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Conventions

(1) Let A and B be subsets of a set X. The set difference is denoted

A−B :=
{
x ∈ X

∣∣ x ∈ A and x /∈ B
}
.

[AK21, (1.1)]
[Rei95, (1.1)]
[Hoc17, p. 1]
[AM69, pp. 1–2]

(2) All rings R will be assumed to be commutative with an identity element 1,
unless stated otherwise. We will sometimes denote 1 by 1R for clarity.

(3) All ring homomorphisms φ : R→ S will be assumed to respect the identity
element, i.e., φ(1R) = 1S .
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Preface

These are notes for a graduate course on commutative algebra (MA557) taught
at Purdue University in Fall 2024. I taught a previous version of this course as an
undergraduate course at Princeton University in Fall 2020. The official course text
is [Hoc17], although the lectures also draw from [AM69; Rei95; AK21]. The notes
in the margins point to where in these texts one can find the material written down
in these notes. These notes will be continually updated throughout the semester.

I would like to thank Farrah Yhee for innumerable helpful conversations. I
am also grateful to Margherita Barile, Winfried Bruns, Melvin Hochster, Gennady
Lyubeznik, and Peter Schenzel for their thoughts about questions related to Open
Problem 1.8.1.
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CHAPTER 1

Rings and ideals

Commutative algebra is the study of commutative rings and of modules over 8/19

[AM69, p. vii]
commutative rings. The necessity to study these objects arose in two fields:

(1) algebraic geometry, where the fundamental objects are polynomial rings
k[x1, x2, . . . , xn] over a field k; and

(2) algebraic number theory, where the fundamental objects are the integers
Z and rings of algebraic integers.

See, e.g., [BouCA, p. 579ff] and [Cor04] for some history of the subject.

1.1. Rings and fields

We recall the notion of a ring. In this form, this notion is essentially due to
Emmy Noether [Noe1921, p. 29], although she did not assume the existence of an
identity element in Definition 1.1.1(4). The word “ring” is due to Hilbert [Hil1897,
§31]. See [Cor00] for more history.

Definition 1.1.1. A ring R is a set with two binary operations, addition and [AK21, (1.1)]
[Rei95, (1.1)]
[Hoc17, p. 1]
[AM69, p. 1]

multiplication, such that

(1) R is an abelian group with respect to addition, in which case
• R has a zero element 0; and
• every x ∈ R has an (additive) inverse −x.

(2) The multiplication on R satisfies
• associativity: (xy)z = x(yz) for all x, y, z ∈ R; and
• distributivity over addition:

x(y + z) = xy + xz and (y + z)x = yx+ zx

for all x, y, z ∈ R.
Unless otherwise specified, we will assume that R is commutative, i.e.,

(3) xy = yx for all x, y ∈ R,
and that R has an identity element, i.e.,

(4) There exists an element 1 ∈ R (sometimes written 1R for clarity) such that
x1 = 1x = x for all x ∈ R.1

Remark 1.1.2. It can be the case that 1 = 0 in Definition 1.1.1(4). In this case,
R is the zero ring , which we denote by 0, since for every x ∈ R, we have

x = x1 = x0 = 0.

We also recall the following definition due to Weber [Web1893].

1See [Poo19] for reasons why rings should have an identity element. In short the existence of
an identity element follows from a version of the associativity axiom where one of the groupings is
allowed to have zero elements.

1
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Definition 1.1.3 [Web1893, pp. 526–527]. A field k is a ring such that 1 ̸= 0[AK21, (2.3)]
[AM69, pp. 1–2] and such that every nonzero element admits a multiplicative inverse, i.e., for every

nonzero element x ∈ k, there exists an element denoted x−1 such that xx−1 = 1.

Example 1.1.4. Here are some examples of rings.

(1) The integers Z = {. . . ,−2,−1, 0, 1, 2, . . . , }.
(2) The rational numbers Q.
(3) The real numbers R.
(4) The complex numbers C.
(5) The finite field Fq with q elements, where q is a positive prime power.

The last four are all fields. In addition, if R is a ring, then the polynomial ring over
R is the ring

R[x] :=

{
d∑
i=0

rix
i

∣∣∣∣∣ ri ∈ R, d <∞
}
,

where addition is given by∑
i

rix
i +
∑
i

six
i =

∑
i

(ri + si)x
i

and multiplication is given by(∑
i

rix
i

)(∑
j

sjx
j

)
=
∑
n

( ∑
i+j=n

risj

)
xn.

The degree deg(f) of a polynomial f ∈ R[x] is the largest integer i such that ri ̸= 0.

We now define maps between rings.

Definition 1.1.5. Let R and S be rings. A ring map φ : R→ S is a map such[AK21, (1.1)]
[Rei95, (1.1)]
[Hoc17, p. 1]
[AM69, p. 2]

that for every x, y ∈ R, we have

(1) φ(x+ y) = φ(x) + φ(y), i.e., φ is a map of abelian groups, in which case

φ(x− y) = φ(x)− φ(y), φ(−x) = −φ(x), φ(0) = 0.

(2) φ(xy) = φ(x)φ(y).

We will also assume that ring maps respect the identity element, i.e.,

(3) φ(1R) = 1S .

A ring map φ is an isomorphism if it is bijective.
A subset R ⊆ S of a ring S is a subring of S if the inclusion R ⊆ S is a ring

map.

1.2. When do polynomials generate a polynomial ring?[Hoc17, pp. 2–4]

To motivate this course, we give some examples of problems in commutative
algebra, most of which are still open.

We first set some notation. Let R be a ring. If S is another ring, we will write

S = R[θ1, θ2, . . . , θn]

to mean that S is generated by the elements θ1, θ2, . . . , θn as a ring over a subring
R ⊆ S, i.e., the ring S contains R and the elements θ1, θ2, . . . , θn, and there are no
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strictly smaller subrings of S containing R. It also means that every element in S
can be written (not necessarily uniquely) as a finite linear combination∑

ν∈Nn

rν θ
ν1
1 θ

ν2
2 · · · θνnn ,

where rν ∈ R for every ν ∈ Nn.

Our first guiding question is the following:

Question 1.2.1. Consider two complex polynomials f, g ∈ C[x]. Can we tell
whether f and g generate C[x]? In other words, when is C[f, g] = C[x]?

For example, we can consider the polynomials

f = x5 + x3 − x2 + 1 and g = x14 − x7 + x2 + 5.

Then, since neither f nor g contain a term involving x with a nonzero coefficient,
we see that they cannot generate all of C[x]. On the other hand, if we just add the
term x in f and consider

f = x5 + x3 − x2 + x+ 1 and g = x14 − x7 + x2 + 5,(1.2.2)

then suddenly it is not so easy to answer Question 1.2.1. To tackle this sort of
problem, we have the following theorem proved independently by Suzuki [Suz74]
and by Abhyankar and Moh [AM75]:

Theorem 1.2.3 [Suz74, Theorem 5; AM75, Main Theorem 4.2]. Let f, g ∈ C[x]
be complex polynomials of degree d and e, respectively. If C[f, g] = C[x], then either
d | e or e | d, i.e., one of the two degrees must divide the other.

Suzuki’s proof uses complex analysis, while Abhyankar and Moh’s proof uses
what they call “high school algebra,” yielding a version of Theorem 1.2.3 that holds
over arbitrary fields. Since then, various proofs have appeared, including one using
knot theory [Rud82].

The Abhyankar–Moh–Suzuki Theorem 1.2.3 gives an algorithm for deciding
Question 1.2.1. For f and g as in (1.2.2), we see that Theorem 1.2.3 immediately
tells us that C[f, g] ̸= C[x]. On the other hand, if we replace x14 with x15 in (1.2.2)
and consider

(1.2.4) f = x5 + x3 − x2 + x+ 1 and g = x15 − x7 + x2 + 5,

we see that Theorem 1.2.3 does not tell us anything right away. Instead, we can
cancel the leading terms in f and g and consider

g − f3 = −3x13 + 3x12 − 6x11 + 3x10 − 10x9 + 3x8 − 4x7

− 2x6 − 3x5 − 6x4 + 2x3 + x2 − 3x + 4

Note that f and g − f3 generate the same subring in C[x] as f and g do. Moreover,
the sum of the degrees of f and g−f3 is strictly smaller than the sum of the degrees
of f and g:

5 + 13 = 18 < 20 = 5 + 15.

Thus, we have reduced our problem to a “smaller” problem. Continuing in this
manner, we will eventually be in one of three cases:

(1) The Abhyankar–Moh–Suzuki Theorem 1.2.3 applies, in the sense that
neither d | e nor e | d (this is the case for (1.2.4), since 5 ∤ 13 and 13 ∤ 5);

(2) We get a constant and a single polynomial of degree ≥ 2; or
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(3) One of the polynomials has degree 1.

In the first two cases, C[f, g] ̸= C[x], and in the last case, C[f, g] = C[x]. We note
that this argument can actually be used for any pair of polynomials f and g, fully
answering Question 1.2.1.

In two variables, however, the corresponding question is unsolved.

Conjecture 1.2.5 (Keller’s Conjecture or the Jacobian Conjecture [Kel39]).
Consider two complex polynomials f, g ∈ C[x, y]. Then, f and g generate C[x, y] if
and only if the Jacobian determinant

det


∂f

∂x

∂f

∂y
∂g

∂x

∂g

∂y


is identically a nonzero constant.

See [vdE00] for an overview of what is known about the Jacobian Conjec-
ture 1.2.5, where versions in a larger number of variables are also considered. We
note that Conjecture 1.2.5 has a purely algebro-geometric statement in terms of
polynomial endomorphisms of C2.

1.3. Ideals and quotient rings

Before moving on to other open questions, we define ideals and quotient rings.
The following definition is also essentially due to Emmy Noether [Noe1921, p. 30].
See [Edw80] for more history.

Definition 1.3.1. Let R be a ring. A subset I ⊆ R is an ideal if it is an additive[AK21, (1.4)]
[Rei95, (1.2)]
[AM69, p. 2]

subgroup and if for every x ∈ I and y ∈ R, we have xy ∈ I. An ideal is proper if
I ⊊ R, or equivalently if 1 /∈ R.

If {fλ}λ∈Λ is a set of elements in R, then the ideal generated by {fλ}λ∈Λ is the
smallest ideal containing every fλ, which we denote by (fλ)λ∈Λ. This ideal is equal
to the set of finite R-linear combinations of the fλ, i.e.,

(fλ)λ∈Λ =

{∑
λ∈Λ′

rλfλ

∣∣∣∣∣ rλ ∈ R, Λ′ ⊆ Λ finite

}
.

An ideal I ⊆ R is principal if it can be generated by one element.

We define some operations on ideals.

Definition 1.3.2. Let R be a ring, and let I and J be ideals in R. The sum of[AK21, (1.4)]
[AM69, p. 6] I and J is

I + J :=
{
x+ y ∈ R

∣∣ x ∈ I, y ∈ J}.
The intersection of I and J is

I ∩ J :=
{
x ∈ R

∣∣ x ∈ I, x ∈ J}.
The product of I and J is

IJ :=

{∑
i

xiyi

∣∣∣∣ xi ∈ I, yi ∈ J}.
All three sets are ideals.
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Example 1.3.3. We give some examples of operations on ideals. [AM69, p. 6]

(1) In Z, consider the ideals (m) and (n). By prime factorization, we have

(m) + (n) =
(
gcd(m,n)

)
,

(m) ∩ (n) =
(
lcm(m,n)

)
,

(m)(n) = (mn).

(2) In the polynomial ring k[x1, x2, . . . , xn] in n variables over a field k, consider
the ideal I = (x1, x2, . . . , xn). For every integer m > 0, the ideal Im

consists of those polynomials with no terms of degree < m.

These operations are compatible in the following manner:

Lemma 1.3.4. Let R be a ring, and consider three ideals I, J,K ⊆ R. Then, [AK21, (1.4)]
[AM69, p. 6](i) (distributive law) I(J +K) = IJ + IK.

(ii) (modular law) I ∩ (J +K) ⊇ I ∩ J + I ∩K, and equality holds if I ⊇ J or
I ⊇ K.

Proof. We first show the distributive law. For “⊇”, we have J ⊆ J + K and
K ⊆ J +K. Multiplying on both sides by I, we therefore have IJ ⊆ I(J +K) and
IK ⊆ I(J+K). Now J+K is stable under addition, and hence IJ+IK ⊆ I(J+K).
For “⊆”, every element in I(J +K) can be written as∑

i

xi(yi + zi) =
∑
i

xiyi +
∑
i

xizi ∈ IJ + IK,

where xi ∈ I, yi ∈ J , and zi ∈ K.
We now show the modular law. For “⊇”, we have J ⊆ J +K and K ⊆ J +K.

Intersecting both sides with I, we therefore have I ∩ J ⊆ I ∩ (J +K) and I ∩K ⊆
I∩(J+K). Now J+K is stable under addition, and hence I∩J+I∩K ⊆ I∩(J+K).
To prove “⊆”, after switching the roles of J and K, we may assume that I ⊇ J .
Consider an element x ∈ I ∩ (J +K). We can then write x = y+ z, where y ∈ J ⊆ I
and z ∈ K. We then have

x− y = z ∈ I ∩K,
since the left-hand side is in I by the assumption that y ∈ J ⊆ I. Finally, this
implies

x = y + (x− y) ∈ J + I ∩K = I ∩ J + I ∩K. □

Remark 1.3.5. In Z, the equality in the modular law holds even without the [AM69, p. 6]
assumption that I ⊇ J or I ⊇ J . By Example 1.3.3(1), the modular law says that

lcm
(
ℓ, gcd(m,n)

)
= gcd

(
lcm(ℓ,m), lcm(ℓ, n)

)
.

We now consider how ideals interact with ring maps.

Definition 1.3.6. Let φ : R→ S be a ring map. If I ⊆ R is an ideal, then the [AK21, (1.5)]
[AM69, p. 2]ideal IS generated by φ(I) in S is the extension of I to S. If J ⊆ S is an ideal,

then the set φ−1(J) is an ideal in R since if x, y ∈ φ−1(J) and r ∈ R, then
φ(rx+ y) = φ(r)φ(x) + φ(y) ∈ J.

The ideal φ−1(J) is called the contraction of J to R. The kernel of φ is ker(φ) :=
φ−1(0). Note that ker(φ) = 0 if and only if φ is injective.

Now consider an arbitrary ideal I ⊆ R. We can then consider the quotient ring

R/I :=
{
x+ I

∣∣ x ∈ R},
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which is an additive group (the ideal I is an additive subgroup), and admits a ring
structure by setting (x+ I)(y + I) = (xy + I).

Example 1.3.7. To get more comfortable with quotient rings, we want to point
out that it is more useful to think of R/I as another ring R′ that comes with a
surjective ring map R → R′ whose kernel is exactly I. In this way, R/I can be
thought of as the ring obtained from R by “imposing the relations in I.”

(1) If R = Z and I = (n) for a positive integer n, then R/I = Z/(n) is the
ring obtained from Z where we assert that adding 1 to itself n times yields
zero. If n is a prime number p > 0, then this yields the field Fp with p
elements.

(2) If R = k[x, y] is the polynomial ring in two variables over a field k and
I = (x− y), then R/I = k[x, y]/(x− y) is the ring obtained from k[x, y]
where we assert that x− y = 0, or equivalently x = y. Thus, R/I ≃ k[x].

Quotient rings are characterized by the following universal property:8/21

Proposition 1.3.8 (Universal property of quotient rings). Let R be a ring, and[AK21, (1.5)]
consider an ideal I ⊆ R together with the corresponding quotient map π : R→ R/I.
Then, for every ring map φ : R→ S such that φ(I) = 0, there exists a unique ring
map φ̄ : R/I → S making the diagram

R R/I

S

π

φ
φ̄∃!

commute.

Proof. We first note that a map φ̄, if it exists, must be unique since π is surjective.
It therefore remains to show that φ̄ exists. We claim setting φ̄(x + I) = φ(x) is
well-defined. If x′ + I = x+ I in R/I, then x− x′ ∈ I, and hence

φ(x′) = φ(x+ x′ − x) = φ(x) + φ(x− x′) = φ(x).

Thus, φ̄(x+ I) = φ̄(x′ + I), and φ̄ is indeed well-defined. The fact that φ̄ is a ring
map then follows by the definition of φ̄ and the fact that φ is a ring map. □

The power of this universal property comes from the following:

Corollary 1.3.9. The universal property in Proposition 1.3.8 determines[AK21, (1.5)]
π : R→ R/I up to unique isomorphism.

Proof. We first spell out what the statement means. Suppose π′ : R→ R′ is another
ring map that satisfies the universal property in Proposition 1.3.8. The assertion is
that there exists a unique isomorphism ψ : R/I → R′ such that for every ring map
φ : R→ S for which φ(I) = 0, the diagram

R/I

R S

R′

ψ

∼

π

π′

commutes, where the composition R → S is φ. The existence and uniqueness of
ψ comes from the uniqueness of the universal property of R/I (Proposition 1.3.8),
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and hence we need to show that ψ is indeed an isomorphism. We can construct the
commutative diagram

R/I

R R′

R/I

ψ
idR/I

π′

π

π

ψ′

by applying the universal property (Proposition 1.3.8) for R/I and for R′ to the top
and bottom triangles in the diagram, respectively. The composition R/I → R/I is
indeed the identity as shown by another application of the universal property for
R/I (Proposition 1.3.8), and hence ψ′ ◦ ψ = idR/I . Switching the roles of R/I and
R′, we can construct another commutative diagram

R′

R R/I

R′

ψ′

idR′
π

π′

π′

ψ

and hence ψ ◦ ψ′ = idR′ . □

Remark 1.3.10. The way correct way to state this universal property is: π : R→
R/I satisfies π(I) = 0 and is such that for every map φ : R→ S satisfying φ(I) = 0,
there is a unique map φ̄ : R/I → S such that φ = φ̄ ◦ π. Another way to state this
(see [AK21, (1.5)]) is that π : R → R/I is universal among ring maps φ : R → R′

such that IR′ = 0.

Remark 1.3.11. Throughout this course, we will prove that various construc-
tions we make satisfy universal properties, which will determine them up to unique
isomorphism. While the specific universal property will be different each time, the
proof that a universal property uniquely determines the construction up to unique
isomorphism will be formally very similar to that of Corollary 1.3.9.

We will soon apply this universal property, but first we note the following:

Proposition 1.3.12. Let R be a ring, let I be an ideal in R, and let π : R→ [AK21, (1.8)]
[AM69, Prop. 1.1]R/I be the corresponding quotient map. There is a bijective inclusion-preserving

correspondence {
ideals J ⊆ R
containing I

} {
ideals J̄ ⊆ R/I

}
J J/I

π−1(J̄) J̄

1-1

where

J/I =
{
x+ I ∈ R/I

∣∣ x ∈ J} = π(J).

Moreover, we have J/I = J(R/I).
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Proof. We note that π(J) is an ideal in R/I since if x̄, ȳ ∈ π(J) and r̄ ∈ R/I, then
r̄x̄+ ȳ = π(r)π(x) + π(y) = π(rx+ y) ∈ π(J)

where x, y ∈ J and r ∈ R are elements mapping to x, y, and r under π, respectively.
The fact that π(J) = J(R/I) then follows since J(R/I) is the smallest ideal
containing π(J) by definition. The maps in either direction are inclusion-preserving
by definition, and are inverses to each other since I is exactly the kernel of π. □

We then have the following isomorphism theorem:

Theorem 1.3.13. Let R be a ring, and let I be an ideal in R. For every ideal[AK21, (1.5)]
J ⊆ R containing I, the universal property in Proposition 1.3.8 induces a unique
isomorphism R/J ≃ (R/I)/(J/I).

Proof. By Corollary 1.3.9, it suffices to show that (R/I)/(J/I) satisfies the universal
property for R/J . Let φ : R→ S be a ring map such that φ(J) = 0. We want to
show that there is a unique ring map φ̄ making the diagram

R R/I (R/I)/(J/I)

S

φ φ̄

commute. The vertical arrow R/I → S exists and is unique by the universal property
for R → R/I, and maps J/I to 0. The map φ̄ therefore exists by the universal
property for R/I → (R/I)/(R/J), where we use the fact that J/I is an ideal by
Proposition 1.3.12, which maps to 0 in S. □

1.4. Radical, prime, and maximal ideals

Prime ideals are very important for understanding the structure of rings. We
will soon see that deciding whether certain ideals are prime, or equivalently whether
certain rings are domains, is surprisingly difficult.

We start by defining radical ideals.

Definition 1.4.1. Let R be a ring, and let I ⊆ R be an ideal. The radical of I[AK21, (3.20)]
is the ideal √

I :=
{
x ∈ R

∣∣ xn ∈ I for some integer n > 0
}
.

This is an ideal since if xn ∈ I, then (rx)n ∈ I, and if xn, ym ∈ I, then

(x+ y)n+m−1 =
∑

i+j=n+m−1

(
n+m− 1

j

)
xiyj ∈ I

by the pigeon-hole principle: if both i ≤ n−1 and j ≤ m−1, then i+ j ≤ n+m−2.
Note that I ⊆

√
I by setting n = 1 in the definition.

An ideal I ⊆ R is radical if I =
√
I. This is equivalent to saying that if xn ∈ I

for some integer n > 0, then x ∈ I.
Definition 1.4.2. A ring R is reduced if (0) is a radical ideal, or in other words,

if xn = 0 for some integer n > 0 implies x = 0.

Proposition 1.4.3. Let R be a ring. An ideal I ⊆ R is radical if and only if
R/I is reduced.
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Proof. ⇒. Let x̄ ∈ R/I be an element such that x̄n = 0 for some n > 0. Choosing
an element x ∈ R such that x maps to x̄ under the quotient map, we have xn ∈ I.
Now since I is radical, we see that x ∈ I, and hence x̄ = 0.
⇐. Let x ∈ R be such that xn ∈ I for some n > 0. Then, x̄n = xn = 0 in R/I.

Since I is reduced, we see that x̄ = 0 in R/I, and hence x ∈ I. □

We now define prime ideals.

Definition 1.4.4. Let R be a ring. [AK21, (2.2), (2.3)]
[Hoc17, p. 12]
[AM69, p. 3]

(1) A proper ideal I ⊆ R is prime if for every pair of elements x, y ∈ R, if
xy ∈ I, then x ∈ I or y ∈ I.

(2) A multiplicative set W ⊆ R is a set containing 1 that is closed under
multiplication.

(3) We say that R is a domain if R is nonzero and if for every pair of elements
x, y ∈ R, if xy = 0, then either x = 0 or y = 0.

We now review one of the problems from Homework 0.

Proposition 1.4.5. Let R be a ring, and consider an ideal I ⊆ R. Then, the
following are equivalent:

(i) I is a prime ideal.
(ii) R/I is a domain.
(iii) R− I is a multiplicative set.

Proof. (i)⇒ (ii). Since I is a proper ideal, we have R/I ̸= 0. Now suppose x̄ȳ = 0.
Then, xy = 0, and hence xy ∈ I where x and y are elements in R mapping to x and
y, respectively. Since I is prime, we have x ∈ I or y ∈ I, and hence x̄ = 0 or ȳ = 0.

(ii)⇒ (i). Since R/I ≠ 0, we see that I is a proper ideal. Now consider x, y ∈ R
such that xy ∈ I. Then, x̄ȳ = 0 in R/I, and since R/I is a domain, we have x̄ = 0
or ȳ = 0. But this implies x ∈ I or y ∈ I since the kernel of R→ R/I is I.

(i) ⇔ (iii). We have that I is a proper ideal if and only if 1 /∈ R, which
holds if and only if 1 ∈ R− I. Now the equivalence (i)⇔ (iii) follows by the fact
that “x ∈ R − I and y ∈ R − I ⇒ xy ∈ R − I” is the contrapositive of “x ∈ I or
y ∈ I ⇐ xy ∈ I.” □

We then have:

Corollary 1.4.6. Prime ideals are radical.

Proof. By Propositions 1.4.3 and 1.4.5, it suffices to note that domains are reduced.
□

Corollary 1.4.7. Let φ : R→ S be a ring map. For every radical (resp. prime)
ideal I ⊆ S, the contraction φ−1(I) is radical (resp. prime).

In other words, Spec defines a contravariant functor from commutative rings to
sets.

Proof. By definition of the kernel, we have an inclusion R/φ−1(I) ↪→ S/I. Since
S/I is reduced (resp. a domain) by Proposition 1.4.3 (resp. Proposition 1.4.5), we
see that R/φ−1(I) is reduced (resp. a domain), and hence φ−1(I) is radical (resp.
prime) again by Proposition 1.4.3 (resp. Proposition 1.4.5). □
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In Homework 1, you will be showing that the kernel of the map

φ : k[w, x, y, z] −→ k[s, t]

w 7−→ s3

x 7−→ s2t

y 7−→ st2

z 7−→ t3

defining the twisted cubic curve is prime, since k[w, x, y, z]/ ker(φ) is isomorphic to
the image of φ, and is a domain since it is contained in k[s, t]. For more complicated
ideals, however, it becomes very hard to decide whether it is prime. The following
problem is open:

Conjecture 1.4.8 (M. Artin and M. Hochster (1982) [Kad18, Conjecture 1]).
Let k be a field. Consider the polynomial ring k[{xij}1≤i,j≤n, {yij}1≤i,j≤n] in 2n2[Hoc17, pp. 5–6]
variables. Let X be the n× n matrix with entries xij, and similarly for Y . Then,
the ideal

J =
(
the n2 entries of the matrix XY − Y X

)
is prime.

Note that the entries of the matrix XY − Y X are all quadratic. It is known
that it would suffice to show that the ideal J is in fact radical [Ger61, Chapter II,
Theorem 1]. Thompson showed that Conjecture 1.4.8 holds for n ≤ 3 [Tho86].

We give the set of prime ideals a name.8/23

Definition 1.4.9. The spectrum Spec(R) of R is the set of prime ideals in R.

We now define a smaller class of ideals.

Definition 1.4.10. Let R be a ring. A proper ideal I ⊆ R is maximal if for[AK21, (2.12)]
[Hoc17, p. 12] every proper ideal J ⊇ I, we have J = I. The maximal spectrum MaxSpec(R) of R

is the set of maximal ideals in R.

Recall that a field is a ring such that 1 ̸= 0 and such that every nonzero element
has a multiplicative inverse. We have the following fact about fields:

Proposition 1.4.11. Let R be a ring. Then, k is a field if and only if (0) is a[AK21, (2.14)]
maximal ideal.

Proof. Suppose I ⊋ (0), in which case I contains a nonzero element x. Since k is a
field, there exists an element x−1 ∈ k such that x−1x = 1. But by the assumption
that I is an ideal, we see that 1 ∈ I, and hence I = k.

Conversely, suppose (0) is a maximal ideal. Let x ∈ k be a nonzero element.
Then, (x) ⊋ (0), and hence R = (x), and hence 1 ∈ (x). By the definition of the
ideal generated by an element, this implies there exists an element x−1 ∈ R such
that x−1x = 1. □

We then have:

Corollary 1.4.12. Let R be a ring, and let I be an ideal. Then, I is maximal[AK21, (2.16)]
if and only if R/I is a field.

Proof. We see that I is maximal in R if and only if the zero ideal in (0) is maximal in
R/I by Proposition 1.3.12. The statement then follows from Proposition 1.4.11. □
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Since all fields are domains, combining Proposition 1.4.5 and Corollary 1.4.12
yields:

Corollary 1.4.13. Every maximal ideal is prime, i.e., MaxSpec(R) ⊆ Spec(R).

On the other hand, the contraction of a maximal ideal is not maximal: consider
the inclusion Z ⊆ Q.

Example 1.4.14. Here are some examples.

(1) The prime ideals of Z are (0) and (p) for primes p > 0. Of these, all but
(0) are maximal.

(2) The prime ideals of k[x] are (0) and the principal ideals generated by prime
(equivalently, irreducible since k[x] is a UFD) elements in k[x]. Of these,
all but (0) are maximal. If k is algebraically closed, these ideals are of the
form (x− a) for a ∈ k.

1.5. Zorn’s lemma and applications to prime ideals

We said earlier that we want to study rings by studying prime ideals inside of
them. This doesn’t make sense unless we actually have prime ideals to work with,
and so we will spend some time proving this.

Definition 1.5.1. Let S be a partially ordered set, i.e., there is a relation ≤ [Rei95, (1.7)]
on S that is reflexive (x ≤ x for every x) and transitive (x ≤ y and y ≤ z implies
x ≤ z), and is such that if x ≤ y and y ≤ x, then x = y. A subset T ⊆ S is a chain
if either x ≤ y or y ≤ x for every pair of elements x, y ∈ T . Given a subset T ⊆ S,
an upper bound for T is an element u ∈ S such that t ≤ u for every t ∈ T .

The main ingredient is the following result, which is usually known as Zorn’s
lemma, but was shown by Kuratowski thirteen years earlier.

Lemma 1.5.2 [Kur1922; Zor35]. Let S be a nonempty partially ordered set. If [Rei95, (1.7)]
every chain in S has an upper bound in S, then S has at least one maximal element.

Remark 1.5.3. We will not prove Lemma 1.5.2. The assertion “every ring
has a maximal ideal” is equivalent to the axiom of choice assuming the axioms of
Zermelo–Frankel set theory.

We use Lemma 1.5.2 to show:

Theorem 1.5.4. Let I ⊆ R be a proper ideal. Then, I is contained in a maximal [AK21, (2.28)]
[Rei95, (1.8)]ideal in R.

Proof. We apply Zorn’s lemma (Lemma 1.5.2) to the partially ordered set of proper
ideals containing I, with the partial order given by inclusion. To do so, we have
to show that every chain of proper ideals containing I has an upper bound for the
chain. If {Jλ}λ∈Λ is a chain of proper ideals containing I, then we claim that

J =
⋃
λ∈Λ

Jλ

is a proper ideal containing I. The fact that J contains I holds since every Jλ
contains I. Now if x, y ∈ J , then x, y ∈ Jλ for some λ ∈ Λ, and hence rx+y ∈ Jλ ⊆ J
for every r ∈ R. Lastly, 1 /∈ J since it is not contained in any of the Jλ. □

We can strengthen Theorem 1.5.4 in the following way:



12

Proposition 1.5.5. Let R be a ring, let W ⊆ R be a multiplicative set, and [AK21, (3.10)]
[Rei95, (1.9)]let I ⊆ R be an ideal disjoint from W . Then, there exists a prime ideal P ⊆ R

containing I and disjoint from W .

Proof. Suppose P ⊇ I is an ideal maximal subject to the condition P ∩W = ∅. We
claim that P is prime. We show this by showing that R− P is multiplicative; note
that 1 ∈ R−P automatically since 1 ∈W , and hence it remains to show that R−P
is closed under multiplication. If x, y ∈ R−P , then P + (x) and P + (y) are strictly
larger than P , and hence intersect W . We therefore see that there exist p, q ∈ P
such that p+ rx ∈W and q + sy ∈W for some r, s ∈ R. Since W is multiplicative,

(p+ rx)(q + sy) = pq + psy + qrx+ rsxy ∈W.
But pq + psy + qrx ∈ P , and hence we must have xy ∈ R− P .

It therefore remains to show that such an ideal P exists. Let S be the set of
ideals containing I and disjoint from W . Given a chain of ideals {Jλ} in S, set
J =

⋃
Jλ. This is an upper bound for this chain. □

This has the following corollary:

Corollary 1.5.6. Let R be a ring. Then, we have[Rei95, (1.10)] √
(0) =

⋂
P⊊R prime

P.

Proof. We first show the inclusion ⊆. Recall that prime ideals are radical (Corol-
lary 1.4.6). Since 0 ∈ P , if fn = 0, we also have f ∈ P , showing ⊆.

For the inclusion ⊇, we prove the contrapositive. Suppose f /∈
√
(0). There

then exists a prime P disjoint from W = {1, f, . . . , fn, . . .} by Proposition 1.5.5.
We therefore have f /∈ P , and hence f /∈ ⋂P∈Spec(R) P . □

We can now show:

Theorem 1.5.7 (“Scheinnullstellensatz”). Let R be a ring. For every ideal I,[AK21, (3.27)]
[Rei95, (1.12)] we have √

I =
⋂

P⊊R prime
P contains I

P =
⋂

P⊊R prime
P minimal over I

P

Proof. The second equality follows from Zorn’s lemma, since every prime ideal
containing I contains a minimal prime over I by Zorn’s lemma (see [AK21, (3.12)]):
if there is a chain of ideals containing I ordered with respect to (reverse) inclusion,
then the intersection of these ideals is prime and is an upper bound for this
chain. The first equality follows from Corollary 1.5.6, and the fact that under
the correspondence of Proposition 1.3.12, prime ideals correspond to prime ideals
(quotienting on either side gives the same result). Alternatively, one could prove
this directly using Proposition 1.5.5. □

We then have the following:

Corollary 1.5.8. Let R be a ring. Then, R is reduced if and only if the ring
map

R −→
∏
P⊊R

P minimal prime

R/P

mapping r to the element in the product whose P -th coordinate is the image of r in
R/P is an injective map.
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Proof. By the Scheinnullstellensatz (Theorem 1.5.7), the kernel of this map is√
(0). □

1.6. Spectra as topological spaces

Last time, we saw the definition of the spectrum of a ring, and proved that it is
nonempty if and only if the ring is nonzero. We will now study its structure in a bit
more depth.

The first goal will be to show that Spec(R) has the structure of a topological
space. We recall the definition of a topological space here:

Definition 1.6.1. Let X be a set. A topology on X is a collection F of subsets [Mun00, p. 76]
of X called closed sets satisfying the following properties:

(1) ∅, X ∈ F ;
(2) F is closed under arbitrary intersections; and
(3) F is closed under finite unions.

A set X for which a toplogy F has been specified is called a topological space. A
subset U ⊆ X is an open set if its complement is closed.

Given a subset A ⊆ X, the closure of A in X is the smallest closed subset
A ⊆ X containing A.

We now define a topology on Spec(R).

Definition 1.6.2. Let R be a ring. The Zariski topology on Spec(R) is defined [AK21, (13.1)]
by saying the closed sets are

V (I) :=
{
P ∈ Spec(R)

∣∣ I ⊆ P},
where I runs over all ideals I ⊆ R. To check this defines a topology, we need to
show that the V (I) satisfy the axioms above:

(1) V (0) = Spec(R) and V (1) = ∅.
(2) Let {Iλ}λ∈Λ be a collection of ideals. Then, an ideal contains every Iλ if

and only if it contains
∑
λ∈Λ Iλ since ideals are closed under addition, and

hence ⋂
λ∈Λ

V (Iλ) = V

(∑
λ∈Λ

Iλ

)
.

(3) Let I and J be ideals, and let P be an ideal. Then, the following are [AK21, (2.2)]
equivalent:
(i) I ⊆ P or J ⊆ P ;
(ii) I ∩ J ⊆ P ;
(iii) IJ ⊆ P .
and hence

V (I) ∪ V (J) = V (I ∩ J) = V (IJ).

To see that these three conditions are equivalent, we first note (i)⇒ (ii)
follows from the fact that I ∩J is contained in whichever ideal is contained
in P . Then, (ii) ⇒ (iii) follows from the fact that IJ ⊆ I ∩ J . Finally,
we show (iii)⇒ (i) by contrapositive. Suppose I ̸⊆ P and J ̸⊆ P . Then,
there exist x ∈ I − P and y ∈ J − P such that xy ∈ IJ − P .



14

Finally, open sets of the form

D(f) := Spec(R)− V (f)

for elements f ∈ R are called principal open sets.

Let us prove one fact about these closed sets.

Proposition 1.6.3. Let R be a ring. Then, V (I) = V (J) if and only if√
I =
√
J .

In other words, the topology of Spec(R) only detects ideals up to radical.

Proof. This follows from the Scheinnullstellensatz (Theorem 1.5.7). □

We can now think about our examples from before.

Example 1.6.4.

(1) Let R = Z. Then, every ideal (p) ⊆ R for a prime p > 0 is maximal. Thus,
V (p) = {(p)}, and hence the points (p) are closed. The point (0) is special:
the closure of (0) is all of Spec(Z)! This is a point we call the generic
point.

(2) Let R = C[x]. Since every ideal in R is principal, i.e., generated by one
element, we can write every prime ideal as P = (f), where f ∈ C[x] is
prime. As before, we can have f = 0 in which case P = (0) is the generic
point of Spec(R). If f ≠ 0, then we can write f as a product of linear
polynomials, since C is algebraically closed. The primeness of P = (f)
then forces f = x− a for some a ∈ C.

(3) Let R = R[x]. We claimed last time that the irreducible polynomials in
R[x] are linear of the form x− a, or quadratic and irreducible. To see this,
it suffices to show that arbitrary f ∈ R[x] can be written as a product of
linear and quadratic polynomials. We first factor out all the roots of f
over C to write f as a product of linear polynomials x− a for a ∈ C. The
linear factors therefore can be grouped into conjugate pairs, and hence the
polynomials

(x− a)(x− ā) = x2 − 2Re(a) + |a|2

are quadratic factors of f . We therefore see that Spec(R) has a generic
point, and a bunch of closed points in bijection with the upper half plane
H := {a ∈ C | Im(a) ≥ 0}.

We now consider a harder example, which requires some more knowledge from
abstract algebra.

Theorem 1.6.5. Let R be a PID (principal ideal domain), and consider the[AK21, (2.26)]
[Rei95, (1.5)] polynomial ring R[x] in one variable over R. Let P ⊆ R[x] be a prime ideal.

(i) P = (0), or P = (f) with f prime, or P is maximal.
(ii) If P is maximal, then either P = (f) with f prime, or P = (p, g) for p ∈ R

prime and g ∈ R[x] such that its image in (R/(p))[x] is prime.

See Figure 1.1 for pictures.

Proof. Suppose P ≠ (0) and P is not principal. Then, there exist two polynomials
f1, f2 ∈ P with no common factor. After possibly replacing f1 and f2 by prime
factors (which lie in P by the assumption that P is prime), we may assume that
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Figure 1.1. Spec(k[X,Y ]) and Spec(Z[Y ]). From [Rei95, p. 24].

f1 and f2 are prime. Set K to be the fraction field of R, i.e., the field obtained
from R by adjoining an inverse for every nonzero element in R. Gauss’s lemma
implies that f1 and f2 are relatively prime in K[x]. Since K[x] is a PID, there exist
h1, h2 ∈ K[x] such that h1f1 + h2f2 = 1. Clearing denominators gives P ∩R ̸= 0.
Since R is a PID, we have P ∩R = (p) for a prime element p ∈ R.

Now set k := R/(p), which is a field. Set Q = P (R[x]/(p)) ⊆ (R[x])/(p) ≃ k[x],
where this isomorphism holds by the universal property of quotient rings [AK21,
(1.6)]. The fact about quotient rings from last time shows that k[x]/Q = R[x]/P .
Now since P is prime, these rings are domains, and hence we have Q = ⟨g′⟩, where
g′ ∈ k[x] is prime. Moreover, k[x]/Q is a field since Q is in fact a maximal ideal by
the fact that k[x] is a PID. Now choosing g ∈ R[x] mapping to g′ under the quotient
map R[x]→ k[x], we are done. □
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1.7. Product rings and their spectra

We now recall the example from Homework 0.8/26

Proposition 1.7.1. Let R and S be rings. Then, the prime (resp. maximal)[AK21, (2.11)]
ideals of R are of the form I ×S or R× J , where I ⊆ R and J ⊆ S are prime (resp.
maximal) ideals.

We will need:

Lemma 1.7.2. The ideals in R × S are of the form I × J , where I ⊆ R and[AK21, (1.15)]
J ⊆ S are ideals. Moreover, (R× S)/(I × J) ≃ (R/I)× (S/J).

Proof. Note that every set I × J of this form is an ideal, since multiplication is
computed component-wise. Now if K ⊆ R× S is an arbitrary ideal, set

I :=
{
x ∈ R

∣∣ (x, 0) ∈ K} and J :=
{
y ∈ S

∣∣ (0, y) ∈ K}.
Both I and J are ideals, again since multiplication is computed component-wise.
By definition, we have K ⊇ I × 0 + 0× J = I × J . Conversely, if (x, y) ∈ K, then
x = (1, 0) · (x, y) ∈ K and y = (0, 1) · (x, y) ∈ K, and hence (x, y) ∈ I × J . The
“moreover” statement follows by definition of quotient rings. □

We can now prove Proposition 1.7.1.

Proof of Proposition 1.7.1. Ideals of this form are prime (resp. maximal) by the
description of the quotient ring in Lemma 1.7.2 and then by Proposition 1.4.5
and Corollary 1.4.12. It remains to show that every prime (resp. maximal) ideal
must be of this form. By Lemma 1.7.2, the ideals in R× S are of the form I × J .
Since I × J is prime (resp. maximal), we see that R/I × S/J is a domain (resp.
field). We see that either I = R or J = S, for otherwise (1, 0) · (0, 1) = 0. Applying
Proposition 1.4.5 and Corollary 1.4.12 again, we see that I × J must be of the form
desired. □

Proposition 1.7.1 enables us to show what spectra of products of rings look like.

Proposition 1.7.3. Let R be a ring. Then, X = Spec(R) can be written as a[AK21, (13.3)]
disjoint union of two open subsets if and only if R ≃ R1 ×R2.

The condition that Spec(R) can be written as a disjoint union of two open
subsets is the same as saying Spec(R) is not connected.

Proof. For ⇐, it suffices to note that

Spec(R1 ×R2) = V
(
(1, 0)

)
⨿ V

(
(0, 1)

)
by Proposition 1.7.1. Both of these sets are complements of closed sets, hence also
open. We now show ⇒. Suppose X = U1 ⨿ U2. Then, U1 and U2 are also closed,
and hence U1 = V (I1) and U2 = V (I2). We have

V (0) = X = U1 ∪ U2 = V (I1 · I2),
which implies I1I2 ⊆

√
(0). Similarly,

V (R) = ∅ = U1 ∩ U2 = V (I1 + I2),

which implies
√
I1 + I2 = R by Proposition 1.6.3. But 1 ∈ √I1 + I2 implies that

1 ∈ I1 + I2, since 1n = 1 for every integer n > 0, and hence we can find elements
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x1 ∈ I1 and x2 ∈ I2 such that x1 + x2 = 1. Now choose d such that (x1x2)
d = 0,

which exists since I1I2 ⊆
√
⟨0⟩. We can expand (x1 + x2)

2d−1 to write

1 = (x1 + x2)
2d−1

= x2d−1
1 +

(
2d− 1

1

)
x2d−2
1 x2 + · · ·+

(
2d− 1

d

)
xd1x

d−1
2︸ ︷︷ ︸

e1

+

(
2d− 1

d− 1

)
xd−1
1 xd2 +

(
2d− 1

d− 2

)
xd−2
1 xd+1

2 + · · ·+ x2d−1
2︸ ︷︷ ︸

e2

We then have e1e2 = 0 since every term in the is divisible by (x1x2)
d, and we have

e2i = 0 for i ∈ {1, 2} since e21 = e1(1− e2) = e1 and similarly for i = 2. This gives a
pair of complementary idempotents as defined in [AK21, (1.10)]. Here, idempotent
means that e2i = ei for i ∈ {1, 2}, and complementary means that e1e2 = 0. Now
consider the map

φ : R −→ (e1)× (e2)

r 7−→ (re1, re2)

This is a ring map, since it is additive by the ring axioms, and is multiplicative since

φ(rs) = (rse1, rse2) = (rse21, rse
2
2) = (re1, re2) (se1, se2) = φ(r)φ(s).

Finally, φ is surjective since (re1, se2) = φ(re1 + se2), and is injective since if
re1 = re2 = 0, then r = r(e1 + e2) = re1 + re2 = 0. □

1.8. Hartshorne’s conjecture

Before we move on, I want to discuss one aspect about the twisted cubic curve
from Homework 1. In that problem, I asked you to prove that an ideal is prime
and to find two elements generating that prime ideal up to radical. You may be
wondering if there is a systematic way of doing this. While there is a systematic
way of proving that ideals in polynomial rings are prime using Gröbner bases (this
can even be verified by computer), there is no systematic way of finding generators
of an ideal up to radical! This is exemplified by:

Open Problem 1.8.1 [Har70, Exercise III.5.16]. Let k be a field of characteristic
zero (i.e., containing the rational numbers Q), and consider the ring homomorphism

φ : k[x, y, z, w] −→ k[s, t]

w 7−→ s4

x 7−→ s3t

y 7−→ st3

z 7−→ t4

and set I = ker(φ). Can I be generated by two elements up to radical?

Hartshorne in [Har70] asked this question for homogeneous equations, although
as far as we are aware this version of his question is also open (cf. [Lyu89, Problem
0.1]). It is a special case of what is sometimes called Hartshorne’s conjecture, which
is an exercise in Harthorne’s algebraic geometry textbook; see [Har77, Chapter I,
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Exercise 2.17(d)]. Hartshorne showed that Open Problem 1.8.1 has an affirmative
answer when k is of positive characteristic [Har79, Theorem].



CHAPTER 2

Modules

An important part of commutative algebra is the study of modules. These are
the analogues of vector spaces over fields.

2.1. Categories

Before we start discussing modules and various constructions we will perform on
modules, we now take the time to introduce terminology from category theory. These
will give us a convenient language to talk about modules and various operations we
will perform on them.

Definition 2.1.1. A category C consists of the following data: [AK21, (6.1)]
[Hoc17, p. 8](1) A class of objects.

(2) For every pair of objects A and B in C, a set HomC(A,B) of maps or
morphisms, such that HomC(A,B) and HomC(A

′, B′) are disjoint unless
A = A′ and B = B′. We write f : A→ B to mean that f ∈ HomC(A,B).

(3) For every triple of objects A, B, and C in C, a composition law

HomC(A,B)×HomC(B,C) HomC(A,C)

(f, g) g ◦ f
satisfying the following axioms:
(a) For every object B, there is a distinguished identity morphism

idB : B → B such that for every morphism f : A → B, we have
idA ◦ f = f , and for every morphism g : B → C, we have g ◦ idB = g.

(b) Composition is associative: if f : A→ B, g : B → C, and g : C → D,
then h ◦ (g ◦ f) = (h ◦ g) ◦ f .

We say that f : A → B is a isomorphism with inverse g : B → A if g ◦ f = idA
and f ◦ g = idB . If such an inverse exists, it is unique, and is also an isomorphism
g : B → A. If there is an isomorphism between a pair of objects A and B, we say
that A and B are isomorphic.

Given a category C, we can construct the opposite category Cop. It has the same [Hoc17, p. 11]
objects as C, and the morphisms are given by HomCop(A,B) = HomC(B,A). If
f ∈ HomCop(A,B) and g ∈ HomCop(B,C), then composition is given by g ◦Cop f =
f ◦C g.

Example 2.1.2. We give some examples of categories we have already seen in [Hoc17, pp. 9–10]
this course.

(1) The category Sets of sets, with functions as morphisms.
(2) The category Rings of (commutative unital) rings, with ring maps as

morphisms.
(3) The category Grp of groups, with group homomorphisms as morphisms.
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(4) The category Ab of abelian groups, with group homomorphisms as mor-
phisms.

(5) The category Top of topological spaces, with continuous maps (i.e., maps
such that the inverse image of every closed set is closed) as morphisms.

So far, objects have underlying sets, morphisms are given by certain functions on
those sets, and composition coincides with composition of functions. The following
examples are not of this form:

(6) Let (P,≤) be a partially ordered set. We can consider the category of all
elements x ∈ P where Hom(x, y) is a set consisting of one element if x ≤ y,
and is empty otherwise. In this category, isomorphic objects are equal.

(7) A category with one object in which every morphism is an isomorphism.
This is essentially the same data as a group, where the morphisms of the
object correspond to the elements of the group.

The utility of categories is really in relationships between them, given by
functors.

Definition 2.1.3. Given two categories C and D, a (covariant) functor F : C →
D is a rule that assigns to each object A of C an object F (A) of D, and assigns to
each morphism f : A→ B in C a morphism F (f) : F (A)→ F (B) in D, such that

(1) For all objects A in C, we have F (idA) = idF (A).[AK21, (6.2)]
[Hoc17, p. 11] (2) For all morphisms f : A → B and g : B → C in C, we have F (g ◦ f) =

F (g) ◦ F (f).
Note that a functor preserves isomorphisms.

A contravariant functor from C to D is a covariant functor Cop → D.

Example 2.1.4. Here are some examples of functors.[Hoc17, pp. 11–12]

(1) Given any category C, there is an identity functor idC : C → C that sends
objects A to A itself and morphisms f to f itself.

(2) There is an Abelianization functor Grp → Ab sending a group G to
G/[G,G], where

[G,G] :=
{
ghg−1h−1

∣∣ g, h ∈ G}
is the commutator subgroup.

(3) The composition of two functors is a functor. If both are covariant or both
are contravariant, then the composition is covariant. If one is covariant
and the other is contravariant, then the composition is contravariant.

(4) Given a category C whose objects have underlying sets and where compo-
sition coincides with composition of functions, there is a forgetful functor
Forget : C → Sets sending objects to their underlying sets, and morphisms
to their underlying functions.

(5) A category C is a full subcategory of another category D if the objects of
C form a subclass of objects in D, and if HomC(A,B) = HomD(A,B) for
every pair of objects A and B in C. For example, finite sets form a full
subcategory of Sets, Ab is a full subcategory of Grp.

(6) The spectrum Spec(R) defines a contravariant functor

Spec: Ringsop −→ Top.
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This is because if φ : R→ S, then we have a map

Spec(φ) : Spec(S) −→ Spec(R)

by Corollary 1.4.7. This map is continuous since if V (I) ⊆ Spec(R) is a
closed subset, then (Spec(φ))−1(V (I)) = V (φ(I)S).

(7) Here is a non-example: Mimicking the definition of Spec(φ) for the maxi-
mal spectrum MaxSpec does not define a functor Ringsop → Top (where
MaxSpec(R) is given the subspace topology), or even to Sets, since the
inverse image of a maximal ideal is not always maximal. One example
of this is Z → Q, where the maximal ideal (0) ⊆ Q has inverse image
(0) ⊆ Z, which is not maximal. The same thing occurs for k[x]→ k(x).

We also define natural transformations and isomorphisms of functors.

Definition 2.1.5. Let F,G : C → D be two functors. A natural transformation [Hoc17, pp. 13–15]
T : F ⇒ G assigns to every object X in C a morphism TX : F (X) → G(X) such
that for all morphisms f : X → Y in C, there is a commutative diagram

F (X) F (Y )

G(X) G(Y ).

F (f)

TX TY

G(f)

Natural transformations S : F ⇒ G and T : G⇒ H can be composed to form the
natural transformation T ⋆ S : F ⇒ H given by the rule

(T ⋆ S)X := TX ◦ SX .

There is an identity natural transformation idF from F : C → D to itself. Two
functors F,G : C → D are isomorphic if there are natural transformations

T : F =⇒ G and T ′ : G =⇒ F

such that T ′ ⋆ T = idF and T ⋆ T ′ = idG. In fact, T is an isomorphism if and only
if the morphisms TX are isomorphisms for all objects X, in which case

(T−1
X ) = (TX)−1.

Here is an example.

Example 2.1.6. Let V be a vector space over a field k and write [Hoc17, p. 14]

V ∗ := Homk(V, k).

Then, (−)∗ is a contravariant functor from k-vector spaces Vectk to Vectk. Compos-
ing (−)∗ with itself, we get the covariant functor

(−)∗∗ : Vectk −→ Vectk.

There is a natural transformation T : idVectk ⇒ (−)∗∗ defined by

TV : V −→ V ∗∗

v 7−→
(
g 7−→ g(v)

)
.
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To check this defines a natural transformation, we need to check that for every
k-linear map f : V →W , the diagram

V W

V ∗∗ W ∗∗

f

TV TW

f∗∗

commutes (this follows from the definition). The map V → V ∗∗ is always injective,
but may not be an isomorphism. It is an isomorphism for example when V is
finite-dimensional.

Using isomorphisms of functors, we can define equivalences of categories.

Definition 2.1.7. Two categories C and D are equivalent if there exist functors[Hoc17, p. 15]
F : C → D and G : D → C such that G ◦ F is isomorphic to the identity functor on
C and F ◦G is isomorphic to the identity functor on D. Two categories C and D
are antiequivalent if Cop is equivalent to D.

Another useful notion is that of a representable functor.

Definition 2.1.8. Fix an object Z in a category C. Consider the covariant[Hoc17, pp. 15–16]
functor

hZ : C −→ Sets

X 7−→ HomC(Z,X)

f 7−→ f ◦ (−).
A covariant functor G : C → Sets is representable in the category C if it is isomorphic
to hZ for some object Z in C, in which case we say that Z represents G. Similarly,
we can consider the contravariant functor

hZ : Cop −→ Sets

X 7−→ HomC(X,Z)

f 7−→ (−) ◦ f
and say that a contravariant functor is representable in the category C if it is
isomorphic with hZ for some object Z in C.

Examples 2.1.9. Representable functors appear very often in commutative[Hoc17, pp. 16–17]
algebra and in many other fields.

(a) For a fixed group G, consider the functor

F : Ab −→ Sets

A 7−→ HomGrp(G,A).

Then, F is representable by the Abelianization G/[G,G] since every map
G → A factors uniquely through G/[G,G], giving a bijection between
F (A) and HomGrp(G/[G,G], A). We therefore obtain an isomorphism
F ∼= hG/[G,G].

(b) Let R be a ring and let I be an ideal. Consider the functor

F : Rings −→ Sets

S 7−→
{
f : R→ S

∣∣ f(I) = 0
}
.
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Every map on the right-hand side factors uniquely as R→→ R/I → S, and
hence F is representable by R/I.

(c) (Products) Let C be a category. Let X and Y be two objects in C. An
object Z in C together with morphisms πX : Z → X and πY : Z → Y is a
product for X and Y in C if, for all objects W in C, the function

HomC(W,Z) −→ HomC(W,X)×HomC(W,Y )

f 7−→ (πX ◦ f, πY ◦ f)
is a bijection, that is, the functor sendingW to HomC(W,X)×HomC(W,Y )
is representable in C. The maps πX and πY are called the projection maps.
By the defining property above, given another product Z ′ for X and Y
with projection maps π′

X and π′
Y , there are mutually inverse isomorphisms

γ : Z → Z ′ and δ : Z ′ → Z compatible with the projection maps. The
fact that the compositions γ ◦ δ and δ ◦ γ are the identity follow from the
defining property of the product.

The product of two objects in Cop is called their coproduct in C.

Note that products do not always exist. For sets, rings, groups, Abelian groups,
R-modules, and topological spaces, products do exist and coincide with the usual
Cartesian product. However, for other categories this is not the case. For the
category associated with a partially ordered set, the product of two elements x and
y is the greatest lower bound of x and y, if it exists.

We will return to more notions from category theory every so often as they are
needed.

2.2. Definitions of modules

We now define modules. These should be thought of as “Abelian groups with 8/28
R-actions for rings R.”

Definition 2.2.1. Let R be a ring. An R-module is an Abelian group M [AK21, (4.1)]
written additively, together with an R-action R ×M → M , written (r,m) 7→ rm,
satisfying the following properties:

(1) (distributivity) r(m+ n) = rm+ rn and (r + s)m = rm+ sm.
(2) (associativity) r(sm) = (rs)m.
(3) (unitariness) 1 ·m = m.

One can show that r · 0 = 0 and 0 ·m = 0 for every r ∈ R and m ∈M , respectively.
A map of R-modules M and N is a map φ : M → N of Abelian groups, such

that φ(r ·m) = r ·φ(m) for every r ∈ R and m ∈M . These form a set HomR(M,N),
and the class of R-modules with R-module maps forms a category ModR.

The set HomR(M,N) is in fact an R-module, where φ+ ψ and r · φ for r ∈ R
are defined by

(φ+ ψ)(m) = φ(m) + ψ(m) and (r · φ)(m) = r ·
(
φ(m)

)
.

If φ : M → N is a map of R-modules, the kernel and image of φ are

ker(φ) := φ−1(0) ⊆M and im(φ) := φ(M) ⊆ N,
respectively. These subsets of M and N naturally have the structure of R-modules.
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Example 2.2.2. Z-modules are the same as abelian groups, and maps of Z-
modules are the same as maps of abelian groups. Thus, ModZ and Ab are the same
category.

Definition 2.2.3. Let R be a ring. A submodule of an R-module M is an[AK21, (4.1)]
abelian subgroup N ⊆ M that is closed under multiplication by R, i.e., for every
r ∈ R and n ∈ N , we have rn ∈ N .

If I ⊆ R is an ideal, then the submodule IM of M is the submodule of M
containing all products im with i ∈ I and m ∈M .

Example 2.2.4. If R is a ring, the submodules of R are exactly the ideals in R.

Definition 2.2.5. Let R be a ring, and let M be an R-module. Given a[AK21, (4.10)]
[Hoc17, p. 22] collection of elements {mλ} ⊆ M , the submodule they generate is the smallest

submodule of M containing the elements mλ. A module is finitely generated if there
is a finite set of generators.

An R-module F is free if there exists a set of elements B ⊆ F called a free basis
of F that generate M , and such that every element of F can be written uniquely as
an R-linear combination of elements in B.

The uniqueness here is very important: it says that if b1, b2, . . . , bn are distinct
elements of B and

r1b1 + r2b2 + · · ·+ rnbn = 0

for some elements ri ∈ R, then necessarily ri = 0 for every i. This is the same
condition as linear independence in linear algebra.

Example 2.2.6. If R is a field k, then a module over R is just a k-vector space,
and every such module is free, since it has a free basis by Zorn’s lemma.

