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an effort to reference the course text [Hocl7] for MA557 (Commutative Algebra)
when using results from commutative algebra.
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CHAPTER 1

Varieties

1.0. Introduction

Instead of starting immediately with definitions, we start with some background |8/25

and motivation from Euclidean geometry. There are many other sources of moti-
vation: number theory, cryptography, architecture, robotics, etc. that we will not
discuss. The material in this section will not be tested on homework or the exams.

1.0.1. Classical problems of antiquity. Algebraic geometry is a very old
subject. We will begin with the following problems, which at first seem unrelated to
what we ordinarily consider to be algebraic geometry. We will soon see that trying
to solve these problems give rise naturally to algebro-geometric objects.

PrOBLEMS 1.0.1 (Classical problems of antiquity [BK86, (1.2)]). The classical
problems of antiquity were:
(1) Trisection of an arbitrary angle.
(2) Squaring the circle (before 1500 B.C.E.?): Given a circle with area A, can
one construct a square with the same area A?
(3) Doubling the cube (Delian problem, 5th century B.C.E.?): Given a cube
of volume V', can one construct a cube of volume 2V'?

All three problems are known to be impossible to solve using just a straightedge
and compass. We will not provide full proofs here, but here are brief explanations
of these impossibility results.

(1) [Wanl837] (see [Art07, §7.1] for this argument) The triple-angle formula
says

sin(38) = 3sin(B) — sin®(3).
Setting 8 = «/3, x = sin(B), and ¢ = sin(a), we want to solve
23— 3z +c=0.

By Galois theory, a solution for such a cubic equation cannot always be
found using a straightedge and compass for arbitrary c.
(2) [Linl882] Squaring the circle is impossible since 7 is a transcendental

number.
(3) [Wanl837] (see [Art07, §7.1] for this argument) Doubling the cube requires
solving the equation 2> — 2 = 0. If {/2 can be constructed using a

straightedge and compass, then the field extension Q(+/2) must be of
degree equal to a power of 2. However, the field extension generated by
{/2 is of degree 3 over Q.

[BKS6, p. 3]

[BKS6, p. 4]



[BK8&6, pp. 9-12]

In class, I drew the
picture, pointed out
2 and y which satisfy
23 = 243, and wrote
down (1.0.3).
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FIGURE 1.1. The cissoid of Diocles. From [BK86, p. 9].

What if we allowed ourselves to use more than a straightedge and compass?
The ancient Greeks actually were able to trisect angles and double cubes, except
they needed to use more complicated curves.

1.0.2. The cissoid of Diocles and doubling the cube. We start with the
cissoid of Diocles, which we will use to double the cube.

CONSTRUCTION 1.0.2 (The cissoid of Diocles, c. 180 B.C.E.). We first give a
pointwise construction. See Figure 1.1. Let AA’ and A” A" be two perpendicular
lines with intersection O. We draw a circle around O. We draw two lines parallel
and equidistant to A” A", meeting AA’ at points B and B’, respectively. We denote
by C,C’,C",C"" their intersections with the circle. The line through one of these
points and A, for example AC’, cuts the other parallel CC" at a point P. The
collection of all such points P is the cissoid of Diocles. The point A is an example
of a cusp, which is a type of singularity.

Diocles doubled the cube using the construction in Figure 1.2. Let M be the
midpoint of OA” and let P be the intersection of A’M with the cissoid with CB
and C"B’ as above. Let v = A’B, y = BC, and z = AB. Then,

A'B A0
PB ~ MO
AB CB C'B  AB' AB
BC ~ AB B'A’ BC' BP

=2
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FIGURE 1.2. Constructing v/2. From [BKS6, p. 10].
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F1cure 1.3. Notation for the cissoid. From [BK86, p. 74].

and hence

[N
g

This shows that =3 = 2y3.

Finally, to be a true solution to the “doubling the cube” problem, we need to
construct the cissoid of Diocles “organically.” One such construction was found by
Newton; see [BK86, p. 12].

From our point of view, the most relevant description is of the cissoid as an
algebraic curve. With notation as in Figure 1.3, the points (z,y) on the cissoid
satisfy

SRS
([
[\>]
Yo

— T

r2 —(r—uz)2.

~

<
Il

[BK&6, pp. 74-75]



[BKS6, pp. 13-16]

In class, I drew the

picture, pointed out

« and « which satisfy
(6%

v = %, and wrote

down (1.0.5).

[BKS6, p. 75]
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FIGURE 1.4. Trisecting the angle. From [BKS86, p. 16].

Squaring both sides of the first equation and substituting 2’2 and 3’2 using the other
two equations yields the following equation for the cissoid of Diocles:

(1.0.3) y*(2r —x) — 2 = 0.

We therefore see that if we use curves defined by cubic polynomials, we can double
the cube!

1.0.3. The conchoid of Nicomedes and trisecting the angle. Next, we
describe the conchoid of Nicomedes, which we will use to trisect the angle.

CONSTRUCTION 1.0.4 (The conchoid of Nicomedes, c. 180 B.C.E.). Given a line
£, a point O at distance d from /¢, and a segment k, let A be an arbitrary point on
¢ and P, P’ the points on the line OA at distance k from A. The collection of all
such points P, P’ is a conchoid of Nicomedes. The form of the conchoid depends on
the relationship between d and k as shown in Figure 1.5.

The conchoid of Nicomedes can be used to trisect an acute angle « as follows.
Let a = ZAOB, where B is the foot of the perpendicular ¢ from A onto OB (see
Figure 1.4). We then draw the conchoid for £ and O with k = 20A. The parallel
to OB through A cuts the conchoid on the side away from O at a point C. The
angle v = ZBOC satisfies v = §. See [BKS86, p. 16] for the proof.

We also write down the equation for the conchoid of Nicomedes. With notation
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k<d

k>d

FIGURE 1.5. The conchoid of Nicomedes. From [BK86, pp. 14-15].



[Shal3y, p. 23]

[Har77, p. 1]

[Har92, p. 3]

6 1. VARIETIES

- <

— X

b &

FIGURE 1.6. Notation for the conchoid. From [BKS86, p. 75].

as in Figure 1.6, the points (z,y) on the conchoid satisfy

y_y

T d
W =y’ +(d—2) =k

After some calculation, we get the equation of the conchoid:

(1.0.5) (y? + 22)(d — z)* — k*2% = 0.

Now that we see how polynomials of degree > 2 can be useful in geometric
questions, we will start the official course material.

1.1. Affine Varieties

From now on, unless otherwise stated, the material in these notes can be tested
on homework and the exams.

Throughout this section, k denotes an algebraically closed field, which we call
the ground field. We will explain why algebraically closed fields are nicer to work
with by the end of this section.

1.1.1. Affine space. We start with the fundamental building block for all
varieties: the affine n-space AJ.

DEFINITION 1.1.1 (Affine n-space A}). Let n > 0 be an integer. The affine
n-space over k is the set

A} = {(al,ag,...,an) | a; € k for all z}
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An element P € A7 is called a point. If P = (a1,as,...,ay,) is a point in A7, the
a; are the coordinates of P.
We often drop the subscript on A} if the ground field % is clear from context.

REMARK 1.1.2. The difference between the affine n-space A} and the vector
space k™ is that k™ has the additional structure of a vector space over k. For example,
k™ has an additive structure and an action by multiplication by scalars in k. When
we talk about morphisms and isomorphisms of varieties, the automorphisms (that
is, the self-isomorphisms) of A} will be allowed to translate the origin (0,0, ...,0)
to another point.

Analogous to how one glues together copies of R™ to form an n-dimensional
manifold, we will eventually use affine n-spaces to build other spaces. However, to
ensure the class of objects we obtain includes spaces with singularities like the cusp
on the cissoid of Diocles, we will actually glue together subsets of affine n-spaces
defined using polynomial equations.

To make this precise, we start by explaining how polynomials over k give rise
to functions on AZ.

ExAMPLE 1.1.3 (Regular functions on A}). Let

A =k[xy,22,...,2y]

be the polynomial ring in n variables over the ground field k. We interpret the
elements f € A as functions f: A} — k where

Ay Lk
P =(ay,as,...,an) — f(ai,as,...,an).
Functions that arise from polynomials in this manner are examples of regular
functions on A}.

DEFINITION 1.1.4 (Algebraic sets in A}). If T'C A = k[z1,22,...,2,] is a set
of polynomials, the zero set of T is
Z(T)={PeA}|f(P)=0forall feT}.

If a = (T) is the ideal generated by T in A, then Z(T) = Z(a). Since A is
Noetherian by the Hilbert basis theorem (Theorem 1.1.30 below), any ideal a C A
can be generated by finitely many elements f1, fo,..., f.. Thus, for any subset
T C A, we have

(1.1.5) Z2(T)=Z(f1, f2s-- -, [r)

for a finite set of elements {f1, fa2,..., fr} € A. In (1.1.5), we omit the braces (or
parentheses) around f1, fa,..., f, to simplify notation.
A subset Y C A} is an algebraic set if there exists a subset 7' C A such that

Y =2Z(T).

EXAMPLES 1.1.6. The equation for the cissoid of Diocles defines the algebraic

set
Z(y*(2r —z) —2°) C A}
for every r > 0. The equation for the conchoid of Nicomedes defines the algebraic
set
Z((y* +2°)(d —2)* — kK*z%) C A}

for all k,d > 0.

[Har92, p. 3]

[Har77, p. 2]

This is the definition
in [Shal3y, p. 23].



[Har77, Prop. 1.1.1]
[Shal3y, p. 24]

[Har77, p. 2]

[Har77, Ex. 1.1.1.1]
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We prove that algebraic sets give rise to a natural topology on Aj.
PROPOSITION 1.1.7 (Algebraic sets define a topology on A}).
(a) Let T1,T5 C A. Then, Z(T1) U Z(T) = Z(11T»), where
T'Ty = {fg | feT, geTh}.
(b) Let {T,} be a family of subsets of A. Then,

OZ(TQ) = Z(Laj Ta>.

(¢) The empty set O and the whole space A} are algebraic sets.

Proof. (a). For C, suppose P € Z(T1)U Z(T5). For every element fg € T1T5, either

f(P)=0or g(P)=0. Thus, P € Z(T1Tz). For D, we prove the contrapositive.

Suppose that P ¢ Z(Ty) U Z(Tz). Then, there exist f € T} and g € T, such that

f(P) # 0 and g(P) # 0. This implies that (fg)(P) # 0, and hence P ¢ Z(T1T3).
(b). We have

()2(T.) =({P A} | f(P)=0forall feT,}

- {Pe A} | f(P)=0forall fe UTQ}
= Z(UTQ>.
(¢). Note that ) = Z(1) and that A} = Z(0). O

Recall (for example from [Mun00, p. 75]) that a topology on a set X consists of
a collection of subsets of X called open sets that is stable under finite intersections
and arbitrary unions and contains () and X. Complements of open sets are called
closed sets.

Proposition 1.1.7 allows us to make the following definition.

DEFINITION 1.1.8 (The Zariski topology on A}). The Zariski topology on A}
is the topology whose closed sets are algebraic sets.

EXAMPLE 1.1.9. We describe the Zariski topology on the affine line A} explicitly.
Let Z(T) C A} be an algebraic set. Since k[z] is a PID, the ideal generated by T is
a principal ideal (f). Since k is algebraically closed, we can write

fl@)=clx—a))(z—az2) - (x—am)
where ¢, a1, a9,...,a, € k. We see that
Z(T) = Z(f) = {a1;a25"'aan}'

Thus, the algebraic sets in A} are the finite subsets (including ) and A} itself.
The open sets in A}, are the empty set and complements of finite subsets (the finite
complement topology [Mun00, p. 77, Example 3]). Note that A} is therefore not
Hausdorff.



[Har77, p. 3
[Shal3y, p. 34]
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1.1.2. Affine varieties. Before defining affine varieties, we first define the
notion of irreducibility.

DEFINITION 1.1.10. Let X be a topological space. We say that X is irreducible
if it is nonempty and if, for every pair of proper closed subsets X1, Xo C X, we have
X7 U Xy € X. Otherwise, we say that X is reducible.

When we say a subset Y C X is irreducible, we will mean that Y is irreducible
with the subspace topology.

REMARK 1.1.11 (Why the empty set is reducible). The condition that X is
nonempty is part of Definition 1.1.10. Following [BouCA, p. 94], one can alternatively
define X to be irreducible if for every finite collection of proper closed subsets X; C X,

=

we have |J, X; € X. The empty set is reducible under this definition by using the

=

empty collection of proper closed subsets in §.
We give a few examples.

EXAMPLE 1.1.12. The affine line A} is irreducible because A} is an infinite set
(since k is algebraically closed) and its only proper closed subsets are finite (see
Example 1.1.9).

ExaMPLE 1.1.13. Consider the algebraic set
Z(xy) C AZ.

Since Z(xy) = Z(x) U Z(y), we see that Z(zy) is reducible. We can visualize this
algebraic set as the union of the y- and z-axes in AZ.

EXAMPLE 1.1.14. Any nonempty open subset U of an irreducible space X is
irreducible and dense.

Proof. We first show that U is dense. We can write
X=(X-U)uUl.

Since X is irreducible and U is nonempty, we see that X —U C X and hence X = U.

We now show that U is irreducible. If U = U; U U,, then taking closures, we have
X=U=U,UUs,.

Since X is irreducible, we have either U = U; or U = U,. Taking intersections with
U, either U =U; or U = Us. O

ExAMPLE 1.1.15. If Y is an irreducible subset of X, then its closure Y in X is
also irreducible.

Proof. Suppose Y = AU B for A, B closed in Y. Then,
Y=(YnA) U nNB),

and since Y is irreducible, we have either ¥ = ¥ N AorY =YNB. In each
case, we have Y =Y NA=Aand Y =Y N B = B, respectively, and hence Y is
irreducible. (I

We now define affine varieties.

DEFINITION 1.1.16. An affine variety is an irreducible closed subset of A} with

the subspace topology. A quasi-affine variety is an open subset of an affine variety.

[Har77, Ex. 1.1.1.2]

[Har77, Ex. 1.1.1.3,
Exer. 1.1.6]
[BouCA, p. 95, Prop.

3(4)]

[Har77, Ex. 1.1.1.4,
Exer. 1.1.6]

[BouCA, p. 95, Prop.
2]

[Har77, p. 3]



[Har77, p. 3]

[Har77, Prop. 1.1.2]

[Har77, Thm. I.1.3A]
[Hocl7, p. 52]
[AK21, (15.7)]

[Har77, Cor. 1.1.4]
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1.1.3. The algebra <> geometry dictionary for affine space. Our next
step is to understand how subsets of A} and ideals in k[x1,z2,...,2,] are related.
To do so, we make the following definition:

DEFINITION 1.1.17. Let Y C A} be a subset. The ideal of Y in A is
IY)={f€eA|f(P)=0forall PeY}.

We therefore obtain a function Z mapping subsets T' C A to algebraic sets Z(T)
and a function I mapping subsets Y C A} to ideals I(Y) C A. These functions
satisfy the following properties.

PROPOSITION 1.1.18.

(a) If Ty C Ty are subsets of A, then Z(T1) D Z(T5).

(b) If Y1 C Y, are subsets of A}, then 1(Y1) 2 I(Ys).

(¢) For any two subsets Y1,Ys C A}, we have I(Y1 UYs) = I(Y1) N I(Y2).
(d) For any ideal a C A, we have I(Z(a)) = \/a, where \/a denotes the radical

of a.

(e) For any subset Y C AR, we have Z(I(Y)) = Y, where Y denotes the
closure of Y in Ajl.

Proof. (a). If P € Z(T5), then f(P) =0 for all f € Ty. In particular, f(P) =0 for
all f S Tl. Thus, Pe Z(Tl)

(b). If f € I(Y2), then f(P) =0 for all P € Y,. In particular, f(P) = 0 for all
P e Y. Thus, f € I(Y1).

(¢). We have f € I(Y, UY3) if and only if f(P) =0 for all P € Y1 UY5. This
holds if and only if f(P) =0 for all P € Y7 and for all P € Y5, which is equivalent
to f € I(Y1) NI(Ya).

(d). Recall that the radical of an ideal a C A is

\/a::{f€A|fT€aforsomer>0}.

If f € +a, then (f7)(P) = 0 for every P € Z(a). Thus, f(P) = 0 for every
P € Z(a), and hence f € I(Z(a)). The converse holds by Hilbert’s Nullstellensatz
(Theorem 1.1.19).

(e). We have Y C Z(I(Y')). Since the right-hand side is closed, taking closures,
we obtain Y C Z(I(Y)). Conversely, suppose that W is a closed set containing Y.
Then, W = Z(a) for some ideal a C A, and hence Z(a) 2 Y. Since a C I(Z(a))
by (d) (or its proof), (a) implies W = Z(a) D Z(I(Y)). We therefore see that
Z(I(Y)) =Y. O

THEOREM 1.1.19 (Hilbert’s Nullstellensatz). Let k be an algebraically closed
field, let a be an ideal in A = k[xy,x9,...,2,], and let f € A be a polynomial which
vanishes at all points of Z(a). Then, f" € a for some integer r > 0.

Proposition 1.1.18 implies that there is a one-to-one correspondence between
algebraic sets in A} and radical ideals in A. This is one of the first instances where
we have a nice translation between geometric properties and algebraic properties.
This will be an ongoing theme throughout this course.

COROLLARY 1.1.20. There is a one-to-one inclusion-reversing correspondence
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{algebmic sets} 11 { radical ideals }

in A} in klxy, xa,. .., Ty)
Y 1(Y)
Z(a) ‘a.

Furthermore, an algebraic set is irreducible if and only if its ideal is a prime ideal.

Proof. The one-to-one correspondence holds by Proposition 1.1.18(d),(e) and is
inclusion-reversing by Proposition 1.1.18(a),(b).

It remains to show the “furthermore” statement. =. If fg € I(Y'), then

Y CZ(f9) = 2(f)U Z(g)
by Proposition 1.1.18(¢). Thus, we have

Y =(YNnZ(f)u (Y NnZg).

Since Y is irreducible, we have either Y =Y N Z(f), in which case Y C Z(f), or
Y =Y N Z(g), in which case Y C Z(g). This shows that f € I(Y) and g € I(Y) in
each respective situation.

<. Let p be a prime ideal and suppose that Z(p) = Y; UY5. Then, p =
I(Y1) N I(Y3) by Proposition 1.1.18(c). Since p is prime, either p = I(Y7) or
p = I1(Y2). Thus, Z(p) = Y7 or Z(p) = Y3, and hence Z(p) is irreducible. O

Using Corollary 1.1.20, we can construct many examples of algebraic varieties.

ExAMPLE 1.1.21. A} is irreducible since A} = Z(0), and (0) C k[x1,22,...,2,] [Har77, Ex. 1.1.4.1]
is a prime ideal.

ExaMPLE 1.1.22. Let f € A = k[z,y] be an irreducible polynomial. Then, [Har77, Ex. 1.1.4.2]
(f) € A is a prime ideal since A is a UFD, and hence the zero set Y = Z(f) is
irreducible by Corollary 1.1.20. The zero set Y is called the affine curve defined by
the equation f(z,y) = 0. If f has degree d, we say that Y is a curve of degree d.

EXAMPLE 1.1.23. Now let f € A = k[z1, 22, ..., Z,] be an irreducible polynomial. [Har77, Ex. 1.1.4.3]
The affine variety Y = Z(f) is called a surface if n = 3, or a hypersurface if n > 3.

EXAMPLE 1.1.24. A maximal ideal m C A = k[zy,x2, ..., %, corresponds to a [Har77, Ex. 1.1.4.4]
minimal irreducible closed subset of A}, which must be a point P = (a1, a2, ..., a,).
We therefore see that every maximal ideal m C A is of the form
m= (1 — a1, T2 —ag,..., Ty — ay)
for some ay,as,...,a, € k.

EXAMPLE 1.1.25 (What happens if k& # k?). If k is not algebraically closed, [Har77, Ex. 1.1.4.5,
then Proposition 1.1.18(d) is false. For example, if kK = R, then the curve Exer. 1.1.12]

{2 +y*+1=0} C AR

has no points, and hence is not irreducible. However, 2% + 3% + 1 is irreducible, and
hence (22 + y? + 1) is prime.

Now that we know how algebraic sets correspond to radical ideals (Corol-
lary 1.1.20), we can attach a ring to any algebraic set.



[Har77, Rem. 1.1.4.6,
Exer. 1.1.5]

[Har77, p. 5]

[Hocl7, p. 64]
[Rei95, (3.6)]
[AK21, (16.12)]

[Har77, Ex. 1.1.4.7]
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DEFINITION 1.1.26. Let Y C A} be an affine algebraic set. The affine coordinate

ring of Y is
A

AY) = )
REMARK 1.1.27. If Y is an affine variety (resp. affine algebraic set), then A(Y") is
a domain (resp. a reduced ring) that is finitely generated as a k-algebra. Conversely,
any finitely generated k-algebra B which is a domain (resp. reduced) is the affine
coordinate ring of an affine variety (resp. of an affine algebraic set): We can write B
as a quotient of a polynomial ring A = k[z1, 22, ...,2,] by an ideal a C A, in which
case Y = Z(a).

1.1.4. Noetherianity and irreducible decompositions. The topology of
affine varieties has the following very important property.
DEeFINITION 1.1.28. A topological space X is Noetherian if it satisfies the
descending chain condition for closed subsets: For any sequence
Yi2Y, 2
of closed subsets in X, there is an integer r such that
Y, =Y =,

The fact that affine varieties are Noetherian boils down to the following fact
from commutative algebra. We will need the following definition.

DEFINITION 1.1.29. Let R be a ring. We say that R is Noetherian if it satisfies
the ascending chain condition for ideals: For any sequence
LCLC--
of ideals in R, there is an integer r such that
Ln=I41=---.
One can show (try it!) that R is Noetherian if and only if every ideal I C R is
finitely generated.

THEOREM 1.1.30 (The Hilbert basis theorem). Let R be a Noetherian ring.
Then, every finitely generated R-algebra is Noetherian.

The case when R = k is what Hilbert showed in [Hil1890].

ExampLE 1.1.31. A} is a Noetherian topological space: A descending chain
Y122

of closed subsets in A} corresponds (via Corollary 1.1.20) to an ascending chain of
ideals

1) CI(Y3) C -
in A = k[z1,22,...,2,]. Since A is Noetherian by the Hilbert basis theorem
(Theorem 1.1.30), this chain stabilizes. Since Y; = Z(I(Y;)) for every i, the original
chain of Y;’s also stabilizes.

We have seen that irreducible algebraic sets are nice because there is no way to
break them apart into (finitely many) smaller ones. The following result says that
reducible algebraic sets can always be decomposed into a finite union of algebraic
varieties.

[Har77, p. 4]



[Har77, Prop. 1.1.5]
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PROPOSITION 1.1.32. In a Noetherian topological space X, every monempty
closed subset'Y can be expressed as a finite union

(1.1.33) Y =Y,UYaU---UY,

of irreducible closed subsets Y;. If we require that Y; 2 Y; fori # j, then the Y; are
uniquely determined. The Y; are called the irreducible components of Y, and the
decomposition (1.1.33) is called the irreducible decomposition of Y.

The following proof is an example of Noetherian induction.

Proof. We first show the existence of such a decomposition. Consider the set

Z cannot be written as a finite
X = {Z S X nonempty, closed union of irreducible closed subsets of X }

partially ordered by inclusion. If ¥ # (J, then since X is Noetherian, ¥ must contain
an element Y minimal with respect to inclusion. Then, Y is not irreducible by
construction of ¥, and hence we can write Y = Y’ UY"” where Y',Y"” are proper
closed subsets of Y. By the minimality of Y, both Y’ and Y can be written as a
finite union of closed irreducible subsets, and hence Y can also be written as a finite
union of closed irreducible subsets. This is a contradiction, and hence we conclude
that every Y can be expressed as a finite union of irreducible closed subsets Y;. By
throwing out some of the Y; as necessary, we may assume that ¥; 2 Y; for i # j.
We now show that the decomposition is unique. Suppose

Y=Y/UY U---UY/

is another decomposition. We induce on r. If r = 1, then Y is irreducible, and
hence Y7 =Y =Y. Now suppose r > 1. We have

vi =J{ nYi).

Since Y] is irreducible, we know that Y] = Y/ NY; for some i; after possibly
rearranging the Y;, we may assume that ¢ = 1, and hence Y C Y;. Similarly, we
have Y; C Y/ for some j. Then, we have Y{ C Y/, and the condition that Y, 2 Y7

implies j = 1, and hence Y; = Y{. Now let Z = (Y — Y7). Then,
Z=YUY3U---UY, =Y UY;U---UY,.

By inductive hypothesis, we obtain the uniqueness of the irreducible decomposition
(1.1.33). (]

Since A} is Noetherian (Example 1.1.31), we obtain:

COROLLARY 1.1.34. Every algebraic set in A} can be expressed uniquely as a
union of affine varieties, no one containing another.

This condition may look familiar to you: On Homework 1, I asked you to
compute an irreducible decomposition!

[Har77, Cor. 1.1.6]



[Har77, Ex. 1.1.6.1]

[Har77, p. 6]

[Har77, Prop. 1.1.7]

[Har77, Thm. 1.1.8A]
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1.1.5. Dimension. The last topic we want to discuss from this section is di-
mension. In algebraic geometry, we define dimension combinatorially by considering
chains of irreducible closed subsets. By the Nullstellensatz (Theorem 1.1.19), this is
suggested by the definition of dimension for rings.

DEFINITION 1.1.35. Let X be a topological space. The dimension dim(X) of X
is the supremum of all integers n for which there exists a chain

200G GG Zn

of distinct irreducible closed subsets of X. The dimension of an affine or quasi-affine
variety is its dimension as a topological space.

EXAMPLE 1.1.36. dim(A}) = 1 since the irreducible closed subsets of A} are
the whole space and closed points (see Example 1.1.9).

ExAMPLE 1.1.37. The notion of dimension defined in Definition 1.1.35 is very
far from what works for manifolds. If X is a Hausdorff space, then the only
irreducible closed subsets are singletons. Thus, dim(X) = 0 using the definition in
Definition 1.1.35.

We now compare the dimension of an affine algebraic set with the dimension of
its coordinate ring.

DEFINITION 1.1.38. Let A be a ring. The height of a prime ideal p is the
supremum of all integers n > 0 for which there exists a chain

PoCPLCP2C - Chn=0p
of distinct prime ideals in p. The (Krull) dimension dim(A) of A is the supremum
of the heights of all prime ideals.

REMARK 1.1.39. It is tempting to think that all Noetherian rings have finite
Krull dimension. However, this is incorrect! Nagata constructed the first examples
in [Nag75, §A1, Example 1]. The point is that the maximum length of a chain
of prime ideals may depend on the maximal element in that chain. This will not
happen for affine varieties since all coordinate rings are quotients of polynomial
rings in finitely many variables over a field, and hence are finite-dimensional.

We can compare dimensions defined geometrically and algebraically using
Corollary 1.1.20.

PROPOSITION 1.1.40. If Y is an affine algebraic set, then dim(Y') = dim(A(Y")).

Proof. Suppose Y C A}. By Corollary 1.1.20, closed irreducible subsets of Y
correspond to prime ideals of k[z1,xa,...,z,] that contain I(Y). In turn, these
correspond to prime ideals of A(Y") by [AM69, Proposition 1.1]. O

We now want to discuss different ways of computing dimensions. The following
result allows us to use many tools from commutative algebra to compute dimension.

THEOREM 1.1.41. Let k be a field and let B be an integral domain which is a
finitely generated k-algebra. Then:
(a) dim(B) = trdegy (Frac(B)).
(b) (Dimension formula) For any prime ideal p C B, we have
(1.1.42) ht(p) + dim(B/p) = dim(B).

[Har77, p. 5]
[EGAIV,, (14.1.2)]
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Proof. See [Mat89, Theorems 5.6, 15.5, and 15.6] or [Hocl7, p. 59]. O
Theorem 1.1.41 allows us to compute dimensions.
PROPOSITION 1.1.43. dim(A}) = n.

Proof. Combine Proposition 1.1.40 and Theorem 1.1.41(a). O
REMARK 1.1.44. (1.1.42) is often called the dimension formula. The dimension

formula does not hold without the hypotheses in Theorem 1.1.41! For example:
(a) Suppose that (V,7) is a DVR with uniformizer 7 (e.g. the p-adic integers
Z, or a formal power series ring k[X]) and set B = V[T|. Then,
VIT]

T 1) = Frac(V)

is a field (if V' = Z,, then Frac(V) = Q,), and hence p = (7T — 1) is prime.

However,
ht(p) + dim(B/p) =140 < 2 = dim(B).

Note that the issue in this example is that maximal ideals can have different
heights.
(b) We can even construct an example where B is a localization of a finitely

generated k-algebra and the maximal ideals in B all have the same height.

We write down the example from [Heil7, Example 4.2]. Consider the ring

B = k[%%wyxay,?f}

(uy7 uz’ Uy’ UZ’ wy7 wz) )
Since
(uy, uz, vy, vz, wy, wz) = (y,z) N (u, v, w),
we can think of MaxSpec(B) geometrically as the union of k* and &% in
kS along the z-axis, that is, the line Z(u,v,w,y, 2).
We now consider the localization

A= (B— ((u,v,w,y,z)u(u,v,w,a:,y—1,2—1))) B.

The ring is semi-local with maximal ideals corresponding to (u, v, w,y, 2)
and (u,v,w,z,y—1,z—1), which are both of height 3, and hence dim(A) =
3 with both maximal ideals of height 3. We then have the following diagram
of inclusions of prime ideals in A:

(uavawayvz) (uavaw7xvy_1az_1)
(U7way>z) (u,uw,x,y— 1)
(u’ U’ w7y)
(U),y,Z) (u,v,w,x)

(y,2) (u,v,w)

[Har77, Prop. 1.1.9]

[Heil7, Ex. 4.2]



[Har77, Prop. 1.1.10]

[Har77, Thm.
L1.11A]
[Hocl7, p. 124]

[Har77, Prop.
1.1.12A]
[Hocl7, pp. 140-141]

[Har77, Prop. 1.1.13]

16 1. VARIETIES

This ring still satisfies the conclusion of does not satisfy the dimension
formula (1.1.42) since setting P = (u,v,w,y), we have

ht(P) +dim(A/P) = 141 =2 < 3 = dim(A).

PROPOSITION 1.1.45. If Y is a quasi-affine variety, then dim(Y') = dim(Y).

Proof. Suppose we have a maximal chain of distinct irreducible closed subsets
(PY=20C 21 € C Zy

in Y, where maximality forces {P} = Zy. Taking closures and applying what we
know about closures and irreducibility (Examples 1.1.14 and 1.1.15), we have a
distinct irreducible closed subsets

(1.1.46) (PYy=20C 721G C 7,

that is also maximal. Thus, dim(Y") < dim(Y).
Next, we apply the dimension formula (1.1.42) to (1.1.46). By the dimension
formula (1.1.42), we know that

dim(Y) = n = ht(mp) + dim(k) = dim(A(Y)) = dim(Y). O

REMARK 1.1.47. Note that the maximality of (1.1.46) makes it seem like we are
done showing dim(Y') = dim(Y’). However, you could imagine that in Y, different
maximal chains have different lengths. This is what is prevented by the dimension
formula (1.1.42)!

We end this section with a few more facts from commutative algebra. The
following result is useful for bounding dimensions of hypersurfaces and intersections
of hypersurfaces.

THEOREM 1.1.48 (Krull’s height theorem [Kru38, Satz 7* on p. 220]). Let A be
a Noetherian ring and let f € A be an element which is neither a zero divisor nor a
unit. Then, every minimal prime ideal p containing [ has height 1.

Proof. This is proved in [AM69, Corollary 11.17]. However, the proof there is rather
involved. For a simpler proof, see [Hoc17, p. 124] or [Nag75, (9.2)]. O

PROPOSITION 1.1.49. A Noetherian integral domain A is a UFD if and only if
every prime ideal of height 1 is principal.

Proof. See [Hocl7, pp. 140-141]. For references to the published literature, see
[Mat89, Theorem 20.1] and [BouCA, Chapter VII, §3, no. 2, Theorem 1]. O

As a consequence, we have:

PropPOSITION 1.1.50. A wariety Y C A7 has dimension n — 1 if and only
if it is the zero set Z(f) of a single nonconstant irreducible polynomial in A =
klxy,za,. .., @)

Proof. Tf f is irreducible, then Z(f) is a variety by Example 1.1.23. Moreover,
(f) is a prime ideal of height 1 by Krull’s height theorem (Theorem 1.1.48) and
hence dim(Y) = n — 1 by the dimension formula (1.1.42). Conversely, suppose that
dim(Y) =n — 1. Then, I(Y) C A is a prime ideal of height 1. Since A is a UFD,
we see that p = (f) for an irreducible polynomial f € A by Proposition 1.1.49. O



[Har77, Rem.
1.1.13.1]
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REMARK 1.1.51. The analogue of Proposition 1.1.50 does not hold for prime
ideals of height > 1. For example, there exist prime ideals of height 2 that cannot be
generated by two elements. See [Har77, Exercise 1.1.11] (which will be on Homework
2).

1.2. Projective Varieties

We continue to denote by k an algebraically closed field.

1.2.1. Motivation. Our next goal is to define projective varieties. Projective
varieties will have a few advantages compared to affine varieties. From a topological
point of view, CP" is nice because it is compact in the Euclidean topology. From
the point of view of algebraic geometry, working in projective space simplifies
classification problems. You will see in [Har77, Exercise 1.3.1(c)] that all curves
defined by a quadratic equation in P are isomorphic to P}, in contrast with what
you saw on Homework 1 for affine curves defined by a quadratic equation [Har77,
Exercise 1.1.1(c)].

For cubics, the difference between working in affine space and projective space
is even more stark. Cubic curves were first investigated by Newton. This work was
published in an appendix to Opticks (1704). See [BK86, pp. 93-98] for copies of
some of the pages from this work. Newton was able to identify 72 different classes of
cubic curves—but he was missing six classes in his published classification! (Later,
Whiteside discovered that Newton knew about these cubics, since they appear in
Newton’s mathematical papers. See [Gui09, p. 111, n8].)

Nevertheless, one of Newton’s important ideas is that if you consider curves to
be in the same class if they are related to each other by projecting away from points,
then the classification problem becomes much more manageable. See Figure 1.7
for an illustration of how projections of a circle yield ellipses, parabolas, and
hyperbolas. See Figure 1.8 for an illustration of how a cubical parabola are related
to a semicubical parabola via projection.

As the name suggests, considering such projections leads one naturally to the
field of projective geometry. Working in the projective plane, for example, forms
the mathematical basis of one-point perspective in art.

1.2.2. Projective space, graded rings, homogeneous elements and
ideals. We now start defining things formally.

DEFINITION 1.2.1. The projective n-space over k is
" AP —{(0,...,0)}

P} = .
¥ (ao, ... an) ~ (Mo, ..., Aay) for all A € k — {0}
We can think of the equivalence relation as identifying points lying on the same line
through the origin.
An element P € P} is called a point. When using coordinates, we will write

P=lag:ay: - :ay] € P}

to differentiate points in P} from points in A}. The a; are the homogeneous
coordinates of P.
We often drop the subscript k if the ground field & is clear from context.

9/5

[BKS86, (2.5)]

[Har77, pp. 8-9]
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FIGURE 1.7. Projecting a circle in a plane. From [BK86, p. 100].

Remember from the previous section the key feature of algebraic geometry: We
can translate questions back and forth between geometry and algebra in affine space.
To setup our dictionary between geometry and algebra in projective space, we will
need to consider the polynomial ring k[zg, 21,...,z,] as a graded ring.

DEFINITION 1.2.2. A(n N-)graded ring is a ring S together with a decomposition
S =P S.
d>0

of S into a direct sum of Abelian groups Sy such that Sy - S. C Sy, for all d,e > 0.
An element of Sy is called a homogeneous element of degree d. An ideal a C S is a

homogeneous ideal if
a= @(a N Sq).

d>0

Note that any element of S can be written uniquely as a (finite) sum of
homogeneous elements by definition of direct sums of Abelian groups.

REMARK 1.2.3. There are different conventions for the degree of the 0 element.
From the point of view of graded rings, one convention that makes sense is to say
that 0 has all possible degrees.
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FiGURE 1.8. Cubical parabolas and semicubical parabolas are
related via projection. From [BK86, p. 101].

We will need some facts about graded rings. Many of these were discussed in the
homework for Commutative Algebra (MA557) and will be discussed on Worksheet
2. See also [Mat89, §13] and [ZS75,, Chapter VII, §2] for proofs of (some of) these
results.

FacTts 1.2.4. Let S be a graded ring and let a C S be an ideal.

(1) a is homogeneous if and only if a can be generated by homogeneous elements.

(2) Sums, products, intersections, and radicals of homogeneous ideals are
homogeneous.

(3) If a is homogeneous, to test whether a is prime, it suffices to show that for
all homoeneous elements f,g € S, having fg € a implies f € a or g € a.

ExAMPLE 1.2.5. The main example of a graded ring we will consider is the
polynomial ring
S = klxg,z1, ..., 2],
where Sy is the set of all k-linear combinations of monomials of total weight d in
Loy L1y y Ly

Homogeneous polynomials in S play an important role in working with projective
space because while we cannot evaluate arbitrary polynomials by plugging in the
homogeneous coordinates for a point P € P}, we can ask whether a homogeneous
polynomial f € .S vanishes at P because

f(Xag, Aai, ..., Aan) = X f(ag, ay,. .., an).

In other words, the property of a homogeneous polynomial being zero or not at P
depends only on the equivalence class of P =[ag: a1 : - : ap)].

DEFINITION 1.2.6. Let T C S be a set of homogeneous elements of S. The zero
set of T is
Z.(T)={PeP|f(P)=0foral feT}.

[Har77, p. 9]

[Har77, p. 9]

[Har77, p. 9]



[Har77, Prop. 1.2.1]

[Har77, p. 10]

[Har77, p. 10]

[Har77, p. 10]

[Har77, p. 10]
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If a C S is a homogeneous ideal, we define Z, (a) := Z,(T), where T is the set
of all homogeneous elements in a. Since S is Noetherian, any set of homogeneous
elements T has a finite subset f1, fa,..., f- such that Z,(T) = Z(f1, fa,-.-, [r).

A subset Y C P} is a (projective) algebraic set if there exists a set T C S of
homogeneous elements such that Y = Z, (T)).

Algebraic sets define a topology.

PROPOSITION 1.2.7 (Projective algebraic sets define a topology). The class of
algebraic sets is stable under finite unions and arbitrary intersections. The empty
set and the whole space P} are algebraic sets.

Proof. The proof of Proposition 1.1.7 can be adapted to the projective setting. [

DEFINITION 1.2.8. The Zariski topology on P} is the topology whose closed
sets are the (projective) algebraic sets.

Since the property of being irreducible is purely topological, we can define
projective varieties as follows.

DEFINITION 1.2.9. A projective variety is an irreducible algebraic set in P} with
the induced topology. An open subset of a projective variety is a quasi-projective
variety. The dimension of a projective or quasi-projective variety is its dimension
as a topological space.

Now that we know how to take zero sets of sets of homogeneous polynomials,
we want to go in the other direction, i.e., from geometry to algebra.

