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ABSTRACT

We prove that the Hilbert-Kunz function
of the ideal (J,It)R(I), where J is an m-
primary ideal and I is a parameter ideal of
a 1-dimensional local ring (R, m), is a quasi-
polynomial for large values.

For s € N, we compute the Hilbert-Samuel

function of the R-module I'*/ and obtain an
explicit description of the generalized Hilbert-
Kunz function of the ideal (I, It)R(I) when [
is a parameter ideal in a Cohen-Macaulay local
ring of dimension d > 2, proving that the gen-
eralized Hilbert-Kunz function is a piecewise
polynomial in this case.

PRELIMINARIES

Let (R,m) be a d-dimensional Noetherian
local ring of prime characteristic p > 0 and let /
be an m-primary ideal.

e Put ¢ = p°® for some e € N. The ¢'"*-Frobenius
power of I is the ideal 1'% = (27 | z € I).

e The function e — (p(R/IP) is called the
Hilbert-Kunz function of R with respect to I.

o . Monsky proved that

(R(R/TYY = e (I, R)g? + O(¢%),

where egx(I,R) is a positive real number
called the Hilbert-Kunz multiplicity of R with
respect to I. We write egx(R) = egx(m, R)
and BHK(I) L= eHK(I, R)

e The Hilbert-Samuel function of R with re-
spect to [ is defined as Hy(n) := (r(R/I"). Itis
a polynomial function of n of degree d. In par-
ticular, there exists a polynomial P;(z) € Q|x]
such that H;(n) = Pr(n) for all large n.

e The Hilbert-Samuel multiplicity of R with
respect to [ is defined as

(r(R/I™)

e(I,R) := lim nd/d

n—o0

We write e(]) :=e(I, R) and e(R) := e(m, R).
e A quasi-polynomial of degree d is a function
f : Z — C of the form

f(n) = ca(n)n® + ca_1(n)n®=" + - + co(n),

where each c¢;(n) is a periodic function and
cq(n) is not identically zero.

e Define a;(R) := max{u € Z | H},(R), # 0} if
H. (R) # 0, and —oo otherwise.

KNOWN RESULTS

e (P. Monsky) In the case of 1-dimensional
rings, the Hilbert-Kunz function

(r(R/IPY) = ey (I, R)q + 0,

where 0. is a periodic function of e, for large e.

o Let R(I) = ®,>0l"t" denote the Rees algebra
of I.

e (K. Eto - K.-i. Yoshida) Put ¢(d) = (d/2) +
d/(d+ 1)!. Then
e (R(I)) <c(d)-e(l).

Moreover, equality holds if and only if
e (R) =e(l).
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DIMENSION 1

Theorem 1. Let (R, m) be a 1-dimensional Noethe-
rian local ring with prime characteristic p > 0. Let
I, J be m-primary ideals. Then

e ((J,It)R(I)) = e(J).

Theorem 2. Let (R, m) be a 1-dimensional Cohen-
Macaulay local ring with prime characteristic p >
0. Let I be a parameter ideal and J be an m-primary
ideal. Then for g = p°, where e € N is large,

(g ) = e + s

J, It)!

where ay(e) = (r(R/JY) — e(J)q is a periodic
function of e.

Example 3. Let R = E[[X,Y]]/(X°> — Y?),
where k is a field of prime characteristic p =
+2(mod 5). Let m be the maximal ideal of R
and I = (z). Put ¢ = p°, for some e € N. Us-
ing Theorem 2, we get

R(I)

if e is even

if e is odd.

GENERALIZED HK-FUNCTION
(A. Conca) For s € N, let I'*) = (a3, ...,a%)

n

where {a1,a9,...,a,} is a fixed set of genera-
tors of I. The generalized Hilbert-Kunz func-
tion is defined as

R
HKR,[(S) .= KR ([[S]> .

The generalized Hilbert-Kunz multiplicity is
defined as lim HKFg (s)/s%, whenever the
S— OO

limit exists.

Theorem 4. Let R be a Cohen-Macaulay local ring
of dimension d > 2 and let I be a parameter ideal.

Forafixed s € N, L (1) /T1511™) equals
od- Hj(n), ifl1 <n<s,
d—1 L (d |
o Z(—l) * <Z>H[(n — (i —1)s),
=1 fs+1<n<(d—1)s—1,
o Hi(n+s)— s%(I), ifn > (d—1)s.

Theorem 5. Let R be a Cohen-Macaulay local ring
of dimension d > 2. Let I be a parameter ideal of R.
Let s € N. Then

o (U?,z;zg)[ﬂ)

is a polynomial in s, for all s >

> d. More-
over, the generalized Hilbert-Kunz multiplicity

e (L, I)R(I)) = c(d) - e(I).

Example 6. Let R = k|| XY, Z]|/(XY — Z"),
for some positive integer n > 2 and let I be a
parameter ideal of R. Then for s > 2,

R(I) B 4 . 1
{n <(th)[s]> = e([) _§S — §S_ .
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STANLEY-REISNER RINGS

Let S = k|z1,...,x,| beapolynomial ring in
r variables over a field £ and let m be the maxi-
mal homogeneousideal of S. Let P, ..., P,, for

o > 2, be distinct S-ideals generated by subsets
of {x1,...,xz.}. Let I = NP, and R = S/I.

Suppose n = m/I denotes the maximal homo-

geneous ideal of R and dim(R) = d.

Theorem 7. Set 6 = max{|a;(R)|: a;(R) #
—o0}. Then for s > 9,

g ((ﬁ;){s])

1s a polynomial in s of degree d + 1.

EXAMPLES
Example 8. Let A be the simplicial complex

X1 X2 L4

Then R = klx1,x2,23,24]/((x1) N (3,24)) iS
the Stanley-Reisner ring of A, with f-vector
f(A) = (1,4,4,1) and h-vector h(A) =
(1,1,—1,0). For all s > 3,

R 13 13 9 7
4 () = st —sP - 25— —s.
(n, nt)ls

3 12 3 12

Example 9 (Triangulation of real projective
plane). Let A be the triangulation of the real
projective plane. Let R be the corresponding
Stanley-Reisner ring of A. The f-vector of R
is f(A) = (1,6,15,10) and h-vector of R is
h(A) =(1,3,6,0). For s > 1,

b
SR 4#‘»
@) B

390(81‘3> —720(‘9;2) +372<3‘2H) _ 41s.

Example 10. Let A be a complete bipartite
graph K3 4. Let S = k|z1, %2, %3, Y1, Y2, Y3, Ya).

T Y1
.
3 Y4
The edge ideal of K3 4 is the ideal I = (z;y; |
1 <i<31<j<4). Let R= S/I. For all
s > 4,

2( R(n) ):%s5+1—934—i3 T2 9

s° — —s8° — —s — 1.
(n, nt)ls] 24 12 24 20
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