For more general rings, not all modules are free. For example, quotients Z/⟨n⟩
are not free over Z for n ̸= 0, since n · 1 = 0 in Z/⟨n⟩, even though n ̸= 0 in Z.

Definition 2.2.7. Let R be a ring. Given a collection of R-modules {Mλ}λ∈Λ,
the direct product of the Mλ is∏

λ∈Λ

Mλ :=
{
(mλ)λ∈Λ

∣∣mλ ∈Mλ

}
,

where the R-module structure is given componentwise. The direct sum of the Mλ is
the sumboddule⊕

λ∈Λ

Mλ :=
{
(mλ)λ∈Λ

∣∣mλ = 0 for all but finitely many λ ∈ Λ
}
⊆
∏
λ∈Λ

Mλ.

This inclusion is an equality if Λ is finite.
The direct product comes with projection maps πκ :

∏
λ∈ΛMλ →Mκ onto the

factor Mκ satisfying the following universal property: Given maps φκ : L → Mκ,
there is a unique map φ : L→∏

λ∈ΛMλ making the diagram

(2.2.8)

L
∏
λ∈Λ

Mλ

Mκ

φ

φκ πκ
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commute. In other words, there is a bijection of sets

HomR

(
L,
∏
λ∈Λ

Mλ

)
∼−→
∏
λ∈Λ

HomR(L,Mλ),

which is an isomorphism of modules. Similarly, the direct sum comes with injections
ικ : Mκ →

⊕
λ∈ΛMλ satisfying the following universal property: Given maps

φκ : Mκ → N , there is a unique map φ :
⊕

λ∈ΛMλ → N making the diagram

(2.2.9)

Mκ

⊕
λ∈Λ

Mλ N

ικ φκ

φ

commute. In other words, there is a bijection of sets

HomR

(⊕
λ∈Λ

Mλ, N
)

∼−→
∏
λ∈Λ

HomR(Mλ, N),

which is an isomorphism of modules.

Remark 2.2.10. In an arbitrary category C, the object of C satisfying the
universal property in (2.2.8) (resp. (2.2.9)) for a collection of objects {Mλ}λ∈Λ,
if it exists, is called the product (resp. coproduct) of that collection. See also
Examples 2.1.9(c).

With this definition, we can characterize free modules in an alternative fashion:

Lemma 2.2.11. Let R be a ring, and let M be a module. Then, M is free if and
only if there exists an isomorphism M

∼→⊕
λ∈ΛR for some indexing set Λ.

Proof. If there is such an isomorphism, then the images of the standard basis eλ that
is 1 in the λ-th coordinate and zero otherwise in M is a free basis for M . Conversely,
if we have a free basis {mλ}λ∈Λ for M , we can define the map by sending mλ to eλ
as defined above. □

Similarly, one can show:

Lemma 2.2.12. Let R be a ring, and let M be a module. Then, M is finitely
generated if and only if there exists a surjection

⊕
λ∈ΛR→→M , where Λ is a finite

set.

Finally, we want to give some more interesting examples of modules that are
not free.

Definition 2.2.13. Let R be a ring, and let M be an R-module. Given an [AK21, (4.1)]
element m ∈M , the annihilator of m is

AnnR(m) :=
{
r ∈ R

∣∣ rm = 0
}
.

Similarly, the annihilator of M is

AnnR(M) :=
{
r ∈ R

∣∣ rm = 0 for every m ∈M
}
.

Both of these are ideals in R.
Now suppose that R is a domain. The torsion submodule of M is

T (M) :=
{
m ∈M

∣∣AnnR(m) ̸= 0
}
,

and we say that M is torsion-free if T (M) = 0.
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Example 2.2.14. The issue in Example 2.2.6 preventing Z/⟨n⟩ from being a
free module is that 1 ∈ Z/⟨n⟩ is a torsion element. However, not even all torsion-free
modules are free: the ideal

⟨2, x⟩ ⊆ Z[x]

is torsion-free, but is not free. This is because 2 and x both have to be in a
generating set (there are no other prime factors of 2 and x), and since the element
2x can be written in two ways as a Z[x]-linear combiation of elements in ⟨2, x⟩:
2x = 2 · x = x · 2.

2.3. Quotient modules

We now discuss how to define quotients of R-modules. We won’t prove these
results, since the proofs are formally very similar to the proofs we had for quotient
rings.

Definition 2.3.1. Let R be a ring, and let M be an R-module. Given a[AK21, (4.6)]
submoduleN ⊆M , the quotient moduleM/N is the Abelian groupM/N := {m+N |
m ∈M} where the R-module structure is given by r(m+N) = rm+N . There is a
surjective quotient map π : M →M/N satisfying the following universal property:
For every map φ : M →M ′ such that φ(N) = 0, there is a unique dashed map

M M/N

M ′

π

φ φ̄

making the diagram commute. Using this universal property, one can show that φ
induces an isomorphism

M

ker(φ)

∼−→ im(φ)(2.3.2)

for every map φ : M → N of R-modules, that for every chain of inclusions L ⊆M ⊆
N , there is an isomorphism

N

M

∼−→ N/L

M/L
,(2.3.3)

and that for every pair of submodules L,M ⊆ N , there is a isomorphism

L

L ∩M
∼−→ L+M

M
,(2.3.4)

where L +M is the submodule of N consisting of all sums ℓ +m for ℓ ∈ L and
m ∈M . These isomorphisms (2.3.2), (2.3.3), and (2.3.4) are called Noether’s first,
second, and third isomorphism theorems, respectively, and were proved in [Noe27].

The cokernel and coimage of a map φ : M → N are

coker(φ) :=
N

im(φ)
and coim(φ) :=

M

ker(φ)
.

Note that (2.3.2) implies coim(φ)
∼→ im(φ).

On Homework 2, you will prove one very useful result about generators of mod-
ules versus generators when you pass to a quotient, which is known as Nakayama’s
lemma (see [Nak51, II]) although Nakayama himself did not like the name. Nakayama
instead attributed the result to Krull and Azumaya [Azu51, Theorem 1] in the
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commutative case, and to Jacobson [Jac45, Theorem 10] and Azumaya in the
non-commutative case [Nag75, p. 213; Mat89, Rem. on p. 8]. Following [Mat89,
Thm. 2.2], we will often abbreviate Nakayama’s lemma as NAK, to stand for
Nakayama–Azumaya–Krull.

Notation 2.3.5. Let R be a local ring with unique maximal ideal m. We will
say “(R,m, k) is a local ring” to mean that R is a local ring with maximal ideal m
and with residue field k = R/m.

Here is a variant of what you proved in homework. Note that for a local ring,
m is equal to the Jacobson radical.

Lemma 2.3.6 (NAK, version 1). Let (R,m, k) be a local ring and let M be a [AK21, (10.6)]
[Hoc17, p. 101]
[Hoc07, p. 5]

finitely generated R-module. Then, M = mM if and only if M = 0.

Proof. The direction ⇐ holds since 0 = m · 0. It therefore suffices to show ⇒.
Let u1, u2, . . . , uh be a set of generators for M , where h > 0 is minimal. The

fact that M = mM implies

M = mu1 +mu2 + · · ·+muh.

In particular,

u1 = f1u1 + f2u2 + · · ·+ fhuh

for some fi ∈ m, and hence

(1− fh)u1 = f1u1 + f2u2 + · · ·+ fh−1uh−1.

Since 1− fh is a unit (otherwise, Zorn’s lemma would show that 1− fh ∈ m and
hence 1 ∈ m, a contradiction), this shows that uh is not needed as a generator,
contradicting the minimality of h. □

Remark 2.3.7. If R is not local, the same proof works with m replaced by any
ideal J contained in the intersection of all maximal ideals in R.

A useful reformulation (also on Homework 2) is the following:

Lemma 2.3.8 (NAK, version 2). Let (R,m, k) be a local ring, and let M be a [AK21, (10.8)]
finitely generated R-module. If N ⊆ M is a submodule such that M = N + mM ,
then N =M .

In particular, consider elements m1,m2, . . . ,mn ∈ M . Then, the elements
m1,m2, . . . ,mn generate M if and only if their images m̄1, m̄2, . . . , m̄n span M̄ =
M/mM as a k-vector space.

Proof. The first statement holds by applying NAK version 1 (Lemma 2.3.6) to N/M .
We now prove the second statement. ⇒ holds since M → M̄ is surjective. For ⇐,
set N := Rm1 +Rm2 + · · ·+Rmn. Then, M = N +mM and hence N =M . □

Example 2.3.9. The hypothesis that M is finitely generated is necessary. For a
prime number p > 0, consider the subring

Z(p) :=

{
a

b
∈ Q

∣∣∣∣ p ∤ b} ⊆ Q,

where a and b have no common factors. Then, Z(p) is a local ring with maximal
ideal (p). The Z(p)-module Q satisfies Q = (p) ·Q, but Q ̸= 0.
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2.4. Formal power series rings

For later examples, we define formal power series rings here.

Example 2.4.1. Let R be a ring. The formal power series ring in n variables[AK21, (3.8)]
over R is the ring

RJx1, x2, . . . , xnK :=
{ ∑
ν∈Nn

rνx
ν1
1 x

ν2
2 · · ·xνnn

∣∣∣∣ rν ∈ R},
where the sums are formal infinite sums. For an element in RJx1, x2, . . . , xnK, the
term r(0) = r(0,0,...,0) is called its constant term. Addition and multiplication are
defined in the same way as for polynomials.

Now let f ∈ RJx1, x2, . . . , xnK. We claim that f is a unit if and only if its
constant term r(0) is a unit. For ⇒, if ff ′ = 1, then r(0)r

′
(0) = 1, where r′(0) is

the constant term of f ′. Conversely, if r(0) is a unit, then f = r(0)(1 − g) with
g ∈ (x1, x2, . . . , xn). We can then set

f ′ := r−1
(0)(1 + g + g2 + · · · ),

which makes sense since the component of degree d involves only the first d + 1
terms. One can check that ff ′ = 1.

Now if (R,m) is a local ring, then a power series

f /∈ m ·RJx1, x2, . . . , xnK + (x1, x2, . . . , xn)

has constant term r(0) /∈ m, and hence r(0) is a unit by [AK21, (2.29)] (cf. the proof
of the NAK Lemma 2.3.6). Thus, f itself is a unit by the previous pagraph, which
shows that RJx1, x2, . . . , xnK is a local ring with maximal ideal

m ·RJx1, x2, . . . , xnK + (x1, x2, . . . , xn)

by [AK21, (3.5)].

We want to give an application of the NAK lemma to study formal power series
rings. (This was not covered in class.)

Example 2.4.2. Consider the formal power series ring version of the twisted
cubic curve:

φ : kJw, x, y, zK −→ kJs, tK

w 7−→ s3

x 7−→ s2t

y 7−→ st2

z 7−→ t3

We claim that I = ker(φ) cannot be generated by two elements. Suppose that I can
be generated by two elements. We also know that wx− xy, xz − y2, wy − x2 ∈ I.
These elements are linearly independent over k in the quotient module I/m · I, and
hence cannot generate I by the NAK Lemma 2.3.8.

Remark 2.4.3. One can rewrite this proof to not use contradiction; I only wrote
it this way so that the NAK Lemma 2.3.8 can be applied.
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2.5. Exact sequences

We now come to an important concept in commutative algebra and algebra as
a whole.

Definition 2.5.1. Let R be a ring. A (finite or infinite) sequence of R-module [AK21, (5.1)]
[Rei95, (2.9)]maps

· · · −→Mi−1
αi−1−−−→Mi

αi−→Mi+1 −→ · · ·

is exact at Mi if ker(αi) = im(αi−1) as submodules of Mi. The sequence is called
exact if it is exact at every Mi, except at the initial source or final target in the
sequence.

Example 2.5.2. Here are some special forms of exact sequences. [AK21, (5.2), (5.3)]
[Rei95, (2.9), (2.10)]

(1) 0→M ′ α→M is exact if and only if α is injective.

(2) M
β→M ′′ → 0 is exact if and only if β is surjective.

(3) A sequence 0→M ′ α→M →M ′′ is exact if and only if M ′ = ker(α).

(4) A sequence M ′ →M
β→M ′′ → 0 is exact if and only if M ′′ = coker(β).

(5) A short exact sequence is an exact sequence of the form

0 −→M ′ −→M −→M ′′ −→ 0.

(6) A short exact sequence of the form above is split short exact if there exists
a commutative diagram

0 M ′ M M ′′ 0

0 M ′ M ′ ⊕M ′′ M ′′ 0

∼

∃

In a later homework, I will ask you to prove the following:

Lemma 2.5.3 (Snake). Consider a commutative diagram [AK21, (5.12)]
[Rei95, Exer. 2.16]
[AM69, Prop. 2.10]

(2.5.4)

M ′ M M ′′ 0

0 N ′ N N ′′

α

γ′

β

γ γ′′

α′ β′

with exact rows. Then, there exists an exact sequence

(2.5.5) ker(γ′)
φ−→ ker(γ)

ψ−→ ker(γ′′)
∂−→ coker(γ′)

φ′

−→ coker(γ)
ψ′

−→ coker(γ′′).

Moreover, if α is injective, then so is φ; dually, if β′ is surjective, then so is ψ′.
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The reason it is called the Snake Lemma is that the exact sequence (2.5.5) can
be visualized as part of (2.5.4):

ker(γ′) ker(γ) ker(γ′′)

M ′ M M ′′ 0

0 N ′ N N ′′

coker(γ′) coker(γ) coker(γ′′)

φ ψ

∂

γ′ γ γ′′

φ′ ψ′

where the columns are exact. We will keep returning to examples of exact sequences
throughout the course.



CHAPTER 3

Localization

Our next topic will be localizations, which we can think of as “enlargements” of
a ring to contain more multiplicative inverses.

3.1. Algebras

Before we do this, we need the following:

Definition 3.1.1. Let A be a ring. A ring R is an A-algebra if R is a A-module [AK21, (1.1)]
[Hoc17, p. 18]that also satisfies the following: if a ∈ A and r, s ∈ R, then a(rs) = (ar)s. A ring R

is an A-algebra if and only if there exists a ring map θ : A→ R: Given the structure
as an A-algebra, we can define θ(a) = a · 1R, and conversely given θ, we can define
the A-module structure by θ(a)r. When R is an A-algebra given by a ring map
θ : A → R, we say that θ is the structure map. The class of A-algebras form a
category AlgA, where morphisms are ring maps R→ S that are A-linear. This is
the same as saying that the diagram

R S

A

commutes, where the arrows from A are the structure maps for R and S, respectively.
We say that S is finitely generated as an algebra over R if there exist finitely

many elements x1, x2, . . . , xr ∈ S such that S is generated by φ(R) and the elements
x1, x2, . . . , xr as an algebra.

Example 3.1.2.

(1) Every ring R is a Z-algebra in a unique way: there is a unique ring map [Hoc17, p. 19]
Z → R, since 0 ∈ Z must map to 0 ∈ R, 1 ∈ Z must map to 1 ∈ R,
repeated addition says that n 7→ n · 1R for all positive integers n, and
taking additive inverses says that n 7→ n · 1R for all negative integers n as
well.

Finite generation as a module and as an algebra do not coincide:

(2) The ring Z[1/2] is finitely generated as an algebra over Z, but not as [Hoc17, p. 29]
a module, since it contains 1/2n for every integer n, while any finitely
generated submodule of Z[1/2] consists of fractions whose denominators
can be simultaneously cleared by a single power of 2.

(3) The polynomial ring in infinitely many variables over a ring R is not finitely
generated as an algebra, since a finite set of generators cannot contain all
of the variables.
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(4) The field Q of rational numbers is not finitely generated as a Z-algebra,
since any finitely generated subalgebra contains fractions involving only
finitely many primes in the denominator.

(5) The ring Z[
√
2] is finitely generated as an algebra over Z, and is also

finitely generated as a module over Z, since any element can be written
a+ b

√
2 for a, b ∈ Z.

To make this distinction more clear, we will say that an A-algebra is module-finite
if it is finitely generated as an A-module.

3.2. Localization of rings

Recall that a multiplicative set W in a ring R is a set containing 1 that is closed
under multiplication. The idea behind localization is we want to construct a ring
larger than R that has inverses for the elements in W but changes R as little as
possible in every other way.

We will give two constructions. The first was used briefly in a proof from before.

Construction 3.2.1. Let R be a ring, and consider a multiplicative setW ⊆ R.[Hoc17, p. 22]
Let R[xw]w∈W be the polynomial ring with possibly infinitely many indeterminates
corresponding to elements w ∈W . Consider the ideal

I = (wxw − 1)w∈W ⊆ R[xw]w∈W .

The composition

R −→ R[xw]w∈W −→−→
R[xw]w∈W

I

turns R[xw]w∈W /I into an R-algebra with associated structure map denoted by

ℓW : R −→W−1R.

We note that the polynomials in I force the images of the xw in W−1R to be an
inverse for the image of w in W−1R, and that xw1

xw2
· · ·xwn

= xw1w2···wn
for all

w1, w2, . . . , wn ∈W , since they both represent inverses of w1w2 · · ·wn.
We call W−1R the ring of fractions with respect to W or the localization of R

at W .

The ring W−1R comes with the following universal property:

Theorem 3.2.2. Let R be a ring and consider a multiplicative set W ⊆ R. Let[Hoc17, p. 22]
φ : R → T be a ring map such that φ(w) is invertible for every element w ∈ W .
Then, there is a unique ring map φ̃ : W−1R→ T making the diagram

R W−1R

T

ℓW

φ
φ̃∃!

commute. In other words, W−1R represents the functor

AlgR −→ Sets

T 7−→
{
g ∈ HomR(R, T )

∣∣ g(w) is invertible for all w ∈W
}
.
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Proof. We construct the map φ̃ from a commutative diagram of the following form:

R R[xw]w∈W W−1R

T

φ φ̃

∃!

Note that a map R[xw]w∈W → T is uniquely determined by specifying the images
of the xw. We define it by sending xw to φ(w)−1, where we note that φ(w)−1 is
uniquely determined by w since multiplicative inverses are unique. This factors
uniquely through W−1R as defined above by the universal property for quotient
rings (Proposition 1.3.8). □

We now give a second construction. Before we do so, we define the following:

Definition 3.2.3. Let R be a ring. An element r ∈ R is a zerodivisor if ru = 0 [AK21, (2.1)]
[Hoc17, p. 22]for some u ∈ R−{0}. An element that is not a zerodivisor is called a nonzerodivisor,

which we abbreviate by nzd.

The second construction mimics the construction of Q from Z, but is slightly
complicated because there may be zerodivisors in W .

Construction 3.2.4. Let R be a ring, and let W ⊆ R be a multiplicative set.
We define an equivalence relation ∼ on the product set R×W as follows:

(r1, w1) ∼ (r2, w2) if and only if there exists w ∈W such that w(r1w2− r2w1) = 0.

Note that if w contains no zerodivisors, then it is the same to require r1w2−r2w1 = 0.
We claim this relation is an equivalence relation.

(1) (Reflexivity) (r1, w1) ∼ (r1, w1) holds since r1w1 − r1w1 = 0.
(2) (Symmetry) (r1, w1) ∼ (r2, w2) if and only if (r2, w2) ∼ (r1, w1) since

w(r1w2 − r2w1) = −w(r2w1 − r1w2).
(3) (Transitivity) If (r1, w1) ∼ (r2, w2) and (r2, w2) ∼ (r3, w3), then we have

two equations:

(3.2.5) w(r1w2 − r2w1) = 0 and w′(r2w3 − r3w2) = 0.

Multiplying the first by w′w3 and the second by ww1 and adding them
together, we obtain

ww′w3(r1w2 − r2w1) + ww′w1(r2w3 − r3w2) = ww′w2(r1w3 − r3w1) = 0

where ww′w2 ∈W by multiplicativity.

For now, we denote B as the set of equivalence classes in R ×W with respect to
this equivalence relation, and denote by r/w the class of (r, w).

The set B is a ring:

• Setting r1/w1 · r2/w2 = (r1r2)/(w1w2) is well-defined: If r2/w2 = r3/w3,
then we want to show (r1r2)/(w1w2) = (r1r3)/(w1w3). By definition of ∼,
there exists w ∈W such that w(r2w3 − r3w2) = 0, in which case

w(r1r2w1w3 − r1r3w1w2) = r1w1 · w(r2w3 − r3w2) = 0.

• Setting r1/w1+ r2/w2 = (r1w2+ r2w1)/(w1w2) is well-defined: If r2/w2 =
r3/w3, then we want to show (r1w2+r2w1)/(w1w2) = (r1w3+r3w1)/(w1w3).
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By definition of ∼, there exists w ∈W such that w(r2w3 − r3w2) = 0, in
which case

w
(
(r1w2 + r2w1)(w1w3)− (r1w3 + r3w1)(w1w2)

)
= w2

1 · w(r2w3 − r3w2) = 0.

• 0 ∈ R is given by 0/1, 1 ∈ R is given by 1/1, and additive inverses are
given by −(r/s) = (−r)/s.

There ring B is an R-algebra by sending r ∈ R to r/1 ∈ B. The elements w/1 for
w ∈W are invertible in B, since w/1 · 1/w = w/w = 1.

Remark 3.2.6. Without the extra w and w′ in (3.2.5), we cannot show transi-8/30
tivity: we would have

w3(r1w2 − r2w1) + w1(r2w3 − r3w2) = w2(r1w3 − r3w1) = 0,

but then we cannot conclude that r1w3 − r3w1 = 0 unless w2 is a nonzerodivisor.
For a concrete example, consider the localization

W−1

(
k[s, t]

(st)

)
where W = {1, t, t2, . . .}. Then, (s, t) ∼ (0, t) and (0, t) ∼ (0, 1) since st = 0.
However, (s, t) ̸∼ (0, 1) unless we include the extra w in the definition of ∼. In
terms of the first construction, we know that xt · t = 1, and hence 0 = xt · st = s.

We can show that the two constructions give isomorphic rings.

Proposition 3.2.7. Let R be a ring, and consider a multiplicative set W ⊆ R.[Hoc17, p. 23]
Then, Theorem 3.2.2 induces an isomorphism W−1R

∼→ B.

One can show they are isomorphic by checking that B as constructed above
also satisfies the universal property in Theorem 3.2.2; see [AK21, (11.5)] or [AM69,
Prop. 3.1]. We give a different proof.

Proof. There is a unique map W−1R→ B by plugging in T = B in Theorem 3.2.2.
The map sends xw to 1/w by the description of the map in the proof of Theorem 3.2.2.
We claim this is an isomorphism. To do so, we define an inverse by claiming that
R ×W → W−1R where (r, w) 7→ rxw is well-defined on equivalence classes: if
(r1, w1) ∼ (r2, w2), then their images are r1xw1

and r2xw2
, respectively, which are

the same modulo I since if w(r1w2 − r2w1) = 0, then

r1xw1
− r2xw2

≡ wr1w2xww1w2
− wr2w1xww1w2

≡ xw1w2 · w(r1w2 − r2w1) = 0

where the ≡ denotes equivalence modulo I. These maps define mutually inverse
ring maps. □

Lemma 3.2.8. Let R be a ring, and consider a multiplicative set W ⊆ R. The[Hoc17, pp. 23, 26]
kernel of ℓW : R→W−1R is the ideal{

r ∈ R
∣∣ wr = 0 for some w ∈W

}
.

In particular, W−1R = 0 if and only if W contains a nilpotent element.

Proof. An element r ∈ R maps to zero if and only if r/1 = 0/1 in W−1R. By
definition of the equivalence relation, this holds if and only if wr = 0 for some
w ∈W .

The “in particular” statement follows since 1 = 0 in W−1R if and only if there
exists w ∈W such that w · 1 = 0. □
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We give some special cases of this construction.

Example 3.2.9. Let R be a ring.

(1) Consider the set S0 of nonzerodivisors in R. Then, the map R→ S−1
0 R [AK21, (11.3)]

[Hoc17, p. 23]is injective, and we call S−1
0 R the total quotient ring of R. If R is a

domain, then S−1
0 R is a field, called the fraction field of R, which we

denote by Frac(R). For example, applying this construction to Z gives
Q, and applying this construction to k[x] gives the field k(x) of rational
functions in x over k.

(2) Recall from Proposition 1.4.5 that and ideal P ⊆ R is prime if and only if [AK21, (11.21)]
[Hoc17, p. 24]R−P is a multiplicative set. The localization of R at P is the localization

RP := (R− P )−1R.

The ring RP is a local ring: every element not in PRP is a unit by construc- [AK21, (11.22)]
tion. A major theme in commutative algebra will be to reduce questions
to questions about local rings by passing to appropriate localizations of
the form RP .

(3) Consider an element f ∈ R. The localization of R at {1, f, f2, . . .} is [AK21, (11.12)]
[Hoc17, p. 27]denoted by Rf .

Caution: Do not confuse Z⟨p⟩ and Zp! The former inverts all primes not equal to p,
while the latter inverts only p.

We prove the analogue of Proposition 1.3.12 for localization to get a geometric
interpretation for localization.

Proposition 3.2.10. Let R be a ring, and let W ⊆ R be a multiplicative set. [AK21, (11.20)]
[Hoc17, pp. 26–27]
[AM69, Prop. 3.11]

(i) Every ideal W−1R is of the form I ·W−1R for some ideal I ⊆ R.
(ii) There is a bijective inclusion-preserving correspondence{

prime ideals in R
disjoint from W

} {
prime ideals in W−1R

}
P P ·W−1R

ℓ−1
W (Q) Q

Proof. (i). Let J ⊆W−1R be an ideal, and let I = ℓ−1(J). We claim J = I ·W−1R.
First, we have I ·W−1R ⊆ J by definition, since all elements in I have image in J
via ℓ : R→W−1R. Conversely, suppose r/w ∈ J . Then, r/1 = w/1 · r/w ∈ J , and
hence r ∈ ℓ−1(J) = I. Since r ∈ I, we see that r/w ∈ I ·W−1R.

(ii). We first check that the maps have the specified (co)domains in either
direction. The map Q 7→ ℓ−1(Q) maps primes to primes, and ℓ−1(Q) ∩W = ∅, for
otherwise Q would contain w ∈W , and hence contain 1 = 1/w · w. For the other
direction, we have

W−1R

P ·W−1R
≃W−1R

P
where W denotes the image of W in R/P , since both satisfy the same universal
property for ring maps R→ T for which P is killed and the images of elements in
W are invertible. Since R/P is a domain, there are two possibilities for the right
hand side:

• 0 ∈W , in which case the right-hand side is the zero ring.
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• We get a subring of the fraction field Frac(R/P ) of R/P , which is a domain.

The two possibilities correspond to when W intersects P and when W is disjoint
from P , respectively. □

Next, we want to explain why local rings are called local rings.

Example 3.2.11. We consider the ring R = C[x, y] and its localizations. We
saw a while ago that V (f) ⊆ Spec(R) for an irreducible polynomial f contains the
prime ideal (f) and all maximal ideals (x− a, y − b) such that f(a, b) = 0.

Now let us imagine what Spec(Rf ) should look like. This is the set of prime
ideals not containing f , and so should be the complement of V (f), and is an open
set.

Now let us imagine what Spec(R(x−a,y−b)) should look like. As a set, this is the
intersection ⋂

f /∈(x−a,y−b)

Spec(Rf ),

which is not open. But it tells us in what way we can interpret R(x−a,y−b) as a
local ring: polynomials g ∈ R that do not vanish at (x− a, y − b) become invertible
in R(x−a,y−b), and so R(x−a,y−b) detects whether g ∈ R is locally invertible at
(x− a, y − b).

We use Proposition 3.2.10 to study the twisted cubic again.

Example 3.2.12. Consider the twisted cubic curve:

φ : k[w, x, y, z] −→ k[s, t]

w 7−→ s3

x 7−→ s2t

y 7−→ st2

z 7−→ t3

We claim that I = ker(φ) cannot be generated by two elements. Suppose that
I can be generated by two elements. Then, J = I · k[w, x, y, z](w,x,y,z) can be
generated by two elements. By the NAK Lemma 2.3.8, we know that wx −
xy, xz − y2, wy − x2 ∈ J have linearly independent images in J/(m · J), where
m = (w, x, y, z) · k[w, x, y, z](w,x,y,z).

This is also a good example illustrating the strong connection between graded
rings and local rings that you will see on Homework 2!

So while the NAK Lemma 2.3.8 only applies to local rings, it can be useful to
study non-local rings as well.

We prove the following:

Proposition 3.2.13. Let R be a ring, and let W be a multiplicative set. Let V ′[AK21, (11.27)]
be a multiplicative set in W−1R, and set V = ℓ−1

W (V ′). Assume W ⊆ V . Then,

(V ′)−1(W−1R) ≃ V −1R.

In particular, if P ⊆ Q are prime ideals, then RP is the localization of RQ at P ·RQ.
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Proof. It suffices to show that (V ′)−1(W−1R) satisfies the universal property for
V −1R. Let φ : R→ T be a ring map such that the elements in φ(V ) are invertible.
We then consider the commutative diagram

R W−1R (V ′)−1(W−1R)

T

ℓW

φ

ℓV ′

∃!
∃!

The middle dashed arrow exists and is unique since W ⊆ V and by the universal
property for ℓW . The right dashed arrow exists and is unique by the universal
property for ℓV ′ : given an element v′ = v/w ∈ V ′ where v ∈ R and w ∈W , we have
v ∈ V since w ∈W ⊆ V has image in V ′. This element v/w is therefore invertible
in T .

The last statement follows by setting W = R−Q and V = RQ − P ·RQ. □

One can similarly show that if W,V are multiplicative subsets in R, then
(WV )−1R is the same as W−1(V −1R) and V −1(W−1R), where these last two rings
take the images of W and V in the respective localizations V −1R and W−1R,
and where WV is the set of products vw, where v ∈ V and w ∈ W ; see [AK21,
(11.29)(2)].

3.3. Restriction of scalars

Let R be a ring, let I ⊆ R be an ideal, and consider an R-module M . Then,
M/IM has a natural structure as an R/I-module compatible with the R-module
structure, by setting

(r + I) · (x+ IM) = rx+ IM

for r ∈ R and x ∈ M . The reason this is well defined is the same as why the
R-module structure given by

r · (x+ IM) = rx+ IM

is well-defined. These two module structures are connected by the following:

Definition 3.3.1. Let R be a ring, and let S be an R-algebra with structure [AK21, (4.5)]
[Hoc17, p. 26]map θ : R→ S. There is then a restriction of scalars functor

ModS −→ ModR

that considers every S-module as an R-module instead by a ·m = θ(a)m. Note that
this functor is exact: it sends exact sequences to exact sequences.

3.4. Localization of modules

We saw in the previous section that there is a way to go from W−1R-modules 9/4
to R-modules. We want to construct a functor that goes in the opposite direction.

Construction 3.4.1. Let R be a ring, let W ⊆ R be a multiplicative set, and [AK21, (12.2)]
consider an R-module M . We define an equivalence relation ∼ on the product set
M ×W as follows:

(m1, w1) ∼ (m2, w2) if and only if

there exists w ∈W such that w(m1w2 −m2w1) = 0.
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As before, this defines an equivalence relation. We denote by W−1M the resulting
quotient set, which is a W−1R-module by setting (r/w1) · (m/w2) = (rm)/(w1w2).

This defines a functor.

Definition 3.4.2. Let R be a ring, and consider a multiplicative set W ⊆ R,[AK21, (12.9)]
and set S =W−1R. There is a localization functor

ModR −→ ModW−1R

sending M to W−1M and ψ : M → N to W−1ψ : W−1M → W−1N by mapping
(W−1ψ)(m/w) = (1/w) · ψ(m).

This functor is exact!

Proposition 3.4.3. Let R be a ring and consider a multiplicative set W ⊆ R.[AK21, (12.17)]

If M ′ α→M
β→M ′′ is exact, then

W−1M ′ W−1α−−−−→W−1M
W−1β−−−−→W−1M ′′

is also exact.

Proof. The fact that im(W−1α) ⊆ ker(W−1β) holds since the composition β ◦α = 0,
and hence the localization W−1(β ◦ α) = 0 as well. It remains to show the reverse
inclusion. If (W−1β)(m/w) = 0, then β(m)/w = 0, in which case there exists
w̃ ∈ W such that w̃β(m) = β(w̃m) = 0. But by exactness, w̃m = α(m′) for some
m′ ∈M ′, and we see that m/w = α(m′)/(ww̃) = (W−1α)(m′/(ww̃)). □

As a corollary, we can show:

Corollary 3.4.4. Let R be a ring, and consider a multiplicative set W ⊆ R.
If N ⊆M is an inclusion of R-modules, we have

W−1M

W−1N
≃W−1

(
M

N

)
.

Proof. Apply Proposition 3.4.3 to the exact sequence

0 −→ N −→M −→M/N −→ 0. □

Remark 3.4.5. For every ring R and every prime ideal P ⊆ R, we have

Frac(R/P ) = RP /PRP .

This is called the residue field of R at P . To see this we have

Frac(R/P ) = (R/P )(0) ≃ (R/P )P ≃ RP /PRP ,
where the first equality is by definition, the middle isomorphism is by the fact that
the image of R − P in R/P is (R/P ) − (0), and the right isomorphism holds by
Proposition 3.4.3 and the fact that for every ideal I ⊆ R and every multiplicative
set W ⊆ R, we have[AK21, (11.14)(1)]

W−1I = I ·W−1R.

The inclusion ⊆ follows from the fact that i/w = 1/w · i for every i ∈ I and w ∈W .
Conversely, every element in I ·W−1R can be written as

n∑
t=1

it ·
rt
wt

=
1∏n

t=1 wt

n∑
t=1

itrt(w1 · · · ŵt · · ·wn).
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3.5. Local properties

We saw that sometimes we can prove statements by passing to localizations.
Local properties P are properties of rings R (resp. modules M) such that R (resp. [AM69, p. 40]
M) has P if and only if RP (resp. MP ) has P for every prime ideal P ⊆ R.

We start with the following fundamental local property: that of being the zero
module.

Proposition 3.5.1. Let R be a ring, and consider an R-module M . The [AK21, (13.23)]
following are equivalent:

(i) M = 0;
(ii) MP = 0 for every prime ideal P ⊆ R; and
(iii) Mm = 0 for every maximal ideal m ⊆ R.

Proof. The implications (i)⇒ (ii)⇒ (iii) follow from definition of localization and
by the fact that all maximal ideals are prime. We want to show that (iii) ⇒ (i).
Let m ∈M . Since m/1 = 0 ∈Mm, there exists w ∈ R−m with wm = 0. Thus,

AnnR(m) :=
{
r ∈ R

∣∣ rm = 0
}
̸⊆ m

for every maximal ideal m. We therefore see that AnnR(m) = R, for otherwise
AnnR(m) would be contained in a maximal ideal by our application of Zorn’s lemma.
Thus, m = 1 ·m = 0. □

We start with one example of a local property of rings.

Proposition 3.5.2. For every ring R and every multiplicative set W ⊆ R, we [AK21, (11.18)]
have √

(0)R · (W−1R) =
√

(0)W−1R

as ideals in W−1R, where the radicals are computed in R and W−1R, respectively.
In particular, the property of being reduced is a local property.

Proof. If an element f ∈ R is nilpotent, then its image in W−1R is nilpotent,
proving ⊆.

Conversely, suppose an element r/w ∈W−1R is nilpotent. Then, (r/w)n = 0
for some integer n > 0. By the second construction of W−1R, there exists w′ ∈W
such that w′rn = 0 in R, and hence (w′r)n = 0 as well. Thus, w′r is nilpotent in R,

which shows that r = 1/w′ · w′r ∈
√
(0)

R
· (W−1R).

The last statement follows from the fact that
√
(0) = 0 if and only if it is zero

after localizing at every prime (resp. maximal) ideal. □

Corollary 3.5.3. A map M → N of R-modules is surjective (resp. injective) [AK21, (13.30)]
if and only if MP → NP is surjective (resp. injective) for every prime ideal P ⊆ R if
and only if Mm → Nm is surjective (resp. injective) for every maximal ideal m ⊆ R.
Proof. Apply Proposition 3.5.1 to the cokernel (resp. kernel). Note that we are
using the exactness of localization (Proposition 3.4.3) here! □

We note the following geometric interpretation of local properties:

Definition 3.5.4. Let R be a ring, and consider an R-module M . The support [AK21, (13.14)]
[Hoc17, p. 98]of M is the set

Supp(M) :=
{
P ∈ Spec(R)

∣∣MP ̸= 0
}
.
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UMP

SpeCi4

Figure 7.2. An i4-module M gives rise to the family M
P G Spec A, which we can view as fibred over Spec A.

P
{MP} for

of course, every Ap ^ 0, so that Supp A is the whole of Spec A, The
point of view adopted here is that the minimal prime (0) is the really
important one, and all the other are in SuppM merely because they
contain (0).

7.3 Definition of Ass M
Definition Let A be a ring and M an .A-module. An assassin\ (or
associated prime) of M is an ideal P of A such that

t An example of N. Bourbaki's sense of humour at its most exuberant.
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Figure 3.1. An A-module M gives rise to the family {MP } of
AP -modules, which we can view as being fibered over Spec(A).
From [Rei95, Figure 7.2].

The way we think of the support geometrically is as follows. We have seen that
Spec(R) is a topological space. We can consider the disjoint union

∐
P∈Spec(R)

MP −→ Spec(R)

as a set over Spec(R), such that all elements in MP map to P ∈ Spec(R). We
can draw a picture as in [Rei95, Frontispiece and Figure 7.2], reproduced here as
Figure 3.1. This set can be given the structure of a topological space and is a
fundamental construction of a sheaf in algebraic geometry. This is an analogue of
the notion of a vector bundle in manifold theory. (This space on the left is called an
espace étalé, which confusingly has nothing to do with étale ring maps. See [God73,
Chapitre II, §1.2] or [Har77, Chapter II, Exercise 1.13].)
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3.6. More on Spec

Before moving on to the next topic (integral extensions), we want to prove a few
more things about Spec(R) using a bit of what we have learned about localization.

We want to consider the question: What makes the topological space Spec(R)
special? We start by showing that Spec(R) is always quasi-compact. Note that
what we call a quasi-compact topological space is called compact in many texts, for
example [Mun00]. The terminology quasi-compact is due to Bourbaki [BouGT].

Theorem 3.6.1. If R is a ring, then X = Spec(R) is quasi-compact. [Hoc17, p. 30]

Proof. Consider an open covering

U =
{
X − V (I)

∣∣ I ∈ I},
where I is a family of ideals in R. We have the following sequence of equivalences:

X =
⋃
I∈I

(
X − V (I)

)
⇐⇒ ∅ =

⋂
I∈I

V (I)

⇐⇒ ∅ = V

(∑
I∈I

I

)
1.6.3⇐⇒ 1 ∈

∑
I∈I

I.

Now by definition of the sum of ideals, the last condition holds if and only if there
exist a finite subfamily I1, I2, . . . , In of ideals in I and elements ij ∈ Ij for each
j ∈ {1, 2, . . . , n} such that 1 = i1 + i2 + · · ·+ in. Working through the equivalences
from above in reverse, we therefore see that

X =

n⋃
j=1

(
X − V (Ij)

)
is a finite subcover. □

Recall that sets of the form

D(f) := Spec(R)− V (f)

are called principal open sets (Definition 1.6.2). These form a basis for the Zariski
topology since

X − V (I) =
⋃
a∈I

D(a)

for an arbitrary ideal I ⊆ R. Moreover, we have D(a) ∩D(b) = D(ab), and hence
this basis is closed under finite intersections.

Corollary 3.6.2. The quasi-compact opens in Spec(R) form a basis for the [Hoc17, p. 30]
Zariski topology. This basis is stable under finite intersections.

Proof. Note that D(a) is homeomorphic to Spec(Ra) by Proposition 3.2.10, and
hence are quasi-compact. Since the principal open sets form a basis for the Zariski
topology, the quasi-compact open sets form a basis for the Zariski topology as
well. Moreover, every quasi-compact open set is a union of principal open sets, and
this union can be refined to be a finite union by quasi-compactness. Thus, the
intersection of two quasi-compact open sets is also a finite union of principal open
sets, and hence is also quasi-compact and open. □
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Remark 3.6.3. The property in Corollary 3.6.2 is a topological characterization
of when a scheme is quasi-separated as defined in algebraic geometry. See [EGAIV1,
Proposition 1.2.7].

The next topological property that is very helpful about Spec(R) is that it is a
sober space. One way to think of this property is that the space Spec(R) contains
lots of extra points that keep track of closed subsets of Spec(R) for free. To define
this notion, we define irreducibility first.

Definition 3.6.4. Let X be a topological space. We say that X is irreducible[Hoc17, p. 30]
[Har77, p. 3]
[Sha13, p. 34]

if it is nonempty and if, for every pair of proper closed subsets X1, X2 ⊊ X, we have
X1 ∪X2 ⊊ X. Otherwise, we say that X is reducible.

When we say a subset Y ⊆ X is irreducible, we will mean that Y is irreducible
with the subspace topology.

Remark 3.6.5 (Why the empty set is reducible). The condition that X is
nonempty is part of Definition 3.6.4. Following [BouCA, p. 94], one can alternatively
define X to be irreducible if for every finite collection of proper closed subsets
Xi ⊊ X, we have

⋃
iXi ⊊ X. The empty set is reducible under this definition by

using the empty collection of proper closed subsets in ∅.
Definition 3.6.6 [EGAInew, Chapitre 0, (2.1.1)]. A topological space X is

sober if every closed irreducible subset Z ⊆ X admits a generic point, that is, a
point z ∈ Z such that {z} = Z.

Remark 3.6.7. For a ring R, the space Spec(R) is T0: If P and Q are distinct[Hoc17, p. 13]
primes, there exists an element u ∈ P − Q (or u ∈ Q − P ), and V (u) ∋ P but
V (u) ̸∋ Q (or vice versa). For T0 spaces, generic points (if they exist) are unique.

What algebraic property corresponds to irreducibility? For domains, we know
that (0) is the unique prime ideal contained in all other prime ideals. How far can we
go from being a domain? By the Scheinnullstellensatz (Theorem 1.5.7), the topology

of Spec(R) does not change if we kill the nilradical
√

(0). The next proposition says
that this is the only difference that can occur.

Proposition 3.6.8. Let R be a ring.

(i) Spec(R) is irreducible if and only if the nilradical
√
(0) is prime. In this

case,
√
(0) is the unique minimal prime ideal of R and corresponds to a

generic point for Spec(R).
(ii) R is a domain if and only if it is reduced and Spec(R) is irreducible.

(iii) In Spec(R), the closed subset V (I) is irreducible if and only if P =
√
I is

prime. In this case, P is a generic point for V (I) = V (P ).

Proof. It suffices to show only one of (i) and (ii) since as mentioned above, the

topology of Spec(R) does not change if we kill the nilradical
√
(0) by the Schein-

nullstellensatz (Theorem 1.5.7). Moreover, (iii) follows from either (i) or (ii) by
applying (i) or (ii) to R/I.

We will show (ii). If R is a domain, then (0) is the unique minimal prime ideal
of R. For the converse, we prove the contrapositive. Suppose that R is not a domain.
Consider two nonzero elements a, b ∈ R such that ab = 0. Then, every prime ideal
in R must contain a or b, and hence

Spec(R) = V (a) ∪ V (b).
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If both V (a) and V (b) are proper closed subsets, then Spec(R) is reducible. If one

of V (a) or V (b) equals Spec(R), then in each respective situation, we have a ∈
√
(0)

and b ∈
√
(0). □

The following miraculous theorem says that the properties of Spec(R) that we
have proved so far exactly characterize which topological spaces can be constructed
as the spectrum of a ring. This result is one of the main results in Hochster’s thesis
(published as [Hoc69]). The class of topological spaces appearing in Hochster’s
theorem are called spectral spaces and appear in many contexts. For example, the
point set topology of spectral spaces is fundamental in the theory of diamonds (the
analogue of algebraic spaces for perfectoid spaces) [Sch22].

Theorem 3.6.9 [Hoc69, Theorem 6]. Let X be a topological space. There exists [Hoc17, p. 31]
a ring R such that X is homeomorphic to Spec(R) if and only if X is a sober
quasi-compact T0 space in which the quasi-compact open sets are stable under finite
intersections and form a basis for the topology on X.

3.6.1. The universal property of polynomial rings. One thing we did not 9/6
cover before is that polynomial rings have the following universal property.

Proposition 3.6.10. Let R be a ring and let {xi}i∈I be a set of variables. [AK21, (1.3)]
Given a ring map φ : R → S and a set of elements si ∈ S, there is a unique map
π : R[{xi}i∈I ]→ S such that π(xi) = si for every i and such that the diagram

R R
[
{xi}i∈I

]
S

φ π∃!

commutes.

In other words, R[x1, x2, . . . , xn] represents the functor that sends an R-algebra
S to subsets of n elements in S, or “mapping from R[x1, x2, . . . , xn] to S is the same
as choosing n elements in S.”

Proof. The map π is a ring map by the definition of addition and multiplication of
polynomials. It is unique since the polynomial ring is generated by the xi and 1 as
an R-algebra. □





CHAPTER 4

Integral extensions

The next segment of this course will focus on studying integral extensions of
rings and dimension of rings. The fundamental definitions and results for rings (as
opposed to Dedekind domains) is due to Noether [Noe27]. The Incomparability,
Lying over, Going up, and Going down theorems are due to Krull [Kru37] (for
integral domains) and to Cohen and Seidenberg [CS46] (in general).

4.1. Motivation: How can we tell rings apart?

We have been playing with a few examples so far, but we have not talked too
much about how we know they are different. For example:

Example 4.1.1. The integers Z and the polynomial ring k[x] have similar
looking spectra, but are not isomorphic since one contains a field, and the other
does not.

Another way in which Z and k[x] are similar is that they are PID’s, and both
are of dimension 1. Now is a good time to define dimension:

Definition 4.1.2. Let R be a ring, and let [Hoc17, p. 32]
[AK21, (15.9)]

P0 ⊊ P1 ⊊ · · · ⊆ Pd
be a chain of prime ideals with strict inclusions. The Krull dimension dim(R) of
R is the supremum of lengths of finite strictly increasing chains of prime ideals in
Spec(R), and may be +∞. The dimension of the zero ring is −1 by convention.

Example 4.1.3. The rings Z and Z[x] are not isomorphic (resp. k, k[x], and
k[x, y] are not isomorphic): they have maximal chains of prime ideals of different
length. Fields have dimension zero, PID’s that are not fields have dimension one.

This gives a first, coarse way to tell rings apart. But there are some difficult
questions we do not know the answer to:

Example 4.1.4. Let R and S be rings. Then, R[x] ≃ S[y]. Is the converse true? [Hoc17, pp. 29–30]
[Des66, p. 306]This is false: Hochster found an example in 1972 [Hoc72a] and Danielewski gave a

simple example in 1989 [Dan89]:

R =
C[x, y, z]

(xy − (1− z2)) and S =
C[x, y, z]

(x2y − (1− z2)) .

On the other hand, if we specialize to the case where R is the polynomial ring
k[t1, t2, . . . , tn] over a field, then there are some open problems.

(1) The n = 1 case is true: this is a theorem of Abhyankar, Eakin, and Heinzer
[AEH72].
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(2) The n = 2 case is true: in characteristic zero, this is a theorem of Fujita
[Fuj79] and Miyanishi and Sugie [MS80], and in positive characteristic, it
is due to Russell [Rus81] when k is perfect and Bhatwadekar and Gupta
[BG15] in general.

(3) The n ≥ 3 case was shown to be false in positive characteristic by Gupta
in 2014 [Gup14a; Gup14b], but is open in characteristic zero.

We won’t be so ambitious! For now, we want to introduce one example where
thinking about integral extensions allows us to distinguish two rings that look pretty
similar.

Example 4.1.5 (The cuspidal cubic). Let k be a field and consider the ring
k[t2, t3] ⊆ k[t]. Both these rings are dimension 1 (we do not yet have the tools to
show this, but it is true), and their fraction fields are both k(t). However, note that

t ∈ Frac
(
k[t2, t3]

)
is an element that satisfies a monic polynomial with coefficients in k[t2, t3], namely
X2 − t2. The ring k[t] does not have this property: Suppose f/g ∈ Frac(k[t]) is a
rational function with gcd(f, g) = 1 that satisfies a monic polynomial

Xd + rd−1X
d−1 + · · ·+ r0 · 1

with coefficients in k[t]. Then, we have

fd = −rd−1f
d−1g − · · · − r0gd,

and hence a factor of g divides f , a contradiction. Thus, k[t2, t3] and k[t] are
not isomorphic. (Note: What we have used here is that k[t] is a UFD. For these
two rings, another way to distinguish them is to see that (t2)3 = (t3)2 gives two
factorizations of t6, and hence k[t2, t3] is not a UFD.)

In this example, t is an element of k(t) (or even k[t]) that is integral over k[t2, t3].

4.2. Integral extensions

The main technical idea we will use is that of integral extensions, which are
the ring-theoretic analogue of algebraic field extensions. We will use this theory to
prove some fundamental results like Hilbert’s Nullstellensatz.

Definition 4.2.1. Let R be a ring, and let S be an R-algebra. An element[Hoc17, p. 33]
[AK21, (10.21)] s ∈ S is integral over R if for some positive integer d we have that

(4.2.2) sd = rd−1s
d−1 + · · ·+ r1s+ r0 · 1S

for suitable elements rj ∈ R.
Lemma 4.2.3. Let R be a ring, and let S be an R-algebra with structure map[Hoc17, p. 35]

[AK21, (10.23)] θ : R→ S. For an element s ∈ S, the following are equivalent:

(i) s is integral over R.
(ii) The R-submodule of S spanned by the powers of s is finitely generated as

a module over R.
(iii) s is integral over the image θ(R) of R in S.
(iv) The θ(R)-submodule of S spanned by the powers of s is finitely generated

as a module over θ(R).
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Proof. For (i)⇒ (ii), we claim that sd−1, . . . , 1S generate the R-submodule S′ of S
spanned by the powers of s. We show that st is in S′ by induction on t ≥ 0. The
case t ≤ d− 1 is true by definition of this submodule, and the t = d case follows by
definition of integrality, since sd ∈ Rsd−1 + · · ·+R1S . Now suppose that st−1 is in
this module; we want to show that s is. Then, we can write

st = s(st−1)

= s(xd−1s
d−1 + · · ·+ x1s+ x0 · 1S)

= xd−1s
d + xd−2s

d−1 + · · ·+ x1s
2 + x0s

= xd−1(rd−1s
d−1 + · · ·+ r1s+ r0 · 1S) + xd−2s

d−1 + · · ·+ x1s
2 + x0s.

For (ii)⇒ (i), it suffices to note that if sd−1, . . . , 1S generate S′ as an R-module,
then sd must be an R-linear combination of sd−1, . . . , 1S . This yields an equation
of the form (4.2.2).

For the other two equivalent statements, note that R→ θ(R) is surjective, and
hence (4.2.2) holds for ri ∈ R if and only if it holds for some ai ∈ θ(R). □

Example 4.2.4. Consider the extension Z ⊆ Q. The element 1/2 is not integral
over Z: none of its dth powers are Z-linear combinations of lower powers of 1/2.

Now consider the extension Z ⊆ Z[
√
2]. The element

√
2 is integral over Z:

√
2

satisfies the monic polynomial x2 − 2 = 0.

Definition 4.2.5. We say that an R-algebra S is integral over R or that the [Hoc17, pp. 33–34]
[AK21, (10.21)]structure map θ : R → S is integral if every element of S is integral over R. If

θ : R ⊆ S is an injective ring map and S is integral over R, then we say that S is an
integral extension of R. To reduce ambiguity, we say that S is module-finite over R
or that θ : R→ S is module-finite if S is finitely generated as a module over R. If
R ⊆ S is an extension and S is module-finite over R, we call this a module-finite
extension.

To reduce ambiguity, if S is finitely generated as an R-algebra, we sometimes
say that S is of finite type or that θ : R→ S is of finite type.

Our first goal for today is to prove:

Theorem 4.2.6. Let R be a ring, and let S be an R-algebra. Then, S is integral [AK21, (10.28)]
[Hoc17, p. 37]and is finitely generated as an algebra over R if and only if S is module-finite over

R.

The main trick is to use linear algebra. The following result is a version of
the Cayley–Hamilton theorem for modules. Below, we denote by EndR(M) the
R-module HomR(M,M), which is a non-commutative ring.

Note that while EndR(M) is non-commutative, the ring R[φ] that appears
in the proof below is commutative. See [Hoc17, p. 34] or [HK71, Chapter 5] for
treatments of the theory of determinants over arbitrary commutative rings.

Theorem 4.2.7 (Determinant trick). Let R be a ring, and consider a finitely [AK21, (10.2)]
[Rei95, (2.7)]
[Hoc17, pp. 34–35]
[AM69, Prop. 2.4]

generated R-module M . Let φ : M →M be an R-module map. Then, φ satisfies a
monic relation

φn + a1 · φn−1 + · · ·+ an = 0

in HomR(M,M), where ai ∈ R for every i. If also φ(M) ⊆ IM for some ideal
I ⊆ R, then ai ∈ Ii for every i.
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Proof. Let m1,m2, . . . ,mn be a set of generators for M . Write φ(mi) =
∑
j aijmj

for aij ∈ R (or in I in the second case). Consider the (n× n)-matrix

A = (aij)1≤i,j≤n.

We then obtain

A


m1

m2

...
mn

 = (aij)


m1

m2

...
mn

 =


φ(m1)
φ(m2)

...
φ(mn)

 = φ · id


m1

m2

...
mn


and hence

(A− φ · id)


m1

m2

...
mn

 = 0,

where A− φ · id is a matrix with entries in R[φ] ⊆ EndR(M). Multiplying on the
left by the adjugate matrix adj(A− φ · id) (or the classical adjoint matrix, whose
(i, j)-th entry is the (j, i)-th cofactor of A), we obtain

det(A− φ · id)


m1

m2

...
mn

 = 0.

This implies that

± det(A− φ · id)(mi) = 0

for every i, and hence

± det(A− φ · id) = 0

in EndR(M), which is an expression of the form we want. □

We can now prove one direction of Theorem 4.2.6.

Proof of ⇐ in Theorem 4.2.6. Suppose R→ S is module-finite. As we discussed in
Example 3.1.2, module-finite algebras are also finitely generated as algebras. Now
for every s ∈ S, we see that the multiplication by s map φs ∈ EndR(S) satisfies

φns + a1φ
n−1
s + · · ·+ an = 0

by Theorem 4.2.7. Now applying this equation to 1S ∈ S, we obtain

sn + a1s
n−1 + · · ·+ an = 0,

and hence every s ∈ S is integral over R. □

To prove the other direction in Theorem 4.2.6, we will use the following:

Lemma 4.2.8. Let[Hoc17, p. 36]
[AK21, (10.26),
(10.27)]

R
α−→ S

β−→ T

be a sequence of ring maps. If α and β are integral (resp. module-finite), then so is
β ◦ α.
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Proof. We first prove the statement for module-finiteness: if t1, t2, . . . , tn generate
T over S and if s1, s2, . . . , sm generate S over R, then the set{

sitj
∣∣ 0 ≤ i ≤ m, 0 ≤ j ≤ n}

is a set of generators for T over R, since any element in T can be written as

n∑
j=1

σjtj =

n∑
j=1

m∑
i=1

rijsitj ,

where σj ∈ S and rij ∈ R.
Now consider the integrality statement. Let t ∈ T be integral over S, and

consider a monic relation

td + s1t
d−1 + · · ·+ sd = 0.

For each j ≤ d, consider the ring maps

R −→ R[s1] −→ R[s1, s2] −→ · · · −→ R[s1, s2, . . . , sd] −→ R[s1, s2, . . . , sd, t].

By Lemma 4.2.3, each ring map is module-finite, and by the module-finite case of
this lemma, the ring R[s1, s2, . . . , sd, t] is module-finite over R. Thus, t is integral
over R by the implication ⇐ in Theorem 4.2.6. □

We can now prove the remaining implication in Theorem 4.2.6.

Proof of ⇒ in Theorem 4.2.6. Suppose S is integral and finitely generated as an
algebra over R. Let s1, s2, . . . , sm be a set of generators for S as an R-algebra.
Then, we consider a sequence

R −→ R[s1] −→ R[s1, s2] −→ · · · −→ R[s1, s2, . . . , sm]

as before. Since each map is module-finite by Lemma 4.2.3, the composition is
module-finite by Lemma 4.2.8. □

As a consequence, given a ring map R→ S, the set of elements in S integral 9/9
over R forms a subring.

Definition 4.2.9. Let R be a ring, and let S be an R-algebra. The integral [Hoc17, p. 36]
[AK21, (10.19)]closure of R in S is the subset R ⊆ S of elements integral over R.

Corollary 4.2.10. Let R be a ring, and let S be an R-algebra with structure [Hoc17, p. 36]
[AK21, (10.32)]map θ : R→ S. Then, the integral closure R ⊆ S is a subring in S, and is integrally

closed in S.

Proof. Let s1, s2 ∈ S be integral over R. In the commutative diagram

R θ(R)[s1, s2]

θ(R)[s1]

the two diagonal arrows are module-finite, and hence their composition is module-
finite by Lemma 4.2.8. Thus, the R-subalgebra θ(R)[s1, s2] consists of elements
integral over R by Theorem 4.2.6. The last statement follows from Lemma 4.2.8. □
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Remark 4.2.11. Actually writing down the integral polynomial satified by s1s2
is difficult. One can show that if s1 satisfies a monic polynomial of degree d1 and s2
satisfies a monic polynomial of degree d2, then s1s2 satisfies a monic polynomial of
degree d1d2. See [Her75, Corollary to Theorem 5.1.4], which states the analogous
result for algebraic field extensions. An algebraic field extension is the special case
of an integral ring extension when both rings are fields. The proof in [Her75] reduces
to the case of finite field extensions in a similar way to how we reduced to the case
of a module-finite ring extension.