DEFINITION 1.2.10. Let Y C P} be an arbitrary subset. The homogeneous
ideal of Y in S is the ideal
I(Y):={f €S| f is homogeneous and f(P)=0forall P€Y}-S.
If Y is an algebraic set, the homogeneous coordinate ring of Y is

S(Y) = I(SY)

1.2.3. Covering projective varieties by affine varieties. Our next goal
is to show that projective n-space has an open covering by affine n-spaces. As a
consequence, every projective (resp. quasi-projective) variety has an open covering
by affine (resp. quasi-affine) varieties.

We start with some terminology.

DEFINITION 1.2.11. Let f € S be a homogeneous element. If f is linear, then
Z(f) is called a hyperplane. In particular, we denote

Hi = Z+(£L‘1)
for each i € {0,1,...,n}, and set

We see that .
r=UU
i=0

since for any P = [ag : a1 : -+ : ap] € P}, at least one of the coordinates a; is
Nnonzero.
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We define a mapping

o
U, : A7
ap a a; an
[ap:ay:--:iap)— [—,—, ..., —, ...,
a; a; a; a;

with a;/a; omitted in the right-hand side. Note that ¢; is well-defined since the
ratios a;/a; are independent of the choice of homogeneous coordinates.

PROPOSITION 1.2.12. The map ¢; is a homeomorphism of U; with its induced
topology to A} with the Zariski topology.

Proof. First, we note that ¢; is bijective with inverse defined by
@ (b1, boy .. by) =[by byl by

where 1 is in the i-th coordinate on the right-hand side. It therefore suffices to show

that the closed subsets of U; are identified with the closed subsets of A} under ;.

After rearranging coordinates, we may assume that ¢ = 0, in which case we write U
for Up and ¢: U — A} for ¢q.

Let A = k[y1,¥2,...,Yn] and denote by S the set of homogeneous elements of
S. We define the maps

a:Sh— A
f'_>f(17y1a-~-7yn)
B: A— St
gr—)xdeg(g) ( 7l‘n>
3?0 Zo

If Y C U is a closed subset with closure Y C P, then Y = Z,(T) for a subset
T C Sh.
Set T" = o(T'). We claim that ¢(Y) = Z(T"). Consider a point

y=1bo:b1:b9:---:0,] €U.

For every f € S, we have

a(f)(ga(y))zf(LZl zz> by Y5 £(bg, by, ..., by),

and hence f(y) = 0 if and only if a(f)(go(y)) = 0. Thus, we have the equivalences

+YEY = yeZ (TN
= fly) = OfrevernyT
<~ a(f)(e(y)) =0 for every f €T
< g(p(y)) =0 for every g € a(T).

This shows that ¢(Y) = Z(T"), and hence ¢ is closed.
Conversely, suppose that W C A7 is a closed subset, and write W = Z(T") for
a subset 7" C A. We claim that ¢~ *(W) = Z, (8(T")) N U. Consider a point

y=1bo:b1:bg:---:0,] €U.

[Har77, Prop. 1.2.2]
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[Har77, Exer. 1.2.4]
(28755, p. 172]

[Har77, Exer. 1.2.5]
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For every g € A, we have
bl bn d
) =55 g (),

Blg)(y) = bi=® g<b0, .-
and hence $(g)(y) = 0 if and only if g(¢(y)) = 0. Thus, we have the equivalences
ply) W = ¢ly) € Z(T")
< g(p(y)) =0 for every g € T"
< B(9)(y) =0 for every g € T"
<= f(y) =0 for every f € B(T").
This shows that ¢~!'(W) = Z(B(T")) NU, and hence ¢ is continuous. O

COROLLARY 1.2.13. If Y is a projective (resp. quasi-projective) variety, then
Y is covered by the open sets Y NU; for i € {0,1,...,n}. These open sets are
homeomorphic to affine (resp. quasi-affine) varieties via the map ¢; defined above.

1.2.4. The algebra < geometry dictionary for projective space. A key
tool we will be using is the following, which again is on Worksheet 2. I encourage
you to work it out on your own if you have not done so already. (If you need to
use the result on homework, please submit a proof of what you need.) The idea
of the proof is to use [Har77, Exercise 1.2.3]. This latter exercise can be solved
directly—reducing to the affine case would require understanding the quotient map

A} — {(0,0,...,O)} — P}
better.

PROPOSITION 1.2.14. There is a one-to-one inclusion-reversing correspondence

} homogeneous radical ideals
1-1

algebraic sets .
{ g in klrg, x1,Z2, ..., Ty

in Py not equal to S,
Y 1Y)
Z(a) ‘a.

Furthermore, an algebraic set is irreducible if and only if its ideal is a prime ideal.

REMARK 1.2.15. Since Sy does not appear in the right-hand side of this corre-
spondence, it is sometimes called the irrelevant maximal ideal of S.

A key feature of A} is that it is Noetherian and that algebraic sets admit
irreducible decompositions. The same facts hold for P}.

ProroOSITION 1.2.16.
(a) P} is a Noetherian topological space.
(b) Every algebraic set in P} can be written uniquely as a finite union of
wrreducible algebraic sets, no one containing another. These are called its
irreducible components.

Proof. For (a), let Zy 2 Z; 2D --- be a descending chain. This corresponds
via Proposition 1.2.14 to an ascending chain of homogeneous radical ideals in
klxo, 1,22, ..., Ty], and hence stabilizes by the Hilbert basis Theorem 1.1.30. For
(b), we can apply Proposition 1.1.32 (which is a general statement about closed
subsets of Noetherian topological spaces) since P} is Noetherian by (a). a
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1.2.5. An affine variety that is not a local complete intersection. Now
that we understand how to work with projective varieties a bit more, I want to revisit
a question from Homework 2. The theme for the rest of today is that determining
the defining equations or the ideal of definition of a variety is surprisingly difficult.

EXAMPLE 1.2.17 (An affine variety that is not a local complete intersection).
Let Y C A} be an affine variety of dimension r. By Krull’s height Theorem 1.1.48,
we know that I(Y') must have at least n — dim(Y") generators. While one might be
optimistic and hope that there are always n — dim(Y") generators, this is not true
as you saw/will see on Homework 2.

Consider the curve Y C Az defined by the kernel of the ring map

: klz,y, z] — klt]
T3
y>—>t4
z 5,

Since the codomain is a domain, we know that ker(y) is prime, and hence I(Y) =
ker(y). Moroever, considering k[, y, z| as a graded ring where deg(x) = 3, deg(y) =
4, and deg(z) = 5, we saw that I(Y) is a homogeneous prime ideal. By matching
the exponents on ¢ on the images of the variables, we have

(1.2.18) (xz —y?, 2® —yz, 2%y — 2%) C I(Y).

For the homework, I suggest using these three generators to prove that I(Y") cannot
be generated by 2 elements. You can use the dimension formula (1.1.42) to prove
that I(Y) is of height 2.

There are more questions we can ask about this example.

(1) It is even true that I(Y) is not generated by 2 elements after localizing at
m = (z,y, z)! A hint for showing this: first show that the localization map

1Y)~ I(V)a
—
m-I(Y) m-I(Y )y
is an isomorphism where I(Y ), = I(Y) - k[x, y, 2z]m. We now look at the
images of the three elements in (1.2.18) modulo m - I(Y):
1Y)

m-[(Y)

This is a graded module (by Worksheet 2), and is even a graded k-vector
space where we make the identification k 2 k[z,y, z]/m. By the graded
NAK lemma (from Homework 2 in MA557), to show that we need > 3
generators, it suffices to show that these three elements are nonzero and
k-linearly independent in I(Y)/(m - I(Y)).

We say that Y is not a local complete intersection at the origin
(0,0,0) € A?. (An affine variety Y C A% is a local complete intersection
if I(Y)n is generated by n — dim(Y") elements for every maximal ideal
m C k[z1,xa,...,2,].)

(2) A lingering question remains: What are the actual generators of I(Y)?
This question (and its generalization to other curves constructed in this
way, where the weights 3,4,5 are allowed to change) was the topic of
Herzog’s thesis (published as [Her70]).

xz—y?, 23 —yz, 22y —22 €

[Har77, Exer. 1.1.11]

[Her70]
[Kunl3, p. 137ff]
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[Har77, Exer.
1.2.16(a))
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1.2.6. The twisted cubic curve and bad behavior of generators of I(Y)
under projective closure. Next, I want to show you how the affine «~ projective
“translation” from last time (Proposition 1.2.12) does not always behave well with
respect to the complete intersection property.

ExXAMPLE 1.2.19 (The twisted cubic curve). On Worksheet 1, you saw the
example

Y ={(t,1*,t*) |t € k} C A}.
This is an affine variety with
I(Y) = (2% =y, 2y — 2).

The inclusion D holds by evaluating the generators at the points (¢,¢2,¢3). To show
the inclusion C, we first note that

klz,y, 2]

(22 —y, 2y — 2)
and hence (22 — y, 1y — 2) is prime of height 2. On the other hand, the dimension
formula (1.1.42) implies ht(1(Y')) = 2. Thus, the inclusion I(Y) D (22 — y,xy — 2)
is an inclusion of prime ideals of the same height, which must be an equality.

On Homework 3, I will ask you to consider the projective closure of Y in P3
obtained by embedding Y in P% via the homeomorphism A% ~ Uy C P% and taking
closures. The resulting projective variety is the twisted cubic curve

Y C P,

=~ L[],

Note that Y is irreducible by Example 1.1.15.

Since we had nice equations defining the affine version of the twisted cubic curve
on Uy, one might hope that homogenizing the generators yields generators for I(Y).
That is, one may hope that

B(x? —y) = 2 — yw and Blzy — 2) = zy — zw
generate I(Y). Set
W= Z, (2 — yw, zy — 2w).
By Proposition 1.2.12, we know that W N Uy is irreducible. The only possibility is
that the behavior along the “hyperplane at infinity” Z(w) is causing issues. To
give us some intuition, we note that W N Z, (w) = Z, (z,w) is a line that does not
come from Y.

We claim that the line Z (x,w) is an irreducible component of W. To do this,
consider the colon ideal

((3:2 — yw, xY — 2W) )
{fek‘wa?y, ‘ )- f C (22 —yw:cy—zw)}
Note that
w(y? —x2) = —z(2® — yw) + y(zy — zw)
w(y? — x2) = —y(2® — yw) + z(zy — 2w)
and hence

((1’2 —yw,zy — 2w) : (z,w)) 3 y? — xz.
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%(’(‘{ -w) (V\D't laoun)
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2 (K -y w)

2(%,w)

FIGURE 1.9. The twisted cubic curve is an irreducible component
of an intersection of two quadrics. What is shown is the affine chart

z # 0.

By definition of the colon ideal, we know that
(2% — yw, zy — 2w)
D ((x2 —Yyw,xY — 2W) : (m,w)) (z,w)
D (y? — z2) - (z,w).
Taking zero sets, we see that
Zy(y? - 2) U Zy (3, 0)
D Zy (2 — yw, zy — zw) : (z,w)) U Zy (z,w)
oW
2 Zi(z,w).
To show that Z, (z,w) is an irreducible component of W, write W =Y U W'
as a union of proper closed subsets. Such a decomposition exists by the existence of

irreducible decompositions (Proposition 1.1.32). Taking intersections with Z (w)
in this chain of inclusions, we obtain

Z(y? — xz,w) U Zy (2, w)
D (YNZy(w)u(W'NZy(w))
D) Z+(1',1.U).

Since

YV = {[s%: st st? : 7] |s,tek} CP3,
we have
YNZy(w)={0:0:0:1]}.
Since Z (y?> — xz,w) does not contain Z (x,w), the implication above implies
Z+(I7w) 2 w'n Z+(’LU) 2 Z+(1‘7w)'
Thus, equality holds throughout and W’ O Z, (z,w). It remains to show that
W' =Z(z,w). U W' 2 Z,(z,w), then W' must be a surface containing Z, (z, w).



[Har77, Exer.
1.2.16(a)]

[Har77, Exer. 1.2.10]
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Since W N Uy =Y is a curve, this means that W' is a surface contained in Z, (w),
and hence we must have W’ = Z_ (w). This contradicts the fact that

W'NZy(w) = Zy(z,w).

The story continues on Homework 3, where for example, you will be asked to

compute [(Y). In this case, you can find the generators by hand. If you are working
over a specific field and have specific generators for 1(Y), then you can compute

I(Y) using Grébner bases. See [CLO15, Chapter 8, §4].
REMARK 1.2.20. We have shown that
Z (2% —yw,xy — 2w) =Y U Zy (2, w)

is a union of the twisted cubic curve and a line (see Figure 1.9). Since both
Z, (2? —yw) and Z, (vy — zw) are varieties (both polynomials are irreducible), we
have therefore constructed an example of two varieties whose intersection is not a
variety.

1.2.7. Cones over projective varieties. As we saw with [Har77, Exercises
1.2.1-1.2.7] and in particular, with Proposition 1.2.14 stated above, one can prove
various properties of algebraic sets in P} and their homogeneous ideals by reducing
somehow to the affine case (although sometimes, as in [Har77, Exercise 1.2.3], I would
recommend proving things directly). The affine case is often convenient because we
can use familiar tools from commutative algebra. By reducing to the affine case, we
were able to expand our algebra <> geometry dictionary to the projective setting.

The results we showed last time (Proposition 1.2.12) give one way to reduce to
the affine case:

(I) By Proposition 1.2.12, we can cover P} (resp. a closed subset Y C P})
by affine open subsets U; (resp. Y NU;), which are homeomorphic to A}
(resp. to closed subsets in A}).

Moving back and forth using this homeomorphism can sometimes cause issues,
however, as we saw with the twisted cubic in Example 1.2.19. Instead, we can mimic
our intuition from [Har77, Exercises 1.2.1-1.2.7]:

(IT) Analyze everything by pulling back to the space A} that surjects onto P}.

This is secretly what you were doing when for example, you deduced the homogeneous
Nullstellensatz [Har77, Exercise 1.2.1] from the affine version.

DEFINITION 1.2.21. Let Y C P} be a nonempty algebraic set, and consider the
map

0: AP —{(0,0,...,0)} — P}
(ag,a1,...,an) —> [ag 1 ay -+ : ap).
The affine cone over Y is
CY)=6"1(Y)u{(0,0,...,0)} C AP+
The projective cone over Y is the projective closure
Cy)C Pt

See Figure 1.10 for an illustration.
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d

Ccy)

FIGURE 1.10. The cone over a curve in PZ. From [Har77, p. 12].

Part of Homework 3 works out the basic properties of the affine cone. It turns out
that C(Y) is an algebraic set in A" with defining ideal I(Y) C k[xo, z1, ..., %)
(this justifies the fact that I(Y") could have two different meanings corresponding to
the affine and projective cases, respectively). This also shows that the map

c()-{(0,0,...,00} —Y

is a quotient map in the sense of topology, answering one of your questions from
class.

Taking cones is nice because taking the cone over a complete intersection still
gives a complete intersection. Similarly, if we have a set of r defining equations for
Y as a projective variety, then there are r defining equations for C(Y") as an affine
variety. Surprisingly, as far as I know, the following question is open:

OPEN PROBLEM 1.2.22 [Lyu89, Problem 0.1]. LetY C P} be a projective variety.

If C(Y) can be defined by r equations, can 'Y always be defined by r equations?

1.2.8. The Segre embedding. For theoretical purposes, it is very useful to
be able to take products of quasi-projective varieties. Given two affine spaces Aj,
and A7 of different dimensions, we know that we can consider A} x Aj as the affine
space AZH. With projective spaces, however, there is no obvious way in which
P} x Pj can be realized as a projective variety. We therefore need to answer:

QUESTION 1.2.23. How can we give the set P} x P the structure of a projective
variety?

The key construction that will allow us to do this is called the Segre embedding.

Hartshorne assigns this construction as an exercise. To help us get used to working
in projective space, we work out the Segre embedding here.

EXAMPLE 1.2.24 (The Segre embedding). Fix integers r, s > 0. Consider the
map (of sets)

¢: Py x P Py

([ao rar s+ :ap],[bo by v -1 bg]) — [+ agby:---]

[Har77, Exer. 1.2.14]
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where N = (r+1)(s+1) —1 = rs+7+s and the coordinates a;b; on the right-hand
side are listed lexicographically.
Consider the ring map

0:k |:{Zij}0§i§r:| — k[an s Ty Yoy - - 7ys]
0<j<s

Zij * TiYj

and set a := ker()). Note that a is prime since im(#) = k[{z;;}|/a is a subring of a
domain.

We will show that v is well-defined, injective, and that im(¢) = Z,(a). As a
result, identifying P}, x P; with its image Z (a) under 1, we can give P}, x Pj the
structure of a projective variety.

STEP 1. ¢ is well-defined.

First, the coordinates of [--- : a;b; : - - -] are not all 0 since there exist 4g, jo such
that a;, # 0 and b;, # 0, and hence a;,b;, # 0.
Now let A, o € k — {0}. Then, we have
w(A-[aO:al seesiap], e [bo s by :~-~:b5])
— [...:)\Maibj . ...]
:)\‘u.[...:aibj :...]
= [v..:alb] : .a.}
=Y([ag:ar: - :ap],[bo:by:--- b))
which shows that ¥ is well-defined.
STEP 2. v is injective.
Suppose that ¥ (a,b) = ¢¥(c,d) fora=[ap: - :a,],c=[co: - :¢;] € P}, and
b=1[bg:---:bs],d=1[do:---:ds] € P}. Then, we have
[“':a’ibj :...] — [...:Cidj : ...].
Thus, there exists A € k — {0} such that a;b; = Ac;d; for all 4,j. Choose indices
i0, jo such that a;, # 0 and b;, # 0. Since a;,b;, = Ac;,dj,, this implies ¢;, # 0 and

dj, # 0 as well. Scaling a, b, c,d by a;ol, b;ol, c;)l, d;()l respectively, we may assume

that a;, = b;, = ¢;, = dj, = 1, in which case A = 1. We then see that

@i = raby iy = [t ady i =
by = tab e Jig = tcidt i, =d;
which shows that (a,b) = (¢, d), i.e., ¢ is injective.
STEP 3. im(¢)) = Z,(a).

C. Let P=1[--:a;b;:---] € im(yp). We need to show that f(P) = 0 for all
f € a. We have

f(P) = (0(f))(a,b) =0
and hence P € Z(a).

D. Suppose Q = [---: ¢ 1 ---] € Zy(a). Fix ig,jo such that ¢;,j, # 0. We
claim that letting a; = ¢;;, and b; = ¢;,; for all ¢, j, we have 9(a,b) = Q. First,
note that

0(zijzi — 2kj2i) = TiYTEyr — TrY;Tiy = 0
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and hence z;;zk — 220 € a for all ¢,k € {0,1,...,r} and 5,1 € {0,1,...,s}. Thus,
a;bj = CijoCigj = CijCiojo

for all ¢, 5. Thus,

w(avb):[”':cijciojo:“']:Ciojo'[“':cij:”' CZ]]

This shows that im(¢) = Z (a).
Finally, I wanted to make the following cautionary remark.
REMARK 1.2.25. If X and Y are affine varieties, then it is true that
IX)+1(Y)CI(XNY),

but equality does not necessarily hold. For example, consider the parabola X =
Z(y — x?) and the line Y = Z(y). Then,

I(X)+I(Y) = (y—2°y) = («°,y) # (z,y) = (X NY).

However, it is true that /I(X)+ I(Y) = I(X NY) by the Nullstellensatz (Theo-
rem 1.1.19).

1.3. Morphisms
We continue to denote by k an algebraically closed field.

Now that we have defined and started working with (quasi-)affine varieties
and (quasi-)projective varieties, we want to start discussing morphisms between
them. This will give us a language for saying when two quasi-projective varieties
are isomorphic, and allows us to discuss the category of (quasi-)affine varieties or
(quasi-)projective varieties.

1.3.1. Regular functions on affine and quasi-affine varieties. In analogy
with the case of smooth manifolds, what we want to do is to define a morphism
of varieties to be some sort of map for which “algebraic” functions pull back. For
manifolds, you do the same thing for smooth functions. The analogue of smooth
functions that works for varieties is the class of regular functions.

Instead of proceeding like in [Har77], we will divide up our treatment of regular
functions into three cases: the affine case, the quasi-affine case, and the quasi-
projective case.

DEFINITION 1.3.1. Let Y C A7 be an affine variety. A function f:Y — kisa
regular function if it is the restriction of a polynomial function on A}, or in other
words, if f is the image of an element in k[xy1,zo,...,2,]. We denote by O(Y") the
ring of regular function on Y.

With this definition, we see that a regular function on Y is just an element in
A(Y): The elements in I(Y") induce the 0 function on Y, and any other function is
not the 0 function (by definition of I(Y")). We therefore have an isomorphism

klx1, 22, .., Zn] ~
BT — O(Y).

For a quasi-affine variety, this does not give the right notion.

AY) =

[Har77, Thm.
1.3.2(a)]
[Shal3y, p. 25]
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FIGURE 1.11. Projecting the hyperbola onto the z-axis has image
A} — {0}. From [Rei95, Figure 4.8].

EXAMPLE 1.3.2. On A}, —{0}, the function 1/x should be considered regular since
it is a function defined algebraically and it still defines a function on A} —{0}. This
is because eventually, we will show that A} — {0} is isomorphic to Z(zy — 1) C A2,
which has affine coordinate ring isomorphic to k[z,1/x]. The isomorphism is a
very natural one: It comes from projecting the hyperbola onto the z-axis. See
Figure 1.11.

The definition for quasi-affine varieties is therefore more complicated.

DEFINITION 1.3.3. Let Y C A} be a quasi-affine variety. A function f: Y — k
is regular at a point P € Y if there is an open neighborhood U with P e U C Y
and polynomials
g, h € A=k[xy,za,...,2,]
such that A is nowhere 0 on U and f = g/h on U. (Here, we interpret the polynomials
as functions on A7 and therefore on Y via restriction.) We say that f is regular on
Y if it is regular at every point of Y.

REMARK 1.3.4. There are two differences compared to Definition 1.3.1. First,
Definition 1.3.3 involves rational functions of the form g/h. This fixes the issue
raised about A} — {0} before. Second, Definition 1.3.3 involves a local condition
with a point P and a neighborhood U of P.

You may therefore be wondering:

QUESTION 1.3.5. Is it necessary to allow for such a local condition, or can we
always find one rational representation f = g/h of a regular function that works for
every point on a quasi-affine variety?

We first give an example where even though one rational representation works,
there are two different representations that do not look the same at first glance.

EXAMPLE 1.3.6 (Stereographic projection). Let X = Z(2?+y*—1) be the circle
and let Y = X — {(0,1)}. We can then define the regular function Y — k where

FiY —— &

xz,Y) —r —
(@0) —
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(Xo,Yo)

X

/] NN

FIGURE 1.12. Stereographic projection of a circle. From [Shal3,
Figure 4].

This is the stereographic projection of a circle onto the z-axis. See Figure 1.12. The
function f is well defined since we have excluded the point y = 1. On the other
hand, when z # 0, we have

x z? 1—y?  y+1

1—y 21—y 21—y =

and hence on the open set {« # 0}, the regular function f has two representations
that do not look the same.

This example suggests that the answer is more subtle than we might expect.

We now give another example answering Question 1.3.5 in the affirmative: There are
regular functions in the sense of Definition 1.3.3 that do not arise as the restriction
of a rational function on an affine variety containing Y as an open subset.

EXAMPLE 1.3.7 (Projecting away from a point on the cuspidal cubic). Consider
the affine variety

X = Z(atj3 —yQ) - Ai,

the cuspidal cubic. Let Y = X — {(1,—1)}. Consider the regular function

f:y k
1—
“TY g0,
(2.9) 1-—2z
T,y ?
1 2
Itz+a” if y £ —1.

1+y

[R6s22]



[Har77, Lem. 1.3.1,
Rem. 1.3.1.1]
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This map takes a point on Y to the slope of the secant line connecting (1,1) to
(z,y) for (z,y) # (1,1), and f(1,1) = 3/2. This function is well-defined since

-y (1-y)(1+z+2?)
1—z (1—2)(1+2z+22)
(1—y)(1+z+2?)
- 1—a3
(1-y)(+z+a?)
1—y?
_ 1+z+ 22
=1

when = # 1 and y # 1. On the other hand, we cannot write f = g/h globally on Y
since

9_1-y

h 1-x
and hence the expression g/h cannot be evaluated at (1,1).

= (l-2)g=(1-yh = (1—-2)|h

Note that we now have two definitions for regular functions on affine varieties.
Our goal for most of today will be to show that the two notions coincide for affine
varieties.

Before we start working towards this goal, we prove the following:

LEMMA 1.3.8. A regular function on an affine variety or a quasi-affine variety
is continuous when k is identified with A} with its Zariski topology. Moreover, if
f and g are regular functions on an affine or quasi-affine variety Y and f = g on
some nonempty open subset U CY, then f = g everywhere.

Proof. Let f: Y — k be a regular function. It suffices to show that inverse images
of closed sets are closed. Since the closed sets in A} are finite sets of points, it
suffices to show that

fHa)={PeY|[f(P)=a}
is closed for every a € k. The affine case holds since we have f~'(a) = Z(f — a) in
this situation.
For the quasi-affine case, it suffices to show that f~!(a) is closed after restricting

to an open cover of Y. Let U C Y be an open subset on which f = g/h for g,h € A
and h is nowhere 0 on U. Then,

1 9(P)
={PeU|g(P)=ah(P)}
=Z(g—ah)NU

which is closed.
The “moreover” statement follows by consider the regular function f — g. The
set of points where f — g = 0 is closed and dense, and hence is equal to Y. [

1.3.2. Regular functions vs. affine coordinate rings. To prove that our
two definitions of regular functions coincide for affine varieties, we need the following
definitions.
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We switched Y, P
in the subscript of
Opy to match no-
tation used later for
sheaves.
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DEFINITION 1.3.9 (The local ring at a point). Let Y be an affine or quasi-affine
variety. We denote by O(Y) the ring of all regular functions on Y. If P is a point
on Y, the local ring of Y at P is the ring

Oy)p = hgl O(U)
UsP
(sometimes denoted Op) of germs of regular functions on Y at P, where the direct
limit ranges over all open neighborhoods U of P. In other words, an element of
Oy p is a pair (U, f) where U is an open subset of ¥ containing P and f is a regular
function on U, and where we identify two such pairs (U, f) and (V,g) if f = ¢

on U N V. This forms an equivalence relation using the “moreover” statement in
Lemma 1.3.8.

The ring Oy p is a local ring with maximal ideal mp consisting of all germs
of regular functions that vanish at P. This is because if f(P) # 0, then 1/f is
regular in a neighborhood of P. The evaluation map Oy,p — k has kernel mp and
is surjective. Thus, the residue field Oy p/mp is isomorphic to k.

DEFINITION 1.3.10 (The function field or the field of rational function). Let
Y be an affine or quasi-affine variety. The function field or the field of rational
functions of Y is the field

K(Y) =1l O(U).
U

In other words, an element of K (Y") is an equivalence class of pairs (U, f) where U
is a nonempty open subset of Y, f is a regular function on U, and where we identify
two pairs (U, f) and (V,g) if f = g on UNV. The elements of K(Y') are called
rational functions on Y.

Note that K(Y) is a field: Since Y is irreducible, any two nonempty open sets
have nonempty intersection. We can therefore define addition and multiplication in
K(Y). If (U, f) € K(Y) with f # 0, then we can restrict f to the open set

V=U-(UnZy)),
in which case 1/f is regular on V, and (V,1/f) is an inverse for (U, f).
We have natural injective maps
(1.3.11) OY)— Oyp— K(Y)
where the injectivity holds by the “moreover” statement in Lemma 1.3.8.

We are now ready to prove that the two definitions of regular functions coincide
for affine varieties. We will in fact show more about how O(Y), Oy p, and K(Y)
relate to different geometric properties of Y.

THEOREM 1.3.12. Let Y C A} be an affine variety with affine coordinate ring
A(Y). We have the following:

(a) The two definitions of regular functions on'Y coincide: The “evaluation

»”

map
a: A(Y) =5 O(Y)

is an isomorphism, where O(Y') is defined as for quasi-affine varieties.

[Har77, p. 16]

[Har77, Thm. 1.3.2]
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(b) For each point P €Y, let mp C A(Y) be the ideal of functions vanishing
at P. We have a 1-1 correspondence

Y — MaxSpec(A(Y))
Pr— mp.
(¢) For each P €Y, the isomorphism o induces an isomorphism
A(Y )mp — Oy,p

and dim(Oy,p) = dim(Y").
(d) The isomorphism « induces an isomorphism

Frac(A(Y)) — K(Y).

Thus, K(Y) is a finitely generated extension field of k of transcendence
degree dim(Y).

Proof. We proceed in a sequence of steps. Let A = k[xy,29,...,2,]. We then
consider the commutative diagram

A— A(Y)
\ a7
e
o).
Since the kernel of A — O(Y') is I(Y'), we obtain the injective map « by the universal
property of quotient rings.
STEP 1. Proof of (b).

By Corollary 1.1.20, there is a 1-1 correspondence between points of Y (which
are minimal algebraic subsets of ¥) and maximal ideal of A containing I(Y"). By
[AMG9, Proposition 1.1], these maximal ideals correspond to the maximal ideals
of A(Y). Using « to identify elements of A(Y) with regular functions on Y, the
maximal ideal corresponding to P is

mp = {f € AY)| f(P)=0}.
STEP 2. Proof of (¢).

For every P € Y, the universal property of localization implies there is a unique
map S fitting in as the bottom horizontal map in the commutative diagram below:

AY) —2 5 O(Y)

| |

The map S is injective because it factors as
Qm —1
AY )iy — (AY) —mp) O(Y) — Oy,p.

The first map is injective since it is obtained from the inclusion A(Y) < O(Y) by
localizing and localization is exact. The second map is injective since it is just an
inclusion map as subrings of K(Y'). The map [ is surjective by the definition of
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Oy, p and the definition of a regular function. We conclude that /3 is an isomorphism,
and moreover, we have
dim((’)xp) = ht(mp).

Since A(Y)/mp = k, we see by Proposition 1.1.40 and the dimension formula (1.1.42)
that dim(Op) = dim(Y).

STEP 3. Proof of (d).

By (c), we know that a induces an isomorphism

Frac(A(Y)) — Frac(Oy,p)

for every P € Y. The right-hand side is equal to K (Y") since every rational function

is in some Oy, p, where we use the identification of both rings in K(Y') as in (1.3.11).

Next, A(Y) is a finitely generated k-algebra, and hence K (Y') is a finitely generated
field extension of k. We can apply Proposition 1.1.40 and the dimension formula
(1.1.42) to see that

trdeg, (K (Y)) = dim(Y).

STEP 4. Proof of (a).

We first note that
oY) c ﬂ Oy.,p
Pey
as subrings of K(Y). By (b) and (c), we therefore have

A(Y) CO(Y) S (AY )m

again as subrings of K(Y'), where m runs over all maximal ideals of A(Y). This
inclusion is an equality since if B is an integral domain, then B is equal to the
intersection (in Frac(B)) of its localizations at all maximal ideals in B. O

Before moving on, we want to emphasize one aspect of algebraic geometry that
is so convenient and allows us to move back and forth between the global picture
(i.e., what happens on all of X) and the local picture (i.e., what happens in a
neighborhood of points on X). We said in (1.3.11) that the first map in

O(Y) — OYJD — K(Y)

is injective. The reason why is that if f € O(Y) maps to 0 € Oy, p, then there is a
neighborhood U of P where f|y = 0. Since Y is a variety, it is irreducible(!), and
hence Lemma 1.3.8 implies f =0 on Y.

1.3.3. Regular functions on quasi-projective varieties. Morphisms.

We now define regular functions on quasi-projective varieties.

DEFINITION 1.3.13. Let Y C P} be a quasi-projective variety. A function
f+Y — kis regular at a point P € Y if there is an open neighborhood U C Y of P
and homogeneous polynomials

g, h €8 =k[xg,z1,...,2,]

of the same degree such that h is nowhere 0 on U and f = g/h on U. (Even though
g and h are not functions on P}, their quotient is a well-defined function whenever
h # 0 since they are homogeneous of the same degree.) We say that f is regular on
Y if it is regular at every point.

[Har77, p. 15]
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We can define local rings and function fields/fields of rational functions of quasi-
projective varieties in the same way as we did for affine and quasi-affine varieties
(Definitions 1.3.9 and 1.3.10).

LEMMA 1.3.14. A regular function on a quasi-projective variety is continuous
when k is identified with A} with its Zariski topology. Moreover, if f and g are
reqular functions on a quasi-projective variety Y and f = g on some nonempty open
subset U C Y, then f = g everywhere.

Proof. The proof is similar to Lemma 1.3.8. Let f: Y — k be a regular function. It
suffices to show that inverse images of closed sets are closed. Since the closed sets
in A} are finite sets of points, it suffices to show that

fHa)={PeY|[f(P)=a}
is closed for every a € k.
It suffices to show that f~1(a) is closed after restricting to an open cover of Y.

Let U C Y be an open subset on which f = g/h for g, h € S homogeneous of the
same degree and h is nowhere 0 on U. Then,

f%@mU{PeU

={PeU|g(P)=ah(P)}
=Zy(g—ah)NU
which is closed.

The “moreover” statement follows by consider the regular function f — g. The
set of points where f — g = 0 is closed and dense, and hence is equal to Y. O

We can now define the category of varieties. We recall the definition of a
category from Definition A.1.1:

DEFINITION 1.3.15. A category € consists of the following data:
(1) A class of objects.
(2) For every pair of objects A and B in €, a set Hom (A, B) of maps or
morphisms, such that Home (A, B) and Hom¢ (A’, B') are disjoint unless
A= A"and B = B’'. We write f: A — B to mean that f € Hom¢ (A, B).
(3) For every triple of objects A, B, and C in %, a composition law

HOmg(A,B) X HOmg(B,C’) E— HOmcg(A,C)
(f,9) golf

satisfying the following axioms:
(a) For every object B, there is a distinguished identity morphism
idg: B — B such that for every morphism f: A — B, we have
idg o f = f, and for every morphism g: B — C, we have g oidp = g.
(b) Composition is associative: if f: A— B, g: B— C,and g: C — D,
then ho(go f)=(hog)o f.
We say that f: A — B is a isomorphism with inverse g: B — A if go f =id4 and
fog=idp.

DEFINITION 1.3.16. Let k be a fixed algebraically closed field. A variety over k
or simply a variety if k is clear from context, is any affine, quasi-affine, projective, or
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quasi-projective variety as defined above. We will often say quasi-projective variety
for clarity because there are more general definitions for varieties in the literature.!

A morphism p: X — Y is a continuous map such that for every openset VC Y
and every regular function f: V — k, the function

fopi (V) —k

is regular.

The composition of two morphisms is a morphism, and hence we obtain a
category Varg. An isomorphism ¢: X — Y of two varieties is a morphism which
admits an inverse morphism : Y — X with ¢ o ¢ =idx and ¢ o9 = idy.

As an example of an isomorphism, we prove that the homeomorphism A} ~
U; C P} is an isomorphism of varieties. This implies that even though affine and
quasi-affine varieties have multiple definitions for regular functions (you can consider
them both as quasi-projective varieties), the different definitions coincide.

PROPOSITION 1.3.17. Let U; C P} be the open set defined by the equation x; # 0.
Then, the map ¢: Uy — A} from Proposition 1.2.12 is an isomorphism.

Proof. The map ¢ is a homeomorphism by Proposition 1.2.12. It therefore suffices
to show that the regular functions on open sets of U; and A} coincide. This follows
since for a regular function f on an open subset V', the two maps

" O(V) O(¢='(V))
g i1, @i, - - ) . mznaX{deg(g)’deg(h)}g(u-,xi—1/$i,$i+1/$i,-~-)
h( vy Lj—1y Lid1y - - ) x;nax{deg(g),deg(h)}h(. cy zi—l/xi, «ri—&-l/zi; .. )
g(- o xim1, L, xia, .- ) , g(zo, ..., Tn)
h(...,xi,l,l,xiﬂ,...) h(x07...,$n)

defined using «, 8 from Proposition 1.2.12 are inverses of each other. Here, the
assignments in either direction are made for every locally defined representation
f = g/h as a rational function with h nowhere 0. You can check that the map ¢* is
well-defined, and compose to the identity in either direction. (Il

We also give a local criterion for being an isomorphism.

PRrROPOSITION 1.3.18. Let ¢: X — Y be a morphism of quasi-projective varieties.
(a) For every P € X, the morphism o induces a homomorphism of local rings

¢p: Oypp) — Ox p.

(b) The morphism ¢ is an isomorphism if and only if @ is a homeomorphism
and the induced map ¢p on local rings is an isomorphism for all P € X.

Proof. (a). Recall that a homomorphism of local rings ¢: (R,m) — (S,n) is a ring
homomorphism such that ¢(m) C n. We claim the assignment

¢p: Oypp) — Ox.p

(V.g) — (o V), g0 )

1See [Wei62, p. 68; FAC, p. 226], although nowadays we often say “variety” to mean a special
type of scheme (see [Har77, p. 105]).

[Har77, Prop. 1.3.3]

[Har77, Exer. 1.3.3]
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is a well defined local map of local k-algebras. Suppose (V', ¢’} is another represen-
tative for (V| g). Then, we have

(7' V"), g’ o) = (o™ (VNV'),g 0 p)
(o7 (VnV'),goyp)
(e7'(V),g0¢)

by the fact that glvnyvs = ¢'|vavs. The map ¢} is a map of k-algebras since

Pp((Vof) - (Vog) + (Vo))
= op((V. fg+h))
= (7 V), (fg +h) o)
= (7 V), fop)y- (7 (V),gop) + (¢ (V) hoyp)
=op((V.1) - 2p((V.9) + o5 ((Vi h)).

The map ¢} is local since germs of functions on Y that vanish at ¢(P) pull back to
germs of functions on X that vanish at P, and hence

¢p(myp)) S mp.

(b). =. Since ¢: X — Y is an isomorphism, there is an inverse morphism
1:Y — X by definition. Since ¢ and 1 are continuous and are inverses of each
other, we see that ¢ is a homeomorphism. To show that ¢} is an isomorphism,
consider the maps ¢, for @ € Y defined as in (a). Then, we have

(Wor) 0 9p) ((V.9) = ¥ip) ({97 (V), g0 9))
=@ (e ' (V)), g0 o)
=(V,9)

(h0) © ¥o) (U, 1)) = o) (@71 U), f o))
= (¢ (WTHU)), fodop)

= (U1
and hence ¢% is an isomorphism.
+. We first claim that
(1.3.19) OX)= () Ox.r
Pex

as subrings of K(X). The inclusion C holds by the injectivity of O(X) — Ox p
in Lemma 1.3.8. For the inclusion D, it suffices to note that an element in the
right-hand side maps to a rational function on X that is regular at every point
P € X, which is a regular function on X.
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We now return to proving <. For every open subset V' C Y, we have the
commutative diagram

OV) —— () Ovyup
Pep=1(V)
®" 2JﬂP€w1<p) ep
O(e'(V)) —— () Oxr
Pep=1(V)
where the right vertical map is an isomorphism by (1.3.19). O

1.3.4. Examples of morphisms. How can we write down morphisms? Propo-
sition 1.3.17 shows us that sometimes we can just check the definition: We can
upgrade a continuous map to be a morphism by checking the condition on regular
functions. For morphisms X — Y where Y is affine, we have the following convenient
result, which says that you can construct morphisms coordinate-wise.

