,-module for 0 <r < 1.

Proof. Tt follows from the definitions that H<%(M,Z,(r)) = 0.

Note that we may also regard M as a Dieudonné module (Remark 6.11). Let M™ denote
the free W (k)-module of finite rank, equipped with a Frobenius map F': M* — M". For
r <0, H*(M,Zy(r)) is computed as cohomology of the two term complex M™ p o, M,
where the source is in degree 0. However, viewed as an object of D(Z,), this complex

is derived p-complete, and is isomorphic to 0 modulo p. This shows that the complex

YNy Y acyclic. Therefore, H(M,Z,(r)) = 0 for all i and r < 0.
For r > 0, H*(M, Z,(r)) is computed as cohomology of the two term complex

(6.6) Filr e 2 g
where Fil"M" denotes r-th step of the Nygaard filtration. Therefore, it follows that
H>Y(M,Z,(r)) = 0.

Now suppose that r > 1. We will first show that H(M, Z,(r)) = 0. Since M* is a free
W (k)-module, it follows that HY(M,Z,(r)) is p-torsion free. Therefore, it is enough to
show that HO(M, Z,(r))[1/p] = 0. However, note that the slopes of the isocrystal M“[1/p]
are rational numbers in the interval [0, 1]. By the Dieudonné-Manin classification, there is
no nonzero map O {—r} — M"[1/p] for r > 1. Therefore, by Proposition 2.9, we obtain
HO(M,Z,(r))[1/p] = 0, as desired. In order to show that H(M,Z,(r)) = 0, we will use
[Mon24]. By [Mon24, Thm. 1.11], M corresponds to F-gauge associated to a p-divisible
group G, and Fil* M* ~ Fill’i]ng 2(BG@). Therefore, we have a decomposition M* ~ T & W
of W (k)-modules such that for ¢ > 1,

Fill M* ~ p'T & p"~'W.

Note that there is an isomorphism 7@ W — p'T @ p' W that sends (z,y) — (p'z, p'~ly).
Let us denote the map T @& W — T & W that sends (z,y) — (p'z, p"~'y) by s,.. We also
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have a map T®W — T @ W that is determined by (z,y) — F(x)+ % € M"; we denote

this map by ®. In order prove that H*(M,Z,(r)) = 0 for r > 1, we need to prove that the

. “TF— . . . . . . .
map Fil" M 2 M s surjective. Under the above identifications, it suffices to prove

that the map
Tow 231w

is surjective. By p-completeness, surjectivity can be checked modulo p. For r» > 1, modulo
p, the map s, = 0. Therefore, for » > 1, to show surjectivity of (® — s,), it is enough to
show surjectivity of ®. Note that ® is the composition

Tow W2 e W~ Filare 25 e
Now the desired surjectivity follows from the surjectivity of p~'F. The latter is true
because M", naturally equipped with the structure of a Dieudonné module, satisfies
pM® C F(MY).

Now suppose that r = 0. Then H*(M, Z,) is computed as the cohomology of the complex
M 2T , where the source of the map is in degree 0. Note that F' — id is surjective,
since it is surjective modulo p and M is p-complete. This implies that H'(M,Z,) = 0.
Since M is p-torsion free, it follows that H°(M,Z,)/p is kernel of the map M/p — M/p
induced by F' —id. Since M/p is a finite dimensional k-vector space, it follows from [MR23,
Lem. 4.1.1] that H%(M,Z,)/p is a finite dimensional F,-vector space. Since H°(M,Z,) is
p-complete, it follows that HO(M, Zp) is a finitely generated Z,-module.