To explicitly write down the monic polynomial satisfied by s1s2, one can use
the theory of resultants (see, e.g., [Jac85, Theorem 5.7]). If s1 satisfies a monic
polynomial f1 and s2 satisfies a monic polynomial f2, then s1 + s2 satisfies the
monic polynomial Res(f1(x), f2(z−x)) in z and s1s2 satisfies the monic polynomial
Res(f1(x), x

deg(f2)f2(z/x)) in z.

Definition 4.2.12. Let R be a ring, and let S be an R-algebra. If R is reduced[Hoc17, p. 43]
[AK21, (10.19)] (resp. if R is a domain), we call the integral closure R in the total quotient ring

(resp. fraction field) of R the normalization or integral closure of R. We say that R
is integrally closed or normal if R = R.

Example 4.2.13. We give some examples of rings and their normalizations.[AK21, (10.34)]

(1) (Gauss) A UFD is normal. In particular, polynomial rings over fields or[AK21, (10.33)]
PID’s are normal.

Proof. Let R be a UFD, and consider r/s ∈ Frac(R), where r and s are
relatively prime. Now consider a monic relation(r

s

)n
= a1

(r
s

)n−1

+ · · ·+ an.

Clearing denominators, we get a relation

rn = s(a1r
n−1 + a2r

n−2s+ · · ·+ ans
n−1).

Since R is a UFD, any prime element dividing s also divides r, and hence
s is a unit. Thus, r/s ∈ R. □

The next class of examples are rings of integers or things like them.

(2) Let Q ⊆ F be a finite algebraic field extension. Then, the integral closure[Hoc17, p. 36]
O of Z in F is the ring of algebraic integers of F . These are the fundamental
objects in algebraic number theory.

(3) The ring R = Z[
√
5] is not a UFD since

(1 +
√
5)(1−

√
5) = −4 = −2 · 2,

and 1 +
√
5, 1−

√
5, and 2 are irreducible but are not multiples of each

other by a unit. The ring R is also not normal, since the golden ratio

τ :=
1 +
√
5

2

satisfies the monic relation τ2 − τ − 1 = 0. The ring Z[τ ] is therefore
contained in the normalization R of R. We claim that Z[τ ] is the normal-
ization of R. We can see this since Z[τ ] is a Euclidean domain with gauge
function

a+ bτ 7−→ |a2 + ab− b2|,
and hence is a UFD (even a PID). Alternatively, we can proeed in an[Hoc17, p. 43–44]
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elementary way as follows: If a+ b
√
5 is integral over Z[

√
5] with a, b ∈ Q,

then a−b
√
5 satisfies the same monic polynomial over Z that a+b

√
5 does,

and is therefore integral over Z. Their sum 2a is therefore also integral
over Z, in which case a = k or k + 1/2 for some integer k. By subtracting

a suitable integer linear combination of
√
5 and τ from a+ b

√
5, we have

an element of the form c
√
5 that is integral over Z, such that c ∈ Q. It

will therefore suffice to show that if c is rational and c
√
5 is integral over Z,

then c is an integer. Write c = m/n where m and n are coprime. Then, 5c2

is rational and integral over Z, and is therefore an integer, i.e., n2 | 5m2.
By prime factorization, we see that 5 ∤ n. Then, n2 | m2, and hence c is a
rational number whose square is an integer. It follows that c itself is an
integer.

(4) Let d ∈ Z be square-free. In K := Q(
√
d), form the ring R := Z + Zδ,

where

δ :=


1 +
√
d

2
if d ≡ 1 mod 4;

√
d if d ̸≡ 1 mod 4.

Then, R is the normalization Z of Z in K.
(5) The ring Z[

√
p]p≥2 prime is integral over Z but is not module-finite nor [Hoc17, p. 37]

finitely generated as an algebra over Z, since adjoining square roots of
finitely many primes cannot introduce square roots for other primes. Simi-
larly, k[x1/2

n

]n≥1 is integral over k[x] but is not module-finite nor finitely
generated as an algebra over k[x].

Now we consider some geometric examples.

(6) Let k be a field, and consider the subring R = k[t2, t3] ⊆ k[t]. Since t =
t3/t2 ∈ Frac(R), we see that Frac(R) = k(t). Now note that t ∈ Frac(R)
satisfies z2 − t2 = 0, and hence t ∈ R. But since k[t] is already normal, we
see that the normalization of R is k[t].

Being normal is a local property. We first show that the property that a ring
map is integral is a local property.

Proposition 4.2.14. Let R→ S be a ring map, and let W ⊆ R be a multiplica- [AK21, (11.32)]
[AM69, Prop. 5.12]tive set. Then, W−1R =W−1R as subrings of W−1S.

Proof. We first show ⊆. Given r/w ∈ W−1R, we know that r satisfies a monic
relation

rn = a1r
n−1 + a2r

n−2 + · · ·+ an.

Now dividing throughout by wn, we obtain( r
w

)n
=
a1
w

( r
w

)n−1

+
a2
w2

( r
w

)n−2

+ · · ·+ an
wn

,

and hence r/w ∈W−1R. Conversely, if r/w ∈W−1R, we have an equation of the
form ( r

w

)n
=
a1
w1

( r
w

)n−1

+
a2
w2

( r
w

)n−2

+ · · ·+ an
wn

.

Clearing denominators by multiplying by (ww1w2 · · ·wn)n, we obtain a monic
relation for r(w1w2 · · ·wn) over R, and hence r/w ∈W−1R. □

Corollary 4.2.15. Let R be a domain. Then, the following are equivalent: [AM69, Prop. 5.13]
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(i) R is normal.
(ii) RP is normal for every prime ideal P ⊆ R.
(iii) Rm is normal for every maximal ideal m ⊆ R.

Proof. Consider the ring extension R→ R. This map is surjective if and only if it
is surjective after localizing at every P (resp. every m). Now the claim follows by
the fact that normalization is compatible with localization (Proposition 4.2.14). □

4.3. Lying over and incomparability

We will now focus on proving some fundamental results about integral extensions,
called the Cohen–Seidenberg theorems [CS46] (although as we noted before, they
are due to Krull [Kru37] for integral domains). We start with the following:

Lemma 4.3.1. Let R ⊆ S be an integral extension of rings, let I ⊆ R be an ideal,[Hoc17, p. 38]
and consider u ∈ IS. Then, u satisfies a monic polynomial equation

un + a1u
n−1 + · · ·+ an−1u+ an = 0,

where ai ∈ Ii for every i.

Proof. We want to use the determinant trick (Theorem 4.2.7). Since u is integral
over R, we can write

u =

n∑
i=1

siai

for si ∈ S and ai ∈ I. Replacing S by the subring generated by u and the si, we
may assume that S is module-finite over R.

Now consider the R-module map

φu : S −→ S.

Since u ∈ IS, we see that φu(S) ⊆ IS by definition. We therefore see that

φnu + a1φ
n−1
u + · · ·+ an−1φu + an = 0

by the determinant trick (Theorem 4.2.7), and evaluating at 1S gives the desired
polynomial equation. □

Remark 4.3.2. Lemma 4.3.1 suggests why the integral closure of an ideal is
defined in the way it is [SH06, Definition 1.1.1]. The definition of integral closure for
ideals is also due to Krull [Kru36]. Note that the definition of the integral closure
of an ideal in [AM69, p. 63] is not the standard definition!

We can now show:

Theorem 4.3.3. Let R ⊆ S be an integral extension of rings.[Hoc17, p. 38]

(i) For every ideal I ⊆ R, we have IS ∩R ⊆
√
I. Thus, if I is radical, then[McQ79, Rem. 3]

IS ∩R = I.
(ii) (Lying over) Consider a prime ideal P ⊆ R. There exists a prime Q ⊆ S[AK21, (14.3)(3)]

such that Q ∩R = P . In other words, Spec(S)→ Spec(R) is surjective.

This version of Lying over is [CS46, Theorem 2].
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Proof. We first show (i). Let u ∈ IS ∩R. By Lemma 4.3.1, the element u satisfies
a monic equation

un = −(a1un−1 + · · ·+ an−1u+ an) ∈ I,
since ai ∈ Ii for every i.

We now show (ii). Let P be a prime ideal. Then, R− P is a multiplicative set
in R, and hence is a multiplicative set in S. By (i), PS ∩R = P , and hence R− P
is disjoint from PS. By one of our applications of Zorn’s lemma (Proposition 1.5.5),
there exists a prime ideal Q ⊆ S that contains PS but is disjoint from R−P . Since
P ⊆ PS, we see that

P = PS ∩R ⊆ Q ∩R = (Q ∩ P ) ∪ (Q ∩R− P ) ⊆ P. □

We next investigate whether there can be two primes lying over the same prime
in R.

Theorem 4.3.4. Let R ⊆ S be an integral extension of rings.

(i) Suppose R and S are domains. Then, every element s ∈ S − {0} has a [Hoc17, p. 37]
nonzero multiple in R.

(ii) (Incomparability) Consider a prime ideal P ⊆ R. If Q1 and Q2 are two [AK21, (14.3)(2)]
[Hoc17, p. 38]prime ideals in S such that Q1 ∩ R = P = Q2 ∩ R, then Q1 ̸⊆ Q2 and

Q2 ̸⊆ Q1.

This version of Incomparability is [CS46, Theorem 4].

Proof. We first prove (i). Consider an equation of integral dependence

sn + a1s
n−1 + · · ·+ an−1s+ an = 0

where ai ∈ R for all i. Since s ≠ 0, one of the ai must be nonzero. Now if h is the
smallest i such that ah ̸= 0, then we can rewrite the equation as

sh(sn−h + · · ·+ ah+1s+ ah) = 0.

Since s ̸= 0 and S is a domain, sn−h + · · ·+ ah+1s+ ah = 0, and hence

0 ̸= ah = −s(sn−h−1 + · · ·+ ah+1) ∈ R.
Finally, we show (ii). Let Q1 be a prime ideal lying over P . It suffices to show

that every prime ideal Q2 ⊋ Q1 cannot lie over P . The extension R/P ⊆ S/Q1 is still
integral, since every s̄ ∈ S/Q1 lifts to an element s ∈ S satisfying a monic polynomial
over R. Now since Q2 ⊋ Q1, there exists a nonzero element u ∈ Q2(S/Q1). By (i),
u has a nonzero multiple in R/P , and hence Q2(S/Q1) ∩ (R/P ) ̸= (0). □

We give another proof of Lying Over that does not use the determinant trick. 9/11

[Hoc17, p. 39]This proof illustrates how useful and powerful reductions are.

Theorem 4.3.5 (Lying over). Let R ⊆ S be an integral extension of rings.
Consider a prime ideal P ⊆ R. There exists a prime Q ⊆ S such that Q ∩R = P .

We first note the following:

Lemma 4.3.6. Let R ⊆ S be an integral extension of rings. Let W ⊆ R be a [Hoc17, p. 39]
multiplicative set. Then, W−1R→W−1S is an integral extension.
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Proof. The proof is very similar to the proof of Proposition 4.2.14. The map
W−1R → W−1S is injective by the exactness of localization (Proposition 3.4.3).
The extension is integral since W−1S is generated by the elements s/1, which satisfy
monic polynomials over the image of R→W−1R. □

We now give our second proof of Lying Over.

Proof of Theorem 4.3.5. We first reduce to the case when R is local with maximal
ideal P . We apply Lemma 4.3.6 with W = R− P . Let S1 =W−1S. If Q1 ⊆ S1 is
a prime ideal lying over PRP , then the contraction Q of Q1 to S will still lie over
P because PRP lies over P . We have therefore reduced to the case when R is local
with maximal ideal P . It now suffices to show that PS ̸= S, since then any maximal
ideal m ⊆ S containing PS will be prime and contracts to an ideal containing P .
Since P is maximal, this would imply that m ∩R = P .

It remains to show that PS ̸= S. Consider the family of ideals

Σ =
{
I ⊆ R

∣∣ IS ̸= S
}

partially ordered by inclusion. This set is nonempty since (0) ∈ Σ. The union of a
chain in Σ is also in Σ for otherwise 1 ∈ S could be written as a sum of elements
from finitely many members of that chain, and hence 1 would be contained in the
largest member of that chain. By Zorn’s Lemma 1.5.2, there is a maximal element
I ∈ Σ. Now consider IS ∩R = J . Then, I ⊆ J , and since

JS ⊆ (IS ∩R)S ⊆ IS ̸= S,

we see that I = J by maximality. Thus, R/I → S/IS is injective and still integral,
and R/I is still local. We may therefore replace R ⊆ S by R/I ⊆ S/IS to assume
that Σ only contains (0), for if we show that P (S/IS) ̸= S/IS, then we also have
PS ̸= S.

We now prove that PS ̸= S assuming that Σ = {(0)}. If P = (0), we are done.
By way of contradiction, we suppose that P ̸= (0). Choose a ∈ P − {0}. Since
Σ = {(0)}, we know that aS = S. Thus, there exists b ∈ S such that ab = 1. Since
b is integral over R, there is an equation

bn = rn−1b
n−1 + rn−2b

n−2 + · · ·+ r1b+ r0.

Since b = an−1, we can multiply both sides by an−1 to obtain

b = rn−1 + rn−2a+ · · ·+ r1a
n−2 + r0a

n−1

which shows that a−1 = b ∈ R. Thus, a has an inverse in R, contradicting the
assumption that a ∈ P . □

4.4. Going up

We show the next Cohen–Seidenberg theorem.

Theorem 4.4.1 (Going up). Let R ⊆ S be an integral extension of rings and[AK21, (14.3)(4)]
[Hoc17, p. 39] consider a chain

P0 ⊊ P1 ⊊ · · · ⊊ Pr

of prime ideals in R. Let Q0 be a prime ideal of S lying over P0. Then, there is a
chain of prime ideals

Q0 ⊊ Q1 ⊊ · · · ⊊ Qr

in S such that Qt lies over Pt for every t.
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The version of Going up in [CS46] is [CS46, Theorem 3].

Proof. We induce on r. The case r = 0 follows from lying over (Theorem 4.3.3(ii)).
Now assume that the chain Q0 ⊊ Q1 ⊊ · · · ⊊ Qr−1 has been constructed. We can
then consider the extension R/Pr−1 ⊆ S/Qr−1, which is integral as we saw in the
proof of incomparability (Theorem 4.3.4(ii)). Since Pr/Pr−1 is a prime ideal in
R/Pr−1, there is a prime ideal lying over it (Theorem 4.3.3(ii)), which is of the form
Qr/Qr−1 for a prime ideal Qr ⊂ S by Proposition 1.3.12. Finally, Proposition 1.3.12
implies that this prime ideal Qr lies over Pr as well. □

One important application of going up is that integral extensions preserve
dimensions.

Corollary 4.4.2. Let R ⊆ S be an integral extension of rings. Then, dim(R) = [AK21, (15.11)]
[Hoc17, p. 40]dim(S).

Proof. We first show ≥. Let Q0 ⊊ Q1 ⊊ · · · ⊊ Qd be a chain of prime ideals in S.
Then, each Qt contracts to distinct primes Pt by incomparability (Theorem 4.3.4(ii)),
and hence ≥ holds.

To show ≤, it suffices to note that for every chain of prime ideals in R, there is
a chain of equal length in S by going up (Theorem 4.4.1). □

Remark 4.4.3. Corollary 4.4.2 implies that dim(k[t2, t3]) = 1, which we were
not able to show in Example 4.1.5.

One way to interpret the proof we just wrote down is in terms of height:

Definition 4.4.4. Let P ⊆ R be a prime ideal in a ring R. The height ht(P )
of P is the supremum of lengths r of strictly increasing chains

P0 ⊊ P1 ⊊ · · · ⊊ Pr

of prime ideals contained in P . Note that by Proposition 3.2.10, the height of P is
the same as the Krull dimension of RP .

We can now show:

Corollary 4.4.5. Let R ⊆ S be an integral extension of rings, and consider a
prime ideal Q ⊆ S. Then, ht(Q ∩R) ≥ ht(Q).

Proof. This is the same as the proof of ≥ in Corollary 4.4.2. □

We note that there exist examples where this inequality is strict.

Example 4.4.6. Consider the ring map [Hoc17, p. 47]

R = k[x] ⊆ k[x, y]

(y − y2, xy) = S.

This is integral since S is generated by y over R, and y satisfies the monic equation
y2 − y = 0. It is also an extension since the ring map S → R sending x 7→ x and
y 7→ 0 is a retraction. Now consider

Q = (1− y) ⊆ S.
This is a prime ideal in S since S/Q ≃ k. We claim that

ht(Q) = 0 < 1 = ht(Q ∩R).
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We show the first equality, which says that Q is a minimal prime in S. Let
Q′ ⊆ Q be a prime ideal. Then Q′ is the image of a prime ideal Q̃′ ⊆ k[x, y]

containing y − y2 = y(1 − y). Such an ideal Q̃′ must contain y or 1 − y, but we

see that Q̃′ cannot contain y (for otherwise Q would contain y + (1− y) = 1) and
cannot contain 1− y (for otherwise Q′ = Q).

For the second equality, we note that Q∩R contains x (since x(1−y) = x−xy =
x), and hence ht(Q ∩R) ≥ 1. The height is equal to 1 since dim(R) = 1.

We will start investigating later today under what assumptions height is pre-
served under integral maps.

4.5. Cardinality of fibers of module-finite maps

We have now seen how dimension changes under integral maps. We already saw
how some of the most important examples of integral maps are normalizations. We
will spend some time investigating how module-finite maps are reflected on spectra
of rings.

Example 4.5.1. Consider the ring k[x, y]/(xy). This has an injection

R =
k[x, y]

(xy)
↪−→ k[x, y]

(xy, y)
× k[x, y]

(xy, x)
≃ k[x]× k[y] = S,

since (x)∩ (y) = (0). The ring S is the integral closure of R in k(x)× k(y) since it is
integral over R, and is integrally closed in k(x)× k(y) since any equation of integral
dependence gives rise to two equations of integral dependence corresponding to each
factor.

We investigate what prime ideals lie over the maximal ideal (x, y). We think it
should be (x)× k[y] and k[x]× (y), which are maximal by Homework 0 (see also
Proposition 1.7.1). But how do we rule out the existence of other prime ideals lying
over (x, y)?

To investigate this sort of question in general, we introduce some terminology.

Definition 4.5.2. Let φ : R→ S be a ring map, and consider the associated[Hoc17, pp. 40–41]
map

g = Spec(φ) : Spec(S) −→ Spec(R)

on spectra. Borrowing terminology from topology, the fiber g−1(P ) over a prime
ideal P ∈ Spec(R) is the set of all prime ideals mapping to P under g. In other
words, g−1(P ) is the set of prime ideals in S lying over P ∈ Spec(R). This set of
prime ideals is homeomorphic to the spectrum of

(4.5.3)
(R− P )−1S

P · (R− P )−1S
≃ (R− P )−1 S

PS
,

which is the same as localizing S/PS at the image of R− P in S/PS. This ring is
called the fiber of R→ S over P , and is both an S-algebra and an RP /PRP -algebra.
The primes in the fiber correspond to the primes of S that contain PS and are
disjoint from R− P .

We will talk next time how to show (4.5.3) using the language of representable
functors. For now, we note that the two sides in (4.5.3) satisfy the same universal
properties.
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Example 4.5.4. In the previous example, the fiber is

(R− (x, y))−1 k[x]× k[y]
((x, 0), (0, y))

.

After some work, you can actually show that this isomorphic to k[x]/(x)× k[y]/(y).

Our goal, then, is to not have to do this work and still bound the number of
prime ideals in a fiber.

We will also need the following. We recall that two ideals I1, I2 ⊆ R are
comaximal if I1 + I2 = R.

Theorem 4.5.5 (Chinese remainder theorem). Let R be a ring, and consider [AK21, (1.13)]
[Hoc17, p. 41]pairwise comaximal ideals I1, I2, . . . , In ⊆ R for n ≥ 2 (i.e., for all j ≠ k, we have

Ij + Ik = R). Then, we have

(4.5.6) J := I1I2 · · · In = I1 ∩ I2 ∩ · · · ∩ In,
and the ideals I1I2, I3, . . . , In are also pairwise comaximal. Moreover, the map

(4.5.7)
R

J
−→ R

I1
× R

I2
× · · · × R

In

defined by r + J 7→ (r + I1, r + I2, . . . , r + In) is a ring isomorphism.

Proof. We proceed by induction. First consider the case when n = 2. The pairwise
comaximality is vacuous, and hence it suffices to show (4.5.6) and that the map
(4.5.7) is an isomorphism. The inclusion I1 · I2 ⊆ I1 ∩ I2 follows from definition of
the product ideal. Conversely, if j ∈ I1 ∩ I2, then writing i1 + i2 = 1 for i1 ∈ I1 and
i2 ∈ I2, we have j = j(i1 + i2) = ji1 + ji2 ∈ I1I2. This also shows the injectivity of
(4.5.7), since the kernel is I1 · I2 = I1 ∩ I2. For surjectivity, if (r1 + I1, r2 + I2) is in
the codomain, then r1i2+ r2i1 maps to this element, where i1, i2 are as before, since

r1i2 + r2i1 7−→ (r1i2 + I1, r2i1 + I2) = (r1 + I1, r2 + I2)

since r1i1 ∈ I1 and r2i2 ∈ I2.
We now consider the inductive case. To show (4.5.6), it suffices to show that 9/13

I1I2, I3, . . . , In are pairwise comaximal by inductive hypothesis. It moreover suffices
to show that I1I2 is comaximal with Ij for each j ≥ 3. Choose i1 ∈ I1 and u ∈ Ij
such that i1+u = 1, and choose i2 ∈ I2 and v ∈ Ij such that i2+v = 1. Multiplying
these two equations together, we have

i1i2︸︷︷︸
∈I1I2

+ i1v + i2u+ uv︸ ︷︷ ︸
∈Ij

= 1.

Now for (4.5.7), the inductive hypothesis and the n = 2 case imply

R

J
=

R

(I1I2)I3 · · · In
∼−→ R

I1I2
× R

I3
× · · · × R

In

∼−→ R

I1
× R

I2
× · · · × R

In
. □

Example 4.5.8. The classical Chinese remainder theorem follows by consid-
ering R = Z and pairwise coprime integers a1, a2, . . . , an which generate pairwise
comaximal ideals (a1), (a2), . . . , (an).

We can now answer the question we had about cardinality of fibers.
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Theorem 4.5.9. Let R be a reduced k-algebra that is module-finite over a field [Hoc17, p. 42]
k (and hence R is a finite-dimensional k-vector space). Then, R is a product of
finite algebraic field extensions L1×L2× · · · ×Ln of K. The ring R has n maximal
ideals, which are the kernels of the n projections R→→ Li for i ∈ {1, 2, . . . , n}, and
the number of maximal ideals n is at most dimk(R).

Proof. Since dim(k) = 0 and R is integral over k, we have dim(R) = 0 by Corol-
lary 4.4.2, and hence every prime ideal is maximal. Let m1,m2, . . . ,mh be any subset
of maximal ideals of R. The Chinese Remainder Theorem 4.5.5 shows that

R

m1m2 · · ·mh
≃ R

m1
× R

m2
× · · · × R

mh
.

Let Li = R/mi. Then, Li is a field and is finite-dimensional as a k-vector space, and
hence is a finite algebraic extension of k. As a k-vector space, (R/m1)×(R/m2)×· · ·×
(R/mh) is a direct sum over K of the fields Li, which shows that h is at most the k-
vector space dimension of R/(m1m2 · · ·mh), which is also at most the k-vector space
dimension of R. Thus, the number of maximal ideals in R is bounded above by the
k-vector space dimension of R. Now suppose that m1,m2, . . . ,mn are all the maximal
ideals of R. Since R is reduced, the Scheinnullstellensatz (Theorem 1.5.7) implies that
the intersection of the mi is zero. Thus, R ≃ R/(0) ≃ R/m1×R/m2×· · ·×R/mn. □

Corollary 4.5.10. Let R→ S be a module-finite ring map, where S is generated[Hoc17, p. 42]
by n elements over R. Then, the number of prime ideals of S lying over a prime
ideal P ⊆ R is at most n.

The following allows us to reduce to the local case:

Lemma 4.5.11. Let R→ S be an integral (resp. module-finite) map. Then, the[Hoc17, p. 41]
map RP /PRP → (R− P )−1S/(P · (R− P )−1S) is integral (resp. module-finite).

Proof. We already saw that integrality is preserved under localization in Lemma 4.3.6
and that it is preserved under quotienting by an ideal and its extension as in the
proof of Incomparability (Theorem 4.3.4(ii)). The proof for module-finiteness is
even simpler: if n elements generate S over R, then the same elements generate
(R− P )−1S/(P · (R− P )−1S) over RP /PRP . □

Proof of Corollary 4.5.10. From Lemma 4.5.11 and the discussion about fibers
above, we can replace R→ S by RP /PRP → (R− P )−1S/(P · (R− P )−1S). This

does not increase the number n. Passing to S/
√

(0) can only decrease its k-vector
space dimension, while the number of prime ideals (which are all maximal) does not
change. We can then apply Theorem 4.5.9. □

4.6. More on representable functors

One thing I want to revisit from before is why we have an isomorphism

(R− P )−1S

P · (R− P )−1S
≃ (R− P )−1 S

PS

in the definition of the fiber ring. As I mentioned before, you can check they are
isomorphic by checking they have the same universal property. Another way to
see this is that they both represent the functor: They both represent the functor
sending a ring T to the set of maps φ : R→ T such that φ(R− P ) consists of units
and φ(P ) = 0.
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The fact that objects representing the same functor are isomorphic is a conse-
quence of the Yoneda lemma. A version of this lemma appears in [Yon54] but the
current version was apparently first published in [Gro95] (which is a republication of
a paper from 1960). The lemma is named after Nobuo Yoneda, who communicated
the result to Mac Lane at a train station in 1954 [Kin98; Mac98].

Lemma 4.6.1 (Yoneda [Yon54; Gro95, Proposition 1.1]). Let C be a (locally cf. [Hoc17, p. 40]
small) category. Let F : Cop → Sets be a functor. Then, for every object X of C,
there is a bijection

(4.6.2)

{
natural transformations

hX ⇒ F

}
F (X)

T TX(idX)

∼

that is natural in both X and F when both sides are considered as functors

Cop × Fun(Cop, Sets) −→ Sets.

Note that we defined all categories to be locally small (that is, to have Hom
sets) in Definition 2.1.1.

Proof. Fix a morphism f : Y → X in C. Then, we obtain a natural transformation

T f : hX hY

(g : X → Z) (g ◦ f : Y → Z).

Note that hX(X)→ hY (X) sends idX to f .
We now consider the commutative diagram

Hom(X,X) F (X)

Hom(Y,X) F (Y )

TX

T f (X) F (f)

TY

of sets, which exists by the naturality of T . Mapping idX through each term in the
commutative diagram, we have

idX TX(idX)

f TY (f).

We therefore see that the image of a natural transformation T in F (X) is uniquely
determined by the image TX(idX) of idX since the naturality of T automatically
determines how T transforms morphisms f : Y → X. The fact that the image
TX(idX) of idX determines a natural transformation T : hX ⇒ F shows that (4.6.2)
is surjective. The fact that the image TX(idX) of idX uniquely determines a natural
transformation T : hX ⇒ F shows that (4.6.2) is injective. □

As a consequence, we see the following:

Corollary 4.6.3. Let C be a (locally small) category. Let X and Y be two [Hoc17, p. 40]
objects in C. If hX ∼= hY , then X ∼= Y .
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Proof. The natural transformations hX ⇒ hY and hY ⇒ hX that compose to the
identity in either order maps to two morphisms Y → X and X → Y that compose
to the identity in either order by the Yoneda Lemma 4.6.1. □

4.7. Going down

We now return to the Cohen–Seidenberg theorems. We investigate when integral
maps preserve height, as promised. This is the content of the following last Cohen–
Seidenberg theorem:

Theorem 4.7.1 (Going down). Let R be a normal domain and let R ⊆ S be an[AK21, (14.9)]
[Hoc17, p. 44] integral extension. Suppose that no nonzero element of R is a zerodivisor in S (i.e.,

that S is torsion-free as an R-module). Let

Pr ⊋ Pr−1 ⊋ · · · ⊋ P0

be a chain of primes in R, and let Qr be a prime ideal of S lying over Pr. Then,
there is a chain of prime ideals

Qr ⊋ Qr−1 ⊋ · · · ⊋ Q0

in S such that Qi lies over Pi for every i.

This result appeared as [CS46, Theorem 5] in Cohen and Seidenberg’s paper.
We note that the condition that S is torsion-free over R cannot be removed: the
same example

R = k[x] ⊆ k[x, y]

(y − y2, xy) = S.

from Example 4.4.6 does not satisfy going down.

We will need some preliminaries about polynomials.

Proposition 4.7.2. Let R be a ring, and consider the polynomial ring R[x] in[Hoc17, pp. 44–45]
one variable over R.

(i) Let f, g ∈ R[x] be nonzero polynomials of degree d and n and leading
coefficients a and b. Then, if either a or b is not a zerodivisor in R, then
the degree of fg is d+ n and its leading coefficient is ab. In particular, the
conclusion holds if f or g is monic.

(ii) (Division algorithm) Let g be any polynomial, and let f be a monic polyno-
mial in R[x] of degree d. Then, one can write g = qf + r where q, r ∈ R[x]
and either r = 0 or deg(r) < d. This representation is unique.

(iii) Let R ⊆ S be a ring extension and let f, g ∈ R[x] as in (ii) with f monic.
Then, g is a multiple of f in R[x] if and only if it is a multiple of f in
S[x].

Note that in (i), you can get products fg of smaller degree than expected, for
example by considering R = Z/⟨4⟩ and the product (2̄x+ 1)(2̄x+ 1) = 1 in R[x].

Proof. For (i), the product fg has at most one term of degree d+n, namely abxd+n.
This may or may not be zero, but definitely is not zero when either a or b is a
nonzerodivisor.

For (ii), we perform long division in the usual way. More precisely, we proceed
by induction on n = deg(g). If g = 0 or deg(g) < d, then we set q = 0 and
r = g. Otherwise, let axn be the leading term of g, where a ∈ R − {0}. Then
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g1 = g − axn−df has smaller degree than g, and so can be written in the form
q1f + r by inductive hypothesis. We then have

g = (axn−d + q1)f + r

as required. For uniqueness, if qf + r = q′f + r′, then (q − q′)f = r − r′ is zero or
has degree smaller than that of f , which is impossible by (i) unless q − q′ = 0, in
which case r − r′ = 0 as well.

Finally, for (iii), we can perform the division algorithm either in R[x] or in S[x].
By uniqueness, the result is the same. If g is a multiple of f in S[x], the remainder
must be zero, and then the same holds in R[x]. □

The following result is why the “normal domain” assumption is necessary.

Proposition 4.7.3. Let R be a normal domain with fraction field K, and let S [Hoc17, p. 46]
be a domain containing R. Suppose that s ∈ S is integral over R. Let f(x) ∈ K[x]
be the minimal monic polynomial of s over K. Then, f(x) ∈ R[x], and for any
polynomial g(x) ∈ R[x] such that g(s) = 0, we have f(x) | g(x) in R[x].
Proof. Choose an algebraic closure Frac(S) ⊆ L, in which case K ⊆ L as well. The
element s satisfies a monic polynomial h(x) with coefficients in R. It follows that
f(x) | h(x) in K[x], and hence every root of f in L is a root of h(x). It follows that
all roots of f are integral over R. The coefficients of f are elementary symmetric
functions of the roots of f . Thus, the coefficients of f are elements of K that are
integral over R. Since R is normal, they are in R.

Now suppose that g(x) ∈ R[x] is a polynomial such that g(s) = 0. We know
that f(x) | g(x) in K[x]. The fact that f(x) | g(x) in R[x] then follows from
Proposition 4.7.2(iii). □

Finally, we can show going down. 9/16

Proof of Going down (Theorem 4.7.1). Recall that we have an integral extension
R ⊆ S where R is a normal domain and where nonzero elements of R are not
zerodivisors in S.

Step 1. It suffices to consider the case when r = 1.

This is just by induction on the length of the chain, constructing one prime
ideal at a time.

We can therefore change notation as follows: we are given a prime Q of S lying
over P in R, and a prime P0 ⊆ P in R. We want to show that there is a prime
Q0 ⊆ Q such that Q0 lies over P0.

Step 2. Reduction to the case when S is also a domain.

We show that there is a prime ideal q ⊆ S such that q ⊊ Q and q lies over
(0) ⊆ R. To do this, consider the multiplicative set

W =
(
R− {0}

)
(S −Q)

in S. Since the elements of R − {0} are not zerodivisors in S and the elements
of S − Q are not zero, the multiplicative set W does not contain 0. This means
there is a prime ideal q ⊆ S disjoint from W by our application of Zorn’s lemma
(Proposition 1.5.5). In particular, since R− {0} ⊆W , we see that q ∩R = (0), and
since S −Q ⊆W , we must have q ⊆ Q. Since Q lies over P and P0 ⊊ P , we have
that P ̸= (0), and hence q ⊊ Q by Incomparability (Theorem 4.3.4(ii)).
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We now replace S by S/q. Since q∩R = {0}, we still have an injection R ↪→ S/q,
and we may replace R by its image in S/q to assume that R ⊆ S/q is an integral
extension of domains. If we find a prime of S/q contained in Q/q that lies over P0,
then it will have the form Q0/q for some prime of S with Q0 ⊆ Q. Then, Q0 will
lie over P0 in R and we will have Q0 ⊆ Q. Since P0 ⊊ P , we actually have Q0 ⊊ Q.

Step 3. The special case when R ⊆ S is an integral extension of domains, where
R is normal.

Let A = R − P0 and B = S − Q. To complete the proof, we will show that
the multiplicative set AB does not meet the ideal P0S. This implies that there
is a prime ideal Q0 ⊆ S containing P0S and disjoint from AB ⊇ A ∪ B again by
Proposition 1.5.5, so that P0 ⊆ Q0 and Q0 meets neither R − P0 nor S −Q. But
this means that Q0 lies over P0 and is contained in Q, as required.

We proceed by contradiction. Suppose that a ∈ A and b ∈ B are such that
ab ∈ P0S. By the application of the determinant trick we used to prove lying over
(Lemma 4.3.1), we know that ab satisfies a monic polynomial equation g1(x) ∈ R[x]
whose coefficients except the leading coefficient all lie in P0. This means that b is a
root of a polynomial g(x) = g1(ax) over R[x], whose leading coefficient is a power
of a.

We now think of K = Frac(R) as a subfield of L = Frac(S). Since b satisfies
the algebraic equation g(b) = 0, it is algebraic over K, and has a monic minimal
polynomial f(x) ∈ K[x] that is irreducible in K[x]. By Proposition 4.7.3, this
polynomial f(x) has coefficients in R, since R is normal. It divides g(x) in K[x],
since g(x) has coefficients in R ⊆ K, and f(x) is the minimal polynomial of b.

Now since f(x) is monic, we can apply our version of the division algorithm
(Proposition 4.7.2) to show that f(x) | g(x) in R[x] as well, in which case we have
g(x) = f(x)q(x) with q(x) ∈ R[x]. Considering the coefficients modulo P0, since
a ∈ R − P , its image ā ∈ R/P is nonzero. Thus, modulo P0, the polynomial g(x)
has the form ādxd, since all lower coefficients are in P0. This implies that the monic
polynomial f must become xk modulo P0, where k is the degree of f . Thinking
over R, this shows that f(x) is monic of degree k with all lower coefficients in P0:

f(x) = xk + p1x
k−1 + · · ·+ pk.

Finally, since b is a root of f(x), we have

bk = −p1bk−1 − · · · − p0 ∈ P0S ⊆ Q,
and hence b ∈ Q, a contradiction. This shows that AB does not meet P0S. □

This shows the desired result about heights.

Corollary 4.7.4. Let R be a normal domain, and let R ⊆ S be an integral[Hoc17, p. 47]
extension such that no nonzero element of R is a zerodivisor in S. Let Q ⊆ S be a
prime ideal. Then, ht(Q ∩R) = ht(Q).

Proof. We already saw that ≥ holds in Corollary 4.4.5 using Going up (Theo-
rem 4.4.1). Conversely, given a chain of primes contained in P = Q ∩R we can use
Going down (Theorem 4.7.1) to show that the height of Q is at least as big as the
height of P . □

We end with an example that shows that normality cannot be taken out of the
assumptions in Going down (Theorem 4.7.1).
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Example 4.7.5. Let k be a field, and consider the ring extension [Hoc17, pp. 48–49]

R = k[x(1− x), x2(1− x), y, xy] ⊆ k[x, y] = S.

The ring S is integral over R since it is generated over k[y] ⊆ R by x, and x satisfies
the monic polynomial z2−z−x(1−x) = 0, which has coefficients in R. The element
x ∈ R is in the fraction field of R, since

x =
xy

y
=
x2(1− x)
x(1− x) ∈ Frac(R).

We now consider Q = (1− x, y) ⊆ S, which lies over

P =
(
x(1− x), x2(1− x), y, xy

)
⊆ R.

This ideal P is a maximal ideal in R. Now consider the contraction P0 = (x) ∩R.
We have that

P0 =
(
x(1− x), xy

)
⊆ R.

We claim that no prime Q0 contained in Q lies over P0. First, any prime of S
contained in Q cannot contain x, since x /∈ Q. But since Q0 must contain both
x(1− x) and xy (since they are in P0) and does not contain x, it must contain both
1− x and y. This forces Q0 to equal Q, in which case it lies over P , not P0.





CHAPTER 5

Noether’s normalization theorem
and Hilbert’s Nullstellensatz

The next goal is to prove some very fundamental facts about rings finitely
generated as algebras over fields. These are critical results in algebraic geometry. In
commutative algebra, these sorts of results show why finitely generated algebras
over fields are so well-behaved and nice to work with.

5.1. Algebraic sets

To motivate the two theorems we are proving next, we give some definitions
from algebraic geometry.

Definition 5.1.1. Let k be a field, and consider the n-fold product kn of k. We [Rei95, (5.3)]
[Hoc17, p. 4]say that a set X ⊆ kn is an algebraic set if there exists a set {fi}i∈I of polynomials

in k[x1, x2, . . . , xn] such that

X = Z
(
{fi}i∈I

)
:=
{
P = (a1, a2, . . . , an) ∈ kn

∣∣ fi(P ) = 0 for all i ∈ I
}
,

Here, we are thinking of k[x1, x2, . . . , xn] as the ring of functions on kn.

Closed algebraic sets are hard to draw over C, and so we will usually draw them
over R instead. See Figure 5.1 for some examples.

The two main theorems we will prove next have the following consequences:

(1) (Noether’s normalization theorem, geometric version) Given an algebraic
set X ⊆ kn, there is a number d ≤ n and a change of coordinates on kn

such that the projection kn → kd induces a map X → kd where the fiber
over every point is nonempty and finite.

(2) (Hilbert’s Nullstellensatz, geometric version) Suppose k is algebraically
closed. Then, given an algebraic set X = Z(I) ⊆ kn, the points

(a1, a2, . . . , an) ∈ kn

that lie in Z(I) are in one-to-one correspondence with maximal ideals
(xi − ai)1≤i≤n that contain I.

We will prove more precise versions of these results.

5.2. Noether’s normalization theorem

We start with Noether’s normalization theorem. Our first goal is to show
that after a change of variables, any nonzero polynomial in R = k[x1, x2, . . . , xn]
becomes a nonzero scalar times a polynomial that is monic in xn with coefficients
in A = k[x1, x2, . . . , xn−1] ⊆ R, where we think of R as A[xn]. This will be key to
our proofs of Noether’s normalization theorem and Hilbert’s Nullstellensatz.

We start by considering an example:

65



66

Z(x, y) Z(x2 + y2 − 1) Z(y2 − x3) Z(x1x3, x1x4, x2x3, x2x4)

Figure 5.1. Some examples of algebraic sets in Rn.

66 4 Finite extensions and Noether normalisation

Figure 4.8. Projecting the hyperbola XY = 1

geometrically to tilting the hyperbola a little before projecting, so that
it no longer has a vertical asymptotic line. See Figure 4.8.

The moral of either proof is that for any choice y i , . . . , yn-i , we'll be
fairly unlucky if yn is not integral over k[yi,..., yn-\\. Perturbing the
choice of j / i , . . . , 2/n-i, I can guarantee to avoid the unlucky accident.

4.9 Field extensions

Proposition Let A C B be an integral extension of integral domains;
then

A is a field <=> B is a field.

Proof =$• Let 0 ^ x £ B\ then there is a monic relation

xn + an-ix71'1 + • • • + a0 = 0

with ai ¤ A, and I can assume that ao ^ 0, since otherwise I could
cancel x. Now A is a field, therefore

= - a 0 4- an_ixn~2 H B.
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Figure 5.2. Projecting the hyperbola onto the x-axis has empty
fibers, but has nonempty fibers after rotating the y-axis slightly.
From [Rei95, Figure 4.8].

Example 5.2.1. Consider the polynomial x1x2 ∈ k[x1, x2]. There is then an[Hoc17, p. 49]
automorphism of this polynomial ring such that x1 7→ x1 + x2 and x2 7→ x2 (the
inverse maps x1 7→ x1 − x2 and x2 7→ x2). The image of x1x2 is (x1 + x2)x2 =
x22 + x1x2, which is monic as a polynomial in x2 over k[x1].

More generally, we note the following:

Remark 5.2.2. Let D be a ring, and let R = D[x1, x2, . . . , xn] be the polynomial[Hoc17, p. 49]
ring in n variables over D. Consider arbitrary elements

g1(xn), g2(xn), . . . , gn−1(xn) ∈ D[xn] ⊆ R.
Consider the assignment

xi 7−→
{
xi + gi(xn) if i < n;

xi if i = n.

This defines an automorphism of R as a D-algebra with inverse

xi 7−→
{
xi − gi(xn) if i < n;

xi if i = n.

Lemma 5.2.3. Let D be a domain and consider f ∈ D[x1, x2, . . . , xn]. Let N ≥ 1[Rei95, (4.7)]
[Hoc17, p. 49] be an integer that is strictly larger than all of the exponents of the variables occurring
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in the terms of f . Let ϕ be the D-automorphism of D[x1, x2, . . . , xn] defined by

xi 7−→
{
xi + xN

i

n if i < n;

xi if i = n.

Then, the image of f under ϕ is a polynomial whose sole highest degree term in xn
is a nonzero element c ∈ D times a power of xn. Thus, the image of f is a unit of
Dc times a monic polynomial in xn over Dc[x1, x2, . . . , xn−1].

Proof. Consider any nonzero term of f of the form

cαx
a1
1 x

a2
2 · · ·x

an−1

n−1 x
an
n ,

where α = (a1, a2, . . . , an), and cα ∈ D is nonzero. The image of this term under ϕ
is

cα(x1 + xNn )a1(x2 + xN
2

n )a2 · · · (xn−1 + xN
n−1

n−1 )an−1xann
and this contains a unique highest degree term in xn, which is the product of the
highest degree terms coming from all the factors, i.e.

cα(x
N
n )a1(xN

2

n )a2 · · · (xNn−1

n−1 )an−1xann = cαx
an+a1N+a2N

2+···+an−1N
n−1

n .

As α varies, the exponents that one gets on xn in these largest degree terms coming
from distinct terms of f are distinct because of the uniqueness of representations
of integers in base N . Thus, no two exponents are the same, and no two of these
terms can cancel, and the degree of the image of f is

m = max
{α|cα ̸=0}

{
an + a1N + a2N

2 + · · ·+ an−1N
n−1
}
.

Letting α0 be the index that achieves this maximum m, we see that the term cα0x
m
n

occurs in ϕ(f), and is the only term of degree m, and hence cannot be canceled.
Thus, c−1

α0
ϕ(f) is monic of degree m in xn when viewed as a polynomial in xn over

Dc[x1, x2, . . . , xn−1], as required. □

Before we state Noether’s normalization theorem, we state one definition.

Definition 5.2.4. Let R be an A-algebra and consider z1, z2, . . . , zd ∈ R. We
say that the elements z1, z2, . . . , zd are algebraically independent over A if the
A-algebra map

A[x1, x2, . . . , xd] R

xi zi

is injective.

This is equivalent to the condition that the monomials za11 za22 · · · zadd as α =

(a1, a2, . . . , ad) ∈ Nd varies are all distinct and span a free A-submodule of R, which
then would equal A[z1, z2, . . . , zd]. The failure of the zj to be algebraically indepen-
dent means that there is a nonzero polynomial f(x1, x2, . . . , xd) ∈ A[x1, x2, . . . , xd]
such that f(z1, z2, . . . , zd) = 0.

We now show the promised:

Theorem 5.2.5 (Noether’s normalization theorem [Noe26]). Let D be a domain [AK21, (15.1)]
[Rei95, (4.6)]
[Hoc17, p. 50]
[AM69, Exer. 5.20]

and let R be a finitely generated D-algebra containing D. Then, there exists a
nonzero element c ∈ D and algebraically independent elements z1, z2, . . . , zd in the
Dc-algebra Rc such that Rc is module-finite over its subring Dc[z1, z2, . . . , zd], which
is isomorphic to a polynomial ring over Dc.
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In particular, if D is a field k, then every finitely generated k-algebra is isomor-
phic to a module-finite extension of a polynomial ring over k.

Here, d = 0 is possible. The proof below is due to Nagata [Nag56, Chapter 1, §1].9/18

Proof. Write

R = D[θ1, θ2, . . . , θn].

We induce on the number n of generators of R over D. If n = 0, then R = D and
we can set d = 0.

Now suppose that n ≥ 1 and that we know the result for algebras defined by
at most n − 1 elements. If the θi are algebraically independent over D then we
are done: we can set d = n and zi = θi for every i. We may therefore assume
that there exists a nonzero polynomial f(x1, x2, . . . , xn) ∈ D[x1, x2, . . . , xn] such
that f(θ1, θ2, . . . , θn) = 0. Now instead of using the given generators for R as a
D-algebra, we may use

θ′1 = θ1 − θNn
θ′2 = θ2 − θN

2

n

...

θ′n−1 = θn−1 − θN
n−1

n

θ′n = θn

where N is chosen for f as in Lemma 5.2.3. With ϕ as in Lemma 5.2.3, these
generators satisfy

g := ϕ(f) = f
(
x1 + xNn , x2 + xN

2

n , . . . , xn−1 + xN
n−1

n , xn
)
.

Let c ∈ D − {0} be the coefficient of the highest degree term of g in xn. Then,
over Dc, the polynomial c−1g is an equation of integral dependence for θ′n/1 over
S = Dc[θ

′
1, θ

′
2, . . . , θ

′
n−1]. This shows that Rc is module-finite over S by Lemma 4.2.3.

Now by induction, there exists an element c′ ∈ D−{0} such that Sc′ is module-finite
over Dc′ [z1, z2, . . . , zd] ⊆ Sc′ . Noting that inverting c′ and then c is the same as
inverting cc′, we have

Dcc′ ⊆ Dcc′ [z1, z2, . . . , zd] ⊆ Scc′ ⊆ Rcc′
where the middle and right inclusions are module-finite by Lemma 4.5.11. □

This result has many corollaries!

Corollary 5.2.6 (Zariski’s Nullstellensatz [Zar47, p. 363]). Let R be a finitely[AK21, (15.4)]
[Hoc17, p. 51]
[AM69, Exer. 5.18]

generated algebra over a field k, and suppose that R is a field. Then, R is a finite
algebraic extension of k, and in particular, R is module-finite over k.

Proof. By Noether’s Normalization Theorem 5.2.5, we know that R is module-finite
over some polynomial subring k[z1, z2, . . . , zd] ⊆ R. If d ≥ 1, this polynomial ring
has dimension at least one, in which case dim(R) ≥ 1 by Corollary 4.4.2, which
would contradict the assumption that R is a field. Thus, we have d = 0, and R is
module-finite over k itself. Since R is a field, this is the same as saying that R is a
finite algebraic extension of k. □
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Corollary 5.2.7. Let R → S be a homomorphism of finitely generated k-[Hoc17, p. 54]
algebras. Then, every maximal ideal of S contracts to a maximal ideal of R. Thus,
the maximal spectrum MaxSpec defines a functor

MaxSpec:
(
Algfgk

)op −→ Sets.

Proof. Let n ⊆ S be a maximal ideal with contraction P ⊆ R. We then obtain a
composition

k ⊆ R/P ⊆ S/n.
By Corollary 5.2.6, S/n is a finite algebraic extension of k. In particular, S/n is a
finite-dimensional k-vector space. Since R/P is a sub-k-vector space of S/n, it is
also finite-dimensional as a k-vector space, and is module-finite over k. This means
that dim(R/P ) = 0 by Corollary 4.4.2. Since R/P is a domain, it therefore must
be a field. □

Corollary 5.2.8. Let k be an algebraically closed field, let R be a finitely [Hoc17, p. 51]
generated k-algebra, and let m ⊆ R be a maximal ideal. Then, the composition

k −→ R−→−→ R/m

is an isomorphism.

Proof. The codomain R/m is a finitely generated k-algebra, since R is, and it is a
field. Corollary 5.2.6 then shows that k → R/m is a finite algebraic extension. Since
k is algebraically closed, it has no proper algebraic extensions, and hence k → R/m
must be an isomorphism. □

5.3. Hilbert’s Nullstellensatz

We can now show a weak form of Hilbert’s Nullstellensatz as a corollary to
Noether normalization. We will focus on the case when k is algebraically closed
field, although there are versions of some of these results without this assumption.

Corollary 5.3.1 (Hilbert’s Nullstellensatz, weak form). Let R = k[x1, x2, . . . , xn] [Hoc17, p. 51]
be a polynomial ring over an algebraically closed field k. Then, every maximal ideal
m ⊆ R is the kernel of a k-algebra map

φ : k[x1, x2, . . . , xn] −→ k

xi 7−→ λi

defined by evaluating a polynomial f(x1, x2, . . . , xn) at the point (λ1, λ2, . . . , λn) ∈ kn.
This kernel is the same as the ideal

(x1 − λ1, x2 − λ2, . . . , xn − λn) ⊆ R.
Proof. Let m ⊆ R be a maximal ideal. The composition of k-algebra maps

γ : k −→ R−→−→ R/m

is an isomorphism by Corollary 5.2.8. The composition

R −→ R/m
γ−1

−−→
∼

k

then gives a map φ : R→ k whose kernel is m. Such a map is determined by where
the xi map to, and setting φ(xi) = λi as in the statement of the corollary, we see
that

(x1 − λ1, x2 − λ2, . . . , xn − λn) ⊆ m.
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But the ideal on the left-hand side is maximal since the quotient of R by this ideal
is k. □

This shows that there is a bijection[Hoc17, p. 52]

kn ←→ MaxSpec
(
k[x1, x2, . . . , xn]

)
.

The Zariski topology determined by saying Z(I) ⊆ kn are closed for ideals I ⊆
k[x1, x2, . . . , xn] is the same as the subspace topology when thinking of MaxSpec as
a subset of Spec.

The following result says that algebraic sets Z(I) can detect whether 1 ∈ I.
Corollary 5.3.2 (Hilbert’s Nullstellensatz, alternative weak form). Let k be[Hoc17, p. 51]

an algebraically closed field, and consider polynomials

f1, f2, . . . , fm ∈ k[x1, x2, . . . , xn] = R.

Then, the fi generate the unit ideal (i.e., there exist polynomials gt for which
1 =

∑
t gtft) if and only if the polynomials do not vanish simultanenously, i.e., if

and only if

Z(f1, f2, . . . , fm) = ∅.
Proof. We prove ⇐ by contrapositive. If the fi do not generate the unit ideal, then
the ideal they generate is contained in a maximal ideal m ⊆ R. But Corollary 5.3.1
shows that there exists a point (λ1, λ2, . . . , λn) ∈ kn for which all the fi vanish.

We now show⇒. If the fi all vanish at a point of (λ1, λ2, . . . , λn) ∈ kn, then they
are contained in the maximal ideal determined by that point as in Corollary 5.3.1.
This direction does not need the assumption that k is algebraically closed. □

We can now show the strong form of Hilbert’s Nullstellensatz.

Theorem 5.3.3 (Hilbert’s Nullstellensatz [Hil1893, pp. 320–321]). Let k be an[AK21, (15.7)]
[Hoc17, p. 52] algebraically closed field, and consider the polynomial ring R = k[x1, x2, . . . , xn] in

n variables over k. Suppose g, f1, f2, . . . , fs ∈ R. Then, g ∈
√
(f1, f2, . . . , fs) if and

only if Z(g) ⊇ Z(f1, f2, . . . , fs), i.e., if and only if g vanishes at every point where
the fi vanish simultaneously.

Proof. For ⇒, it suffices to note that we can write

gN =

s∑
i=1

gifi

for some N and for some gi ∈ R, and hence g vanishes at every point where the fi
vanish: we have g(y)N = 0 at such a point, and hence g(y) = 0 since k is a field.

We now show⇐, using what is known as Rabinowitsch’s trick [Rab30].1 Suppose
that g vanishes at every point where the fi vanish. If g = 0, then there is nothing
to show, and hence we will assume that g ≠ 0. We introduce another variable z and
consider the polynomials

f1, f2, . . . , fs, 1− gz ∈ k[x1, x2, . . . , xn, z] = R[z].

Then, there is no point of kn+1 where these polynomials all vanish: at any point
where the fi vanish, we have that g vanishes as well, and therefore 1−gz evaluates to

1See [Pal04] for some historical background.
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1− 0 = 1. By Corollary 5.3.2, this means that the polynomials f1, f2, . . . , fs, 1− gz
generate the unit ideal in k[x1, x2, . . . , xn, z]. There is therefore an equation

(5.3.4) 1 = H1(z) f1 + · · ·+Hs(z) fs +H(z) (1− gz)
where we think of Hi(z) ∈ R[z] as polynomials in z with coefficients in R for all i.
We now define an R-algebra map

φ : R[z] −→ R[1/g] = Rg

z 7−→ 1/g

Applying φ to (5.3.4), we obtain

1 = H1(1/g) f1 + · · ·+Hs (1/g)fs +H(1/g) (1− 1).

The last term vanishes, yielding

1 = H1(1/g) f1 + · · ·+Hs (1/g)fs.

Since Hi(1/g) ∈ Rg for every i, there exists a power gN of g such that gi =
gNHi(1/g) ∈ R by clearing all of their denominators. Multiplying by gN gives

gN = g1f1 + · · ·+ gsfs. □

Theorem 5.3.5. Let k be a field, and consider a finite type k-algebra R. For [AK21, (15.6)]
[Hoc17, p. 60]every proper finitely generated ideal I ⊊ R, we have

√
I =

⋂
I⊆m

m.

Proof. The inclusion “⊆” holds since I ⊆ m for every m. It therefore suffices to
show “⊇”. By the Scheinnullstellensatz (Theorem 1.5.7), it suffices to prove the
statement when I is a prime ideal P ⊆ R.

Step 1. Reduction to the case when R is a domain and P = (0).

Suppose we have an element u ∈ ⋂P⊆m m. The special case when R is a domain

and P = (0) implies that the image ū ∈ R/P of u lies in the intersection of every
maximal ideal in R/P , and hence ū = 0. This shows that u ∈ P .

Step 2. Reduction to the case when R = k[x1, x2, . . . , xd] and P = (0).

By way of contradiction, suppose that u ∈ ⋂m m is nonzero. By the Noether
normalization Theorem 5.2.5, the ring R is module-finite over a polynomial ring
A = k[x1, x2, . . . , xd] and a nonzero multiple of u lies in A by Theorem 4.3.4(i). We
may therefore assume that u ∈ A− {0}. Since every maximal ideal of R lies over a
maximal ideal of A by Going Up (Theorem 4.4.1), we obtain a counterexample in A.

Step 3. The case when R = k[x1, x2, . . . , xd] and P = (0).

Let k̄ be an algebraic closure of k. Since u ≠ 0, there exists a maximal
ideal m ⊆ k̄[x1, x2, . . . , xd] corresponding to a point (λ1, λ2, . . . , λd) ∈ k̄d such
that u(λ1, λ2, . . . , λd) ̸= 0. The λi live in a finite algebraic extension k′ of k, and
evaluation at (λ1, λ2, . . . , λd) gives a surjection

k[x1, x2, . . . , xd]−→−→ k[λ1, λ2, . . . , λd]

that does not kill u. The kernel of this map is a maximal ideal not containing u. □

We also write down a slightly different proof, which uses similar ideas but
reduces to the case when k is algebraically closed in a different way.
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Alternative Proof of Theorem 5.3.5. We first note that it suffices to consider the
case when R is a polynomial ring by taking a surjection k[x1, x2, . . . , xn]→→ R,
proving the result for the contraction of I, and then taking images.

We now reduce to the case where k is algebraically closed. The map

R = k[x1, x2, . . . , xn] ⊆ k[x1, x2, . . . , xn] = S

is an integral extension, since if aλ ∈ k generate k over k, then aλxi generate S over
R. If we can write √√

IS =
√
IS =

⋂
IS⊆m⊆S

m

in S, then we can write √√
IS ∩R =

⋂
IS⊆m⊆S

(m ∩R).

We can write the left-hand side as√√
IS ∩R =

√√
IS ∩R =

√√
I,

where the first equality is [AK21, (3.22)] (cf. Corollary 1.4.7), and the second equality
is the preliminary result we proved in Lying over (Theorem 4.3.3(i)). We therefore
have √

I =
⋂

IS⊆m⊆S

(m ∩R).