LEMMA 1.3.20. Let X be a quasi-projective variety and let Y C A7 be an affine
variety. A map of sets ¢: X — Y is a morphism if and only if x; oY is a reqular
function on X for every i, where x1,%2,...,%, are the coordinate functions on Aj.

Proof. Note that z;: A} — k is a regular function for every 4. This is where the
affineness of Y is used.

=-. If ¢ is a morphism, then x; o ¥ is a regular function on X by definition.

<. Suppose z; o9 is regular. Then, for every polynomial f = f(x1,x2,...,2,),
the pullback f o1 is also regular on X. Since regular functions are continuous, we
see that ¢! takes closed sets to closed sets, and hence 9 is continuous. It remains
to check the condition on regular functions. Regular functions on open subsets of YV’
are locally quotients of polynomials. Thus, g o ¢ is regular for any regular function
g on any open subset of Y by pulling back the numerator and denominator of a
quotient of polynomials separately. We conclude that v is a morphism. O

We can now write down some interesting examples. An isomorphism of varieties
is bijective and bicontinuous. Because of Proposition 1.3.17, you may be tempted to
think that all bijective bicontinuous morphisms are isomorphisms, that is, that you
can always “upgrade” homeomorphisms to actual isomorphisms of varieties. This is
not always the case, as you will prove on Homework 4.

ExaMPLE 1.3.21. The morphism
Ay — Z(z° —y*) C A}
t— (t%,1%)
is a bijective bicontinuous morphism but is not an isomorphism. If char(k) =p > 0,
the Frobenius morphism is the map
A, — A}
t—tP

is a bijective bicontinuous morphism but is not an isomorphism.

[Har77, Lem. 1.3.6]

[Har77, Exer. 1.3.2]
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1.3.5. Mapping to affine vs. quasi-projective varieties. In order to write
down non-affine examples, we prove the following powerful result about mapping
to affine varieties. This result more or less says that the functor X — O(X) and
A(Y') — MaxSpec(A(Y)) are adjoint to each other. (I am not stating it like this
since talking about adjoints of contravariant functors gets confusing!)

PROPOSITION 1.3.22. Let X be a quasi-projective variety and let Y be an affine
variety. Then, the pull back map on regular functions induces a natural bijective
mapping of sets

a: Hom(X,Y) = Hom(A(Y), O(X))
where the left Hom means morphisms of quasi-projective varieties and the right Hom
means k-algebra homomorphisms.

Proof. We first show that « is natural. Consider morphisms

’

WX and YESZ

where Z is affine. Then, the diagram

Hom(W,Y) —— Hom(A(Y),O(W))

—og’ Tfotp'

Hom(X,Y) —*— Hom(A(Y),O(X))

ip”Ofl J/Lpuoi

Hom(X, Z) —2%2— Hom(A(Z),0(X))

commutes by definition of a morphism as composition of functions. Here, we use
Theorem 1.3.12 to make the identification A(—) = O(—) for affine varieties. Thus,
the morphism « is natural in both X and Y.

It remains to show that « is a bijection. We define a map

B: Hom(A(Y),O(X)) — Hom(X,Y)

as follows. Let h: A(Y) — O(X) be a k-algebra homomorphism. Write A(Y') =
klx1,...,2o]/I1(Y), and let Z; be the image of z; in A(Y). Consider the elements
& = h(Z;) € O(X). These are global regular functions on X, and therefore define a
mapping
v X — A}
which is a morphism by Lemma 1.3.20. We show that the image of v is contained
in Y. It suffices to show that for every P € X and f € I(Y), we have f(¢(P)) = 0.
But
F(P) = f(&(P), ... &a(P)) = h(f(1,...,7n))(P) =0

since f € I(Y'). Thus, ¢ defines a map X — Y.

We note that o o § = id by the construction in the previous paragraph. Con-

versely, we have o a = id since the morphism X — Y is determined by each of its
coordinates. See the proof of Lemma 1.3.20. ]

Here are two important consequences of Proposition 1.3.22.
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p=100,1,1] Y-Z=0
X=0
Y=0
} :
[0,-1,1] Y+Z=0

F1GURE 1.13. The projectivized stereographic projection. From
[Har92, p. 21].

COROLLARY 1.3.23. Let X and Y be two affine varieties. Then, X =Y if and
only if A(X) =2 A(Y).

COROLLARY 1.3.24. The functor X — A(X) is an anti-equivalence of categories
between the category of affine varieties over k and the category of finitely generated
integral domains over k.

Proposition 1.3.22 tells us that for quasi-projective varieties Y, we can try to
write down a morphism ¢: X — Y by giving an (n + 1)-tuple of homogeneous
polynomials of the same degree. This procedure will define a morphism as long as
they are not simultaneously 0 anywhere. This is because we can cover the codomain
by affine varieties and check the condition for being a morphism locally. For example,
the d-uple embedding

pa: Py Py

[ag : -+ :ap] — [-~-:M1(a0,...7an):---]

is a morphism. (In fact, it is an isomorphism onto its image! This is on Homework 4.)
Here, I ranges over multi-indices in N %! such that |I| = d, ordered lexicographically.
However, not all morphisms can be described globally like this.

ExAMPLE 1.3.25 (Stereographic projection in P%) We revisit the stereographic
projection of a circle (Example 1.3.6). Let

X =Zy(2* +y* - 22)
be the (projective closure of the) circle. We claim that
pr: X —{0:1:1]} —— P}
[@iy:z] —— w2 -y
extends to a morphism X — P}c. Consider the morphism
g2 X~ {[05-1:1]} —— P

[:y:z] —— [y+2:z]

[Har77, Cor. 1.3.8]

[Har02, p. 21]

[Har92, pp. 21-22]
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We see that the two morphisms glue to give a morphism on all of X. See Figure 1.13
for an illustration. This holds since on the open set where x # 0, z — y # 0, and
y + z # 0, we have

w(y+2): (z—y)(y+2)]

2

[x:2z—y [
[ch—l—z z —y2]
= [

z(y + 2) ]
=y+z: ac]
However, we cannot have a global description of ¢ in projective coordinates since
lg:h=lz:2—y] = (z—y)g=zh = x|y,
[g:hl=y+z:2] = xg=(y+zh = x|h.

1.3.6. Regular functions, local rings, and function fields of projective
varieties. Our next goal is to prove an analogue of Theorem 1.3.12 for projective
varieties. Our experience from complex analysis tells us that O(Y) = k would be
reasonable.

EXAMPLE 1.3.26. Let X = P¢. If we consider X in the Euclidean topology,
then X is a compact complex manifold. Let f: X — C be a regular function. Then,
f is a holomorphic function on X. Since X is compact, the absolute value |f]
achieves a maximum at a point P € X by the extreme value theorem. This implies
that f is constant by applying the maximum modulus principle (see, e.g., [SS03,
Theorem 4.5] when n =1 and [Ho6r90, p. 27] when n > 2) on a neighborhood of P.

To prove that this guess is correct, we need to replace analysis somehow. This
is one place where we must use commutative algebra in an involved way to replace
what feels like a simple analytic argument.

Before we begin, we need some more notation from the theory of graded rings.

DEFINITION 1.3.27. Let S be a graded ring. Let p C S be a homogeneous prime
ideal. We set
— (-1
Sy = (T715),
where T is the set of homogeneous elements of S not in p. Note that 7-1S has a
natural Z-grading where

deg(ﬁ) = deg(f) — deg(9)

when f is a homogeneous element in S and g € T'. The ring S(;) is a local ring with
maximal ideal
(p . T’IS) N S(p).
For example, if S is a domain, then setting p = (0) yields a field S((gy).
If f € S is a homogeneous element, we denote by Sy the subring of elements
of degree 0 in the localization S;.

REMARK 1.3.28. Please be careful with this notation. For example, when
S = klxo, x1,. .., T4,
the rings S(,,) and S(,,)) are very different!

We now state our result about projective varieties.
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THEOREM 1.3.29. Let Y C P} be a projective variety with homogeneous coordi-
nate ring S(Y'). We have the following:

(a) OY)=k.
(b) Let P € Y be a point and let mp C S(Y) be the ideal generated by
homogeneous f € S(Y') such that f(P) =0. Then, Oy p = S(Y)(m,)-
(¢) K(Y) = S8(Y)(0)-
The proof of (a) is the hardest and uses the notion of integral extensions from
commutative algebra.

Proof. For every i, set
Ui ={x; # 0} C P}
and Y; := Y NU;. Under the isomorphism U; = A} from Proposition 1.3.17,
we know that each Y; is isomorphic to an affine variety. Recall that we have an
isomorphism
it S(Y)a, = A(Yi)[ws, 27 ']
(1.3.30) iy it %4,

xj’—>{ P
z; ifj=1

from the proof of [Har77, Exercise 1.2.6]. The map (1);)o is inverse to the pullback
map on regular functions under the isomorphism Y NU; = Y;.

(b). Let P € Y be a point and choose i such that P € Y;. By Theorem 1.3.12(¢),
we have

Oy, p «— A(Yi)w,
where m’s is the maximal ideal of A(Y;) corresponding to P. We see that
(Wi)o ' (mp) = mp - S(Y)(ay)

by evaluating functions at P. We then see that

Oy, p ¢ AWy, 2% (SMW)ay) =S¥ )
since localization is transitive and z; ¢ mp.
(c). Choose ¢ such that Y; # (). We have
K(Y) = K(Y;) = Frac(A(Y;))
by Theorem 1.3.12(d). We see that
(¥:)5 1 (0) =0-S(Y) (2)-

Thus, we have

~ (¥i)o
K(Y:) 2 A(Y) ) <2 (S(V)@), = SO )on-

(a). Let f € O(Y) be a global regular function. Since Y is a variety, we can
think of O(Y), K(Y), and S(Y) as subrings of L := Frac(S(Y")). For each i, we see
that f is regular on Y;, and hence

feAY) =5(Y)@,)

by Theorem 1.3.12(a) and the isomorphism (1.3.30). The goal is to show that f € L
is integral over k. Since k is algebraically closed, this would show that f € k.
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Write

gi

where g; € S(Y)n,. We then have 2V f € S(Y)y, for each i. Choose N > 3. N;.
By the pigeonhole principle, each monomial spanning S(Y) as a k-vector space is

divisible by va ¢ for some i. We therefore have the inclusion
SY)n-fCSSY)N.
Iterating this inclusion, we have
SY)n-f1CSY)N
for every ¢ > 0. In particular, fixing 7 such that Y; # 0, we see that
SY)If) Ca™ - S(Y)

as subrings of L. Since S(Y") is Noetherian, we therefore see that S(Y')[f] is a finitely
generated S(Y')-module, and hence f is integral over S(Y') by [AK21, Proposition
10.14]. This means there are elements a; € S(Y') and an equation

frranf" 4 4 a =0

Since f has degree 0, we can take the 0-th degree homogeneous component to yield
an algebraic equation with coefficients in S(Y)g = k that is satisfied by f. Since k
is algebraically closed, we conclude that f € k. (]

This result is surprisingly powerful! We give two applications here.

ExampPLE 1.3.31. Let X be a projective variety that is isomorphic to an affine
variety. We claim that X is one point. Let 7: X — {*} be the unique map of sets.
This is a morphism since it is continuous and the only regular functions on {x} are
constant functions, which pull back to constant regular functions on X.

Under the bijection in Proposition 1.3.22, the morphism 7 corresponds to the
isomorphism

k= O0X)=k
using Theorem 1.3.29(a). Since X is affine, this shows that X = {x}.

More generally, every projective variety X that is quasi-affine is in fact a point.

First, we have the morphisms

X x! N g Aod Am
from the hypothesis that X is quasi-affine. We then have a factorization
ke AX) — O(X') == O(X) =k
of the identity on k, where A(X’) — O(X') is injective by the fact that both are

naturally sub-k-algebras in K(X’). We therefore see that k < A(X’) must be
bijective, and hence A(X’) = k. Thus, X’ is a point.

EXAMPLE 1.3.32. Let Y C P} be a projective variety of dimension > 1 and let
H C P} be a hypersurface. We claim that Y N H # (). In [Har77, Exercise 1.3.5]
(Homework 4, Problem 4(b)), you will show that P} — H is affine. If Y N H = 0,
then

Y =®r-H)NY
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is both affine and projective, and hence is a point by Example 1.3.31. This contradicts
the assumption that dim(Y’) > 1. As a special case, this shows that any two plane
curves in Pi intersect.

1.3.7. Subvarieties. To end this section, we discuss three important technical
aspects of varieties. We start with the notion of a subvariety.

DEFINITION 1.3.33. A subset of a topological space is locally closed if it is an
open subset of its closure, or equivalently, if it is the intersection of an open set and
a closed set.

If X is a quasi-affine (resp. quasi-projective) variety and Y is an irreducible
locally closed subset of X, then Y is also a quasi-affine (resp. quasi-projective)
variety in the same affine (resp. projective) space. We call this the induced structure
on Y and we call Y a subvariety of X.

Now let Y be a subvariety of a quasi-projective variety X. The ring

Oxy = lim o)
UCx
UNY #0

is the local ring of Y on X. The elements of Ox y are germs (U, f) of regular
functions on open subsets of X intersecting Y subject to the equivalence relation

(U.f)=(V.9) <= flunv = glunv.
PropPOSITION 1.3.34. Let X be a quasi-projective variety.

(i) Let p: X =Y be a morphism of quasi-projective varieties. Let X' C X
andY' CY be subvarieties such that o(X') CY'. Then, o|x: X' =Y’
18 a morphism.

(#4) Let P € X be a point. There is a 1-1 correspondence

containing P

Spec(Ox.p) AL {cl056d subvarieties ofX}.

(791) dim(Ox, p) = dim(X).

(tv) LetY C X be a subvariety. Then, Ox y is a local ring with residue field
K(Y) of dimension dim(X) — dim(Y").

Proof Sketch. (i) follows since continuous maps restrict and since a regular function

expressed as a rational function g/h on an open subset V' C Y” can be lifted to some

open subset V' C Y, which pulls back correctly under ¢. For (i), you can reduce

to the affine case by choosing some U; containing P, in which case this reduces to

Corollary 1.1.20. A similar strategy works to reduce (ii7) to Theorem 1.3.12(c).
For (iv), the maximal ideal of Ox y is

mxy = {{U.1) | Flory =0}

since the complement consists of units: If (U, f) is a germ such that f # 0, then
(U—Z(f),1/f) is an inverse of (U, f). The fact that Ox y/mxy = K(Y) follows
from this description. One can calculate the dimension of Ox y by reducing to the
affine case, showing that A(X);y) = Ox,y, and then using the dimension formula

[Har77, Exer. 1.3.10]

[Har77, Exer. 1.3.13]

[Har77, Exer. 1.3.10]

[Har77, Exer. 1.3.11]

[Har77, Exer. 1.3.12]
[Har77, Exer. 1.3.13]
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[Har77, Lem. 1.4.2]

[Har77, Prop. 1.4.3]
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(1.1.42) to show

dim(Oxy) = htoy , (mx,y)
= htA(X) (I(Y))
— dim(A(X)) — dim (A(Y))
= dim(X) — dim(Y). O

1.3.8. Affine open subsets form a basis for the Zariski topology. Recall
that we say that a quasi-projective variety is affine if it is isomorphic to an affine
variety. We saw before that every projective variety can be covered by affine open
subsets obtained by taking complements of hyperplanes. We can do better: On any
quasi-projective variety, the affine open subsets form a basis for the Zariski topology.

LEMMA 1.3.35. Let Y = Z(f) C A} be a hypersurface. Then, A} —Y is
isomorphic to

H:=Z(zp1f — 1) C AP
In particular, A7 —Y is affine with coordinate ring k[z1,x2,...,Tpn]f.

Proof. The morphism

H— A} -Y
(a1, s, ane1) — (a1,...,ay)
has inverse
Ay -Y —H
( )i—) !
al,...,a N
1, n 1, n f(al,--.7an)
and is therefore an isomorphism. (]

PROPOSITION 1.3.36. On any quasi-projective variety Y, there is a basis for the
Zariski topology on 'Y consisting of affine open subsets.

Proof. We want to show that for every point P € Y and every open neighborhood
U > P, there exists an affine open neighborhood of P in U. Replacing Y by U,
which is also a quasi-projective variety, we may assume that U = Y. Moreover, since
any quasi-projective variety is covered by quasi-affine varieties by Corollary 1.2.13,
we may assume that Y is quasi-affine in Aj.

Let Z =Y — Y, which is closed in A7. Since Z is closed in A} and P ¢ Z, we
can find f € I(Z) such that f(P) #0 (if Z = 0, then f =1 works). Set H = Z(f).
Then, P € Y — (Y N H), which is an open subset of Y. Finally, Y — (Y N H) is a
closed subset of A} — H, since Z C H and hence

Y- (YNH)=Y — (Y nH).

We therefore see that Y — (Y N H) is affine by Lemma 1.3.35. Thus, Y — (Y N H) is
the required affine open neighborhood of P. O
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1.3.9. Products. We end with products. This give the first example where
universal properties are used to construct morphisms.

[Har77, Exer. 1.3.16, THEOREM 1.3.37. Let X C P} and Y C P} be quasi-projective varieties.

Thm. 11.3.3] (¢) The product
X xY CPy x P
is a quasi-projective variety after identifying P} x P with its image under
the Segre embedding (Example 1.2.24).

(it) The projection maps p1: X XY — X and p2: X XY — Y are morphisms
of quasi-projective varieties.

(#it) The product variety X XY together with the projection morphisms py: X x
Y = X andps: X XY — Y is a product of X and Y in the category Vary.
That is, X XY and the two projections satisfy the following universal
property: For every quasi-projective variety Z with morphisms Z — X
and Z —'Y making the solid diagram

commute, there is a unique dashed morphism Z — X XY making the
diagram commute.

Proof. We proceed in a few steps.
STEP 1. The case when X and Y are both affine. [Har77, Exer. 1.3.15]

The goal is to reduce to a commutative-algebraic statement using Corol-
lary 1.3.24. Let X C A} and Y C AJ". Since Corollary 1.3.24 is an anti-equivalence
between affine varieties and domains of finite type over k, we need to first show:

SUBTEP 1.1. The set-theoretic product X x Y C A}?™™ is an affine variety. [Shal3;, Thm. 1.6]

Note that X x Y is algebraic in A}™™ since
XxY = Z((I(X),I(Y)) CAATT™),
and hence we need to show that the set-theoretic product X x Y is irreducible in
AZ““. Suppose that X x Y = Z; U Z, for two closed subsets Z7,Z5 C X x Y. Set
X;={reX|{z}xY C Z}
={zeX|(z,y) CZ forallyecY}
m {veX|(x,y) CZ}

yey
for i € {1,2}. Since {z € X | (z,y) C Z;} = (X x {y}) N Z; under the isomorphism
X = X x {y}, we see that each X is closed in X. Since
{2} xY = ({2} xY)NZ1) U ({2} xY) N Zy),
and {z} x Y 2Y is irreducible, we see that X = X; U X5. Since X is irreducible,
this shows that X = X; or X = X5, and hence X xY =7; or X xY = Zs.



48 1. VARIETIES

SUBTEP 1.2. The set-theoretic product X xY C A7™™ is the categorical product
of X and Y in the category of affine varieties over k.

By Corollary 1.3.24, it suffices to show the existence and universal property for
the coproduct in the category of domains of finite type over k. The coproduct in
this category is just the tensor product A(X) ®; A(Y) together with the k-algebra
maps

A(X) — A(X) @ AY)
a—a®1
AY) — A(X) @ A(Y)
b— 1®0b.
That is, A(X) ®, A(Y) together with these maps satisfy the following universal

property [Hocl7, pp. 90-91; AK21, (8.17)]* For every k-algebra T with k-algebra
maps A(X) — T and A(Y) — T making the solid diagram

E— A(Y)

l |

A(X) —— A(X) @ A(Y)

conmute, there is a unique dashed map making the diagram commute. Since
A(AL™)
(I(X).1(Y)) - A(A}™™)

AX xY)=

satisfies the same universal property, we see that A(X xY") is the coproduct of A(X)
and A(Y) in the category of domains of finite type over k. Thus, the set-theoretic
product X x Y is the product of X and Y in the category of affine varieties over k.

STEP 2. The case when X and Y are arbitrary quasi-projective varieties.

The goal is to apply the universal property for affine varieties X and Y shown
in Step 1. Under the Segre embedding, the products A} x A7* C P} x P}* map
isomorphically to its image: On the open subset where a;b; # 0, we have the inverse
map

arb; anb; a;b a;b
[--rabj -] <1J,..., ]),( 1,..., 1).
(Zibj aibj (libj (Zibj

Using this identification, we can construct morphisms P} x Pi* — P} and P} x
P — P;* by working over each complement of a coordinate hyperplane. We
can then restrict these morphisms using Proposition 1.3.34(4) to obtain morphisms
pr: X XY > X and pa: X XY =Y.

2Caution: The definition of the structure maps for tensor products of algebras in [AMG69, pp.
30-31] is incorrect. See [Ele10].
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By Proposition 1.3.36, we can cover X and Y by affine open subsets {U;} and
{V;}. Consider a diagram of the form

and choose an affine open covering {W;;;} of Z such that
Wik € f7HU) Ng™ (Vi)

for every 1i,j,k. By the universal property proved in Step 1, there are unique
morphisms W, — U; N'V; for every i, j, k making the diagram commute. Because
of this uniqueness, these morphisms are compatible with restriction, and hence glue
together to form a unique morphism Z — X x Y. To spell this out, if morphisms
Wijr — Us x Vj and Wy — Uy x Vo are the morphisms induced by the universal
property, then the diagram

Wijk Ui X V]

] ]

Wijk N Wi/jlk/ E— (Uz n Ull) X (ij N V}/)

! !

Wi/j’k’ _— Ui/ X ‘/j/

commutes since the top and bottom horizontal morphisms are induced by the
universal property and the middle horizontal morphism is checked to be unique
by covering the domain and codomain by affine opens and applying Step 1. The
morphism Z — X X Y constructed in this manner makes the diagram commute by
construction since you can check commutativity locally on an open cover. (I

1.4. Rational maps
We continue to denote by k an algebraically closed field.

1.4.1. Rational maps and birational equivalence. Now that we understand
the basic objects and morphisms between them in algebraic geometry, we can start
discussing a part of algebraic geometry that is very special about algebraic geometry:
Because everything is defined using polynomials or rational functions, varieties and
morphisms between them are very “rigid.”

We start with the following result, which says that if two morphisms coincide
on a nonempty open set, then they are equal. This shows already how useful the
product construction from last time is.

LEMMA 1.4.1. Let X and Y be quasi-projective varieties. Let ¢ and ¥ be two
morphisms X — Y, and suppose there exists a nonempty open subset U C X such

that o|y = Y|y. Then, ¢ = 1.

[Har77, Lem. 1.4.1]
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Proof. By the universal property of products (Theorem 1.3.37(iii)), there is a
commutative diagram

Now consider the product ¥ x Y as a locally closed subset of P} x P} considered
as a quasi-projective variety using the Segre embedding:

Y xY CP? x P? CPY.
Inside of P} x P}, we have the diagonal
A= Z({xiyj = ajyi | 0,5 € {0, 1,...,n}}) C P} x PY.
Let Ay := ANY. Since p|y = 9|y, we know that
(e, ¥)(U) € Ay.

But since U is dense in X and Ay is closed in Y x Y, taking closures yields

We therefore have ¢ = ¢ everywhere on X. O

REMARK 1.4.2. In the proof above, the key observation is that Ay is closed in
Y x Y. This is the analogue of being Hausdorff in algebraic geometry (cf. [BouGT,
Chapter I, §8, no. 1, Proposition 1]). While this condition is automatic for quasi-
projective varieties (as we saw in the proof above), it is not automatic if one wants
to be able to glue varieties arbitrarily, or if one wants to work with schemes. For
schemes, the condition is called being separated. See [FAC, p. 227] and [Har77,
Chapter II, §4].

Using Lemma 1.4.1, we can define the following:

DEFINITION 1.4.3. Let X,Y be quasi-projective varieties. A rational map
p: X -—»Y

is a partially defined morphism ¢y : U — Y where U is a nonempty open subset of
X, subject to the equivalence relation

(U,ov) ~(V,ov) <= wulvnv = ovlvnv.

A rational map ¢ is dominant if for some (and hence every, by Lemma 1.4.1)
representative py: U — Y of ¢, the image of ¢y is dense in Y.

REMARK 1.4.4. Hartshorne does not use the dashed arrow notation. It has
become standard in birational geometry. There is some chance for confusion since 1
use dashed arrows in commutative diagrams for morphisms that I claim exist, so
please ask if you are confused.

Lemma 1.4.1 shows that ~ is indeed an equivalence relation. Since morphisms
are continuous, we can compose rational maps. We can therefore consider the
following category:
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DEFINITION 1.4.5. We consider the category of quasi-projective varieties and
dominant rational maps. An isomorphism in this category is called a birational
map. In other words, a rational map

p: X --»Y
is birational if there exists a rational map
Y --» X

such that ¢ o ¢ = idx and ¢ o ¥ = idy, where equality here means “equivalence
as rational maps,” If there is a birational map X --» Y, we say that X and Y are
birationally equivalent or birational.

REMARK 1.4.6 (Birational equivalence vs. isomorphism). Classifying varieties
up to birational equivalence is the focus of birational geometry, which is a subfield
of algebraic geometry. Why is birational equivalence a good notion? The same
rigidity that allowed us to show that regular functions that are equal on an open
set are equal everywhere (Lemma 1.4.1) comes back to bite us here: there are not
enough morphisms to make classifying varieties up to isomorphism a reasonable
task, at least in higher dimensions. For curves (= Riemann surfaces), it is possible,
but there is a stark contrast with the topological picture. Trying to classify curves
up to isomorphism leads to the beautiful theory of moduli spaces, where there are
still many open problems.

In higher dimensions, the philosophy is that we should instead classify varieties

up to birational equivalence and then see what we can say about isomorphism classes.

But studying varieties up to birational equivalence is already very interesting and
powerful! T hope to convince you of this as the semester goes on. I will mention
from time to time questions from birational geometry that we have the language to
understand. But for now, our first goal is to justify why we can think of birational
geometry as a fancy version of field theory: We are trying to understand fields from
a geometric perspective.

1.4.2. Varieties vs. fields finitely generated over k. The following is the
first main result in this section. The result says that the category of quasi-projective
varieties with dominant rational maps is anti-equivalent to the category of finitely
generated field extensions of k.

THEOREM 1.4.7. Let X, Y be quasi-projective varieties. We then have a bijection

{dommant rational maps} 1-1 {k—algebm maps}
(1.4.8) p: X --»Y K(Y)— K(X)
(¢: X 2 ¥) ——— (V) = (65" (V), f o eu)).

This correspondence gives an anti-equivalence of categories between the category of
quasi-projective varieties with dominant rational maps and the category of finitely
generated field extensions of k.

Proof. We first make sure that (¢, (V), fopr) defines a rational map on ¢y, (V) C
X where V' C Y. Since ¢p(U) is dense in Y, the inverse image oy, (V) is a
nonempty open subset of X, and f o ¢p is a regular function on ¢, (V). This gives
a rational function (p;;' (V), f o ) on X. This assignment yields a k-algebra map
K(Y) — K(X) since addition and multiplication are defined pointwise, and adding

[Har77, Thm. 1.4.4]
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or multiplying two rational functions can be done locally on open neighborhoods of
points where the rational functions are regular.

To show the map (1.4.8) is a bijection, we construct an inverse. Let 0: K(Y) —
K(X) be a map of k-algebras. By Proposition 1.3.36, we know that Y is covered by
affine varieties, so we may replace Y with an open subset to assume that Y is affine.
We then find a commutative diagram

K(Y) —%5 K(X)

J J

by choosing generators y; for A(Y) as a k-algebra and then choosing an open set
U C X where the 6(y;) are regular functions on U. By Proposition 1.3.22, this map
A(Y) — O(U) corresponds to a morphism U — Y along which pulling back rational
functions corresponds to 6.

It remains to show we have the claimed anti-equivalence of categories. We
first show that K(Y) is always finitely generated over k. If Y is a variety, then
K(Y) = K(U) for an open affine subset U C Y. Then, K(U) = Frac(A(U)) is
finitely generated over k by Theorem 1.3.12(d). Finally, we need to show that the
functor Y — K(Y) is essentially surjective. Let y1,y2,...,yn € K(Y) be generators
as a field over k. Let I be the kernel of

klxi,za,...,2,] — K(Y)
Then, Z(I) C A} is an affine variety with affine coordinate ring

k‘[.]?l,xg, . ,],‘n]
I
which has fraction field K(Y). O

= k[ylayQa"'7yn]

COROLLARY 1.4.9. Let X,Y be quasi-projective varieties. The following condi-
tions are equivalent.

(1) X andY are birational.
(ii) There are open subsets U C X and V CY such that U 2 V.
(#i1) K(X) =2 K(Y) as k-algebras.

Proof. (i) = (ii). Let p: X --» Y and ¢: Y --» X be rational maps that are
inverse to each other. After replacing Y by an open subset, we may assume that
¥ is a morphism. Choose a representative (U, ¢) for ¢. Then, ¢ o ¢ = idy by
Lemma 1.4.1. On the other hand, ¢ o1 is the identity on ¢~1(U).

(13) = (ui1) follows from the definition of function fields.

(7ii) = (i) follows from Theorem 1.4.7. O

1.4.3. Every variety is birational to a hypersurface. Now that we have
shown Theorem 1.4.7, we want to apply it to geometric questions. In other words,
we want to use field theory to say something about varieties. I will mention later
some applications in the opposite direction.

THEOREM 1.4.10. Any quasi-projective variety X of dimension d is birational
to a hypersurface Y in PZH.
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Proof. We know that K(X) is finitely generated as a field over k. Since k is alge-
braically closed, we know by [ZS75;, Chapter II, Theorem 31 on p. 105] that K(X)
is separably generated, that is, there exists a transcendence basis {z1,za,..., 24}
for K(X) over k such that writing

k Ck(zy,22,...,2q) € K(X)

the second extension is a separable algebraic extension. By the theorem of the
primitive element [ZS75;, Chapter II, Theorem 19 on p. 84], there exists an element
y € K(X) such that

k(xy,ze,...,2q,y) = K(X).

Since y is algebraic over k(x1,xa,...,24), it satisfies a polynomial equation

f(xlv'r27~ .. 7:Eday) =0.
Clearing denominators and homogenizing, we obtain a homogeneous polynomial in
d + 2 variables defining the hypersurface Y in PzH. |

REMARK 1.4.11. The way the result is proved may not be the most enlightening
from a geometric perspective. On Homework 6, you will show that in fact, the
birational map X --+ Y can be realized as an appropriately chosen linear projection.
If this linear projection is chosen “generically” enough, you can do even better: Y
is always weakly normal, a slightly weaker notion than normality [GT80; CMS81;
ZN84; RZN84; CGMRT7], and in low dimensions, we can say quite a few things about
the singularities of Y [Rob71; Rob75; Doh08; DM24]. This allows us to reduce some
questions about all quasi-projective varieties to just hypersurfaces. For example,
see the proof of the Riemann—Roch theorem for curves in [ACGHS5, Appendix A]
and the proof of Noether’s formula for surfaces in [GH78, Chapter 4, §6].

1.4.4. Rationality and unirationality. Last time, we saw that every variety
is birational to a hypersurface. This is one way we can simplify varieties—if we have
a problem that is invariant under birational maps, then we can try to replace our
original variety with a hypersurface and solve the problem there, like I mentioned
in Remark 1.4.11. It would be nice to be able to say what the result of this process
is. Thus, an interesting question to ask is:

QUESTION 1.4.12. When is a projective variety X birational to P} ¢ In particular,
when is a projective hypersurface X birational to P} ¢

This question is very difficult, and has a deep history. There are many questions
still open to this day. Before we move on, we give this property (and a related
property) a name.

DEFINITION 1.4.13. Let X be a quasi-projective variety of dimension n.
(i) We say that X is rational if it is birational to P}.
(79) We say that X is unirational if there exists a dominant rational map
Py - X.

Since birational maps are dominant, we see that rational = unirational. As
we mentioned before, in birational geometry we often take projective closures
to assume that the varieties we are studying are projective. By Theorem 1.4.7
and Corollary 1.4.9, we can think of rationality as saying that K(X) is purely
transcendental over k and unirationality as saying that K(X) is contained in a
purely transcendental extension over k of the same transcendence degree.

[Har77, Exer. 1.4.4]
[Kol96, (IV.3.1.2)]
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1.4.4.1. The Liiroth problem. Another way to think about unirationality is that
X can be parametrized by an affine or projective space. You can imagine that it
is sometimes easier to write down a parametrization of X that is not necessarily
one-to-one. We therefore ask:

QUESTION 1.4.14 (The Liiroth problem). Let X be a wunirational projective
variety. Is X rational?

See [Beal6] for a survey of the Liiroth problem. The answer to the Liiroth
problem is “yes” in dimension 1.

THEOREM 1.4.15 (Liiroth’s theorem [Liirl875]). Let X be a quasi-projective
curve. If X is unirational, then X is rational.

Let us first see an analytic proof of this over C, assuming that X is normal.
(This is not going to tested, but I think it shows how useful algebraic topology and
complex analysis can be in complex algebraic geometry!)

Analytic proof of Liiroth’s Theorem 1.4.15 over C. We assume X is a complex pro-
jective normal curve. We will take it for granted that with the Euclidean topology, X
is a compact complex manifold of dimension one. We will also take it for granted that
the dominant rational map Pg --» X extends to a surjective morphism P& — X
(we will prove this in [Har77, Chapter I, Proposition 6.8]). The complex structure
gives the surface an orientation by multiplying by 1.

We proceed by contradiction. Suppose that X is not rational. By the clas-
sification of surfaces from topology [Mun00, Chapter 12], we know that X is
homeomorphic to S? (this is the case when X = PL) or the connected sum TY of g
tori. Taking universal covers, since P1C is simply connected, we obtain the following
commutative diagram of topological spaces and continuous maps:

P, — X

||

Py — X.

By the classification of surfaces from topology, X is an open unit disc or C. Moreover,
by the Riemann uniformization theorem, these maps can be upgraded to holomorphic
maps. By the maximum modulus principle, the image of P§ in X is a point. This
contradicts the surjectivity of P — X. a

One drawback of this approach is that there is no way (at least, no way that I
know of) to make this argument work over arbitrary algebraically closed fields. There
are other geometric proofs of Liiroth’s Theorem 1.4.15 that do work over arbitrary
algebraically closed fields (see [Har77, Chapter IV, Example 2.5.5]), but they require
more sophisticated tools from algebraic geometry. Nevertheless, Theorem 1.4.7
and Corollary 1.4.9 gives us one path forward: We can translate the statement of
Liiroth’s Theorem 1.4.15 into a field theory question!

Field-theoretic proof of Liroth’s Theorem 1.4.15. We show that if
kC K Ck(t)
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is a sequence of field extensions such that trdeg,(K) = 1, then K is of pure
transcendence 1 over k (note that K may not be generated by t). Since trdeg, (K) =
1, it is enough to find some a € K such that K = k(a).

First, the field extension K C k(t) must be algebraic, and hence ¢ is algebraic
over K. Let

fX)=X"+a X" '+ +a, € K[X]

be the minimal polynomial of ¢ over K. Since t is transcendental over k, we cannot
have all a; € k. Thus, there is some ¢ such that a; € K — k. We will show that in
this case, K = k(a;). We know that the a; € K C k(t), and hence we may write

where u, v € k[t] are relatively prime, and where at least one of them is of positive
degree. Now consider the following polynomial:

F(X)=u(X)—a;v(X) € k(a;)[X].

Since F(t) = 0, we know that f(X) | F(X) in K[X] by the minimality of f(X).
Thus,

(1.4.16) F(X) = u(X) = a;v(X) = £(X) g(X)
for some ¢g(X) € K[X]. We then claim the following:
CrLamM 1.4.17. g(X) € K.
Showing the Claim would conclude the proof. We have a sequence of extensions
k— k(a;) — K — k(t).
Since g(X) € K, the polynomial
F(X)=u(X)—a;v(X) € k(a;)[X]

is the minimal polynomial for ¢ over both K and k(a;) simultaneously. Thus, we
have

[k(t) K] = [k(0) - k(a)].
Looking at the tower of fields
k(t)
\ [k (6):k(as)]
(k():K1| k(ai)
|
K
and counting degrees, we see that the inclusion k(a;) C K is an equality.

To prove Claim 1.4.17, the first step is to get rid of all denominators. By |10/1
multiplying (1.4.16) by a suitable nonzero element of ¢(t) € k[t], we get a relation

c(t) (u(X) v(t) —v(X) u(t)) = fi(t, X) g1 (¢, X),
where f1(t, X),g1(t, X) € K[t, X] are obtained from f and g respectively by multi-

plication by an element in k[t]. Since K[t, X] is a UFD, we can get rid of ¢(¢) by
successively dividing by prime factors of ¢(t) to get a relation

(1.4.18) w(X)v(t) —v(X)u(t) = fa(t, X) g2(t, X),
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where now fo(t, X), g2(t, X) € K[t, X] are obtained from f, g by multiplication by
a nonzero element in k[t].
We now look at the degrees in ¢ on both sides. First,

deg, (u(X)v(t) — v(X)u(t)) < max{deg(u(t)) ,deg(v(t)) }
Writing fo(t, X) = v(t) X™ + - - - 4+ yn(t), we see that

vi(t) o) = u(t)
o) D=y

where u(t),v(t) were relatively prime. This implies that in fact,

deg, (f2(t, X)) > max{deg(u(t)) ,deg(v(t)) }

By looking at degrees in t on both sides of the relation (1.4.18), we have that
deg,(g2(t, X)) = 0, hence g, € K[X].

Now we claim that go € K. For sake of contradiction, suppose that go ¢ K.
Then, there is a root v € K such that g»(y) = 0. Thus, we have

u(y)v(t) = v(y) u(t) = fo(t,7) g2(7) = 0,
and hence u(vy) v(t) = v(y) u(t). Since u(t) and v(t) are relatively prime and are not

both constants, we must have u(vy) = 0 = v(y). This contradicts the choice of u, v
as being relatively prime, and hence g, € K. Finally, since g € K[X] and

g2 = g - (element of k[t]),
we have that g € K. a

REMARK 1.4.19. In higher dimensions, the surface case of the Liiroth problem
(Question 1.4.14) also has an affirmative answer. This is due to Castelnuovo
[Cas1896]. The original proof was geometric, which indicates how Theorem 1.4.7
and Corollary 1.4.9 can be used in the opposite direction to derive field-theoretic
consequences from algebraic geometry. The case of dimensions > 3 was open
for a long time until it was resolved in the negative by Artin-Mumford [AM72],
Clemens—Griffiths [CG72], and Iskovskih—Manin [IM71] around the same time.

1.4.4.2. Hypersurfaces. How about hypersurfaces? We give some examples of
rational hypersurfaces.

EXAMPLE 1.4.20 (Rational plane curves).

(a) Any conic in P% is a rational curve. This is because any conic is isomorphic
to PL by [Har77, Chapter I, Exercise 3.1(c)], which was on your homework.

(b) The cuspidal cubic y? = 2 is a rational curve. This is because ¢ — (t2,¢3)
is a bijection between the cuspidal cubic and A}, as you also saw on your
homework [Har77, Chapter I, Exercise 3.2(a)].