Finally, we handle the case when » = 1. Let GG be the p-divisible group associated to the
F-gauge M. By [Mon24, Prop. 3.15], we have

H{p o (B, Tp(GY)) = H* (M, Z(1)),
where GV is the dual of G and T,(G"Y) is the Tate module. In particular, we have
HO(M,Z,(1)) ~ T,(GV) (k). Regarding GV as a sheaf on the quasisyntomic site of k, we
have an isomorphism GV [p] ~ T,,(G")/p of (pre)sheaves. This implies that (7,,(GY)(k))/p ~
GY[p](k). Since GV [p] is a finite commutative group scheme of rank p over k,we see that
GY[p|(k) is a finite dimensional F,-vector space. Since T,(GY)(k) is p-complete, we
conclude that it must be a finitely generated Z,-module. This proves that H°(M,Z,(1))
is a finitely generated Z,-module. To prove H'(M,Z,(1)) = 0 it suffices to prove that

H (1k)qsyn (k,T,(GY)) = 0. However, this follows from Lemma 6.16 O

Lemma 6.16. Let T be a finite, commutative group scheme of p-power rank over an

algebraically closed field k. Then H(i())qsyn (k,T)=0.

Proof. Since k is algebraically closed, by devissage we may reduce to the case when H
is either «,, Z/p or p,. The case of o, and Z/p follow from the exact sequences (of

quasisyntomic sheaves)
Frob
0= ap— Gy —> G, — 0,

and .
O—>Z/p—>GaM>Ga—>O.

For p,, we argue as follows. Note that there is a fiber sequence

RY (4y,n (ko ptp) = RT(k, Z,,(1)) & RT(k, Z,(1)).

gsyn
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However, concretely, H*(k,Z,(1)) can be computed as cohomology of the complex

plF—
pW (k) —— W(k),
or equivalently, as cohomology of
W (k) 2 wk).
However, this complex is acyclic, as can be checked by reducing modulo p. Therefore,
RT (1) uyn (K5 11p) == 0. This finishes the proof. O

Proposition 6.17. Let G be a p-divisible group over a perfect field k. Let M(G) denote
the Dieudonné module of G. Then

dimG ="\,
where \; is the set of slopes of the isocrystal M (G)[1/p], counted with multiplicities.

Proof. 1t suffices to prove this after base change. Therefore, we may assume that k is
algebraically closed. Note that the dimension of a p-divisible group is invariant under
isogeny. Therefore, by the Dieudonné—Manin classification, we can reduce to checking the
proposition for a p-divisible group G such that M(G)[1/p] is isomorphic to E,/. as an
isocrystal over k for coprime integers 7, s such that 0 < s <r and r > 0. For example, one
may take a G for which M(G) ~ %/ Zi(F"~° — V?®), where 7 denotes the Dieudonné
ring. In this case, it follows that dim G' = dimy M (G)/FM(G) = s. However, E, . only
has s/r as a slope, with multiplicity . Thus sum of all slopes with multiplicity equals s as
well. This finishes the proof. O

Remark 6.18. For every p-divisible group G over a perfect field k, we have an exact
sequence

0—tev = M(G)/p — wg — 0,
which is called the Hodge-Tate sequence (see [Mon24, Prop. 3.51]). In particular, by
viewing M (G) as a vector bundle on (Spec k)®", the pullback along BG,, — (Spec k)™
identifies with tgv @ wg as a graded vector space, where tgv has weight 0 and wg has

weight 1. The only nonzero Hodge—numbers can be described as follows. We have
h90 = dimy, tgv = dim GV and AV~ = dimwg = dim G.

Lemma 6.19. In the set up of Remark 6.18, the weighted Hodge—FEuler characteristic
X(M(G),r) =0 forr <0. Forr > 1, we have

x(M(G),r) =rdimG” + (r — 1) dimG.
Proof. Follows from a direct calculation using Remark 6.18. g

Now we are ready to deduce Theorem 6.5 for the case corresponding to p-divisible groups
over finite fields.

Proposition 6.20. Let r € Z. Let k = F,, where ¢ = p". Suppose that M is a vector
bundle on (Spec k)™ with Hodge—Tate weights in {0,1}. Suppose that p is the order of
the zero of ((M,s). Then

_ 1

= 'usyn(M’ T)qx(M,T‘) .