It remains to show the right-hand side contracts to the correct thing in R. But this
follows since all maximal ideals in R containing I have a maximal ideal lying over
them by Lying over (Theorem 4.3.3(ii)), which contain IS by definition, and the
contractions of such ideals are maximal by Going up (Theorem 4.4.1).

Finally, we prove the corollary when R = k[x1, x2, . . . , xn] for an algebraically
clsoed field k. The Scheinnullstellensatz (Theorem 1.5.7) implies

√
I =

⋂
I⊆P

P ⊆
⋂
I⊆m

m.

The inclusion is in fact an equality by Hilbert’s Nullstellensatz (Theorem 5.3.3),
which we can see as follows:

g ∈
√
I ⇐⇒ Z(g) ⊇ Z(I)
⇐⇒ for every m ⊇ I, we have g ∈ m

⇐⇒ for every m ⊇ I, we have Z(g) ⊇ Z(m)

⇐⇒ g ∈
⋂
I⊆m

m. □

5.4. Effective Nullstellensatz (not covered in class)

I want to mention an additional aspect of Hilbert’s Nullstellensatz. You can
ask whether given the degrees of the fi, one can bound the degrees of the gi. This
was first considered by Hermann [Her26], with later contributions of Masser and
Wüstholz [MW83], by Thompson [Tho86, Theorems 2.1 and 2.1′], and by Shiffman
[Shi89]. These bounds were doubly exponential.
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In 1987, Brownawell [Bro87] found exponential bounds in characteristic zero.
In 1988, Kollár [Kol88] proved the following effective version of the weak Nullstel-
lensatz:2

Theorem 5.4.1 (Effective Nullstellensatz; see [Kol88, Theorem 1.5]). Let k be
a field, and consider polynomials

f1, f2, . . . , fs ∈ k[x1, x2, . . . , xn]
in n ≥ 2 variables of degrees ds ≥ ds−1 ≥ · · · ≥ d1. If the fi generate the unit ideal,
we can write

1 = g1f1 + g2f2 + · · ·+ gsfs

where

deg(gifi) ≤ max{ds, 3}
min{n,s}−1∏

j=1

max{dj , 3}.

There is a version of Kollár’s bound for the full Nullstellensatz as well.

There have been other bounds proved since then. For example, there are also
bounds due to Sombra [Som99] of the form

deg(gifi) ≤ 2ds

min{n,s}−1∏
j=1

dj ,

which are an improvement if at least two of the dj are less than 3.

5.5. Dimension theory for k-algebras

Now that we have Noether’s Normalization Theorem 5.2.5, we can compute the 9/20
dimension of polynomial rings over fields. We start with a definition:

Definition 5.5.1. Let R be a ring. A chain of prime ideals [Hoc17, p. 54]

P0 ⊊ P1 ⊊ · · · ⊊ Pr

in R is saturated if for all i ∈ {0, 1, . . . , r − 1}, there is no prime ideal strictly
between Pi and Pi+1.

We can now state:

Theorem 5.5.2. Let k be a field and let R be a domain that is finitely generated [AK21, (15.8),
(15.13)]
[Hoc17, p. 54]

as a k-algebra. Choose z1, z2, . . . , zd ∈ R such that R is module-finite over the
polynomial ring A = k[z1, z2, . . . , zd]. We have the following:

(i) dim(R) = d.
(ii) For every maximal ideal m ⊆ R, we have ht(m) = d.
(iii) Every saturated chain of prime ideals from (0) to a maximal ideal m has

length d.

The conditions in (ii) and (iii) are called equicodimensional and biequidimen-
sional, respectively. While these definitions are originally from [EGAIV1, Chapitre
0, Définition 14.2.1] and [EGAIV1, Chapitre 0, Proposition 14.3.3], respectively, the
latter proposition is incorrect. This was noticed only recently by Gabber and Chen
(independently; see [ILO14, Exposé XIV, §2.4]), and by Heinrich (also independently)
in [Hei17].

2This exact statement is taken from Wikipedia.

https://en.wikipedia.org/wiki/Hilbert%27s_Nullstellensatz#Effective_Nullstellensatz
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To prove Theorem 5.5.2, we need the following:

Lemma 5.5.3. Let R be a UFD. Then, every nonzero prime ideal of R contains[AK21, (21.14)]
[Hoc17, p. 54] a prime ideal generated by an irreducible element, and a prime ideal has height one

if and only if it is generated by an irreducible element.

Proof. Let Q be a nonzero prime ideal, and let f ∈ Q−{0}. Then, f can be written
as a product of irreducible factors

f = f1f2 · · · fn.
Since Q is prime, at least one of the fi lies in Q. Then, fi generates a prime ideal
contained in Q. This also shows that if a prime ideal has height one, then it must
be generated by an irreducible element.

Conversely, suppose P = (f) for an irreducible element f ∈ R. We want to
show that every nonzero prime ideal Q ⊆ P is in fact equal to P . By the first part
of this lemma, there exists a nonzero irreducible element g such that

(g) ⊆ Q ⊆ P = (f).

But this implies that f | g. Since both f and g are irreducible, they must differ by
a unit factor, and hence (g) = (f), which implies Q = P . □

We can now prove Theorem 5.5.2.

Proof of Theorem 5.5.2. We first show (i). Since dim(R) = dim(A) by Corol-
lary 4.4.2, it suffices to replace R by A to reduce to the case of a polynomial ring.
We have already seen that dim(A) ≥ d. For the opposite inequality, we proceed by
induction. We already know that dim(k) = 0. If d ≥ 1, consider a chain of prime
ideals in A. After possibly making it longer, we can assume that it starts with

(0) ⊊ P,

where P is a height one prime generated by an irreducible element f using Lemma 5.5.3.
The image of this chain in A/P will have length one less in A/P , and hence it suffices
to show that dim(A/P ) ≤ d−1. After a change of coordinates (use Lemma 5.2.3), we
may assume that f is monic in zd over k[z1, z2, . . . , zd−1], and hence A/P is integral
over k[z1, z2, . . . , zd−1]. By inductive hypothesis and by using Corollary 4.4.2 again,
we see that dim(A/P ) ≤ d− 1, and hence dim(A) ≤ d.

Since (ii) follows from (iii), it suffices to show the latter. We can proceed as in
the proof of (i), but we will need to use Going Down (Theorem 4.7.1). We again
proceed by induction on d. When d = 0, the ring R is a finite field extension of k
by Zariski’s Nullstellensatz (Corollary 5.2.6), and hence it suffices to consider the
case when d ≥ 1. Fix a maximal ideal m ⊆ R and consider a saturated chain

(0) ⊊ Q1 ⊊ Q2 ⊊ · · · ⊊ Qr = m.

We want to show that r = d. Since the chain is saturated, we know that ht(Q1) = 1.
By the corollary to Going Down (Corollary 4.7.4), we know that ht(Q1 ∩ A) = 1,
and hence must be generated by an irreducible element f ∈ A by Lemma 5.5.3. As
before, after a change of coordinates (use Lemma 5.2.3), we may assume that f is
monic in zd over k[z1, z2, . . . , zd−1]. Now

(0) = Q1/Q1 ⊊ Q2/Q1 ⊊ · · · ⊊ Qr/Q1 = m/Q1
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is a saturated chain of prime ideals of length r− 1 in R/Q1 from (0) to m/Q1. Since
R/Q1 is module-finite over A/(f), which is module-finite over k[z1, z2, . . . , zd−1], we
know that

dim(R/Q1) = dim
(
A/(f)

)
= dim

(
k[z1, z2, . . . , zd−1]

)
= d− 1.

By inductive hypothesis, we therefore have r − 1 = d− 1, and hence r = d. □

As a consequence, we can compute dimensions of finitely generated algebras
over fields using field theory. Before we state this result, we review the notion of
transcendence degree from field theory.

Definition 5.5.4. Let K ⊆ L be a field extension. By Zorn’s Lemma 1.5.2, any [Hoc17, p. 55]
set of elements in L algebraically independent over K can be enlarged to a maximal
such set. Such a set is called a transcendence basis for L over K.

If {xλ}λ∈Λ is a transcendence basis for L over K, then we have inclusions

K ⊆ K[xλ]λ∈Λ ⊆ K(xλ)λ∈Λ ⊆ L.
The field extension K ⊆ K(xλ)λ∈Λ is a pure transcendental extension of K. The ex-
tension K(xλ)λ∈Λ ⊆ L is algebraic, for otherwise we could enlarge the transcendence
basis {xλ}λ∈Λ further.

Theorem 5.5.5. Let K ⊆ L be a field extension. Then, any two transcendence [Hoc17, p. 56]
[Lan02, Thm.
VIII.1.1]
[DF04, p. 645]

bases for L over K have the same cardinality.

Proof. We will show that if X is a set of algebraically independent elements of L
and Y is a transcendence basis, then there exists an injection f : X ↪→ Y such that

X ∪
(
Y − f(X)

)
is a transcendence basis for L over K. By symmetry, this will show that any two
transcendence bases have the same cardinality.

Consider all injections g : X0 ↪→ Y , where X0 is a (possibly empty) subset of X
such that

X0 ∪
(
Y − g(X0)

)
is a transcendence basis for L over K. These injections are partially ordered by
(X0, g0) ⪯ (X1, g1) if X0 ⊆ X1 and g1|X0 = g0. Every chain (Xi, gi)i∈I has an upper
bound in this partially ordered set: there is a unique function g on X =

⋃
iXi

extending all the given functions, and

X ∪
(
Y − g(X)

)
is a transcendence basis for L over K (because any element of L is algebraic over
a field generated by finitely many yj ∈ Y , and these yj will be replaced by xk for
sufficiently large Xi). By Zorn’s Lemma 1.5.2 again, there is a maximal pair (X0, g)
in this partially ordered set.

We claim that X0 = X. If not, choose x ∈ X −X0. Then, x is algebraic over

K
(
X0 ∪

(
Y − g(X0)

))
,

and hence satisfies a polynomial equation over this field. Clearing denominators,
we obtain a polynomial F over K in x and finitely many of the variables in
X0 ∪ (Y − g(X0)) such that x occurs in F . The polynomial F involves at least one
element of Y − g(X0), for otherwise X would not be algebraically independent. We
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can therefore choose y ∈ Y − g(X0) that occurs in F . But then, y is algebraic over
the field generated over K by

X0 ∪ {x} ∪
(
Y − g(X0)− {y}

)
,

and we can extend g to g′ on X1 = X ∪ {x} by letting g′(x) = y. We still have
algebraic independence since x is the only element that has been changed, and if
an algebraic relation involves x, then x is algebraic over the field generated by the
other elements, which implies that y is also algebraic over the field generated by the
other elements, a contradiction. Finally, L is algebraic over the field generated by
these elements because y is algebraic over this field. □

We can therefore make the following:

Definition 5.5.6. Let K ⊆ L be a field extension. The transcendence degree of[Hoc17, p. 55]
L over K is the maximum cardinality of a set of algebraically independent elements
in L over K.

Corollary 5.5.7. Let k be a field and let R be domain that is finitely generated[AK21, (15.12)]
[Hoc17, p. 56] as a k-algebra. Then, dim(R) = trdegk(Frac(R)).

Proof. By Noether’s Normalization Theorem 5.2.5, we have a factorization

k ⊆ k[z1, z2, . . . , zd] ⊆ R,
where the latter extension is module-finite, and where d = dim(R) by Theo-
rem 5.5.2(i). Now taking fraction fields, we obtain a sequence

k ⊆ k(z1, z2, . . . , zd) ⊆ Frac(R),

where the first extension is purely transcendental, and the second extension is
algebraic. □

5.6. Valuation rings

We mentioned above that finitely generated domains over fields have nicely9/23
behaved spectra. We want to give an example of a ring where heights of maximal
ideals can differ. To do so, we introduce an important class of rings that we will see
again later.

Definition 5.6.1. A discrete rank one valuation domain or DVR is a principal[Hoc17, p. 57]
[AK21, (23.1),
(23.6)]

ideal domain (PID) that is local.

Example 5.6.2.

(1) Any localization of a PID at a prime ideal is a DVR. In particular, Z(p) is
a DVR.

(2) The formal power series ring kJtK is a DVR.

Now let V be a DVR with maximal ideal (t). Then, since t is the only prime
element up to multiplication by units, every nonzero element f ∈ V can be written
as αtn where α is a unit in V . The non-negative integer n is called the order of f ,
written ord(f), and the function ord: Frac(V ) − {0} → Z is called the valuation
associated to V . For nonzero f, g ∈ V , the order satisfies

ord(fg) = ord(f) + ord(g),
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and if f + g ̸= 0 as well, we have

ord(f + g) ≥ min
{
ord(f), ord(g)

}
with equality if ord(f) ̸= ord(g). Conversely, given a field F and a surjective function
ord: F − {0} → Z such that these two properties hold, then

V :=
{
f ∈ F

∣∣ ord(f) ≥ 0
}
∪ {0}

is a subring of F . It is a DVR with maximal ideal

m :=
{
f ∈ F

∣∣ ord(f) > 0
}
∪ {0}

which is generated by any element t ∈ m of order 1. Every element in m is of the
form αtn. Thus, every order function on a field F determines a unique DVR for
which it is the associated valuation.

We now give an example:

Example 5.6.3. Let V be a DVR with maximal ideal (t). In the ring V [x], [Hoc17, p. 59]
which is a UFD, the element tx− 1 generates a maximal ideal since V [x]/(tx− 1) ≃
V [1/t] = Frac(V ). On the other hand, the chain

(0) ⊊ (x) ⊊ (x, t)

shows that ht((x, t)) ≥ 2.

5.7. Back to dimension theory

If you are not a domain, you can also construct examples over fields:

Example 5.7.1. Let k be a field, and consider the ring [Hoc17, p. 59]

R =
k[x, y, z]

(xy, xz)
.

In this ring, every prime ideal contains either x̄ or both ȳ and z̄. Thus, P = (x̄)
is a minimal prime with R/P ≃ k[y, z], and P ′ = (ȳ, z̄) is a minimal prime with
R/P ′ ≃ k[x]. Saturated chains from P to a maximal ideal correspond to a saturated
chain in k[y, z] and hence have length two. Saturated chains from P ′ to a maximal
ideal correspond to a saturated chain in k[x] and hence have length one.

Geometrically, since (xy, xz) = (x) ∩ (y, z), we can think of MaxSpec(R) as the
union of the yz-plane and the x-axis in k3.

On the other hand, we do have the following:

Theorem 5.7.2. Let R be a finitely generated algebra over a field k. We then [AK21, (15.13),
(15.15)]
[Hoc17, p. 59]

have the following:

(i) The dimension of R is the same as the maximum cardinality of a set of
elements of R that is algebraically independent over k.

(ii) If P ⊆ Q are primes of R, all saturated chains of primes from P to Q
have the same length.

(iii) Suppose that R is a domain. Then, all saturated chains from (0) to a
prime ideal P have length equal to ht(P ), and all saturated chains from P
to a maximal ideal have length equal to dim(R/P ). Moreover, we have

(5.7.3) ht(P ) + dim(R/P ) = dim(R).

For every pair of prime ideals P ⊆ Q, every saturated chain from P to Q
has length ht(Q)− ht(P ).
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The condition in (ii) is called catenary [EGAIV1, Chapitre 0, Proposition[AK21, (15.14)]
14.3.2]. The formula (5.7.3) is from [EGAIV1, Chapitre 0, Corollaire 14.3.5], and
is called the dimension formula in [Hei17, Proposition 4.1] and [Har77, Chapter
I, Theorem 1.8A(b)]. The dimension formula is also related to Nagata’s altitude
formula [Nag75, pp. 129–130].

Proof. We first show (iii). Choose any saturated chain from (0) to P of length
r and choose a saturated chain from P to a maximal ideal m ⊆ R. The latter
chain corresponds to a saturated chain in R/P , and hence has length dim(R/P ).
Putting these chains together gives a chain of length r + dim(R/P ), which has
length dim(R) by Theorem 5.5.2(iii). Thus, all saturated chains from (0) to P have
length dim(R)− dim(R/P ), which must be the same as the height of P . The last
statement about chains between prime ideals P and Q follows since a saturated
chain from P to Q corresponds to a saturated chain from (0) to Q/P in R/P , which
has length

dim(R/P )− dim

(
R/P

Q/P

)
= dim(R/P )− dim(R/Q),

which can be rewritten as(
dim(R)− ht(P )

)
−
(
dim(R)− ht(Q)

)
= ht(Q)− ht(P ).

(ii) follows from (iii) since a saturated chain from P to Q corresponds to a
saturated chain from (0) to Q/P in R/P .

To show (i), we note that there are at least d = dim(R) such algebraically inde-
pendent elements by Noether’s Normalization Theorem 5.2.5. Conversely, suppose
that k[x1, x2, . . . , xh] ⊆ R, where x1, x2, . . . , xh are algebraically independent. The
set

W = k[x1, x2, . . . , xh]− {0}
is multiplicative in R and does not contain 0, and hence there is a prime ideal P ⊆ R
disjoint from W by Zorn’s lemma (Proposition 1.5.5). We then have

P ∩ k[x1, x2, . . . , xh] = (0),

which implies that the composition

k[x1, x2, . . . , xh] ↪−→ R−→−→ R/P

is injective. We then have

d = dim(R) ≥ dim(R/P ) = trdegk
(
Frac(R/P )

)
≥ h,

since Frac(k[x1, x2, . . . , xh]) ⊆ Frac(R/P ). □

We end this section with an example where the dimension formula (5.7.3) fails.
This is a higher-dimensional analogue of Example 5.7.1.

Example 5.7.4 [Hei17, Example 4.2]. Consider the ring

B =
k[u, v, w, x, y, z]

(uy, uz, vy, vz, wy,wz)
.

Since (uy, uz, vy, vz, wy,wz) = (y, z) ∩ (u, v, w), we can think of MaxSpec(B) geo-
metrically as the union of k4 and k3 in k6 along a line.

We now consider the localization

A =
(
B −

(
(u, v, w, y, z) ∪ (u, v, w, x, y − 1, z − 1)

))−1

B.
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The ring is semi-local with maximal ideals corresponding to (u, v, w, y, z) and
(u, v, w, x, y − 1, z − 1), which are both of height 3, hence dim(A) = 3 with both
maximal ideals of height 3. We then have the following diagram of inclusions of
prime ideals in A:

(u, v, w, y, z) (u, v, w, x, y − 1, z − 1)

(v, w, y, z) (u, v, w, x, y − 1)

(u, v, w, y)

(w, y, z) (u, v, w, x)

(y, z) (u, v, w)

This ring still satisfies the conclusion of Theorem 5.7.2(ii) by Proposition 3.2.10,
but does not satisfy the dimension formula (5.7.3) since setting P = (u, v, w, y), we
have

ht(P ) + dim(A/P ) = 1 + 1 = 2 < 3 = dim(A).





CHAPTER 6

Chain conditions

We now want to define classes of rings and modules that we think of as having
sufficiently strong finiteness properties to make them well-behaved.

6.1. Chain conditions in general

We start with the following very general definition.

Definition 6.1.1. A partially ordered set (P,≤) is said to satisfy the ascending [AK21, (16.3)]
[Rei95, (3.1)]
[Hoc17, p. 61]
[AM69, p. 74]

chain condition or ACC if, equivalently:

(1) Every strictly ascending chain is finite.
(2) Every infinite non-decreasing chain is eventually constant.
(3) Every non-empty subset has a maximal element.

The implication (2)⇒ (1) is clear, and (1)⇒ (2) follows by removing redundant
terms. The implication (3)⇒ (1) follows since an infinite strictly ascending chain
has no maximal element. The converse is more subtle, and uses the axiom of choice:
If one has a non-empty subset with non maximal element, one can construct a
strictly ascending sequence recursively.

Similarly, we have:

Definition 6.1.2. A partially ordered set (P,≤) is said to satisfy the descending [AK21, (16.26)]
[Rei95, p. 51]
[Hoc17, p. 61]
[AM69, p. 74]

chain condition or DCC if, equivalently:

(1) Every strictly descending chain is finite.
(2) Every infinite non-increasing chain is eventually constant.
(3) Every non-empty subset has a minimal element.

6.2. Chain conditions for rings and modules

We now apply chain conditions to rings and modules by considering ideals and 9/25
submodules, respectively, partially ordered by inclusion.

Definition 6.2.1. A module M over a ring R is Noetherian (resp. Artinian) if [AK21, (16.13)]
[Rei95, p. 52]
[Hoc17, p. 61]
[AM69, p. 74]

it is the partially ordered set of submodules in M satisfies ACC (resp. DCC). We
say that R itself is Noetherian (resp. Artinian) if it is Noetherian (resp. Artinian)
as a module over itself.

These are named after Emmy Noether and Emil Artin, respectively. We note
that the condition for a ring R to be Noetherian (resp. Artinian) is that the set of
ideals in R satisfies ACC (resp. DCC).

Example 6.2.2. We give some examples of Noetherian and Artinian modules. [AM69, pp. 74–76]

(1) Finite Abelian groups are both Noetherian and Artinian as Z-modules.
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(2) Fields k are both Noetherian and Artinian as rings: the only ideals are (0)
and the entire field k.

(3) The ring Z is Noetherian, but not Artinian. To see it is Noetherian, we[AK21, (16.1)]
note that Z is a PID, and hence a chain of ideals can be written as

(a1) ⊆ (a2) ⊆ · · · .
For this to occur, we would need aj | ai for every j ≥ i. Since for
fixed a1, there can only be finitely many possibilities for aj (using prime
factorization), we see that the chain eventually stabilizes.

On the other hand, Z is not Artinian since for fixed 0 ̸= a ∈ Z, the
chain

(a) ⊋ (a2) ⊋ · · ·
does not stabilize.

A similar argument works for k[x]. Our goal for much of today is to
prove that this is indeed the case for polynomial rings in finitely many
variables.

(4) The polynomial ring k[x1, x2, . . .] in infinitely many variables is not Noe-[AK21, (16.1)]
[Rei95, (3.3)(1)]
[Rei95, (3.3)(1)]

therian or Artinian because of the chains

(0) ⊊ (x1) ⊊ (x1, x2) ⊊ · · · ,
(x1) ⊋ (x21) ⊇ · · · .

(5) The property of being a Noetherian or Artinian ring does not necessarily
pass to subrings. A simple way to see this is by taking a non-Noetherian
or non-Artinian domain, and considering its embedding in its fraction field.
Another example of a non-Noetherian ring is[AK21, (16.6)]

[Rei95, (3.3)(3)]
[Har77, Exer.
II.4.12(b)(3)]

k[x, y, x/y, x/y2, x/y3, . . .] ⊆ k[x, y, y−1].

Then, (x) ⊊ (x/y) ⊊ (x/y2) ⊊ · · · gives an infinite ascending chain.
(Incidentally, the localization of this ring at (x, y) is a discrete rank two
valuation ring.)

(6) Let Zp := ZJxK/(x − p) be the ring of p-adic integers for a prime p > 0.[AK21, (22.1)]
[Rei95, Exer. 0.12]
[Hoc17, p. 77]
[AM69, p. 105]

This is a DVR with maximal ideal (p), and we will see later today that it
is Noetherian. You can think of this ring as formal power series in p: for
example, 1− p has inverse

1 + p+ p2 + · · ·
by the usual formula for geometric series. The ring

Zp[p
1/p∞ ]

obtained by adjoining all p-power roots of Zp is very close to being an
example of a perfectoid ring. Scholze’s theory relates this to the ring

FpJtK[t1/p
∞
].

Neither ring is Noetherian since there are ascending chains where you take
principal ideals generated by pe-power roots as e→∞.

Because we are ultimately more interested in Noetherian rings and modules, we
will focus on these more.

We start with some equivalent characterizations of Noetherian modules.
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Proposition 6.2.3. Let R be a ring, and consider an R-module M . The[AK21, (16.13)]
[Hoc17, p. 62]
[AM69, Prop. 6.2]

following are equivalent:

(i) M has ACC, i.e., M is Noetherian.
(ii) Every nonempty family of submodules of M has a maximal element.
(iii) Given any set S of elements of M spanning a submodule N of M , there is

a finite subset of S spanning N .
(iv) Given any infinite sequence of elements of M spanning a submodule N ,

some finite initial segment of the sequence spans N .
(v) Every submodule of M is finitely generated.

Proof. We already saw (i)⇔ (ii) in Definition 6.1.1.
To show (ii)⇒ (iii), we consider the family of submodules{

N0 ⊆ N
∣∣N0 is generated by a finite subset S0 ⊆ S

}
,

where the empty subset spans 0 by convention. We claim that if N0 is maximal in
this set, then N0 = N . It suffices to show that every element s ∈ N in fact lies in N0.
But we have N0 ⊆ N0+R ·s ⊆ N , and maximality implies that N0 = N0+R ·s ⊆ N .

(iii)⇒ (iv) is clear since any finite subset of the sequence is contained in some
finite initial segment of the sequence.

For (iv)⇒ (v), we show the contrapositive. Let N ⊆M be a submodule that
is not finitely generated. We construct an infinite sequence as follows: Choose
a nonzero element n1 ∈ N . If u1, u2, . . . , un are chosen so that for every i ∈
{2, 3, . . . , n}, the element ui is not in the span of u1, u2, . . . , ui−1, note that since
R · u1 + · · ·+R · un = Nn ⊊ N , we can choose un+1 ∈ N −Nn. This sequence does
not satisfy the condition in (iv).

Finally, to show (v) ⇒ (i), if M has a non-decreasing chain of submodules
Ni, then since their union N is finitely generated, eventually Ni contains all the
generators of N , in which case the sequence is constant from thereon. □

Example 6.2.4. We note that (v) is often the easiest condition to think about
in practice. For example, this implies that

(1) All PID’s (in particular, DVR’s) are Noetherian. [AK21, (16.1)]
(2) All quotients and localizations of Noetherian rings are Noetherian (one [AK21, (16.7)]

[AM69, Prop. 6.6]can also see this using the correspondences of ideals from before in Propo-
sitions 1.3.12 and 3.2.10).

We will also need to know how the Noetherian and Artinian conditions behave
under short exact sequences. Below, for a short exact sequence 0→ N →M → Q→
0, we will identify N with its image in M and Q with M/N to simplify notation.

Lemma 6.2.5. Let 0→ N →M → Q→ 0 be a short exact sequence of modules [AK21, (16.14),
(16.16), (16.17),
(16.27)]
[Rei95, p. 53]
[Hoc17, p. 62]
[AM69, Prop. 6.3,
Cor. 6.4]

over a ring R.

(i) Let M0 ⊆ M1 ⊆ M be a sequence of R-module inclusions, and suppose
that M1 ∩N =M0 ∩N and that the images of M0 and M1 in Q are the
same. Then, M0 =M1.

(ii) M is Noetherian if and only if both N and Q are.
(iii) M is Artinian if and only if both N and Q are.
(iv) A finite direct sum of Noetherian (resp. Artinian) modules is Noetherian

(resp. Artinian).
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In particular, over a fixed ring R, the property of a module being Noetherian is
preserved under taking submodules or quotient modules.

Proof. For (i), consider u ∈ M1. Then, some element v ∈ M0 has the same
image as u in Q. We therefore see that v − u = w maps to 0 in Q, and hence
w ∈M1 ∩N =M0 ∩N . Thus, u = v − w ∈M0 as required.

For (ii), we first show ⇒. An increasing chain in N is an increasing chain in
M , and hence N is Noetherian. The inverse images in M of modules forming an
increasing chain in Q form an increasing chain in M , and hence Q is Noetherian.
For ⇐, suppose we have an increasing chain in M . Then, the intersection of these
modules with N are eventually constant, and the images of these modules in Q are
eventually constant as well. (i) implies that the chain in M is eventually constant.

(iii) follows in the same way as in (ii) with the word “increasing” replaced by
“decreasing.”

(iv) follows from (ii) and (iii) by induction and using the short exact sequences
0→M1 →M1 ⊕M2 →M2 → 0. □

Remark 6.2.6. In Lemma 6.2.5(i), the hypothesisM0 ⊆M1 is needed. Without[AK21, (16.15)]
[Hoc17, p. 63] this assumption, we can construct a counterexample as follows. Let k be an infinite

field, and consider

0 −→ k
α−→ k2

β−→ k −→ 0,

where the first map is a 7→ (a, 0) and the second map is (a, b) 7→ b. For every
λ ∈ k − {0}, the spans Mλ of (1, λ) in k ⊕ k are mutually distinct lines in k2. On
the other hand, α−1(Mλ) = 0 and β(Mλ) = k for every λ.

Over Noetherian rings, Noetherian modules have a particularly nice description.

Proposition 6.2.7. A module M over a Noetherian ring R is Noetherian if[AK21, (16.19)]
[Hoc17, p. 63]
[AM69, Prop. 6.5]

and only if it is finitely generated. A module M over a ring R is Noetherian if and
only if it is finitely generated and R/AnnR(M) is a Noetherian ring.

Proof. For the first statement,⇐ follows from Lemma 6.2.5: if R is Noetherian, then
so is every finitely generated free module, and hence so is every finitely generated
R-module. For the second statement, ⇐ follows by considering M as a module over
the ring R/AnnR(M).

We now prove ⇒. Suppose M is Noetherian. Then, M is finitely generated by
Proposition 6.2.3. Now to show that R/AnnR(M) is Noetherian, we will embed
R/AnnR(M) into the R/AnnR(M)-module M . Choose a finite set of generators
m1,m2, . . . ,mn for M . We then consider the R-module map

R M⊕n

r (rm1, rm2, . . . , rmn)

An element r ∈ R is in the kernel of this map if and only if it annihilates every
generator of M , which is equivalent to being in the annihilator of M . Thus, there is
an injection

R

AnnR(M)
↪−→M⊕n,

which we see is an injection of R/AnnR(M)-modules, and hence R/AnnR(M) is
Noetherian by Lemma 6.2.5, (ii) and (iv). □
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6.3. Hilbert’s basis theorem

We now want to show that polynomial rings are Noetherian. To do this, we
first observe the following:

Lemma 6.3.1. Let R be a Noetherian ring. If S is a module-finite extension of [Hoc17, p. 63]
R, then every subextension R ⊆ B ⊆ S is module-finite over R, and is a Noetherian
ring.

Altman and Kleiman prove a more general statement due to Artin and Tate
[AK21, (16.21)].

Proof. S is a Noetherian R-module. Since B is an R-submodule of S, we see that
B is also finitely generated, and hence is Noetherian as an R-module. Finally, since
any ideal of B is an R-submodule of B, the fact that B has ACC for R-modules
implies that it has ACC for ideals (alternatively, any finite R-generating set for an
ideal in B is also a B-generating set). □

We can now prove Hilbert’s basis theorem, which states that polynomial rings
are Noetherian. We give two proofs. The first is not standard, but shows that
working over a field is nice because we have tools like the Noether normalization
theorem.

Theorem 6.3.2 (Hilbert’s basis theorem over fields [Hil1890]). The polynomial [Hoc17, p. 64]
ring R in n variables over a field k is Noetherian. Hence, every finitely generated
k-algebra is Noetherian.

Proof. The second statement follows from the first as observed in Example 6.2.4(2),
since any finitely generated k-algebra is a quotient of a polynomial ring in finitely
many variables.

For R = k[x1, x2, . . . , xn], we proceed by induction on n. The case n = 0 follows
since R = k is a field. Let I be a nonzero ideal of R and consider f ∈ I−{0}. To show
that I is finitely generated, it suffices to show that I/(f) is finitely generated in R/(f),
since if the images of g1, g2, . . . , gs generate I/(f) in R/(f), then g1, g2, . . . , gs, f
generate I in R. After a change of coordinates (Lemma 5.2.3), we may assume
that f is monic in xn when viewed as an element of k[x1, . . . , xn−1][xn], so that
R/(f) is module-finite over k[x1, . . . , xn−1]. But this ring is Noetherian by inductive
hypothesis, and hence R/(f) is Noetherian by Lemma 6.3.1. □

We now show Hilbert’s basis theorem in general. 9/27

Theorem 6.3.3 (Hilbert’s basis theorem). Let R be a Noetherian ring. Then, [AK21, (16.12)]
[Rei95, (3.6)]
[Hoc17, p. 64]

every finitely generated R-algebra is Noetherian.

Proof. As before, it suffices to prove polynomial rings over R are Noetherian.
Moreover, by inducing on the number of variables, it suffices to show that if R is
Noetherian, then R[x] is Noetherian.

Let J ⊆ R[x] be an ideal. For t ∈ N, let It ⊆ R be the set of elements of R that
occur as the leading coefficient of a polynomial of degree t in J , together with 0.
Then, It is an ideal, and It ⊆ It+1 since the leading coefficient of xf is the same as
that of f . Since R is Noetherian, we can choose m such that Im = Im+1 = · · · . For
every t ∈ {0, 1, . . . ,m}, choose polynomials

ft,1, . . . , ft,ht
∈ J
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of degree t whose leading coefficients generate It. We claim that the ft,s generate J .
Let J0 be the ideal they generate; we show that J0 = J by contradiction. Choose
g ∈ J − J0 of minimal degree. If g is of degree t ≤ s, then we may subtract an
R-linear combination j0 of the ft,s (in which case j0 ∈ J0) that will cancel the
leading term of g, and this will introduce no terms of degree larger than t. Since
g − j0 ∈ J0 by minimality, we therefore have g ∈ J0, a contradiction.

If the degree of g is d > s, then we can give the same argument by subtracting
off an R-linear combination of the polynomials xd−sfm,s to cancel the highest degree
term. □

Corollary 6.3.4. A finitely generated algebra over a PID is Noetherian.[Hoc17, p. 65]

Proof. Combine Example 6.2.4 and Hilbert’s basis Theorem 6.3.3. □

6.4. Noetherian induction

There is a very useful trick for proving facts about Noetherian rings and modules,
called Noetherian induction. The idea is as follows: If we want to prove a theorem
about Notherian modules, suppose we have a counterexample M . Consider the
family of submodules N ⊆ M such that M/N is a counterexample. This family
contains the 0 submodule, and so is non-empty, and has a maximal element. By
working with M/N instead of M , we can now assume that every proper quotient of
M satisfies the theorem. If R is a ring, these quotients R/I are also rings.

We illustrate this strategy in the following:

Theorem 6.4.1. Every Noetherian ring has only finitely many minimal primes.[Hoc17, p. 65]
Hence, every ideal of a Noetherian ring has only finitely many minimal primes
containing it.

Proof. The second statement follows from the first by passing to R/I, and hence it
suffices to show the first. We proceed by Noetherian induction. We may assume that
every proper quotient of R has only finitely many prime ideals. If R is a domain,
then the only minimal prime is (0), and we are done. If R is not a domain, choose
x, y ∈ R− {0} such that xy = 0. Then, every minimal prime of R contains either x
or y. If the former holds, it is a minimal prime of R/(x), and there are only finitely
many of these by the hypothesis of Noetherian induction. If the latter holds, it is a
minimal prime of R/(y), and we conclude as before. □

6.5. Examples of Artinian modules that are not Noetherian

Last time I was asked to give an example of an Artinian module that is not
Noetherian. Here is one:

Example 6.5.1. Let p > 0 be a prime number, and set[AK21, (16.29)]
[AM69, pp. 74–75]

M := H1
(p)(Z) :=

Z[1/p]

Z
.

We claim that M is Artinian but not Noetherian as a Z-module.
We first show that if N ⊊M is a proper submodule, then N is the submodule of

M generated by 1/pe, where pe is the largest denominator showing up for elements
n/pe for p ∤ n. If n/pe ∈ N , then 1/pe ∈ N since there exists m ∈ Z for which
mn ≡ 1 mod pe. Thus, either N contains all 1/pe, in which case N =M , or it does
not, in which case there is a largest denominator pe.
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Now we note that M is Artinian since any chain of submodules looks like

Z · 1

pe1
⊇ Z · 1

pe2
⊇ · · ·

which corresponds to a descending chain of integers e1 ≥ e2 ≥ · · · , which eventually
stabilizes. On the other hand, M is not Noetherian since we have

Z · 1
p
⊊ Z · 1

p2
⊊ · · · .

A similar argument works for

H1
(x)

(
k[x]

)
:=

k[x, x−1]

k[x]
.

Here is another one:

Example 6.5.2 (Local cohomology). Let R = k[x, y], and consider the map

φ : Rx ⊕Ry Rxy( r

xm
,
s

yn

) ryn − sxm
xmyn

The cokernel of φ is the second local cohomology module H2
(x,y)(R) of R with respect

to the ideal (x, y).
We claim that H2

(x,y)(R) is Artinian but not Noetherian. The cokernel has the

following k-vector space basis:

1

xy

1

x2y

1

xy2

1

x3y

1

x2y2
1

xy3

...
...

...
. . .

where multiplication by x moves up and to the right, and multiplication by y moves
up and to the left. This module is not Noetherian since including more and more
generators of the form 1/xmy, for example, gives an infinite strictly ascending chain.
This module is Artinian: At least for submodules generated by a subset of the
generators above, this is clear. The general case is easiest to prove using Matlis
duality, although the version for k[x] can be analyzed in a similar way to the previous
example.

Remark 6.5.3. These modules are the best tool we know of to prove things
similar to Open Problem 1.8.1. For example, the local cohomology module

H3
(xu,xv,yu,yv)

(
k[x, y, u, v]

)
̸= 0

which can be used to show that (xu, xv, yu, yv) cannot be generated by two elements
up to radical, and hence the union of two planes in k4 described in Figure 5.1 cannot
be defined by two equations.

We will see later that all Artinian rings are Noetherian.
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6.6. More on algebraic sets

Now that we know that polynomial rings over fields, and more generally finitely
generated algebras over fields, are Noetherian, we can say more about algebraic sets.

Lemma 6.6.1. Let k be an algebraically closed field. For every algebraic set[Hoc17, p. 66]
Z(S) ⊆ kn, there exist finitely many elements f1, f2, . . . , fm ∈ k[x1, x2, . . . , xn] such
that

Z(S) = Z(f1, f2, . . . , fm) = Z(f1) ∩ Z(f2) ∩ · · · ∩ Z(fm).

Proof. We know that Z(S) = Z(I), where I is the ideal generated by S. Since
k[x1, x2, . . . , xn] is Noetherian by Hilbert’s basis Theorem 6.3.3, there are finitely
many elements f1, f2, . . . , fm ∈ k[x1, x2, . . . , xn] such that I = (f1, f2, . . . , fm). □

Thus, Hilbert’s basis Theorem 6.3.3 allows us to apply our previous versions of
Hilbert’s Nullstellensatz (Theorem 5.3.3). Note that these results only applied to
finitely generated ideals in k[x1, x2, . . . , xn]!

To state this result, we need the following “inverse” to the map taking ideals to
subsets of kn.

Definition 6.6.2. Let k be a field and let X ⊆ kn be a subset. The ideal of X
is

I(X) :=
{
f ∈ k[x1, x2, . . . , xn]

∣∣ f(x) = 0 for all x ∈ X
}
.

The definition of I(X) does not require k to be algebraically closed. For example,
for k arbitrary, a point P := (λ1, λ2, . . . , λn) ∈ kn satisfies

I
(
{P}

)
= (x1 − λ1, x2 − λ2, . . . , xn − λn) =: mP ,

and

I(X) =
⋂
P∈X

mP

is always a radical ideal. To apply the full strength of the Nullstellensatz (Theo-
rem 5.3.3), however, we need the assumption that k is algebraically closed.

Theorem 6.6.3 (Hilbert’s Nullstellensatz, second strong form). Let k be an[Hoc17, p. 66]
[Har77, Cor. I.1.4] algebraically closed field. Consider the polynomial ring R = k[x1, x2, . . . , xn] and

algebraic sets in kn. There is a one-to-one inclusion-reversing correspondence{
algebraic sets

in kn

} {
radical ideals

in R

}
X I(X)

Z(I) I.

1-1

Proof. These two assignments are inclusion-reversing by definition, since for example,
vanishing on a larger subset of kn corresponds to more conditions on the ideal
associated to that subset.

We first show that I(Z(J)) =
√
J for arbitrary ideals J ⊆ R, which implies

that I(Z(I)) = I when I is a radical ideal. Since R is Noetherian by Hilbert’s basis
Theorem 6.3.3, we can write

J = (f1, f2, . . . , fm)R.
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We have

I
(
Z(J)

)
= I
(
Z(f1, f2, . . . , fm)

)
=
{
f ∈ R

∣∣ f(P ) = 0 for all P ∈ Z(f1, f2, . . . , fm)
}

=
{
f ∈ R

∣∣ f ∈√(f1, f2, . . . , fm)
}

=
√
J

where the third equality holds by the previous strong form of Hilbert’s Nullstellensatz
(Theorem 5.3.3).

It remains to show that Z(I(X)) = X for an algebraic set X ⊆ kn. Since X is
an algebraic set, we have X = Z(I) for an ideal I. Thus, we have

Z
(
I(X)

)
= Z

(
I
(
Z(I)

))
= Z(

√
I) = X

since Hilbert’s Nullstellensatz (Theorem 5.3.3) implies that Z(I) only depends on
I up to radical. Alternatively, use the corresponding fact for Spec(R) (Propo-
sition 1.6.3) and the fact that MaxSpec(R) has the subspace topology (Corol-
lary 5.3.1). □

6.7. Noetherian topological spaces

We now want to investigate geometric consequences of the Noetherian property. 9/30
The first property is what corresponds to the finiteness of minimal primes we proved
last time using Noetherian induction (Theorem 6.4.1). Recall that a nonempty
closed set is irreducible if it cannot be written as a union of proper closed subsets
(Definition 3.6.4).

We first write down a proof reducing back to the algebraic statement from
before (Theorem 6.4.1), which says that Noetherian rings have finitely many minimal
primes.

Proposition 6.7.1. Let R be a Noetherian ring. Every closed subset Z ⊆ [Hoc17, p. 67]
Spec(R) has finitely many maximal closed irreducible subsets Z1, Z2, . . . , Zr. We
can then write

Z = Z1 ∪ Z2 ∪ · · · ∪ Zr
as the irredundant union of these maximal closed irreducible subsets, i.e., no one of
the Zi can be removed from this union. The maximal closed irreducible subsets of Z
are the same as the maximal irreducible subsets of Z.

If k is an algebraically closed field, the same statements apply to algebraic sets
in kn.

Proof. The maximal irreducible closed subsets of Z correspond to the minimal prime
ideals containing I(Z) by Proposition 3.6.8. There are finitely many of these prime
ideals Pi by Theorem 6.4.1. Moreover, since

I(Z) =
√
I(Z) = P1 ∩ P2 ∩ · · · ∩ Pr

by the Scheinnullstellensatz (Theorem 1.5.7), we see that

Z = V (P1) ∪ V (P2) ∪ · · · ∪ V (Pr),

and each of the Zi := V (Pi) are irreducible by Proposition 3.6.8.
It remains to show that the Zi are maximal and that no Zi can be omitted

from the union. Every irreducible subset W ⊆ Z is contained in some Zi since
W =

⋃
i(W ∩ Zi) and hence W =W ∩ Zi by the fact that W is irreducible. This
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proves that the Zi are maximal and that none of them could be omitted from the
union: Otherwise, we would have Zj ⊆

⋃
i̸=j Zi, and hence Zj ⊆ Zi for some i.

The case of algebraic sets in kn is the same, replacing V (−) with Z(−). □

Definition 6.7.2. Write Z = Z1 ∪ Z2 ∪ · · · ∪ Zr as in Proposition 6.7.1 for
a closed subset Z ⊆ Spec(R) for R Noetherian or for Z ⊆ kn. The Zi are called
the irreducible components of Z and the decomposition is called the irreducible
decomposition of Z.

An affine (algebraic) variety is an irreducible closed subset of kn, where k is an
algebraically closed field. When talking about varieties, we often denote kn by An

k

to emphasize that we are not thinking of kn as a vector space: isomorphisms of An
k

are allowed to translate the origin to some other point.

One thing we want to point out is that the property of having irreducible
decompositions can also be deduced as a consequence of the Noetherianity of the
space Spec(R) or kn.

Definition 6.7.3. Let X be a topological space. We say that X is Noetherian[Hoc17, p. 68]
if it satisfies DCC on closed sets.

Thus, if R is a Noetherian ring, then Spec(R) is Noetherian, and if k is an
algebraically closed field, then kn is Noetherian. We investigate this property more
closely.

Proposition 6.7.4. Let X be a topological space.[Hoc17, p. 68]

(i) If X is Noetherian, then every subspace Y ⊆ X is Noetherian.
(ii) If X is Noetherian, then X is quasi-compact.
(iii) X is Noetherian if and only if every open subspace is quasi-compact.
(iv) If X is Noetherian, then every closed subset Z is the finite irredundant

union of its maximal irreducible closed subsets, which are the same as its
maximal irreducible subsets.

Proof. For (i), we note that if

Y1 ⊇ Y2 ⊇ · · ·
is a non-increasing sequence of closed subsets in Y , we can write Yi = Zi ∩ Y for
some closed subset Zi ⊆ X for every i. The sequence

Z1 ⊇ Z1 ∩ Z2 ⊆ · · ·
is eventually stable in X, and the intersection at the n-th term with Y is

Y1 ∩ Y2 ∩ · · · ∩ Yn = Yn.

We now prove (ii). We show the “complement” version of quasi-compactness:
If {Zi} is a family of subsets of X such that every finite subfamily has nonempty
intersection, then

⋂
i Zi is nonempty. By Noetherianity, the collection of intersections

of finite subfamilies of the Zi has a minimal element Z0 that is nonempty by
assumption. This Z0 satisfies Z0 ⊆ Zi for every i, for otherwise we could replace Z0

by Z0 ∩ Zi to get a smaller intersection of finitely many Zi. Thus,
⋂
i Zi ⊇ Z0 ̸= ∅.

We now prove (iii). The direction ⇒ follows from combining (i) and (ii), and
hence it suffices to show the converse. We show the contrapositive: If X is not
Noetherian, then there exists a non-quasi-compact open subspace. Let

Z1 ⊋ Z2 ⊋ · · ·
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be an infinite strictly decreasing sequence of closed subsets. Let Z =
⋂
i Zi. Then,

X − Z is open and is the strictly increasing union of the open sets X − Zi. This
gives an open cover of X − Z with no finite subcover.

It remains to show (iv). We proceed by contradiction and use Noetherian
induction as before. Consider the set of all possible counterexamples and let Z be a
minimal counterexample. Then, Z cannot be irreducible, and hence Z = Z1 ∪ Z2

for proper closed subsets Z1, Z2 ⊊ Z. By minimality, Z1 and Z2 have irreducible
decompositions. We can then omit terms until we have written Z as an irredundant
finite union of irreducible closed subsets. The same argument as for Proposition 6.7.1
shows that if W is an irreducible subset of Z, then it is contained in one of the
irreducible components of Z, and if W is maximal, then it is closed in Z and is an
irreducible component of Z. □

We give some examples where thinking about rings geometrically and using
irreducible decompositions can be useful when trying to understand rings.

Examples 6.7.5. Let k be an algebraically closed field. [Hoc17, pp. 67–68]

(a) Consider Z(x1x2) = Z(x1) ∪ Z(x2) ⊆ A2
k. This represents the algebraic

set Z(x1x2) as the union of two axes, and this is an irredundant union of
irreducible closed algebraic sets. This is the geometric interpretation of
saying that (x1x2) = (x1) ∩ (x2) in k[x1, x2].

(b) (A determinantal variety) ConsiderA6
k with the coordinates x1, x2, x3, y1, y2, y3.

We think of points in A6
k as corresponding to 2× 3 matrices with entries

x1, x2, x3, y1, y2, y3: (
x1 x2 x3
y1 y2 y3

)
.

Let ∆1 = x2y3 − x3y2, ∆2 = x1y3 − x3y1, and ∆3 = x1y2 − x2y1 be the
three 2× 2 minors of this matrix.

Consider the algebraic set

Z(∆2,∆3) =

{
2× 3 matrices

∣∣∣∣ the minors formed from the first two columns
and the first and third columns vanish

}
.

If M ∈ Z(∆2,∆3), there are two possibilities. Either the first column is
zero, or the first column is not zero. In the latter case, for the two minors
to vanish, we know that the second and third columns are multiples of the
first column, and hence ∆1 also vanishes. From this, we see that

Z(∆2,∆3) = Z(x1, y1) ∪ Z(∆1,∆2,∆3).

This turns out to be an irreducible decomposition for Z(∆2,∆3), although
to show this, it remains to show that Z(∆1,∆2,∆3) is irreducible. This
affine variety Z(∆1,∆2,∆3) is an example of a determinantal variety and
the associated ring is a determinantal ring . See [BV88, Theorem 2.10] for
one proof, and see [BV88, §2.E] for a discussion of the history behind this
and other related results.

(c) (The cone over the projective twisted cubic curve) Consider Z(∆2,∆3) ∩
Z(x2 − y1, x3 − y2) ⊆ A6

k. This set corresponds to matrices(
w x y
x y z

)
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whose minors formed from the first two columns and the first and third
columns vanish. The same analysis from above shows that

Z(∆2,∆3) ∩ Z(x2 − y1, x3 − y2) ∼= Z(w, x) ∪ Z(wy − x2, wz − xy, xz − y2),
i.e., intersecting Z(∆2,∆3) by the 4-plane Z(x2 − y1, x3 − y2) yields the
union of a 2-plane and the cone over the projective twisted cubic curve
that you saw on Homework 1.

I wanted to show you another way to compute the kernel of the map defining10/2
the nodal cubic curve, since not all of you did it this way on Homework 5. This
shows you how a lot of the material we have been working on comes together.

Example 6.7.6. Let k be a field. Consider the k-algebra map

φ : k[x, y] −→ k[t]

x 7−→ t2 − 1

y 7−→ t3 − t.
We want to show that ker(φ) = (y2 − x3 − x2). The inclusion ⊇ holds since

φ(y2 − x3 − x2) = (t3 − t)2 − (t2 − 1)2(t2 − 1 + 1)

= t2(t2 − 1)2 − t2(t2 − 1)

= 0.

Conversely, we first note that y2 − x3 − x2 is a prime element of k[x, y]. This is
because one can apply Eisenstein’s criterion to the prime ideal (x+ 1) ⊆ k[x], or
alternatively one can apply Gauss’s lemma and note that y2 − x3 − x2 ∈ k(x)[y] is
irreducible since x2(x+ 1) is not a square. Now note that (0) ⊊ (y2 − x3 − x2), and
hence ht(y2 − x3 − x2) ≥ 1. On the other hand, ht(ker(φ)) = 1 by the dimension
formula, since

dim(im(φ)) = dim(k[t]) = 1

by the fact that k[t2 − 1, t3 − t] ⊆ k[t] is an integral extension: t = (t3 − t)/(t2 − 1)
lies in the fraction field and satisfies z2 − (t2 − 1 + 1).

6.8. The category of algebraic sets

Our next goal is to prove that when k is an algebraically closed field, the
category of affine algebraic sets over k is equivalent to the category of reduced finite
type k-algebras. This allows us to move back and forth between the two categories.

Remark 6.8.1. For those of you also taking algebraic geometry, there are three
differences between the presentation here and that in [Har77, Chapter 1, §§1–3].
First, the algebraic sets we are studying will be allowed to be reducible. Second,
a related but distinct difference is that we will only consider affine algebraic sets,
instead of trying to prove a statement about all morphisms from a quasi-projective
variety X to an affine variety Y . Third, we will be a bit more careful about how to
talk about regular functions on affine varieties. For example, one thing we did not
prove in the algebraic geometry class is that the coordinate ring does not depend
on the embedding of an algebraic set in An

k , and that the assignment X 7→ k[X] is
functorial with respect to these different choices. This sort of issue is one reason
why working with Spec(R) and schemes, which are built by gluing spectra of rings
together, ultimately leads to a nicer theory.
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A last remark: You may wonder whether it is possible to build up a theory of
“schemes” using only closed points, like we do with varieties over algebraically closed
fields. The answer is that yes, such a theory is possible, as long as we restrict to
a class of rings where a version of Hilbert’s Nullstellensatz holds, called Jacobson
rings. See [EGAInew, Appendice].

We first turn the class of affine algebraic sets into a category by defining
morphisms of affine algebraic sets.

Definition 6.8.2. Let X ⊆ An
k and Y ⊆ Am

k be (closed, affine) algebraic sets. [Hoc17, pp. 68–69]
A function f : X → Y is a morphism (sometimes called a regular map) of (affine)
algebraic sets if there exist polynomials g1, g2, . . . , gm ∈ k[x1, x2, . . . , xn] such that
for all points x ∈ X, we have

f(x) =
(
g1(x), g2(x), . . . , gm(x)

)
.

Thus, f can be given by a polynomial formula in each of its coordinates.
Since the identity function is a morphism and the composition of morphisms

is a morphism, we obtain a category whose objects are algebraic sets and whose
morphisms are those defined above.

Remark 6.8.3. One seemingly strange aspect of the definition is that we require [Hoc17, p. 69]
a representation of f in terms of polynomials that come from the ambient space
An
k . This phenomenon is the algebraic analogue of the Tietze extension theorem

from point-set topology.

We now turn to an important categorical aspect of this category of algebraic
sets that allows us to move between the algebraic and geometric worlds. For those
of you in the algebraic geometry class, this statement is a more general version of
the affine case of the anti-equivalence of categories we proved in [Har77, §1.3].

Definition 6.8.4. Let X ⊆ An
k be a closed algebraic set. The regular functions [Hoc17, pp. 69–70]

X → A1
k have the structure of a k-algebra: restrictions of polynomials g1, g2 to X

have a sum (resp. a product) that is regular because it is the restriction of g1 + g2
(resp. g1g2). This ring is called the coordinate ring of X and is denoted by k[X].
This ring is a reduced finitely type k-algebra: If a power of a function is 0, all
of its values are nilpotent in k, and therefore 0 in k. The coordinate ring k[X]
is generated by the n functions represented by the variables x1, x2, . . . , xn, which
assign to a point x ∈ X its i-th coordinate. The functions in x1, x2, . . . , xn are
called the coordinate functions on An

k or X. The kernel of the map

k[x1, x2, . . . , xn] −→ k[X]

is the ideal I(X) of all polynomial functions that vanish on X.

The coordinate ring defines a representable functor

F : {algebraic sets}op −→ {reduced finite type k-algebras}
X 7−→ k[X]

X 7−→ Hom(X,A1
k).

We define a representable functor in the opposite direction as follows:

G : {reduced finite type k-algebras}op −→ {algebraic sets}
R 7−→ HomAlgk(R, k).
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For this definition to make sense, we need to give HomAlgk(R, k) the structure of an
algebraic set. To do so, let r1, r2, . . . , rn ∈ R be a set of k-algebra generators. Then,
we will show that we have an injection

HomAlgk(R, k) ↪−→An
k

ϕ 7−→
(
ϕ(r1), ϕ(r2), . . . , ϕ(rn)

)
with closed image, and that the resulting algebraic set does not depend on the
generators r1, r2, . . . , rn ∈ R up to isomorphism. This assignment makes G a
contravariant functor by saying that if h : R → S is a k-algebra homomorphism,
then the map

h∗ : HomAlgk(S, k) −→ HomAlgk(R, k)

θ 7−→ θ ◦ h

is given by composition.
Note that HomAlgk(R, k) is also in bijection with MaxSpec(R). Thus, our proof

will show that MaxSpec(R) also has the structure of an algebraic set.

Theorem 6.8.5. Let k be an algebraically closed field.[Hoc17, p. 70]

(i) Let R be a reduced finite type k-algebra. The procedure above gives
HomAlgk(R, k) the structure of an algebraic set that does not depend on
the generators r1, r2, . . . , rn ∈ R (up to isomorphism).

(ii) F and G give an anti-equivalence of categories

{algebraic sets}op {reduced finite type k-algebras}F

Gop

Proof. (i). Let r1, r2, . . . , rn be one set of generators of R. Consider the k-algebra
map

k[x1, x2, . . . , xn]−→−→ R

xi 7−→ ri

and let I be the kernel of this map, which is radical by the reducedness of R. Let
us consider the map

HomAlgk(R, k) −→An
k

ϕ 7−→
(
ϕ(r1), ϕ(r2), . . . , ϕ(rn)

)
.

This map is injective since each ϕ is uniquely determined by its values on the
generators ri. We now claim that the image is equal to Z(I). This holds since a
point (λ1, λ2, . . . , λn) lies in the image if and only if the elements of I vanish on
(λ1, λ2, . . . , λn).

We now show that this structure as an algebraic set does not depend on the
choice of generators r1, r2, . . . , rn. Let r′1, r

′
2, . . . , r

′
m be another set of generators.
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Then, we have the isomorphisms⋃
ϕ∈HomAlgk

(R,k)

{(
ϕ(r1), ϕ(r2), . . . , ϕ(rn)

)}

⋃
ϕ∈HomAlgk

(R,k)

{(
ϕ(r1), ϕ(r2), . . . , ϕ(rn), ϕ(r

′
1), ϕ(r

′
2), . . . , ϕ(r

′
m)
)}

⋃
ϕ∈HomAlgk

(R,k)

{(
ϕ(r′1), ϕ(r

′
2), . . . , ϕ(r

′
m)
)}

∼
∼

given by the projection maps.
(ii). We first give a natural transformation

S : id =⇒ Gop ◦ F .
We need to show that we have commutative diagrams

X Y

HomAlgk

(
k[X], k

)
HomAlgk

(
k[Y ], k

)
.