(¢) The nodal cubic

Y ={y’z=2(x+2)} CP;}

is rational. To see this, we consider the projection ¢ away from the point
0=1[0:0:1] € P? to the line 2 = 0. In coordinates, this is the morphism

<,0:Y—{0}—>P,1C

[:y:z]—[x:y]
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FIGURE 1.14. Projection of the nodal cubic. From [Shal3;, Figure 3]

To give a more concrete geometric description, if we restrict to the affine
charts {z # 0} and {z # 0}, we obtain the map

Y N {z %0} — {0} — {z # 0}

y
— =
(z,y) .

sending a point P € ¥’ N {z # 0} to the intersection point @ of the secant
line OP with the line {z = 1}.
We claim that the morphism
Y:PL—{[1:1,1:-1]} — Y —{P}
[ y] — [2(y® = 2®) : y(y® — 2®) : 27
is an inverse for ¢ as rational maps. We have
(poi)la:yl =plz(y? —2®) : y(y* —2?) : 2]
= [2(y? — 2*) 1 y(y* — 2?)]
=[z:y]
(Wop)lz:y: 2] =1z :y]
= [z —2®)  y(y® —2*) : 27
= [2(y? —2®)  y(y® = 2®) s 2(y* — 2?)]
=[z:y:2]
as long as
eyl A {11 s -1}

See Figure 1.14 for an illustration.
(d) We will see later [Har77, Chapter I, Exercise 6.2] that elliptic curves such
as
{y? =2 —a} C A}
are not rational. The proof in [Har77, Chapter I, Exercise 6.2] is field-
theoretic.
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FIGURE 1.16. Kobe Port Tower in the Kobe harbor (2006).

By 663highland, CC BY 2.5, https://commons.wikimedia.org/w/index.php?curid=
1389137.

[Har77, Exer. 1.4.5] EXAMPLE 1.4.21 (Quadric surfaces). The quadric surface @ : zy = zw in P$ is
birational to Pﬁ since

Q=PLxPLDUyx Uy A} CPZ,
where the first isomorphism is by [Har77, Chapter I, Exercise 2.15(a)]. On the
other hand, @ is not isomorphic to P?: @ has lines that do not intersect each other
[Har77, Chapter I, Exercise 2.15(b)] but every pair of curves in P? intersect [Har77,

Chapter I, Exercise 3.7(a)] (both of these were on your homework). See Figure 1.15
for an illustration and Figure 1.16 for a real-life example.


https://commons.wikimedia.org/wiki/User:663highland
https://creativecommons.org/licenses/by/2.5/
https://commons.wikimedia.org/w/index.php?curid=1389137
https://commons.wikimedia.org/w/index.php?curid=1389137
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REMARK 1.4.22. In general, there are many results about rationality of hyper-
surfaces. See [L.S24] for very recent progress. However, it has been a longtime open
question whether there exists a cubic fourfold (i.e., a cubic hypersurface in Pi) that
is not rational. See [Has16] for a survey. See [KKPY25] for a recent proof that a
very general cubic fourfold is not rational.

1.4.5. Blowing up. One of the most important examples of a birational
map is the blowup of a variety at a point. Blowing up at points (and the more
general notion of blowing up along ideals) is very important in part because of its
role in resolutions of singularities—a topic with deep history here at Purdue. For
some of the major work done here, see the work of Abhyankar [Abh65; Abh9sg],
Lipman [Lip78], Wlodarczyk [W1lo05; ATW24] (the latter joint with Abramovich
and Temkin, proved independently by McQuillan [McQ20]), Matsuki (joint with
Kawanoue) [Kaw07; KM10; Mat20].

We saw in Theorem 1.4.10 that every variety is birational to a hypersurface.
However, it is often the case that the hypersurface one gets is not a manifold (over
C) or (even) normal. Over the complex numbers, resolution of singularities asks: Is
every complex projective variety birational to a complex projective manifold? This
question can also be asked over other fields, but for now we point out that Hironaka
[Hir64,; Hir64,] proved the existence of resolutions of singularities over C.

The key construction used to resolve singularities is called blowing up. We now
describe this construction.

CONSTRUCTION 1.4.23 (Blowing up A} at the origin). Consider the product
A} x PZﬁl, which is a quasi-projective variety using the Segre embedding (Exam-
ple 1.2.24) and our construction of products (Theorem 1.3.37). Let x1,xo, ..., %,
be the coordinates on A} and let y1,y2, ..., Yy, (note the numbering here is different
from what we normally use!) be the coordinates on P}~ '. Then, closed subsets
of A7 x P"~! are defined by polynomials in the z;,y; that are homogeneous with
respect to the y; since these are the polynomials that restrict well to the subsets
AP xU; = A7

The blowup of A} at the point 0 = (0,0,...,0) is

Blg A} = {xiyj =z |4,5=1,2,... ,n}.
‘We denote

Blg A} —— A} x Pp~!

T |

n
A7

The inverse image of 0 is called the exceptional divisor of the blowup.
We have the following properties of Blg A}:

(1) ¢ gives an isomorphism

¢lBlo An—o-1(0): Blo A} — ¢ '(0) = A} — {0}

[Har77, pp. 28-29]
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In particular, ¢ is birational, and if P € A} — {0}, then =1 (P) consists
of one point.
We claim the inverse for ¢ is given by

¢: A — {0} — Blo A} —¢7'(0)
(a1,a2,...,a,) — ((al,ag,...,an),[al N P an]).
By definition, we have
(po)(ar,as,...,an) = (a1,a2,...,ay)

and hence p oy = idA;gf{o}- On the other hand, we want to show that

(Wo)((ar,az,... an),[br :ba i+ b)) = ((a1,a2,...,an),[a1 1 az : -+ : ay))
is equal to ((a1,ag,...,ay),[b1 : ba : -+ :b,]). Choose i such that a; # 0.
Then,
[br:bg:-- by =a; - [br:ba:-- by
= la;b1 : azba 1 -+t a;by)]
= [a1b; : agb; i -+ apb;]
=b;-[ay:az: - :ay]
=la;:ag:- - :ay)

where the third equality follows from the relations x;y; = x;y;. For the
fourth equation, we note that the third line implies b; # 0: otherwise, the
point [a1b; : agb; : - - - : apb;] would have all coordinates equal to 0, which
does not define a point in PZ*I.

(2) ¢=1(0) = Py '. Indeed,

e 1 0)={(0,Q)|Q=1[y1:y2: - yn] €P} '}
where the points ) have no restriction.

(3) The points of p~1(0) are in 1-1 correspondence with the set of lines through
0 in A}. In other words, the blowup replaces the point O with the set of
tangent directions through 0.

Let L be a line through 0 given parametrically by

r, = alt
To = agt
T, = apt

where the a; are not all 0 and ¢ € A}. We then see that
L' =o' (L - {0})
is given parametrically by z; = a;t and y; = a,;t. Since the y; are homoge-
neous coordinates, we can cancel out ¢ to see that L is given parametrically
by x; = a;t and y; = a;. These equations give the closure L’ of L' in X
parametrically. Finally, note that
L'ne ' (0)={[ar:as: 1 a,]} e PP,

so sending L to @ gives a 1-1 correspondence between lines through 0 € A7
and points of p~1(0).
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/<\\$f
U_](L\)

FIGURE 1.17. The blowup of A? at the origin. From [Shal3j,
Figure 10].

(4) Blo A} is irreducible.
Writing

Blp A} = (Blg A} — ¢ '(0)) Up™'(0),

the first set is irreducible (it is isomorphic to A} — {0} by (1)), and every
point in ¢~!(0) is in the closure of a point in Blg A% — ¢~1(0) by (3).

We now define blowups of affine varieties at points more generally.

DEFINITION 1.4.24. Let Y C A} be a closed subvariety passing through 0. The
blowup of Y at a point is

BloY =Y = 1(Y — {0}),

where ¢: Blg A7 — A} is the blowup of A} at the point O defined above. We
denote : Y — Y the restriction of the morphism ® to Y.

To blowup at any other point P € A}, we make a linear change of coordinates
sending P to 0 to get the blowup Blp Y of Y at the point P.

REMARK 1.4.25. By (1) above, we see that ¢: ¥ — Y induces an isomorphism
away from 0. For now, the definition appears to depend on the embedding of Y in

A}, We will give a more intrinsic description when we discuss blowups of schemes.

What does the blowup do geometrically? As we mentioned at the beginning of
class, the basic idea is that blowing up “pulls apart” different directions of lines at
O. This is easiest to see in AZ.

EXAMPLE 1.4.26. Let us first look at the blowup of A7 itself at 0. We have

Bl AZ = {zu=yt} C A x P},

[Har77, p. 29]

[Har77, p. 29]
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where the coordinates on A? are (z,y) and the coordinates on P} are [t : u]. We
then see that when ¢ # 0, we have

Yy _u
r t
and when u # 0, we have
x 1
vy u

The point [¢ : u] corresponds to all possible slopes (including the undefined slope for
a vertical line!) of lines through 0. Passing to open affine covers, we think of Blg A?
as being covered by an affine open that has a new coordinate corresponding to the
slope y/x = u/t of a line through the origin, and an affine open that has a new
coordinate corresponding to the inverse of the slope z/y = t/u of a line through the
origin. See Figure 1.17.

Next, we see what happens when we blowup a curve inside of A%.

ExAMPLE 1.4.27. Consider the nodal cubic curve
V= {y?*=2%(z+1)} CAL

Using the same notation as in the previous example, we call the exceptional divisor
E = ¢~1(0) the exceptional curve.

We first compute the total inverse image p~*(Y) of Y in Blg A2. This is the
closed subset given by the equations y? = z?(z + 1) and zu = yt in A? x P}.

On the affine open subsets t # 0, we can set ¢t = 1 and use u as our affine
coordinate. On this open set, ¢~ 1(Y) is given by the equations

v =a*(z +1)
Yy =au
in Az with coordinates x, y,u. Substituting, we get
?u? —2*(z + 1) = 2% (v® — (z+ 1)) = 0.

Thus, we have two irreducible components: one defined by = y = 0 and u arbitrary,
which is E, and the other defined by u?> = = + 1 and y = zu. This is Y N {t # 0},
where Y is the strict transform of Y. Note that on this open subset of Blg A%,
Y N E consists of two points u = +1. These points correspond to the slopes of the
two branches of Y at 0.

To finish the computation, we need to know what happens on the affine open
subset u # 0. We set u = 1 and use t as our affine coordinate. On this open set,
o~ 1Y) is given by the equations

y? =2 (x4 1)
T =yt
in A} with coordinates z,y,u. Substituting, we get

Y — ()’ (yt+1) =y (1 —t*(yt + 1)) = 0.
Thus, we have two irreducible components: one defined by x = y = 0 and ¢ arbitrary,
which is E (this gives us no new information), and the other defined by 1 = ?(yt+1),
which is Y N {u # 0}. Note that the only points along E that was not contained in
the open set t # 0 is when ¢t = 0, but there are no such points that are also in Y.
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t£0

F1GURE 1.18. The blowup of the nodal cubic curve at the origin.
From [Har77, Figure 3].

Thus, the affine open subset u # 0 gave us no new information we could not see
already in the subset t # 0.

We therefore see that the blowup of Y at the origin separates the two branches
of the nodal cubic curve at the origin to form the parabola

{W*=x+1} C A2 = {t#0} CBlgAZ.

ExXAMPLE 1.4.28. Let us take another curve, say the z-axis [Har77, Ex. 1.4.9.1]
L={y=0}C A3
We see that the total inverse image is ¢~ !(L) = LUE where L and E intersect at the
point t = 1,u = 0. Similarly, the y-axis L’ has total inverse image ¢~ !(L') = ’UFE
where L’ and F intersect at the point ¢t = 0,u = 1.
1.4.6. Cremona transformations. For arbitrary n, a birational self-map |10/6

P} --» P} is called a Cremona transfomation. The group of Cremona transforma-
tions is called the Cremona group Bir(P}).

We give a simple example:

EXAMPLE 1.4.29 (Plane Cremona transformations). The quadratic transforma- [Har77, Exer. 1.4.6]
tion is the rational map

p: Pi -— Pi

[ag : a1 : as] — [aras : apag : apas)

that is defined when no two of ag, ay, as are 0.
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x
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Liz/ \-13 - LA N
B L ' N

FIGURE 1.19. The quadratic transformation P? --» P%. From
[Har77, Figure 21].

If we compose o with itself on the open set {zox122 # 0}, we obtain the identity
map

¢*([ao : a1 = as]) = ¢([aras : apas : apai))
~o([a 2 a)

p— 1 . 1 . 1
o a1a9 ' apag ' apas

= [ap : a1 : asg]

and hence ¢ is birational. In fact, ¢ induces an isomorphism
U = {xor122 # 0} — {m01172 # 0} = V.

An open set on which ¢ is defined is PZ — {[1:0:0],[0:1:0],[0: 0: 1]}; this ends
up being the largest open subset where it is defined. The line Z(xg) maps to the
point P; = [1:0: 0], the line Z(x1) maps to the point P, =[0:1: 0], and the line
Z(x2) maps to the point P =[0:0: 1].

We can describe the quadratic transformation in terms of blowups as follows.
We consider the variety

X" = {xoyo = T1y1 = T2y} C Pi x P3.
The two projections 7: X' — Pi and ¢¥: V — Pi can be obtained by blowing up
3 points in the respective copies of P%. Consider the open set Uy C Pi given by
zo = 1. Then, Uy = A2, and
' (Uo) = {yo = 2151 = 2y} C A X P,
We can eliminate the variable yq in the second factor Pi, and hence
7 (Uo) = {1y1 = w2ya} C A} X Py,

which is the equation of the blowup. By symmetry in 0, 1,2, we see that 7: V' — P%
is indeed the blowup of P% at the 3 points Py, P2, P3. By symmetry in z,y, we see
that ¢: V — P? is the blowup of P at the 3 points P;, P, P5 as well. So, pon~!
gives a birational map Pi --» Pi: it is obtained by blowup the points P;, Ps, Ps
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and then blowing down the strict transforms of the lines Ls3, L13, L12 connecting
them. See Figure 1.19.

It remains to show that ¢ = v o 7~!. We claim that the open set where
xox122 # 0, the preimage of a point [ag : a; : ag] in X’ is the pair

([ao Saq - (12], [1110,2 L apag aoal}).

Over the open set Uy, we see that this is indeed the case by the previous paragraph,
and the same applies to the other open affine charts by symmetry. Thus,

(¥ 077_1)([@0 tap ag]) = [a1az : apaz : apay] = gp([ao T ay :ag]).

REMARK 1.4.30. It is known that the Cremona group Bir(P?) is generated by
the projective linear group PGL3(k) and the quadratic transformation. This is
originally due to Max Noether although apparently there were some gaps in the
proof. Guido Castelnuovo fixed some of these, but the proof was not completely
fixed until the work of James Alexander [Ale1916]. According to [Dol25;, Chapter
7, Historical Notes], Alexander’s proof is considered to be correct.

A complete set of relations for the generators for Bir(P%) is known [Giz82], but
the structure of Bir(P%) is apparently not well understood. Fairly recently, there
have been more results, for example about the linear/topological simplicity and the
non-simplicity of Bir(P}) [Blal0; CL13; BZ18]. In higher dimensions, much less is
known, although the results in [BZ18] apply to higher dimensions as well.

REMARK 1.4.31. We have written the quadratic transformation as a composition
of a blowup at three points point and the inverse of a blowup at three points. An
open question is: Is every birational map of smooth projective varieties a sequence
of blowups along smooth centers followed by a sequence of inverses of blowups along
smooth centers? This is known as the strong factorization conjecture, and was posed
by Hironaka [Hir64,, Question (F’) on p. 149]. The weak factorization conjecture
posed by Miyake and Oda [Oda78, p. 60] asks whether it is possible to factor a
birational map by sequences of blowups and inverses of blowups along smooth
centers. This last conjecture was solved by Wlodarczyk [Wlo03] and Abramovich—
Karu-Matsuki-Wlodarczyk [AKMWO02].

1.5. Nonsingular varieties

So far, we have defined algebraic varieties and different ways to map between
them (either via morphisms or rational maps). We now want to study algebraic
varieties more closely. How can we tell them apart? What makes some varieties
nicer than others? We saw in our blowup calculations that sometimes the curves we
got were simpler just because they did not any self-intersections or cusps.

1.5.1. Nomnsingular points. We want a precise way to determine whether our
varieties are “simple” in this manner. Over the complex numbers, this corresponds
to the subset of C™ having the structure of a complex manifold by the preimage
theorem from differential topology (see [GP10, p. 21] for the preimage theorem
for real manifolds). Translating the definition over to our setting, we make the
following:

DEFINITION 1.5.1. Let Y C A} be an affine variety, and let
flaf?wuaft € A:k[xlal'%"'axn}

[Har77, p. 31]
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[AM69, p. 123]
[Mat89, p. 105]

[Har77, Thm. 1.5.1]
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be a set of generators for 1(Y'). We say that Y is nonsingular at a point P € Y if
the rank of the Jacobian matrix
ofi
P
<5$j( )>

is n — r, where r = dim(Y’). We say that Y is nonsingular if it is nonsingular at
every point.

Note that this is only one possible definition of “smoothness.” In [Zar47], Zariski
discusses different possibilities for what smoothness should mean, which depending
on the ground field k£ do not always coincide. However, even for this definition of
smoothness, there are multiple equivalent formulations.

If you want to specify which definition you mean to someone not in the class,
you can say you are defining smoothness via the Jacobian criterion. The usual rules
for changes of coordinates shows that the rank of the Jacobian matrix does not
depend on the choice of generators for I(Y).

REMARK 1.5.2. When we use partial derivatives in positive characteristic, we
can get 0 often! For example,

a—mp:p'xpflzo
T

in characteristic p > 0.

A fundamental realization of Zariski [Zar47] is that this definition does not
depend on the way we embed Y into an affine space. This is because we can
detect nonsingularity using properties of local rings. We start by defining this local

property.

DEFINITION 1.5.3. Let (4, m, k) be a Noetherian local ring. We say that A is a
regular local ring if

dimg (m/m?) = dim(A).
Note that by the NAK lemma [Hoc17, p. 101; AM69, Propsition 2.6; Mat89, Theorem

2.2], this condition says that m can be generated by ezactly dim(A) elements. Such
a set of generators is called a regular system of parameters.

If Oy, p is a local ring of nonsingular point on a variety Y, then you can think
of this regular system of parameters as a local coordinate system.

1.5.2. Zariski’s equivalence between smoothness and regularity over
algebraically closed fields. We now show Zariski’s result:

THEOREM 1.5.4 (Zariski [Zar47, Theorem 7]). Let Y C A™ be an affine variety
and let P €Y be a point. Then, Y is nonsingular at P if and only if the local ring
Oy, p is a regular local ring.

Proof. Denote A = k[z1,22,...,2,]. Let P = (a1,a9,...,a,) € A} and let
ap = (x1—ai,x2 —az,..., Ty —ap) C A

be the corresponding maximal ideal. We define a linear map 6: A — k™ by

0(f) = (3f<P> I (p) af(P))

Ox1" " 0xy VT Oz
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for f € A. Then, {#(x; — a;)}?, forms a basis for k™, and 6(a%) = 0. Thus, we

have an isomorphism

ap ~

0 — k"
a
P

We now let
b = I(Y) = (fl,fg,...,ft) Q A

Then, the rank of the Jacobian matrix

0f1 0f df1
87:1(13) 87;2(]3) ﬁ(P)
dfs dfs Of2
g 87:51(13) %(P) @(P)
dfy dfy Oft
871:1(13) 87:2(]3) E(P) -

is the dimension of §(b) as a subspace of k™. Under the isomorphism 6,

2
dimy, (6(b)) = dimk(b E“P).
P

On the other hand, Oy, p = (A/b)4,, and hence if mp is the maximal ideal of Oy, p,

we have
mp ap

m "~ b+al’
By counting dimensions of k-vector spaces, we therefore see that

b 2
(1.5.5) dimy, <::§> + rank(J) = dimk( ar ) + dimk( _:;P) =n

P b+ af, P

Now let r = dim(Y). Then, Oy p is a local ring of dimension r by Theo-
rem 1.3.12, and hence Oy p is a regular local ring if and only if dimg(mp/m%) = r.
This is equivalent to rank(J) = n —r, as claimed. O

DEFINITION 1.5.6. Let X be a quasi-projective variety over k and let P € X. [Har77, Exer. I1.2.8]
The Zariski cotangent space at P is the k-vector space

mx p

R
mx p
The Zariski tangent space at P is the k-vector space

Tp(X) = <mX’P>V

2
M. p

dual to the Zariski cotangent space.
1.5.3. Examples. Let us see some examples.

EXAMPLE 1.5.7. The nodal cubic y? = 2%(z + 1) and the cuspidal cubic y? = 3
are both singular at the origin 0. To see this, we first write the curves as zero sets:
the nodal cubic is Z(y? — 2%(x + 1)) and the cuspidal cubic is Z(y? — ). The
Jacobians are

(—2z(x+1)—2? 2y) = (—z(3z+2) 2y) and (=32 2y).



[Har77, Exer. 1.5.2)

[Har77, Exer.
1.5.1(a)]

[Har77, Exer.
1.5.6(c)]
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FiGUrE 1.20. The Whitney umbrella.

For both curves, a necessary condition to have rank < 1 is that y = 0. The point
(—2/3,0) is not on the nodal cubic, and hence the only singular points on these
curves is the origin 0.
On the other hand, the Whitney umbrella (also called a pinch point [Har77,
Figure 5]) xy? = 22 is singular along a whole line! The Jacobian for xy? — 22 = 0 is
(y2 2xy 722)

which is 0 everywhere along the line y = z = 0, which is contained in the Whitney
umbrella. See Figure 1.20.

We saw last week that blowing up curve singularities can remove the singularities
of the curve completely. This did not occur for the Whitney umbrella, which is a
surface. You may be tempted to think that blowing up curve singularities resolves
those singularities. This is not always the case.

EXAMPLE 1.5.8 (Tacnode). We consider the tacnode
Y = Z(2* —y* —2*) C A,
See Figure 1.21 for an illustration. The Jacobian of Y is
(21} — 423 —4y3)

which has rank < 1 only at the origin 0.
We compute the blowup of Y at 0. In U;, we can dehomogenize the defining
equations of ¢~(Y) by letting ¢t = 1 to give
e (YV)NUy = Z(z® — y* — 2*, 2u — y)
= Z(z* — z*ut — 2t zu —y)
= Z(z*(1 — 2%u* — 2%), 2u — 7))

Thus, the exceptional curve E in Uy is given by @ =y = 0, u arbitrary, and the
strict transform Y in Uy is given by 1 — 2%2u* — 22 = 0 and zu = y. Thus, Y and E
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y
W x
FIGURE 1.21. A tacnode. From [Har77, Figure 4].
do not intersect in U;. Next, in U, we can dehomogenize by letting u = 1 to give
e 'YV)NU, = Z(2? —y* — 2tz — yt)

=2 —y' =yt e —yt)

= Z(*(* —y* = y*th),x — yt)
Thus, the exceptional curve E in U, is given by x = y = 0, t arbitrary, and the
strict transform Y in U, is given by ¢ —y? —4?t* = 0 and = yt. Thus, YNENU,
consists of one point, (0,0) x [0 : 1].

We want to identify the singularity (0,0) x [0 : 1] with a plane curve singularity.
So let W = Z(s* —r? — r%s%) C A2, and define

Ynu, — W W —YnU,
(x,y,t) — (y,t) (r,s) — (rs,r, )

These maps are inverse to each other by definition.

This computation shows that Y has a node (see [Har77, Exercise 1.5.6(b)] for
the definition) at ¢~1(0) (where ¢ denotes the blowup of Y). In [Har77, Exercise
1.5.6(b)], you will show that blowing up the node once resolves the singularity. Thus,
we see that blowing up the tacnode twice resolves the singularity at 0.

Next, let’s try to blowup a “higher-order” cusp.

ExAMPLE 1.5.9. Consider the plane curve [Har77, Exer.
Y = Z(y® — 2°) C AZ. L.5.6(d)]
This is an example of a triple point. Now consider the inverse image ¢~ 1(Y); in Uy,
we can dehomogenize the defining equations of ¢~1(Y) by letting ¢t = 1 to give
et (Y)NU = Z(y* — 2%, zu — y)
= Z(23u® — 25, 2u — y)
= Z(z*(u® — 2%),2u — y)
Thus, the exceptional curve E in Uy is given by x =y = 0, u arbitrary, and the
strict transform Y in U, is given by u® — 22 = 0 and zu = y. Thus, YN ENU,

consists of one point, (0,0) x [1:0]. On the other hand, in U, dehomogenizing the
defining equations of o~ 1(Y) by letting u = 1 gives

e ' (Y)NU, = Z(y> — 2°,z — yt)
=Z(y® —y°t°,x — yt)
=Z(y* (1 — y*t°),z — yt)



[Murl19, Ex. B.1.2]
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and the exceptional curve E in U, is given by x = y = 0, t arbitrary, while the strict
transform Y in U, is given by 1 — 4%t> = 0 and = = yt; these do not intersect. So
it suffices to consider the point (0,0) x [1: 0] in U;. We claim it is a cusp (in the
sense from before). For, let W = Z(s® — r?) C A2, and define

YU, — W W —YnU,
(x,y,u) — (x,u) (r,s) — (r,rs,9)

These maps are clearly inverse to each other, and so we see that Y indeed has a cusp
at {(0,0) x [1:0]} = ¢~1(0) (where ¢ denotes the blowup of Y). Note this cusp is
the same as that from [Har77, Exercise 1.4.10]. We therefore see that blowing up
this cusp again resolves the singularity at (0,0) x [1 : 0], and so blowing up twice
resolves the singularity of our point 0 € Y.

1.5.4. Chevalley’s example. We now give an example where Zariski’s Theo-
rem 1.5.4 from [Zard7] fails when k is not algebraically closed. This example shows
how how can use the proof of Theorem 1.5.4 to actually compute whether explicit
examples of local rings are regular local.

EXAMPLE 1.5.10 (Chevalley [Zar47, Example 3]). Let k be an imperfect field of
characteristic p > 2, and let a € k — kP. For example, we can let k = F,(¢) and let
a=t. Let S =k[z,y] and f = y?> + 2P —a € S, and consider Chevalley’s example
[Zard7, Example 3]

S klz,y

() yrtar—d

Note that R is smooth everywhere except at the maximal ideal mp := (2P — a,y),
since the Jacobian for R is (0 2y).

We claim that Ry, is a regular local ring, even though R fails the Jacobian
criterion at this maximal ideal. We denote by mg the ideal (zP —a,y)S C S. We

have
. mg
dlms/ms <m§) =2,

since S is regular. On the other hand, the defining equation f = 4% + 2P — a for R
is nonzero modulo m%, hence

. mpg . mg
dlmR/mR (rn%) = dlms/ms <n~%_i_(f)) =1.

Thus, Ry, is regular. On the other hand, R fails the Jacobian criterion at this
maximal ideal, in the sense that the Jacobian

(O Qy)
is equivalent to (0 0) modulo the maximal ideal (zP — a,y).

REMARK 1.5.11 (Not tested). Chevalley’s Example 1.5.10 is interesting because
it shows that regularity does not behave well under field extensions. (In contrast,
the definition of smoothness over non-algebraically closed fields will turn out to
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behave well.) Set
R' = R®y k(a'/?)
- k@/?)[z,y]
Y24 aP—a
. k(a/P)[z,y]
~yr+(z—alle)p

and denote mp: = (z — a'/?,y)R'. We have that
V4P —a=y*+ (x—a/P)? . (x — al/P)>P

€ (J? - al/pvy)Qv

. megs . ms
i o () = sy (7%77) =2

Thus, we see that R’ is not regular at the maximal ideal mp.

and hence

1.5.5. The singular locus is closed. Our next goal is to show that most
points on quasi-projective varieties are nonsingular. We start with an algebraic
preliminary. Recall that denoting a local ring by (A, m, k) is shorthand for “A is a
local ring with maximal ideal m and residue field k.”

PROPOSITION 1.5.12. Let (A, m, k) be a Noetherian local ring. We have
embdim(A) = dimy, (n:;) > dim(A).

The number embdim(A) is called the embedding dimension of A, although we
will not use this terminology much.

Proof. By NAK [Hocl7, p. 101; AMG69, Propsition 2.6; Mat89, Theorem 2.2], the
embedding dimension embdim(A) equals the minimal number of generators of m.
Now by Krull’s Height Theorem 1.1.48, we know that

dim(A4) = ht(m) < embdim(A4). O

THEOREM 1.5.13. Let Y be a quasi-projective variety. Then, the set Sing(Y)
of singular points of Y is a proper closed subset of Y.

We call Sing(Y") the singular locus of Y.

Proof. We first show that Sing(Y’) is closed. Let ¥ C P} with an affine open cover
Y =, U;. It suffices to show that Sing(Y)NU; is closed for every i. Replacing Y by
the Y NU;, we may therefore assume that Y is affine. By the proof of Theorem 1.5.4
(specifically (1.5.5)), we know that

embdim(A) + rank(?xf; (P)> =n.

By Proposition 1.5.12, we therefore see that
rank(?ﬁ (P)) <n-—r.

Zj

[Har77, Prop. 1.5.2A]
[AMG69, Cor. 11.15]
[Mat89, p. 105]

[Har77, Thm. 1.5.3]



[Har77, Exer. 1.5.3]
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rank(gxf; (P)> <n-— r}

=Yn Z((n —7) x (n — r) minors of (Si: (P))>7

which is closed in Y.

It remains to show that Sing(Y") C Y. Since birational varieties have isomorphic
open subsets, we may replace Y by a hypersurface birational to it (Theorem 1.4.10)
to assume that Y = Z(f) C A} is a hypersurface, where f € k[z1,22,...,2,] is an
irreducible polynomial. If Sing(Y) =Y, then the functions 9f/0x; are zero on Y,
and hence

of

axi
for all 7. But I(Y") is the principal ideal generated by f, and hence
0
deg<6f > < deg(f) -1

7

Thus,

Sing(Y') = {P ey

e I(Y)

for all . This means that we must have df/0z; = 0 for all 4. This is impossible
in characteristic 0, since if ; occurs in f, then 9f/0xz; # 0. If char(k) = p > 0,
then the fact that 0f/0x; = 0 for all ¢ means that f is a polynomial in the p-th
powers 2! of the variables x;. Taking p-th roots of coefficients, we see that f = g?
for a polynomial g € k[z1,22,...,z,]. This contradicts the assumption that f is
irreducible. O

1.5.6. Classifying plane curve singularities: Multiplicity and Analytic
isomorphism. A question we asked last time is: How do we classify plane curve
singularities? Something you may have noticed is that it seems that the lowest
degree terms have the most influence on a plane curve singularity, and at least gives
a first measure for how “bad” a singularity can be. This gives us a first measure for
how bad the singularities are.

DEFINITION 1.5.14 (Multiplicity of a plane curve). Let Y = Z(f) C A? be a
plane curve. Let P = (a,b) € A be a point. Make a(n affine) linear change of
coordinates so that P becomes the origin (0,0). Then, we can write

f=lotfi++Ja
where f; is a homogeneous polynomial of degree ¢ in x and y. The multiplicity of P
onY is
pp(Y) = min{r | fr #0}.
Note that P € Y if and only if pp(Y) > 0. The linear factors of f, are called the
tangent directions at P.

REMARK 1.5.15. A similar definition works well for hypersurfaces on nonsingular
varieties. See [Har77, p. 388]. For a general quasi-projective variety (i.e., one that
does not necessarily embed as a hypersurface on a nonsingular variety), one defines
multiplicity using commutative-algebraic properties of the local ring Oy,p. The
resulting definition is called Hilbert—-Samuel multiplicity. See [Har77, Exercise V.3.4]
for Hartshorne’s discussion of this invariant. In general, there are various multiplicity
functions that measure how bad singularities are.
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We show that the multiplicity can detect nonsingular points.

LEMMA 1.5.16. Let Y C A% be a plane curve and let P € Ai be a point. Then,
wp(Y) =1 if and only if P is a nonsingular point of Y.

Proof. By definition, up(Y) = 1 if and only if f; # 0. This is equivalent to one of
Of/0x or Of/Jy evaluated at (0,0) being nonzero because higher order terms in
f will not affect whether df/0x and 9f /0y vanish. But this is equivalent to the
Jacobian evaluated at (0,0) being nonzero, i.e., to Y being nonsingular at P. O

The multiplicity gives a nice invariant, but we want something finer. For
example, we saw that the singularities of the node

(1.5.17) y? =2 (z+1)

or the cusp

v = a®

are resolved after one blowup, but the singularities of the higher order cusp

y? =20
are not. On the other hand, intuition from the Euclidean topology tells us that even
though the nodal cubic (1.5.17) and the union of two axes

y? = a2
look different algebraically, we might want to consider them to be “the same.” So,
we want a way to classify plane curve singularities that is finer than multiplicity
but weaker than “the local rings are isomorphic”: it is very hard to tell when two
rings are isomorphic, and we will soon see that there are nonsingular points with
non-isomorphic local rings. (This goes back to a question we had before: We have
yet to construct an example of an irrational curve. But such an example would
yield an example of two nonsingular points on curves that are not isomorphic.)

On the other hand, since a local ring on a variety over k is regular local if and
only if its completion is isomorphic to a formal power series ring over k, we will try
to make our equivalence relation the following: The local rings of the two curves
at the origin have the same completions. This will be coarse enough to fix our
issue with the fact that nonsingular points have non-isomorphic local rings, but fine
enough to differentiate different order cusps. So, this new equivalence relation is a
suitable notion to use to study singularities.

We recall the definition of the completion of a local ring.

DEFINITION 1.5.18. Let (A, m) be a Noetherian local ring. The m-adic comple-
tion of A is

A= @A/m"

= {(al,ag,...) € HA/m" a; = a; mod m’ for all j > z}
i=1

An equivalent definition (in this case) is that A is formed by taking equivalence
classes of Cauchy sequences in the m-adic topology on A.

[

Har77, Exer.

1.5.3(a)]

[
[
[
[

Har77, p. 33]
Mat89, §8]

Hocl7, p. 156-157]
AMG9, Ch. 10]



[Har77, Thm. 1.5.4A]
[AM69, Ch. 10, 11]
28755, Ch. VIII]

(28752, p. 307]
[Mat89, Thm. 29.4]
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When talking about Noetherian local rings, we will drop the prefix “m-adic.”
(One can define I-adic completions for other ideals I C A, but the case when I =m
is the most important one for now.)

Here are the important facts about completions we will use.

THEOREM 1.5.19. Let (A, m) be a Noetherian local ring with completion A.
(a) A is a Noetherian local ring with mazimal ideal tn := mA, and there is a
natural injective ring map A — A (it is even faithfully flat).
(b) If M is a finitely generated A-module, then its completion M with respect
to its m-adic topology is isomorphic to M & 4 A.

(¢) dim(A) = dim(A).
(d) A is regular if and only if A is regular.

The following is a very difficult theorem due to I. S. Cohen.
THEOREM 1.5.20 (Cohen structure theorem [Coh46]). If (A, m, k) is a complete

reqular local ring of dimension n containing some field, then
A= k[[xl7x27 CERE zn]]v
where x1,x2,...,%, are the generators of m.

Using completions, we can define the following:

DEFINITION 1.5.21. Let P € X and @ € Y be points on quasi-projective varieties.
We say that P and @ are analytically isomorphic if there is an isomorphism
Ox,p = Oy
as k-algebras.

EXAMPLE 1.5.22. Let P € X and @ € Y be points on quasi-projective varieties.
(1) If P and @ are analytically isomorphic, then dim(X) = dim(Y") by Theo-
rem 1.5.19(c) and Theorem 1.3.12(c).

(i) If P and @ are nonsingular points on quasi-projective varieties of the same
dimension, then P and @ are analytically isomorphic. This follows from
Theorem 1.5.19(d) and Theorem 1.5.20. This is the algebraic geometry
analogue of the fact that two manifolds of the same dimension are locally
isomorphic (in the topological, differential, or complex-analytic categories).

We now see that the origin on the nodal cubic and the union of two axes are
analytically isomorphic.

EXAMPLE 1.5.23. Suppose char(k) # 2. Let X be the nodal cubic curve
X = {y? =2tz + 1)} C A2
and let Y be the algebraic set in A7 defined by the equation
Y = {zy = 0} C A%

We claim that 0 € X and 0 € Y are analytically isomorphic.
For Y, we have not defined local rings for reducible algebraic sets. However,
whatever the precise definition should be, the answer should be

Oy, = <k([§;7yz)/] ) (z,y) .
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We then see that

A k|z,
Oyo — [z, 4]
(zy)
For X, we need to identify
A k[x,
Oxo— [z, 9]

(y2 —x%(x + 1)) '
Since char(k) # 2, we have

1 1 1
\/1+J}:1+§$—§$2+T6$3—

which is a unit in kz]. (This equation just means that the square of the right-hand

side is equal to 1 + x.) Set g to be the formal power series on the right-hand side.

Then, we have

@X,O = k[[x’y]] o~ k[[l’,y]] — kﬂxvyﬂ

(2 = (29)?) (2 —2?) (y+a)(y—2)
where the middle isomorphism follows frqm the fact that g is a unit. The k-algebra
on the right-hand side is isomorphic to Oy .

You will see more on analyticlly isomorphic singularities on Homework 7.

1.6. Nonsingular curves

Now that we have talked about the fundamental objects and morphisms we
consider in algebraic geometry, we want to return to a question we had before:
How do we classify quasi-projective varieties? This a general theme in subfields of
mathematics. We first define some objects of interest. Then, we want to classify
them, i.e., say when they are “different” or the “same” with respect to some
equivalence relation. This becomes important when applying the theory to concrete
problems: By applying a suitable classification, you can divide a proof up into cases,
and treat them one case at a time.

In algebraic geometry, as we have discussed before, the basic theme of birational
geometry is to classify quasi-projective varieties by proceeding in three steps. Recall

that the goal of birational geometry is to classify varieties up to birational equivalence.

(a) Find a “nicest” representative in each birational equivalence class.
(b) Classify the representatives appearing in (a).

In general, these questions are very difficult! The classical approach is to
interpret “nicest” to mean ‘“nonsingular,” but this has the drawback of making
Question (b) more difficult. Another sometimes useful approach is to interpret
“nicest” to mean “has the fewest number of defining equations,” which we applied
last time to show that the nonsingular locus is a nonempty open subset.

Progress in the last forty years has shown that interpreting “nicest” to mean
“minimal” is very useful—this is the core philosophy of the minimal model program,
where “minimal” roughly means that the variety does not have any extra exceptional
divisors that can be blown down. With this interpretation, Question (a) is the core
question in the minimal model program. There are still major open problems in the
minimal model program in dimensions > 4. Classifying the actual representatives
(Question (b)) that appear is very difficult. (If you want to have more words to
look up, Iskovskih, Shokurov, and Mori—-Mukai classified Fano threefolds over the

[Har77, p. 39]



[Kol14]
[Shal3s, p. 220ff]

[Har77, pp. 39-40]
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complex numbers [Isk77; Isk78; Sok79; Sok80; MM8&2; MMS83; MMO03]. In positive
characteristic, there was progress due to Megyesi, Shepherd-Barron, and Saito
[Meg98; She97; Sai03], but the full classification was only completed last year by
Tanaka and Asai-Tanaka [Tan24,; Tan24,; AT25; Tan23]. T have heard that people
have tried to prove analogous statements in dimension 4, but that not much progress
has been made.) However, the story in dimension 2 is more or less complete—while
we will not get to see the full story in this class (or even next semester), it is very
interesting!