. G(M,s)
ll—r}}' (1 — qT*S)P

p
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Proof. Let K = W (k)[1/p] and Mg denote the isocrystal associated to M. Suppose that
G is the p-divisible group that corresponds to M. Let (u;);er be the set of inverse roots
of det(1 — tF"|Mk) counted with multiplicity. By the Dieudonné—Manin classification, it
follows that A; := vq(u;) = vp(u;)/n is the set of slopes of My counted with multiplicity.
By the definition of the zeta function (as well as the sign convention), we have

sy | _
lim ——— | = 1— g™,
81_>Hi (1 _ qrfs)p , u];[]r | u;q |p

Now we will compute figyn (M, 7). Note that H>°(M, Z,(r)) = 0 by Proposition 6.15. Let
7 denote the Galois action on H(M, Z,(r)). Since H*(M,Z,(r)) is a finitely generated Z,-
module (Proposition 6.15) it follows from Proposition 5.5 that psyn(M,7) = [],, 1 o —1[p

where «; is the set of eigenvalues of v on H(M,Q,(r)). Note that H°(M,Q,(r)) ~

(6.7)

(M[1/p])¥=P". By the Dieudonné-Manin classification, the set of eigenvalues «; is the same
as the set ¢ /u; such that v,(q"/u;) = 0. Therefore,

prsyn (M, 1) = H 11 —q" Juilp = H 11— wig"|p.
u; #q" u;#q"
vp(q"/ui)=0 vp(q" /ui)=0

Since |1 — u;q ], = 1 when v,(u;g™") > 0, we have
(6.8) H 11 —uiqg™"|p = psyn(M, 1) H 11— uig™"|p.

uiFq" uiFq"
vp(uig~")<0

Note that |1 —u;qg™"|, = |1 —u;q”"|;. Combining the above equalities, we see that in order
to prove the proposition, it would now suffice to show that

)
ui#q"
vp(uig—")<0

This is equivalent to showing that
(6.9) > = vg(u) = x(M,r).
1, vg(u;)<r

To this end, note that the left hand side in (6.9) is equal to >, . ..(r — A;). Since Mk
must have slope in [0, 1], it follows that the sum is zero when r < 0, which gives the claim
in that case by Lemma 6.19. For v > 0, we have }_, \ .(r — A;) = 7 - height(G) — > A
Since height(G) = dim G + dim GV, by using Proposition 6.17, it follows that

r-height(G) — Y A =r-dim G + (r — 1) - dim G.
Applying Lemma 6.19 again finishes the proof. g
Now we can also deduce Theorem 6.5 in the general case.

Proof of Theorem 6.5. By Proposition 6.9 the result is true for dualizable F-gauges for
which a power of p is null-homotopic. Therefore, by Lemma 6.10, we can reduce to the case
when M is a vector bundle. By Lemma 6.14, we may further reduce to the case when M
is a vector bundle with Hodge—Tate weights in {7,7 4+ 1} for some integer i. By applying a
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suitable Breuil-Kisin twist and using Remark 6.8, we can further reduce to the case when
1 = 0. In this case, the result follows from Proposition 6.20. This finishes the proof. [

7. SURFACES OVER FINITE FIELDS

In this section, we discuss some consequences of our work in the case of surfaces. As
before, let k = F,, where ¢ = p". Let X be a smooth, proper, geometrically connected
surface over k.

Definition 7.1. We let
Msyn(Xa 1) = Msyn(M<X)a 1)7
where M (X) is the dualizable object in F-Gauge(k) associated to X (see Remark 1.4).