θ

SX SY

(Gop◦F)(θ)

Let ϕx and ϕ′y denote evaluation at x ∈ X and y ∈ Y , respectively. Showing this
square commutes is the same as showing(

(Gop ◦ F)(θ)
)
(ϕx) = ϕ′θ(x)

for every x ∈ X. Now F(θ) acting on v ∈ k[Y ] is v ◦ θ, and Gop acts by composition
as well. Thus, (

(Gop ◦ F)(θ)
)
(ϕx) =

(
v 7→ v

(
θ(x)

))
,

which is evaluation at θ(x). We now claim that S is an isomorphism of functors. To
show this, we need to show that

SX : X −→ HomAlgk

(
k[X], k

)
is an isomorphism. If we use the restricted coordinate functions on X as our genera-
tors for k[X], this follows from the second strong version of Hilbert’s Nullstellensatz
(Theorem 6.6.3), which gives a bijection between MaxSpec(k[X]) and the maximal
ideals my containing I(X) ⊆ k[x1, x2, . . . , xn].

Finally, we need to show that Fop ◦ G is isomorphic to the identity functor on
finitely generated reduced k-algebras. We first give a natural transformation

T : F ◦ Gop =⇒ id.

We need to show that we have commutative diagrams

R S

k
[
HomAlgk(R, k)

]
k
[
HomAlgk(S, k)

]
.

α

TR TS

(Fop◦G)(α)
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The vertical map TR is formed by mapping each element r to the function

fr : HomAlgk(R, k) −→ k

by the rule fr(u) = u(r), i.e., it is defined by evaluation. The commutative diagram
commuting just means that evaluation in this way is natural in R: we get the maps

gα(r)(v) = v
(
α(r)

)
.

Finally, TR is an isomorphism since writing R ∼= k[x1, x2, . . . , xn]/I, then the
isomorphism k[Z(I)] ∼= k[x1, x2, . . . , xn]/I follows from the second strong version of
Hilbert’s Nullstellensatz (Theorem 6.6.3). □

Definition 6.8.6. Given an algebraic set X over an algebraically closed field k,
we can define dim(X) := dim(k[X]), which equals the supremum of the dimensions
of the irreducible components of X. The dimension at a point x ∈ X is

dimx(X) := dim
(
k[X]mx

)
= sup
x∈Xi irr. comp.

{
dim(Xi)

}
.

To recap, there are at least three ways to think about affine algebraic varieties10/9
X and their coordinate rings k[X]. The first is purely algebraic: we think of them
as reduced finite type k-algebras.

The second is to consider X as a topological space associated to R. This is
the point of view that leads to Grothendieck and Dieudonné’s theory of schemes,
where MaxSpec(R) is replaced by Spec(R). Even though the topic of this course
is commutative algebra, this point of view is very important and useful in many
algebraic applications!

The third comes from what we just proved. We saw that HomAlgk(R, k) was
a useful set to look at, which gave another way to think about X. If S is any
k-algebra, then this set HomAlgk(R,S) is in bijection with the set of solutions of the
equations fi generating ker(k[x1, . . . , xn]→→ R) in Sn. Thus, we can think of any
k-algebra as encoding solutions to a system of equations. More generally, if S is
any ring, then Hom(R,S) is the set of S-valued points. For X a scheme, the set
to look at is the set of S-valued points Hom(Spec(S), X). This leads to the point
of view of the functor of points. This is the point of view of algebraic geometry
that is most convenient for example when talking about algebraic groups, and came
about later on in the development of scheme theory. It is possible to discuss all
of algebraic geometry in this manner, but I do not recommend this for a first (or
second?) course. See [DG70].

How does this point of view get used in practice? Let’s see!

Example 6.8.7. Let[Hoc17, pp. 73–74]

B =
R[X,Y, Z]

(X2 + Y 2 + Z2 − 1)
=: R[x, y, z]

and

S =
B[U, V,W ]

(xU + yV + zW )
=: R[x, y, z, u, v, w].

Then, the R-valued points of B are

HomAlgR(B,R)←→
{
(a, b, c) ∈ R3

∣∣ a2 + b2 + c2 = 1
}

that is, the real 2-sphere of radius 1 centered at the origin in R3. The R-valued
points of S correspond to pairs (a, b, c), (d, e, f) such that (a, b, c) ∈ S2 and (a, b, c) ·
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(d, e, f) = 0, i.e., (d, e, f) represents a tangent vector to the sphere at the point
(a, b, c). Topologically, this means that the R-valued points of S correspond to
points of the tangent bundle to S2.

Now a surprising fact is that S[T ] ∼= B[T1, T2, T3], but S ̸∼= B[T1, T2]! This boils
down to the hedgehog theorem about how you cannot comb all the spines on a
hedgehog flat without creating a cowlick. This answers a question I mentioned a
while ago about cancelling variables, and is Hochster’s original counterexample to
the question [Hoc72a]. A key point in Hochster’s proof is that even though this
question is an algebraic one about polynomials, it is useful to construct examples
using this functor of points point of view and some knowledge of topology.

6.9. Noether’s theorem on rings of invariants

We end our chapter on chain conditions with two more results: Noether’s [Hoc20a, p. 76]
theorem on rings of invariants and Hilbert’s basis theorem for formal power series.

Noether’s theorem (due to Emmy Noether) was hugely influential in invariant
theory. At the time, many people were trying to understand how different groups
could act on k-algebras where k is a field. For the discussion below, fix a ring k and
an k-algebra R. Recall that if G is a group, a k-algebra action of G on R is a group
homomorphism

G −→ AutAlgk(R),

that is, it is a way to multiply elements in R by elements in G compatibly with the
group structure on G.

A reasonable question to ask is: If R is a finitely generated k-algebra and G
acts by k-algebra automorphisms on R, is the ring of invariants

RG :=
{
r ∈ R

∣∣ g(r) = r for all g ∈ G
}

also a finitely generated k-algebra? A natural approach would be to try to write
all the invariant elements down. However, Emmy Noether realized that one can
prove finiteness properties without explicitly finding a set of generators. This proof
motivated (in part) Noether’s study of the Noetherian property.

Theorem 6.9.1 (Emmy Noether). Let k be a Noetherian ring (for example, a
field). Let R be a finitely generated k-algebra and let G be a finite group acting by
k-algebra automorphisms on R. Then, the ring of invariants RG ⊆ R is finitely
generated as a k-algebra, and is therefore Noetherian.

Proof. Replacing k by its image in R, we may assume that k ⊆ R. Write

R = k[u1, u2, . . . , un]

where the ui are a finite set of generators (not necessarily algebraically independent)
for R over k. Let {g1, g2, . . . , gs} be the elements of G, where s = |G|. After
permuting the gj , we may assume that g1 = e ∈ G.

For every i, an element g ∈ G acts on the set of elements

g1(ui), g2(ui), . . . , gs(ui)

by permutation. Thus, the elementary symmetric functions{
ei,j

∣∣ 1 ≤ i ≤ n, 1 ≤ j ≤ s}
are all in RG. Consider the k-subalgebra

B := k
[
ei,j
∣∣1 ≤ i ≤ n, 1 ≤ j ≤ s] ⊆ RG ⊆ R.
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Then, B is finitely generated over k (as an algebra), and is therefore Noetherian by
the Hilbert basis Theorem 6.3.3. We claim that every ui is integral over B. First,
ui satisfies the equation

s∏
j=1

(
X − gj(ui)

)
= 0

since the first factor is X − g1(ui) = X − ui. Moreover, the non-leading coefficients
of this monic polynomial are the ei,j (up to a sign). Since the ui generate R over
k, they also generate R over B. It therefore follows that R is module-finite over
B by Theorem 4.2.6, and is therefore Noetherian over B. Finally, since RG is a
B-submodule of R, we see that RG is module-finite over B, and hence is finitely
generated as a k-algebra. □

6.10. Hilbert’s basis theorem for formal power series

We discussed a while ago how to form the ring of formal power series from an
arbitrary ring R. There is a version of Hilbert’s basis theorem for this process:

Theorem 6.10.1 (Hilbert’s basis theorem for formal power series). If R is a[Hoc17, p. 75]
[AM69, p. 81] Noetherian ring then the formal power series ring RJx1, x2, . . . , xnK is Noetherian.

The proof is very similar to the polynomial case in spirit, except we consider
terms of lowest degree in the power series.

Proof. As before, by induction on n, it suffices to consider the case when n = 1. Let
J ⊆ RJxK be an ideal. Let It be the set of elements r ∈ R such that rxt is the term
of least degree in an element of J , together with 0. Again, this is an ideal in R.
If f ∈ J is not zero, and rxt is the least degree term in f , then rxt+1 is the least
degree term in xf ∈ J . This shows that {It}t≥0 is a non-decreasing sequence of
ideals in R. Since R is Noetherian, we may choose k ∈ N such that Ik = Ik+1 = · · · ,
and then for every t ∈ {0, 1, . . . , k} we can choose ft,1, . . . , ft,ht

∈ J such that ft,s
has smallest degree terms are rt,sx

t where rt,1, . . . , rt,ht
generate It.

As before, let J0 be the ideal generated by the ft,s. Let u ∈ J ; we want to show
that it lies in J0. After replacing u by the result of subtracting off its lowest degree
terms, we may assume that u has lowest degree term of degree t ≥ k. We will in
fact show:

Claim 6.10.2. Let u ∈ J such that its least degree term occurs in degree t ≥ k.
Then, u ∈ (fk,1, fk,2, . . . , fk,hk

).

Note that this is a bit stronger than what we need. To simplify notation, we
denote fs := fk,s and h := hk. We will do this by constructing partial sums for

formal power series gi such that u =
∑h
i=1 gifi.

We will do this by constructing for every i ∈ {1, 2, . . . , h} and m ∈ N a sequence
of polynomials gi,m(x) ∈ R[x] with the following properties:

(1) Every gi,m has degree at most m.
(2) If m1 < m2 then gi,m1 is the sum of the terms of degree at most m1

that occur in gi,m2
. Given (1), this says that for all m ≥ 0, we have

gi,m+1 − gi,m = rxm+1 for some r ∈ R, which may be zero.

(3) For every m, the lowest degree term in u−∑h
i=1 gi,mfi has degree at least

k +m+ 1 (or this difference is zero).
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The first two conditions imply that the gi,m are partial sums up to degree m of a
formal power series.

To begin the induction, note that the lowest degree terms of u occurs in degree
k or higher. Thus, the coefficient of xk in u is in the ideal generated by the lowest
degree coefficients of f1, . . . , fh, and it follows that there are elements r1,0, . . . , rh,0
of R such that the lowest degree term of u−∑h

i=1 ri,0fi occurs in degree at least
k + 1 (or is zero). We take gi,0 = ri,0 for all i.

Now suppose the gi,s have been constructed for all 1 ≤ i ≤ h and 0 ≤ s ≤ m.

We now construct the gi,m+1. Since u
′ = u−∑h

i=1 gi,mfi has lowest degree term of
degree at least m+k+1, the coefficient of xm+k+1 is in the R-span of the coefficients
of xk in the fi, and so we can choose ri,m+1 ∈ R such that

u′ −
h∑
i=1

ri,m+1x
m+1fi

has lowest degree term in degree at least m+ k + 2. It follows that if we take

gi,m+1 = gi,m + ri,m+1x
m+1

for 1 ≤ i ≤ h, then (1) and (2) are satisfied, and (3) is as well since

u−
h∑
i=1

gi,m+1fi = u′ −
h∑
i=1

ri,m+1x
m+1fi

has lowest degree term in degree at least m+ k+ 2 (or is zero). For each i, let gi be
the formal power series whose partial sums are the gi,m.

We finally need to show that u =
∑h
i=1 gifi. To do so, it suffices to show that

the coefficients of the corresponding powers of x are the same on both sides. Neither
side has a nonzero term involving xt for t < k. On the other hand, for all m ≥ 0,
the coefficient of xk+m on the right will not change if we replace every gi by gi,m,
since gi − gi,m involves only terms of degree strictly larger than m+ k + 1. Thus, it
suffices to show that for all m ≥ 0, the difference

u−
h∑
i=1

gi,mfi

has coefficient zero on xm+k, and this is true by (3). But then, fi ∈ J0, and hence
u ∈ J0. □





CHAPTER 7

Tensor products and flatness

In this next part of the course, we will develop another operation on modules, 10/11
called tensor products. One useful thing about this is that it gives a extension of
scalars functor

ModR −→ ModS

M 7−→M ⊗R S
that is left adjoint to restriction of scalars.

7.1. Definition of tensor products

Definition 7.1.1. Let R be a ring, and consider R-modules M , N , and W . [AK21, (8.1)]
[Hoc17, p. 78]An R-bilinear map B : M ×N →W is a function such that for every fixed v ∈ N ,

the map Bv : M → W defined by Bv(u) = B(u, v) is R-linear, and the map
Bu : N →W defined by Bu(v) = B(u, v) is R-linear. The set of all R-bilinear maps
B : M ×N →W is denoted BilR(M,N ;W ).

The condition that a map M ×N →W is bilinear can be written concretely as
follows: For all u1, u2 ∈M , v1, v2 ∈ N , and r1, r2, s1, s2 ∈ R, we have

B(r1u1 + r2u2, s1v1 + s2v2)

= r1s1 ·B(u1, v1) + r1s2 ·B(u1, v2) + r2s1 ·B(u2, v1) + r2s2 ·B(u2, v2).

Example 7.1.2. The map [Hoc17, p. 78]

R×R −→ R

(r, r′) 7−→ rr′

is R-bilinear by the distributive property.

As before, we will construct the tensor product by hand and prove that it has a
universal property. We actually state the universal property first this time:

Theorem 7.1.3. Let M and N be modules over a ring R. Then, there exists an [AK21, (8.3)]
[Hoc17, p. 79]
[AM69, Prop. 2.12]

R-module M ⊗R N together with a bilinear map β : M ×N →M ⊗R N such that
every R-bilinear map B : M ×N →W factors through M ⊗R N :

M ×N M ⊗R N

W

β

B f

∃!

Construction 7.1.4. Let M and N be R-modules. The tensor product of M [AK21, (8.2)]
[Hoc17, p. 79]
[AM69, p. 24]

101
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and N is

M ⊗R N :=
R⊕|M×N |(bu+u′,v−bu,v−bu′,v
bru,v−rbu,v

bu,v+v′−bu,v−bu,v′
bu,rv−rbu,v

) .
The map β : M ×N → M ⊗R N is defined by sending (u, v) to the image of bu,v,
which we denote by u⊗ v.

Remark 7.1.5. The construction of tensor products is not too important. The[Hoc17, p. 78]
importance of tensor products really comes from the functor it represents:

HomR(M ⊗R N,W ) ∼= BilR(M,N ;W ).

In other words, tensor products are the objects that turn bilinear maps into linear
ones.

Proof of Theorem 7.1.3. To have B = f ◦ β, we must have

f(u⊗ v) = f
(
β(u, v)

)
= B(u, v),

which shows that f is unique. To show it exists, define a map f0 : R
⊕|M×N | →W

by f0(bu,v) = B(u, v). This factors through M ⊗R N since it kills all the relations
used in defining M ⊗R N by bilinearity. □

We note that in M ⊗R N , we have the following relations:

(1) (u+ u′)⊗ v = u⊗ v + u′ ⊗ v;
(2) u⊗ (v + v′) = u⊗ v + u⊗ v′;
(3) (ru)⊗ v = r(u⊗ v) = u⊗ (rv).

We note some basic properties of tensor products.

Proposition 7.1.6. Let M and N be modules over a ring R. If M is generated[Hoc17, p. 79]
[AM69, Rem. (i) on
p. 25, Prop. 2.16]

by {ui}i∈I and N is generated by {vj}j∈J , then M ⊗R N is generated by {ui ⊗
vj}i∈I,j∈J . In particular, ifM and N are finitely generated R-modules, thenM⊗RN
is finitely generated.

Proof. Every element in M ⊗R N is an R-linear combination of elements u⊗ v for
u ∈M and v ∈ N . We therefore have

u⊗ v =

( m∑
s=1

rsuis

)
⊗
( n∑
t=1

r′tvjt

)
=
∑
s,t

(rsr
′
t)(uis ⊗ vjt). □

There are many things we can prove about tensor products using its universal
property.

Proposition 7.1.7. Let M,M ′, N,N ′ be modules over a ring R.[Hoc17, p. 80]
[AM69, Prop. 2.14] (i) (Commutative law) There is a unique isomorphism

[AK21, (8.5)(1)]
M ⊗R N ∼−→ N ⊗RM

mapping u⊗ v to v ⊗ u.
(ii) (Unitary law) There is a unique isomorphism[AK21, (8.5)(2)]

M
∼−→ R⊗RM

that maps u to 1⊗ u. The inverse maps r ⊗ u to ru.
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(iii) (Bifunctoriality) If f : M →M ′ and g : N → N ′ are R-linear, there is a[AK21, (8.4)]
unique R-linear map

f ⊗ g : M ⊗R N −→M ′ ⊗R N ′

such that (f ⊗ g)(u⊗ u′) = f(u)⊗ g(u′). This gives rise to a functor

ModR ×ModR −→ ModR.

(iv) (Distributive law) There is a unique isomorphism [AK21, (8.11)]

(M ⊕M ′)⊗R N ∼−→ (M ⊗R N)⊕ (M ′ ⊗R N)

mapping (u, u′) ⊗ v to (u ⊗ v, u′ ⊗ v). This extends by induction to all
finite direct sums, and to direct sums in the second factor.

If M =
⊕

i∈IMi and N =
⊕

j∈J Nj are arbitrary direct sums, then

M ⊗R N ≃
⊕

(i,j)∈I×J

Mi ⊗R Nj .

(v) If F is free over R on the free basis {bi}i∈I , and F ′ is free over R on the
free basis {b′j}j∈J , then F ⊗R F ′ is free on the free basis {bi⊗ b′j}(i,j)∈I×J .

Proof. (i) follows since N⊗RM satisfies the universal property ofM⊗RN : a bilinear
map B : M ×N → W factors through N ⊗R M by considering the commutative
diagram

M ×N N ×M N ⊗RM

W

∼

∃!

where we note that the composition N ×M →M ×N →W is bilinear.
For (ii), we verify that the map β : R×M →M sending (r, u) to ru satisfies the

universal property. Given a bilinear map B : R ×M → W , we define f : M → W
by m 7→ B(1,m), which is linear since B is bilinear. Also,

B(r, u) = r ·B(1, u) = B(1, ru) = f(ru) = f(β(r, u)).

Furthermore, f is unique since β is surjective.
For (iii), the linear map is given by the universal property for the mapM×N →

M ′ ⊗N ′ given by (u, v) 7→ f(u)⊗ g(v).
For (iv), there is a bilinear map (M ⊗ M ′) × N → (M ⊗ N) ⊕ (M ′ ⊗ N)

that sends ((u, u′), v) 7→ (u⊗ v, u′ ⊗ v), which induces a map (M ⊗M ′)⊗R N →
(M ⊗N)⊕ (M ′ ⊗N) by the universal property. In the other direction, By (iii), the
injections ι : M ↪→M⊕M ′ and ι′ : M ′ →M⊕M ′ induce maps ι⊗ idN : M⊗RN →
(M ⊕M ′)⊗R N and ι′ ⊗ idN : M ′ ⊗R N → (M ⊕M ′)⊗R N . These together give a
map

(ι⊗ idN )⊕ (ι′ ⊗ idN ) : (M ⊕M ′)⊗R N −→ (M ⊗R N)⊕ (M ′ ⊗R N).

You can check that these two maps are inverse to each other using elements of the
form (u, u′)⊗ v on one side, and elements of the form (u⊗ v, 0) and (0, u′ ⊗ v) on
the other.

For the infinite statement in (iv), we first consider the case when there is only
one module N on the right. Consider any finite number of summands Mi1 , . . . ,Min
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on the left, and let M ′ be the direct sum of all the others. By (iv), we can write

M ⊗N ≃
( n⊕
s=1

Mis ⊗R N
)
⊕ (M ′ ⊗R N).

It follows that every Mi ⊗R N injects into M ⊗N as a direct summand, and that
any one of them has intersection zero with a finite sum of the others. Since the Mi

span M , the Mi⊗RN span M ⊗RN , and we therefore have the required direct sum
decomposition. Replacing the roles of M and N , we get the desired decomposition.

Finally, (v) follows from the infinite statement in (iv) whenMi = R and Nj = R
for every i and j, using (ii). □

7.2. Right exactness of tensor products and flatness

We now show that tensor products are right exact. Altman and Kleiman give a10/14
different proof using tensor–Hom adjunction [AK21, (8.11)], which I will mention
again later.

Proposition 7.2.1 (Tensor products are right exact). If M ′ f→M
g→M ′′ → 0[AK21, (8.11)]

[Hoc17, p. 81]
[AM69, Prop. 2.18]

is an exact sequence of R-modules, then

M ′ ⊗R N f⊗idN−−−−→M ⊗R N g⊗idN−−−−→M ′′ ⊗R N −→ 0

is exact. We therefore have

M ′′ ⊗R N ≃
M ⊗R N

(f ⊗ idN )(M ′ ⊗R N)
,

i.e., tensor products preserve cokernels.

Proof. We will show that the map

g ⊗ idN : M ⊗R N −→M ′′ ⊗R N
is surjective with kernel (f⊗idN )(M ′⊗RN). For surjectivity, we have thatM ′′⊗RN
is spanned by elements u′′ ⊗ v for u′′ ∈M ′′ and v ∈ N , and it suffices to show that
these elements are in the image of g ⊗ idN . But by surjectivity of g, there exists
u ∈M such that g(u) = u′′, and hence g(u⊗ v) = u′′ ⊗ v.

We now note that g ⊗ idN induces a map

M ⊗R N
(f ⊗ idN )(M ′ ⊗R N)

−→M ′′ ⊗R N

by the fact the composition M ′ ⊗RN →M ′′ ⊗RN is zero. We construct an inverse
h for this map as follows. First, we claim we can define a bilinear map

M ′′ ×N −→ M ⊗R N
(f ⊗ idN )(M ′ ⊗R N)

mapping (u′′, v) to (u, v), where u ∈M is an element such that g(u) = u′′. We need
to show that this assignment is independent of the choice of u. If u1 also maps to
u′′, it differs from u by an element in the image of M ′, and hence

u⊗ v − u1 ⊗ v = (u− u1)⊗ v ∈ f(M ′ ⊗R N).

One can then check that this map is bilinear. The compositions of h and g ⊗ idN
are the identity in either direction: it suffices to check this on pure tensors [u⊗ v]
or g(u)⊗ v, in which case this follows from definition. □
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On the other hand, tensor products are not exact in general!

Example 7.2.2. Consider the exact sequence [AK21, (8.12)]
[Hoc17, pp. 81–82]
[AM69, Ex. on p. 29]

0 −→ Z
2·−→ Z −→ Z/(2) −→ 0

of Z-modules, and apply −⊗Z Z/(2). We then obtain

0 −→ Z/(2)
0−→ Z/(2) −→ Z/(2) −→ 0

which is not exact on the left-hand copy of Z/(2).
Note that the same example works for any nonzero element a in a domain A, in

which case you consider

0 −→ A
a·−→ A −→ A/(a) −→ 0.

This motivates the following definition, which is due to Serre [GAGA, §21].

Definition 7.2.3. We say that an R-module N is flat if −⊗R N is exact. [AK21, (9.5)]
[Hoc17, p. 87]
[AM69, p. 29]

The right exactness above can be used to describe quotient modules in different
ways.

Corollary 7.2.4. If M ′ ⊆M and N ′ ⊆ N are inclusions of R-modules, then [Hoc17, p. 82]

M

M ′ ⊗R
N

N ′ ≃
M ⊗R N

im(M ⊗R N ′) + im(M ′ ⊗R N)
.

Proof. We have

M

M ′ ⊗R
N

N ′ ≃
(M/M ′)⊗R N

im(M/M ′ ⊗R N ′)

≃ (M ⊗R N)/im(M ′ ⊗R N)

im(M/M ′ ⊗R N ′)
.

The image ofM/M ′⊗RN ′ in (M⊗RN)/im(M ′ ⊗R N) is the image ofM⊗RN ′. □

Corollary 7.2.5. Let R be a ring, and consider an R-module M and ideals [AK21, (8.14)]
[Hoc17, p. 82]
[AM69, Exer. 2.2]

I, J ⊆ R. Then, we have (R/I)⊗RM ≃M/IM and (R/I)⊗ (R/J) ≃ R/(I + J).

Proof. This is on Homework 7. □

7.3. Tensor products of multiple factors

One can extend the construction of tensor products to incorporate multiple
factors.

Definition 7.3.1. If M1,M2, . . . ,Mk,W are R-modules, a map [AK21, p. 40]
[Hoc17, p. 83]
[AM69, p. 26]

M1 ×M2 × · · · ×Mk −→W

is k-multilinear over R if, for every i, it becomes an R-linear function of ui when all
other entries u1, . . . , ui−1, ui+1 . . . , uk are fixed. When k = 2 this is the same as a
bilinear map, and when k = 3, we say it is trilinear.

Theorem 7.3.2 (Associativity of tensor products). We have (M1 ⊗RM2)⊗R [AK21, (8.9)]
[Hoc17, pp. 83–84]
[AM69, p. 26]

M3 ≃M1 ⊗R (M2 ⊗RM3) for R-modules M1,M2,M3.
More generally, M1 ⊗RM2 ⊗R · · · ⊗RMk has meaning independent of how one

inserts parentheses.

Proof. Both sides are universal for trilinear maps M1×M2×M3 →W . The second
statement follows similarly by noting that all ways to insert parentheses are universal
for k-multilinear maps M1 ×M2 × · · · ×Mk →W . □
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7.4. Extension of scalars

We now want to return to one of our original motivations, which was to give
a way to go from R-modules to S-modules. We start with something a bit more
general:

Lemma 7.4.1. Let M1 be an S-module and let M2 be an R-module, where R is[AK21, (8.7)]
[Hoc17, p. 84]
[AM69, p. 28]

a ring and S is an R-algebra. Then, M1 ⊗RM2 has the structure of an S-module,
where

s(u1 ⊗ u2) = (su1)⊗ u2.
The same statement holds reversing the roles of M1 and M2.

Proof. We have an R-trilinear map

S ×M1 ×M2 −→M1 ⊗RM2

sending (s, u1, u2) to (su1)⊗ u2. This gives an R-linear map

S ⊗R (M1 ⊗RM2) −→M1 ⊗RM2,

and hence an R-bilinear map

S × (M1 ⊗RM2) −→M1 ⊗RM2.

This is the map we use for multiplication by s, and has the formula claimed. The
R-bilinearity implies almost all of the conditions needed to make M1 ⊗RM2 into an
S-module, except for the axiom that for all z ∈M1 ⊗RM2 and s, s′ ∈ S, we have
(ss′)z = s(s′z). Since multiplication by an element of S is R-linear, it suffices to
check this for elements generating M1 ⊗RM2 as an R-module. We can therefore
assume z = u1 ⊗ u2. But then,
(ss′)(u1⊗u2) =

(
(ss′)u1

)
⊗u2 =

(
s(s′u1)

)
⊗u2 = s

(
(s′u1)⊗u2

)
= ss′(u1⊗u2). □

Remark 7.4.2. If M1 and M2 are both S-modules, then M1 ⊗R M2 has two[Hoc17, p. 84]
S-module structures coming from the left and from the right. These are almost
always different, since when we tensor over R, scalars from S cannot be passed
through the tensor symbol.

Using this S-module structure we have a slightly more general version of what
we had before:

Proposition 7.4.3. Let R→ S be a ring map. If M and N are S-modules and[AK21, (8.9)]
[Hoc17, p. 84]
[AM69, Exer. 2.15]

Q is an R-module, then

(M ⊗S N)⊗R Q ≃M ⊗S (N ⊗R Q)

as S-modules, where (u⊗ v)⊗ w corresponds to u⊗ (v ⊗ w).
Proof. We construct an isomorphism from left to right. For each w ∈ Q, there is an
S-bilinear map Bw : M ×N →M ⊗S (N ⊗R Q) defined by Bw(u, v) = u⊗ (v ⊗ w).
This gives an S-linear map

gw : M ⊗N −→M ⊗S (N ⊗R Q).

We can also define an R-bilinear map

(M ⊗S N)×Q −→M ⊗S (N ⊗R Q)

by (y, w) 7→ gw(y, which induces an R-linear map

(M ⊗S N)⊗R Q −→M ⊗S (N ⊗R Q)
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sending (u⊗ v)⊗w to u⊗ (v ⊗w). This map turns out to be S-linear: we consider

s
(
(u⊗ v)⊗ w

)
= (su⊗ v)⊗ w,

which has image

(su)⊗ (v ⊗ w) = s
(
u⊗ (v ⊗ w)

)
.

To construct the inverse, fix u ∈M and define an R-bilinear map

B′
u : N ×Q −→ (M ⊗S N)⊗R Q

by the rule B′
u(v, w) = (u⊗ v)⊗ w, which gives an R-linear map

g′u : N ⊗RM −→ (M ⊗S N)⊗R Q.
This is S-linear since (u⊗ sv)⊗ w = s(u⊗ (v ⊗ w)). We then define an S-bilinear
map

M × (N ⊗R Q) −→ (M ⊗S N)⊗R Q
sending (u, z) to g′u(z). We then have S-linear maps in both directions that on
generators interchange (u⊗ v)⊗ w and u⊗ (v ⊗ w). □

We can now define extension of scalars.

Definition 7.4.4. Let R→ S be a ring map. We then have a covariant right [AK21, (8.7)]
[Hoc17, p. 85]
[AM69, p. 28]

exact functor

ModR ModS

M S ⊗RM
f idS ⊗ f

which we call extension of scalars or base change, because the “base ring” R is
replaced by another base ring S.

Proposition 7.4.5 (Localization as extension of scalars). Let R be a ring, and [AK21, (12.13)]
[Hoc17, p. 87]
[AM69, Prop. 3.5]

consider a localization S =W−1R of R. There is an S-isomorphism

f : S ⊗RM −→W−1M

sending (r/w)⊗m to rm/w.

Proof. We have an R-bilinear map

S ×M −→W−1M

sending ((r/w),m) 7→ rm/w. This gives rise to a R-linear map

f : S ⊗RM −→W−1M

This map is clearly surjective, and is S-linear since

s ·
(∑

i

ri
wi
⊗mi

)
7−→

∑
i

s · rimi

wi∑
i

(
s · ri

wi

)
⊗mi 7−→

∑
i

s · rimi

wi

To check it is injective, consider an element∑
i

ri
wi
⊗mi.
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We claim it is equal to an element of the form (1/w)⊗m. Let w =
∏
i wi ∈W and

vi =
∏
j ̸=i wj ∈W . Then,∑

i

ri
wi
⊗mi =

∑
i

rivi
w
⊗mi =

∑
i

1

w
⊗ rivimi =

1

w
⊗
∑
i

rivimi,

which is of the desired form.
We now check the map f is injective. Suppose f((1/w) ⊗ m) = 0. Then,

m/w = 0, and hence there exists t ∈W such that tm = 0. We therefore have

1

w
⊗m =

t

tw
⊗m =

1

tw
⊗ tm =

1

tw
⊗ 0 = 0. □

Corollary 7.4.6. Let R be a ring. Then, every localization W−1R of R is flat10/16

[AK21, (12.18)]
[Hoc17, p. 88]
[AM69, Cor. 3.6]

as an R-module.

Proof. This follows since we know localization is exact, and by the isomorphism
given above. □

7.5. Presentations and extension of scalars

To get a better feel for how extension of scalars works in examples, we want an
explicit way to describe modules.

Definition 7.5.1. Let M be a module over a ring R. A presentation for M is[AK21, (5.18)]
[Hoc17, pp. 85–86] an exact sequence of the form

R⊕J −→ R⊕I−→−→M −→ 0,

where I and J are indexing sets. If both I and J are finite, we say that the
presentation is finite. If M has a finite presentation, we say that M is finitely
presented.

A map R⊕J → R⊕I defines a module M by taking the cokernel of the map. In
practice, this is how you feed the data of a module to a computer.

Conversely, given M , a presentation can be constructed as follows: We first
choose a set of generators {mi}i∈I for M , and define the surjection R⊕I→→M by
sending the i-th generator of R⊕I to mi. Then, we do the same for the kernel of
R⊕I→→M , in which case the resulting sequence is exact by definition. This process
allows one to say the following:

Theorem 7.5.2. Let R be a Noetherian ring. Then, for an R-module M , the[AK21, (16.19)]
[Hoc17, p. 86] following are equivalent:

(i) M is Noetherian.
(ii) M is finitely generated.
(iii) M is finitely presented.

Proof. It suffices to show that if M is finitely generated, then it is finitely presented.
SinceM is finitely generated, there is a surjection R⊕m→→M for finitem. Now R⊕m

is finitely generated, hence Noetherian, and therefore the kernel K of R⊕m→→M is
also finitely generated, and admits a surjection R⊕n→→ K giving rise to an exact
sequence R⊕n → R⊕m →M → 0. □

When I and J are finite, we can represent the map R⊕J → R⊕I as a matrix
with entries indexed by I × J .

Example 7.5.3.
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(1) If M is the ideal I = (x, y) ⊆ k[x, y] = R, then a presentation is given by

R
(
y
−x )−−−−→ R⊕2 ( x y )−−−−→ I

This sequence is actually exact on the left, and hence gives an example of
a free resolution for I.

(2) The example above was not too bad, since we could guess what the kernel
was generated by. Our favorite example from Homework 1 is pretty subtle:
letting I = (xz−y2,−wz+xy,wy−z2) ⊆ k[w, x, y, z] = R, the presentation
is given by

R⊕2

(w x
x y
y z

)
−−−−−→ R⊕3 ( xz−y2 −wz+xy wy−z2 )−−−−−−−−−−−−−−−−−→ I

This one is also exact on the left.

Exactness on the left does not happen in general; for example, you could consider a
presentation for R/I instead of I. Computing presentations like this is very difficult!

We now describe how extension of scalars acts on modules. Given a presentation

R⊕J −→ R⊕I−→−→M −→ 0,

the right exactness of S ⊗R − implies that

S⊕J −→ S⊕I−→−→ S ⊗RM −→ 0

is a presentation for S ⊗RM , where we use the fact that tensor products commute
with arbitrary direct sums. If I and J are finite, then the matrix defining S⊕J → S⊕I

is obtained by applying the map R→ S on each entry.
We also have:

Corollary 7.5.4. Let R→ S be a ring map. If M is a finitely generated (resp.
finitely presented) R-module, then S ⊗R M is a finitely generated (resp. finitely
presented) S-module.

7.6. Tensor–Hom adjunction

Our goal now is to describe how tensor products and extension of scalars are
related to other functors we have seen before.

Theorem 7.6.1. Let R→ S be a ring map, and consider an R-module M and [AK21, (8.9)]
S-modules N and P . Then, there is an R-module isomorphism

σ : HomS(M ⊗R N,P ) −→ HomR

(
M,HomS(N,P )

)
that is functorial in M , N , and P .

Proof. If g : M ⊗R N → P is on the left-hand side, then we define(
σ(g)(u)

)
(v) = g(u⊗ v).

The map σ(g)(u) is S-linear since for every s ∈ S, we have(
σ(g)(u)

)
(sv) = g(u⊗ sv) = s · g(u⊗ v).

Furthermore, σ(g) is R-linear, since for every r ∈ R, we have(
σ(g)(ru)

)
(v) = g(ru⊗ v) = g(u⊗ rv) =

(
σ(g)(u)

)
(rv).
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The inverse

θ : HomR

(
M,HomS(N,P )

)
−→ HomS(M ⊗R N,P )

is given by defining B : M ×N → P by B(u, v) = (f(u))(v). This is R-bilinear. □

This immediately shows that tensor products are right-exact: they are left
adjoints [AK21, (6.12)].

A while ago we asked whether localization is an adjoint functor. Given that
localization is a special case of extension of scalars, the following shows that lo-
calization is the left adjoint to restriction of scalars along the localization map
R→W−1R.

Corollary 7.6.2 (Extension of scalars and restriction of scalars are adjoint).
There is an R-module isomorphism[Hoc17, p. 86]

HomS(S ⊗RM,P ) ≃ HomR(M,P )

that is functorial in M and N . Thus, S ⊗RM represents the functor HomR(M,−).

Proof. Apply Theorem 7.6.1 when N = S, using that HomS(S,N) ≃ N . □

7.7. Left exactness of Hom

We also have:

Proposition 7.7.1. Let R be a ring, and consider an R-module N .[AK21, (5.17)]
[Hoc17, p. 89]
[AM69, Prop. 2.9]

(i) Let 0→M ′ α→M
β→M ′′ be an exact sequence of R-modules over a ring

R. Then,

0 −→ HomR(N,M
′) −→ HomR(N,M) −→ HomR(N,M

′′)

is an exact sequence, and hence HomR(N,−) defines a left exact covariant
functor ModR → ModR.

(ii) Let M ′ α→M
β→M ′′ → 0 be an exact sequence of R-modules. Then,

0 −→ HomR(M
′′, N) −→ HomR(M,N) −→ HomR(M

′, N)

is an exact sequence, and hence HomR(−, N) defines a left exact con-
travariant functor ModopR → ModR.

Proof. For (i), exactness on the left follows since if g : N →M ′ is a nonzero map,
then α ◦ g : N → M ′ → M is also nonzero. Exactness in the middle follows since
for f : N → M , the composition β ◦ f : N → M ′′ is zero if and only if f(v) ∈ M ′

for every v ∈ N , which holds if and only if f came from a map N →M ′.
For (ii), exactness on the left follows since if f(u′′) ̸= 0, then there exists u ∈M

such that β(u) = u′′, and hence (f ◦β)(u) ̸= 0. Exactness in the middle follows since
for f : M → N , the composition f ◦α : M ′ → N is zero if and only if f |M ′ : M ′ → N
is zero. But this holds if and only if f factors through M ′′, in which case this map
M ′′ → N has image equal to f . □

The same example from before shows that right exactness does not hold in
general.
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Example 7.7.2. Consider the short exact sequence[Hoc17, p. 89]

0 −→ Z
2·−→ Z −→ Z/(2) −→ 0.

Applying HomZ(Z/(2),−) gives the left exact sequence

0 −→ HomZ(Z/(2),Z)
2·−→ HomZ(Z/(2),Z) −→ HomZ(Z/(2),Z/(2)).

But the modules on the left and middle are equal to zero. Similarly, applying
HomZ(−,Z), we obtain the left exact sequence

0 −→ HomZ(Z/(2),Z) −→ HomZ(Z,Z)
2·−→ HomZ(Z,Z)

and the module on the left is equal to zero. On the other hand, the map on the
right is not surjective: it is the multiplication by 2 map on Z.

Last time, we asked whether M ⊗RM ∼=M . This is not the case. 10/18

Example 7.7.3. k⊕2 ⊗k k⊕2 ∼= k⊕4 ̸∼= k⊕2.

Left exactness of Hom has the following nice consequence.

Proposition 7.7.4 (Hom commutes with flat base change). Let R → S be a [AK21, (9.18)]
[Hoc17, p. 96]ring map, and let M and N be R-modules. There is an S-linear map

θ : S ⊗R HomR(M,N) −→ HomS(S ⊗RM,S ⊗R N)

s⊗ f 7−→ (s · −)⊗ f
that is functorial in M and N . If R→ S is flat and M is finitely generated (resp.
finitely presented), then θ is injective (resp. bijective).

An important special case to consider is when S =W−1R.

Proof. The map s⊗ f 7→ (s · −)⊗ f is R-linear since it is induced by the R-bilinear
map (s, f) 7→ (s · −) ⊗ f . It is moreover S-linear since s′(s ⊗ f) = (s′s) ⊗ f has
image

s′
(
(s · −)⊗ f

)
= (ss′ · −)⊗ f.

To show functoriality in M , we want to show that for every g : M → M ′, the
diagram

S ⊗R HomR(M,N) HomS(S ⊗RM,S ⊗R N)

S ⊗R HomR(M
′, N) HomS(S ⊗RM ′, S ⊗R N)

θ

θ′

idS⊗(−◦g) −◦(idS⊗g)

commutes. By S-linearity, it suffices to check this on pure tensors s ⊗ f , where
f : M → N . Going up and right gives s⊗ (f ◦ g) then (s · −)⊗ (f ◦ g). Going right
and up gives ((s · −)⊗ f) then(

(s · −)⊗ f
)
◦ (idS ⊗ g) = (s · −)⊗ (f ◦ g),

which are equal. To show functoriality in N , we want to show that for every
h : N ′ → N , the diagram

S ⊗R HomR(M,N) HomS(S ⊗RM,S ⊗R N)

S ⊗R HomR(M,N ′) HomS(S ⊗RM,S ⊗R N ′)

θ

idS⊗(h◦−) (idS⊗h)◦−

θ′
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commutes. Again by S-linearity, it suffices to check this on pure tensors s⊗f , where
f : M → N . Going down and right gives (s · −) ⊗ (h ◦ f). Going right and down
gives

(idS ⊗ h) ◦
(
(s · −)⊗ f

)
= (s · −)⊗ (h ◦ f).

Now suppose R→ S is flat. Let

R⊕J −→ R⊕I −→M −→ 0

be a presentation where I is finite (resp. both I and J are finite). By the functoriality
in M described above, we have the commutative diagram

S ⊗R HomR(R
⊕J , N) HomS(S ⊗R R⊕J , S ⊗R N)

S ⊗R HomR(R
⊕I , N) HomS(S ⊗R R⊕I , S ⊗R N)

S ⊗R HomR(M,N) HomS(S ⊗RM,S ⊗R N)

0 0

θR⊕J

θR⊕I

θM

with exact columns. Now since I is finite (resp. I and J are finite), the map θR⊕I is
an isomorphism (resp. θR⊕I and θR⊕J are isomorphisms): we have an isomorphism
of functors

S ⊗R HomR(R
⊕I ,−) ∼−→ HomS(S ⊗R R⊕I , S ⊗R −)

since they both represent the functor sending an R-module N to the set of |I|-
tuples of elements in S ⊗R N . By chasing around elements of the form s ⊗ f ∈
S ⊗R HomR(M,N), we see that θM is injective. If J is also finite, then θM is an
isomorphism since isomorphic maps have isomorphic kernels. □

This is false without finite generation:

Example 7.7.5. Let M be the free Z-module on countably many generators bi[Hoc17, p. 97]
and let N = Z. An element HomZ(M,Z) corresponds to sequences of integers ni
that are the images of the bi. Now let S = Z[1/p]. The elements of

S ⊗R HomZ(M,Z)

correspond to sequences of fractions in Z[1/p] with bounded denominators, whereas
sequences corresponding to elements of

HomS(S ⊗RM,S)

can have unbounded denominators, for example the sequence defined by bi/1 7→ 1/pi.

7.8. Projective modules

Proposition 7.7.1 suggests the following modules are special:

Definition 7.8.1. Let R be a ring. We say that a module P over R is projective[AK21, (5.20)]
[Hoc17, p. 88] if HomR(P,−) is exact, and that a module I over R is injective if HomR(−, I) is

exact.

We will focus more projective modules.
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Lemma 7.8.2. An R-module is projective if and only if it is a direct summand [AK21, (5.22)]
[Hoc17, p. 90]of a free module.

Proof. ⇒. Let β : F→→ P be a surjection from a free module. Applying HomR(P,−),
we obtain a surjection

HomR(P, F )−→−→ HomR(P, P ),

and hence there exists a map s : P → F such that β ◦ s = idP . This is exactly the
condition that P is a direct summand of F by Problem 1 on Homework 4.
⇐. Let P ⊆ F be the map realizing P as a direct summand of a free module.

It suffices to show that for every surjection M →→ N , the map HomR(P,M) →
HomR(P,N) is surjective. But this fits into the commutative diagram

HomR(P,M) HomR(P,N)

HomR(F,M) HomR(F,N)

where the vertical arrows are surjective by the fact that they have a section. If the
bottom arrow is surjective, then the top arrow is also surjective. □

Example 7.8.3. Not all projective modules are free: If R = R1 × R2, each [Hoc17, p. 88]
factor Ri is a projective module, but is not free.

7.9. A projective module that is not free

We give the following more interesting example of a projective module that is
not free, for which the important input is topological.

Example 7.9.1 (Kaplansky; see [Swa62, Example 1]). Let [Hoc17, pp. 88–89]

A =
R[X,Y, Z]

(X2 + Y 2 + Z2 − 1)
.

We denote the images of X, Y , and Z by x, y, and z, respectively. The elements of
A can be considered as R-valued polynomial functions on the unit 2-sphere centered
at the origin on R3, and hence give continuous functions on the 2-sphere S2.

Consider the A-linear map

f : A⊕3 ( x y z )−−−−−→ A.

We have a map

g : A

(
x
y
z

)
−−−→ A⊕3

and we set u =
(
x
y
z

)
. The composition f ◦ g is the matrix whose single entry is

x2 + y2 + z2 = 1, and so f ◦ g is the identity on A. We therefore see that

Q = ker(f) ⊆ A⊕3

is a projective A-module.
We claim that Q is not free. We proceed by contradiction. Base changing to

the fraction field K = Frac(A), we see that K⊕3 ∼= K ⊕ (K ⊗AQ), and hence Q is a
free module generated by two elements. It therefore suffices to show that Q ∼= A⊕2

yields a contradiction.
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Suppose that Q has a free basis consisting of column vectors v and w in A⊕3.
Consider the 3× 3 matrix

M =

 | | |
u v w
| | |

 .

Since u, v, w span A⊕3, there cannot be any linear relation on them, since their
images in K⊕3 form a basis as a K-vector, and hence cannot have any linear
relations over K, either. Thus, u, v, w are a basis for A⊕3, and the matrix M gives
an automorphism of A⊕3 with inverse matrix N . Computing determinants, we have

det(M) det(N) = 1,

and hence det(M) is a unit α ∈ A. We can then multiply the second column of M
by α−1:  | | |

u α−1v w
| | |

 .

Thus, we see that u is the first column of a 3× 3 matrix over A with determinant 1.
We claim no such 3× 3 matrix can exist, even with entries being continuous

functions on S2. If the third column is w =
(
f
g
h

)
, then the vector-valued function

V =

fg
h

− (xf + yg + zh)

xy
z


is a continuous vector-valued function on S2 that does not vanish on S2 since for every
point (a, b, c) ∈ S2, the two vectors u and w are linearly independent. Moreover,
the value of V is orthogonal to the unit vector (a, b, c) for every (a, b, c) ∈ S2, since
the dot product vanishes. This means V is a everywhere non-vanishing continuous
tangent vector field on S2. This contradicts the hedgehog theorem!

7.10. Projective modules over local rings

Next, we want to show the following:10/21

Theorem 7.10.1. Let M be a module over a ring R. Consider the following[AK21, (10.20)]
[Hoc17, p. 103] conditions:

(i) M is free;
(ii) M is projective;
(iii) M is flat.

Then, (i)⇒ (ii)⇒ (iii). Moreover, if R is local and M is finitely presented, then
all three conditions are equivalent.

To prove this in the non-Noetherian case, we will use the following:

Lemma 7.10.2. Let R be a ring and let M be a finitely presented R-module. For[Stacks, Tag 0519]
[AK21, (5.18)] every surjection M ′→→ M where M ′ is finitely generated, the kernel N is finitely

generated.

https://stacks.math.columbia.edu/tag/0519
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Proof. Consider the commutative diagram

R⊕m′
R⊕m M 0

0 N M ′ M 0

where we send the free generators of R⊕m to elements on M ′ that make the right
square commute. The dashed arrow exists by the universal property of kernels. By
the snake lemma, we have an isomorphism

coker(R⊕m′ → N)
∼−→ coker(R⊕m →M ′).

The cokernel of R⊕m →M ′ is finitely generated, and hence N is finitely generated
by combining the sets of generators for im(R⊕m′ → N) and coker(R⊕m′ → N). □

We can now show Theorem 7.10.1.

Proof of Theorem 7.10.1. We saw already that (i) ⇒ (ii). To see that projective
modules are flat, we need to show that for every injection N ′ ↪→ N , the induced
map M ⊗R N ′ → M ⊗R N is injective. Let M ⊆ F be the map realizing M as a
direct summand of a free module. Then, we have the commutative diagram

M ⊗R N ′ M ⊗R N

F ⊗R N ′ F ⊗R N

where the vertical arrows are injective since they have a retraction. Since free
modules are flat, the bottom arrow is injective, and hence the top arrow is injective
as well.

It remains to consider the case when R is local and M is finitely presented. We
will in fact show that the three conditions are equivalent to the following:

(iv) The map m⊗RM → M sending r ⊗ u to u is injective, where m ⊆ R is
the maximal ideal of R.

Since (iii)⇒ (iv) by applying M ⊗R − to the injection m ⊆ R, it suffices to show
that (iv)⇒ (i).

Choose a minimal set of generators u1, u2, . . . , un for M and map R⊕n onto M
such that the ith generator maps to ui. We then have a short exact sequence

0 −→ N −→ R⊕n −→M −→ 0.

We also have the short exact sequence

0 −→ m −→ R −→ k −→ 0,
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where k is the residue field of R. We now tensor these two short exact sequences
together to obtain the commutative diagram

0

m⊗R N m⊗R R⊕n m⊗RM 0

0 N R⊕n M 0

k ⊗R N k ⊗R R⊕n k ⊗RM 0

0 0 0

α

f g

The rows are obtained by applying m⊗R −, R⊗R −, and k ⊗R −, respectively, and
the columns are obtained by applying −⊗RN , −⊗RR⊕n, and −⊗RM , respectively.
The hypothesis is used to show that α is injective. By minimality of the set of
generators u1, u2, . . . , un, we see that g is an isomorphism k⊕n → k⊕n.

We claim it suffices to show that k⊗R N = 0. Note that N is finitely generated
by Lemma 7.10.2. This would mean that m ⊗R N → N is surjective, i.e., that
mN = N , and hence NAK would show that N = 0. This would show that R⊕n →M
is an isomorphism.

Let u ∈ k ⊗R N ; we want to show it is zero. By exactness in the bottom row,
since g is an isomorphism, f(u) = 0. By exactness in the left column, there exists
an element v ∈ N that maps to u. The image of v in R⊕n still maps to zero when
mapped to k⊗RR⊕n, and hence v is the image of an element w ∈ m⊗RR⊕n. Suppose
that w maps to an element x ∈ m⊗RM . Then α(x) = 0 by the commutativity of
the diagram, and hence by the injectivity of α, we see that x = 0. This shows that
w is the image of an element y ∈ m⊗R N . Since w maps to v, y maps to v in N by
injectivity of N → R⊕n. This shows that v maps to zero in k⊗R N . But v maps to
u, and hence u = 0. □

Corollary 7.10.3. Let R be a ring, and let M be a finitely presented R-module.
The following are equivalent:

(i) M is projective.
(ii) M is flat.
(iii) M is locally free, i.e., for every prime ideal P ⊆ R, the localization MP is

free over RP .

Proof. We know that projective modules are flat by Theorem 7.10.1. Now ifM is flat,
then MP is flat, since for every inclusion N ′ ⊆ N , the map MP ⊗RN ′ →MP ⊗RN
can be identified with RP ⊗RM ⊗R N ′ → RP ⊗RM ⊗R N , and both M and RP
are flat over R. Thus, if M is flat, then MP is flat for every prime ideal P ⊆ R.

Finally, we claim that if M is locally free, then M is projective. We want to
show that for every surjection N→→ N ′, the map HomR(M,N)→ HomR(M,N ′) is
surjective. By the fact that surjectivity is local and flat base change, this holds if
and only if

HomRP
(MP , NP ) −→ HomRP

(MP , N
′
P )
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is surjective for every P . But this holds because MP is free, whence projective by
Lemma 7.8.2. □

7.11. Tensor products of algebras

The last thing I want to describe before moving to a different topic is how to
take tensor products of algebras.

Definition 7.11.1. Let A be a ring, and let R and S be A-algebras. There is [AK21, (8.20)]
[Hoc17, p. 90]
[AM69, pp. 30–31]

then an A-bilinear map

µ : (R⊗A S)× (R⊗A S) −→ R⊗A S
(r ⊗ s, r′ ⊗ s′) 7−→ (rr′)⊗ (ss′)

Using this A-bilinear map, one can define a ring structure on R⊗A S, which is in
fact an A-algebra as well. This A-algebra comes equipped with maps

ι1 : R −→ R⊗A S ι2 : S −→ R⊗A S
r 7−→ r ⊗ 1 s 7−→ 1⊗ s

as A-algebras making the diagram

A S

R R⊗A S
ι2

ι1

commute. Note that [AM69, p. 31] has the wrong formula for the map A→ R⊗A S!
The tensor product has a universal property. This makes R⊗A S the cofiber

product of R and S over A in the category of commutative rings. We can also say
that R⊗A S is the coproduct in the category of R and S A-algebras.

Theorem 7.11.2. For every A-algebra T making the outer diagram [AK21, (8.20)]
[Hoc17, pp. 90–91]

A S

R R⊗A S

T

ι2
h

ι1

g

f

∃!

commute, there exists a unique dashed arrow making the entire diagram commute.

In terms of representable functors, this says that R⊗A S represents the functor
sending an A-algebra T to the set on the right below:

HomAlgA(R⊗A S, T )
∼−→ HomAlgA(R, T )×HomAlgA(S, T )

f 7−→ (f ◦ ι1, f ◦ ι2).

Proof. Given such a diagram, we define an A-bilinear map

R× S −→ T

(r, s) 7−→ g(r) · h(s)
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By the universal property of the tensor product, this defines a map of A-modules
making the entire diagram commute. The fact that this is in fact a map of A-algebras
follows by the formula defining the map. □

Example 7.11.3.

(1) If A is a ring, the A-algebra A[x] ⊗A A[x] is not A[x], but in fact is[Hoc17, p. 91]
isomorphic to A[x, y]. In general, if R is an A-algebra, then R⊗A A[x] ≃
R[x].

(2) If m,n ∈ Z are coprime, then (Z/(m))⊗Z (Z/(n)) = 0.[AK21, (8.14)(2)]
[AM69, Exer. 2.1]

Theorem 7.11.2 gives a geometric description of tensor products of rings. Ap-
plying Spec to the diagram in Theorem 7.11.2, we get the diagram

Spec(T )

Spec(R⊗A S) Spec(S)

Spec(R) Spec(A)

This gives Spec(R ⊗A S) the structure of the fiber product in a certain category.
One reason this terminology makes sense is that if we take R = κ(P ) for a prime
ideal P ⊆ A and S = A[x], then Spec(κ(P )⊗A A[x]) ≃ Spec(κ(P )[x]) is the fiber of
Spec(A[x])→ Spec(A) as topological spaces.

On the other hand, Spec(R⊗A S) is not always the fiber product as sets.

Example 7.11.4. Consider

Spec
(
k[x, y]

)
Spec

(
k[y]

)
Spec

(
k[x]

)
Spec(k)

for a field k. Then, Spec(k[x, y]) has a point corresponding to the diagonal (x− y)
that is not in the product set Spec(k[x])× Spec(k[y]).

A question we had last time was the following: Given a ring map R→ S, when
is M ⊗R N→→M ⊗S N an isomorphism?

Example 7.11.5. We saw that A[x]⊗AA[x]→→ A[x]⊗A[x]A[x] is not an isomor-[Hoc17, pp. 91–92]
phism. However, there are two cases when it is an isomorphism: when R → S is
a quotient map of rings, or when S = W−1R for a multiplicative set. In the first
case, the point is that any element of S is the image of an element in R that can be
passed through the ⊗ symbol. In the second case, the point is that if we want to
move r/w across the tensor symbol, then(

r

w
u

)
⊗ v =

(
r

w
u

)
⊗
(
w

1

w
v

)
= ru⊗

(
1

w
v

)
= u⊗

(
r

w
v

)
.

7.12. Examples

Before we give some more examples, we prove the following criterion for flatness:10/23
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Lemma 7.12.1 (Ideal criterion for flatness). A module M over a ring R is flat[AK21, (9.24)]
[Liu02, Thm. 1.2.4] if and only if, for every ideal I ⊆ R, the inclusion I ⊆ R induces an injection

I ⊗M ↪→M , or equivalently, an isomorphism I ⊗M ∼→ IM .

Proof. The two latter conditions are equivalent since the I ⊗M ↪→ R⊗M ≃M is
given by i⊗m 7→ im. The direction ⇒ follows from the definition of flatness, and
hence it suffices to show the converse.

Consider an inclusion N ′ ⊆ N . We first claim that if N is free of finite rank r,
then N ′⊗RM → N ⊗RM is injective. The r = 1 case follows from hypothesis. The
r > 1 follows by induction as follows: we can write N ≃ N1 ⊕N2 for free modules
N1 and N2 of strictly smaller rank. Writing N ′

1 = N1 ∩N ′ and N ′
2 = N2 ∩N ′, we

have the commutative diagram

N ′
1 ⊗RM N ′ ⊗RM N ′

2 ⊗RM 0

0 N1 ⊗RM N ⊗RM N2 ⊗r M 0

The left and right vertical arrows are injective by induction, and the rows are exact
by right exactness of tensor products and by the fact that N1 → N has a retraction,
respectively. The snake lemma then implies that the middle vertical arrow is also
injective.

Now we claim that if N is free of arbitrary rank, then N ′ ⊗RM → N ⊗RM is
injective. Let N0 ⊆ N be a free direct summand. Then, the map (N ′∩N0)⊗RM →
N0 ⊗RM is injective. Thus, so is the map (N ′ ∩N0)⊗RM → N ⊗RM , since the
map N0 → N has a retraction. Because for every x ∈ N ′ ⊗RM there exists an N0

such that x is contained in the image of (N ′ ∩ N0) ⊗M → N ′ ⊗M , we see that
N ′ ⊗M → N ⊗M is injective.