In this section, we focus on the story in dimension 1. In this case, the story
is well-understood, and goes back to the work of Riemann. Riemann’s original
motivations came from trying to compute elliptic integrals of the form

dx
Va3 +ax? +br+c
which can be traced back historically to the work of Euler, Abel, and Jacobi.

Riemann’s key insight was that instead of trying to deal with a multi-valued
function like V&3 + a2? + bx + c, it is better to look at the complex algebraic curve

I'={y? =23 +az? +bx+c} C AL.

The integral above then transforms into
dx
ry’
This is (part of) the content of Riemann’s existence theorem: Given a finite extension
of C(t), how can we find a nonsingular complex algebraic curve with that function
field?

We will approach this question from an algebraic perspective using valuation
theory, which goes back at least to the work of Zariski [Zar40; Zar44]. From this point
of view, what we will do is to define topological spaces using valuation-theoretically
that we think of as “abstract” nonsingular curves. We will then show that these are
all quasi-projective.

1.6.1. Valuations. We recall some definitions on valuations. You may have
seen these in an algebraic number theory or commutative algebra course.

DEFINITION 1.6.1. Let K be a field and let G be a totally ordered Abelian group
(written additively). A valuation of K with values in G is a map v: K — {0} —- G
such that for all z,y € K — {0}, we have

(1) v(zy) = v(z) +v(y);
(2) v(z +y) = minfo(z),v(y)}.
If v is a valuation, then the set
R={z e K |v(z) >0} U{0}

is a subring of K, which we call the valuation ring of v. (Especially in algebraic
number theory and arithmetic geometry, R is denoted by Og.) The valuation ring
R is a local ring with maximal ideal

m={z e K|v(x)>0}U{0}.

In general, a valuation ring is an integral domain which is the valuation ring of
some valuation of its fraction field. If R is a valuation ring with quotient field K,
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we say that R is a valuation ring of K. If k is a subfield of K such that v(z) =0
for all z € k — {0}, we say that v is a valuation of K/k and that R is a valuation
ring of K/k.

Note that valuation rings need not be Noetherian!

EXAMPLE 1.6.2. Let k be a field. Consider the non-Noetherian ring

T
kmay777"~:| gkxay
et | i
where m is generated by all the generators on the left-hand side. This is the valuation
ring of k(x,y) with value group Z? with the lexicographic order, where

v(z'y’) = (i, )-
In this section, we will focus on the case when G = Z.

DEFINITION 1.6.3. A non-trivial valuation v is discrete of rank 1 if its value
group G is the integers. The corresponding valuation ring is called a discrete rank 1
valuation ring, abbreviated DVR.

DVRs can be characterized in many ways.

THEOREM 1.6.4 [AMG69, Proposition 9.2; Hocl7, p. 139]. Let (A, m) be a Noe-
therian local domain of dimension 1. Then, the following conditions are equivalent.

(i) Aisa DVR.

(i) A is normal (i.e. integrally closed in its fraction field).
(#it) A is a regular local ring.

(iv) m is a principal ideal.

(v) A is a PID.

DEFINITION 1.6.5. A Dedekind domain is a Noetherian integrally closed domain
of dimension 1.

Since integral closure and normality can be checked locally [AMG9, Proposition
5.14], we can think of a Dedekind domain as a non-local version of a DVR. The
following theorem tells us that taking integral closures in finite extensions of the
fraction field do not take us outside the realm of Dedekind domains. Note that
the key assertion in this theorem is that the integral closure of a Dedekind domain
in a finite extension of its fraction field is Noetherian — this integral closure is an
integrally closed domain (by definition) and is of dimension 1 (by Going Up).

THEOREM 1.6.6 (Corollary to the Krull-Akizuki theorem [Kru30; Aki35]). The
integral closure of a Dedekind domain in a finite extension of its fraction field is a
Dedekind domain.

Proof. See [ZS75;, Chapter V, §8, Theorem 19 on p. 281] for this statement. For
the full Krull-Akizuki theorem, see [Mat89, Theorem 11.7]. O

REMARK 1.6.7. Caution: The analogue of the Krull-Akizuki theorem in higher
dimensions is not true! Constructing an example of this is harder than the non-
Noetherian valuation ring, so I will not do this in class.

[Har77, Exer.
I1.4.12(b)(3)]

[Har77, p. 40]

We deviate from
[Har77]. “Discrete
valuation ring” can
cause confusion
because Z? also
seems like it should
be discrete.

[Har77, Thm. 1.6.2A]

(v) is not in [Har77]
but follows from the
fact that any element
in A—mis a unit.

[Har77, p. 38]

[Har77, Thm. 1.6.3A]



[Har77, Lem. 1.6.4]

[Har77, Thm. 1.6.1A]

[Har77, Lem. 1.6.5]
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1.6.2. Abstract nonsingular curves. We now return to our usual setting: k
is our algebraically closed ground field. Recall that we want to understand function
fields K of dimension 1 (i.e., finitely generated fields of transcendence degree 1) over
k. We want to connect nonsingular curves Y with function field K and the set

Ck = {DVRs of K/k}.
Note that this is reasonable: We have a map
Y — Ck
P+— Oyp

because if P € Y is a point on a nonsingular curve, then Oy, p is a DVR by combining
Zariski’s Theorem 1.5.4 with Theorem 1.6.4. We have Frac(Oy,p) = K(Y) = K
and k C Oy, p, and hence Oy p is a DVR of K/k.

We show this map is injective even without assuming that Y is of dimension 1.
(For future context, this is another version of the statement that quasi-projective
varieties are separated.)

LEMMA 1.6.8 (Uniqueness of centers of valuations). Let Y be a quasi-projective
variety. Let P,Q € Y and suppose that Og C Op as subrings of K(Y). Then,

P=qQ.

Proof. Write Y C P}. Replacing Y by Y, we may assume that Y is projective.
After a suitable linear change of coordinates, we may assume that neither P nor )
are in the hyperplane Hy = Z(zo). Then, P,Q € Y N (P} — Hy), which is affine,
and hence we may assume that Y is affine.

Let A= A(Y). Then, there are maximal ideals m,n C A such that Oy p = Ay,
and Oy, = An. If Og C Op, we must have m C n. But then, m is a maximal ideal,
and so m = n. This shows that P = @ by Theorem 1.3.12(b). O

The trickier part is showing that Y — Ck is surjective. We will spend quite a
while on this. The key algebraic input is the following.

DEFINITION 1.6.9. If (A, m4) and (B, mp) are local rings contained in a field
K, we say that B dominates Aif AC Band mpNA=my.

THEOREM 1.6.10. Let K be a field. A local ring R C K is a valuation ring if
and only if it is a mazximal element of the set of local rings contained in K partially
ordered by domination. Fvery local ring contained in K is dominated by some
valuation ring of K.

Proof. See [BouCA, Chapter VI, §1, no. 2, Theorem 1] or [AM69, Chapter 5, p. 65
and Exercises, p. 72]. O

‘We now show:

LEMMA 1.6.11. Let K be a function field of dimension 1 over k and let x € K.
Then,
{ReCk |z ¢R}
is a finite set.

Proof. If R is a valuation ring, then = ¢ R if and only if 1/ € mg. So, letting
y = 1/x, we have to show that if y € K — {0}, then

{RGCK|y€mR}
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is finite. If y € k, then this set is empty. We may therefore assume that y ¢ k.

Consider the subring k[y] C K. Since k is algebraically closed, y is transcendental
over k, and hence k[y] is a polynomial ring. Moreover, since K is finitely generated
and of transcendence degree 1 over k, we know that k[y] C K is a finite field
extension. Now let B be the integral closure of k[y] in K. By the Krull-Akizuki
Theorem 1.6.6, we know that B is a Dedekind domain. It is also a finitely generated
k-algebra by Noether’s theorem on the finiteness of integral closure [Har77, Theorem
1.3.9A].

Now if y is contained in a DVR R € C, then k[y] C R, and since R is integrally
closed in K, we have B C R. Let n = mr N B. Then, n is a maximal ideal of B and
B is dominated by R. But B, is also a DVR of K/k, and hence B, = R by the
maximality of valuation rings (Theorem 1.6.10).

If furthermore y € mp, then y € n. Now B is the affine coordinate ring of some
affine variety Y (Remark 1.1.27). Since B is a Dedekind domain, dim(Y) =1 and YV
is nonsingular. The statement that y € n is saying that y, as a regular function on
Y, vanishes at the point of Y corresponding to n. Since y # 0, this can only happen
at a finite number of points, which are in 1-1 correspondence with maximal ideals
of B by Theorem 1.3.12, and R = B, is uniquely determined by the maximal ideal
n. Thus, we conclude that y € mp for only finitely many R € Cx as claimed. [

COROLLARY 1.6.12. Any DVR of K/k is ismorphic to the local ring of a point
on some nonsingular affine curve.

Proof. Given R, let y € R— k. Then, the construction in the proof of Lemma 1.6.11
gives such a curve. (I

We can now define abstract nonsingular curves.

DEFINITION 1.6.13. Let K be a function field of dimension 1 over k, i.e., a
finitely generated field of transcendence degree 1 over k. Let

Ck = {DVRS of K/k}

We sometimes call the elements P € Ck points and write (Rp, mp) for the cor-
responding DVR. Note that the set Cx is infinite, since letting B be the ring
constructed in Lemma 1.6.11, we have an injection

MaxSpec(B) «— Ck

by Lemma 1.6.8, and [MaxSpec(B)| = |k| by [Har77, Exercise 1.4.8]. We make C'x
into a topological space by giving it the finite complement topology: The closed
sets are finite sets and the whole space.

The ring of regular functions on an open subset U C Ck is

o) = () Rep.
PecU
An element f € O(U) defines a function U — k by taking

f(P) = (the image of f in Rp/mp = k),

where the identification with k& holds by Corollary 1.6.12.

An abstract nonsingular curve is an open subset U C C, where K is a function
field of dimension 1 over k. We consider U with the subspace topology and with
the induced notion of regular functions on its open subsets.

[Har77, Cor. 1.6.6]

[Har77, p. 42]



[Har77, p. 42]

[Har77, Prop. 1.6.7]
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REMARK 1.6.14. If f,g € O(U) define the same function, then f — g € mp for
infinitely many P € Ck, and hence f = g by Lemma 1.6.11 and its proof. We can
therefore identify elements of O(U) with a certain set of functions U — k. Moreover,
by the proof of Lemma 1.6.11 any f € K is a regular function on some open set U.
By these two observations, the function field of Ck is K.

REMARK 1.6.15. The space Ck is an example of a Zariski-Riemann space.
These are certain spaces of valuations that can be defined for function fields of
arbitrary dimension, and in fact, much more generally. They first appeared in the
work of Zariski [Zar40; Zar44] on resolution of singularities and local uniformization.
Zariski called these spaces “Riemann manifolds.” Nagata added Zariski’s name
to the terminology since “Riemann manifold” means something else in differential
geometry [Nag62, Footnote on p. 2], and used them to prove the famous Nagata
compactification theorem.

Zariski—Riemann spaces can also be thought of as non-Archimedean analytic
spaces [FK06; Tem10]. They also appear naturally as limits of varieties or schemes,
where the inverse system consists of all possible blowups of that variety or scheme
[Nag63]. One reason they work well for the theory we are working out now is that in
dimension 1, all blowups of nonsingular curves are trivial, i.e., they are the identity
morphism. However, in dimensions > 2, these spaces are much more complicated
than their corresponding quasi-projective varieties. For example, for a surface S, the
corresponding Zariski-Riemann space ZR(S) contains extra points corresponding
to discrete rank 2 valuations like the one in Example 1.6.2. More recently, I used
Zariski-Riemann spaces to prove vanishing theorems for schemes and a whole bunch
of other geometric spaces [Mur25].

Our goal will be to show that Ck is isomorphic to a nonsingular projective curve
and every abstract nonsingular curve is isomorphic to a nonsingular quasi-projective
curve. However, we have not yet defined what a morphism of an abstract nonsingular
curve is!

DEFINITION 1.6.16. A morphism ¢: X — Y between abstract nonsingular
curves or quasi-projective varieties is a continuous map such that for every open
subset V' C Y and every regular function f: V — k, the pullback f o ¢ is a regular
function on ¢~ 1(V).

We can therefore consider the category whose objects are either abstract non-
singular curves or quasi-projective varieties, and whose morphisms are defined as
above. Our goal will be to show that adjoining abstract nonsingular curves to our
category of quasi-projective varieties essentially does not introduce any new objects.
Here, “essentially” means “up to isomorphism.”

We first show that we can think of every nonsingular quasi-projective curve as
an abstract nonsingular curve.

ProPOSITION 1.6.17. Every nonsingular quasi-projective curve Y is isomorphic
to an abstract nonsingular curve.

Proof. Let K = K(Y'). Then, we have an injective map

Y‘—)CK
Pr—>0p

[Har77, p. 42]
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whose image is a subset U C Ci. Here, injectivity was shown in Lemma 1.6.8. We
then get a bijection

p: Y +—U
Pi—)Op.

We show that U is an open subset of Ck. First, since Y is infinite by [Har77,
Exercise 1.4.8], it suffices to show that U contains a nonempty open set (which
would imply that Y — U is finite). By replacing Y with an affine open subset, which
exists by Proposition 1.3.36, we may assume that Y is affine.

Set A = A(Y). Then, A is a finitely generated k-algebra. By Theorem 1.3.12,
we know that K = Frac(A) and that

U= {Am | mCA maximal}.

Since all the A, are DVRs, Theorem 1.6.10 implies that U consists of all DVRs of
K /k containing A. Now let x1,xo,...,x, € A be the set of generators of A over k.
For every P € Ck, we have A C Rp if and only if 1,2, ..., 2z, € Rp. Thus,

n
U= ({PeCx|xicRp}.

i=1
By Lemma 1.6.11, each of the sets in the intersection has finite complement, and is
therefore open. Thus, U is also open.

It remains to show that ¢ is an isomorphism. It suffices to show that ¢ identifies

regular functions. This follows from the definition of regular functions on U and
the fact that for open subsests V C Y, we have

Oy(V)= [ Ov.r. O

pPeVv

The “other” direction, namely, to construct a projective variety isomorphic to
an abstract nonsingular curve, is harder. Somehow, we need to cook up a projective
variety that contains an open subset isomorphic to Cx. The way we will do this
is by first finding rational a map Cx --+» P} and then extending it to a morphism
Cx — P}. However, this morphism does not necessarily embed Ck into P} as
a closed subvariety! We will have to fix this issue momentarily, but for now, we
prove that we can extend rational maps C'x --» P} to some morphism. In scheme-
theoretic language, the following is a version of the valuative criterion of properness
[Har77, Theorem I1.4.7]. Under this interpretation, Lemma 1.4.1 corresponds to the
valuative criterion of separatedness [Har77, Theorem II.4.3].

THEOREM 1.6.18 (Curve-to-projective extension theorem). Let X be an abstract
nonsingular curve, let P € X, let Y be a projective variety, and let

0: X —{P} —Y
be a morphism. Then, there exists a unique morphism @p: X =Y extending ¢:

X—{P}L;Y

-
-
.
s
TP
.
.

-

X

[Har77, Prop. 1.6.8]
The name for the the-
orem is from [Vak25,
Thm. 15.3.1].
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82 1. VARIETIES

Proof. We first embed ¥ C P}. It then suffices to show that ¢ extends to a
morphism X — P since if it does, the image of this morphism would be contained
in Y by taking closures. We may therefore assume that ¥ = P}.
We induce on n. If n = 0, then there is nothing to show: the morphism
X — P9 = {«} is just the constant map.
Now suppose n > 1. Let zg,x1,...,z, be the homogeneous coordinates oon
P} and let U be the open subset {zqz1 -z, # 0} C PP If o(X —{P})NU =10,
then p(X — {P}) C H; = P}~ for some i, and we would be done by the inductive
hypothesis. We may therefore assume that o(X — {P}) N U # 0.
For each i, 7, z;/x; is a regular function on U. Pulling back these functions by
©, we obtain a regular function
T
fij=¢" () € K(X)
Ly
on an open subset of X for each i, 7. Now let v be the valuation of K associated to
the DVR Rp € (k. Set

T = U(in) cZ
for each i € {0,1,...,n}. Then, since z;/z; = (x;/x0)/(x;/x0), we have
v(fij) =ri—r;
for each 4,5 € {0,1,...,n}. Now let £ € {0,1,...,n} be such that
re = min{ro,rl, e ,rn}.
Then, v(fi¢) > 0 for all i, and hence
foe, fie, - fne € Rp.

We now set
2(Q) = [foe(Q) s f1e(Q) s -2 fa0(Q)] Q€ o' (Up) U{P},
(Q) Q+#P.

We claim that ¢ is a morphism X — P} that extends ¢, and that ¢ is unique.
The uniqueness holds by Lemma 1.4.1. The definition we gave for ¢ would show
it is a morphism as long as we can show that the two morphisms in the definition
glue together correctly. (Hartshorne proceeds differently here, but what he does
corresponds to checking that Q — [foe(Q) : f12(Q) : -+ - : frne(Q)] defines a morphism
in a neighborhood of P.) But this follows from construction: On U, we can use
the affine coordinates x;/x¢, and ¢ is determined by how the functions fi; = x; /2y
pullback (see Lemma 1.3.20). O

We are now ready to prove what we wanted.

THEOREM 1.6.19. Let K be a function field of dimension 1 oer k. Then, the
abstract nonsingular curve Ck is isomorphic to a nonsingular projective curve Y .

Proof. The idea is as follows. First, we will cover Cx with open subsets U; that
are isomorphic to nonsingular affine curves. For each i, we let Y; be a projective
closure of U;. We can then use the curve-to-projective extension Theorem 1.6.18
to define a morphism ¢;: Cx — Y;. These morphisms do not necessarily identify
Ck with a closed subvariety of a projective space: for example, the maps might not
be injective, and may not induce isomorphisms on local rings. Instead, Hartshorne
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takes inspiration from the proof of Chow’s lemma [Har77, Exercise 11.4.10] and
considers the morphism

CK—>HY1

induced by applying the universal property of products finitely many times. We will
then set Y = im(¢), which is a projective variety (note that [[,Y; is a subvariety of
an iterated Segre product), and show that ¢ is an isomorphism of Ck onto Y.

STEP 1. Every point P € Ck has an open neighborhood that is isomorphic to
an affine curve.

By Corollary 1.6.12, there exists an affine curve V and a point @ € V with
Rp = Og. It follows that Frac(V) = K, and by Proposition 1.6.17, after possibly
replacing V' by an affine open subset containing @), we know that V is isomorphic
to an open subset of Ck containing P.

STEP 2. Construction of the map p: Cx — Y.

Since C'k is quasi-compact (the topology is the finite complement topology),
we can find finitely many open subsets U;, each of which are isomorphic to an affine
variety V;. Now write

ng n;
Vic Ay C Py

and let Y; = V; be the projective closure. Then, Y; is a projective variety, and
we have a morphism ¢;: U; — Y; that is an isomorphism onto its image. By the
curve-to-projective extension Theorem 1.6.18 applied to the finite set of points
Ck — U;, we can find a morphism ¢;: Cx — Y; extending ¢;. Let [],Y; be the
product of the projective varieties Y;, which we recall is also projective (since it is a
closed subvariety of an iterated Segre product). Consider the “diagonal” map

Lp:CK—>HYi

7

P H@(P)

induced by applying the universal property of products finitely many times, and
let Y be the closure of the image of C'x. Then, Y is a projective variety, and
p: Cx — Y is a morphism whose image is dense in Y. By basic properties of
closures and dimension, we know that Y is a curve.

STEP 3. ¢ is an isomorphism.

We apply the local criterion for isomorphisms (Proposition 1.3.18), which applies
by working on one U; at a time. We start with the condition on local rings. Let
P € Ck be a point. We then have P € U; for some i. Consider the commutative
diagram

~

Cr —2—

]\ Pi

U7;4>

™

—

=



[Har77, Cor. 1.6.10]

[Har77, Cor. 1.6.11]

[Har77, Cor. 1.6.12]
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of dominant morphisms, where 7 is the projection map onto the i-th factor. We
then have the inclusions of local rings

©p
Ocy,p +——— Oy, (P

Zl IW:;“P)

in K = K(Y;) by [Har77, Exercise 1.3.3]. Since the composition from the bottom right
to the top left is an equality, we see that the top and right maps are isomorphisms.
We therefore see that for every P € Ck, the map

cp}}: wa(p) — OCK,P
is an isomorphism.

It remains to show that ¢ is a bijection. Let @ € Y. Then, Og is dominated
by a DVR of K/k by Theorem 1.6.10, for example by taking the localization of the
integral closure of Og in K at a maximal ideal lying over mg. But then, R = Rp for
some P € Ck, and Oy, ,(p)y = R, so by Lemma 1.6.8 we know that ¢ = ¢(P). Thus,
 is surjective. Moreover, ¢ is injective because distinct points of C'x correspond to
distinct subrings of K. O

Here are some consequences of Theorem 1.6.18. You will see more on Homework

COROLLARY 1.6.20. Every abstract nonsingular curve is isomorphic to a quasi-
projective curve. Every nonsingular quasi-projective curve is tsomorphic to an open
subset of a nonsingular projective curve.

Recall that a curve is a 1-dimensional quasi-projective variety.

COROLLARY 1.6.21. Every curve is birationally equivalent to a nonsingular
projective curve.

Proof. f'Y is a curve with function field K = K(Y), then Y is birationally equivalent
to C'ir, which is nonsingular and projective by Theorem 1.6.19. O

COROLLARY 1.6.22. We have the following equivalences of categories:
(i) Nonsingular projective curves
and dominant morphisms

[

(i) Quasi-projective curves v
and dominant rational maps

|

(i) {Function fields of dimension 1 over k}Op K(Y).

and k-algebra homomorphisms
Proof. The first functor is the faithful functor () < (i) induced by the facts that
all nonsingular projective curves are quasi-projective, and all dominant morphisms
are dominant rational maps. The functor (i) =+ (i74) is an equivalence of categories
by Theorem 1.4.7.
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It remains to show that (i) < (i7) is an equivalence of categories. The functor
is essentially surjective since every quasi-projective curve Y is birational to the
nonsingular projective curve Cg(yy. The functor is full since if X --» Y is a dominant
rational map, then it extends to a dominant morphism by Theorem 1.6.18. (Il

1.6.3. The automorphism group of P}v. As a concrete application, we
compute the automorphism group of P;. This is one of the homework problems on
Homework 8.

EXAMPLE 1.6.23. Think of P} with coordinates z,y as {y # 0} U {oo}. Recall
from Homework 5 that a fractional linear transformation or a Mdébius transformation
of P} is a map

az+b
—

cz+d
for a, b, c,d € k such that ad — bc # 0. As you showed on Homework 5, the fractional
linear transformations of P}, form a group, which we denote by PGL2 (k). We call

this group the projective general linear group of degree 2 over k. In projective
coordinates, the fractional linear transformation above is the endomorphism

(1.6.24)

P, —— P}
[s:t] — [as + bt : cs + dt].
We therefore have the surjective group homomorphism
GLy (k) —» PGLo(k),

which explains the notation PGLy (k). Note the difference in notation compared to
[Har77, Exercise 1.6.6]: The notation PGL(1) in [Har77] is not standard.
We have an inclusion

PGLy(k) — Aut(P})

which we claim is an isomorphism. By Corollary 1.6.22; we can identify the right-
hand side with Autg(k(2)), the automorphism group of k(z) as a field over k. It
therefore suffices to show that every field automorphism of k(z) over k is of the
form (1.6.24).

Let ¢: k(z) — k(z) be an automorphism. Set

VRN C))
for f(z),g(z) € k[z] that are relatively prime. Then, we have
f(z) —wg(z) =0,

and hence z satisfies the polynomial
f(T) —wg(T) € k[w][T].

Now f(T) —wg(T) is irreducible considered as an element in k[w][T] since it is
linear polynomial in k(T)[w]. By Gauss’s lemma, we see that f(T) — wg(T) is
irreducible in k(w)[T]. We therefore see that f(T') —w g(T') is a minimal polynomial
for z over k(w). Since ¢ is an isomorphism, we have

1= [k(z) : k(w)] = degy (f(T) —wg(T)),

[Har77, Exer. 1.6.7]
[Ahl78, Ch. 3, §3.2]



[Har77, Exer. 1.6.1]
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and hence
max{deg(f(T)),deg(g(T))} <1

Thus, we see that every automorphism of k(z) is of the form (1.6.24). We note that
ad — bc # 0 because if ad — be = 0, then

(¢ 4

is not invertible. This non-invertibility implies that (a b) and (¢ d) are scalar
multiples of each other, and hence (az + b)/(cz + d) € k U 0o, a contradiction.

We mention one consequence of the fact that PGLo(k) — Aut(P}) is an
isomorphism: This means that every automorphism of P,1C is linear, and hence we
can reduce questions about automorphisms of P,lc to linear algebra! For example,
the fact that any set of three distinct points in P,lC can be mapped to {0,1,00} is a
consequence of the linear algebra fact that any three lines through the origin in &2
can mapped linearly to the diagonal, the z-axis, and the y-axis. If you have four
points in P}, this corresponds to asking how you can map four lines with slopes
21, %2, 73, 24 under a linear automorphism of k2. You showed on Homework 5 that
you can map the line corresponding to 22 to the diagonal, the line corresponding
to z3 to the z-axis, and the line corresponding to z4 to the y-axis. Then, the line
corresponding to z; maps to the line with slope given by the cross ratio

(21 — 23)(22 — za)
(20 — 23)(21 — 21)

A(z1, 22, 23, 24) =

This point of view using cross ratios may be helpful for you when solving [Har77,
Exercise 1.6.7] and [Har77, Exercise 1.5.14(c)]. (While we are discussing [Har77,
Exercise 1.5.14], T wanted to mention that [Har77, Exercise 1.5.14(d)] is particularly
difficult — I uploaded a sketch of the uniqueness part of that exercise on Brightspace.)

1.6.4. Elliptic curves are irrational. Recall that a quasi-projective variety
is rational if it is birational to a projective space P}. So far, we spent a lot of time
talking about rationality of curves and proved Liiroth’s Theorem 1.4.15, which says
that unirational curves are rational. However, we have yet to see an example of an
irrational variety!

Our goal is to construct such an irrational variety, following [Har77, Exercises
1.6.1 and 1.6.2]. We start with the following criterion for rationality.

PROPOSITION 1.6.25. Let Y be a nonsingular rational curve which is not iso-
morphic to P,lﬂ. We then have the following.

(a) Y is isomorphic to an open subset of Aj}.
(b) Y is affine.

(¢) A(Y) is a unique factorization domain.

Proof. For (a), we know by Corollary 1.6.20 that Y is isomorphic to an open subset
of a nonsingular projective curve Y. By Corollary 1.6.22, there is an isomorphism

p: Y%P,li.

Since Y is not isomorphic to P, we see that Y —Y # (), and hence p(Y) C A} C P}.
Since A,1C has the finite complement topology and ¢ is an isomorphism onto its
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image, we see that Y is isomorphic to an open subset of Aj. This also shows (b),
since if p(Y) = A} —{a1,a,...,a,}, then
Y Z(t [ —a)- 1) C AZ
i=1

Finally, A(Y') is a UFD since the isomorphism above yields
AY) = Kzl @

and localizations of UFDs are UFDs. (One way to see this last fact is to use
Proposition 1.1.49: A Noetherian domain is a UFD if and only if every height 1
prime is principal.) |

We can now give an example of an irrational curve by finding a nonsingular
rational curve Y such that A(Y) is not a UFD. One way we can think of this
statement is that we are trying to construct a Dedekind domain of finite type over k
with nontrivial divisor class group. One takeaway from this calculation is: Without
good geometric invariants that can distinguish different curves or varieties, it is not
easy to show that something is irrational.

EXAMPLE 1.6.26 (An elliptic curve). Assume char(k) # 2. Consider the curve
Vi={y’=z(z—-1)(z— N} C A}

for A ¢ {0,1}. This is an example of an (affine) elliptic curve. In fact, all projective
elliptic curves are the projective closure of an affine curve of the form above [Har77,
Chapter IV, Proposition 4.6]. (The parameter A appears when moving the four

branch points of a 2: 1 morphism ¥ — P} to A, 0,1, 00 via an automorphism of P}.

We see that the cross ratio A appears once again!)
We claim that Y is not a rational curve. We proceed in steps.
STEP 1. Y is nonsingular. Moreover, A := A(Y) is normal.

We first show that Y is nonsingular. The Jacobian matrix for Y is
(z—=D(@—=N)+az@-—N)+z@z-1) —2y).

If the Jacobian has rank less than 2 — 1 = 1, then y = 0. By the equation for Y,
this implies that « € {0,1, A\}. However, these three values for x are not zeroes for
(x =1)(x —A)+x(x — X) + z(x — 1) since only two out of the three terms will vanish
at « € {0,1, A\}. We conclude that Y is nonsingular.

To show that A(Y") is normal, we know that by Zariski’s Theorem 1.5.4, the
local ring Oy, is a regular local ring for every y € Y. By Theorem 1.6.4, this is the
same thing as saying that Oy, is normal. Since normality is a local condition, this
means that A is normal.

STEP 2. Consider the subring k[z] C K := K(Y) generated by the image of x
in A. Then, k[z] is a polynomial ring and A is the integral closure of k[x] in K.

Since k is algebraically closed, z is transcendental over k, and hence k[z] is a
polynomial ring.

To compute the integral closure of k[z] in K, we first note that this integral
closure is contained in A because A is integrally closed by Step 1. Thus, to show

[Har77, Exer. 1.6.2]

The normality of
A(Y) is used to
prove that A(Y) is
the integral closure
of k[z] in K(Y).
This is not used in
the proof of
irrationality.

Only the fact that
k[z] is a polynomial
ring will be used in
the proof of
irrationality.
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that the integral closure of k[x] is actually equal to A, it suffices to show that y is
integral over k[z]. This holds since y satisfies the integral dependence relation

y* —z(z—1)(x —\) =0.

STEP 3. There is a k-algebra automorphism

c: A— A
T— T
Y —> —y.

Note that o defines a k-algebra automorphism of k[z,y], which descends to A
by the fact that o fixes the equation y* — z(z — 1)(z — X) = 0.

STEP 4. There is a norm function

N:A— A
a— a-o(a)

such that im(N) C k[z]. This norm function is multiplicative in the sense that
N(1) =1 and N(ab) = N(a) - N(b) for all a,b € A.

Any a(z,y) € Ais equal to g(z)+c(z) y for polynomials g(x), c(z) € k[z]. Then,
we have

N(a) = (9(x) + c(2) y) (9(=) — c(z) y)
— g(e)? — e(w)? 4.
Using the relation 32 = z(x — 1)(z — \), we obtain
(1.6.27) N(a) = g(x)* — c(z)* z(x — 1)(x — \) € k[z].

The fact that N(1) = 1 follows from definition since o(1) = 1. To show that
N(ab) = N(a) - N(b), we have

N(ab) = ab - o(ab) = (a-o(a))(b-o(b)) = N(a) - N(b)
because ¢ is a ring homomorphism.
STEP 5. The units in A are precisely k™ =k — {0}.
Suppose ab =1 for a,b € A. Then, we have
1= N(1) = N(ab) = N(a) - N(b) € k[x].

Since k[z]* = k*, we have that N(a), N(b) € k*. Writing a = g(z) + c¢(x) y as
before, (1.6.27) implies

N(a) = g(2)* = c(z)* x(z = 1)(z = A)

lies in k*. Since we will repeatedly use the same argument in the rest of this
example, we state the following:

CLAIM 1.6.28. Suppose that
N(a) = g(2)* = c(2)* x(z = 1)(z = )
has degree > f. Then, deg(c(x)) < f/2 — 1.
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Proof. We show the contrapositive Suppose that deg(c(x)) > f/2 — 1, and in
particular, ¢(x) # 0. Then, the highest degree term in

c(x)?z(x —1)(z — N)

is of odd degree f' > f+1 > f. For N(a) to be of degree f, this implies g(x)? must
have a term of degree f’, and hence g(x) is of degree > f’/2. This implies

deg(N(a)) > f' > f. O

Returning to the situation of Step 5, suppose that N(a) € k*. By Claim 1.6.28,
we see that c¢(x) = 0. If N(a) € k*, then g(z) must be constant to have g(z)? € k*.
Since all elements of k> are also units in A, we see that A* = k*.

STEP 6. A is not a UFD, and hence Y is not rational.

We first show that x and y are irreducible. Suppose x = a - b for nonunits a, b.
Then, we have

22 = N(x) = N(a) - N(b),

and hence either N(a) = 22 and N(b) € kX, or N(a) =  and N(b) = x (up
to swapping and multiplication by units). In the first case, we have b € k* by
the proof of Step 5, a contradiction. In the second case, write a = g(z) + ¢(x)y
as before. Claim 1.6.28 then implies ¢(z) = 0. We therefore have a = g(z) and
N(a) = g(z)? # z, a contradiction.

Similarly, suppose that y = a - b for nonunits a,b. Then,

—z(z —1)(z = A) = N(y) = N(a) - N(b),

and hence N(a), N(b) have degree < 3. Writing a = g(z) + ¢(x) y and b = h(z) +
d(x)y as before, Claim 1.6.28 implies c¢(x),d(z) € k. Moreover, we claim that
g(x), h(x) are linear. Otherwise, if g(z) is of degree > 2, then deg(N(a)) > 4, a
contradiction, and similarly for N(b). This is a contradiction, since (1.6.27) implies
two of the polynomials z, 2 — 1,2 — X divides either g(z) or h(z), which would force
one of g(z), h(z) to be of degree > 2. Thus, both x,y are irreducible.

Finally, A is not a unique factorization domain since
v =z(z —1)(z — \).
This shows Y is not rational by Proposition 1.6.25(c)!

1.7. Intersections in projective space

Our goal now is to define intersection multiplicities for projective varieties in a
projective space.

So far, we know that if Y and Z are projective varieties in P}, then Y N Z may
not be a variety (because it may not be irreducible). For example, the intersection
of a conic and a line can be two points or one point, depending on how they
intersect. A provisional definition for the degree of a curve is therefore the number
of intersection points with a “sufficiently general” line. However, this definition is
not very satisfactory because it is hard to work with and it is not precise (when is a
line sufficiently general?).

Instead, we will rely on algebra. First, we use what we know about intersecting
with hypersurfaces to give bounds for the dimension of Y N Z. Then, if Y N Z is
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FIGURE 1.22. The nonsingular cubic curve {y® —y = 2(2® — z)}.

0-dimensional, we can ask how many points are in Y N Z. A concrete goal is to
show the following:

THEOREM 1.7.1 (Bézout 1779 [Béz06]). Let Y, Z be distinct curves in P2 of
degrees d,e. Then, Y N Z consists of de points counted with multiplicity.

Our goal will be to understand what it means to count points “with multiplicity.”

REMARK 1.7.2. We mention an interesting paradox that is related to Bézout’s
theorem. While known as Cramer’s paradox or the Cramer—FEuler paradox, this
paradox is originally due to Maclaurin [Mac1720, p. 137]. See [BS11] for a wonderful
account of this paradox and its history.

Suppose Y and Z are cubic curves in P%.

e By Bézout’s Theorem 1.7.1, the intersection is expected to consist of nine
points, and this expectation turns out to be correct if Y and Z are general
in the moduli space of nonsingular cubic curves you constructed in [Har77,
Exercise 1.5.15(b)].

e On the other hand, since the moduli space of nonsingular cubic curves has

dimension 5.3
+
1=

as you proved in [Har77, Exercise 1.5.15(b)], and vanishing at a point in
P% gives a linear condition on the coefficients of the cubic, we expect that
a set of nine points determines a unique cubic curve in Pi (this dimension
count is known as Cramer’s theorem, first proved in [Cral750]).

For a concrete example, we consider an example due to Euler [Eull750]. The
two (singular!) cubics

Y ={y* -y =0} and Z ={2® -2 =0}

in A% intersect in a 3 x 3 grid of points in Ai. Taking projective closures in Pi, we
obtain a 1-dimensional family of plane cubic curves

{s(y® — y2°) + t(z® — 22*) = 0} C P}
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parametrized by [s : t] € P}. This is an example of a pencil of curves. See [BS11]
for an interactive visualization and see Figure 1.22 for a specific example.

1.7.1. Dimension of intersections. We start by computing bounds for the
dimension of intersections of varieties.

PRrROPOSITION 1.7.3 (Affine dimension theorem). Let Y, Z be closed subvarieties
of dimension r,s in A}. Then, every irreducible component of Y N Z has dimension
>r4+s—n.

Proof. If Z is a hypersurface, then this is [Har77, Exercise 1.1.8].
We now prove the general case. We know that

Y x Z C AP
has dimension 7 + s since choosing Noether normalizations
klz1,z2,. . .,2r] € AY)
kly1,y2,- . ,ys] € A(Z)
the extension
klzy, 2, ... 2,1, Y2, - -+, ys] © AY) @k A(Z)
is finite. (See also [Har77, Exercise 1.3.15(d)].) We now consider the diagonal
A=Z(r1—y1,T2 — Y2, Tn — Yn) C A%".

Since the diagonal morphism A: A? < A?" is an isomorphism onto its image A,
we know that

YNZ - (Y xZ)NA.
Thus, applying the hypersurface case n times, we see that every irreducible compo-

nent of Y N Z has dimension > r + s — n. O

THEOREM 1.7.4 (Projective dimension theorem). Let Y, Z be closed subvarieties
of dimension r,s in P}. Then, every irreducible component of Y N Z has dimension
>r+s—mn. Furthermore, if r +s—mn >0, then Y N Z is nonempty.

Proof. The dimension bound holds by the affine dimension theorem (Proposi-
tion 1.7.3) since P} is covered by affine n-spaces. To show that Y N Z is nonempty,
consider the affine cones C(Y) and C(Z) over Y and Z in A}™'. Then,

dim(C(Y)) =r+1
dim(C(Z)) =s+1

and C(Y) N C(Z) # 0 since both cones contain the origin (0,0,...,0) € A}"'. By
the affine dimension theorem (Proposition 1.7.3), we have

dm(C(Y)NC(Z)) > (r+1)+(s+1)—(n+1)=r+s—n+1>0.
Thus, C(Y) N C(Z) contains a point @ # P, and hence Y N Z # 0. O

[Har77, Prop. 1.7.1]
[Shal3;, Thm. 1.24]

[Har77, Thm. 1.7.2]
[Shal3;, Thm. 1.24]
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1.7.2. Numerical polynomials. To define intersection multiplicities, we will
define the Hilbert polynomial associated to a projective variety Y C P. The Hilbert
polynomial is a numerical polynomial Py € Q[z] that encodes various numerical
invariants of Y. We will define Py- using the homogeneous coordinate ring S(Y). The
definition will in fact work for any graded S-module, where S = k[zg, 21, ..., Tn].

We start with some preliminaries on numerical polynomials.

[Har77, p. 49] DEFINITION 1.7.5. A numerical polynomial is a polynomial P(z) € Q[z] for
[K1e66, p. 295] which there exists an integer ng € Z such that P(n) € Z for all n > ny.

CONVENTION 1.7.6. We will write “for all n > 0” for “there exists ng € Z such
that... for all n > ng.”