By definition, pusyn (X, 1) is a rational number and is defined unconditionally. Let NS(X)
be the Néron—Severi group of X, which is a finitely generated abelian group equipped
with a non-degenerate pairing. Suppose that (D;); is a basis of NS(X) modulo torsion.
Let det(D; - D;) denote the determinant of the matrix obtained by using the pairing.
Let [NSiors(X)] denote the size of the torsion subgroup of NS(X). Let A(X) denote the
Albanese variety of X, and |A(X)(k)|, denote the p-adic norm of the number of k-valued
points of A(X).

Definition 7.2. In the above set up, we define

_ psn (X, D) - JAX) (R [NStors(X)P’p.

prp - det(D; - D))l

The above quantity is defined unconditionally. We will show that if one assumes that
the Artin—Tate conjecture (in particular, this implies that the Brauer group Br(X) is finite)
holds, then Sr(X), = |Br(X)|p, where the latter denoted p-adic norm of the Brauer group.
To this end, let us recall the Artin—Tate conjecture. Note that the zeta function for X can
be expressed in the following form.

Py (Xa q_S)Pl (Xv ql—s)
(1= q*)P(X,q*)(1 = ¢*7%)
where P;(X,T) is defined in terms of characteristic polynomial of (suitable power) the

Frobenius on i-th ¢-adic (or crystalline) cohomology. The Artin—Tate conjecture says that
Br(X) is finite, and

C(Xv S) =

o P2(Xea) _ [Br(0)] - | det(Di - D)

s—1 (1 — gl=s)r(X) g*SNS(X)sors)2
where p(X) is the rank of NS(X) and a(X) = x(X,0x) — 1 + dim A(X)).

Proposition 7.3. Assume that the Artin—Tate conjecture holds for the surface X. Then
Br(X)p = [Br(X)lp.
Proof. As a consequence of Theorem 6.5, unconditionally, we have

X [
s=1 (1= g 79)P |, peyn(X, 1)gx(5D”

From Definition 6.3, it follows that x(X, 1) = x(X, O).

(7.1)
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We will now obtain another expression for the left hand side assuming the Artin—Tate
conjecture. Note that the set of roots of P;(X,t) are inverse to the set of eigenvalues
of Frobenius on f-adic cohomology. We will denote the latter set by «;. For each i,
has absolute value ¢'/2. In particular, Py(X,¢~*) and P;(X,¢'~*) have no zero (or poles)
at s = 1. Moreover, the Albanese map X — A(X) induces isomorphism on first ¢-adic
cohomology. Therefore, by Lemma 7.4, it follows that

[PL(X, D), = H 1= ailp = [AX)(F)]p-

(2

On the other hand, by the second part of Lemma 7.4,
IPUX g =TT = ai/aly = ¢ A JAX) (R)] -
i

By the Artin—Tate conjecture, ((X,s) has a pole at s = 1 of order p(X). Therefore,
p = —p(X) in the equation (7.1). Further, we must have

- C(X,s) g AR A ()3 - |INS(X)eors] [
lim 1-s a(X)
s=1(L—g'=*)Pf,  q-[Br(X)lp - [det(D; - Dj)lp - q
The right hand side simplifies to
[AX) (R)]3 - [INS(X)tors]?[p
[Br(X)lp - [det(D; - Dj)lp - x50
Combining with (7.1), we obtain
1 _ A - [INS(Xtors[p

Hsyn (X, 1)‘1X(X’O) Br(X)lp - [det(D; - Dj)lp - gX(X0)”

This implies the claim. O

(7.2)

The following lemma was used in the proof above.

Lemma 7.4. Let A be an abelian variety over k = Fy and £ # p. Let {;}, (for 1 <i <
2dim A) denote the set of eigenvalues of the Frobenius action on H} (Az,Q;). Then we
have

(1) H(l = Bi) = [A(K)].

) TL0 - s/ = 50

Proof. For (1), by expanding the product on the left hand side and using the fact that
H;(Ar, Q) ~ A° Hgt(AE, Qy), the claim is seen to be equivalent to the Grothendieck—
Lefschetz trace formula for A.