Now let N be an arbitrary R-module. Then, there exists a free R-module L
and a surjective map p : L→ N . Let L′ = p−1(N ′). We then have the commutative
diagram

ker(p) L′ N ′ 0

ker(p) L N 0
p

with exact rows, giving the commutative diagram

ker(p)⊗RM L′ ⊗RM N ′ ⊗RM 0

ker(p)⊗RM L⊗RM N ⊗RM 0
p

Since the middle vertical arrow is injective, this shows the injectivity of N ′⊗RM →
N ⊗RM . □

Corollary 7.12.2. Let R be a PID. An R-module M is flat if and only if it is [AK21, (9.26)]
[Liu02, Cor. 1.2.5]torsion-free.

Proof. The direction ⇒ follows from definition of flatness: the multiplication map

R
x·−→ R is injective, and must stay injective after tensoring by M .
For⇐, we note that ifM is finitely generated, this follows from the classification

of finitely generated modules over a PID. If M is not finitely generated, we use the
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ideal criterion. Let I = (r) ⊆ R be an ideal. Then, the map R → I induced by
multiplication by r is an isomorphism. The composition

R⊗RM
(r·−)⊗idM−−−−−−−→

∼
I ⊗RM −→M

is injective since it is the multiplication by r map on M . Thus, I ⊗RM → M is
also injective, and hence M is flat. □

Example 7.12.3. We give some examples of tensor products in action. Both
are flat by Corollary 7.12.2.

(1) Consider the ring map[Har77, Ex. II.3.3.1]

k[t] −→ k[x, y, t]

(ty − x2) .

Taking spectra, we can think of the spectrum of the codomain as an
algebraic family of parabolas {ty − x2 = 0} ⊆ k2 parametrized by t. The
fiber over t ≠ 0 is an honest parabola, but over t = 0 we get a non-reduced
ring k[x, y]/(x2), the “double line” {x2 = 0}.

(2) Consider the ring map[Har77, Ex. II.3.3.2]

k[t] −→ k[x, y, t]

(xy − t) .

This corresponds to a family of hyperbolas parametrized by t. When t = 0,
you get the reduced ring k[x, y]/(xy) that is not a domain.

Example 7.12.4. Consider the family[Har77, Ex. III.9.8.4] 
x = t2 − 1

y = t3 − t
z = at

of parametric curves in k3 parametrized by a ∈ k. This is a version of the twisted
cubic we saw before. We want to turn this into a flat family. To do so, we eliminate
t from the parametric equations, and make sure that a is not a zerodivisor in
k[a, x, y, z]/I. This yields the flat map

k[a] −→ k[x, y, z, a]

(a2(x+ 1)− z2, ax(x+ 1)− yz, xz − ay, y2 − x2(x+ 1))

corresponding to a family of twisted cubics in k3 parametrized by a when a ≠ 0.
When a = 0, you get the ring

k[x, y, z]

(z2, yz, xz, y2 − x2(x+ 1))
,

which is non-reduced.

We have the following “permanence” properties for flatness.

Proposition 7.12.5. Let R→ S → T be ring maps. If S is flat over R and T[Hoc17, p. 98]
is flat over S, then T is flat over R.

Proof. This holds since −⊗R T ∼= −⊗R S ⊗S T as functors on ModR. □

Proposition 7.12.6. If M is flat (resp. free, projective) over R, then S ⊗RM[Hoc17, p. 98]
is flat (resp. free, projective) over S.
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Proof. This holds since −⊗S S ⊗RM ∼= −⊗RM as functors on ModS . □

Lemma 7.12.7. If M and N are R-modules, W ⊆ R is a multiplicative set, and [Hoc17, p. 98]
S =W−1R, then the natural R-module map

M ⊗R N −→W−1M ⊗S W−1N

induces an S-module isomorphism

W−1(M ⊗R N)
∼−→W−1M ⊗S W−1N.

Proof. Note the map comes from the universal properties of tensor products and of
localization. The map is an isomorphism since we have natural isomorphisms

W−1(M ⊗R N) ∼= S ⊗R (M ⊗R N)

∼= S ⊗R S ⊗R (M ⊗R N)

∼= (S ⊗RM)⊗R (S ⊗R N)

∼=W−1M ⊗RW−1N

∼=W−1M ⊗S W−1N

where the second isomorphism holds since S =W−1R. □

Proposition 7.12.8. M is flat over R if and only if MP is flat over RP for all [Hoc17, p. 98]
prime (resp. maximal) ideals P .

Proof. Combine Theorem 7.14.1(d) with Lemma 7.12.7. □

7.13. Colon ideals

The next topic will be the existence of primary decompositions. To work with
primary decompositions, we will need colon ideals. These ideals will be used to
extract primary components of an ideal given a primary decomposition.

Definition 7.13.1. Let I ⊆ R be an ideal in a ring R, and let S be an arbitrary [Hoc17, p. 77]
[AM69, p. 8]subset of R. The colon ideal or ideal quotient of I and S is

(I :R S) :=
{
r ∈ R

∣∣ for all s ∈ S, we have rs ∈ I
}
.

If J is the ideal generated by S, then (I :R J) = (I :R S).

Remark 7.13.2. The reason why it is called an ideal quotient is that (I :R [AM69, p. 8]
J)J ⊆ I. For example, (⟨6⟩ :Z 2) = ⟨3⟩. This suggests that colon ideals can be used
to extract primary components from an ideal.

Proposition 7.13.3. Let R→ S be a flat ring map, and let I and J be ideals [Hoc17, p. 94]
[AM69, p. 42]of R, where J is finitely generated. Then, (I :R J)S = (IS :R JS). In particular,

this holds when S is a localization of R.

In the proof below, we will identify I ⊗R S with its image IS in S. This is
allowed since the surjection I ⊗R S→→ IS is in fact an injection by flatness.

Proof. If J = (f) is a principal ideal, then we consider the short exact sequence

0 −→ (I :R f)

I
−→ R

I

f ·−→ R

I
.

Extending scalars to S, we then have

0 −→ (I :R f)S

IS
−→ S

IS

f ·−→ S

IS
.
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The kernel of multiplication by f on S/IS is (IS :R f)/IS, and hence (I :R
f)S/IS = (IS :S f)/IS. This shows (I :R f)S = (IS :S f) by Proposition 1.3.12.

Now suppose that J = (f1, f2, . . . , fh), then we have

(I :R J) =

h⋂
t=1

(I :R ft),

and since flat base change commutes with finite intersections (Lemma 7.13.4), we
have

(I :R J)S = (I :R J)⊗R S =

( h⋂
t=1

(I :R ft)

)
⊗R S

By the case for principal ideals proved above, this is equal to

h⋂
t=1

(
(I :R ft)S

)
=

h⋂
t=1

(IS :S ft) = (IS :S JS). □

Lemma 7.13.4. Flat base change commutes with finite intersections.[Hoc17, p. 92]

Proof. Consider the flat base change of 0 → N1 ∩ N2 → N1 ⊕ N2 → M , where
N1, N2 ⊆M and the second map is (u, v) 7→ u− v. □

7.14. More local properties

A while ago, we discussed what properties of rings, modules, and maps can be
detected locally. We can now add to our list. Note that we only stated and proved
(f) and (g) in class.

Theorem 7.14.1. Let R be a ring, let f : M →M ′ be a map of R-modules, let[Hoc17, p. 95]
u ∈M , and let N , N1, and N2 be submodules of M . Below, “for all P” means “for
all prime ideals P” or “for all maximal ideals P .”

(a) The formation of kernels, cokernels, and images commute with localization.
(b) u/1 ∈MP is nonzero if and only if P ⊇ AnnR(u). The element u = 0 in

M if and only if u/1 = 0 in MP for all P .
(c) M = 0 if and only if MP = 0 for all P .
(d) f : M → M ′ is injective (resp. surjective, bijective) if and only if fP is

injective (resp. surjective, bijective) for all primes P .
(e) u ∈M is in N if and only if u/1 ∈MP is in NP for all primes P .
(f) N1 ⊆ N2 (resp. N1 = N2) if and only if (N1)P ⊆ (N2)P for all primes P .
(g) 0 → M ′ → M → M ′′ → 0 is exact if and only if 0 → M ′

P → MP →
M ′′
P → 0 is exact for all primes P , and M ′ → M → M ′′ is exact if and

only if M ′
P →MP →M ′′

P is exact for all P .

Proof. We saw (c) in Proposition 3.5.1. We saw (d) in Corollary 3.5.3.
We prove all the statements below. (a) holds since the formation of kernels,

cokernels, and images commute with flat base change.
For (b) and (c), set I = AnnR(u). Then, the map

R −→ R · u
r 7−→ ru

is surjective and has kernel I. Thus, Ru ∼= R/I. Next, (R/I)P ≠ 0 if and only if
I ∩ (R− P ) = ∅ if and only if P ⊇ I. The second statement in (b) holds because if
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u ̸= 0, then I is proper and there exists a maximal ideal P containing I. (c) holds
since if u ≠ 0 in M , then Ru ↪→M , and this is preserved when we localize at P ⊇ I.

(d) follows from (a) and (c): f is injective (resp. surjective, bijective) if and only
if ker(f) = 0 (resp. coker(f) = 0, ker(f) = coker(f) = 0) if and only if ker(f)P = 0
(resp. coker(f)P = 0, ker(f)P = coker(f)P = 0) for all P .

(e) follows by applying (b) to ū ∈M/N .
For (f), we have N1 ⊆ N2 if and only if N1/(N1 ∩ N2) = 0. The result now

follows by the fact that localization commutes with finite intersections together with
(c). The second part follows by applying the first part to N1 ⊆ N2 and N2 ⊆ N1.
Alternatively, one can say N1 = N2 if and only if (N1 +N2)/(N1 ∩N2) = 0.

For (g), it suffices to show the second statement. This statement follows from
(a) and (f). □

Splitting is a local condition, but only for finitely presented modules.

Proposition 7.14.2. Let R be a ring and let Q =M/N be a finitely presented [Hoc17, p. 97]
module over R. Then, the short exact sequence

0 −→ N −→M
f−→ Q −→ 0

splits if and only if

0 −→ NP −→MP
fP−→ QP −→ 0

splits for every prime (resp. maximal) ideal P .

Proof. The short exact sequence splits if and only if

HomR(Q,N) −→ HomR(Q,Q)

is surjective. This holds if and only if

HomR(Q,N)P −→ HomR(Q,Q)P

is surjective for every P . By flat base change, this holds if and only if

HomRP
(QP , NP ) −→ HomRP

(QP , QP )

is surjective for every P . □

Proposition 7.14.3. Let R be a ring. Below, “for all P” means “for all prime [Hoc17, p. 98]
ideals P” or “for all maximal ideals P .”

(a) R is reduced if and only if RP is reduced for all P .
(b) If R is a domain, then R is normal if and only if RP is normal for all P .
(c) If R is Noetherian, or more generally, if R has only finitely many minimal

primes, then R is a domain if and only if Spec(R) is connected and RP is
a domain for all P .

Proof. (a) was shown in Proposition 3.5.2. (b) follows by applying Theorem 7.14.1(f)
to the inclusion R→ R̄.

It remains to show (c). We know that if R is a domain, then RP is a domain
for every P and Spec(R) is connected: Spec(R) is not connected if and only if R
contains an idempotent e other than 0, 1, and the equation e(1−e) = 0 implies e = 0
or e = 1. Now suppose that Spec(R) is connected and that RP is a domain for all
P . By (a), R is reduced. Now let P1, P2, . . . , Pk be the minimal primes of R. The
union of closed set V (Pt) is Spec(R), since every prime contains a minimal prime.
Moreover, the V (Pt) are mutually disjoint, for if Q contains both Pi and Pj , then
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RQ has at least two minimal primes, and hence is not a domain. Thus, the V (Pt)
are open as well as closed, and hence the assumption that Spec(R) is connected

implies there is a unique minimal prime P . Since R is reduced, P =
√
(0) = (0),

and hence (0) is prime and R is a domain. □



CHAPTER 8

Primary decomposition

8.1. Motivation

The original motivation for primary decomposition comes from number theory. 10/25
Every integer n can be written as

n = pk11 p
k2
2 · · · pkrr

by prime factorization. The question is then: how does this generalize to other
number rings, or even to arbitrary rings? The trick is to replace prime numbers
by prime ideals, and powers of prime numbers by what are called primary ideals.
So we will discuss for a while what primary ideals are, and how to show that in
Noetherian rings, every ideal can be written as an intersection of primary ideals.
Flatness and localization will be used to study such decompositions.

This theory is due to Emanuel Lasker [Las1905] for polynomial rings finitely
generated over a field and due to Emmy Noether [Noe1921] in arbitrary Noetherian
rings.

8.2. Primary ideals

These ideals are the analogue of prime powers in Z or in PID’s.

Definition 8.2.1. An ideal I ⊆ R is primary if xy ∈ I implies x ∈ I or y ∈
√
I. [Rei95, p. 103]

[Hoc17, p. 105]
Remark 8.2.2. While the definition may look asymmetric, the point is that one

has to check products of the form xy and products of the form yx. In other words,
I ⊆ R is primary if and only if xy ∈ I implies x ∈ I, y ∈ I, or x, y ∈

√
I.

Lemma 8.2.3. If an ideal I ⊆ R is primary, then
√
I is prime. [Rei95, p. 104]

[Hoc17, p. 105]
[AM69, Prop. 4.1]

Proof. If xy ∈
√
I, then xnyn ∈ I for some n, and hence either xn ∈ I or yn ∈

√
I.

But this implies x ∈
√
I or y ∈

√
I. □

Definition 8.2.4. Let I ⊆ R be a primary ideal, and let P =
√
I. We then say [Rei95, p. 104]

[Hoc17, p. 105]
[AM69, p. 50]

that I is primary to the prime ideal P .

Example 8.2.5. The converse of the above is false: the ideal I = (x2, xy) ⊆
[Rei95, p. 104]
[Hoc17, p. 105]

k[x, y] has radical (x), which is prime. But xy ∈ I, whereas x /∈ I and y /∈
√
I.

The converse does hold, however, when
√
I is maximal.

Proposition 8.2.6. Let R be a ring and let I ⊆ R be an ideal with radical P . [Hoc17, p. 105]
[AM69, p. 50, Prop.
4.2]

(i) If P is maximal, then I is primary to P .

[Rei95, p. 104]

(ii) Suppose P is prime. Then, I is P -primary if and only if xy ∈ I and

[AM69, Prop. 4.8]

y ∈ R − P implies x ∈ I. Moreover, the ideals primary to P are in
bijective correspondence with the ideals primary to the maximal ideal PRP
of RP .

125



126

(iii) I is primary to P if and only if P/I is prime and the elements of R− P
are not zerodivisors on R/I, that is, if and only if the nilpotent elements
in R/I form a prime ideal (which will necessarily be equal to the unique
minimal prime), and the elements that are not nilpotent in R/I are not
zerodivisors.

(iv) If J ⊆ I then I is primary to P if and only if I/J is primary to P/J in
R/J .

Proof. For (i), we proceed by contradiction. Suppose xy ∈ I but that y /∈
√
I.

Since P =
√
I is maximal, we have

√
I + (y) = R. By the Scheinnullstellensatz (see

Proposition 1.6.3), we have
√
I + (y) = R ⇐⇒ V

(√
I + (y)

)
= ∅ ⇐⇒ V

(
I + (y)

)
= ∅ ⇐⇒ I + (y) = R.

There therefore exist i ∈ I and r ∈ R such that i+ ry = 1. Then, x = x(i+ ry) =
xi+ rxy ∈ I, since both i and xy lie in I.

(ii) is a restatement of the definition of what it means to be primary assuming
Lemma 8.2.3. The second statement follows from a slight generalization of the
correspondence of ideals for the localization map R→ RP in Proposition 3.2.10 (see
[AK21, (11.20)]).

(iii) is a restatement of (iii) since P is prime if and only if P/I is prime, and
since the image of y ∈ R− P in P/I is not a zerodivisor if and only if for all x ∈ R,
xy ∈ I implies x ∈ I.

(iv) follows from (iii): I is primary to P if and only if P/I is prime and the
elements of R − P are not zerodivisors on R/I if and only (P/J)/(I/J) is prime
and the elements of R− P are not zerodivisors on (R/J)/(I/J) if and only if I/J
is primary to P/J . □

We now prove some facts about the behavior of primary ideals under operations
on ideals.

Proposition 8.2.7. Let R be a ring and let P be a prime ideal.[Hoc17, p. 106]

(i) The intersection of finitely many P -primary ideals is P -primary.[Rei95, p. 106]
[AM69, Lem. 4.3] (ii) If R→ S is a ring map, and J is an ideal of S primary to a prime ideal

[AM69, p. 50] Q lying over P in R, then the contraction I of J to R is primary to P .

Proof. For (i), by induction it suffices to show that if I1 and I2 are P -primary, then
so is I1 ∩ I2. We first see that

√
I1 ∩ I2 = P since ⊆ holds automatically, and every

element of P has a power in I1 and a power in I2, and the higher of these two
powers will be in I1 ∩ I2. Now suppose xy ∈ I1 ∩ I2 and x /∈ I1 ∩ I2. Then, x /∈ It
for t = 1 or t = 2. In either case, we have y ∈ √It = P =

√
I1 ∩ I2.

For (ii), we have an injection R/I ↪→ S/J , since I is the contraction of J to R.
By Proposition 8.2.6(iii), it suffices to show that P/I is prime and the elements
of R − P are not zerodivisors on R/I. P/I is prime since it is the contraction
of Q/J under the injection R/I ↪→ S/J . This injection induces an injection
R/I − P/I ↪→ S/J − Q/J , and hence elements in R − P are not zerodivisors on
R/I by applying Proposition 8.2.6(iii) to J in S. □

8.3. Primary decompositions

Definition 8.3.1. A primary decomposition of an ideal I is a representation[AK21, (18.13)]
[Rei95, p. 105]
[Hoc17, p. 106]
[AM69, p. 51]

I = Q1 ∩Q2 ∩ · · · ∩Qr



127

of I as a finite intersection of primary ideals Qi.

Given such a decomposition, if several of the ideals have the same radical, we
may intersect them to give a decomposition with fewer ideals. If some proper subset
of the primary ideals has the same intersection, we can work with that proper subset
instead of the whole subset. Thus, if an ideal I has a primary decomposition, it has
a primary decomposition such that

(1)
√
Qi ≠

√
Qj if Qi ̸= Qj , i.e., radicals of mutually distinct ideals are

mutually distinct primes.
(2) For every j, we have I ⊊

⋂
i̸=j Qi, i.e., no term may be omitted without

strictly increasing the intersection.

Definition 8.3.2. A primary decomposition satisfying (1) and (2) is called a [AK21, (18.13)]
[Rei95, p. 105]
[Hoc17, p. 106]
[AM69, p. 52]

irredundant primary decomposition.

We will prove that every ideal in a Noetherian ring has an irredundant primary
decomposition satisfying the following uniqueness properties:

• The number of ideals occurring is unique.
• The set of primes {√Qi}i is unique.
• The set of primary ideals whose radicals are minimal in the set {√Qi}i is

unique.

Definition 8.3.3. Let I = Q1 ∩Q2 ∩ · · · ∩Qr be a primary decomposition. The [Rei95, p. 106]
[Hoc17, p. 106]
[AM69, p. 52]

minimal primes of I are the primes minimal in the set {√Qi}i. The other primes
are called embedded primes.

We give an example that shows that primary decompositions are not completely
unique, which also explains this terminology.

Example 8.3.4. Let I = (x2, xy) ⊆ k[x, y], where k is a field. Then, by looking [AK21, (18.14)]
[Rei95, p. 106]
[Hoc17, pp. 106–107]
[AM69, p. 52]

at monomials that appear in polynomials contained in each ideal, we have that

(x2, xy) = (x) ∩ (x2, y)

is an irredundant primary decomposition: (X) is prime, and
√

(x2, y) = (x, y) is
maximal. They are minimal and embedded primes, respectively.

Now for every element c ∈ k, the elements x, cx+ y also generate R, and the
elements x and cx+ y are algebraically independent. We have

(x2, xy) =
(
x2, x(cx+ y)

)
.

We therefore also have

(x2, xy) = (x) ∩ (x2, x+ cy).

One can show that each of the ideals on the right-hand side are distinct for distinct
values of c (if Q = (x2, x+cy) = (x2, x+c′y), then (x+cy)−(x+c′y) = (c−c′)y ∈ Q,
in which case x = (x+ cy)− cy ∈ Q). We can also write

(x2, xy) = (x) ∩ (x2, xy, y2).

8.4. Existence of primary decompositions

For Noetherian rings, the fact that primary decompositions exist will follow
from the existence of irreducible decompositions.
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Definition 8.4.1. Let I ⊊ R be a proper ideal in a ring R. We say that I [Rei95, p. 108]
[Hoc17, p. 107]
[AM69, p. 82]

is irreducible or indecomposable if it is not the intersection of two (equivalently
finitely many) strictly larger ideals.

The following says that every proper ideal in a Noetherian ring is the intersection
of finitely many irreducible ideals. We will then show that irreducible ideals are
primary.

Proposition 8.4.2. Every proper ideal in a Noetherian ring is the intersection[Rei95, p. 108]
[Hoc17, p. 107]
[AM69, Lem. 7.11]

of a finite family of irreducible ideals (if the ideal is irreducible, the family has just
one element).

Proof. We prove this using a form of Noetherian induction. Let Σ be the set of
ideals not expressible as the intersection of irreducibles. We claim that Σ = ∅. If
not, then Σ contains a maximal element I ∈ Σ, which cannot be irreducible, so
I = J ∩K for J and K strictly containing I. The ideals J and K must be proper,
for otherwise if J = R, then K = I, or vice versa. By maximality, J and K are not
in Σ, and hence they are intersections of finitely many irreducibles. Thus, we can
write I as the intersection of the sets of irreducibles whose intersections are J and
K respectively. □

We can now prove that primary decompositions exist.10/28

Theorem 8.4.3. Let R be a Noetherian ring and let I be an irreducible ideal of[AK21, (18.21)]
[Rei95, p. 108]
[Hoc17, p. 108]
[AM69, Lem. 7.12,
Thm. 7.13]

R. Then, I is primary. As a consequence, every proper ideal I in a Noetherian ring
has an irredundant primary decomposition.

Proof. Let xy ∈ I, and suppose that x /∈ I. We want to show that y ∈
√
I.

Consider the sequence of ideals (I :R y
n). This sequence is non-decreasing, and by

Noetherianity, this sequence stabilizes. Thus, there exists an integer N > 0 such
that ⋃

n≥0

(I :R y
n) = (I :R y

N ).

We claim that yN ∈ I. For sake of contradiction, suppose that yN /∈ I, in which
case I + (yN ) ⊋ I. We will show that

I =
(
I + (yN )

)
∩ (I :R y

N ),

which will contradict the irreducibility of I. Suppose u = i + ryN is in this
intersection, where i ∈ I and r ∈ R. Since this element is also in (I :R y

N ), we see
that

(i+ ryN )yN = iyN + ry2N ∈ I,
which implies that ry2N ∈ I. Thus, r ∈ (I :R y

2N ) = (I :R y
N ). Since ryN ∈ I, we

therefore see that u = i+ ryN ∈ I as well, as required. □

8.5. Uniqueness of primary decompositions

We now state the uniqueness result for primary decompositions.

Theorem 8.5.1. Let R be a ring and suppose that an ideal I ⊆ R has an[AK21, (18.20),
(18.25)]
[Rei95, pp. 109–110]
[Hoc17, pp. 108–109]
[AM69, Thm. 4.5,
Prop. 4.6, Thm.
4.10, Cor. 4.11, Prop.
7.17]

irredundant primary decomposition

I = Q1 ∩Q2 ∩ · · · ∩Qn.
We then have the following:
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(i) Each prime ideal Pi =
√
Qi is distinct.

(ii) The set of prime ideals {Pi} is uniquely determined. More precisely, a

prime P occurs if and only if P =
√
(I :R r) for some r ∈ R. Thus, the

number of terms n in the decomposition is uniquely determined.
(iii) The minimal primes in {Pi} give an irredundant primary decomposition

of
√
I, and are the same as the minimal primes of I.

(iv) For each minimal prime P in {Pi}, the primary ideal Q corresponding to
it is the contraction of IRP to R, and so is uniquely determined.

Before we prove this, we need the following lemma, which explains how colon
ideals extract primary components.

Lemma 8.5.2. Let R be a ring. [Hoc17, p. 109]
[AM69, Lem. 4.4](i) If I1, I2, . . . , In are ideals in R, then√

I1 ∩ I2 ∩ · · · ∩ In =
√
I1 ∩

√
I2 ∩ · · ·

√
In.

(ii) If P1, P2, . . . , Pk are mutually incomparable prime ideals, then the Pi are
the minimal primes of P1 ∩ P2 ∩ · · · ∩ Pk.

(iii) If Q is primary to P , then√
(Q :R r) =

{
R if r ∈ Q;

P if r /∈ Q.

Moreover, if r /∈ P , then (Q :R r) = Q.

Proof. We already saw (i) for two ideals in Proposition 8.2.7. The inclusion ⊆
is clear: intersections of radical ideals are radical. For the other direction, if an
element x is in the right-hand side, then xat ∈ It for some a1, a2, . . . , an. Taking
the maximum of the at gives a power xa of x that lies in all of the It.

For (ii), it suffices to show that if P ⊇ P1 ∩P2 ∩ · · · ∩Pk, then P ⊇ Pi for some
i. If not, choose ri ∈ Pi − P for every i. Then,

∏
j rj ∈ Pi for every i, but does not

lie in P , a contradiction.
For (iii), we first have

r ∈ Q =⇒ (Q :R r) = R =⇒
√
(Q :R r) = R.

We now suppose r /∈ Q. Since Q ⊆ (Q :R r), we have P =
√
Q ⊆

√
(Q :R r).

To show the converse, it suffices to show that if u ∈ R − P and r /∈ Q, then
u /∈

√
(Q :R r). Suppose not, in which case rut ∈ Q for some t. Since u /∈ P , we

have ut /∈ P , and hence rut ∈ Q implies r ∈ Q since Q is P -primary, a contradiction.
Finally, the last statement when r /∈ P follows similarly: choosing u ∈ R−Q,

we want to show that u /∈ (Q :R r). Suppose not, in which case ru ∈ Q. Since
u /∈ Q, we have rt ∈ Q for some t, and hence r ∈ P , a contradiction. □

We can now prove the uniqueness of primary decomposition.

Proof of Theorem 8.5.1. (i) is part of the definition of irredundancy.
For (iii) and (iv), we first take radicals to obtain

√
I =

√
Q1 ∩

√
Q2 ∩ · · · ∩

√
Qn

by Lemma 8.5.2(i). We set Pi =
√
Qi for every i.
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We first show (iii). We reorder the Qi so that P1, P2, . . . , Pk are minimal
elements of {Pi}. We then have

√
I = P1 ∩ P2 ∩ · · · ∩ Pk,

and Lemma 8.5.2(ii) implies that the mutually incomparable primes P1, P2, . . . , Pk
are the minimal primes of

√
I, and therefore also of I.

We now show (iv). Let P = Pi ∈ {P1, P2, . . . , Pk} be one of these minimal
primes. Since I = Q1 ∩Q2 ∩ · · · ∩Qn and finite intersections are compatible with
flat base change (Lemma 7.13.4), we see that

IP = (Q1)P ∩ (Q2)P ∩ · · · ∩ (Qn)P .

If j ≠ i, then Pj =
√
Qj is not contained in P = Pi, and hence some element u ∈ Pj

is in R − P . This element u has a power ut ∈ Qj . Therefore, (Qj)P = RP . We
therefore see that (Qi)P = IP = IRP . Since Qi is P -primary, if we expand to RP
and then contract, we get Qi by Proposition 8.2.6(ii). Thus, Qi = IRPi

∩R.
Finally, we show (ii). Let r ∈ R. Then,√

(I :R r) =
√(

(Q1 ∩Q2 ∩ · · · ∩Qn) :R r
)

=

√⋂
i

(Qi :R r)

=
⋂
i

√
(Qi :R r)

=
⋂

{i|r/∈Qi}

Pi

by Lemma 8.5.2(iii). Now if P =
√
(I :R r) for some r ∈ R, then the intersection

on the right-hand side must be equal to one of the Pi, for otherwise the ideal P
would not be prime (see Lemma 8.5.2(ii)). It remains to show that for every i, there

exists an element ri ∈ R such that Pi =
√
(I :R ri). First, the intersection of the

Qj for j ̸= i cannot be contained in Qi, for otherwise the decomposition would not
be irredundant. Choose

ri ∈
(⋂
j ̸=i

Qj

)
−Qi.

The calculation above shows that Pi =
√

(I :R ri). □

8.6. Associated primes

In the Noetherian case, the primes that appear as radicals in an irredundant
primary decomposition have an alternative characterization as associated primes.
We write down the definition below.

Definition 8.6.1. A prime ideal P ⊆ R is an associated prime of an R-module[Rei95, pp. 98–99]
[Hoc17, p. 110] M if, equivalently,

(1) There is an element u ∈M such that AnnR(u) = P .
(2) There is an injection R/P ↪→M .

The two conditions are equivalent since the submodule of M generated by u is
isomorphic to R/P if and only if the annihilator of u in M is equal to P . Note that
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an element u for which AnnR(u) is prime can never be zero, since AnnR(0) = R,
which is not prime.

The set of associated primes of M is denoted AssR(M), and is also called the
set of assassins of M .

We will see that in the Noetherian case AssR(M) is finite, and nonempty if
M ≠ 0. It will also turn out that AssR(R/I) is the same as the set of primes that
occur as radicals of primary ideals in an irredudant primary decomposition of I. We
can see this already in the following:

Example 8.6.2. Let n ∈ Z be such that n = pαqβ for primes p ≠ q. Then, the [Rei95, p. 99]
Z-module Z/(n) has

AssZ
(
Z/(n)

)
=
{
(p), (q)

}
.

Letting m = pα−1qβ and setting m̄ to be the image of m in Z/(n), we have
AnnZ(m̄) = (p), and similarly for q. Also, Z/(ℓ) ⊆ Z/(n) is only possible if ℓ | n, so
no other primes are possible.

The primary decomposition in this case is (n) = (pα) ∩ (qβ). This shows
that primary decomposition and associated primes both extend the idea of unique
factorizations in some sense.

The following fact holds without Noetherian hypotheses. 10/30

Proposition 8.6.3. Let R be a ring. [Rei95, p. 99]
[Hoc17, p. 110](i) If P is a prime ideal in R, then AssR(R/P ) = {P}.

(ii) If 0→M ′ →M →M ′′ → 0 is exact, then

AssR(M) ⊆ AssR(M
′) ∪AssR(M

′′).

Proof. For (i), given any nonzero element r ∈ R/P , choosing a representative r̃ ∈ R
for r, we see that its annihilator is exactly P : if s /∈ P , then rs ̸= 0 in R/P .

For (ii), we first identifyM ′ with image inM andM ′′ with the quotient module
M/M ′ to simplify notation. Suppose that u ∈M has AnnR(u) = P , in which case
R/P ≃ R · u ⊆M . There are two cases:

(1) If R · u ∩M ′ ̸= ∅, then some nonzero multiple v = ru of u lies in M ′, and
the annihilator of v is P by the argument in (i).

(2) If R · u ∩M ′ = ∅, then R/P ≃ R · u embeds into M/M ′ =M ′′, and hence
P ∈ AssR(M

′′). □

Our next goal is to show that in the Noetherian case, AssR(M) is nonempty.

Lemma 8.6.4. Let M be an R-module, and let u ∈M −{0}. Suppose that either [Rei95, p. 99]
[Hoc17, p. 111]M or R is Noetherian. Then, there exists r ∈ R such that ru ̸= 0 and P = AnnR(ru)

is maximal among ideals that are annihilators of nonzero multiples of u. For such a
choice of r, P is a prime ideal.

Proof. First, we may replace M by R · u and R by R/AnnR(M) to assume that
both M and R are Noetherian (see Proposition 6.2.7). Consider the set of ideals{

AnnR(ru)
∣∣ r ∈ R, ru ̸= 0

}
.

This is a nonempty family of ideals in a Noetherian ring, and hence there exists an
element ru ∈ R · u− {0} such that AnnR(ru) is maximal in this set. It remains to
show that P = AnnR(ru) is prime. Suppose xy ∈ P , but x /∈ P . Then, xru ≠ 0,
but every element in P + (y) kills xru. By maximality of P , we have P = P + (y),
and hence y ∈ P . □
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This already implies that in the Noetherian case we have M = 0 if and only if
AssR(M) = ∅. On the other hand, this can fail in the non-Noetherian case.

Example 8.6.5. Let k be a field, and consider[Hoc17, p. 115]

R =
K[X1, X2, . . . , ]

(Xt+1
t )t≥1

.

The ideal m = (x1, x2, . . .) generated by the images of the Xt is maximal, since the
quotient R/m is isomorphic to K. Since every xt is nilpotent, this maximal ideal is
also the unique minimal prime of R, and we have Spec(R) = {m}.

We claim that AssR(R) = ∅. Since m is the only prime ideal of R, it suffices to
show that no element of R− {0} is killed by m. Let f ∈ R− {0}, and write f as a

finite K-linear combination of monomials xk11 · · ·xknn , such that 0 ≤ kt ≤ t for every
t. If xN does not appear in this linear combination, then xNf ≠ 0, which shows
that f is not killed by m.

8.7. Prime cyclic filtrations and dévissage

We will show something a bit stronger about how many prime ideals can be
associated to M .

Definition 8.7.1. Let M be an R-module. A finite ascending filtration of M is[Hoc17, p. 111]
a sequence

0 =M0 ⊆M1 ⊆ · · · ⊆Mn−1 ⊆Mn =M

of submodules of M . The filtration is said to have length n. The modules Mi+1/Mi

for i ∈ {0, 1, . . . , n− 1} are called the factors of the filtration.

We note that if N is a submodule of M , giving a finite ascending filtration of
M that contains N is equivalent to that of giving such filtrations for N and M/N :
Given filtrations

0 =M0 ⊆ · · · ⊆Mk = N and 0 ⊆Mk+1/N ⊆ · · · ⊆Mn/N =M/N

of N and M/N , respectively, the submodules of M/N correspond bijectively with
the submodules of M containing N in such a way that Q/N corresponds to its
inverse image Q in M . We can therefore put these filtrations together to obtain

0 =M0 ⊆ · · · ⊆Mk ⊆Mk+1 ⊆ · · · ⊆Mn =M.

The factors from this filtration are the union of the two sets of factors for N and
M/N , and the length of this filtration for M is the sum of the lengths of the
filtrations for N and M/N .

This observation leads to the following:

Proposition 8.7.2. Let 0 = M0 ⊆ · · · ⊆ Mi ⊆ · · · ⊆ Mn = M be a finite[Hoc17, p. 111]
ascending filtration of an R-module M . Then,

AssR(M) ⊆
n−1⋃
i=0

AssR(Mi+1/Mi).

Proof. We proceed by induction on n. If n = 0, then there is nothing to show. If
n > 0, then we consider the short exact sequence 0→Mn−1 →M →M/Mn−1 → 0
given by the last part of the filtration. By Proposition 8.6.3(ii), we then have

AssR(M) ⊆ AssR(Mn−1) ∪Ass(M/Mn−1),
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and by inductive hypothesis applied to the filtration 0 = M0 ⊆ · · · ⊆ Mn−1 for
Mn−1, we are done. □

We can now describe the associated primes of a Noetherian module M . They
will come from the following:

Definition 8.7.3. Let R be a ring. A cyclic module is a module generated by a [Hoc17, p. 112]
single element. A prime cyclic module is a cyclic module with prime annihilator P ,
which will then be isomorphic to R/P . A prime cyclic filtration of an R-module M
is a finite ascending filtration in which the factors are prime cyclic modules R/Pi.

Theorem 8.7.4. Every Noetherian module M ̸= 0 has a prime cyclic filtration. [Rei95, p. 103]
[Hoc17, p. 112]We therefore have AssR(M) ⊆ {P1, P2, . . . , Pn}, and in particular, AssR(M) is

finite. Moreover, AssR(M) = ∅ if and only if M = 0.

Proof. By Noetherian induction, we may assume that the result holds for every
quotient of M by a nonzero submodule. (If M is a counterexample, the family
of submodules N of M such that M/N is a counterexample is nonempty, since it
contains 0, and therefore has a maximal element N1. We then work with M/N1

instead of M .) Now if M ≠ 0, we can choose u ≠ 0 in M and r as in Lemma 8.6.4,
in which case P = AnnR(ru) is prime. We then have R/P ≃ R · ru ⊆ M and
P ∈ AssR(M). Let N = R · ru. By the hypothesis of the Noetherian induction, we
know that M/N has a prime cyclic filtration. □

Remark 8.7.5. The procedure of replacing M by a prime cyclic filtration of M [Rei95, p. 103]
is called dévissage in French, which Reid translates to disassembly.

While all associated primes of a Noetherian module appears in a prime cyclic
filtration, it may be impossible to give a prime cyclic filtration such that only the
primes in AssR(M) appear.

Example 8.7.6. Let R be a domain, and letM be a torsion-free R-module. Then, [Hoc17, p. 115]
AnnR(u) = (0) for every nonzero element u ∈M , and hence AssR(M) = {(0)}.

Now suppose that M is torsion-free but not free (for example, we saw that
(2, x) ⊆ Z[x] is torsion-free but not free in Example 2.2.14). We claim that a prime
cyclic filtration cannot consist of factors that are isomorphic to R = R/(0). It
suffices to show that if M has such a filtration, then M would be free. This is clear
if the filtration is of length 1, and otherwise, there is a surjection M→→ R onto the
last factor, which splits since R is free, hence projective; the torsion-free module
Mn−1 ≃M/R has a filtration of length one smaller, and hence is free by inductive
hypothesis.

In the explicit example of Example 2.2.14, we have for example the prime cyclic
filtration

0 ⊆ (2) ⊆ (2, x),

where (2)/(0) ∼= Z[x] and (2, x)/(2) ∼= x · F2[x].

8.8. Behavior under localization

Before we establish the connection between primary decomposition and associ-
ated primes and give applications, we need to understand how both notions behave
under localization.
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We start with associated primes. One reason to expect that associated primes
behave well is that prime cyclic filtrations behave well under localization. We need
to work a bit harder to show that AssR(M) itself is compatible with localization.

Proposition 8.8.1. Let M be an R-module, and let W ⊆ R be a multiplicative11/1

[Hoc17, p. 112]
[BouCA, Prop.
IV.1.5]

subset. We then have

AssW−1R(W
−1M) ⊇

{
P ·W−1R

∣∣ P ∈ AssR(M) and P ∩W = ∅
}
,

and equality holds if R is Noetherian. More precisely, if P ⊆ R is a finitely generated
prime ideal, then P ·W−1R ∈ AssW−1R(W

−1M) if and only if P ∈ AssR(M) and
P ∩W = ∅.

Proof. For the inclusion ⊇, it suffices to note that an injection R/P ↪→M localizes
to an inclusion

W−1R

P ·W−1R
∼=W−1(R/P ) ↪−→W−1M,

and the assumption that P ∩W = ∅ is used to show that P ·W−1R is prime.
Now suppose P = (f1, f2, . . . , fs) is finitely generated and that P ·W−1R ∈

AssW−1R(W
−1M). By definition, there exists a nonzero element of W−1M such

that P ·W−1R is its annihilator. After multiplying such an element by an element in
the image ofW , we may assume that this element is of the form u/1 for u ∈M−{0}.
Since fiu/1 = 0 in W−1M for every i, for every i we can choose wi ∈ W such
that wifiu = 0. Let w = w1w2 · · ·ws. We claim that P = AnnR(wu). Each of
the elements f1, f2, . . . , fs kill wu, and hence P kills wu, showing ⊆. Conversely,
suppose r ∈ R satisfies rwu = 0. Then, r/1 ∈ P ·W−1R by definition, and hence
r ∈ P . Thus, P = AnnR(wu) and P ∈ AssR(M). □

This is another property that does not work well for non-Noetherian rings.

Example 8.8.2. Let K be a field, and consider the polynomial ring R =[Hoc17, p. 115]
K[y, x1, x2, . . .] in countably many variables. Let P = (xi)i≥1, and let M = R/J
where J = (yixi)i≥1. Let W = {yt | t ≥ 0}. Then,

P ·W−1R ∈ AssW−1R(W
−1M)

since W−1M ∼= W−1R/P ·W−1R. On the other hand, no element of R − J is
multiplied into J by P , and hence P /∈ AssR(M).

Corollary 8.8.3. Let M be a finitely generated module over a Noetherian ring,[Hoc17, p. 112]
and suppose that AssR(M) = {P1, P2, . . . , Pn}. Then,√

AnnR(M) =
⋂
i

Pi.

Thus,
√
AnnR(M) is the intersection of minimal elements of AssR(M), which

coincide with the minimal primes of
√
AnnR(M) and also of AnnR(M).

Proof. Let u1, u2, . . . , uh generate M . Let r ∈ R. We know that ui/1 = 0 in
Mr =W−1M , where W = {1, r, r2, . . .}, if and only if some power of r kills ui. We
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now have the following sequence of equivalences:

Mr = 0 ⇐⇒ ui
1

= 0 in Mr for every i

⇐⇒ for every i, there exists an ni such that rniui = 0

⇐⇒ there exists an n such that rnui = 0 for every i

⇐⇒ r ∈
√
AnnR(M).

But Mr = 0 if and only if AssRr(Mr) = ∅, and AssRr(Mr) is the set of primes in
AssR(M) not containing r, so that Mr = 0 if and only if r is in every prime in
AssR(M). □

Finally, we show that primary decompositions behave well under localization.
We need the following:

Lemma 8.8.4. If J is an ideal in a ring R, then [Hoc17, p. 113]
√
J ·W−1R =

√
J ·W−1R.

Proof. It suffices to show ⊆. If u/w0 has a power in JW−1R, where u ∈ R and
w0 ∈W , then u/1 does as well, and hence un/1 = j/w1 for some n ∈ N, j ∈ J , and
w1 ∈W . It therefore follows that for some w1 ∈W , we have

w2(w1u
n − j) = 0,

from which we see that wun ∈ J where w = w1w2, and hence (wu)n ∈ J as well.

Then, u ∈
√
J ·W−1R. □

Proposition 8.8.5. Let R be a ring, and suppose that I has an irredundant [Hoc17, p. 113]
primary decomposition

I = Q1 ∩Q2 ∩ · · · ∩Qn,
and denote Pi =

√
Qi. LetW be a multiplicative subset in R. Then the intersection of

the Qi ·W−1R such that Pi does not meetW is an irredundant primary decomposition
of I ·W−1R. In particular, if Q is primary with radical P , then

Q ·W−1R =

{
W−1R if W ∩ P ̸= ∅;

primary to P ·W−1R otherwise.

Proof. We first show the last statement. If W meets P , then some element of W
has a power in Q, and so Q ·W−1R =W−1R. If not, QW−1R has radical PW−1R
by the previous Lemma, and it suffices to show that if r, s ∈ R, v, w ∈ W , and

(r/v)(s/w) ∈ Q ·W−1R, then r/w ∈ Q ·W−1R or s/w ∈
√
Q ·W−1R. Since

r

v
· s
w

=
rs

vw
∈ Q ·W−1R,

we see that w′(rs) ∈ Q for some w′ ∈ W . Since W ⊆ R − P , this implies that
rs ∈ Q, so r ∈ Q or s ∈ √Q, from which the desired result follows.

We now show the statement about primary decompositions. Since localization
commutes with finite intersection, we have W−1I =

⋂
iW

−1Qi, and hence we may
take out the terms such that W meets P , since for these terms, W−1Qi is the unit
ideal. This gives a primary decomposition involving distinct primes. To see it is
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irredundant, let Pi be a fixed one of the primes occurring that is disjoint from W .
We know that Pi =

√
(I :R r) for some element r ∈ R. Then,

W−1Pi =W−1
(√

(I :R r)
)

=
√
W−1(I :R r)

=
√(

W−1I :W−1R (r/1)
)
,

which, by our earlier criterion for when a prime must occur as the radical of some
term in a primary decomposition, shows that all of the terms are needed. □

8.9. Primary decomposition and associated primes

We now connect primary decompositions and associated primes.

Theorem 8.9.1. Let R be a Noetherian ring, M an R-module, and let I ⊆ R[Hoc17, p. 117]
be an ideal.

(i) An element r ∈ R is a zerodivisor onM (i.e., ru = 0 for some u ∈M−{0})
if and only if r ∈ P for some P ∈ AssR(M). In other words, the set of
zerodivisors on M in R is the same as the union of associated prime ideals
of M .

(ii) I is primary if and only if AssR(R/I) contains just one element P , in
which case I is primary to P .

(iii) The primes appearing as radicals of primary ideals appearing in an irre-
dundant primary decomposition for I are the elements of AssR(R/I).

Proof. For (i), we first show⇐. If r ∈ P ∈ AssR(M), then there exists u ∈M −{0}
such that P = AnnR(u), and we have ru = 0. Conversely, if ru = 0 with u ̸= 0,
then u has a multiple r′u that is not zero with prime annihilator P by Lemma 8.6.4.
We then see that rr′u = 0.

For (ii), we note that if I is primary, then the zerodivisors on I are precisely
the elements of P/I: the elements of P/I are nilpotent on I, and are therefore
zerodivisors, and conversely, the elements of R − P are not zerodivisors on the
module R/I by Proposition 8.2.6(iii).

We now show ⇒ in (iii). Let I = Q1 ∩Q2 ∩ · · · ∩Qn be an irredundant primary
decomposition of I, and set Pi =

√
Qi for every i. We then have

R

I
↪−→

⊕
i

R

Qi
,

and hence
AssR(R/I) ⊆

⋃
i

AssR(R/Qi) = {P1, P2, . . . , Pn}

by the previous paragraph. It remains to show the converse. Fix i and choose r ∈ R
such that

√
(I :R r) = Pi. Let

N =
I + rR

I
∼= r̄ · R

I
.

Then, AssR(N) ⊆ AssR(R/I). But AnnR(N) = (I :R r) whose radical is Pi. Since
Pi is a minimal prime of AnnR(N), we see that

Pi ∈ AssR(N) ⊆ AssR(R/I)

by Corollary 8.8.3.
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Finally, we show the direction⇐ in (ii). If AssR(R/I) contains just one element
P , then (iii) shows that there is only one term in the primary decomposition of I

with P =
√
I. □

Remark 8.9.2. Theorem 8.9.1 suggests that there is a theory of primary decom-
position for modules. This is indeed the case; see [Hoc17, pp. 119–120] for a precise
statement. This is the approach taken by Bourbaki [BouCA, Chapter IV, §2].

Before we move on, we want to state one open problem about associated primes.

Example 8.9.3 [NB14, p. 771]. For n ≥ 4, consider the ring

R =
ZpJx, y, z1, . . . , znK

(p− xy) .

Is it true that for every finite set f1, f2, . . . , fm ∈ R, the set of associated primes of

Hm
(f1,f2,...,fm)(R) :=

Rf1f2···fm∑
j Rf1···f̂j ···fm

is finite? The case n < 4 is known by [Mar01, Corollary 2.10] since dim(R) ≤ 4.

8.10. Krull’s intersection theorem

We now want to apply our theory of primary decomposition. The first result is
a special case of Krull’s intersection theorem.

Theorem 8.10.1. Let (R,m) be a Noetherian local ring. Then,
⋂
j m

j = (0). [Hoc17, p. 117]

Proof. Let J =
⋂
j m

j . Let mJ = Q1 ∩ · · · ∩Qn be a primary decomposition for mJ .
We will show that J ⊆ Qi for every i. This would then show that J ⊆ mJ , in which
case J = mJ , and the NAK lemma would then show that J = (0).

To prove J ⊆ Qi, we consider two cases.

(1) If Pi =
√
Qi ̸= m, choose x ∈ m− Pi. Then, xJ ⊆ mJ ⊆ Qi, but x /∈

√
Qi.

This shows that J ⊆ Qi by the definition of primariness.
(2) If Pi =

√
Qi = m, then every generator of m has a power in Qi, and

since m is finitely generated, mN ⊆ Qi for all sufficiently large N by the
pigeon-hole principle. But J ⊆ mN for all N , and hence J ⊆ Qi. □

8.11. Artinian rings are Noetherian

Our next goal is to prove that Artinian rings are always Noetherian.

8.11.1. A version of primary decomposition for non-Noetherian rings.
To do so, we have to prove one version of primary decomposition for non-Noetherian
rings.

Theorem 8.11.1. Let R be any ring and let I be an ideal such that V (I) is a [Hoc17, p. 121]
finite set of ideals, all of which are maximal. Then, I has a primary decomposition

I = Q1 ∩Q2 ∩ · · · ∩Qn
which is unique except for the order of terms. In this case, I =

∏
iQi, and

R

I
∼=

n∏
i=1

R

Qi
.
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Proof. It is equivalent to find a primary decomposition for (0) in R/I. Therefore we
may assume that R is a ring such that every prime ideal is maximal, and where there
are only finitely many maximal ideals m1,m2, . . . ,mn. Let Qi be the contraction
of (0) ⊆ Rmi

under the localization map R → Rmi
. Then, since (0) ⊆ Rmi

is
miRmi

-primary, we see that Qi is mi-primary in R. Moreover, we have

0 = Q1 ∩Q2 ∩ · · · ∩Qn,
since any element of this intersection vanishes no matter at which prime ideal
R we localize, and the property of being the zero module is local. This gives a
primary decomposition of (0), which is unique since all primes occurring as radicals
are maximal, and hence are all minimal in the set of primes occurring in the
decomposition.

Since the Qi have radicals that are mutually distinct maximal ideals, they are
pairwise comaximal: if i ̸= j, then√

Qi +Qj ⊇
√
Qi +

√
Qj = mi +mj = R =⇒ Qi +Qj = R,

and the rest follows from the Chinese Remainder Theorem 4.5.5. □

8.11.2. Length. To show that Artinian rings are Noetherian, it is convenient11/4
to introduce the notion of length.

Definition 8.11.2. A nonzero module over a ring R is simple if, equivalently,[Hoc17, p. 121]

(1) It has no nonzero proper submodule; or
(2) It is isomorphic to R/m for some maximal ideal m.

Any module satisfying (1) is generated by any nonzero element, and is therefore
cyclic and of the form R/I for some proper ideal I. The assumption that there are
no nonzero proper submodules means that every nonzero ideal must be the unit
ideal, which forces R/I to be a field.

A module has finite length if it has a filtration in which every factor is simple.
The length ℓR(M) of an R-module M is then defined to be the number of simple
factors in any finite filtration such that all factors are simple or zero.

Lemma 8.11.3. The length of a module is well-defined, and is additive on short[Hoc17, pp. 121–122]
exact sequences.

Proof. The well-definedness is a consequence of the (module version of the) Jordan–
Hölder theorem from abstract algebra. See, for example, [ZS75, Chapter III, §11,
Theorem 19] or [AK21, (19.3)]. The additivity on short exact sequences follows by
what we said when we discussed filtrations on p. 132: we can take filtrations on
M ′ ⊆M and on M/M ′ to give a filtration on M . □

As a consequence of Lemma 8.11.3, finite length modules have both ACC and
DCC: An infinite ascending or descending chain would necessarily mean that the
length is infinite, since each factor contributes positively to the length.

Over fields, being of finite length is equivalent to having ACC or DCC.

Example 8.11.4. For a vector space W over a field k, the conditions of W[Hoc17, p. 122]
having ACC, DCC, being of finite length, and having finite k-dimension are all
equivalent. By what we said above, it suffices to show that having ACC or DCC
imply that W has finite length. If W has ACC (resp. DCC), then we can find an
ascending (resp. descending) chain of subspaces of W that increases (resp. decreases)
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the cardinality of a basis one at a time. By ACC (resp. DCC), such a sequence must
stabilize. Since each factor of the filtration has dimension 1 over k, we see that W
has finite length by Lemma 8.11.3.

More generally, if M is a module over a local ring (R,m) such that m ·M = 0,
then

ℓR(M) <∞ ⇐⇒ dimR/m(M) <∞.
This is because each simple factor is isomorphic to R/m by characterization (2) of
being a simple module in Definition 8.11.2, and hence the length of the filtration is
equal to the R/m-vector space dimension.

Over a PID R, the length of R/(f) is the same as the number n of irreducible
factors in a factorization

f = f1f2 · · · fn
counted with multiplicity. This follows from the Chinese Remainder Theorem 4.5.5
where if g is irreducible, we note that

R

(gn)
⊇ g

gn
⊇ g2

gn
⊇ · · · ⊇ gn−1

gn
⊇ 0

is a finite filtration of length n with factors gi/gi+1 ∼= R/(g). Thus,

ℓZ

(
Z

60Z

)
= 4

since 60 = 2 · 2 · 3 · 5 and

ℓk[x]

(
k[x]

(x3 − x)

)
= 3

since x3 − x = (x− 1)x(x+ 1).

For Noetherian modules, we can describe lengths as follows:

Lemma 8.11.5. Let M be an R-module. Then, M has finite length if and only [Hoc17, p. 122]
if M is Noetherian and AssR(M) consists only of maximal ideals.

Proof. ⇒. Each factor in a finite filtration with simple factors is prime cyclic of
the form R/m for a maximal ideal m ⊆ R. Thus, M is Noetherian and AssR(M)
consists only of maximal ideals.
⇐. Replacing R by R/AnnR(M), we may assume that R is Noetherian. If M

is Noetherian and AssR(M) consists only of maximal ideals, then
√

AnnR(M) is
the intersection of these maximal ideals by Corollary 8.8.3. Any prime occurring in
the finite prime cyclic filtration for M must contain

√
AnnR(M) and therefore lies

in AssR(M). It follows that the only factors in the finite prime cyclic filtration are
of the form R/m where m ⊆ R is a maximal ideal. □

Lemma 8.11.6. A Noetherian local ring (R,m, k) of Krull dimension 0 has finite [Hoc17, p. 122]
length as a module over itself.

Proof. Since m is nilpotent and finitely generated, there is a power mn of m such
that mn = (0). We then have a filtration

0 = mn ⊆ mn−1 ⊆ · · · ⊆ m2 ⊆ m ⊆ R
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is a filtration of R. Each factor is of the form mi/mi+1, which is a finite-dimensional
vector space over R/m since mi is finitely generated. We then have

ℓR(R) =

n−1∑
i=0

dimR/m(m
i/mi+1) <∞. □

8.11.3. Artinian rings are Noetherian. We can now show:

Theorem 8.11.7 (Akizuki [Aki35]). Let R be a ring. The following are equiva-[Hoc17, p. 122]
lent:

(i) R is Noetherian of Krull dimension zero.
(ii) R is a finite product of Noetherian local rings of Krull dimension zero.
(iii) R has finite length as a module over itself.
(iv) R has DCC, i.e., R is Artinian.

Proof. (i)⇒ (ii). All prime ideals of R are minimal as well as maximal. Thus, R
has only finitely many maximal ideals mi, and we may use Theorem 8.11.1 to write
(0) as a finite product of mi-primary ideals.

(ii)⇒ (iii) follows from Lemma 8.11.6.

(iii)⇒ (iv) holds since modules of finite length have DCC.

It remains to show that (iv)⇒ (i). We proceed in a few steps:

Step 1. dim(R) = 0.

Let P be a prime ideal in R, and consider the ring A = R/P , which also has
DCC. Choose a ∈ A− {0}. We claim that a is a unit. The sequence of ideals (an)
must stabilize by DCC. But then, an ∈ (an+1) for some n, and hence there exists
b ∈ A such that an = an+1b. Since a ≠ 0 and A is a domain, this shows 1 = ab. We
therefore see that every prime ideal in R is maximal.

Step 2. There are only finitely many maximal ideals mi in R.

If there are infinitely many, then the chain

m1 ⊇ m1 ∩m2 ⊇ m1 ∩m2 ∩m3 ⊇ · · ·
would have to stabilize, yielding mn+1 ⊇ m1 ∩ · · · ∩mn for some large n. But then,
mn+1 ⊇ mi for some i ≤ n by Lemma 8.5.2(ii), a contradiction.

Step 3. We may assume that R is local with a unique prime ideal.

Theorem 8.11.1 implies that we can write (0) as a finite product of mi-primary
ideals and that R is isomorphic to the direct product of the Rmi .

Step 4. An Artinian local ring (R,m, k) is Noetherian.

We then have the chain of ideals

R ⊇ m ⊇ m2 ⊇ · · · .
This chain of ideals eventually stablizes at mn. We know that each factor mi/mi+1

is a finite-dimensional k-vector space by Lemma 6.2.5(iii) since it is a subquotient
of R. It therefore remains to show that mn = 0. Suppose not. Consider the family
of ideals

Σ =
{
I ⊆ m

∣∣ I ·mn ̸= 0
}
.
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Then, m ∈ Σ. By the DCC condition, there exists a minimal member J ∈ Σ. By
definition, there exists x ∈ J such that x ·mn ̸= 0, and hence xR ∈ Σ. By minimality,
J = xR. Then,

x ·m ·mn = x ·mn+1 = x ·mn ̸= 0,

and hence x ·m ⊆ xR ∈ Σ. By minimality, xR = x ·m = m · xR. By NAK, xR = 0,
a contradiction. Thus, mn = 0, and hence R has a finite filtration

0 = mn ⊆ mn−1 ⊆ · · · ⊆ m2 ⊆ m ⊆ R
whose factors are finite-dimensional k-vector spaces. Thus, R has finite length as a
module over itself, and is therefore Noetherian. □

8.12. Krull’s height theorem and systems of parameters

Our next goal is to use primary decomposition to prove some things about the
behavior of dimension for Noetherian rings. We start with the following result,
which is originally due to Krull. A historical note: This proof is where Krull
introduced symbolic powers. According to Hochster, it was surprising at the time
that Noetherianity is all one needs for this result to hold.