[Har77, Prop. 1.7.3] PROPOSITION 1.7.7.
[Lan02, Lem. X.6.4] (a) If P € Q7] is a numerical polynomial, then there are integers co,c1, - .., Cr
[MT33, 2.12] such that
Nag56b, App. ; B
[Nag pp.] P(Z)Co(>+01< >+"'+Cr
r r—1
where

<i> :%2(2_1)"'(2—r+1)

is the binomial coefficient function. In particular, P(n) € Z for alln € Z.
(b) If f: Z — Z is any function, and if there exists a numerical polynomial
Q(z) such that the difference function

Af=fn+1)—f(n)
is equal to Q(n) for all n.>> 0, then there exists a numerical polynomial
P(z) such that f(n) = P(n) for all n > 0.

Proof. (a). We induce on the degree of P. The degree 0 case holds since P of degree
0 defines a function with a constant integer value. Next, since

z Z"
G
T r!

we can express any polynomial P € Q[z] of degree r in the form stated with
Co,C1,---,Cr € Q. We have to show that ¢y, cy,...,c. € Z. For any polynomial P,
we define the difference polynomial

AP =P(z+1) — P(2).
() =)0 -0
Ach()(ril)+C1<ri2)+-~-+c,._1.

By induction, cg,¢1,...,¢.—1 € Z. Finally, ¢, € Z since P(n) € Z for n > 0.

(b). Write
Q%(i) +-+or

Since

we have
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where ¢, c1, ..., ¢ € Z using (a). Let

z z
P = - .
CO(T+1>+ +c (1>

Then, AP = @, and A(f — P)(n) =0 for all n > 0. Thus, (f — P)(n) = ¢,41 for
some constant ¢,.y1 € Z for all n > 0. We conclude that

(1) = P() + cri1
for all n > 0. O

1.7.3. Dévissage for graded modules. Next, we need a version of prime
cyclic filtrations for graded modules over graded rings. In algebraic geometry,
this filtration result and the technique to prove statements using it is also called
dévissage.

DEFINITION 1.7.8. Let S = @~ Sa be a graded ring. A graded S-module is
an S-module M together with a decomposition

M =P My
dez
as Abelian groups, such that Sy- M, C My, for every d, e. For any graded S-module
M and any | € Z, the I-th twist M (1) of M is the graded S-module with components
M(l)d = Md+l.
If M is a graded S-module, we define the annihilator of M is
Amng(M) ={se S|s-M =0},

which is a homogeneous ideal in S because for homogeneous elements m € M,
an element s-m € s- M is zero if and only if s4 - m = 0 for every homogeneous
component sg of s.

We now prove our result on prime cyclic filtrations.

PROPOSITION 1.7.9 [BouCA, Chapter IV, §3, no. 1, Proposition 2]. Let S be a
Noetherian graded ring. Let M be a finitely generated graded S-module. Then, there
exists a filtration

0o=M'CM'C...CM =M

by graded S-submodules such that for every i, we have

where p; is a homogeneous prime ideal of S and l; € Z. The filtration is not unique,
but for any such filtration we have:

(a) If p is a homogeneous prime ideal of S, then p O Anng(M) if and only
if p 2 p; for some i. In particular, the minimal elements of the set
{p1,p2,...,pr} are the minimal primes of M, i.e., the minimal primes
containing Anng(M).

(b) For every minimal prime of M, the number of times which p occurs in the
set {p1,P2,..., 0.} is equal to the length of M, over the local ring S,, and
hence is independent of the filtration.

[Har77, p. 50]

[Har77, Prop. 1.7.4]



[Har77, p. 51]

[Mur24ca, Ex. 8.11.4]
[Hocl7, p. 122]
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Proof. We proceed by Noetherian induction. Consider the set of graded submodules
of M which admit such a filtration. This set is nonempty since it contains 0. Since
M is Noetherian, there exists a maximal such submodule M’ C M. Now consider
M" = M/M'. If M" =0, we are done. Otherwise, consider the set of ideals

53— {Im — Anng(m) | ™ €M is a nonzero}_
homogeneous element
Each I, is a homogeneous ideal and I,,, # S. Since S is Noetherian, there exists an
element m € M — {0} such that I,,, is a maximal element of J. We claim that I,
is prime. Let a,b € S such that ab € I, but b ¢ I,,,. Splitting into homogeneous
components, we may assume a, b are homogeneous. We want to show that a € I,,.
Consider the element b € M”. Since b ¢ I,,, we have bm # 0. We have I,, C Iy,
and by maximality of I,,,, we have I, = Ij,,. But ab € I,,,, and hence abm = 0,
which implies a € Iy, = I, as required. We therefore see that I,, is a homogeneous

prime ideal p C S. Letting deg(m) = [, the graded S-module map
S(=l) — M"
l——m

induces a graded S-module isomorphism

(i)(—l) = S-mCcM

since Anng(m) = p. Letting N’ C M be the inverse image of S-m C M’ in M, we
have M’ C N’ and N'/M' = (S/p)(—=I). So N’ has a filtration of the type required,
contradicting the maximality of M’. We therefore see that M’ = M, i.e., M has a
filtration of the required form.

(a). Given a filtration for M, we have
p D Anng(M) <= p D Anng(M'/M""") for some i.
But Anns((S/pl)(lv)) =P

(b). We localize at a minimal prime p. Since p is minimal in the set {p1, pa, ..., P},
we see that .
My ) O ifpi#p
Myt | k(p) ifp =y

where in the latter case, we forget the grading. We therefore see that

lengthg (My) = number of times p occurs in {p1,pa2,....pr}. O

DEFINITION 1.7.10. Let S be a Noetherian graded ring and let M be a finitely
generated graded S-module. If p is a minimal prime of M, the multiplicity of M at

pis
fp(M) = lengthg (My).
Since it is often hard to compute lengths directly from the definition, we mention
the following alternative descriptions in terms of vector space dimension.
EXAMPLE 1.7.11. Let M be a module over a local ring (R, m).
(i) Suppose that m - M. Then, M is naturally a module over R/m, and

lengthp (M) = dimp /m(M).
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(i) Suppose that k is a field and that R is a k-algebra such that the composition
k— R— R/m
is bijective. Then,
length (M) = dimg (M).

1.7.4. Hilbert polynomial. We can now define the Hilbert polynomial and

Hilbert function of a graded module M over the polynomial ring S = k[xg, z1, . .., Zy).

DEFINITION 1.7.12. Let M be a graded module over the ring S = k[zo, z1, .. ., z,).

The Hilbert function is the function ¢y, given by
@M(l) = dimk(Ml)
for every | € Z.

THEOREM 1.7.13 (Hilbert—Serre [FAC, n°® 80]). Let M be a finitely generated
graded S = klxg,x1,...,2x,]-module. Then, there is a unique polynomial Py (z) €
Qlz] such that opr(1) = Ppy(l) for alll > 0. Furthermore,

deg(Py(2)) = dim(Z (Anng(M))).
DEFINITION 1.7.14. The polynomial Pys(z) of Theorem 1.7.13 is the Hilbert
polynomial of M.
Proof of Theorem 1.7.13. We proceed by induction on
r = dim(Z; (Anng(M))).

Suppose r = —1, i.e., we have

(370,],‘1, v ,xn) - \/ADDS(M).

We claim that ¢pr(l) =0 for all [ > 0. If M = 0, this is true since M; = 0 for all
[. If M # 0, since M is finitely generated, there exists a degree d such that M<y
generates M. But then, every element in M<, is annihilated by (zo,x1,...,25)°

for some s > 1 (by the pigeonhole principle), and hence M; = 0 for all I > d + s.

Thus, Py(z) = 0 is the Hilbert polynomial and
deg(Pr(2)) = dim(Z; (Anng(M))) = —1.
For the inductive case r > 0, we proceed by dévissage. If
0—M —M-—M"—0

is a short exact sequence of graded S-modules, then @y = @p + @prr by the
rank-nullity theorem and

Z4(Anng(M)) = Z; (Anng(M')) U Z4 (Anng(M"))

because

VAnng(M) = \/Anng(M') N Anng (M)
(see the proof of [Mur24ca, Proposition 8.14.2]). Thus, if the theorem is true for
M’ and M", then it is true for M. By Proposition 1.7.9, M has a filtration with

quotients of the form (S/p)(l) where p is a homogeneous prime ideal and [ € Z.

By induction on the length of the filtration, we may therefore reduce to the case
when M 2 (S/p)(I) where we may assume that r = dim(Z(p)) by the inductive
hypothesis on r. The shift | corresponds to a change of variables z — z + [, and
hence it suffices to consider the case when M = S/p where r = dim(Z4 (p)).

[Har77, p. 51]

[Har77, Thm. 1.7.5]

[Har77, p. 52]



[Har77, p. 52]

[Har77, Prop. 1.7.6]
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Since p # (xo,x1, ..., %), choose x; ¢ p, and consider the exact sequence
0—>§(—1)£>§—>L—>0.

Set M" := S/(p,x;). Then,

omr(l) = s/p(1) — s/p(1 = 1) = (Apgyp) (1 — 1)

is eventually equal to a polynomial Py (2) of degree dim(Z (p, ;)) by the inductive
hypothesis. By Proposition 1.7.7 and its proof, we therefore see that ¢, is eventually
equal to a polynomial Py/(2) of degree dim(Zy(p,x;)) + 1. On the other hand,
Zy(p,zi) = Zy(p) N H where H = Z (x;) and Z, (p) € H by the choice of z;. By
the projective dimension theorem (Theorem 1.7.4), we have

dim(Z4 (p)) = dim(Z4 (p, 2)) + L. O

DEerFINITION 1.7.15. If Y C P} is an algebraic set of dimension r, we define
the Hilbert polynomial of Y Py (z) to be the Hilbert polynomial Pg(y)(z) of its
homogeneous coordinate ring S(Y). (By Theorem 1.7.13, it is a polynomial of
degree r.) The degree deg(Y) of Y is r! times the leading coefficient of Py (z):

_ deg(Y)

ZT“‘"'.
r!

Py (2)

PROPOSITION 1.7.16.

(a) IfY C P} is nonempty, then deg(Y') is a positive integer.
(b) Suppose Y =Y; UYs where dim(Y7) = dim(Y32) = r and dim(Y; NY2) < r.
Then, deg(Y) = deg(Y1) + deg(Y2).

(¢) We have
Poy(2) = (z + n)

n

and deg(P}) = 1.
(d) Let f € S be a homogeneous polynomial of degree d. Then,

Psy(p)(2) = (ZZ”) _ (Z—im)

_— n_l ...
ot o

Suppose, moreover, that f is a product of distinct irreducible factors. Then,
H = Z.(f) satisfies deg(H) = d. In other words, the new definition of
degree is consistent with the definition of the degree of a hypersurface as
defined in Example 1.1.22.

Proof. (a). Since Y # @, we know that Py is a nonzero polynomial of degree
r = dim(Y). By Proposition 1.7.7(a), deg(Y) = ¢o € Z. It is a positive integer
because for [ > 0, we have

Py (1) = ¢s;1(1) > 0.
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(b). Let I and I3 be the ideals for Y7 and Y3, respectively. Then, I = I; N 15 is
the ideal of Y. We then have the commutative diagram

0 0 0
Lol
0 I rnen Y i — o0
0 g il Sis “”g 0
s 4 SlS g
Ve T i O
| |
0 0 0

where the top two rows and all three columns are exact. By the snake lemma, the
botttom row is also exact. Now Z, (I1 + Iz) = Y7 NYa, which has smaller dimension.
Thus,

deg(Ps/(1,+1,)(2)) <r
and hence the leading coefficient of Pg,/;(2) is the sum of the leading coefficients of
PS/Il(z) and Pg/y, (2).

(¢). The Hilbert polynomial of P} is the polynomial Pg(z). For I > 0, the “dots
and dividers” proof from the Homework shows that

es(l) = (l —;n>

Ps(z) = (Z : ”)

In particular, the leading coefficient of Pg(z) is 1/n!. Thus, deg(P}) = 1.

Thus,

(d). We have an exact sequence of graded S-modules

OHS(d)LSH(?)—)O
1—— f.

Thus,

es/(nl) = es(l) — sl —d)
and the Hilbert polynomial of S/(f) is

Psy(p(2) = <Z;:"> _ <Z—Z+n)

— d Zn—l +

~(n—1)! ’
When f is a product of distinct irreducible factors and H = Z, (f), we therefore
have deg(H) = d. O




[Har77, p. 53]

[Har77, Thm. 1.7.7]
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1.7.5. Bézout’s theorem. We are now ready to prove Bézout’s theorem.
We start by defining the intersection multiplicity of a projective variety and a
hypersurface.

DEFINITION 1.7.17. Let Y C P} be a projective variety of dimension r. Let H be
a hypersurface not containing Y. Then, by the Projective Dimension Theorem 1.7.4,
we have
YNH=Z1UZyU---ULZ;
where the Z; are varieties of dimension 7 — 1. Let p; be the homogeneous prime
ideal of Z;. The intersection multiplicity of Y and H along Z; is

S
WY, H;Z;) = pp. | ———
( ]) :LLP.7(IY+IH)
where Iy = I(Y) and Iy = I(H).
We can now state our version of Bézout’s theorem. Note that in this statement,

Y can be a projective variety of arbitrary positive dimension. We will then state
Bézout’s theorem (the case when Y and Z are curves) as a corollary.

THEOREM 1.7.18. Let Y be a projective variety of dimension > 1 in P}. Let f ¢
Iy be a homogeneous polynomial of degree d that is a product of distinct irreducible
factors and set H = Z(f). Let Z1,Zs,...,Zs be the irreducible components of
Y N H. Then, we have

S

> (i(Y, H; ) - deg(Z;)) = (deg(Y)) - (deg(H)).
Jj=1

Proof. Consider the exact sequence of graded S-modules

where M = S/(Iy + Ig). Note that multiplication by f is injective on S/Iy since
the image of f in S/Iy is nonzero. Taking Hilbert polynomials, we have

(1.7.19) Pui(2) = Py(2) — Py (z — d).

The result will follow from comparing the leading coefficients of both sides of this
equation, as follows. Let Y have dimension r and degree e. Then,

€ T
Py (2) =37 T
On the right-hand side of (1.7.19), we have

(1.7.20) (:'z+> - (;(z—d)r—i—---) = (Td_el)!zr—w---.

On the other hand, we compute the Hilbert polynomial for M by dévissage. By
Proposition 1.7.9, M has a filtration

0o=M'CM'C...CMI=M
with quotients M*/M*~! = (S/q;)(l;). We then have
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FIGURE 1.23. Pascal’s “Hexagrammum Mysticum” theorem. From
[Har77, Figure 22].

where letting r; = dim(Z4(q;)) and f; = deg(Z+(q;)), we have

Ple)=Tiamgo

i)
since the shift I; does not affect the leading coefficient of P;(z). Since we are only
interested in the leading coefficient of Pys(z), we may ignore the P;(z) of degree
< r — 1. We are therefore left with the P;(z) corresponding to the minimal primes
of M, which are the primes p1, p2, ..., ps corresponding to the Z;. Each p; appears
pp, (M) times in the prime cyclic filtration for M, and hence the leading coefficient
of Py(z) is

ﬁ (Z(i(Y, H;Zj) - deg(Zj))>~

j=1
Comparing this with (1.7.20), we are done. O

COROLLARY 1.7.21 (Bézout 1779 [Béz06]). Let Y, Z be distinct curves in P2 of
degrees d,e. Let Y NZ = {Py, Ps,...,Ps}. Then,
S

> Y, Z; Py) = de.

j=1
The statement also holds if Y and Z are possibly reducible algebraic sets all of whose
components are of dimension 1 such thatY and Z have no irreducible component in
common.

Proof. This follows from Theorem 1.7.18 working one component of Y at a time
after noting that a point has Hilbert polynomial 1, and hence degree 1. O

1.7.6. Pascal’s theorem. As a fun application, we prove the following theorem
due to Pascal, which is a generalization of Pappus’s hexagon theorem [Pap86, 7.206
and 7.207]. Pappus’s theorem is the special case of Pascal’s theorem where T is the
union of two lines.

THEOREM 1.7.22 (Hexagrammum Mysticum, Pascal 1640 [Smi29, pp. 326-330]).

Let A,B,C,A’, B',C" be siz distinct points on an irreducible plane curve I' C P? of

[Har77, Cor. 1.7.8]

[Har77, Exer. V.4.5]
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r z A

FIGURE 1.24. Pappus’s hexagon theorem. From [Pap86, Text
Figure 138].

degree 2. Then, the three points P = AB" . A’B, Q@ = AC' . A’C, and R = BC".B'C
are collinear.
If T is reducible, the same conclusion holds assuming that the siz points have

the following configuration: Writing ' =11 UT's as a union of two lines, we have
A,B,CeTy, A B ,C" €Ty, and Ty . Ty ¢ {A,B,C,A’",B',C'}.

See Figures 1.23 and 1.24 for illustrations.

Proof. Let f = {105¢3 be the homogeneous cubic polynomial vanishing on AB’,
BC'", and CA’. Let g = mimamg be the homogeneous cubic polynomial vanishing
on BA’, CB’, and AC’". We then consider the homogeneous cubic polynomial

hx=f+Ag

where A € k. We choose a point z € I' as follows:

e When I is irreducible, choose
zrel—{A,B,C A B, C}.
e When T is reducible, choose
xr = Fl . ].—‘27
Now choose A € k such that hy(xz) = 0. Then, Z, (hy) is a possibly reducible

curve of degree 3 intersecting I' at at least 7 points. By Bézout’s theorem (Corol-
lary 1.7.21), we therefore see that Z(hy) contains I' (when T is reducible, this
still holds since Z, (h)) intersects both I'; and T's in at least 4 points by the choice
of z). However, Z (h)) contains the 9 points A, B,C, A’, B’,C’, P,Q, R as well, 6
of which are on I'. Note that the points P, @, R cannot lie on I" because of the
assumptions on the six points A, B,C, A’, B’,C’. Thus, writing

Zi(hy)=TUL
for a line L, we know that L contains the other 3 points P, @, R. O

1.8. There are exactly 27 lines on a smooth cubic surface
Our goal for the next few lectures is to prove the statement in the section title:

THEOREM 1.8.1 (Cayley [Cay1849] and Salmon [Sal1849]). Let X C P3 be a
nonsingular cubic surface in P%. Then, there are exactly 27 lines on X.
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Salmon in [Sal1915, Footnote on p. 183] explains how Cayley and Salmon proved
this theorem in their correspondences. See also [Dol25,, Chapter 9, Historical Notes]
for the history of this result and other results on cubic surfaces. The proof we
present is Cayley’s proof from [Cay1849] in modern language. We draw from the
accounts in [Bea96, Chapter IV], [Reil3, §7], [Shal3;, Chapter 4, §2.5], and [Dol25,,
Theorem 9.1.13].

For a while, we will focus on proving that any cubic surface contains at least one
line. This can be using elementary methods (see [Reil3, Proposition 7.2]). However,
since we have developed many of the necessary tools to show the existence of a line
more conceptually, we will proceed more along the lines of [Bea96, Lemma IV.14]
and [Shal3;, Theorem 1.28] and use this opportunity to introduce some fundamental
theorems and constructions in algebraic geometry that you might not see until much
later if we waited until we had the language of schemes. There are three ingredients
we need to prove this existence result.

(1) The image of a morphism of projective varieties is closed (Theorem 1.8.2).
This generalizes a problem from Homework.
(2) For a morphism 7: Y — X of projective varieties, the set

{rex ‘ dim(7~*(z)) > k}

is closed in X for every integer k > 0 (Theorem 1.8.5). This is called the
theorem on the dimension of fibers in [Shal3;].

(3) There is a projective variety that parametrizes d-planes through the origin
in k™. This variety is called the Grassmannian G(d,n).

1.8.1. Images of projective varieties. We start with the following result,
which we prove using elimination theory (in the form you saw on Homework 7 and
8 using resultants).

THEOREM 1.8.2. Let X be a quasi-projective variety and let
m: X x Py — X

be the projection onto the first factor. For any closed subset Y C X x P}, the image
m(Y) of Y is closed in X.

Proof. Working with each member of an affine open cover of X, we may assume
that X is a closed subvariety of A} with coordinates x1, 2, ..., %,. Working one
irreducible component of Y at a time, we may assume that Y is irreducible.

We proceed by induction on n. When n = 0, there is nothing to show. Now
suppose that n > 0. Let J be the ideal defining Y in X x P}, which is homogeneous
with respect to the N-grading on

A(X)[Yo, Y15+ -+ Yn)

where A(X) has degree 0 and each y; has degree 1. We claim there exists a point
P € P} such that Y € X x {P}. Otherwise, we would have Y C X x {P} for every
P ¢ Pj. Since X x {P} and X x {P’} do not intersect for P # P’, this implies
that Y is empty, contradicting the assumption that Y is irreducible.

We now consider the morphism

Tt X x (Pp—{P}) — X xPp~!

[Har92, Thm. 3.12]



[Har92, Thm. 3.13]
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obtained from the universal property of products where the morphism X — X is
the identity and the morphism P} — {P} — Pz_l is the projection away from P.
We claim that

™ (Y — (X x {P}))
is closed. In fact, we will show that this set is equal to

Z({Res(f(xz,y), 9(x.y)) | f.9 € T})

where the resultant is formed by thinking of f and g as polynomials in y, with
coefficients in A(X)[yo, y1,.--,Yn—1]. It suffices to show this equality of sets after
restricting to each point @ € X. In this case, the resultant specializes to the
resultant

Res(f(Q.y),9(Q.y))

of f, g where the coefficients are evaluated at ). We have
(Y = (X < {P})) N ({Q} x Py )
= (ma)l@ypy (Y N (1Q} x P}) — {P})

and (Wn)\{Q}XpZ is the projection away from P. These sets therefore have the
required description in terms of resultants by Homework 8, Problem 9.
We now consider the composition

™ X x (PP —{P}) ™ X x P! — X,

which coincides with the restriction of 7 to X x P} — {P}. Applying the inductive
hypothesis, the image 7'(Y — (X x {P})) in X is a closed set W. Since the image
of Y in X is contained in W, the set Y is closed in X x P}, and

Y - (X x {P}) =Y,
we conclude that
W= 7r’(Y — (X x {P})) Cr(Y)C 7r<Y — (X x {P})) - W
is closed. O

As a consequence, we have:

THEOREM 1.8.3. Let Y be a projective variety and let f: Y — X be a morphism
to a projective variety. Then, f(Y) is a closed subvariety of X .

Proof. We can factor f as

(idy, f)
—

Y Y XX —— P'x X

f X.
By Theorem 1.8.2, it suffices to note that
Ty = (idy, )(Y) = (f,idx) " (Ax)

is closed in Y x X. Finally, f(Y) is irreducible since it is the image of an irreducible
set. g

This gives a new proof of Theorem 1.3.29(a).



[Har92, Cor. 3.14]
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COROLLARY 1.8.4. Let f be a regular function on a projective variety Y. Then,
f is constant.

Proof. Apply Theorem 1.8.3 to the composition Y — A} < P}. O

Another application of Theorem 1.8.3 is that it gives a new proof of Homework
8, Problem 8.

1.8.2. Dimension of fibers. The next ingredient we need is a result on the
dimension of fibers of a morphism. The key ingredient here is Theorem 1.8.3 and the
relative version of the Noether normalization theorem we proved in the commutative
algebra course [Mur24ca]. Along the way, we will also need to use systems of
parameters.

THEOREM 1.8.5 (The theorem on the dimension of fibers). Let 7: Y — X be a
morphism of quasi-projective varieties. Set dim(X) = m and dim(Y) = n.
(1) We have
dim(7 ' (z)) > n—m
for all z € n(Y).
(i) If w is dominant, then there exists a nonempty open subset U C X such
that 71(Y) 2 U and
dim(7~'(z)) =n-—m
forallz € U.
(#it) Consider the projection morphism
XxPp — X
and consider a closed subset Y C X x P7. Denote by m:' Y — X the
composition. Then,

{rex ‘ dim(7~*(z)) > k}
is closed in X.

Proof. For (i), let f1, fa,..., fm be a system of parameters at x, which we recall
is a sequence of dim(X) elements in the maximal ideal of Ox , that generate the
maximal ideal defining x up to radical [Hocl7, p. 128]. Such a sequence exists by the
proof of Krull’s height theorem [Hocl7, p. 125]. (Extracting the construction from
the proof, one constructs such a sequence by finding f; € m avoiding the minimal
primes of Ox ,, taking the quotient by f1, and repeating this process.) Replacing
X by a suitable open neighborhood of x, we may assume that fi, fs,..., f;n are
regular functions on X. Now 7~ !(z) is a union of irreducible components of

W_l(Z(fl,fQ,...,fm)) = Z(?T*fl,ﬂ*fg,...,’fr*fm),

which has dimension > n — m by the affine dimension theorem (Proposition 1.7.3).

For (i), we can replace X by an open subset to assume that X is affine with
affine coordinate ring D. We can then cover Y by affine open subsets V; with affine
coordinate rings R; containing D. By the relative Noether normalization theorem
[Hocl7, p. 50], there exists an open subset

U=Vi—Z(ci) CV;
such that (R;)., is module-finite over a polynomial ring D, [z1, 22, . . . , 24,] over D,

for some integer d;. Comparing the transcendence degree of fraction fields, we see

[Shal3;, Thm. 1.25]

Cf. [Shal3;, Cor. on
p. 76]. This
statement in
[Shal3,] is incorrect.
See [Spe20)].
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that d; = n — m. Thus, for any point x € U; corresponding to a maximal ideal
m C D.,, we see that

dim (7~ (z) N Vi) = dim((De, /m)[21, 22, - . ., Zn—m)) = n — m.
Finally, we see that taking U = ("), U; works since dimension can be computed as
the maximum of the dimension of each member of an open cover.
For (iii), we proceed by induction on dim(X). If dim(X) = 0, there is nothing
to show. Now let Y = Y, UY5 U ---UY, be the irreducible decomposition of Y.
Denote by m;: Y; — X the restriction of 7w to each irreducible component. Since

saying that dim(7~'(z)) > k is equivalent to dim(r; !(x)) > k for some i. Thus,

{z e X |dim(r " (z)) > k} = U{x €X| dim(7; ' (z)) > k}.
i=1
We may therefore assume that Y is irreducible. By Theorem 1.8.3, we know that
7m(Y) is closed. Replacing X by (YY), we may assume that 7 is surjective. Now
set n = dim(Y) and m = dim(X). If £ < n —m, we are done by (). Now suppose
k > n—m. By (ii), there is an open subset of X over which dim(r~*(z)) = n—m < k
forall x € X. Let Z = X — U. Then, dim(Z) < dim(X). Applying induction to
the restriction of 7w to each irreducible component of Z, we are done. O

1.8.3. Grassmannians. We now introduce the last ingredient: Grassmannians.
Let V be a k-vector space. The idea of the Grassmannian G(d, V) is that we want
a projective(!) variety whose points correspond to d-planes in V. To make the
definition easier to state, we introduce a coordinate-free notation for projective
space:

VvV —-{0
P(V) = 7/{*{ )

where by k* we mean that we quotient out by the usual action of k* on V' — {0} by
scalar multiplication. When d =1 and V' = k", this is just P}.

DEFINITION 1.8.6 (Grassmannians). Let V' be a k-vector space of dimension n
and let d > 1 be an integer. As a set, the Grassmannian G(d, V) is

G(d, V) = {d-dimensional subspaces of V }.
If V = k™ for some n, we also denote the Grassmannian by G(d, n).

We give G(d, V) the structure of a projective variety as follows. First, we
consider the map

(1.87) G(d,V) —>P</d\V>

Spang{v1,va, ..., 04} — [v1 Ava A+ Avgl.

This map is well-defined because different choices of bases correspond to multiplying
v1 Avg A+ - Avg by the determinant of the change of coordinates matrix, which is a
nonzero constant in k. The map (1.8.7) is injective because for a point

[v1 Avg A=+ Ayl eP</d\V),
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the preimage of [v1 A vg A --+ Awy] is the kernel W in the exact sequence

d+1
0 — W — v LATAAT, Ay,

which is exactly d-dimensional.

DEFINITION 1.8.8. The embedding (1.8.7) is called the Pliicker embedding.
Given a choice of basis on V = k™, the (Z) coordinates p; on /\d V for subsets I C
{1,2,...,n} of cardinality d are called Pliicker coordinates. In Pliicker coordinates,
the Pliicker embedding is the map sending Span,{vi,vs,...,v4} to the point in
P(A%V) whose I-th coordinate is

determinant of minor of . whose columns are indexed by 1.
— vy —

Now that we have embedded G(d,V) into P(A%V), we want to show that
identifying G(d, V') with its image under the Pliicker embedding, the Grassmannian
G(d,V) is a projective variety.

THEOREM 1.8.9. The Grassmannian G(d,V) is a closed subset of P(A\* V).
Proof of Theorem 1.8.9. Let

X = {([w],[v]) eP(/d\V> xP(V)‘wAu=0€7\1V}.

Looking at the short exact sequence

d+1
O—>K—>/\V®kV—>/\V—>O

we see that X = P(K) C P(A\YV @, V) is a closed set.
Let m: X — P(A“V) be the projection. We claim that

G(d,V):{ 6P</\V)‘d1m< ([w]))>d—1},

which is closed by the theorem on the dimension of fibers (Theorem 1.8.5(¢i¢)). The
inclusion C holds since [w] € G(d, V) implies ([w], [v]) € X for all [v] € P(V). It
remains to show the inclusion D. If dim(7~!([w])) > d — 1, then

d+1
dim{vEV’w/\szE /\V}Zd.

Choose a basis vy, v, ..., v, for this vector space for r > d. Then, we can write
R AN O WA AN AN

for some n € /\d_T V by the linear algebra result Lemma 1.8.10 below. In particular,
this means that d > r. Thus, d = r and 1 € k*. We conclude that

[w] = [v1 Ava A~ Aoyl O
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LEMMA 1.8.10. Let V' be a finite dimensional vector space (over an arbitrary
field). Let w € /\d V and let vi,ve,...,v, be linearly independent elements in V.
Suppose that v; ANw =0 for all i. Then, there exists n € /\d_r V' such that

wW=v1 ANV A---ANv. \1.

Proof. Let n =dimV and let {v1,vq,...,v,} be a basis for V| such that the first r
vectors v; are vi,vs, ..., V.. Write

w = E Q(iy ia,...,iq) Vix NViy N Ny,
1<i1<ia< - <ig<n

where the v;; A v, A--- Av;, form a basis for A%V by [Lan02, Chapter XIX,
Proposition 1.1]. Then,

v; Nw = E Q(iy yin,...iq)Vi N\ Vig N Viyg A== ANV,
1<i1 <ia < <ig<n
= E Q(iy ig,...,iq) Vi AN AN 7 VAR AN /2

1<i1 <ig<--<ig<n

i¢{i1,i2,....ia}
=0

implies that a y = 0 for all (i1,4,...,4i4) not containing i, since the

11,92,..5%d
Vi AUz N Uiy N Ny,
are linearly independent in /\d+1 V by [Lan02, Chapter XIX, Proposition 1.1].

Applying the above to each i, we have that a;, 4,, .. ;,) = 0 for all (i1,iz,...,iq)
not containing 1 < ¢ < r. Thus, letting

b

i 2,eia) T Q12,0 i g1 ie g2, 0a))
we have

w= § : b(ir+17ir+27~~-vid)vl N s NOp N0 AN Ny
1<t 41 <ipga<-<ig<n

=vi A Ave A § : b(irJrl7i7‘+27---7id)vi7‘+1 Ao Nvig |
1<ip 1 <ippo2<-<ig<n

Letting 1 be the parenthesized element above, which is in /\d_r V', we are done. [

We want to compute the dimension of G(d, V') and show it is in fact a projective
variety. To do so, we use the following:

CONSTRUCTION 1.8.11. Choose a basis for V. For a subset I C {1,2,...,n}
of cardinality d, the intersection of G(d, V') with the open open subset {p; # 0} C
P(A\*V) corresponds to the set

GLa(k) d x n matrices whose columns
d indexed by I are linearly independent

under the Pliicker embedding. This set is in bijection with

(1.8.12) Adn—d) ~ {d X n matrices whose columns}

indexed by I form Idy
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Finally, the map sending such a matrix to its set of minors is polynomial in its
entries (by construction of the determinant). The sets (1.8.12) form an open cover
of G(d, V), and each one is irreducible.

REMARK 1.8.13. The equations that would come out of unraveling the proof
of Theorem 1.8.9 are not optimal. In fact, the Grassmannian G(d,V) can be
written as the vanishing locus of quadratic relations in the Pliicker coordinates,
called the Pliicker relations. For example, the Pliicker relation defining G(2,4) in
P(A\? k) = P? is

P12P34 — P13P24 + p14pas = 0.

1.8.4. Every cubic surface contains a line. We are now ready to start the
proof of Theorem 1.8.1.

THEOREM 1.8.14. Every cubic surface X C P% contains a line.

Proof. Let V be the 4-dimensional vector space whose projectivization is P3. Con-
sider the vector space C3 = Sym3(V) corresponding to homogeneous degree 3
polynomials on V', which has dimension 20. The corresponding projective space

P(Cy) = PP — P

parametrizes (possibly reducible) cubic surfaces in P‘z. Consider the incidence
variety

I={(f,0) eP(C3) x G(2,V) | fle =0} CP(C3) x G(2,V).

We claim that I is closed in P(C5) x G(2,V). For a line ¢ € G(2,V), we can
choose coordinates w, z,y,z on V so that £ = Z(w, z). Then, the condition f|, =0
says that the terms of f with 32,52, y22, 23 have coefficient 0. This is indeed a
polynomial condition on the coefficients of f.

We compute the dimension of I. Consider the projection py: I — G(2,4). The
fibers of po have dimension 19 — 4 = 15 since as computed above, the condition that
a cubic polynomial contains a line imposes 4 linear conditions on the coordinates on
P(C3). By Theorem 1.8.5(ii), we see that

dim(]) = dim(G(2,4)) +15=2(4 —2) + 15 =19
We now consider the projection 7: I — P(C3). Both projective algebraic sets
have dimension 19. Moreover, by Theorem 1.8.3, we know that 7(I) is closed in
P(C3). But there is at least one cubic surface w?® — zyz = 0 with only finitely many

lines: In the chart w # 0, a line parametrized as t — (a1t + b1, ast 4 ba, agt + bs3)
cannot lie on the surface since

1= (alt + bl)(agt + bg)(agt + bg)

cannot hold for all £ unless the a; vanish. In the complement w = 0, there are only
3 lines: 0 = zyz. Thus, Theorem 1.8.5(i7) shows that 7 is surjective, and hence
every cubic surface contains a line. O

We also give a more instructive example.

EXAMPLE 1.8.15 (The Fermat cubic). Suppose char(k) # 3. Consider the
Fermat cubic Z(Cpermat), Where

. 3 3 3 3
CFermat ‘= W~ +2° + Y~ + 2°.

[Bea96, Lem. IV.14]
[Shal3;, Thm. 1.28]
[Reil3, Prop. 7.2]

[Reil3, Exer. 7.6]
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FIGURE 1.25. Line plus conic. From [Reil3, Figure 7.2].

Consider the lines [s : as : t : bt] for a,b cube roots of —1 obtained by embedding
P, — P}
[s:t]—[s:as:t:bt.

There are 3 -3 = 9 choices of a,b, which give distinct embeddings of P}, by
construction. One can show (see the Homework) that permuting coordinates gives
us 3 times more the number of lines we had before, bringing the total up to 27, and
that there are no more lines than these.

1.8.5. There are exactly 27 lines on a cubic surface. Given the existence
of a line, we can now investigate the configuration of lines on a smooth cubic surface
X. For another account of the proof, see [Shal3;, Chapter 4, §2.5].

PROPOSITION 1.8.16. Given a line £ C X, there are exactly five pairs (¢;,£}) of
lines on X meeting £ in such a way that
(¢) Forie {1,2,...,5}, the lines £,4;, ¢, are coplanar.
(43) Fori# j, we have (£; UL;) N (L; U L) =10.

Proof. We first find all the lines that meet ¢. Consider the 1-dimensional family (a
“pencil”) of planes {IIj,.\j}jajepy through £. We then have

XN paxy = €U Cluaxy

where CJ,,.5 is a conic.

We claim that this conic cannot be a double line and cannot contain ¢. In
other words, the possibilities we have are those in Figure 1.25. If the plane L =0
intersects X along the line M = 0 and the line N = 0 counted twice, then X is
defined by an equation

LQ+MN?=0
where @ is a homogeneous quadratic polynomial and L, M, N are homogeneous
linear polynomials. The partial derivaties for such a cubic surface are of the form

L,Q+ LQ,+ M,N?>+2MNN,

and similarly for w,y, z. These partial derivatives vanish at the two points where
L =N =@Q =0, and hence X is singular at those two points. Thus, if Cj,.5 is
singular, it is the union of two lines distinct from ¢ but meeting it, and these lines
are coplanar with ¢. The two possibilities are:

Since any line in X intersecting £ must be contained in some plane IIj,.5;, we know
that the lines arising from singular (/.5 are the lines in X meeting /.
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or P

FIGURE 1.26. 3 concurrent lines or a triangle. From [Reil3, Figure 7.1].

We want to show that there are exactly 5 distinct planes II; where the Cf,.y
are singular. Choose coordinates on P} so that £ = Z(w, z). Then, X is given by
an equation of the form

(1.8.17) f=Az?+ Bxy+ Cy*> + Dz + Ey+ F

where A, B,C, D, E, F € klw, z] are homogeneous of degrees 1,1,1,2,2,3, respectively.
The plane IIj,,.y is given by {uz = Aw} for points A : u] € P}. Whenever p # 0,
we obtain a conic

Cha s AL, N)2? + B(1, N)zy + C(1,\)y* + D(1,\)z + E(1, \)y + F(1,A) =0

obtained by substituting in z = Aw and dividing f by w. Similarly, whenever A # 0,
we obtain a conic

These conics are singular if and only if
A(w,z) = 4ACF + BDE — AE* — B*F - CD* =0

using what we know about when quadratic forms define a singular hypersurface
from Homework 7, Problem 6. (In characteristic 2, you can redo the proof for the
classification of conics from Homework 4, Problem 1. Note that A(w, z) is 4 times
the usual discriminant. Cf. the proof of [Bea96, Lemma IV.15].) Note that A(w, 2)
is a homogeneous quintic polynomial. To show that there are 5 planes II; such that
the Cf,.y are singular, it suffices to show that A(w, z) does not have multiple roots.
Choose coordinates so that z = 0 is a root of A(w,z) and let IT : z = 0 be

the corresponding plane. We want to show that A(w, z) is not divisible by 22. By
Figure 1.25, we know that IT N X is a set of 3 lines. Depending on which situation
we are in Figure 1.26, we choose coordinates so that

(1) (Triangle) £:w=0,¢,:2=0,¢]:y=0.

(2) (Concurrent) £:w=0,¢4;:2=0,¢ :2=w.
In case (1), we have

f=wzy+ zg

where g is quadratic. Using the notation from (1.8.17), we then have B = w + az
and z | A,C, D, E, F. Thus, modulo terms divisible by 22, we have

A= —w?F mod 22

Moreover, the point [1:0:0: 0] € X, and hence nonsingularity at this point implies
that F must contain the term w?z with nonzero coefficient. This shows that 22
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does not divide F. In case (2), we have
f=z(x —w)w+ zg

and hence A = w + aZ and D = —w? + zL where L is linear. Then, z | B,C, E, f
and z does not divide D. We can then proceed similarly (exercise). g

COROLLARY 1.8.18. There exist two disjoint lines £,m C X . Also, X is rational.