In order to prove (2), let us choose an embedding Q, — C. By the Weil conjectures
for abelian varieties, it follows that |3;] = ¢'/2. Since 3;B; = ¢, it follows that the set of
eigenvalues {3;}, is a permutation of the set {q/3;},. Thus, the set {f;/q}, is a permutation
of the set {1/8;},. Further, we note that [, 8; is the degree of Frobenius as an isogeny
and is equal to ¢@™ A, Putting these together, we have

[T -nvm -] %50 - D

3 K3
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Now, applying (1) finishes the proof. O

MSyn(le)

Question 7.5. Let X be a surface as before. Is the number [t (D; D)y

square of a rational
number?

Note that the numbers above are defined unconditionally. Below, we deduce an affirmative
answer by assuming the Artin—Tate conjecture.

Proposition 7.6. Let X be a surface over a finite field as before and let (D;); denote a
basis of NS(X) modulo torsion. Suppose that the Artin—Tate conjecture holds. Then

Hsyn (X, 1)
|det(D; - Dj)lp
1S a square.

Proof. Under the assumptions, the Brauer group Br(X) is finite and is a square [LLRO5].
Thus |Br(X)|, is a square. The claim now follows from Proposition 7.3. O

Remark 7.7. We expect Question 7.5 to have an affirmative answer unconditionally. It is
possible to modify the definition of jsyn (X, 1) to obtain an ¢-adic analogue for every prime
£ # p and ask an analogous question. An affirmative answer to these questions should also
give a new approach to showing that if Br(X) is finite, then |Br(X)| must be a square.

Remark 7.8. In odd characteristic, by Milne’s work [Mil75], finiteness of Br(X) implies
the Artin—Tate conjectures for X. Therefore, in odd characteristic, Proposition 7.3 and
Proposition 7.6 holds only under the assumption that Br(X) is finite.

REFERENCES

[Bha23] B. Bhatt, Prismatic F-gauges, 2023, https://www.math.ias.edu/~bhatt/teaching/mat549£22/
lectures.pdf.

[BK90] S. Bloch and K. Kato, L-functions and Tamagawa numbers of motives, The Grothendieck
Festschrift, Vol. I, Progr. Math., vol. 86, Birkh&user Boston, Boston, MA, 1990, pp. 333—400.
MR 1086888

[BMS19] B. Bhatt, M. Morrow, and P. Scholze, Topological Hochschild homology and integral p-adic Hodge
theory, Publ. Math. Inst. Hautes Etudes Sci. 129 (2019), 199-310. MR 3949030

[BS15] B. Bhatt and P. Scholze, The pro-étale topology for schemes, Astérisque (2015), no. 369, 99-201.
MR 3379634

[Dri24] V. Drinfeld, Prismatization, Selecta Math. (N.S.) 30 (2024), no. 3, Paper No. 49, 150. MR 4742919

[Eke86] T. Ekedahl, Diagonal complexes and F-gauge structures, Travaux en Cours., Hermann, Paris,
1986, With a French summary. MR 860039

[FJ13]  J.-M. Fontaine and U. Jannsen, Frobenius gauges and a new theory of p-torsion sheaves in
characteristic p. I, 2013, arXiv:1304.3740.

[Fon82] J.-M. Fontaine, Sur certains types de représentations p-adiques du groupe de Galois d’un corps
local; construction d’un anneau de Barsotti-Tate, Ann. of Math. (2) 115 (1982), no. 3, 529-577.
MR 657238

[GM24] Z. Gardner and K. Madapusi, An algebraicity conjecture of Drinfeld and the moduli of p-divisible
groups, 2024, available at https://sites.google.com/a/bc.edu/keerthi/.