Theorem 8.12.1 (Krull’s principal ideal theorem [Kru38, Satz 7∗ on p. 220]).
Let R be a Noetherian ring, x ∈ R, and P a minimal prime of (x) ⊆ R. Then, [AK21, (21.10)]

[Hoc17, p. 124]
[AM69, Cor. 11.17]

ht(P ) ≤ 1.

Proof. We proceed by contradiction. Suppose we have a chain

Q0 ⊊ Q ⊊ P,

where P is minimal over (x), and hence x /∈ Q. We can replace R by RP /Q0RP to
get a counterexample where R is a local domain (R,P ) and P is minimal over (x).

Recall the n-th symbolic power of Q is

Q(n) := QnRQ ∩R,
which is a Q-primary ideal by Proposition 8.2.7(ii). The ring R/(x) has only one
prime ideal P/(x), since P is a maximal ideal in R minimal over (x) by the reduction
in the previous paragraph. Therefore it is a 0-dimensional Noetherian local ring, and
has DCC. Thus, the chain of ideals Q(n)/(x) is eventually stable. Taking preimages
in R, we find that there exists N such that

Q(n) + (x) = Q(n+1) + (x)

for all n ≥ N . We therefore have

Q(n) ⊆ Q(n+1) + (x).

Step 1. Q(n) = Q(n+1) + xQ(n).

Note that it suffices to show the inclusion ⊆, since both ideals on the right-hand
side are contained in Q(n). Let u ∈ Q(n). Write u = q + xr where q ∈ Q(n+1), in
which case xr = u − q ∈ Q(n) since u ∈ Q(n) and q ∈ Q(n+1) ⊆ Q(n). But x /∈ Q
since P is minimal over (x) in R. Since Q(n) is Q-primary, we have that r ∈ Q(n).
Thus, we have Q(n) ⊆ Q(n+1) + xQ(n).

Step 2. Q(n) = Q(N) for all n ≥ N
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Set M = Q(n)/Q(n+1). The previous step shows that M = xM . Nakayama’s
lemma then implies that M = 0, and hence Q(n)/Q(n+1) = 0. Thus, Q(n) = Q(N)

for all n ≥ N .

Step 3.
⋂
QnRQ ̸= 0, contradicting Krull’s intersection theorem.

Choose a ∈ Q− {0}. Then, aN ∈ QN ⊆ Q(N), and hence aN ∈ ⋂nQ(n). But

then, the image of aN in RQ is contained in
⋂
nQ

(n)RQ =
⋂
nQ

nRQ (here we use
[AK21, (1.14)(2)]), and the image of aN is nonzero since we are localizing a domain
at a prime ideal. □

This is actually enough to prove that dimension works well under faithfully flat11/6
maps, which is on Homework 10. We will be a bit more ambitious and prove:

Theorem 8.12.2 (Krull’s height theorem [Kru38, Satz 7∗ on p. 220]). Let R be[Hoc17, p. 125]
[AM69, Prop. 11.13,
Cor. 11.16]

a Noetherian ring.

(i) If I = (x1, x2, . . . , xn) is an ideal generated by n elements, then ht(P ) ≤ n
for every minimal prime P of I.

(ii) Conversely, if P is a prime ideal of height n, then it is a minimal prime
of an ideal generated by n elements.

This has some consequences which we state first. Below, R is a Noetherian ring
and P is a prime ideal.

(1) The height of P is the least number of generators of an ideal I ⊆ P over
which P is a minimal prime.

(2) The height of every prime ideal is at most the number of generators of P ,
and hence is finite.

(3) Noetherian local rings have finite Krull dimension (this is not the case for
non-local rings as you saw on the homework).

Proof of Theorem 8.12.2(i). We proceed by induction on n. The n = 0 case is the
case when I = (0), and the n = 1 case is Theorem 8.12.1. Now suppose P is a
minimal prime of I = (x1, x2, . . . , xn). By way of contradiction, suppose we have a
chain of primes

(8.12.3) P = Pn+1 ⊋ · · · ⊋ P0

of length n+ 1.

Step 1. It suffices to show that we can modify the chain (8.12.3) so that x1 ∈ P1.

If x1 ∈ P1, then P is also a minimal prime of P1 + (x2, . . . , xn). We therefore
see that P/P1 is a minimal prime of (x2, . . . , xn)/P1. Then, the chain

P/P1 = Pn+1/P1 ⊋ · · · ⊋ P1/P1 = 0

would contradict the inductive hypothesis.

Step 2. If x1 ∈ Pk − Pk−1 for some k ≥ 2, then there is a prime ideal strictly
between Pk and Pk−2 that contains x1.

Consider the local domain

D = RPk
/Pk−2RPk

.

The element x1 has nonzero image in the maximal ideal of D. In this ring, PkRPk
has

height ≥ 2, and hence a minimal prime P ′ of (x1) has height ≤ 1 by Theorem 8.12.1,
and is strictly contained in PkRPk

. The preimage of P ′ in R works.
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Step 3. We can modify the chain (8.12.3) so that x1 ∈ P1.

By applying the previous step repeatedly, we can modify the chain (8.12.3) so
that x1 ∈ P1. □

Proof of Theorem 8.12.2(ii). We proceed by induction on n. If n = 0, then we take
the ideal (0) generated by the empty set. The fact that P has height zero means
that it is a minimal prime of (0).

Now suppose that n > 0. Let Q1, Q2, . . . , Qk be the minimal primes of R that
are contained in P ; note there are only finitely many by our first application of
Noetherian induction (Theorem 6.4.1). Then, P cannot be contained in

⋃
iQi by

the prime avoidance theorem, for otherwise ht(P ) ≤ ht(Qi) = 0 for some i. Choose
x1 ∈ P −

⋃
iQi. Then, the height of P/(x1) in R/(x1) is at most n−1, since a chain

of maximal length must end at a minimal prime in R, and these minimal primes are
not available in R/(x1). By the inductive hypothesis, P/(x1) is a minimal prime of
an ideal generated by at most n− 1 elements. Consider x1 together with preimages
x2, . . . , xm of each of these elements in R. Then, P is a minimal prime of the ideal
(x1, x2, . . . , xm) generated by at most m elements. The number m cannot be smaller
than n, or else by (i), we would have that ht(P ) < n. □

This gives a useful way to think of the dimension of a local ring.

Definition 8.12.4. Let (R,m) be a Noetherian local ring of Krull dimension [AK21, (21.2)]
[Hoc17, p. 128]
[AM69, p. 122]

n. A system of parameters for R is a sequence of elements x1, x2, . . . , xn ∈ m such
that, equivalently:

(1) m is a minimal prime of (x1, x2, . . . , xn).

(2)
√
(x1, x2, . . . , xn) = m.

(3) m has a power in (x1, x2, . . . , xn).
(4) (x1, x2, . . . , xn) is m-primary.

If m itself can be generated by a system of parameters, we say that R is a
regular local ring, in which case the system of parameters is called a regular system
of parameters.

Theorem 8.12.2(ii) in fact shows:

Corollary 8.12.5. Every Noetherian local ring (R,m) has a system of param- [Hoc17, p. 128]
[AM69, Prop. 11.13]eters.

We write down how to do this in practice, although the proof is just a rewording
of the proof of Theorem 8.12.2(ii)

Proof. As in the proof of Theorem 8.12.2(ii), one begins by choosing x1 ∈ m avoiding
all of the minimal primes of R. Then, dim(R/(x1)) = dim(R)−1 by Theorem 8.12.1
and the argument in the proof of Theorem 8.12.2(ii). We then choose x2 ∈ R such
that its image in R/(x1) avoids all the minimal primes in R/(x1). Repeating this
process, we eventually end up with a local ring of dimension zero, which happens
after dim(R) steps. □

Corollary 8.12.6. Let (R,m) be a Noetherian local ring, and let x1, x2, . . . , xk ∈ [AK21, (21.5),
(21.6)]
[Hoc17, p. 129]
[AM69, Cor. 11.18]

m. Then, dim(R/(x1, . . . , xk)) ≥ dim(R) − k, and equality holds if x1, . . . , xk are
part of a system of parameters.
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Proof. Set h = dim(R/(x1, . . . , xk)). If y1, y2, . . . , yh ∈ m have images that are a
system of parameters in R/(x1, . . . , xk), then m is a minimal prime of

(x1, . . . , xk, y1, . . . , yh),

and hence h+ k ≥ n.
Now if x1, . . . , xk are part of a system of parameters, we can extend them to a

system of parameters x1, . . . , xk, y1, . . . , yh ∈ m. The image of m in R/(x1, . . . , xk)
is minimal over (y1, . . . , yh), and hence h ≥ dim(R/(x1, . . . , xk)). We therefore have

dim(R) = h+ k ≥ dim(R/(x1, . . . , xk)) + k. □

8.13. Dimension of formal power series rings

Our last goal before moving on to the next topic is to show the formal power
series version of one of your homework problems from Homework 7.

Lemma 8.13.1. Let x be an indeterminate over R. Then, x is in every maximal[Hoc17, p. 129]
ideal of RJxK.

Proof. Let M be a maximal ideal. If x /∈M, then x has an inverse modulo M, and
hence we have xf ≡ 1 mod M. This is equivalent to saying that 1 − xf ∈ M. It
therefore suffices to show that 1− xf is a unit. We claim that

u = 1 + xf + x2f2 + x3f3 + · · ·
is an inverse. The infinite sum makes sense because only finitely many terms involve
any given power of x. Note that

u = (1 + xf + · · ·+ xnfn) + xn+1wn

for

wn = fn+1 + xfn+2 + x2fn+3 + · · · ,
which again makes sense because only finitely many terms involve any given power
of x. Thus,

u(1− xf)− 1 = (1 + xf + · · ·+ xnfn)(1− xf)︸ ︷︷ ︸
1−xn+1fn+1

+xn+1wn(1− xf)− 1.

This is equal to

xn+1
(
−fn+1 + wn(1− xf)

)
∈ xn+1RJxK.

Since the intersection of the ideals xtRJxK is 0, we know that u(1− xf)− 1 = 0. □

We can now prove that dimension goes up by 1 when adjoining a formal power
series variable to a Noetherian ring.

Theorem 8.13.2. Let R be a Noetherian ring and let x1, x2, . . . , xk be indeter-[Hoc17, p. 129]
minates. Then,

dim
(
RJx1, x2, . . . , xkK

)
= dim(R) + k.

Proof. By induction, it suffices to consider the case when k = 1, in which case we
write x1 = x. If P ⊆ R is prime, then P · RJxK is prime with quotient (R/P )JxK
and (P, x) ·RJxK is prime with quotient R/P . If P0 ⊆ · · · ⊆ Pn is a chain of prime
ideals in R of length n, then their expansions

(8.13.3) P0 ·RJxK ⊆ · · · ⊆ Pn ·RJxK ⊆ (Pn, x) ·RJxK
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is a chain of length n+ 1. We therefore see that

dim
(
RJxK

)
≥ dim(R) + 1.

We now prove the converse. If R is infinite-dimensional, then RJxK is also
infinite-dimensional by taking the supremum of lengths of chains of ideals as in
(8.13.3). Now let Q be a maximal ideal in RJxK. By Lemma 8.13.1, we know that
x ∈ Q. Since Q corresponds to a maximal ideal m in R under the quotient map
RJxK→→ R, we know that Q = (m, x) · RJxK. If m is minimal over (r1, r2, . . . , rn),
then Q is minimal over (r1, r2, . . . , rn, x). This shows that

ht(Q) ≤ n+ 1 = ht(m) + 1

by Krull’s height Theorem 8.12.2. Taking the supremum over all Q, we therefore
see that

dim
(
RJxK

)
≤ dim(R) + 1. □

8.14. Dimension for modules

We now turn to dimension for modules. 11/8

Definition 8.14.1. Let M be a module over a Noetherian ring R. Let I = [Hoc17, p. 138]
[Hoc16b, pp. 46–48]AnnR(M). The dimension of M is

dim(M) := dim(R/I).

If M is finitely generated, this is the same as

sup
{
dim(R/P )

∣∣ P ∈ SuppR(M)
}

= sup
{
dim(R/P )

∣∣ P is a minimal prime of I
}

= sup
{
dim(R/P )

∣∣ P ∈ AssR(M)
}

by Homework 10, Problem 2(a) and Corollary 8.8.3.

Proposition 8.14.2. Let R be a Noetherian ring. If [Hoc17, p. 138]
[Hoc16b, pp. 47–48]0 −→M ′ −→M −→M ′′ −→ 0

is a short exact sequence of Noetherian R-modules, then

dim(M) = sup
{
dim(M ′), dim(M ′′)

}
.

Moreover, if
0 =M0 ⊆M1 ⊆ · · · ⊆Mn−1 ⊆Mn =M

is a finite filtration of M , then

dim(M) = sup
{
dim(Mi+1/Mi)

∣∣ 0 ≤ i ≤ n− 1
}
.

Proof. By induction on n, the second statement follows from the first.
Let I ′, I, I ′′ be the annihilators of M ′,M,M ′′, respectively. Then, I ⊆ I ′ and

I ⊆ I ′′, and hence I ⊆ I ′ ∩ I ′′. If u ∈M , then I ′′u ⊆M ′ since I ′ kills M/M ′ =M ′′.
Thus, I ′ kills I ′′u, i.e., I ′I ′′u = 0, and hence I ′I ′′ ⊆ I. Chaining these inclusions
together, we have

(I ′ ∩ I ′′)2 ⊆ I ′I ′′ ⊆ I ⊆ I ′ ∩ I ′′.
Taking radicals, we obtain

√
I =
√
I ′ ∩ I ′′, and hence V (I) = V (I ′) ∪ V (I ′′). □

Lemma 8.14.3. Suppose (R,m) is a Noetherian local ring with x1, x2, . . . , xn ∈ m [Hoc17, p. 138]
and M ≠ 0 is finitely generated over R. Let I = AnnR(M). The following are
equivalent:
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(i) ℓR
(
M/(x1, x2, . . . , xn)M

)
<∞.

(ii) M/(x1, x2, . . . , xn)M ∼= R/(x1, x2, . . . , xn)⊗RM is supported precisely at
m.

(iii) SuppR
(
R/(x1, x2, . . . , xn)

)
∩ SuppR(M) = {m}.

(iv) V (x1, x2, . . . , xn) ∩ V (I) = {m}.
(v)

√
(x1, x2, . . . , xn) + I = m.

(vi) (x1, x2, . . . , xn)(R/I) is (m/I)-primary.

As a consequence, the least integer n such that M/(x1, x2, . . . , xn) is of finite length
for some x1, x2, . . . , xn ∈ m is equal to dim(R/I) = dim(M).

Proof. These equivalences hold by the support problems on Homework 10. □

As a consequence, we can define systems of parameters for modules.

Definition 8.14.4. Let M be a finitely generated module over a Noetherian[Hoc17, p. 138]
local ring (R,m) of dimension n. A sequence of elements x1, x2, . . . , xn ∈ m is a
system of parameters for M if

ℓR
(
M/(x1, x2, . . . , xn)M

)
is finite. By Lemma 8.14.3, x1, x2, . . . , xn ∈ R form a system of parameters for M if
and only if their images in R/I form a system of parameters for R/I. Thus, systems
of parameters always exista by Corollary 8.12.5.

8.15. Regular sequences and depth

For certain modules over local rings, it is possible to construct systems of
parameters that satisfy stronger properties. We define these “special” systems of
parameters more generally for arbitrary modules over arbitrary rings. Rings/modules
on which every system of parameters is a regular sequence form a special class of
rings/modules, called Cohen–Macaulay rings/modules.

Definition 8.15.1. Let R be a ring and let M be an R-module. A sequence of[Hoc16b, pp. 52–53]
elements f1, f2, . . . , fk ∈ R is an improper regular sequence on M if

(1) f1 is not a zerodivisor on M , i.e.,

M
f1·−−−−→M

is injective.
(2) For all i ∈ {1, 2, . . . , k−1}, fi+1 is not a zerodivisor onM/(f1, f2, . . . , fi)M ,

i.e.,
M

(f1, f2, . . . , fi)M

fi+1·−−−−−→ M

(f1, f2, . . . , fi)M

is injective.

and is called a regular sequence if moreover,

(3) (f1, f2, . . . , fk)M ̸=M .

Note that the empty sequence is a regular sequence on any nonzero module M .
Condition (3) is assumed to rule out certain degenerate situations. Otherwise, for
example, the sequence 1, 1, . . . , 1 would be a regular sequence on 0.

Regular sequences are not necessarily permutable.
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Example 8.15.2. The sequence x, (1− x)y, (1− x)z is a regular sequence on[Hoc16b, p. 53]
R = k[x, y, z], while (1 − x)y, (1 − x)z, x is not. The first sequence is a regular
sequence because modulo xR, the latter two elements are y, z ∈ k[y, z]. The second
sequence is not a regular sequence because

k[x, y, z]

(1− x)y
(1−x)z·−−−−−−−→ k[x, y, z]

(1− x)y
maps ȳ to (1− x)yz = 0.

However, we can permute regular sequences in the local or graded case.

Proposition 8.15.3 (Permutability of regular sequences). Let R be a ring, let [Hoc16b, p. 54]
M be an R-module, and let f1, f2, . . . , fk be a regular sequence on M . Suppose that
one of the following conditions holds.

(a) (R,m) is local, f1, f2, . . . , fk ∈ m, and M is finitely generated.
(b) R is N-graded, M is Z-graded with M−d = 0 for sufficiently large d, and

f1, f2, . . . , fk are homogeneous of positive degree.

For every permutation π of 1, 2, . . . , k,

fπ(1), fπ(2), . . . , fπ(k)

is a regular sequence on M .

Proof. The permutations on {1, 2, . . . , k} are generated by transpositions (i i+ 1)
of consecutive integers. It therefore suffices to consider the case when π is such
a transposition. We may replace M by M/(f1, f2, . . . , fi−1)M and hence we may
assume that we are transposing f1 and f2. It then suffices to show that f2, f1 is
a regular sequence, since the rest of the sequence is still a regular sequence on
M/(f1, f2)M =M/(f2, f1)M .

We first show that f2 is not a zerodivisor on M . Let

N = (0 :M f2) :=
{
u ∈M

∣∣ f2u = 0
}
⊆M.

(In the graded case, N is graded.) Our goal is to show that N = f1N . If u ∈ N ,
then f2u = 0 in M/f1M . Since f2 is a nonzerodivisor on M/f1M , we have ū = 0
in M/f1M , and hence u = f1w for some w ∈M . We then have

0 = f2u = f2f1w = f1 · f2w.
Since f1 is a nonzerodivisor on M , we see that f2w = 0, which shows that w ∈ N .
Thus, N = f1N , and NAK implies that N = 0.

It remains to show that f1 is not a zerodivisor on M/f2M . Suppose that
f1 · v̄ = 0 for v̄ ∈M/f2M , in which case f1v = f2u for some u ∈M . Since f2 is not
a zerodivisor on M/f1M , we have that u ∈ f1M . We may therefore write u = f1w
for some w ∈M . Then, f1v = f2f1w and hence

f1(v − f2w) = 0

in M . Since f1 is not a zerodivisor on M , we see that v = f2w. □

We want a measure for how long regular sequences can be on a module. This
gives another measure for the size of a module, and we will show it is bounded by
above by the dimension in the local case.
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Definition 8.15.4. Let R be a ring and let M be an R-module. Let I ⊆ R be [Hoc16b, p. 74]
a proper ideal. The depth of M on I is

depthI(M) := sup

{
k ≥ 0

∣∣∣∣ there exists a regular sequence
f1, f2, . . . , fk ∈ I

}
if IM ̸=M . If IM =M , we set depthI(M) = +∞.

Remark 8.15.5. The convention depthI(M) = +∞ is chosen so that (for
example) Proposition 8.18.1 holds below.

We connect regular sequences to systems of parameters.

Proposition 8.15.6. Let (R,m) be a Noetherian local ring and let M be a[Hoc20b, p. 26]
finitely generated R-module. Every regular sequence on M is part of a system of
parameters for M . Thus, depthm(M) ≤ dim(M).

Proof. Taking quotients by one element of the regular sequence at a time, it suffices
to show that if f ∈ R is a nonzerodivisor on M , then

dim

(
R

I + (f)

)
< dim

(
R

I

)
.

Since f ∈ R is a nonzerodivisor on M , we know that f /∈ P for all P ∈ AssR(M) by
Theorem 8.9.1(i). By Corollary 8.8.3, this shows that f /∈ Q for every Q minimal
over AnnR(M). □

We will later show that the maximal length of a regular sequence is always
equal to the depth.

8.16. Cohen–Macaulay rings and modules

Our next goal is to show the following:11/11

Theorem 8.16.1. Let (R,m) be a Noetherian local ring and let M be a finitely[Hoc16a, p. 14]
generated R-module. The following conditions are equivalent.

(i) Every system of parameters

f1, f2, . . . , fk ∈ m

for M is a regular sequence on M .
(ii) Some system of parameters

f1, f2, . . . , fk ∈ m

for M is a regular sequence on M .

In this case, for every prime ideal P ∈ SuppR(M) such that

ht
(
P (R/I)

)
= k

for I = AnnR(M), there is a regular sequence of length k in P . Moreover, for
every prime ideal P ∈ SuppR(M), MP also has the property that every system of
parameters is a regular sequence.

To prove this, we start with the following:
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Discussion 8.16.2 (Moving from one system of parameters to another). Let[Hoc16b, p. 58]
(R,m) be a Noetherian local ring of Krull dimension n and let M be a finitely
generated R-module. Consider two systems of parameters

f1, f2, . . . , fn and g1, g2, . . . , gn

for M .
We claim there is a finite sequence of systems of parameters starting with

f1, f2, . . . , fn and ending with g1, g2, . . . , gn such that any two consecutive elements
of the sequence agree in all but one element. We proceed by induction on n. If
n = 1, there is nothing to prove. Now if n > 1, choose h ∈ m avoiding all

P ∈ MinR

(
AnnR

(
M

(f2, . . . , fn)M

))
∪MinR

(
AnnR

(
M

(g2, . . . , gn)M

))
.

Working in R/hR and lifting back to R, by the inductive hypothesis there is a
finite sequence of systems of parameters connecting h, f2, . . . , fn and h, g2, . . . , gn.
These two systems of parameters are connected to f1, f2, . . . , fn and to g1, g2, . . . , gn,
respectively.

We can now prove Theorem 8.16.1.

Proof of Theorem 8.16.1. For the equivalence, since systems of parameters always
exist (Corollary 8.12.5 and Definition 8.14.4), it suffices to show that (ii)⇒ (i). As
in Discussion 8.16.2, we can choose a sequence of systems of parameters connecting
the regular sequence f1, f2, . . . , fn to a given system of parameters g1, g2, . . . , gn.
Thus, we can reduce to the case when two systems of parameters only differ by one
element. Since systems of parameters are always permutable and regular sequences
are permutable in the local case (Proposition 8.15.3), we may assume that the two
systems of parameters agree except possibly for the last element. We may therefore
kill the first n−1 elements and reduce to the case where f, g are one element systems
of parameters for M , where f is a nonzerodivisor on M . Letting I = AnnR(M), we
see that √

f · (R/I) =
√
g · (R/I)

by Lemma 8.14.3. Thus,

fn ≡ rg mod I

for some r ∈ R. Since f is a nonzerodivisor on M , we see that rg is also a
nonzerodivisor on M . Thus, g is a nonzerodivisor on M .

For the remaining statements, let J ⊇ I be an arbitrary ideal with

ht
(
J(R/I)

)
= h

(i.e., the minimum height of all minimal primes of J is h). Choose a maximal
(possibly empty) sequence of elements x1, x2, . . . , xk ∈ J that is part of a system
of parameters for M . If k < h, then J · (R/I) cannot be contained in the union of
the minimal primes of AnnR(M/(x1, x2, . . . , xk)M), for otherwise, J · (R/I) would
be contained in one of them Q ⊆ R/I by prime avoidance, while ht(Q) ≤ k. So,
we can choose xk+1 ∈ J not in any minimal prime of AnnR(M/(x1, x2, . . . , xk)M).
Then, x1, x2, . . . , xk, xk+1 is part of a system of parameters for M , contradicting
the maximality of the sequence x1, x2, . . . , xk.

Finally, we consider the case when J = P is prime. Then, P contains a
regular sequence x1, x2, . . . , xk for M , which must also be regular on MP . Since
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x1/1, x2/1, . . . , xk/1 are a regular sequence on MP , they are also part of a system
of parameters for MP . Since dim((R/I)P ) = k, it must be a system of parameters
for MP . □

Remark 8.16.3. There are also graded versions of Theorem 8.16.1 and Discus-
sion 8.16.2. See [Hoc16b, p. 58] for the case when M = R.

We can now define:

Definition 8.16.4. Let R be a Noetherian ring and letM be a finitely generated[Hoc16a, p. 17]
R-module. If R is local, we say that M is Cohen–Macaulay if one (equivalently,
every) system of parameters for M is a regular sequence on M . In general, we say
that M is Cohen–Macaulay if all of its localizations at maximal (equivalently, prime
by Theorem 8.16.1) ideals in its support are Cohen–Macaulay. If R =M , we say
that R is Cohen–Macaulay.

Over local rings, one way to think of this definition is that equality holds in the
inequality

depthm(M) ≤ dim(M)

from Proposition 8.15.6. Measuring this difference leads to:

Definition 8.16.5 (Serre’s condition (Sk) [EGAIV2, Définition 5.7.2]). Let R
be a Noetherian ring and let M be a finitely generated R-module. Let k be an
integer. We say that M satisfies Serre’s condition (Sk) at a prime ideal P ⊆ R if

(8.16.6) depthQRQ
(MQ) ≥ min

{
k, dim(MQ)

}
for every prime ideal Q ⊆ P .

Remark 8.16.7. There are differing conventions for what the condition (Sk)
means when dim(M) < dim(R). See [Vas68, Definition 1.1] for a different convention
(originating from work of Samuel [Sam64, Proposition 6]), which replaces dim(MQ)
on the right-hand side of (8.16.6) with dim(RQ).

Examples 8.16.8.[Hoc16a, p. 17]

(i) Any regular local ring is Cohen–Macaulay since a regular system of pa-
rameters is a system of parameters and is also a regular sequence.

(ii) The rings

R =

(
k[x, y]

(x2, xy)

)
(x,y)

S = k[x4, x3y, xy3, y4](x4,x3,xy3,y4)

are not Cohen–Macaulay. In the first case, y is a system of parameters but
y is a zerodivisor. In the second case, x4, y4 is a system of parameters but

y4 · (x3y)2 = x4 · (xy3)2 ∈ (x4)S.

The ring S is known as Macaulay’s curve [Mac94, p. 98].
(iii) (Gunning asked Hartshorne whether this ring is a complete intersection

[Har62, Example 3.4.1]) Let k be a field and consider the coordinate ring
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of the union of two coordinate planes in k4:

R =

(
k[x1, x2, x3, x4]

(x1, x2) ∩ (x3, x4)

)
(x1,x2,x3,x4)

=

(
k[x1, x2, x3, x4]

(x1x3, x1x4, x2x3, x2x4)

)
(x1,x2,x3,x4)

.

See Figure 5.1 for an illustration. (This is also the homogeneous coordinate
ring of two skew lines in P3

k.) The quotients R/(x1, x2) ∼= k[x3, x4] and
R/(x3, x4) ∼= k[x1, x2] have dimension 2. The sequence x1 − x3, x2 − x4 is
a system of parameters since the resulting quotient

R

(x1 − x3, x2 − x4)
∼=
(

k[x1, x2]

(x21, x1x2, x
2
2)

)
(x1,x2,x3,x4)

is 0-dimensional. However, R is not Cohen–Macaulay, since

R

(x1 − x3)
∼=
(

k[x1, x2, x4]

(x21, x1x2, x1x4, x2x4)

)
(x1,x2,x3,x4)

and

(x2 − x4)x1 ≡ x1x2 − x1x4 ≡ 0 mod (x1 − x3).

(iv) There are many more interesting examples of Cohen–Macaulay rings!
Hochster even said that “Life is really worth living in a Noetherian ring R
when all the local rings have the property that every s.o.p. is an R-sequence”
[Hoc78, p. 887]. For example:
(1) Varieties defined by the vanishing of minors in a matrix of indetermi-

nates [HE71].
(2) Normal monomial algebras [Hoc72b].
(3) Homogeneous coordinate rings of Grassmannians and Schubert vari-

eties [Hoc73b; Lak72; Mus72].
(4) Invariant rings by actions of linearly reductive groups on polynomial

rings [HR74].
However, there are examples for which we do not know whether they are
Cohen–Macaulay. For example:
(5) Let X and Y be n× n matrices of indeterminates xij and yij over a

field k. The ring

k[{xij}, {yij}]
(entries of XY − Y X)

from Conjecture 1.4.8 is conjectured to be a Cohen–Macaulay domain.
This is known in dimensions n ≤ 3 [Tho86].

8.17. More on depth

One drawback to the definition of depth we have so far is that you could worry
that there can be two maximal regular sequences (i.e., regular sequences that cannot
be made longer) of different lengths. To prove this cannot happen, we first prove
the following:



152

Lemma 8.17.1. Let R be a ring and let x1, x2, . . . , xn be a regular sequence on [Hoc16b, p. 74]
an R-module M . Suppose that x2 is not a zerodivisor on M . Then,

x2, x1, x3, x4, . . . , xn−1, xn

is a regular sequence on M .

Proof. It suffices to show that x1 is a nonzerodivisor on M/x2M : since

M

(x1, x2)M
=

M

(x2, x1)M
,

the remaining conditions are unaffected by interchanging x1 and x2.
Suppose that x1u ∈ x2M , say x1u = x2v for v ∈ M . Since x1, x2 is a regular

sequence on M and
x2v ≡ 0 mod x1M,

we have v ∈ x1M , say v = x1w. Then, x1u = x2x1w, and x1(u− x2w) = 0. Since
x1 is a nonzerodivisor on M , we see that u ∈ x2M as required. □

We now show that the length of a maximal regular sequence is unique.

Theorem 8.17.2. Let θ : R → S be a map of Noetherian rings, let M be a[Hoc16b, p. 75]
finitely generated S-modules, and let I ⊆ R be an ideal of R. Assume that IM ̸=M .

(a) There is no infinite regular sequence x1, x2, . . . on M consisting of elements
of I.

(b) There are no nonzerodivisors on M in I if and only if I is contained in the
contraction of a prime in AssS(M) to R. Thus, there are no nonzerodivisors
on M in I if and only if there is an element u ∈M −{0} such that Iu = 0.

(c) Every regular sequence in I on M (including the empty regular sequence)
can be extended to a maximal regular sequence in I on M , and this maximal
regular sequence is always finite.

(d) All maximal regular sequences in I on M have the same length. As a
consequence, still assuming IM ̸=M , we can define depthI(M) to be the
length of any maximal regular sequence on M consisting of elements in I.

Proof. (a). Suppose we have an infinite regular sequence. For each n ≥ 0, set

In = (x1, x2, . . . , xn)R.

Since R is Noetherian, eventually we have In = In+1. This means that xn+1 ∈ In,
and hence xn+1 kills M/InM . Since xn+1 is not a zerodivisor on M/InM , we must
have M/InM = 0, and hence M = InM . Since In ⊆ I, we see that M = IM , a
contradiction.

(b). Fix an element x ∈ R. Write

AssS(M) = {Q1, Q2, . . . , Qn}.
Then, x is a zerodivisor on M (considered as an R-module) if and only if θ(x) is
a zerodivisor on M (considered as an S-module). By Theorem 8.9.1(i), this holds
if and only if θ(x) ∈ Qi for some i. Ranging over all x ∈ I, we see that I consists
entirely of zerodivisors on R if and only if

I ⊆
⋃
i

(Qi ∩R),

where we recall that the notation Qi∩R is used for θ−1(Qi) even if θ is not injective.
By prime avoidance, we see that I ⊆ Qi ∩R for some i.
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For the last statement, we know there exists u ∈M −{0} such that AnnS(u) =
Qi. Then, since θ(I) ⊆ Qi, we see that Iu = 0.

(c). Suppose we have a regular sequence x1, x2, . . . , xk and let

Ik = (x1, x2, . . . , xk)R.

If every element of I is a zerodivisor on M/IkM , then we have constructed the
required maximal regular sequence on M in I. If not, we can enlarge the regular
sequence by taking an element xk+1 ∈ I avoiding all associated primes of M/IkM .
We can continue recursively in this way. The process must terminate by (a).

(d). Suppose we have a counterexample. Since M is Noetherian, there is a 11/13
maximal N ⊆ M such that M/N provides a counterexample. Replacing M by
M/N , we may therefore assume that (d) holds for every proper homomorphic image
of M . If every element of I is a zerodivisor on M , then the empty sequence is the
unique maximal regular sequence on M .

Now suppose

x1, x2, . . . , xh and y1, y2, . . . , yk

are two maximal regular sequences onM consisting of elements in I. After switching
the two sequences, we may assume that h ≤ k. We induce on h. The case h = 0
was shown in the previous paragraph.

Suppose h = 1. We denote x := x1 and y := y1. Then, I consists entirely of
zerodivisors on M/xM . By (b), there exists an element u ∈ M − xM such that
Iu ⊆ xM . We want to show that y is also a maximal regular sequence. Since
Iu ⊆ xM , we can write

yu = xv

for some v ∈M . We have v /∈ yM since if v = yw, then yu = xyw and the fact y is
a nonzerodivisor implies u = xw ∈ xM , which contradicts the choice u ∈M − xM .
To finish this case, by (b), it suffices to show that Iv ⊆ yM . Let f ∈ I. Then, we
have

xfv = f(xv) = f(yu) = y(fu) = y(xw)

for some w ∈ M since Iu ⊆ xM . But then, x(fv − yw) = 0, and since x is a
nonzerodivisor on M , we conclude that

fv = yw ∈ yM

as required.
Finally, suppose that h ≥ 2. Then, the contractions to R of associated primes

in AssS(M/x1M) do not cover I (they miss x2). Similarly, the contractions to R of
associated primes in AssS(M/y1M) do not cover I (they miss y2). Likewise, the
contractions to R of associated primes in AssS(M) do not cover I (they miss x1, y1).
Thus, by prime avoidance, the union of the primes in the union of all three sets
does not cover I. We can therefore find z ∈ I that is not in any of them. Then, by
(c), x1, z and y1, z are regular sequences on M and can be extended to a maximal
regular sequence on M in I, say

x1, z, x
′
3, . . . , x

′
h′ and y1, z, y

′
3, . . . , y

′
k′ .
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Working in M/x1M , we know that h = h′ by the inductive hypothesis. Working in
M/y1M , we know that k = k′ by the inductive hypothesis. Since z is a nonzerodivisor
on M , the sequences

z, x1, x
′
3, . . . , x

′
h′ and z, y1, y

′
3, . . . , y

′
k′

are also regular sequences by Lemma 8.17.1. Working in M/zM , we know that
h′ = k′ by the inductive hypothesis. Thus, we see that h = h′ = k′ = k. □

8.18. Depth in short exact sequences

We now show that depth, like, dimension, behaves well in short exact sequences.
This result (and many of the previous results) is usually proved using a character-
ization of depth using Ext modules. See, for example, [BH98, Proposition 1.2.9].
According to Hochster, these proofs are “very slick, but in some ways mask the
simplicity of what is going on” [Hoc16b, p. 74].

Proposition 8.18.1. Let R be a Noetherian ring and let I ⊆ R be an ideal.
Consider a short exact sequence

0 −→M ′ −→M −→M ′′ −→ 0

of finitely generated R-modules for which the depth on I is finite.

(i) depthI(M) ≥ min{depthI(M ′), depthI(M
′′)}.

(ii) If depthI(M) > depthI(M
′′), then depthI(M

′) = depthI(M
′′) + 1.

Proof. We identify M ′ with its image in M to assume that M ′ ⊆M .

(i). We induce on

d := min
{
depthI(M

′), depthI(M
′′)
}
.

If d = 0, then there is nothing to show. It therefore suffices to consider the case
when d > 0, in which case

depthI(M
′) > 0 and depthI(M

′′) > 0,

and therefore I is not contained in the union of primes in AssR(M
′) ∪AssR(M

′′).
Choose x ∈ I that avoids all these associated primes, in which case x avoids the
associated primes of M as well by Proposition 8.6.3(ii). Then, x is a nonzerodivisor
on all three modules by Theorem 8.9.1(i). We therefore have the commutative
diagram

(8.18.2)

0 0 0

0 xM ′ xM xM ′′ 0

0 M ′ M M ′′ 0

0 M ′/xM ′ M/xM M ′′/xM ′′ 0

0 0 0
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where the first row is isomorphic to the second row by the fact that x is a nonzero-
divisor on all three modules. We now have

depthI(M/xM) ≥ min
{
depthI(M

′/xM ′), depthI(M
′′/xM ′′)

}
= min

{
depthI(M

′), depthI(M
′′)
}
− 1

by the inductive hypothesis, and hence depthI(M) ≥ d by Theorem 8.17.2(d).

(ii). We induce on depthI(M
′′). If depthI(M

′′) = 0, choose u ∈M − {0} such
that I kills the image of u in M ′′. Choose any nonzerodivisor f ∈ I on M . Then, f
is a nonzerodivisor on M ′ ⊆M , and fu ∈M ′, since I kills the image of u in M ′′.
We want to show that f is a maximal regular sequence on M ′. We have fu /∈ fM ′,
for otherwise u ∈M ′ in which case the image of u in M ′′ would equal 0. However,

I(fu) = f(Iu) ⊆ fM ′,

and hence the image of fu in M ′/fM ′ is a nonzero element killed by I. By
Theorem 8.17.2(b), this shows that f is a maximal regular sequence on M consisting
of elements in I.

It remains to prove the case when depthI(M
′′) > 0. If depthI(M

′′) > 0, then
all three depths are positive. We can now choose x ∈ I that avoids the associated
primes of M ′′,M,M ′. Using the diagram (8.18.2) again, we see that

depthI(M
′) = depthI(M

′/xM ′) + 1

= depthI(M
′′/xM ′′) + 2

= depthI(M
′′/xM ′′) + 1

by the inductive hypothesis. □

This concludes what I wanted to tell you about Cohen–Macaulayness. You will
see more if you take Commutative Algebra II in the spring!





CHAPTER 9

Normal rings, DVRs, and Dedekind domains

Our next objective is to study some different characterizations of normal Noe-
therian domains, and apply them to the study of normal Noetherian domains of
Krull dimension one.

9.1. Dedekind domains

We start by defining the class of rings we will eventually want to study.

Definition 9.1.1. A Dedekind domain is a normal Noetherian domain of Krull
dimension one.

Recall that we defined a DVR to be a local PID that is not a field. DVR’s are
all examples of Dedekind domains, and more generally, every PID that is not a field
is a Dedekind domain. We will eventually want to show that Dedekind domains are
a non-local analogue of DVR’s.

Example 9.1.2. The prototypical example of a Dedekind domain are rings of [Hoc17, p. 138]
algebraic integers. These are formed by taking the integral closure of Z in a finite
extension F of Q.

You may be worried that rings of algebraic integers may not be Noetherian;
this will not end up being the case.

9.2. Krull and Serre’s criteria for normality

We will need to first characterize DVR’s.

Proposition 9.2.1. Let R be a Noetherian ring, and suppose that P is an [Hoc17, p. 139]
associated prime of R/(x) for a nonzerodivisor x ∈ R. Then, P is an associated
prime of R/(y) for every nonzerodivisor y ∈ P .
Proof. The conditions don’t change when passing from R to RP , and so we replace
R by (RP , PRP ) to assume that R is local with maximal ideal P . Since P ∈
AssR(R/(x)), there exists an element a ∈ R− (x) such that the annihilator of the
image of a in R/(x) is P . We therefore have Pa ⊆ (x). Write ya = xb for b ∈ R.

We claim that b /∈ (y). Otherwise, b = yr, in which case ya = xyr ⇒ y(a−xr) =
0 ⇒ a = xr since y is a nonzerodivisor, contradicting the fact that a /∈ (x). We
therefore see that b /∈ (y).

We now show that Pb ⊆ (y), which proves the statement of the proposition
since P is maximal. If u ∈ P , then ua = xs for some s ∈ R as before. Since ya = xb,
we see that uxb = uya = yxs, and hence x(ub − ys) = 0 ⇒ ub = ys, since x is a
nonzerodivisor. □

Proposition 9.2.2. A Noetherian local domain (R,P ) that is not a field is a [AK21, (23.9)]
[Hoc17, p. 139]DVR if and only if P = (y) is principal.
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We note that by definition of a regular local ring (Definition 8.12.4), the last
condition holds if and only if R is a regular local ring of dimension one.

Proof. The direction⇒ is clear by definition of a DVR. Conversely, suppose P = (y),
and consider any nonzero element r ∈ P . Since ⋂n Pn = 0 by Krull’s intersection
theorem Theorem 8.10.1, there is a largest integer n ≥ 1 such that r = uyn for
u ∈ R. Then, y does not divide u, and hence u ∈ R − P is a unit. Thus, every
nonzero non-unit is a unit times a power of y. It follows that any proper nonzero
ideal is generated by the least power of y that it contains. □

We can now characterize Noetherian normal domains. This theorem is due to11/15
Krull [Kru32].

Theorem 9.2.3 (Krull’s criterion for normality [Kru32]). A Noetherian domain[AK21, (23.15)]
[Rei95, pp. 119–120]
[Hoc17, p. 139]

R is normal if and only if both of the following conditions hold:

(1) Every associated prime of every nonzero principal ideal has height 1.
(2) The localization of R at every height 1 prime is a DVR.

In particular, if R is one-dimensional and local, then R is normal if and only if R
is a DVR.

Proof. We first show⇒. Let x be any nonzero element of R and let P ∈ AssR(R/(x)).

Claim 9.2.4. It suffices to show that RP is a DVR for every such P .

This would show that ht(P ) = 1. Moreover, since every height 1 prime in R
is the minimal prime of some nonzero element contained in it by Krull’s principal
ideal theorem (Theorem 8.12.1), this will show that RP is a DVR for every height 1
prime in R.

From now on, we replace R by RP to assume that R is local. Since P ̸= 0, we
know that P ≠ P 2 by NAK. Choose y ∈ P −P 2. We will prove that (y) = P , which
would show that ht(P ) = 1 and that R = RP is a DVR by Proposition 9.2.2.

Note that P is an associated prime of R/(y) by Proposition 9.2.1. Thus, there
exists an element a ∈ R− (y) such that

Pa ⊆ (y).

If a is a unit, then P ⊆ (y), and since y ∈ P , equality holds and we are done.
If a is not a unit, then a ∈ P (since R is local), and we will obtain a contradiction.

First, we know that Pa ⊆ yP , for otherwise if we could write ra = yu for r ∈ P
and u a unit, then yu ∈ P 2, and hence y ∈ P 2, a contradiction. Our goal is to show
that this implies a ∈ (y), which would be a contradiction. Let f1, f2, . . . , fn be a
set of generators for P . For every i, the inclusion Pa ⊆ yP implies

afi = y
∑
j

rijfj

for some elements rij ∈ R. If we make f1, . . . , fn into a column vector V and let
A be the matrix (rij), then we have AV = (a/y)V in the fraction field K of R.
The entries of V generate the nonzero prime P , and is an eigenvector for A with
eigenvalue a/y. By linear algebra, a/y satisfies the characteristic polynomial of the
matrix A = (rij), which is a monic polynomial with coefficients in R. Since R is
normal, this implies a/y ∈ R, and hence a ∈ (y), a contradiction.

We now show ⇐. We proceed by contradiction. Suppose that R is not normal
and let α ∈ K = Frac(R) be an element not in R that is integral over R. Then,
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M = R[α]/R is a finitely generated nonzero R-module, and hence by Lemma 8.6.4
there is a prime ideal P ∈ AssR(M). Our hypotheses (1) and (2) are preserved
when passing from R to RP , and

PRP ∈ AssRP
(MP )

by Proposition 8.8.1. We therefore see that MP ̸= 0, which means that RP [α] is
strictly larger than RP , i.e., RP is not normal.

From now on, we replace R by RP to assume that (R,P ) is local. Choose
β ∈ R[α] such that

(9.2.5) P = AnnR(β̄),

where β̄ is the image of β in R[α]/R. Write β = a/x where x ∈ R−{0} and a /∈ xR.
Rewriting the condition (9.2.5), we have that P (a/x) ⊆ R inside of K = Frac(R),
which implies Pa ⊆ xR. This implies that P is contained in an associated prime of
R/(x). Since P is maximal, we see that P itself is an associated prime of R/(x),
and has height 1 by (1). But then, R = RP is not normal by the choice of P in the
previous paragraph, contradicting (2). □

As a result, we have the following characterization of Dedekind domains:

Corollary 9.2.6. A Noetherian domain R of Krull dimension one is a Dedekind [AK21, (24.7)]
[Hoc17, p. 142]domain if and only if for every maximal ideal P ⊆ R, the localization RP is a DVR.

Proof. Normality is a local condition. □

We also state a generalization of Krull’s criterion for normality (Theorem 9.2.3)
due to Serre. Serre’s criterion uses the following:

Definition 9.2.7 [EGAIV2, Définition 5.8.2]. Let R be a Noetherian ring and
let k be an integer. We say that R satisfies condition (Rk) if RP is a regular local
ring for every prime ideal P ⊆ R of height ≤ k.

Theorem 9.2.8 (Serre’s criterion for normality [EGAIV2, Théorème 5.8.6]).
Let R be a Noetherian ring. The following are equivalent. [Mat89, Thm. 23.8]

(i) R is a Noetherian normal ring, i.e., RP is a normal domain for every
prime ideal P ⊆ R.

(ii) R satisfies (R1) and (S2).

Proof. (i)⇒ (ii). We first show (R1). Letting P be a height 1 prime, we know that
RP is normal, and hence RP is a DVR by condition (2) in Theorem 9.2.3.

To show (S2), there are two cases. Let Q ⊆ R be a prime ideal. We want to
show that

depthQRQ
(RQ) ≥ min

{
2, dim(RQ)

}
.

If dim(RQ) ≤ 1, then RQ is a regular local ring (either ht(Q) = 0, in which case
RQ is a field, or ht(Q) = 1, in which case RQ is a DVR) and hence has depth
equal to dim(RQ). If dim(RQ) ≥ 2, we need to show that depthQRQ

(RQ) ≥ 2.
Choose a nonzero element x ∈ RQ, which is a nonzerodivisor since RQ is a domain.
Since the associated primes of RQ/xRQ are all of height 1 by condition (1) in
Theorem 9.2.3, we know that the associated primes of RQ/xRQ cannot cover QRQ
by prime avoidance. We can therefore find

y ∈ QRQ −
⋃

P∈AssRQ
(RQ/xRQ)

P.
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This shows that x, y is a regular sequence on RQ, i.e., depthQRQ
(RQ) ≥ 2.

(ii)⇒ (i). Let
(0) = Q1 ∩Q2 ∩ · · · ∩Qr

be an irredundant primary decomposition for (0) ⊆ R. We claim that the Qi
are minimal primes. There cannot be any embedded primes P because otherwise,
localizing at P , the resulting ring RP has depthPRP

(RP ) = 0, and hence will not
satisfy (S2) (or even (S1)!). Moreover, each Qi is prime since RPi is reduced, and
hence

(0) ·RPi
= Qi ·RPi

is prime and contracts to the prime ideal Qi ⊆ R. We therefore see that

R ∼=
∏
i

R

Qi

by the Chinese Remainder Theorem 4.5.5. For every prime ideal P ⊆ R, we know
that it contains some Qi, and hence

RP ∼=
(
R

Qi

)
P

.

The ring RP is a normal domain since it is the localization of a domain, (S2) implies
(1), and (R1) implies (2). □

9.3. Primary decomposition and divisor class groups

We now study primary decomposition in normal domains, with the specific goal
of understanding Dedekind domains. We start with the following:

Observation 9.3.1. Let R be a normal Noetherian domain. For a principal
ideal (f) ⊆ R, the primary decomposition is particularly nice:

(1) By Krull’s criterion for normality (Theorem 9.2.3), we know that there
are no embedded primes, and so if 0 ̸= f ∈ P , the P -primary component
of (f) is unique and corresponds to the contraction of an ideal primary to
the maximal ideal in RP , a DVR.

(2) Since the only ideals primary to PRP in RP are powers of PRP , every
P -primary ideal in the decomposition for (f) is of the form P (k) for some
k.

Thus, if f ̸= 0 is not a unit, we have a unique irredundant primary decomposition

(9.3.2) (f) = P
(k1)
1 ∩ P (k2)

2 ∩ · · · ∩ P (kn)
n .

Definition 9.3.3. Let R be a normal Noetherian domain. Consider the free[Hoc17, p. 140]
Abelian group G on generators [P ] corresponding bijectively to height 1 prime ideals
P of R. A divisor is an element in G. A divisor is principal if there exists an element
f ∈ R− {0} such that

div(a) :=

n∑
i=1

ki [Pi],

where the Pi and ki are those coming from the primary decomposition for (f) as in
(9.3.2). The divisor of a unit is 0 by convention. If I ⊆ R is an ideal of pure height
1 (i.e., every prime appearing in an irredundant primary decomposition for I is of
height 1), then we can similarly define the divisor div(I) associated to I by taking
an irredundant primary decomposition for it as in (9.3.2).
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The divisor class group of R is the quotient group

Cl(R) :=
G

Z ·
{
div(f)

∣∣ f ∈ R− {0}} .
We note that the divisor associated to every principal ideal vanishes in Cl(R). 11/18

We use this to characterize when a ring is a UFD.

Theorem 9.3.4. Let be a normal Noetherian domain. [Hoc17, pp. 140–141]

(i) If I is an ideal of pure height 1, then fI is also of pure height 1 for every
f ∈ R− {0}, and we have

div(fI) = div(f) + div(I).

(ii) Let I and J be ideals of pure height 1. Then, div(I) = div(J) if and only
if I = J . The images of div(I) and div(J) are equal in Cl(R) if and only
if there are nonzero elements f, g ∈ R such that fI = gJ , which holds if
and only if I and J are isomorphic as R-modules.

(iii) An ideal I of pure height 1 is principal if and only if div(I) is 0 in Cl(R).
Thus, R is a UFD if and only if Cl(R) = 0.

(iv) The elements of Cl(R) are in bijective correspondence with isomorphism
classes of pure height 1 ideals considered as R-modules, where the inverse
of the element represented by div(I) is given by div(J), where J is a pure
height 1 ideal such that

J ∼= HomR(I,R).

In fact, if g ∈ I − {0}, then one can take J = (gR :R I).

Proof. We first show (i) and (ii). First, I = J if and only if div(I) = div(J) since
for pure height 1 ideals, the associated divisor completely determines the primary
decomposition of the ideal as in (9.3.2). For (i), we consider the short exact sequence

0 −→ R/I
f ·−→ R/fI −→ R/fR −→ 0.

Injectivity on the left holds by the fact that R
f ·−→ R→ R/fI has kernel equal to I

by the assumption that R is a domain. We obtain the inclusion

AssR(R/fI) ⊆ AssR(R/I) ∪AssR(R/fR).

and hence R/fI is also of pure height 1. The equality

div(fI) = div(f) + div(I)

can be checked after localizing at each height one prime ideal Q (this uses Proposi-
tion 8.8.5, which says that primary decompositions localize well), in which case we
reduce to the DVR case, which holds since every ideal is a power of the (principal)
maximal ideal.

We now prove the second statement in (ii). By (i), we know that

div(fg) = div(f) + div(g)

for all f, g ∈ R− {0}, and hence

Z ·
{
div(f)

∣∣ f ∈ R− {0}} =
{
div(g)− div(f)

∣∣ f, g ∈ R− {0}}.
Thus, if the images of div(I) and div(J) are equal in Cl(R), then

div(I)− div(J) = div(g)− div(f),
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and hence div(fI) = div(gJ) and fI = gJ . For the last statement, we first note
that fI = gJ implies that I and J are isomorphic as R-modules since R is a domain.
For the converse, suppose

θ : I
∼−→ J

is an isomorphism of R-modules (we do not need that I and J are of pure height
1 here). By Problem 4 on Homework 8, θ is of the form θ(x) = (f/g)x for some
f/g ∈ Frac(R). This yields that (f/g)I = J , and hence fI = gJ .

For (iii), the first statement follows by setting J = R in (ii). For the second
statement, it suffices to show that R is a UFD if and only if every height 1 prime is
principal. We saw the direction ⇒ in Lemma 5.5.3. For the converse, it suffices to
show that every irreducible element f ∈ R − {0} is prime. Every minimal prime
P of (f) is of height 1 by Krull’s Principal Ideal Theorem 8.12.1, and is therefore
principal: P = (g). Then, f = ug for some u ∈ R, which must be a unit by the
irreducibility of f . We therefore see that (f) = P , which shows that R is a UFD.

It remains to show the description of the inverse in (iv), since the first part
follows from (ii) and the fact that inverses are also divisors of ideals. Fix a nonzero
ideal I and fix an element g ∈ I −{0}. In Homework 8, Problem 4, you showed that

HomR(I,R) =
{
f/g ∈ Frac(R)

∣∣ (f/g)I ⊆ R}
where f is the image of g in R. An element f ∈ R is contained in the right-hand
side if and only if fI ⊆ gR, and hence the set on the right-hand side is equal to

(gR :R I) =
{
f ∈ R

∣∣ fI ⊆ gR}.
We will show that setting J = (gR :R I), the ideal J has pure height 1 (even if I
does not), and that if I has pure height 1, then

div(J) + div(I) = div(g),

which would show that div(J) = − div(I) in Cl(R).
Suppose R/J has an associated prime P of height at least 2. We localize at

P to assume that every element not in P is a unit. The condition for P to be an
associated prime of R/J is that there is an element u /∈ J such that that Pu ⊆ J .
In terms of the definition of J , there exists an element u ∈ R such that uI ̸⊆ gR,
but such that PuI ⊆ gR. Choose r ∈ I such that ur /∈ gR. Then, Pur ⊆ gR, and
since every element not in P is a unit, this shows that P is an associated prime of
R/(g), contradicting Krull’s criterion for normality (Theorem 9.2.3).

We now show that if I is of pure height 1, then

div(J) + div(I) = div(g).

It suffices to show that the coefficients of each height 1 prime P in div(I) and div(J)
add up to the coefficient of P in div(g). It suffices to check this after localizing at
P . After localization, if x generates the maximal ideal in RP , we have I = (xm)
and (g) = (xm+n) where m,n ∈ N. Since the formation of colon ideals commutes
with localization (Proposition 7.13.3), we see that

J =
(
(xm+n) :R (xn)

)
= (xm). □

Example 9.3.5. It is hard to give explicit computations of divisor class groups,
but we do know that they measure how far a normal domain is from being a UFD.
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The ring Z[
√
−5] is not a UFD since

6 = 2 · 3 = (1 +
√
−5)(1−

√
−5).

Assuming it is a Dedekind domain, there is therefore a prime ideal of height 1 that
is not principal. The ideal (2, 1 +

√
−5) is one of these.

An important consequence of our discussion for Dedekind domains is the follow-
ing:

Theorem 9.3.6 (Main theorem of classical ideal theory). Let R be a Dedekind [AK21, (24.10)]
[Hoc17, p. 142]domain. Then, every nonzero ideal I has a unique factorization

I =
∏
P

P vP (I),

into primes P , where vP (I) is the integer kP such that IP = P kPRP .

In other words, while there is no unique factorization into products of irreducible
elements, there is still unique factorization of ideals into products of prime ideals!

Proof. Every nonzero ideal in R is of pure height 1. Thus, I has an irredundant
primary decomposition of the form

I = P
(vP1

(I))
1 ∩ P (vP2

(I))
2 ∩ · · · ∩ P (vPn (I))

n .

Now P (k) = P k since symbolic powers of maximal ideals coincide with usual
powers (powers of maximal ideals are already P -primary by Proposition 8.2.6(i),
and use the correspondence in Proposition 8.2.6(ii)). Now the fact that we can
replace intersections with products is a consequence of the Chinese Remainder
Theorem 4.5.5. □

Computing the class group is difficult, even for Dedekind domains, and is one
important aspect of algebraic number theory. One reason to think that computing
class groups would be difficult is the following result of Claborn:

Theorem 9.3.7 [Cla66, Theorem 7]. Every Abelian group is the divisor class
group of a Dedekind domain.

Moreover, Leedham-Green showed that one can construct such a Dedekind
domain using a geometric construction using affine plane curves [LG72], and Rosen
gave a more number-theoretic construction [Ros73; Ros76].

Before we move on to the next topic, we give one example from algebraic
geometry.

Example 9.3.8. Let k be a field, and consider [Har77, Ch. II, Ex.
6.5.2]

R =
k[x, y, z]

(xy − z2) .

This is the coordinate ring of an affine quadric cone in k2. If k = R, you can
visualize this as a cone in R2 in (almost) the usual sense.

Consider a ruling of the cone given by the line y = z = 0, corresponding to
the prime ideal P = (y, z). We claim this gives a nonzero element in Cl(R), such
that 2 · div(P ) = 0. The ideal P is not principal since at the origin m = (x, y, z),
the vector space m/m2 is three-dimensional over k, and the image of P = (y, z) in
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m/m2 is at least two-dimensional. Now to show that 2 · div(P ) = 0, we claim that
2 · div(P ) = div(y). Since

R

(y)
∼= k[x, z]

(z2)

has only one associated prime (y, z), we see that in an irredundant primary decom-
position for (y), the only prime that can show up is P . It remains to identify what
symbolic power of P should be equal to (y). We claim that P (2) = (y). First, we
note that in RP , the maximal ideal is (y, z). But x /∈ (y, z), and hence x−1 ∈ RP ,
which gives y = x−1z2. Thus, the maximal ideal in RP is generated by (z). We
then have

P 2RP = (z2) = (x−1z2) = (y),

and hence (y) = P (2).