Proof Sketch. We know that £; N ¢y = (). We can then write the rational map
p: X -=2Lxm P: X --3 4 xm

as follows. If P € P} — (Um), then there exists a unique line n through P which
meets both ¢ and n. Setting ®(P) = ({ Nn,mNn) € £ x m, we have a morphism

®: P} — (fUm) — L xm

whose fiber above (Q, R) € £ x m is the line QR in P3. We then restrict ® to X to
get the rational map ¢.

Conversely, for (Q, R) € £ x m, we let n = QR in P}. By Proposition 1.8.16,
we know there are only finitely many lines on X meeting ¢, so for almost all values
of (@Q,R), n intersects X in 3 points {P,Q, R}. We can therefore define ¢ by
(Q,R) — P. O

REMARK 1.8.19. The proof is a sketch since I have not shown why ¢ and v are
rational maps, i.e., defined using polynomials!

Now we have to find all the lines on X. We note the following useful fact:
LEMMA 1.8.20. Any line n C X must meet ezactly one of £;,0;.

Proof. The line n meets the plane II;, and II; N X = ¢ U ¢; U £,. Moreover, n cannot
meet both ¢; and ¢ since then, n C ;, contradicting Figure 1.26. (]

Using this, the remaining lines in X can be sorted out using the following:

LEMMA 1.8.21. If 01, ls, 05,44 C P} are disjoint lines, then either:

(i) All 4 lines ¢; lie on a smooth quadric Q@ C P} and they have an infinite
number of common transversals (i.e., lines that intersect them,).

(it) The 4 lines £; do not lie on any quadric Q, in which case they have either
1 or 2 common transversals.

Proof. Let @ be a smooth quadric containing #1, ¢s, £3. Note that such a quadric
exists since ¢4, {5, ¢35 do not intersect. This is because quadrics form a (g) -1=9
dimensional family, and so we can choose 3 points on each line for a quadric to pass
through, which give linear relations on the coefficients. Each line must lie in the
quadric by Bézout’s theorem. The quadric is nonsingular because otherwise, if the
quadric is a cone, the three lines intersect at the vertex, or if the quadric is a union
of two planes (that possibly coincide), then two of the lines must lie on one of the
planes and therefore intersect.

Since the three lines {1, {5, /3 do not intersect, we see they live in one of the
rulings on the quadric surface Q by Homework 3, Problem 4. Now if ¢4 lies on @
then it must be part of the same ruling and we are in situation (7). If ¢4 is not on
@, then it must intersect @ in 1 or 2 points. The member(s) of the other ruling on
@ containing these points give the transversals in case (ii). [
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FIGURE 1.27. Quadric surface through 3 lines. From [Reil3, Figure 7.3].

F1cURE 1.28. Configuration of lines on a smooth cubic surface.
From [Reil3, Figure 7.4].

We are now ready to put everything to get our 27 lines. Let £ and m be disjoint
lines As we saw already in Lemma 1.8.20, m meets exactly one out of each of the 5

pairs ¢;, £; meeting ¢. Renumbering the pairs, we may assume that m meets the ¢;.

We then have the configuration of lines shown in Figure 1.28. By Proposition 1.8.16
applied to m, we get another set of lines ¢/ for ¢ € {1,2,3,4,5} and the 5 pairs
of lines meeting m are (¢;,¢/). By Lemma 1.8.20, we know that ¢ meets one of

€, 45,0 for i # j. Since i # j, we know that the only possibility is that ¢; meets £
for i # j.

CLAaIM 1.8.22.

(1) If n C S is any other line than these 17, then n meets exactly 3 out of the
5 lines ly,...,05.

(it) Given any choice {i,j,k} of 3 elements of the set {1,2,3,4,5}, there is a
unique line L, C X meeting £;, 45, L.

[Reil3, Clm. 7.6]
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Proof. We first note that given four disjoint lines on X, they cannot all lie on
a quadric @, since otherwise () C X by Bézout’s theorem, contradicting the
irreducibility of X.

(7). If n meets > 4 of the ¢;, then by Lemma 1.8.21, n = £ or n = m, which is a
contradiction. If n meets < 2 of the ¢; then it meets > 3 of the £, by Lemma 1.8.20.
Thus, after possibly reordering, n meets ¢4, 05, ¢}, €5 or €1, 0%, ¢, L. In either situ-
ation, £ and ¢} are common transversals of the 5 disjoint lines ¢4, 65, ¢4, ¢}, l;. By
Lemma 1.8.21 again, if n meets > 4 of these then n = £ or n = ¢{. This is a
contradiction.

(i4). By Proposition 1.8.16, there are 10 lines meeting ¢;. So far, only 4 have
been accounted for: ¢,¢7,m,¢]. The 6 other lines must meet exactly 2 of the 4
remaining lines lo, ..., 05 by (i). There are exactly 6 = (‘21) possibly choices, so they
must all occur! O

We conclude that the lines on X are:
{g, m, Ei, gl E” &]k}

R AR

and there are

3
of them! This concludes the proof of Theorem 1.8.1. O

5)
1+1+5+5+5+<):1+1+5+5+5+10:27



CHAPTER 2

Schemes

2.0. Introduction

So far, we have restricted to studying quasi-projective varieties over algebraically
closed fields. However, there are many reasons why we would want to enlarge our
category to encompass more objects.

2.0.1. Why schemes? We list some sample objects that we would like our
category to encompass.

(1)

(Non-algebraically closed fields) For applications to number theory, it
becomes necessary to work over non-algebraically closed fields. For example,
Fermat’s “last theorem” [Dio1670, Arithmeticorum Liber IT, Queestio VIII,
Observatio Domini Petri de Fermat] (now a theorem due to Wiles [Wil95;
TWO95]) asks whether the algebraic curve

has any points over Q when n > 2. Over finite fields, the Weil conjectures
[Weid9] (now theorems due to Dwork [Dwo60], Grothendieck [Gro68], and
Deligne [Del74]), and were likely one of the motivations for Weil to develop
his foundations for algebraic geometry [Wei62].

(Non-quasi-projective varieties) Weil [Wei62] and Serre [FAC] both de-
veloped ways to discuss abstract varieties that are not necessarily quasi-
projective varieties. This becomes necessary because sometimes it is easier
to construct objects by gluing together affine varieties — for example
Abelian varieties — in which case one must show that the resulting object
is a quasi-projective variety.

(Other ground rings) In commutative algebra, many theorems can be stated
(and are easier to prove) in the general framework of Noetherian rings. In
algebraic geometry, we want to be able to do something similar, i.e., to
put all Noetherian rings (and possibly more) on the same footing. This
allows one to take localizations and completions freely without leaving
the category in question, which is essential (for example) in Hironaka’s
proof of resolutions of singularities [Hir64,; Hir64,] for varieties over fields
of characteristic zero. (Hironaka’s inductive proof in fact works with
schemes of finite type over quasi-excellent local Q-algebras.) The case of
Dedekind domains of possibly mixed characteristic and objects of finite
type over them (considered by Nagata [Nagh6a] before Grothendieck) is
one important example of this, since these schemes can interpolate between
positive characteristic and characteristic zero.

(Reducible and non-reduced) When working with intersections, we saw
that oftentimes intersections of varieties could become reducible. Moreover,
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in §1.7, we saw the importance of keeping track of multiplicities of varieties
in intersections. These multiplicities keep track of the fact that sums of
radical or prime ideals are not necessarily prime or radical.

Schemes will give us a common language that encompass all these features!
Schemes were developed by Grothendieck and Dieudonné in [EGAT; EGATT; EGATII;
EGAII,; EGAIVy; EGAIV,; EGATV;s; EGAIV,; EGATLy]. On the other hand,
higher-dimensional analogues of abstract curves, called Zariski-Riemann spaces,
are not schemes. So, in your algebraic geometry journey, you may need to go even
further.

2.0.2. What do we need? To give scheme theory a firm foundation, we will
introduce sheaves, which keep track of regular functions on open subsets in a way
that gluing becomes easier. From a commutative-algebraic point of view, sheaves
(more precisely, quasi-coherent sheaves) are what correspond to modules. Note that
we have not discussed modules very much in this course! We will also introduce sheaf
cohomology, which will be a good source of invariants we can use to differentiate
different varieties or schemes. Sheaf cohomology will require developing some tools
from homological algebra.

2.1. Sheaves

We introduce the notion of a sheaf. These provide a systematic way to keep track
of local algebraic data on a topological space. For example, for a quasi-projective
variety X, the structure sheaf Ox keeps track of the regular functions that are
defined on an open subset U.

2.1.1. Presheaves. We start with presheaves.

DEFINITION 2.1.1. Let X be a topological space. We can consider the category
Top(X) whose objects are the open subsets of X, and whose morphisms are the
inclusion maps. Let % be a category. A presheaf % on X with values in € is a
contravariant functor

F: Top(X)? — F.
If € is the category of Abelian groups, rings, or sets, then we say that % is a
presheaf of Abelian groups, rings, or sets. For Abelian groups, we sometimes say
Abelian presheaf .

REMARK 2.1.2. In class, I will state everything for (pre)sheaves of sets and
Abelian groups. The case for sets often implies things for other (pre)sheaves with
values in a concrete category %, which you can think of roughly as a category of
objects whose morphisms are set maps that respect some extra structure. However,
making this precise would require introduce more terminology from category theory,
so we will not do so.

We spell out what a presheaf .# of sets (resp. Abelian groups) is. A presheaf
Z of sets (resp. Abelian groups) consists of the following data:
(a) For every open subset U C X, a set (resp. an Abelian group) % (U).
(b) For every inclusion V' C U of open subsets of X, a function (resp. a group
homomorphism) p¥: .#(U) — Z (V). We call these restriction maps.
These data are subject to the following conditions:
(1) pY is the identity map Z(U) — Z (U).
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(2) If W CV C U are three open subsets, then pfj, = p}, o p¥.

DEFINITION 2.1.3. If # is a presheaf on X, we refer to % (U) as the sections
over the open set U. We sometimes use the notation

T (U, F) = Z(U).

If V C U is an inclusion of open sets, we sometimes write s|y instead of p¥(s) for
se F(U).

2.1.2. Sheaves. We can now define sheaves as a kind of presheaf that is
determined by local data.

DEFINITION 2.1.4. Let X be a topological space and let % be a presheaf on X
with values in a category €. We say that % is a sheaf with values in € if it satisfies
the following conditions:

(3) Let {U;}icr be a family of open subsets of X with union U. Let s',s"” €
FU). If §'|y, = §"|u, for every i, then s’ = s".

(4) Let {V;}ier be a family of open subsets of X with union V. Let s; € %#(V;)
be elements such that for all 7,j € I, we have

silvinv; = sjlviny;-

Then, there exists s € .# (V) such that s|y, = s; for all ¢ € I. (Note (3)
implies that s is unique.)

REMARK 2.1.5 (The sheaf conditions in terms of an equalizer—not necessary).

A convenient way (that you do not need to know!) to package the definition of a
sheaf is that a presheaf .# of sets is a sheaf if the diagram

FU) — [[Z7W) = [[#Winy))

is an equalizer diagram for every family of open sets {U; };cr. See Definition A.4.1
for the definition of an equalizer. This means that the elements of [], #(U;) that
map to the same element in [, ; #(U; N U;) are ezactly the elements in the image
of #(U). An Abelian presheaf is a sheaf if the sequence

Uy Uj
Hi,j(PUmUj ~Puinu;

I ro, )
0— F(U) =5 [[# W) [[7w.nuy
i i
is exact for every family of open sets {U; };cr. (This sequence probably looks familiar:
We saw it on Homework 5, Problem 1 when computing O(A2 — {(0,0)})!)

REMARK 2.1.6. What does a sheaf map the empty set to? Hartshorne [Har77,
p. 61] includes .# () = 0 as part of the definition of a presheaf. This condition is
actually a consequence of the definition of a sheaf: If one considers the empty family
of open subsets {V;};cr in (3), then the s; are an element of the empty product
in the category ¥. The empty product is the final object in the category . For
sheaves of sets, the final object in the category of sets is the singleton, and hence
F(0) = {+}. For Abelian sheaves, the final object in the category of Abelian groups
is 0, and hence .7 (()) = 0.

[Har77, p. 61]
[God73, 1.1.9]

[Har77, p. 61]
[God73, I1.1.1]

[EGALey, (0, 3.1.1)]

[Stacks, Tag 006U]
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[Har77, Ex. 11.1.0.3]
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We use this notation
instead of &7 since Z
is a useful example.
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ExAMPLE 2.1.7. Let X be a quasi-projective variety over an algebraically closed
field k. For each open subset U C X, let Ox (U) be the ring of regular functions
from U to k, and for each V C U, let

be the restriction map (in the usual sense). Then, Oy is a presheaf of rings on X by
definition of a regular function, and is a sheaf on X since a function that is locally
0 is 0, and a function which is regular locally is regular. We call Ox the sheaf of
regular functions on X.

EXAMPLE 2.1.8. Similarly, one can define the sheaf of continuous real-valued
functions on any topological space, the sheaf of differentiable functions on a dif-
ferentiable manifold, the sheaf of holomorphic functions on a complex manifold,
etc.

ExamPLE 2.1.9. Let X be a topological space and let A be an object in €. The
constant sheaf Ay on X determined by A is defined as follows. Consider A with
the discrete topology. For any open set U C X, we set

continuous maps
Ax (o) = { e merst,

Together with the usual restriction maps, we obtain a sheaf Ax. We sometimes
drop the subscript X.

If U is an open set whose connected components are open (which is always true
if X is locally connected), then Ay (U) is a direct product of copies of A, one for
each connected component of U.

2.1.3. Stalks. The following definition gives the analogue of a germ of a
function and the local rings of a quasi-projective variety for arbitrary sheaves.

DEFINITION 2.1.10. Let X be a topological space and let .%# be a presheaf on X
with values in a cocomplete category (i.e., a category with arbitrary small colimits,
in particular direct limits). Let P € X be a point. The stalk of # at P is

Fp = lim Z(U)
UsP
where the transition maps in the direct system are the restriction maps. The
elements of .Zp are called germs of sections of .Z at the point P. If s € #(U) is a
section, then the germ of s at P € U is sp.

Spelling out the definition of a direct limit, the elements of .#p are represented
by pairs (U, s) where U is an open neighborhood of P and s € %#(U), subject to
the equivalence relation that

there exists an open neighborhood

(U,8) ~ (Vo1) = W CUNV of Psuch that sl = t|w.

EXAMPLE 2.1.11. Let X be a quasi-projective variety over an algebraically
closed field k. Then, the stalk Ox p of the structure sheaf is the same thing as the
local ring of P on X.

[Har77, Ex. 11.1.0.1]
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2.1.4. Morphisms. We now define morphisms of (pre)sheaves.

DEerFINITION 2.1.12. Let X be a topological space. Let .#,¥9 be two presheaves

on X with values in €. A morphism ¢: ¥ — ¢ is a natural transformation .# = ¢.

More explicitly, ¢ consists of the data of a morphism p(U): #(U) = 4(U) in €
such that whenever V' C U is an inclusion, the diagram

7)) 29 g
oY s

7)) 2Y% )

commutes, where the vertical maps are the restriction maps for % and ¢, respectively.

We use the same definition for sheaves. An isomorphism is a morphism which has a
two-sided inverse.
We therefore obtain the categories

Sh(X) — PSh(X)

of sheaves and presheaves of sets on X, respectively, where the arrow denotes that
Sh(X) forms a full subcategory of PSh(V'). The analogues for Abelian (pre)sheaves
are

Ab(X) — PAb(X)

which are connected to the categories for sheaves via forgetful functors. Since these
forgetful functors reflect isomorphisms, we will state results for sheaves of sets.

To prove Proposition 2.1.14 below, we define the following:

ExaMPLE 2.1.13. Let X be a topological space and let {Ap}pcx be a family
of sets indexed by X. Then, the assignment

U+—s H Ap
PeU
defines a sheaf II.

By the definition of direct limits, a morphism ¢: % — ¢ of presheaves on X
induces a morphism
op: Fp — 9p
on stalks for any point P € X. The following result illustrates the local nature of
sheaves.

PROPOSITION 2.1.14. Let v: F — &4 be a morphism of presheaves of sets on a
topological space X . If ¢ is an isomorphism, then the induced maps pp: Fp — Yp
on stalks are isomorphisms for every P € X. Conversely:

(a) If pp is injective for every P € X and if F satisfies the sheaf property
(3), then o(U) is injective for every open set U C X.

(b) If pp is an isomorphism for every P € X, the presheaf F is a sheaf, and
4 satisfies the sheaf property (3), then p(U) is an isomorphism for every
open set U C X.

As a consequence, if .9 are sheaves and the maps pp are isomorphisms for every
P, then ¢ is an isomorphism.

[Stacks, Tag 006X]
[GodT73, 11.3.1]
[Har77, Exer.
I1.1.16(e)]

[Har77, Prop. I1.1.1]
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Proof. The direction = follows from the construction of direct limits.

For the converse, denote by II(#) the sheaf in Example 2.1.13 obtained from
the family {Fp}pecx. We first show:

CrLAaM 2.1.15. If F satisfies the sheaf property (3), then the map
FU) — =(F)(U)
18 1njective.
If s,t € #(U) map to the same elements, then there is an open covering Wp of

U for which s|w, = t|w, for every P by the definition of germs. The sheaf property
(3) then shows that s = t.

We now show (a). If ¢p is injective for every ¢(U), then the commutativity of
the diagram

7)) —2Y g

(2.1.16) l
1 7 2222 1] -
PeU PeU

shows that the top horizontal map ¢(U) is injective. Here we use Claim 2.1.15 to
show that the left vertical map is injective.

We now show (b). Suppose we have a section t € 4(U). Then, for every P € U,
there are an open neighborhood Vp 3 P and a section s(P) € % (Vp) such that

er(s(P)p) =tp
for every P € U. After possibly shrinking the Vp, we may assume that

SD(S(P))|VP = t|VP

for every P. Now if P, Q are two points, then s(P)|v,nv, and s(Q)|v,nv, are two
sections of .# (Vp N Vg), which are both sent by ¢ to t|y,nv,. By the injectivity
shown in (a), this implies that these two sections s(P)|v,nv, and s(Q)|v,nv, are
equal. By the sheaf property (4), we then see there is a section s € .7 (U) such that
slvp = s(P) for every P. Finally, we have ¢(U)(s) =t by the commutativity of
(2.1.16) and Claim 2.1.15 applied to ¥.

We can therefore define an inverse morphism ¢ ~!: 4 — .#, where compatibility
with restriction maps holds by the fact that ¢ =1 (U) is the inverse for ¢(U) on every
open subset U C X. O

2.1.5. Espace étalé and sheafification. Our next goal is to (1) describe
sheaves in terms of topological spaces, and (2) construct a functor called sheafification
that turns a presheaf into a sheaf.

DEFINITION 2.1.17 (Espace étalé and sheafification). Let .# be a presheaf of
sets on X. We define a topological space Spé(#) called the espace étalé of .Z as
follows.

(1) As a set,
Spé(Z) = | | Zp.

pPeX
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We define a projection map
7w Spé(F) — X
Fp>s— P
For each open set U C X and each section s € & (U), we obtain a map
5: U — Spé(F)
Pr——sp

which is a section of 7w over U, i.e., m o5 = idy. Note that for every
inclusion V' C U, we have

§|V = S|7V
(2) The topology on Spé(.%) is the topology generated by all subsets of Spé(.%)
of the form 5(U) for all U C X open and all s € .#(U). Note that 7 is a
continuous map.

The espace étalé defines a sheaf .#7# where
F#(U) = {continuous sections U — Spé(F)}.
We obtain a morphism
0: F — F*
which we call the sheafification of .Z.

We now have the following:

PROPOSITION 2.1.18. Let X be a topological space and let & be a presheaf of
sets on X.
(1) Op is bijective for every P € X.

(id) If F satisfies the sheaf property (3), then 6(U) is injective for every open
set U C X.

(#i1) If F is a sheaf, then 6 is an isomorphism.

(iv) The sheafification is the left adjoint of the forgetful functor Sh(X) —
PSh(X) or Ab(X) — PAb(X), i.e., for every sheaf 4 on X, there is a
bijection

0*: Hom(Z%,4) = Hom(F,9)
induced by precomposition by 0 that is functorial in both & and 4.

Proof. (i) holds by definition of the stalk Fp. (ii) and (iii) follow from (i) and
Proposition 2.1.14.

For (iv), naturality in ¢ holds by definition as precomposition by €, and naturaliy
in .%# holds by the fact that if #; — .%5 is a morphism of presheaves, we have a
corresponding morphism 3’71# — 552# of sheaves.

We want to show that 6* is bijective. This follows from the commutative diagram

ZU) 229 g#(U) — [Tpey Fr
O (U) # l
g(U) 9 g#U) ——— TTpey 9r

where 6« (U) is an isomorphism by (iii): There exists an induced map .##(U) —
% (U) using that 0« (U) is an isomorphism, and this map is unique since the horizontal
maps on the right are injective by Claim 2.1.15. (]

[Tohokul, p. 154]

The espace étalé
description of a
sheaf is from
[SHC50/51, Exp.
XIV] and predates
the one given above.
The notation for the
sheafification in
[Har77] is #+. We
use the notation
F7# to match other
sources, for example
[Art62, §2.1].
[Har77, Exer. I1.1.13,
Prop.-Def. 11.1.2]
[God73, 11.1.2]
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2.1.6. Properties of morphisms of sheaves of sets. We now define some
properties of morphisms of sheaves.

DEFINITION 2.1.19. Let ¢: % — ¢ be a morphism of sheaves of sets on a
topological space X. We say that ¢ is injective (resp. surjective) if pp is injective
(resp. surjective) for every P € X.

EXAMPLE 2.1.20. Note that ¢: % — ¢ injective implies ¢(U) is injective for
every open set U C X by Proposition 2.1.14(a).

The analogue for surjectivity does not hold. For example, let Oc denote the
sheaf consisting of holomorphic functions U — C for all U C C under addition, and
let O denote the sheaf consisting of holomorphic functions U + C* for all U C C
under multiplication. These are sheaves since a function on U is holomorphic if
and only if it is holomorphic on each set of any open cover of U. Now consider the
exponential map

exp: Oc — O
f— exp(f).

This is surjective since every non-vanishing holomorphic function on C locally has
a logarithm on an open subset of C by choosing an appropriate branch of the
logarithm function. However, if U = C, then exp(U) is not surjective since there
does not exist a global logarithm on C.

DEFINITION 2.1.21. Let % be a sheaf of sets on a topological space X. A sheaf
% is a subsheaf of .Z if, for every open subset U C X, the sets 4(U) are subsets of
Z(U), and the restriction maps are the restriction maps for .Z.

Now let ¢: . % — ¢ be a morphism of sheaves of sets on a topological space X.
The image im(p) of ¢ is the sheafification

im(p) = (U — im(gp(U)))#.

Equivalently (up to isomorphism), the image can be described as the sheaf of sections
of the image of Spé(.#) in Spé(¥). The description in terms of the espace étalé
shows that the image im(p) can be identified with a subsheaf of ¥.

DEFINITION 2.1.22. Let .% be a sheaf of sets on a topological space X. Suppose
that for every open U C X, we have an equivalence relation R(U) on .#(U). We
say that the collection {R(U)}ucx is an equivalence relation on .# if it satisfies the
following property: For s,t € .#(U), we have s = t mod R(U) if and only if there
exists an open cover U = J; U; such that s|y, = t|y, mod R(U;) for every i. We
then define the quotient sheaf to be the sheafification

F/R = (U— FU)/RU))".

This presheaf satisfies the sheaf property (3), and hence injects into .%/R. The
canonical morphism .% — .% /R is surjective.

2.1.7. Functors associated to continuous maps. We now define some
basic operations associated to continuous maps of topological spaces.

DEFINITION 2.1.23. Let f: X — Y be a continuous map of topological spaces.
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Let .# be a sheaf of sets or Abelian groups on X. The direct image sheaf
f«Z onY is defined by

(f+Z)V) = F(fH(V))
for any open subset V C Y. For morphisms ¢: % — ¢ and ¢: ¢ — 7,
we have the commutative diagram
(V)

Z (1 v)) 2L g (- v) H(f1(V))

y(f—l(v/)) o(fH (V") g(f_ (V’)) P(fHV)) %(f—l(v/))

P(FHV))
_—

for all inclusions V' C V of open sets in Y. Thus, the direct image is
functorial in .%, and we obtain functors

fo: Sh(X) — Sh(Y),
£o: Ab(X) — Ab(Y).

Let ¢4 be a sheaf of sets or Abelian groups on Y. The inverse image
presheaf f 14 on X is defined by

U )0) = L (V)
V2 f(U)

for any open subset U C X, where the direct limit is taken over all
open sets V C Y containing f(U). The inverse image sheaf f~'%¢ is the
sheafification

[ = (fr'9)*

We describe how f ! acts on maps of presheaves. For morphisms ¢: % —
& and ¢: ¢ — S, we have the commutative diagram

»(V) »(V)

F (V) g(V) H(V)

P&/J{ J{P“j/ P“;/
v’ v’
Fy 2V e(V') (V) »(V') 2V
where the vertical morphisms are the restriction morphisms p{;, running

over V 2O V' D f(U). Taking direct limits in each column, we obtain the
morphisms

) 22D, gy 20 ey,

by the universal property for direct limits (see Definition A.5.4). Note by
the universal property of direct limits applied to ¥(V') o ¢(V'), we get that

fp Wop)(U) = fp' ()(U) o f5' (¢)(U).

Thus, fp ! defines a functor on presheaves. Taking sheafifications, we
obtain the functors

f71: Sh(Y) — Sh(X),
f~1: Ab(Y) — Ab(X).

[God73, 11.1.12]
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As a special case, if f is an inclusion of a subset X C Y with the induced
topology, we call

g|X = i_lg
[God73, I1.1.5] the restriction of ¢4 to X. Note the stalk of ¥|x at P € X is just Zp.
[Har77, Exer. 11.1.17] EXAMPLE 2.1.24 (Skyscraper sheaves). Let X be a topological space and let

P € X be a point. Let A be a set or an Abelian group. The skyscraper sheaf at P
with value A is the sheaf ip(A) defined by

A HPeU

ip(A)(U) = {{*} otherwise

for sets and

A ifPeU

0 otherwise

ip(A)(U) = {
for Abelian groups. If ip: {P} < X is the inclusion, we can also describe the
skyscraper sheaf as ip. A py.
An important result connecting these functors is the following.

[Har77, Exer. I11.1.18] PRrROPOSITION 2.1.25. Let f: X — Y be a continuous map of topological spaces.
[EGAI, (0, 3.5.4)] For sheaves .F and 4 of sets or Abelian groups, there is a bijection of sets

[EGAT v, (0, 3.5.4)] . N
(2.1.26) Homx (f™'¥Y, %) — Homy (¥, f..%)

natural in both F and 4. Here we say that f~1 is the left adjoint of f., and that
f+ is a right adjoint of f~!.

Proof. We proceed in steps.

STEP 1. It suffices to show the statement after replacing f~! by the functor
fr L on presheaves, where

V2 f(U)

By Proposition 2.1.18(iv), we have the commutative diagram

Homx (f~'¢,.%) — Homy (¥, f..7)

N S

HomX(fp Y, F)

natural in both .% and ¢. If we show that the right diagonal map is a bijection, then
the commutativity of the diagram shows that the top horizontal map is a bijection.

STEP 2. Constructing a morphism
Ep: f;lf*gi — F

natural in &
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First, note

Up' £ P)U) = lm fF(V)

V2f(U)
= lim F(f1(V))
VO f(U)
Thus, using the commutative diagram
f7v) L2 )
1 sp—1
e R
fzwn) LA p g

ol Tv! )l o vy

7)) —29 ., z )

and the universal property of direct limits, we can define ep: f; V. F — F using
the dashed maps in the diagram below:

Ffep(V)
Z2W) —L2Y g ey
1 —1
| |y
f* (V/) f*go—(V)>f*ﬁ,(V,)
“V’l . l/V’
_ (U
R T U) =2 L L (U)
(ap(y))(u)i i(sp(ﬂ NWU)
F(U) —E—— F()

where V, V' range over all open subsets of X such that V 2 V' O f(U), which
implies

2 V) 2 ) 20,

and the vertical maps to the third line are equal to my and 7. The naturality
of ep (the bottom square) follows since if we have a map ¢: # — F', the map
Ir V£.Z(U) — Z'(U) is unique by the universal property for S 1£..7Z(U) applied

to oy o fup(V) and pf, o fp(V).
STEP 3. Constructing a morphism
np: Y — fof "
natural in ¢.

Noting that

(2.1.27) LI 9U) = [ (N 0) = ;9
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we can define np: 4 — f.fp 147 by considering the commutative diagram
RACON
9'(U)
P% Py

gv) XY g vy

i
g(v) 2 (v

where V, V’ range over all open subsets of ¥ such that
U2V 2V'Df(fHU)),

and applying the universal property of the direct limit in the bottom square to
obtain the commutative diagram

9(U) ) 9'(U)
(@ U’l lmp(%
fofptgw) LMY g g,

The naturality of np follows since if we have a map ¢: 4 — ¢’, the map
folp'9U) — f.f5'9'(U)

is the unique map induced by the universal property for f.fs lg (U), that is,
the universal property for the direct limit in (2.1.27), applied to 7, o (V) and

7T(// o 1/J(V')
STEP 4. The bijection (2.1.26).

Now we want to define the maps defining the bijection in (2.1.26). The map
from right to left is defined as
—1
H,: Homy (9, f.%) Iz, Homx (fp'Y, fp' fF) cp(Fom, Homx (fp'9, 7).
The map from left to right is defined as

Hy: Homy (f5'9,.7) 25 Homy (£, £3'9, £.7) — Homy (%, £,.7).

We need to show they are inverse to each other. First, H; o Hy = id since for all
V2V’ D f(U) and ¢ € Homx (f5'¥,.7), we have the diagram

(feponr (4))(V)

g(V) [F (V) pi V)
19 W) 7 (fuponp (D) (U) FUEU) 29 2w

where the composition along the bottom row is ¢(U). Applying the universal
property of f5'%(U) to the compositions ¥ (V) — .# (U), we have

p(U) =ep(Z)(U) o fr' (feponp(@))(U) = (Hi o Ha)(0)(U)
by the uniqueness part of the universal property of f5 'g(U).
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Next, Hy o H; = id since (2.1.27) combined with
iy LFV) = lm F(AV))
VOf(f~1(U)) VOf(f~1(U))

- liy F (V)
S-S (F-H(U))

= lm  F(HV))
V)2 f~H(U)

= f*ﬁ'(U)

gives that for all U DV D V' D f(f~1(U)), we have the diagram

) —— 9(V) fF (V)
mo~ | oy
ff e ) felep(F)ofp ) (U) £Z(U)
for every morphism ¢ € Homy (¥, f..%). In particular, letting U = V', we have
P(U) = (fulep(F) o fp ') o np(9))(U) = (Hz o Hy)()(U).
STEP 5. Naturality of (2.1.26) in # and ¥.

$(V)

(U

Now, naturality in .% follows since if ¢: .F — ', the diagram

Howy (¢, f..F) Homy (9,1-¢) Homy (¢, f..F")

f;ll lf;l
_ _ Homx (f5'9.fp" f+¢) _ _
HomX(fP1g7fp1f*ﬁ) al s lkidd HomX(fplgafplf*gzl)
Homx(fglg,ap(?))l lHomx(fglfﬁ,ap(?))

Hom Slag,
Homx(fglg,ﬁ) x(fp 4:0) Homx(fglg,ﬂ’)

commutes by functoriality of f Uin the top square and naturality of ep in the
bottom square, and then since the composition of the vertical maps gives H;. Finally,
naturality in ¢ follows since if ¢: 4 — ¢’ the diagram

Homx (f7,.%)

Homx (fp'9,.7) Homx (fp'9', F)
| |
Homy (f,f5'¥, f,.7) Homy (f. f5 ' ¢, f+ %) Homy (f. /59", f,.7)
Homy(np(%fﬁ)l lHomy(np(%Lfﬁ)
Homy (¢, f..7) Homy (4.1 7) Homy (¥, f..7)

commutes by functoriality of f. in the top square and naturality of np(¥¢) in the
bottom square, and then since the composition of the vertical maps gives Hy. [

2.1.8. Sheaf hom. We also define a sheafy version of Hom.

DEFINITION 2.1.28 (Sheaf J#om). Let X be a topological space. Let %, ¥ [Har77, Exer. I1.1.15]
be sheaves of sets or Abelian groups on X. If .% and ¢ are sheaves of Abelian [God73, I1.1.7]



[Cod73, 11.2.1,
11.2.2]

[Har77, pp. 64-65,
p. 109]

[Har77, pp. 64—65]
[GodT73, 11.2.4]
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groups, the set Hom(.Z |y, ¥4|v) of morphisms of the restricted shaves has a natural
structure of Abelian group for every open set U C X. The presheaf

Ur— Hom(§|U,g|U)

is a sheaf called the sheaf of local morphisms of .% into ¢, “sheaf hom” for short,
and is denoted

Hom(F,9)

Proof that s#om(F,9) is a sheaf. To show that U — Hom(.Z|y,¥9|v) is a sheaf,
suppose {V;} is an open cover of U and s,s’ € Hom(.#|y,¥|v) is such that

slv, = s(Vi) = s'(Vi) = &'
for all 7. Let f € %# (V) be arbitrary for some V C U. Then,
s(VinV)(flviav) = s'(Vin V)(flviav),

and so since ¢ is a sheaf, s(V)(f) = s'(V)(f). Thus, s = s’. Now suppose that we
have elements s; € Hom(%|v,,¥9|v,) such that for each i, j,

Vi

silviav, = sjlviny;-
If f € Z(V), then
s:(V AV V) (Flvevions) = (VA ViV (flvoviey) € 4(V NV N )
gives that there exists a well-defined image s(V)(f) € 4(V) since ¢ is a sheaf. O

2.1.9. Sheaves of modules and Abelian groups. We now discuss sheaves
of modules. These include sheaves of Abelian groups as a special case.

DEFINITION 2.1.29. Let X be a topological space. Let O be a sheaf of rings on X.
A sheaf F of O-modules, or an O-module for short, is a sheaf of sets such that every
Z(U) is a O(U)-module and the restriction maps p%: .Z(U) — Z (V) are maps of
modules compatible with the ring maps p% : O(U) — O(V). A morphism ¢: F — 4
of O-modules is a morphism of sheaves of sets such that each .Z(U) — 4(U) is a
morphism of O(U)-modules. This forms the category Mod(O).

A pair (X, O) where O is a sheaf of rings on X is called a ringed space. In this
situation, we often denote O by Ox and call it the structure sheaf.

EXAMPLE 2.1.30. The 0 sheaf is a sheaf of O-modules. By properties of categories
of modules, we know that there are always unique morphisms 0 — .% and .# — 0,
i.e., the 0 sheaf is a 0 object in the category Mod(O).

ExAMPLE 2.1.31. If O = Zy, then Mod(Z y) = Ab(X).

REMARK 2.1.32. It is often useful to think about sheaves of non-commutative
rings, for example the sheaf of rings of differential operators Zx [EGAIV,, Corollaire
16.8.10]. We will stick to commutative rings for simplicity.

One fact you will verify on the homework is that the category Mod(Ox) of
Ox-modules — in particular, the category Ab(X) of Abelian sheaves — are Abelian
categories. For now, we explain what exact sequences (and related notions) are in
this category.

DEFINITION 2.1.33. Let (X, Ox) be a ringed space.



(4)

(2.1.34)

(iid)
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Let ¢: % — ¢ be a morphism of Ox-modules. The kernel ker(yp) of ¢ is

ker(p) = (U — ker(ap(U))).

This is already a sheaf (by the sheaf condition (3)) and is a subsheaf of
Z. Note that ¢ is injective on an open set U if and only if ker(p)(U) =0
because by definition of stalks using direct limits, we have

ker(p)p — ker(¢p)
for all points P € X. To show the isomorphism (2.1.34), consider the
commutative diagram

eU) (V)
U

’

Pv

(V)

|

%)
Fp ———— 9p

—
o(V)

for open subsets V' C U C X containing P. The commutativity of the
diagram shows that ker(¢)p C ker(pp). Conversely, if (U, f) € ker(op),
then we know that (U, o(U)(f)) = 0. By the sheaf condition (3), this
implies there exists an open subset V' C U such that

e(U)(Nlv =¢(V)(flv) =0.
We say that a sequence of O x-modules
. i—1 . i .
..._>91_1 L)ﬁ’ Lﬁ“‘l — s ...

is exact if ker(¢?) = im(¢*~!) as subsheaves of .Z* for every i.

Let %’ be a sheaf of sub-Ox-modules of #, i.e., every &#'(U) is a sub-
Ox (U)-module of .7 (U). The quotient sheaf % /' is the sheafification

F|F = (U— FU)/FU))".

This is a special case of the construction for sets. The stalks are (% /%' )p =
Fp/Fp by Proposition 2.1.18(3).

Let ¢: F — ¢ be a morphism of Ox-modules. The cokernel coker(y) of
 is the sheafification

coker(p) = (U — Coker(go(U))>#.

This is a quotient sheaf of .%#.

We give an example of an exact sequence from toplogy.

ExAMPLE 2.1.35. Let X be a smooth manifold of dimension n. For every p > 0,
consider the sheaf QX of differential forms of degree p on X, which is defined by

setting

Q% (U) = {differential forms of degree p on U }.

The exterior derivative

Q5 (U) — QT (U)

[Har77, Exer.
I1.1.2(a)]

[God73, 11.2.5]

[God73, 11.2.3]

[God73, 11.2.4]

[God73, Ex. 11.2.5.1]



[Har77, Exer. 11.1.8]
[God73, p. 133]
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defines morphisms of sheaves
. QP p+1
dar: Qf — QF
of sheaves of real vector spaces. We have an injection

of the constant sheaf with value R into Q% by considering locally constant real-
valued functions as smooth functions on X. The Poincaré lemma then implies that
the sequence

(2.1.36) 0—Ry 0% Lot 4. g g

is exact: Since exactness is a local question, we can work locally to assume that
X = R", in which case this is the original Poincaré lemma. See [Leel3, Corollary
17.15).

Note that if we take sections in (2.1.36), we do not get an exact sequence! This
is where de Rham cohomology comes from: the i-th de Rham cohomology group is
defined as

Hig(X) =1 (0 — Q% (X) — Ok (X) — -+ — Q% (X) —0).
For example, letting X = S' and taking global sections, we have
Hig(S) = R.
See [BT82, Example 2.6] or [Leel3, Theorem 17.21].
We will discuss cohomology groups coming from sheaves next semester. For

now, we want to mention that even if taking sections is not an exact functor, it is
still left exact.

PROPOSITION 2.1.37. Let X be a topological space and let U C X be an open
subset. The functor
Mod(Ox) — Mod(T'(U, Ox))
F—T(U,Z)
1s left exact.
Proof. Consider a left exact sequence
0— F 57 Y g
We then have the sequence

0 — 1w,z 2% rw, 7) XY v, 2

that we need to show is exact. The sequence is automatically exact at I'(U, %")
since a morphism of sheaves is injective if and only if it is injective on sections
by (2.1.34) (the morphism ker(¢) — 0 is an isomorphism if and only if it is an
isomorphism on stalks).