[Gro68] A. Grothendieck, Crystals and the de Rham cohomology of schemes, Dix exposés sur la cohomologie
des schémas, Adv. Stud. Pure Math., vol. 3, North-Holland, Amsterdam, 1968, Notes by I. Coates
and O. Jussila, pp. 306-358. MR 269663

[79] L. Illusie, Complexze de de Rham-Witt et cohomologie cristalline, Ann. Sci. Ecole Norm. Sup. (4)
12 (1979), no. 4, 501-661. MR 565469

[IR83] L. Illusie and M. Raynaud, Les suites spectrales associées au complexe de de Rham-Witt, Inst.
Hautes Etudes Sci. Publ. Math. (1983), no. 57, 73-212. MR 699058


https://www.math.ias.edu/~bhatt/teaching/mat549f22/lectures.pdf
https://www.math.ias.edu/~bhatt/teaching/mat549f22/lectures.pdf
https://sites.google.com/a/bc.edu/keerthi/

[KM74]
[LLROS5]

[Lurl7]
[Lurlg]

[Man63]
[Maz73]
[Mil75]

[Mon21]

[Mon24]
[MRO4]

[MR13]
[MR15]

[MR23]
[Tat66]

ZETA FUNCTION OF F-GAUGES AND SPECIAL VALUES 31

N. M. Katz and W. Messing, Some consequences of the Riemann hypothesis for varieties over
finite fields, Invent. Math. 23 (1974), 73-77. MR 332791

Q. Liu, D. Lorenzini, and M. Raynaud, On the Brauer group of a surface, Invent. Math. 159
(2005), no. 3, 673-676, [See corrigendum in: 3858404]. MR 2125738

J. Lurie, Higher Algebra, available at https://www.math.ias.edu/~lurie/papers/HA.pdf, 2017.
, Spectral Algebraic Geometry, available at https://www.math.ias.edu/~1lurie/papers/
SAG-rootfile.pdf, 2018.

Ju.l. Manin, Theory of commutative formal groups over fields of finite characteristic, Uspehi Mat.
Nauk 18 (1963), no. 6(114), 3-90. MR 157972

B. Mazur, Frobenius and the Hodge filtration (estimates), Ann. of Math. (2) 98 (1973), 58-95.
MR 321932

J. S. Milne, On a conjecture of Artin and Tate, Ann. of Math. (2) 102 (1975), no. 3, 517-533.
MR 414558

S. Mondal, Dieudonné theory via cohomology of classifying stacks, Forum of Mathematics, Sigma
9 (2021), no. e21.

, Dieudonné theory via cohomology of classifying stacks II, 2024, arXiv:2405.12967.

J. S. Milne and N. Ramachandran, Integral motives and special values of zeta functions, J. Amer.
Math. Soc. 17 (2004), no. 3, 499-555. MR 2053950

, Motivic complexes and special values of zeta functions, 2013, arXiv:1311.3166.

, The p-cohomology of algebraic varieties and special values of zeta functions, J. Inst. Math.
Jussieu 14 (2015), no. 4, 801-835. MR 3394128

S. Mondal and E. Reinecke, Unipotent homotopy theory of schemes, 2023, arXiv:2302.10703.

J. Tate, On the conjectures of Birch and Swinnerton-Dyer and a geometric analog, Séminaire
Bourbaki, Vol. 9, 1966, pp. Exp. No. 306, 415-440.

(Shubhodip Mondal) UNIVERSITY OF BRITISH COLUMBIA, VANCOUVER BC, CANADA
Email address: smondal@math.ubc.ca


https://www.math.ias.edu/~lurie/papers/HA.pdf
https://www.math.ias.edu/~lurie/papers/SAG-rootfile.pdf
https://www.math.ias.edu/~lurie/papers/SAG-rootfile.pdf

	1. Introduction
	Notations and conventions
	Acknowledgement

	2. Isocrystals and syntomic cohomology
	3. Zeta function of F-gauges
	4. Bockstein complexes
	5. Stable Bockstein characteristic
	6. Special values of zeta functions
	7. Surfaces over finite fields
	References