This is connected to the following:

Conjecture 9.3.9 (Eisenbud–Mazur [EM97, p. 190]). Let

P ⊆ CJx1, x2, . . . , xnK

be a prime ideal, and set m = (x1, x2, . . . , xn). Is it true that P (2) ⊆ mP?

In other words, the peculiarities in the example above should not occur for regular
local rings containing the complex numbers (or any other field of characteristic
zero).

Remark 9.3.10. The Eisenbud–Mazur Conjecture 9.3.9 is sometimes false for
regular local rings of positive characteristic [EM97, p. 190] and for regular local
rings not containing a field [KR00, Remark 3.3(b)].

9.4. More on normal domains

We will prove a few more results about normal domains before discussing the11/20
classification of modules over a Dedekind domain. We start with the following result,
which Vakil calls the algebraic Hartogs’s lemma [Vak, (13.5.1)].

Theorem 9.4.1 (Algebraic Hartogs’s lemma). A Noetherian domain R is normal[AK21, (23.18)]
[Rei95, p. 121]
[Hoc17, p. 143]

if and only if it is the intersection of DVRs in the fraction field K of R. In this
case, the DVRs may be taken to be its localizations at height 1 primes, i.e.,

R =
⋂

ht(P )=1

RP .

Proof. As a DVR is normal, an intersection of DVRs is normal, showing ⇐. Thus,
it suffices to show that a normal Noetherian domain is the intersection of its
localizations at height 1 primes. Since R is a domain, R is contained in this
intersection, and hence it suffices to show the converse. Let f = a/x ∈ Frac(R) be
a fraction in this intersection and suppose it does not lie in R. Consider the module

M =
R+R(a/x)

R

which is nonzero. Then, a/x has some nonzero multiple b/x with prime annihilator
P modulo R. We replace R by RP . Then, b/x /∈ R but P (b/x) ⊆ R, which says that
b /∈ xR but Pb ⊆ xR. This implies that P ∈ AssR(R/(x)) because P = AnnR(b̄),
where b̄ is the image of b in R/(x). Since R is normal, we see that P is a height
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1 prime and R is a DVR. But then, b/x ∈ R since b/x was chosen to be in the
localization of R at all height 1 primes, a contradiction. □

We also show:

Theorem 9.4.2. A polynomial ring (even in infinitely many variables) over a [Hoc17, p. 143]
normal Noetherian domain is normal.

Proof. A union of normal domains is normal, since an element α in the fraction field
integral over the union will be in the fraction field of one of these domains, and will
be integral over one of them. But then, some domain D in the family contains both
of these, and since D is normal, α is integral over D and is in the fraction field of
D, and so must be in D.

It therefore suffices to consider the case of finitely many variables. By induction,
we can also reduce to the case of one variable. Since the ring R is the intersection of
DVRs V ⊆ Frac(R), it follows that R[x] is the intersection of rings V [x] ⊆ Frac(R)[x].
Since every V [x] is a UFD, it is normal. Thus, R[x] is normal. □

Remark 9.4.3. The same proof works for formal power series in finitely many [Hoc17, p. 143]
variables, provided one shows that V JxK is a UFD. One proof of this uses the theory
of regular local rings. For non-Noetherian rings, the polynomial case is still true,
but the formal power series case is false in general.

9.5. Noetherianity of integral closures

We now come to an important missing piece of the puzzle in our discussion of
Dedekind domains.

Question 9.5.1. Let R be a Noetherian domain and let K = Frac(R). Is the
normalization of R in K or a finite field extension K ⊆ L still Noetherian?

The answer is no in general, but here are some cases when it is true:

(1) When R is normal and K ⊆ L is separable. Since separability is auto-
matic when char(k) = 0, this implies that rings of algebraic integers are
Noetherian.

(2) When R is finitely generated as an algebra over a field.

In these cases, the integral closure of R is in fact module-finite. This leads to the
following:

Definition 9.5.2 [Mat80, (31.A)]. A domain R with fraction field K is N-1 if
the integral closure of R in K is module-finite, and is N-2 if the integral closure of
R in L is module-finite for every finite field field extension K ⊆ L.

The terminology in [EGAIV1, 0, Définition 23.1] is Japanese. There are
Noetherian domains that are not N-1, so you should think of Noetherian N-1
domains as a particular subclass of rings that gets rid of pathologies. In practice,
most Noetherian domains one encounters in number theory and algebraic geometry
are in fact N-1.

Theorem 9.5.3. Let R be a normal Noetherian domain and let L be a finite [AK21, (24.17)]
[Rei95, p. 122]
[Hoc17, p. 144]

separable extension of K = Frac(R). Then, the integral closure S of R in L is
module-finite over R, and hence, is a normal Noetherian domain.

We will use the following fact from field theory:
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Lemma 9.5.4. Let K ⊆ L be a finite field extension. Then, the following are [AK21, (24.15)]
[Rei95, p. 125]
[Hoc17, p. 147]

equivalent:

(i) K ⊆ L is separable.
(ii) The minimal polynomial of any element of L over K has no repeated roots.
(iii) The trace map TrL/K : L→ K is not identically zero, in which case

L× L −→ K

(ℓ1, ℓ2) 7−→ Tr(ℓ1ℓ2)

is a nondegenerate bilinear form.

The plan is to prove consequences of Lemma 9.5.4 to integral closure for now,
and then go back and prove Lemma 9.5.4. In (iii), the trace of ℓ ∈ L is the trace of
the K-vector space map ℓ · − : L→ L.

We start with the following important result.

Theorem 9.5.5. Let R be a normal domain with fraction field K and let L be[AK21, (24.16)]
[Rei95, p. 123]
[Hoc17, p. 144]

a finite extension of K. Let s ∈ L be integral over R. Then, multiplication by s
defines a K-linear map L→ L. The coefficients of the characteristic polynomial of
this K-linear map are in R. In particular,

TrL/K(s) ∈ R.
Proof. We first consider the case when L = K[s]. By a preliminary result to Going
Down (Proposition 4.7.3), we know that the minimal polynomial f for s in fact
has coefficients in R. Suppose that f has degree d. Then, [L : K] = d, and the
characteristic polynomial for the matrix defined by multiplication by s has degree d
as well. Since the matrix satisfies this characteristic polynomial, so does s. Thus,
the characteristic polynomial is equal to the minimal polynomial of s over K, and
hence has coefficients in R.

In the general case, write L0 = K[s] ⊆ L, let v1, . . . , vd be a basis for L0 over K,
and let w1, . . . , wh be a basis for L over L0. Let A be the matrix of multiplication
by s on L0 with respect to the basis v1, . . . , vd. Then, the span of v1wj , . . . , vdwj is
a L0 · wj and is stable under multiplication by s. We therefore see that the matrix
of multiplication by s with respect to the basis

v1w1, v2w1, . . . , vdw1, . . . , v1wh, v2w1, . . . , vdwh

is the direct sum of h copies of A, and its characteristic polynomial is fh. We
already know from the previous paragraph that it has coefficients in R. □

One consequence of Theorem 9.5.5 is Hochster’s direct summand conjecture
for Q-algebras. Hochster’s direct summand conjecture [Hoc73a, §0] says that if
R is regular and R ⊆ S is module-finite, then the map R → S has an R-linear
retraction, in short, R is a direct summand of S. Hochster proved his direct summand
conjecture for all regular rings containing a field [Hoc73a, Theorem 2]. Until fairly
recently, the direct summand conjecture was only known in dimensions ≤ 3 in
mixed characteristic. This case is due to Heitmann [Hei02]. The direct summand
conjecture was shown in general by André [And18] using perfectoid spaces.

Corollary 9.5.6 [Hoc73a, Lemma 2]. Let R be a normal domain that contains
Q, and let S be a module-finite extension of R. Then, R is a direct summand of S
as an R-module. Hence, for every ideal I ⊆ R, we have IS ∩R = I.
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Proof. Since R− {0} is multiplicative, there is a prime ideal P ⊆ S disjoint from
R − {0}. Thus, R ↪→ S/P , which is still module-finite over R. It then suffices to
show that R→ S/P splits since the splitting ϕ composed with S→→ S/P would be
a splitting of R→ S. Thus, we have reduced to the case when S is a module-finite
extension domain of R.

Let K = Frac(R) and L = Frac(S) and let n = [L : K]. Then, (1/n)TrL/K
when restricted to S takes values in R by Theorem 9.5.5, is R-linear, and is a
splitting. □

Proof of Theorem 9.5.3. We proceed in a sequence of steps.

Step 1. Find x1, x2, . . . , xn ∈ S that are a K-basis for L.

Let x̃1, x̃2, . . . , x̃n be any K-basis for L. Each x̃i can be written as a fraction
with denominator in S. By a step in our proof of Incomparability (Theorem 4.3.4(i)),
we know that we can multiply the numerator and denominator by s/s for some
s ∈ S − {0} so that the denominator lies in R. Clearing denominators (which now
lie in K), we have xi = bix̃i ∈ S for some bi ∈ R, which form a K-basis for L.

Step 2. We have D = det(TrL/K(xixj)) ∈ R and

DS ⊆
∑
i

R · xi.

Thus, S is module-finite and Noetherian over R.

The fact that D ∈ R follows from Theorem 9.5.5, since all terms in the matrix
are in R. The last statement then follows from the first two since

S
∼−→ DS

s 7−→ Ds

is an isomorphism of R-modules.
It remains to show that DS ⊆∑iR · xi. Let s ∈ S. Then, s ∈ L and hence can

be written as α1x1 + · · · + αnxn. We may then multiply by xi ∈ S and take the
trace of both sides to obtain

ri := TrL/K(sxi) =

n∑
j=1

αj TrL/K(xixj) ∈ R.

Let W be the column vector with entries ri, and let V be the column vector with
entries αj . Then, W = AV , where A = [TrL/K(xixj)]i,j and W have entries in R.
Let B be the classical adjoint of A, i.e., the transpose of the matrix of cofactors.
Then, B also has entries in R, and BA = D · In. It follows that

BW = BAV = DV,

and hence each Dαj is in R. But then,

Ds = (Dα1)x1 + · · ·+ (Dαn)xn ∈
∑
i

R · xi,

as required. □

Corollary 9.5.7. Let D be any Dedekind domain whose fraction field K is [AK21, (24.18)]
[Rei95, p. 122]
[Hoc17, p. 145]

of characteristic zero, such as the integers. Let L be a finite algebraic extension of
K. Then, the integral closure of D in L is module-finite over K, and hence is a
Dedekind domain.
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Proof. By Theorem 9.5.3, the only thing remaining to check is that the dimension
of the integral closure is 1. But this follows from the fact that integral extensions
preserve dimension (Corollary 4.4.2). □

We now show that integral closures of finitely generated algebras over fields are11/22
Noetherian.

Corollary 9.5.8. Let R be a domain finitely generated as an algebra over a[AK21, (24.10)]
[Rei95, p. 122]
[Mat89, pp. 261–263]

field k. Let L be a finite algebraic extension of K = Frac(R). Then, the integral
closure S of R in L is module-finite over R, and is therefore Noetherian.

Proof. Consider a Noether normalization

k ⊆ k[y1, . . . , yr] ⊆ R
for R. Then, S is the integral closure of A = k[y1, . . . , yr] in L. Set K

′ = Frac(A) =
k(y1, . . . , yr), in which case L is a finite algebraic extension of K ′. If this extension
is separable, then S is module-finite over A by Theorem 9.5.3.

Otherwise, suppose that L is inseparable over K ′, and let p = char(K). We
consider the normal closure L′ of L/K ′. This field can be described as the split-
ting field of a set of minimal polynomials for generators of L/K ′, and by [Jac89,
Proposition 8.14], we have the diagram

L′

L L′′

K ′

sep.

purely insep.

of field extensions. It therefore suffices to show that the integral closure AL′′ of A
in L′′ is finite over A, since then we would have a diagram

AL′

AL AL′′

A

mod.-fin.

mod.-fin.

of integral closures of A in larger and larger fields where AL′ is module-finite
over AL′′ by Theorem 9.5.3, which shows that AL′ is module-finite over A, and
hence AL is module-finite over A by the Noetherianity of AL′ as an A-module
(Proposition 6.2.7).

Since L′′ is a finite purely inseparable extension of K ′, it is contained in a field
L0 that is obtained by adjoining to K ′ the q-th roots of a finite number of elements
a1, . . . , as of k and also the q-th roots of y1, . . . , yr, where q is a sufficiently large
power of p by [Jac89, Proposition 8.13]. Then, the integral closure of A in L0 is

AL0
= k′[y

1/q
1 , . . . , y1/qr ],

where k′ = k(a
1/q
1 , . . . , a

1/q
s ), and this ring is module-finite over A since it is generated

by ℓ-th powers of the elements a
1/q
j and y

1/q
i , where 1 ≤ ℓ < q. Since the integral

closure AL′′ of A in L′′ is contained in the integral closure AL0
of A in L0, we
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see that AL′′ is module-finite over A by the Noetherianity of AL0
as an A-module

(Proposition 6.2.7). □

9.6. Classification of modules over a Dedekind domain
(not covered in class)

We want to classify modules over a Dedekind domain, analogously to what one
can do over a PID.

Theorem 9.6.1. Let R be a Dedekind domain and let M be a finitely generated [Hoc17, pp. 149–150]
R-module.

(a) If M is torsion-free, then it is projective. In particular, every ideal of R is
projective. The product IJ of two ideals I, J ⊆ R satisfies

IJ ∼= I ⊗R J
as R-modules, and hence its isomorphism class as an R-module depends
only on the isomorphism classes of I and J as R-modules.

(b) Given finitely many maximal ideals

P1, P2, . . . , Pk ⊆ R
and an ideal I ̸= 0, the ideal I is isomorphic to an ideal not contained in
any of the Pi.

(c) M is a direct sum of a torsion module and a torsion-free module. The
torsion submodule N is unique and may be viewed as a module over
the localization of R along the complement of the union of finitely many
maximal ideals in its support. This localization is a PID, and hence applying
the classification of finitely generated modules over a PID, N is a direct
sum of cyclic modules. The torsion-free summand of M is isomorphic to
M/N .

(d) If I, J ⊆ R are nonzero ideals, then

I ⊕ J ∼= I ∩ J ⊕ (I + J) ∼= IJ ⊕R
as R-modules. If I1, I2, . . . , In ⊆ R are nonzero ideals, then

I1 ⊕ I2 ⊕ · · · ⊕ In ∼= (I1I2 · · · In)⊕R⊕(n−1)

as R-modules.
(e) Any finitely generated torsion-free R-module M is the direct sum of a

free R-module R⊕(n−1) and an ideal I ⊆ R. The integer n is uniquely
determined, and I is uniquely determined up to isomorphism as an R-
module.

Proof. (a). The localizations of R at maximal ideals are DVRs, and every finitely
generated torsion-free module over a DVR is free by the classification of finitely
generated modules over a PID [DF04, §12.1, Theorem 5(2)]. Since projective is
equivalent to locally free by Corollary 7.10.3, we see that M is projective.

Now consider two ideals I, J ⊆ R. Tensoring the injection J ⊆ R by I, we have
an injection

I ⊗R J ↪−→ I ⊗R R ∼= I

which is injective since I is projective and hence flat by Corollary 7.10.3. The image
of this injection is IJ .
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(b). Consider the multiplicative set

W = R− (P1 ∪ P2 ∪ · · · ∪ Pk).
Since W−1R is semi-local, W−1R is a PID by Homework 11, Problem 4(b). We
therefore se that

IW−1R = bW−1R

for some b ∈ I. Thus, there exists w ∈W such that

wI ⊆ bR ⊆ I.
Dividing by b, we see that J = (w/b)I ⊆ R is isomorphic to I as an R-module.

It remains to show that J ̸⊆ Pi for all i. By way of contradiction, suppose that
J ⊆ Pi for some i. Then, we have wI ⊆ bPi. Since w /∈ Pi, we know that w becomes
a unit after localizing at Pi. Thus, localizing at Pi, we have

bRPi
= IRPi

⊆ bPiRPi
.

Dividing by b, we obtain RPi ⊆ PiRPi , a contradiction.

(c). The torsion submodule N consists of all torsion elements in M , and is
therefore unique. The quotient module M/N is torsion-free, since if an element
m̄ ∈M/N is torsion, then rm̄ = 0 for some r ∈ R, which implies that rm ∈ N and
hence m ∈ N . By (a), we therefore see that M/N is projective, and hence

0 −→ N −→M −→M/N −→ 0

is a split short exact sequence.
Now choose a finite set of generators for N . Each generator has a nonzero

annihilator, and hence N also has a nonzero annihilator AnnR(N). Letting I =
AnnR(N), we may viewN as a module over R/I, which is a 0-dimensional Noetherian
ring. The maximal ideals of R/I are the images of finitely many maximal ideals

P1, P2, . . . , Pk ⊆ R.
Any element not in P1 ∪P2 ∪ · · · ∪Pk acts as a unit on N , and hence N is a module
over the localization of R at R − (P1 ∪ P2 ∪ · · · ∪ Pk). We conclude that N is a
direct sum of cyclic modules by the classification of finitely generated modules over
a PID [DF04, §12.1, Theorem 5(1)].

(d). We have the short exact sequence

0 −→ I ∩ J
[
1
1

]
−−−→ I ⊕ J [1−1]−−−→ I + J −→ 0.

Since I + J is projective by (a), this short exact sequence splits, which shows that
I ⊕ J ∼= (I ∩ J)⊕ (I + J). By (b), we can find an ideal I ′ ⊆ R such that I ∼= I ′ as
R-modules, but such that I ′ is not contained in any of the finitely many minimal
primes of J . Thus, we see that I ′ and J are comaximal, i.e., I ′ + J = R, and hence
I ′ ∩ J = I ′J by the Chinese Remainder Theorem 4.5.5. We therefore have

I ⊕ J ∼= I ′ ⊕ J
∼= (I ′ ∩ J)⊕ (I ′ + J)

= I ′J ⊕R
∼= (I ′ ⊗R J)⊕R
∼= IJ ⊕R.

The result for finitely many ideals now follows by induction on n ≥ 2.
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(e). Let K = Frac(R). Then, K ⊗R M ∼= K⊕n, and hence we can choose a
nonzero map K ⊗RM→→ K. This map is an element of

HomK(K ⊗RM,K ⊗R R) ∼= K ⊗R HomR(M,R)

by the fact that Hom commutes with flat base change (Proposition 7.7.4). We
therefore obtain a nonzero R-linear map f : M → R. Let I = f(M), which is an
ideal of R. By (a), we know that I is projective. The map M→→ I therefore splits,
and hence M ∼= M0 ⊕ I where M0 = ker(M→→ I). Iterating, we see that M is a
direct sum of ideals I1 ⊕ I2 ⊕ · · · ⊕ In. By (d), we know that

I1 ⊕ I2 ⊕ · · · ⊕ In ∼= R⊕(n−1) ⊕ (I1I2 · · · In).
The integer n is the torsion-free rank of M , i.e., the K-vector space dimension of
K ⊗RM .

It remains to show that the R-module isomorphism class of the ideal I1I2 · · · In
is unique. This follows from Lemma 9.6.2 below. □

Lemma 9.6.2. Let R be a Noetherian ring and let P, P ′ be finitely generated [Hoc17, p. 151]
R-modules that are locally free of rank 1. Suppose that

M = R⊕(n−1) ⊕ P ∼= R⊕(n−1) ⊕ P ′.

Then, P ∼= P ′.

Proof. Taking exterior powers, we obtain

P ∼=
n∧
R
M ∼= P ′. □





CHAPTER 10

Completions

The last topic that will appear on the final exam is completions.

10.1. Motivation

We saw already how localization can tell us “local” information on an algebraic
set. For example, denoting by k a field of characteristic ̸= 2, the ring

k[x, y]

(y2 − x2(x+ 1))

is a domain, but you saw on homework that

kJx, yK
(y2 − x2(x+ 1))

is not. This is because formal power series are able to see some extra “analytic”
phenomena.

These two rings are connected by a process called completion. Our goal in this
chapter will be to introduce this concept and see how it affects properties of rings
and modules.

10.2. Direct limits and inverse limits

Completions will be defined as a special case of an inverse limit. To help us
think about limits, we start by defining direct limits and inverse limits and giving
some examples.

Definition 10.2.1 (Filtered partially ordered set). A partially ordered set (I,≤) [Hoc17, p. 153]
is filtered or directed if, for any two elements i, j ∈ Λ, there exists k ∈ Λ with i ≤ k
and j ≤ k. In other words, any two elements of I have an upper bound in a filtered
partially ordered set.

Examples 10.2.2. Here are examples of filtered partially ordered sets. [Hoc17, p. 153]

(1) Totally ordered sets, for example, the natural numbers N and the positive
integers.

(2) Finite subsets of a given set under ⊆.
(3) Finitely generated R-submodules of an R-module under ⊆.
(4) Finitely generated R-subalgebras of an R-algebra under ⊆.
(5) Open neighborhoods of a point x ∈ X, where X is a topological space,

under ⊇.

We now define direct systems and direct limits.
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Definition 10.2.3 (Direct system). Let (I,≤) be a partially ordered set. A [Hoc17, p. 153]
direct system or direct limit system indexed by I in a category C is a functor I → C
where I is considered as a category as in Example 2.1.2(6). Explicitly, for every
element i ∈ I, we have an object Xi in C, and for all pairs i, j ∈ I, we have a
morphism

fij : Xi −→ Xj

such that

(1) fii = idXi
for every i ∈ I.

(2) Whenever i ≤ j ≤ k, we have fik = fjk ◦ fij .
If I is filtered, we say that the direct system is a filtered direct system.

Definition 10.2.4 (Direct limit). Let {Xi, fij} be a direct system of objects[Hoc17, p. 153]
[Lan02, Thm.
III.10.1]

and morphisms in a category C. The direct limit of the system {Xi, fij} is an object
of C denoted by lim−→Xi with insertion morphisms {φi : Xi → lim−→Xi} such that
φj ◦ fij = φi for all i ≤ j. Moreover, if Y ∈ C is another object with morphisms
{ψi : Xi → Y } such that ψj ◦ fij = ψi for all i ≤ j, then there is a unique morphism
u : lim−→Xi → Y making the following diagram commute:

Xi Xj

lim−→i
Xi

Y

fij

φi

ψi

φj

ψj

u

If the direct system is filtered, we call the direct limit a filtered direct limit.

Examples 10.2.5. Let C be the category of sets, groups, Abelian groups, rings,
R-modules, or R-algebras. (The examples below will work for any category where
the objects have an underlying set and a morphism is a function possibly satisfying
additional conditions.)

(1) Let Z be a fixed object in C and let {Xi} be a filtered set of subobjects of[Hoc17, p. 154]
Z, partially ordered by inclusion. Then, the direct limit of the Xi is the
union of these subobjects, and is called the filtered union.

(2) Let {Xi, fij} be a filtered direct system of objects and morphisms in C.[Hoc17, p. 154]
[AK21, (7.4)] Then, the filtered direct limit exists and can be constructed as

lim−→
i

Xi :=
⊔
i

Xi

/
fij(x) ∼ x for all i ≤ j.

If C is the category of Abelian groups or R-modules, then the direct limit
exists and can be constructed as

lim−→
i

Xi :=
⊕
i

Xi

/(
fij(x)− x

)
i≤j

where (fij(x)−x)i≤j is the subobject generated by the elements fij(x)−x.
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For the next example, we need the universal property of localization of modules,
which we did not state explicitly before.

Theorem 10.2.6. Let R be a ring and consider a multiplicative set W ⊆ R. Let [AK21, (12.3)]
φ : M → T be an R-module map such that T is an W−1R-module. Then, there is a
unique R-module map φ̃ : W−1M → T making the diagram

M W−1M

T

ℓW

φ
∃!

commute. In other words, W−1M represents the functor

ModW−1R −→ Sets

T 7−→ HomR(M,T ).

Proof. We have the isomorphisms of functors

HomW−1R(W
−1M,−) ∼−→ HomW−1R(W

−1R⊗RM,−)
∼−→ HomR

(
M,HomW−1R(W

−1R,−)
)

∼←− HomR(M,−)

by Proposition 7.4.5, tensor–Hom adjunction (Theorem 7.6.1), and the isomorphism
of functors

idModW−1R

∼−→ HomW−1R(W
−1R,−).

Alternatively, see [AK21, (12.3)] for a direct proof. □

We now give an important example of a direct limit.

Example 10.2.7 (Principal localization as a direct limit). For a specific example, [EGAI, (0, 1.6)]
[EGAInew, (0, 6.2)]let R be a ring and let f ∈ R be an element. Consider the direct system containing

all compositions of maps appearing in the sequence

M
f ·−−−→M

f ·−−−→M
f ·−−−→ · · ·

of R-modules. Denoting by Mi the i-th term of this direct system where i ∈ N =
{0, 1, 2 . . .}, the transition maps are

fij : Mi
fj−i·−−−−−→Mj

for all i ≤ j. If we think about the direct limit as

lim−→
i

Mi
∼=
⊕
i

Mi

/(
fij(x)− x

)
i≤j ,

we can give lim−→Mi the structure of a Rf -module by saying that

r

f j
· m̄i = fij(rmi)

where m̄i is the image of mi ∈Mi in lim−→Mi.
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We now consider the commutative diagram

M lim−→Mi

T

∃!ψ

for an Rf -module T . We must show that a dashed map of Rf -modules exists that
is the unique map making the diagram commute. We enlarge the commutative
diagram to include the direct system {Mi}:

M0 Mi Mj

lim−→Mi

T

fi·−

φ0

ψ0

fj−i·−

φi φj

∃!ψ

Now for each mi ∈Mi, we can map it to an element of T by sending

ψi : Mi T

mi
ψ0(mi)

f i
.

This is an R-module map since it is (f−i · −) ◦ψ0 and commutes with the transition
maps in the direct system {Mi}:

M0 Mi Mj

lim−→Mi

T

fi·−

ψ0

fj−i·−

φi

ψi

φj

ψj

∃!ψ

φ0

By the universal property of direct limits, the dashed map ψ : lim−→Mi → T exists
and is the unique map making the diagram commute.

Finally, we check that the map ψ is a map of Rf -moules. If m̄i is the image of
mi ∈Mi in lim−→Mi, we have

ψ

(
r

f j
· m̄i

)
= ψj

(
fij(rmi)

)
=
ψ0(rmi)

f j
=

r

f j
· ψ(m̄i).

Thus, Mf is the direct limit of the direct system {Mi} by the Yoneda Lemma 4.6.1.

Next, we define inverse systems and inverse limits.

Definition 10.2.8 (Inverse system). Let (I,≤) be a partially ordered set. An[Hoc17, p. 155]
inverse system or inverse limit system indexed by I in a category C is a functor
Iop → C where I is considered as a category as in Example 2.1.2(6). Explicitly, for
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every element i ∈ I, we have an object Xi in C, and for all pairs i, j ∈ I, we have a
morphism

fij : Xj −→ Xi

such that

(1) fii = idXi
for every i ∈ I.

(2) Whenever i ≤ j ≤ k, we have fik = fij ◦ fjk.
If I is filtered, we say the inverse system is a cofiltered inverse system.

Definition 10.2.9 (Inverse limit). Let {Xi, fij} be a inverse system of objects 11/25

[Hoc17, p. 155]and morphisms in a category C. The inverse limit of the system {Xi, fij} is an object
of C denoted by lim←−Xi with morphisms {πi : lim←−Xi → Xi} such that fij ◦ πj = πi
for all i ≤ j. Moreover, if Y is another object with morphisms {ψi : Y → Xi} such
that fij ◦ ψj = ψi for all i ≤ j, then there is a unique morphism u : Y → lim←−Xi

making the following diagram commute:

Y

lim←−iXi

Xj Xi

u

ψj ψi

πj πi

fij

If I is filtered, we say the inverse limit is a cofiltered inverse limit.

Example 10.2.10. Let C be the category of sets, Abelian groups, rings, R- [Hoc17, pp. 155–156]
modules, or R-algebras. The inverse limit exists and can be constructed as

lim←−
i

Xi :=

{
(x1, x2, . . .) ∈

∏
i

Xi

∣∣∣∣ fij(xj) = xi for all i ≤ j
}
.

10.3. Completions of rings and modules

Our goal now is to define completions topologically and to describe it as an
inverse limit. The construction might look familiar to you as being similar to the
construction of real numbers as equivalence classes of Cauchy sequences of rational
numbers.

Definition 10.3.1. Let R be a ring and let I ⊆ R be an ideal. Let M be an [Hoc17, p. 156, pp.
158–159]R-module. Consider the set of all sequences of elements in M indexed by N under

termwise addition. This ring is the same as a direct product of countably many
copies of M .

The R-submodule CI(M) of Cauchy sequences for the I-adic topology consists
of those sequences m0,m1, . . . such that for all t ∈ N, there exists N ∈ N such that
mi −mj ∈ ItM for all i, j ≥ N . There is a map

M −→ CI(M)

m 7−→ (m,m, . . .).
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If M = R, the module CI(M) is an R-algebra by defining multiplication termwise
and using the map

R −→ CI(R)

r 7−→ (r, r, . . .)

to define the R-algebra structure.
Let C0

I(M) be the set of null sequences, which by definition consists of those
sequencesm0,m1, . . . such that for all t ∈ N, there existsN ∈ N such thatmi ∈ ItM
for all i ≥ N . Then, C0

I(M) is an ideal in CI(M), and we can define the I-adic
completion of M as

M̂ I :=
CI(M)

C0
I(M)

.

This is the same as taking the quotient of CI(M) by the equivalence relation where
(mi)i∈N ∼ (ni)i∈N if and only if for every t ∈ N, we have mi − ni ∈ ItM for

sufficiently large i. Since C0
I(R)CI(M) ⊆ C0

I(M), the module M̂ I has the structure

of an R̂I -module.
We have a map

M −→ M̂ I ,

which has kernel
⋂
t∈N ItM . We say that M is I-adically separated if M → M̂ I

is injective. We say that M is I-adically complete if M → M̂ I is an isomorphism.
Note that M is I-adically separated if and only if every Cauchy sequence is the sum
of a constant sequence r, r, . . . and a null sequence.

Example 10.3.2. Note that[AM69, Cor. 10.18]

ker
(
R −→ R̂I

)
=
⋂
t∈N

It.

On Homework 11, Problem 1(f), you showed that if R is a Noetherian domain and
I is a proper ideal, then

⋂
t I
t = 0. Thus, in this case R is I-adically separated.

Remark 10.3.3 (Connection to Cauchy completion of metric spaces). Let M[Hoc17, pp. 157–158]
be an I-adically separated module. Fix a real number δ ∈ (0, 1). We define the
distance d(m,n) between two elements m,n ∈M as

d(m,n) :=

{
δmax{t|m−n∈ItM} if m ̸= n,

0 if m = n.

This is a metric on M : The triangle inequality holds for ℓ,m, n if any two elements
are equal, and otherwise, if ℓ−m ∈ Is,m− n ∈ It, n− ℓ ∈ Iu, then since

n− ℓ = −(ℓ−m)− (m− n),
we know that u ≥ min{s, t} with equality unless s = t. Thus, the notion of
completion we have defined is literally the same as the one from analysis.

By construction, for any element of CI(M), we can consider the residue modulo
ItM for a given t. By the definition of a Cauchy sequence, these residues are
eventually all the same. By taking these residues, we obtain a map

CI(M) M/ItM

(m0,m1, . . .) stable image of the mi
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that kills C0(M). Thus, for all t, we have surjections

M̂ I−→−→M/ItM.

By the universal property of inverse limits in the category of R-modules, we have
an R-module map

M̂ I −→ lim←−
t

M/ItM.

Similarly, if M = R, we have a map of R-algebras

R̂I −→ lim←−
t

R/It.

Theorem 10.3.4. Let R be a ring and let I be an ideal. Let M be an R-module. [Hoc17, p. 157]
Then, the map

M̂ I −→ lim←−
t

M/ItM

of R-modules induced by the universal property of inverse limits is a bijection.

Proof. For surjectivity, suppose we have a sequence (mi)i∈N ∈ lim←−iMi represented

by a sequence (m̃i)i∈N ∈
∏
iMi. Then, the sequence (m̃i)i∈N forms a Cauchy

sequence in M since

m̃i − m̃j ∈ Imin{i,j}

for every i, j ∈ N.
For injectivity, suppose we have another sequence (ñi)i∈N ∈

∏
iMi mapping to

the same element in lim←−iMi. Then, the sequence(
m̃i − ñi

)
i∈N

must have terms in ItM for all t, and hence represents the null sequence in M . □

Remark 10.3.5 (“Standard” Cauchy sequences). You can think of R̂I as con- [Hoc17, p. 157]

sisting of “formal power series in I”: an element r ∈ R̂I can be written as

r0
∈R

+ r1
∈I

+ r2
∈I2

+ · · ·+ rt
∈It

+ · · ·

corresponding to the sequence

r0, r0 + r1, r0 + r1 + r2, . . . , r0 + · · ·+ rt, . . . .

To do this for a sequence (sn), you can first pass to a subsequence such that for
every t ∈ N, the residue of rk in R/It is the same for all k ≥ t. You can then write

s0 + (s1 − s0) + (s2 − s1) + · · ·
to get a sequence of the required form.

We now have a natural surjective map

R̂I R/I

(r0, r1, . . .) stable image of the ri.

The kernel J is represented by Cauchy sequences all of whose terms are in I.
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Proposition 10.3.6. Let R be a ring and let I ⊆ R be an ideal. Set [Hoc17, p. 157]

J := ker
(
R̂I−→−→ R/I

)
.

Then, every element u + j ∈ R̂I where u is a unit and j ∈ J is invertible in R̂I .

Moreover, J is contained in every maximal ideal of R̂I , and hence there is a bijection{
maximal ideals in R̂I

}
←→

{
maximal ideals in R/I

}
.

In particular, if R/I is local, then R̂I is local.

Proof. We can write u+ j = u(1 + u−1j), and hence it suffices to show that 1 + j is
invertible for all j ∈ J . Let (r0, r1, . . .) be a Cauchy sequence representing j such
that ri ∈ I for all i. From calculus, we know that

1

1 + x
= 1− x+ x2 − x3 + · · · .

We are therefore led to consider the sequence

1− r0, 1− r1 + r21, . . . , 1− rn + r2n − r3n + · · ·+ (−1)n+1rn+1
n︸ ︷︷ ︸

=:sn

.

If rn − rn+1 ∈ It, then

sn − sn+1 = (−1)n+2 rn+2
n+1 +

n∑
i=0

(−1)i+1
(
ri+1
n − ri+1

n+1

)
∈ In+2 + It

since each of the terms ri+1
n − ri+1

n+1 are divisible by rn − rn+1 ∈ It. Thus, the
sequence (sn) is Cauchy. We also have

1− (1 + rn)sn = rn+2
n

which is a null sequence, and hence (sn) represents an inverse for 1 + j in R̂I .

For the last statement, suppose m ⊆ R̂I is a maximal ideal that does not contain
an element j ∈ J . Then, we have J + m = R by maximality of m, and hence
j + x = 1 for some j ∈ J and x ∈ m. But then, the unit 1− j = x lies in m, which
is a contradiction. The bijection follows from Proposition 1.3.12. □

We now compute a particularly important example: the formal power series
ring.

Example 10.3.7 (Formal power series rings). Let R be a ring. Consider the[Hoc17, p. 158]
polynomial ring S = R[x1, x2, . . . , xn] and let I = (x1, x2 . . . , xn)S. An element of
S/In is represented by a polynomial of degree ≤ n − 1 in the xi, and a sequence
of such polynomials represents an element of the inverse limit if and only if the
n-th term is equal to the sum of the terms of degree at most n in the n+ 1-st term.
Thus, we have

ŜI ∼= RJx1, x2, . . . , xnK.

Using this example we can make precise what we said before about completions12/2
being “more local”.
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Example 10.3.8. Proposition 10.3.6 shows that if m ⊆ R is maximal, then R̂m

is local, and there is a commutative diagram

R R̂m

Rm

For example, if R = k[x1, . . . , xn] and m = (x1, . . . , xn), then R̂
m = kJx1, . . . , xnK,

and there is a nice factorization of the map k[x1, . . . , xn]→ kJx1, . . . , xnK through
the localization. This is one sense in which completions are “more local” than
localizations. Similarly, the p-adic integers Ẑp coincide with the (p)-adic completion
of Z(p).

For a concrete example, consider the (x, y)-adic completion of

k[x, y]

(y2 − x2(x+ 1))

when char(k) ̸= 2. The (x, y)-adic completion ends up being the same thing as

kJx, yK
(y2 − x2(x+ 1))

.

Now recall that
√
x+ 1 has the Taylor series expansion

√
x+ 1 ≈ 1 +

x

2
− x2

8
+
x3

16
− · · · ,

which is a formal power series, and hence we can factor y2 − x2(x+ 1) as(
y + x

(
1 +

x

2
− x2

8
+
x3

16
− · · ·

))(
y − x

(
1 +

x

2
− x2

8
+
x3

16
− · · ·

))
.

Thus, kJx, yK/(y2 − x2(x+ 1)) is not a domain!

We want to understand how completions behave with respect to ring maps.

Discussion 10.3.9. Let φ : R→ R′ be a ring map. Consider ideals I ⊆ R and [Hoc17, p. 158]
I ′ ⊆ R′ such that φ(I) ⊆ I ′. Then, sequences in R with respect to I map to Cauchy
sequences in R′ with respect to I ′, and null sequences map to null sequences. Thus,
we get an induced ring map

R̂I −→ R̂′I
′

.

This construction is functorial in the sense that if we have another ring map
ψ : R′ → R′′ together with an ideal I ′′ such that ψ(I ′) ⊆ I ′′, then

R̂I −→ R̂′I
′

−→ R̂′′I
′′

is the same map as the map

R̂I −→ R̂′′I
′′

defined by the procedure above.
If φ : R → R′ is surjective and φ(I) = I ′, then the map of completions is

surjective: Each element of R̂′I
′

can be represented as partial sums of a series

s0 + s1 + s2 + · · ·
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where sn ∈ (I ′)n, but each In maps onto (I ′)n, and hence we can find rn ∈ In
mapping to each sn. The series

r0 + r1 + r2 + · · ·
represents an element of R̂I that maps onto s0 + s1 + s2 + · · ·.

Combining Discussion 10.3.9 and Example 10.3.7 from last time, we obtain the
following important consequence:

Theorem 10.3.10. Let R be a Noetherian ring and let I ⊆ R be an ideal. Then,[Hoc17, p. 158]

R̂I is Noetherian.

Proof. Write I = (f1, f2, . . . , fn). Map

R[x1, . . . , xn] R

xi fi

as an R-algebra. This is surjective and (x1, x2, . . . , xn)S maps onto I. We therefore
have a surjective map

RJx1, . . . , xnK R̂I

xi fi

by Discussion 10.3.9. The ring RJx1, . . . , xnK is Noetherian by Theorem 6.10.1, and

hence R̂I is also Noetherian. □

Lemma 10.3.11. The I-adic completion for modules is a functor[Hoc17, p. 159]

ModR −→ ModR̂I

that takes surjections to surjections.

Proof. The proof is very similar to Discussion 10.3.9.
The first statement follows by the fact that if h : M → N is an R-module map,

then h(ItM) = ItN for every t ∈ N.

For the second statement, consider a map M → Q. Let z ∈ Q̂I be an element
represented by the partial sums of a formal series

q0 + q1 + q2 + · · ·
where qt ∈ ItQ. Now for all t, ItM maps onto ItQ. Thus, we can find ut ∈ ItM
mapping onto qt for every t, and the partial sums of

u0 + u1 + u2 + · · ·
represent a Cauchy sequence mapping to z. □

10.4. The Artin–Rees lemma

We now note that M̂ I is an R-module by restriction of scalars, and there is a

natural R-linear map M → M̂ I sending u to the constant Cauchy sequence u, u, . . ..

By tensor–Hom adjunction (Corollary 7.6.2), there is therefore an R̂I -linear map

R̂I ⊗RM −→ M̂ I .

The following facts are known about this map:
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(1) If R is Noetherian and M is finitely generated, then

R̂I ⊗RM ∼−→ M̂ I

is an isomorphism.
(2) If R is Noetherian, then the restriction of the functor

ModR −→ ModR̂I

to finitely generated modules is exact.

(3) If R is Noetherian, then R̂I is flat over R. In particular, if (R,m) is

Noetherian and local, then R̂m is local and is faithfully flat over R.

To prove these properties, we need to prove the Artin–Rees lemma. An important
construction that is needed to prove this result is the following construction due to
Rees.

Definition 10.4.1 (Rees algebras [Ree56b, p. 222]). Let R be a ring and let [Hoc17, p. 159]
I ⊆ R be an ideal. Let t be an indeterminate and set

Intn :=
{
itn
∣∣ i ∈ In} ⊆ R[t].

The Rees algebra or Rees ring of I is

R[It] := R⊕
∞⊕
n=1

Intn ⊆ R[t].

Note that if M is an R-module and t is an indeterminate, then every element
of R[t]⊗RM can be written uniquely in the form

1⊗ u0 + t⊗ u1 + · · ·+ tk ⊗ uk ∈ R[t]⊗RM
where uj ∈M for sufficiently large k. This is because if a larger s is used, then one
has mk+1 = · · · = ms = 0. We will often use the notation

u0 + u1t+ · · ·+ ukt
k ∈M [t]

for this element instead because it looks like a polynomial in t with coefficients in
M . This notation helps us keep track of the graded R[t]-module structure on M [t]:

(rtj)(utk) = (ru)tj+k.

We now state the Artin–Rees lemma. Sharp [Sha16, p. 388] recounts the history
of the result as told to him by Rees as follows. Rees had the proof of the lemma
in 1954, but did not submit [Ree56a] for publication until May 1955. Around the
same time, Emil Artin had proved the same result, and (for example) lectured on
this result at Kyoto University on September 23, 1955 [Yos57, p. 35; Nag75, p. 212].
Sharp continues: “Nagata was asked to adjudicate as to who should receive the
credit, and responded that ‘it is obviously the Artin–Rees Lemma’ ” [Sha16, p. 388].

Theorem 10.4.2 (The Artin–Rees lemma [Ree56a, Lemma 1]). Let R be a [Hoc17, p. 160]
Noetherian ring and let I ⊆ R be an ideal. Let N ⊆ M be Noetherian modules.
Then, there is a constant positive integer c such that for all n ≥ c, we have

InM ∩N = In−c(IcM ∩N).

In other words, eventually, each of the modules Nn+1 = In+1M ∩N is I times its
predecessor Nn = InM ∩N .

In particular, there is a constant c such that

InM ∩N ⊆ In−cN.
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Thus, if a sequence of elements in N is an I-adic Cauchy sequence in M (resp. is
a null sequence in M), then it is an I-adic Cauchy sequence in N (resp. is a null
sequence in N).

Proof. Consider the module R[t]⊗RM , which we think of as M [t] as above. Within
this module, the submodule

M =M ⊕
∞⊕
n=1

InMtn =M ⊕ IMt⊕ I2Mt2 ⊕ · · · ⊕ IkMtk ⊕ · · ·

is a finitely generated R[It]-module, generated by the same set of generators as M
as an R-module. Thus,M is finitely generated over R[It]. Since R[It] is Noetherian
(if I = (x1, x2, . . . , xr), then R[It] is finitely generated by x1t, x2t, . . . , xrt as an
R-algebra), we see thatM is Noetherian. The sub-R[t]-module

N = N [t] ∩M = N ⊕ (IM ∩N)t⊕ (I2M ∩N)t2 ⊕ · · ·
ofM is therefore finitely generated over R[It]. Thus, for some c ∈ N, we can choose
a finite set of generators whose degrees in t are all at most c. By breaking the
generators up into summands that are homogeneous with respect to t, we see that
we may use elements from

(10.4.3) N, (IM ∩N)t, (I2M ∩N)t2, . . . , (IcM ∩N)tc

as generators.
Now suppose that n ≥ c and that u ∈ InM ∩N . Then, utn can be written as

an R[It]-linear combination of elements from (10.4.3), and hence as a sum of terms
of the form

iht
hvjt

j = (ihvj)t
h+j

where j ≤ c, ih ∈ Ih, and vj ∈ IjM ∩N , where h+ j = n. This shows that

InM ∩N =
∑
j≤c

In−j(IjM ∩N).(10.4.4)

But

In−j(IjM ∩N) = In−cIc−j(IjM ∩N)

⊆ In−c(IcM ∩N)

and hence we only need the single term In−c(IcM ∩N) in the sum (10.4.4). □

As a consequence, we have the following.

Theorem 10.4.5. Let R be a Noetherian ring and let I ⊆ R be an ideal.[Hoc17, p. 161]

(a) If 0 → N → M → Q → 0 is a short exact sequence of finitely generated
R-modules, then the sequence

0 −→ N̂ I −→ M̂ I −→ Q̂I −→ 0

is exact. In other words, I-adic completion is an exact functor on finitely
generated R-modules.

(b) The natural transformation θ from R̂I ⊗R − to the I-adic completion
functor is an isomorphism of functors on finitely generated R-modules. In
other words, for every finitely generated R-module M , the natural map

θM : R̂I ⊗RM −→ M̂ I
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is an isomorphism.

(c) R̂I is a flat R-algebra. If (R,m) is local, R̂ = R̂m is a faithfully flat local
R-algebra.

Proof. (a). We already know that M̂ I → Q̂I is surjective. Now let y ∈ M̂ I map to

0 in Q̂I . Choose a Cauchy sequence u0, u1, u2, . . . that represents y. After passing
to a subsequence, we may assume that

ut − ut+1 ∈ ItM
for every t. Then, the images of ut in Q ∼=M/N converge to 0. Passing to a further
subsequence we may assume that the image of ut lies in It(M/N) for all t, in which
case we may write

ut = vt + wt ∈ ItM +N

for every t, where vt ∈ ItM and wt ∈ N . We claim that wt is a Cauchy sequence
in M that represents y. First, wt − wt+1 ∈ ItM ∩N for all t. Since each wt ∈ N ,
we see that the elements wt form a Cauchy sequence in N by the Artin–Rees
Theorem 10.4.2 since

wt − wt+1 ∈ ItM ∩N = It−c(IcM ∩N) ⊆ It−cN
for all t ≥ c. Thus, every element in ker(M̂ I → Q̂I) is in the image of N̂ I .

It remains to show that 0→ N̂ I → M̂ I is injective. Suppose z0, z1, z2, . . . is a
Cauchy sequence in N that converges to 0 in M . Then, zt already converges to 0 in

N , and this shows that N̂ I injects into M̂ I .

(b). Consider a presentation

R⊕n A−→ R⊕m −→M −→ 0

for M , where A = (rij) is an m × n matrix with entries in R. We then have the
commutative diagram

R̂I ⊗R R⊕n R̂I ⊗R R⊕m R̂I ⊗RM 0

R̂⊕n
I

R̂⊕m
I

M̂ I 0

id⊗A

θR⊕n θR⊕m θM

A

where the top row is exact by the right exactness of tensor products. The bottom

row is exact by (a), where we think of the matrix A with terms in R̂I by applying

the map R→ R̂I to each term in the matrix. The squares commute because θ is
a natural transformation. The left vertical maps are isomorphisms because both
tensor products and completions commute with finite direct sums: (M1 ⊕M2)

∧I

satisfies the universal property for direct sums

M̂ I
1

(M1 ⊕M2)
∧I N

M̂ I
2

ι1

f1

∃!

ι2

f2
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where the dashed map is defined by mapping a Cauchy sequence un⊕vn ∈M1⊕M2

to the Cauchy sequence f1(un) + f2(un) ∈ N . But then, θM is an isomorphism
because cokernels of isomorphic maps are isomorphic.

(c). We need to show that R̂I ⊗R N → R̂I ⊗R M is injective for every pair
of R-modules N ⊆M . This holds for finitely generated N and M by (a) and (b).
The result now follows from Theorem 10.4.6 below. Finally, the faithful flatness

statement holds since the maximal ideal of R maps into the maximal ideal of R̂I by

Proposition 10.3.6, and hence R→ R̂I is a flat local map of local rings. □

We did not prove the following theorem in class.

Theorem 10.4.6 (Filtered direct limits are exact). Let R be a ring and let I be[AK21, (7.9)]
a filtered partially ordered set. Let C be the category of 3-term exact sequences of R-
modules: its objects are 3-term exact sequences, and its morphisms are commutative
diagrams of the form

L M N

L′ M ′ N ′.

Then, for any filtered direct system{
Li

βi−→Mi
γi−→ Ni

}
i∈I

the induced sequence

lim−→
i

Li
β−→ lim−→

i

Mi
γ−→ lim−→

i

Ni

is exact.

Proof. Abusing notation, we denote by fij the transition maps connecting the Li,
Mi, or Ni, and by φi the canonical morphisms mapping the Li, Mi, or Ni to their
respective direct limits.

We first show that im(β) ⊆ ker(γ). Suppose ℓ ∈ im(β). By definition of direct
limits (Example 10.2.5(2)), there exist i ∈ I and ℓi ∈ Li such that φi(ℓi) = ℓ. We
then consider the commutative diagram

(10.4.7)

Li Mi Ni

lim−→
i

Li lim−→
i

Mi lim−→
i

Ni.

βi

φi

γi

φi φi

β γ

Since im(βi) ⊆ ker(γi) by assumption, we see that

(γ ◦ β)(ℓ) = (γ ◦ β)
(
φi(ℓi)

)
= φi

(
(γi ◦ βi)(ℓi)

)
= 0.

We now show that im(β) ⊇ ker(γ). Suppose m ∈ ker(γ). By construction
of filtered direct limits (Example 10.2.5(2)), there exist i ∈ I and mi ∈ Mi such
that φi(mi) = m and hence φi(γi(mi)) = 0 by the commutativity of (10.4.7). By
construction of filtered direct limits (Example 10.2.5(2)), we know there exists j ≥ i
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such that fij(mi) = 0. We now consider the commutative diagram

Li Mi Ni

Lj Mj Nj

lim−→
i

Li lim−→
i

Mi lim−→
i

Ni.

βi

fij

γi

fij fij

βj

φj

γj

φj φj

β γ

By exactness in the j-th row, we know there exists ℓj ∈ Lj such that βj(ℓj) = fij(mi).
Let ℓ = φj(ℓj). By the commutativity of the diagram in the bottom two rows, we
see that

β(ℓ) = β
(
φj(ℓj)

)
= φj

(
βj(ℓj)

)
= φj(mj) = m. □

We end our discussion of the Artin–Rees Theorem 10.4.2 with the following
conjecture due to Craig Huneke, who was previously at Purdue (and served as head).
Below, an excellent ring is a class of rings that is more restrictive than N-2, but
still contains all fields, complete local rings, and localizations of finite type algebras
over those rings. See [EGAIV2, Définition 7.8.2] for the definition.

Conjecture 10.4.8 (Uniform Artin–Rees [Hun92, Conjecture 1.3]). Let R be
an excellent Noetherian ring of finite Krull dimension. Let N ⊆ M be finitely
generated R-modules. Then, there exists an integer c = c(N,M) such that for all
ideals I ⊆ R and for all n ≥ c, we have

InM ∩N ⊆ In−cN.
In other words, Huneke’s Conjecture 10.4.8 predicts that the integer c appearing

in the Artin–Rees Theorem 10.4.2 only depends on N and M , and not on the ideal
I. The special case where I runs over all maximal ideals in R was asked by Eisenbud
and Hochster [EH79, Remark 3]. This special case was answered by Duncan and
O’Carroll [OCa87, Theorem; DO89, Theorem; DO90, Remark]. O’Carroll also
showed a similar uniform Artin–Rees statement where I runs over all principal ideals
[OCa91, Theorem 1]. In general, Huneke’s Uniform Artin–Rees Conjecture 10.4.8 is
known in the following cases:

(1) R is a localization of a finite type algebra over an excellent Noetherian
local ring [Hun92, Theorem 4.12(i)].

(2) R is of prime characteristic p > 0 and the Frobenius map F : R → R is
module-finite [Hun92, Theorem 4.12(ii)].

(3) R is a localization of a finite type Z-algebra [Hun92, Theorem 4.12(iii)].
(4) R is an excellent Noetherian domain of dimension ≤ 3 [Hun92, Proposition

5.1, Theorems 5.3 and 5.11].
(5) R is an excellent Noetherian Q-algebra that is a quotient of a regular ring

of finite Krull dimension ([Hun00, Theorem 5.4] plus [Tem08, Theorem
1.1]).

10.5. Further applications of completions

I want to end with some pointers for why completions are important, and where
commutative algebra goes from here.
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10.5.1. Algebraic number theory. In algebraic number theory, you in-
troduce the p-adic integers to give some analytic tools for (for example) finding
solutions to Diophantine equations after reducing modulo p. This a special case of
the following:

Lemma 10.5.1 (Hensel’s lemma). Let (A,m) be a local ring that is m-adically[AM69, Exer. 10.9]
[Hoc20, p. 3] complete. For any polynomial f(x) ∈ A[x], denote by f̄(x) ∈ (A/m)[x] the polynomial

obtained by reducing its coefficients modulo m. If f(x) is monic of degree n and if
there exist coprime monic polynomials

ḡ(x), h̄(x) ∈ (A/m)[x]

of degrees r, n− r with

f̄(x) = ḡ(x)h̄(x),

then we can lift ḡ(x), h̄(x) back to monic polynomials g(x), h(x) ∈ A[x] such that

f(x) = g(x)h(x).

The proof follows pretty much by building formal power series in A for the
coefficients one step at a time. Setting A = Ẑ7 (the ring of 7-adic integers), since

x2 − 2 has a root 3 ∈ Ẑ7/(y) ∼= Z/(7), we see that 2 is a square in Ẑ7. You can also
use this to study the equation

z2 − (1 + x)

from before to produce a square-root for 1 + x, even without Taylor series. Hensel’s
lemma is connected to the implicit function theorem in calculus, since it allows you
to solve implicit functions.

10.5.2. Algebraic geometry. In algebraic geometry, we have already seen
how completions give “more local” data that cannot be detected after just localizing.
Over the complex numbers, this reflects the fact that the Zariski topology is much
coarser than the topology you would get by considering a complex algebraic variety
as a complex manifold. This is why Serre introduced flatness to begin with in
[GAGA, §21]. If

X = {f1 = f2 = · · · = fn = 0} ⊆ Cn

is a complex algebraic variety of dimension d all of whose local rings are regular local
rings, then one can consider the local ring Ox obtained by localizing the coordinate
ring A(X) of X at a maximal ideal mx ⊆ R, or the local ring Hx obtained by
considering X as a complex manifold and looking at germs of holomorphic functions
of X at x. Serre showed that both rings Ox and Hx have the same completion

CJx1, x2, . . . , xdK

in [GAGA, Proposition 4, Corollaire 1]. This enabled him to prove that algebraic
geometry and analytic geometry are very closely related. Since both Ox and Hx
are Noetherian, the maps are faithfully flat, which provide a means to move back
and forth between the algebraic and analytic contexts. For example, dimensions
are preserved [GAGA, Proposition 4, Corollaire 2]. A particularly important
application of Serre’s results is that a complex analytic space that is locally defined
as the vanishing set of holomorphic equations in PnC is in fact algebraic in [GAGA,
Proposition 13]. This is known as Chow’s theorem, and was previously shown by
Chow using analytic methods [Cho49, Theorem V].
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10.5.3. Commutative algebra. In commutative algebra, we have already
seen that finitely generated algebras over fields are particularly nice: We have
Noether’s normalization theorem, a simple proof of Hilbert’s basis theorem, and
used some of these ideas to build up a nice theory of dimension for these rings and
to prove that these rings are N-2. While these rings encompass the ones usually
seen in algebraic geometry, not all rings are of this form.

On the other hand, for every Noetherian ring there is a procedure to reduce
problems to the complete local case: you first localize at a prime ideal, and then
take the completion at the expansion of that prime ideal. The rings you end up
with are very nice, and have the following analogue of Noether normalization:

Theorem 10.5.2 (Cohen’s structure theorem [Coh46]). Let (A,m) be a local [Hoc20]
Noetherian ring that is m-adically complete. Then, it is a quotient of a regular local
ring. If A contains a field, then there exists a field k ⊆ A such that

kJx1, x2, . . . , xnK−→−→ A.

Moreover, A is module-finite over a formal power series ring

kJx1, x2, . . . , xdK ⊆ A.
If A does not contain a field, then there exists a complete DVR A0 ⊆ A such that

A0Jx2, x3, . . . , xnK−→−→ A.

Moreover, if A is a domain, then A is module-finite over a formal power series ring

A0Jx2, x3, . . . , xdK ⊆ A.
Using this, one can show that complete local Noetherian domains containing

fields are N-2, mimicking the proof from before.
Cohen’s structure theorem is a very important theorem in modern commutative

algebra. Proofs of major results often go by first reducing to the complete local case
by localizing then completing (which is a composition of flat maps, hence flat itself),
and then using Cohen’s structure theorem to reduce the question to something more
explicit using power series rings.
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schémas et des morphismes de schémas. I.” Inst. Hautes Études Sci.
Publ. Math. 20 (1964), 259 pp. numdam: PMIHES_1964__20__5_0. doi:
10.1007/BF02684747. mr: 173675. 42, 73, 78, 165
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[Kru36] . “Beiträge zur Arithmetik kommutativer Integritätsbereiche.”
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