By functoriality, we know that the composition )(U) o p(U) is the 0 map (you
can check the map is 0 on stalks since you can check that the image is 0 on stalks).
We therefore have the inclusion

im(p)(U) € ker(¢)(U)
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as sub-Ox (U)-modules of T'(U,.%#). It remains to show the opposite inclusion
im(p)(U) = ker(¢p)(U). We have the commutative diagram

0 —— rw,7) 29 rw, 7) 29 rw, 77

| | |

0 Fp or Fp vr Ip

Suppose t € ker(¢)(U). Then, ¢(U)(t) = 0, and hence
V(U)t)p =p(tp) =0

for all P € U. Since the bottom row is exact, there exists sp € %, such that
wp(sp) =tp. We claim we can lift sp to some s € .Z#'(U). For each P, pick an open
set Vp 2 P and rp € Z'(Vp) such that sp = (Vp,rp). For each W :=Vp NV, we
have

e(W)(rplw) = o(W)(rqlw) = tlw.
By injectivity of ¢ we have that

’I“p|W = ’I“Q|W.

By the sheaf property (4), the rp therefore glue to form a section s € % (U). Thus,
since (U)(s) =t for all P, we have ker(¢)(U) C im(¢)(U). O

We end today by connecting sheaf theory to the theory of varieties we developed
so far in the course.

ExAMPLE 2.1.38. Let X be a quasi-projective variety over an algebraically
closed field k, which we consider as a ringed space by letting Ox be the sheaf of
regular functions on X.

(a) (Sheaves of ideals) Let Y C X be a closed subset. For each open set
UCX,let

Sy (U)={fe€Ox(U)| f(P)=0foral PeYNU}.

This forms a presheaf since the restriction maps on O x restrict to restriction
maps on Sy. We claim £y is in fact a sheaf. Since %y (U) C Ox(U),
we have that %y satisfies the sheaf property (3). If we have an open set
U = |JV; and we have a compatible family of regular functions s; € Ox(V;)
that vanish on Y NV; for all ¢, then they glue together to a regular function
s € Ox(U), that moreover vanishes on Y N U since regular functions are
defined locally. Thus, %y is a sheaf, called the sheaf of ideals of Y and is
a subsheaf of Ox.

(b) (The restriction short exact sequence) If Y is a subvariety, then the quotient
sheaf Ox /%y is isomorphic to i.(Oy ), where i: Y — X is the inclusion,
and Oy is the sheaf of regular functions on Y.

To prove this, first note we have a sheaf morphism

w: OX — i*Oy

given by restricting regular functions. The kernel of this morphism consists
of exactly those regular functions that vanish on all points of Y N U, giving
us the sequence

0—>fy—>(9x i>Z'>‘¢Oy—>0

[Har77, Exer.
I1.1.21]
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which is exact at £y and Ox by (a), and at i,Oy by definition of a regular
function locally on affines as a restriction of a polynomial function on Aj.
(Note: This requires some argument!)

We now look at the specific example of X = P}.

(©)

(2.1.39)

(Taking global sections is not necessarily exact) Let Y = {P, @} for distinct
points P,Q € P,lf. We then have the exact sequence

0— S — Ox —>i*0p@i*OQ — 0
by (b). However, the induced map of k-vector spaces
k=T(X,0x) — I'(X,i.0p ®i,0q) = k%2

of global sections is the map a — (a,a), which is not surjective.

(The sheaf of rational functions) Let Jx be the constant sheaf on X with
value K (X), the function field of X. We call .#x the sheaf of rational
functions on X. We claim we have the sequence

K(X
O—>(9X—>J£/X—>@ip< ( )>—>0.
Pex Ox.p

The second map is defined by

%X\% H ip<K(X))

N PeX Ox,p
Y @ i (K(X))

@)
Pex X.p

where the top horizontal map is the evaluation map, and the diagonal
dashed map exists since a rational map on P,l€ is not regular at only finitely
many points on Pi. The sequence (2.1.39) is exact since after taking stalks,
we have

K(X)

0 —)OX,p —>K(X) —
Ox p

which is exact. We can therefore identify

o= € in(K00),

(@)
Pex X, P

(The first Cousin problem) While taking global sections is not exact in
general, the sequence

00— F(X, Ox) — F(X,%)() — F(X,Jgfx/OX) — 0

is exact. In this case, you can compute this directly (Exercise). Alge-
braically, this follows from the fact that a certain sheaf cohomology group
HY(X,0Ox) vanishes. Analytically, this is the first Cousin problem in
several complex variables for the complex manifold CP!. For example, see
[Hor90, Theorem 5.5.1] for the first Cousin problem over Stein manifolds
and see [GR79, Chapter V, §2, Theorem 1] for the first Cousin problem
over more general complex manifolds.
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2.2. Schemes

We are now ready to define schemes. The idea is to associate a topological
space to a commutative ring A, and use A to construct a sheaf of rings on it. The
resulting object is the spectrum Spec(A). As a topological space, this is a familiar
object from commutative algebra: Spec(A) is the set of prime ideals in A. This
means we have more points than just maximal ideals, which correspond to points on
the corresponding variety when A is of finite type over an algebraically closed field.

We will then glue these objects together to form a general scheme, in the same
way that one glues together copies of R™ to build a manifold. An important class of
examples is the class of schemes of the form Proj(S) where S is a graded ring. When
S is a graded domain of finite type over an algebraically closed field k such that
So = k, these schemes will be the scheme-theoretic version of projective varieties.

2.2.1. The spectrum of a ring as a topological space. We start by defining
the spectrum of a ring.

DEFINITION 2.2.1 [EGAI (1.1); EGAI, .y, (1.1)]. Let A be a ring. As a set, the
spectrum Spec(A) of A is the set of prime ideals in A. As a topological space, the
closed sets in Spec(A) are sets of the form

V(I) = {P € Spec(A)| I C P}

for every ideal I C A. This topology is called the Zariski topology.
When we think of Spec(A) geometrically, we sometimes denote its points by x,
in which case the corresponding prime ideals are denoted by p.

Let us see some examples.

EXAMPLE 2.2.2.

(a) Spec(k) for a field k consists of one point (0).

(b) (The affine line) A} := Spec(k[z]) is the affine line over k. This space
consists of two types of points: The generic point £ = (0) and closed
points (f), where f € k[z] is an irreducible polynomial. If k is algebraically
closed, for example when k = C, these points are (x — ) where « € k by
the Nullstellensatz (Theorem 1.1.19). However, if k is not algebraically
closed, there are more points. For example, if £ = R, then the set of
closed points in Spec(k[z]) corresponds to the closed upper half plane in
C because roots of irreducible quadratic polynomials come in conjugate
pairs.

Spec(Z). This ring is a PID, and we can visualize this space as the “number
line” together with the generic point (0).

2 3

v.r
~

......

FIGURE 2.1. Spec(Z). From [Mum67, p. 137].

a discrete rank 1 valuation ring), then

(d) (A trait) If R is a DVR (i.e.,
= (w) and t; = (0), where

T = Spec(R) consists of two points ¢y =

[Har77, p. 70]

[Mum67, Ex. A, p.
135]
[Har77, Ex. 11.2.3.1]

[Mum67, Ex. B, p.
136]

[Har77, Ex. 11.2.3.3,
Exer. 11.2.10]

[Mum67, Ex. C, p.
137]
[Har77, Exer. I1.2.5]

[Mum67, Ex. D, pp.
137-138]
[Har77, Ex. 11.2.3.2]

The letter T is used
to stand for the
French word trait
[EGAT ey, (5.5.1)].
Some example
translations are line,

I D T T



[Mum67, Ex. E, pp.
138-139, Ex. H, pp.
141-143]

[Har77, Ex. 11.2.3.4]

[AK21, (2.26)]
[Rei95, (1.5)]
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w is a uniformizer for R. The topology is such that ¢y is closed and
{t1} = Spec(R). This relationship can be summarized as

tl ~ th

which is read as “t( is a specialization of t,” or “t; is a generization of ty.”

o ~
[m] [

FIGURE 2.2. A trait, i.e., the spectrum of a DVR. From [Mum67, p. 138].

(e) (Polynomial rings over PIDs) For R a PID, we have the following description

of Spec(R[z]):

THEOREM 2.2.3. Let R be a PID and consider the polynomial ring
Rx] in one variable over R. Let P C Rx] be a prime ideal.
(i) P=(0), or P =(f) with f prime, or P is mazimal.
(#4) If P is maximal, then either P = (f) with f prime, or P = (p,g) for
p € R prime and g € R[x] such that its image in (R/(p))[x] is prime.

Proof. Suppose P # (0) and P is not principal. Then, there exist two
polynomials f;, fo € P with no common factor. After possibly replacing
f1 and fo by prime factors (which lie in P by the assumption that P is
prime), we may assume that f; and fy are prime. Set K to be the fraction
field of R, i.e., the field obtained from R by adjoining an inverse for every
nonzero element in R. Gauss’s lemma implies that fi; and fo are relatively
prime in K[x]. Since K|z] is a PID, there exist hq, he € K|[z] such that
hif1 + hofo = 1. Clearing denominators gives PN R # 0. Since R is a
PID, we have P N R = (p) for a prime element p € R.
Now set k := R/(p), which is a field. Set

Q= P (R[z]/(p)) € Rlz]/(p) = k[z].
We then have
k[z]/Q = R[z]/P.
Now since P is prime, these rings are domains, and hence we have Q = (¢'),
where ¢’ € k[z] is prime. Moreover, k[z]/Q is a field since @ is in fact

a maximal ideal by the fact that k[z] is a PID. Now choosing g € R[z]
mapping to ¢’ under the quotient map R[z] — k[x], we are done. O

For R = k[y] and R = Z, Mumford draws particularly nice pictures.
See Figure 2.3. Note that the case when P = (f) is maximal actually
occurs: If (V,w) is a DVR, then

(wz —1) C V]z]

is a maximal ideal.
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FIGURE 2.3. Spec(k[z,y]) and Spec(Z|x]). From [Mum67, p. 139, p. 141].

2.2.2. The sheaf associated to an A-module. To define the structure sheaf
on Spec(A), we will construct sheaves on Spec(A4) from A-modules. Recall that the
principal open sets

D(f) = Spec(4) - V(f)
form a basis for the Zariski topology on Spec(A) since
Vi =V(H=X-vI) =] D)
fel fél
The basic idea of this definition is that we know from commutative algebra that
Spec(Ay) LN D(f) C Spec(A)

since prime ideals not containing f are in bijection with prime ideals in A¢. There
is therefore a nice candidate for what the value of O(D(f)) should be: It should be



In [Har77, p. 70, p.
110}, Hartshorne
gives a different (but

equivalent)

definition in terms of
the espace étalé.

[Har77, Props.

11.2.2(a), IL5.1(b)]
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Ayl Using [EGAI, (0, 3.2); EGAL,cy, (0, 3.2)] (which you studied in Homework 10,
Problem 3), we can make the following definition.

DEFINITION 2.2.4 [EGAI, Définition 1.3.4; EGAT, .y, Définition 1.3.4]. Let A be
a ring and let M be an A-module. The sheaf M associated to M is the sheafification
of the presheaf defined by the basis of principal open sets by sending

D(f) — My
for every principal open set D(f). The structure sheaf for X := Spec(A) is the

sheaf Ox := A. We therefore consider Spec(A) as a ringed space (Spec(A), A).
By definition in [EGAI, (0, 3.2); EGAley, (0, 3.2)], we have
B #
M = (V — lim Mf> .
D(ficv

Note that by definition, the presheaf in the parentheses on the right maps to M,
and hence we have group maps

0r: Ay — T(D(f), A)
0;: My — T(D(f), M)
which are maps of Aj-algebras and Ay-modules, respectively.
We prove some properties of the sheaf M.

PROPOSITION 2.2.5 [EGAI p. 85, (0, 3.2.4); EGAL,.y, p. 198, (0, 3.2.4)]. Let A
be a ring with spectrum X = Spec(A) and let x € X be a point. For every A-module
M, we have

Ay =2 Ay, and M, = M,

as A, -modules.

Proof. Before we proceed with the proof, we note that

D(g) CD(f) < V(g) CV(f) < V(g SV(f) = S, 25;

where the bars denote saturation [AK21, (3.25)]. Thus, in this situation, we have
an induced map My — M,.

We first show the statement for M. For open sets V' C U and principal open sets
D(f) CU, D(g) €V such that D(g) C D(f), we have the commutative diagram

M(D(f))

D(f) AN
PD(g) N

0y

M(D(g)) +—>— M, N

TD(g) S \
- > Y
M, +—— lim M(D(f)) +=— lim My ---» T
D(f)>= Fépa '

where the bottom left map is an isomorphism since the directed system of sections
on open sets containing x and the drected system of sections on principal open
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sets containing x are cofinal, and the bottom middle map is an isomorphism since
sheafification does not affect stalks.

We claim that the direct limit in the right column satisfies the universal property
of the localization M, . Consider an A-module T" on which all f ¢ p, act as units.
Consider a map M — T. Then, since f,g ¢ p, act as units on T, the universal
property of localization of modules shows the diagonal dashed maps exist and are
unique. By the universal property of direct limits, the bottom right map exists and
is unique.

Finally, the case M = A follows since letting T be an A-algebra on which all
f ¢ p, act as units, the maps in the diagram above are all ring maps. (I

PROPOSITION 2.2.6 [EGAI, Proposition 1.3.5; EGAI, ., Proposition 1.3.5]. Let

A be a ring. The functor
Mod(A) — Mod(A)
M— M

18 exact.
Proof. This pretty much follows from Proposition 2.2.5 by the exactness of local-
ization. However, since we were not careful about how M +— M acts on maps, we
prove this more carefully.

Suppose we have an exact sequence M’ — M — M". Consider the commutative
diagram

My My My
M, M, MY

L

for each f, g ¢ p, such that D(f) 2 D(g). By the exactness of localization, the top
two rows are exact. By the proof of Proposition 2.2.5, the direct limit of the top
two rows is the bottom row, and is therefore exact by the exactness of filtered direct
limits of modules [AK21, (7.9)] (the M are filtered since My and M, both map to
Myg). O

PRrROPOSITION 2.2.7 [EGAI, Proposition 1.3.6; EGAI,., Proposition 1.3.6]. Let
A be a ring and let M be an A-module. Consider an element f € A. Then,

Mf%M‘D(f).

Proof. These two sheaves come from the same presheaf D(f) + M/ defined on
principal open sets. The result now follows since restricting to open subsets does not
require sheafification. (Even if it did, we get a map from left to right that induces
an isomorphism on stalks.) O

Our first goal for today is to show that A satisfies what we wanted last time:
On each principal open set, I'(D(f), A) is just A;. To prove this, we need some
preliminaries on Spec(A).

LEmMA 2.2.8 [EGAI, Proposition 1.1.2]. Let A be a ring.

[Har77, Prop. 11.5.2]

[Har77, Exer. 11.2.1]

[Har77, Lem. 11.2.1]
[BouCA, 11.4.3]



[Har77, p. 72
[BouCA, 11.4.3, Prop.
12]

[Hocl7, p. 30]

[Har77, Props.
11.2.2(b),(c),
I1.5.1(c),(d)]
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(a) If I and J are two ideals of A, then V(IJ) =V (I)UV(J).
(b) If I; is a set of ideals of A, then V(3 1;) =, V().
(¢) If I and J are two ideals, then V(I) C V(J) if and only if VI D V/J.

Proof. (a). D. If P> ITor PO J,then PO IJ. C. If PO IJ and P 2 J, then
there exists j € J such that j ¢ P. Now for any ¢ € I, we have ij € P, so by
primeness we must have i € P. We therefore see that P O I.

(b). We have P D ). I; if and only if P O I; since by definition, )", I; is the
smallest ideal containing all the I;.

(¢). By the Scheinnullstellensatz [AK21, (3.27)], the radical v/T of I is the
intersection of all prime ideals containing I. So, we have v/I D v/J if and only if
V() CV({J). O

PROPOSITION 2.2.9 [EGAI, Proposition 1.1.10(é¢)]. Let A be a ring. Then,
Spec(A) is quasi-compact.

Proof. Let Spec(A) = |J;c; Us be an open cover. Since the principal open sets form
a basis, we can write

U= |J D(sy)

J€J:
and hence

Spec(4) = |J D(fiy).
jieei‘,

Taking complements, we have V(1) = V((fi;)i,;), and hence there exist powers n;;
of finitely many f;; such that we have a “partition of unity”

Zgijf:jij =1L
0,J

We therefore have

Spec(A) = UD(fU) - U U;. O

{i€l|n;;>03j€J;}

THEOREM 2.2.10 [EGAT, Théoréme 1.3.7; EGAT, oy, Théoréme 1.3.7]. Let A be
a ring and let M be an A-module. For every f € A, the map

0p: My — T(D(f), M)

is bijective, and hence the presheaf D(f) — My defined on principal open sets is in
fact a sheaf. In particular,

0p: M — F(Spec(A),M).

We note that if M = A, then 0y is a ring map. Thus, if we identify Ay with

I'(D(f),A) using 65 for A, the maps 6; will be isomorphisms of A-modules.
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Proof. We first show that 6 is injective. For each « € D(f), consider the commu-
tative diagram

My =2 0 (D(f), 1)

D(f)
l lpmg)

M, —2 T(D(g), M)

| |

M, — 0,
where the bottom row is the direct limit of the first two rows. If 8¢(£) = 0, then ¢
maps to 0 in M,. By the commutativity of the diagram, this means that & maps to

0 in M, . Since the p, range over all prime ideals in D(f), we see that {|p(y,) =0
for open neighborhoods U, 3 z inside D(f). Thus, £ = 0 by the sheaf condition (3).

We now show that ¢ is surjective. By Proposition 2.2.7, we may replace A by
Ay to reduce to the case when f = 1. Let s € I'(D(f), M). Since the stalks of M are
M,,, for each x € Spec(A), there exists a principal open set D(f) 2 « over which
s|p(s) is the image of £ € M. Since Spec(A) is quasi-compact (Proposition 2.2.9),
there exists a finite open covering

Spee(4) = J D(%)

@

such that s; := s|p(y,) is of the form 6y, (&;) for some & € My,. For each i,j € I, we
know that

(2.2.11) i =&

in My, s, since they map to the same section (s;)[p(y,f;) = (8j)|p(y, ;) under Oy, ..
By definition, for each i € I, we can write & = z;/f;"" for z; € M. Since [ is finite,
after multiplying each z; by a power of f;, we may assume that the n; are all equal
to some n. The equations (2.2.11) show that there exist m;; > 0 such that

(fif3)™ (]2 — fi'z5) = 0.
Replacing the m;; by their maximum, we may assume that these relations hold for

all 4, for a uniform m. Replacing the z; by f"z;, we now can write & = z;/fI* for
z; € M such that

for all 4,j € I. Now since the D(f") = D(f;) cover Spec(A), the f* generate the
unit ideal in A. Thus, there are elements g; € A such that

Y gl =1
iel
We may therefore consider the element
z = Zgizi e M.
iel
By (2.2.12), we have
fla=fr> gz => gi(flz) =Y gi(flz) =2 gif] =z,

JeI JeI JeI JeI



[Har77, p. 70]

[Har77, pp. 70-71]

[Har77, p. 74]
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and hence &; = z/1 in My,. We therefore see that s; = 01(2)|p(y,)- O

2.2.3. Locally ringed spaces and affine schemes. Now that we have defined
a ringed space structure on (Spec(A), O), we want to glue them together to form
other schemes.

DEFINITION 2.2.13 (Ringed spaces [EGAI (0, 4.1.1); EGALey, (0, 4.1.1)]).
Recall that a ringed space is a pair (X, Ox) consisting of a topological space X and
a sheaf of rings Ox on X called the structure sheaf. A morphism of ringed spaces

(f>f#): (X7OX) — (Y,Oy)
consists of a continuous map f: X — Y and a map
f# : Oy — f* Ox
of sheaves of rings on Y. This forms a category RS.

DEFINITION 2.2.14 (Locally ringed spaces [EGAI, (0, 5.5.1); EGAT,qy, (0, 4.1.9,
4.1.12)]). A ringed space (X, Ox) is a locally ringed space if Ox p is a local ring
for every point P € X. In this situation, we denote by my p or mp the maximal
ideal of Ox p.

To define a morphism of locally ringed spaces, let P € X be a point and let
V CY be a neighborhood of f(P) € Y. As V ranges over all open neighborhoods

of f(P), we see that f~1(V) ranges over a subset of the open neighborhoods of P.
We then obtain the commutative diagram

oy () LY oy (1)

|
Ox (f~1(V))

and taking direct limits, the left column becomes the stalk Oy, f(p), while the right
column is

#
Oy (V) &,

h&“‘l Ox(f_l(V)) —>Oxyp.
fmrv)sp
A morphism of locally ringed spaces is a morphism (f, f#) of ringed spaces such
that taking direct limits in the commutative diagram above and composing with
the map to Ox_ p, the induced map

15 Oy,rpy — Ox,p

is a local map, that is, fﬁ (my,¢(py) € my p. This forms a category LRS.

An isomorphism of locally ringed spaces is a morphism with a two-sided inverse.
Thus, a morphism (f, f#) is an isomorphism if and only if f is a homeomorphism
of the underlying topological spaces and f# is an isomorphism of sheaves.

Note that (Spec(A), A) is a locally ringed space by Proposition 2.2.5. We can
now define the analogue of an affine variety and the affine coordinate ring.

DEFINITION 2.2.15 (Affine scheme [EGAI, Définition 1.7.1; EGAT,,,, Définition
1.6.1]). A locally ringed space (X, Ox) is an affine scheme if it is isomorphic to a
locally ringed space of the form (Spec(A), fl) where A is a ring. In this case, we say
that the ring

AX) =T(X,0x),
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which can be identified with A by Theorem 2.2.10, is the ring of the affine scheme.

Our next goal is show that Spec(—) defines a contravariant functor Ring®® — LRS.
See Definition A.2.1 for the definition of a functor. We start with describing the
map on topological spaces associated to a ring map.

PROPOSITION 2.2.16 [EGAI, Corollaire 1.2.3; EGAI, ., Corollaire 1.2.3]. If
p: A — B is a ring map, then ¢ induces a continuous map

%p: Spec(B) — Spec(A).
This association defines a contravariant functor
Spec: Ring®® — Top
A +—— Spec(A)
%o
Proof. We define the map by
“p(P) = ¢ (P)

for a prime ideal P € Spec(B), where we recall that the contraction of a prime ideal
under a ring map is prime. If f € A is an element, then

“o 1 (D(f)) = D(#(f))

because f € ¢~ 1(P) if and only if ¢(f) € P. Since the D(f) form a basis for the
topology on Spec(A), we see that *¢ is continuous. O

We now note that if we have a morphism of ringed spaces (X, Ox) — (Y, Oy),

taking global sections on the map f# yields a ring map I'(Y,Oy) — I'(X, Ox).

This gives a map
p: Homgs(X,Y) — Hom(I'(Y, Oy),I'(X, Ox)).
Restricting to LRS, we obtain the analogue of Proposition 1.3.22 for the category of

locally ringed spaces.

PROPOSITION 2.2.17 (Greenberg, Tate [Gre61, Proposition 1; EGATI, Errata et
addenda, Proposition 1.8.1; EGAT, ., Proposition 1.6.3]). Let (S, Og) be an affine
scheme and let (X,Ox) be a locally ringed space. Then, the restriction of p to
morphisms in LRS:

PLRS : HOInLRs(X, S) — HOHI(A(S), F(X, Ox))
is a bijection natural in X and S.

Proof. The naturality follows from the definition of p: it associates to a map of
locally ringed spaces the corresponding map on global sections.

We first define a continuous function “p: X — S. Set A := A(S) =T'(S,Og)
and consider the ring map

©Q: A— F(X, OX)
For every x € X, we can consider the composition
Qg : A— F(X, Ox) — OX@.

Then, for each z € X, we set

(2.2.18) “o(x) = (me) = {fEA|pa(f) Em} C A

[Har77, Prop.
I1.2.3(b)]

[Har77, Exer. 11.2.4]
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is a prime ideal since it is the contraction of m,. To show this assignment is
continuous, let D(f) C Spec(A) be an open subset. Then,

"o (D) = Koy = {z € X | 9(f)a ¢ ma}.
This set is open since if ¢(f), has an inverse g € Ox , at x, then ¢ is a section
of Ox on an open neighborhood of = such that ¢(f), g are sections of Ox on that
open neighborhood satisfying ¢(f)g = 1.
We now define a morphism

55: Os — a(P*OX
making (*¢,®): (X,0x) — (S,Og) a morphism of locally ringed spaces. Consider
the ring maps
A —=T(S,05) —2— I(X, Ox)

| l l

Af — F(Sf,@s) *}f{*} F(Xga(f)70X)~

Since f maps to an invertible element of I'(X,,f), Ox) by what we showed in the
previous paragraph, we obtain a unique dashed map making the diagram commute
by the universal property of localization. Since this map is the unique map making
the diagram commute, we have the commutative diagrams

Af — F(vaos) L F(XfaOX)

L

Ag — F(SQ7OS) L F(ngox)

for all f,g € A. Thus, since the D(f) form a basis, we have a well-defined sheaf
morphism @: A— %p,Ox, since we can specify maps of sheaves on a basis by using
the formula with inverse limits in the homework problem on specifying sheaves
on a basis. Moreover, this map yields a morphism of locally ringed spaces since
[ emy € Ox, if and only if v, (f) € my(y) € Og, ¢(x) by definition in (2.2.18). We
therefore obtain a map

o: Hom(A(S),F(X7 (’)X)) — Homygs (X, 5).

It remains to show that prs and o are mutually inverse. We know that
pLrs © 0 = id since T'(S,p) = ¢, and hence p rs is surjective. To show that
o o pLrs = id, we consider the commutative diagram

A—— OS,f(a:)
|
F(X, Ox) —_— OX,:v

The right vertical map is local and hence the inverse of m, must be m¢(,). Thus,
the underlying continuous map for (o o pirs)(f) is f. The map on sheaves for
(0 0 pLrs)(f) is f* because of the universal property of localization. O

As a result, we obtain the following;:
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COROLLARY 2.2.19 [EGAI, Théoreme 1.7.3; EGAL,., (1.6.5)]. There is a
anti-equivalence of categories
Spec: Ring®® — AffSch
A—s (Spec(A)Ji)
o — (“p, ).

Proof. The functor I'(—) of taking global sections is an inverse for Spec by Proposi-
tion 2.2.17. ]

COROLLARY 2.2.20 [EGAI p. 103; EGAL,cy, p. 226]. Spec(Z) is the final object
in the category of locally ringed spaces.

2.2.4. Schemes. We now define schemes.

DEFINITION 2.2.21 (Scheme [EGAI, Définition 2.1.2; EGAI, e, Définition 2.1.2]).
A scheme is a locally ringed space (X, Ox) in which every point has a neighborhood
U such that (U, Ox|y) is an affine scheme, called an open affine neighborhood. We
call X the underlying topological space of the scheme. If we want to forget the
scheme structure on a scheme (or ringed space) we write sp(X), which we read as
“the space of X”. A morphism of schemes is a morphism of locally ringed spaces. In
other words, the category Sch of schemes is a full subcategory of the category LRS
of locally ringed spaces.

To construct interesting examples of schemes, we prove the following.

LEMMA 2.2.22 (Gluing Lemma [ECGAL (0, 4.1.7), (2.3.1); EGAL,., (0, 4.1.7),
(2.4.1)]). Let {X;} be a possibly infinite family of schemes. Suppose for each i,j, we
are given an open subset U;; C X;, which we think of as a scheme with structure
sheaf Ox|u,;. Suppose also for each i, j, we are given an isomorphism of schemes

pij: Uij — Ui
such that
(1) For each i,j, we have pj; = <pi_j1.
(2) For each i, j, k, we have
©0ij(Uij NUsx) = Uji N Ujg,,
Pik
There exists a scheme X together with morphisms v;: X; — X for each i such that

U;jNU;p, = (Sojk o wl]) UijNU;p

(1) :(X;) is an open subset of X and 1); induces an isomorphism
(X:, O0x,) — (¢i(X;),Ox
(2) The ¢;(X;) cover X.
(3) ¥i(Ui) = i X:) N1 (X;).
(4) Yilu, = (¥5 0 @ij)lu,, -
Before proving Lemma 2.2.22, we define some terminology and write down some

examples.

DEFINITION 2.2.23 [EGAI, (2.3.1); EGAl,cw, (2.4.1)]. In the situation of
Lemma 2.2.22, we say that X is obtained by gluing the schemes X; along the
isomorphisms ;.

%(Xi))'

[Har77, p. 74]
Before [EGAT, 0],
schemes were called
preschemes.

[Har77, Exer. 11.2.12]

[Har77, Exer. 11.2.12]
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EXAMPLE 2.2.24. When U;; = 0 and ¢;;: 0 — 0 for every 1, j, the scheme X is
called the disjoint union of the X;, and is denoted | |, X;.

EXAMPLE 2.2.25 (The affine line with two origins). Let k be a field, let X; =
Xo = A}, let Uy = Uy = A}, — {P} where P is the point corresponding to (z) C k[x],
and let ¢: Uy — Uy be the identity map. Let X be the gluing of X; and X» along
U, and U, via . Then, X is the affine line with two origins.

FIGURE 2.4. Affine line with two origins. From [Har77, p. 76].

This is a scheme that is not an affine scheme! To see this, we have the
commutative diagram

00— 5 I(X,0x) —20

{3 1)

0 —— F(XhOX) ~ k[:z:] 0

Calculating the kernel in the first row shows that p§l is an isomorphism.
Now suppose that X were affine. Then, Corollary 2.2.19 shows that ¢, : X7 = X

is an isomorphism of affine schemes since it induces an isomorphism on global sections.

This is a contradiction because v is not surjective.

We also spell out this last part of the argument more explicitly. Suppose X
were affine. Then, ¥, maps to the isomorphism I'(¢) = p§1. Letting o1 == I'(1) !
be the inverse map in Rings, we have

p1ol(¢Y1) =idr(x,0x)
and hence
Yy 0% =idx.
This is a contradiction because 7 is not surjective.

Proof of Lemma 2.2.22. The underlying topological space of X is obtained by taking
the set

X = |_|Xi/g0ij(x) ~ g forall i <j
i
and giving it the quotient topology for the map | |, X; - X. With this quotient

topology, the maps ¢: X; — X are open embeddings. We can then glue the sheaves
Ox, from each X; together to obtain the structure sheaf Ox. O

[Har77, Exer. 11.2.12]



APPENDIX A

Category theory

A.1. Categories

We define some terminology from category theory. These will give us a convenient
language to talk about the objects and morphisms we will study.

DEFINITION A.1.1. A category € consists of the following data:

(1) A class of objects.
(2) For every pair of objects A and B in €, a set Hom¢ (A, B) of maps or
morphisms, such that Home (A, B) and Home (A’, B') are disjoint unless

A=A"and B = B’. We write f: A — B to mean that f € Hom¢ (A4, B).

(3) For every triple of objects A, B, and C in %, a composition law
Homg (A, B) x Homg (B, C) —— Home (A, C)
(f,9) golf

satisfying the following axioms:
(a) For every object B, there is a distinguished identity morphism
idg: B — B such that for every morphism f: A — B, we have
idg o f = f, and for every morphism g: B — C, we have g oidp = g.
(b) Composition is associative: if f: A— B, g: B— C,and g: C — D,
then ho(go f)=(hog)of.
We say that f: A — B is a isomorphism with inverse g: B — A if go f = id4s
and f o g =1idpg. If such an inverse exists, it is unique, and is also an isomorphism
g: B — A. If there is an isomorphism between a pair of objects A and B, we say
that A and B are isomorphic.

Given a category %, we can construct the opposite category C°P. It has the same
objects as ¢, and the morphisms are given by Homgor (A, B) = Home (B, A). If
f € Homeor (A4, B) and g € Homyor (B, C), then composition is given by g ogor f =
foeg.

EXAMPLE A.1.2. We give some examples of categories we have already seen in
this course.

(1) The category Sets of sets, with functions as morphisms.

So far, objects have underlying sets, morphisms are given by certain functions on
those sets, and composition coincides with composition of functions. The following
examples are not of this form:

(2) Let (P, <) be a partially ordered set. We can consider the category of all
elements € P where Hom(z,y) is a set consisting of one element if = < y,
and is empty otherwise. In this category, isomorphic objects are equal.
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[Hocl7, p. 11]

[Hocl7, pp. 9-10]



[AK21, (6.2)]
[Hocl7, p. 11]

[Hocl7, pp. 11-12]

144 A. CATEGORY THEORY

(3) A category with one object in which every morphism is an isomorphism.
This is essentially the same data as a group, where the morphisms of the
object correspond to the elements of the group.

A.2. Functors

The utility of categories is really in relationships between them, given by
functors.

DEFINITION A.2.1. Given two categories ¢ and 2, a (covariant) functor F: € —

2 is a rule that assigns to each object A of € an object F/(A) of 2, and assigns to

each morphism f: A — B in € a morphism F(f): F(A) — F(B) in 2, such that
(1) For all objects A in &, we have F(ida) = idp(a).

(2) For all morphisms f: A — B and g: B — C in €, we have F(go f) =

F(g) o F(f).

Note that a functor preserves isomorphisms.
A contravariant functor from € to ¥ is a covariant functor €°°P — 9.

ExXAMPLE A.2.2. Here are some examples of functors.
(1) Given any category €, there is an identity functor id¢ : € — € that sends
objects A to A itself and morphisms f to f itself.
(2) There is an Abelianization functor Grp — Ab sending a group G to
G/|G, G], where

G,G] = {ghgflff1 |g,h € G}

is the commutator subgroup.

(3) The composition of two functors is a functor. If both are covariant or both
are contravariant, then the composition is covariant. If one is covariant
and the other is contravariant, then the composition is contravariant.

(4) Given a category € whose objects have underlying sets and where compo-
sition coincides with composition of functions, there is a forgetful functor
Forget: ¥ — Sets sending objects to their underlying sets, and morphisms
to their underlying functions.

(5) A category € is a full subcategory of another category 2 if the objects of
% form a subclass of objects in 2, and if Hom¢ (A, B) = Homg (A, B) for
every pair of objects A and B in €. For example, finite sets form a full
subcategory of Sets, Ab is a full subcategory of Grp.

(6) The spectrum Spec(R) defines a contravariant functor

Spec: Rings®® — Top.
This is because if ¢: R — S, then we have a map
Spec(p): Spec(S) — Spec(R)

induced by contracting prime ideals. This map is continuous since if
V(I) C Spec(R) is a closed subset, then (Spec(¢))™1(V (1)) = V(p(I)S).
(7) Here is a non-example: Mimicking the definition of Spec(y) for the maxi-
mal spectrum MaxSpec does not define a functor Rings®® — Top (where
MaxSpec(R) is given the subspace topology), or even to Sets, since the
inverse image of a maximal ideal is not always maximal. One example
of this is Z — Q, where the maximal ideal (0) C Q has inverse image
(0) € Z, which is not maximal. The same thing occurs for kz] — k(z).
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A.3. Natural transformations and equivalences of categories
We also define natural transformations and isomorphisms of functors.

DEFINITION A.3.1. Let F,G: ¥ — Z be two functors. A natural transformation
T: F = G assigns to every object X in € a morphism Tx: F(X) — G(X) such
that for all morphisms f: X — Y in %, there is a commutative diagram

Fx) Y pey)
Txl J/Ty
ax) —9 a.

Natural transformations S: F' = G and T: G = H can be composed to form the
natural transformation 7' x S: F' = H given by the rule

(T*S)X = TXOSX.

There is an identity natural transformation idg from F': € — 2 to itself. Two
functors F,G: € — & are isomorphic if there are natural transformations

T F—=G and T:G=F

such that 7/« T = idp and T x T’ = idg. In fact, T is an isomorphism if and only
if the morphisms T'x are isomorphisms for all objects X, in which case

(Tx') = (Tx) ™"

Here is an example.

ExAMPLE A.3.2. Let V' be a vector space over a field k and write
V* .= Homy(V, k).

Then, (—)* is a contravariant functor from k-vector spaces Vect;, to Vecty. Compos-
ing (—)* with itself, we get the covariant functor

(—=)*": Vectp, —> Vecty.
There is a natural transformation T': idvect, = (—)** defined by
Ty:V — V**
v (97— g(v)).

To check this defines a natural transformation, we need to check that for every
k-linear map f: V — W, the diagram

n) o

commutes (this follows from the definition). The map V — V** is always injective,
but may not be an isomorphism. It is an isomorphism for example when V is
finite-dimensional.

Using isomorphisms of functors, we can define equivalences of categories.

[Hoc17, pp. 13-15]

[Hocl7, p. 14]
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DEFINITION A.3.3. Two categories € and Z are equivalent if there exist functors
F:% — 2 and G: 92 — % such that G o F' is isomorphic to the identity functor on
% and F o G is isomorphic to the identity functor on 2. Two categories ¥ and 2
are antiequivalent if €°P is equivalent to 2.

A.4. Equalizers

We define equalizers. Note that while we mentioned that the definition of a
sheaf can be stated in terms of equalizers, it is not necessary for this course.

DEFINITION A.4.1 (Equalizer). Suppose f: X — Y and g: X — Y are two
morphisms in €. An equalizer of f, g is an object K in € together with a morphism
1: K — X such that f oi = goi and such that for every commutative diagram

K

0
|
1
|
|
|
|
|
|
1
|

7

3!

E

\

S
such that for every object S in € such that the two compositions S — X — Y are

equal, there is a unique morphism S — K making the triangle on the left commute.

A.5. Direct limits and inverse limits

DEFINITION A.5.1 (Filtered partially ordered set). A partially ordered set (I, <)
is filtered or directed if, for any two elements i, j € A, there exists k € A with i < k
and j < k.

In other words, any two elements of I have an upper bound.

ExAMPLES A.5.2. Here are examples of filtered partially ordered sets.

(1) Totally ordered sets, for example, the natural numbers N and the positive
integers.

2) Finite subsets of a given set under C.

) Finitely generated R-submodules of an R-module under C.

) Finitely generated R-subalgebras of an R-algebra under C.

) Open neighborhoods of a point € X, where X is a topological space,

under D.

PRy

3
4
5

We now define direct systems and direct limits.

DEFINITION A.5.3 (Direct system). Let (I, <) be a partially ordered set. A
direct system or direct limit system indexed by I in a category ¥ is a functor I — &
where [ is considered as a category as in Example A.1.2(2). Explicitly, for every
element ¢ € I, we have an object X; in %, and for all pairs i,j € I, we have a
morphism

fij: Xl — X]‘
such that
(1) fi =idx, for every i € I.
(2) Whenever ¢ < j < k, we have fir = fjx o fi;.
If I is filtered, we say that the direct system is a filtered direct system.

[Hocl7, p. 15]
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DEFINITION A.5.4 (Direct limit). Let {X;, fi;} be a direct system of objects and
morphisms in a category €. The direct limit of the system {X;, f;;} is an object of
% denoted by lingi with morphisms {p;: X; — h_ngXl} such that ¢; o fi; = ¢; for
all ¢ < j. Moreover, if Y € ¢ is another object with morphisms {¢;: X; — Y} such
that v o f;; = 1; for all i < j, then there is a unique morphism u: IEX —Y
making the following diagram commute:

If the direct system is filtered, we call the direct limit a filtered direct limit.

ExAMPLES A.5.5. Let € be the category of sets, groups, Abelian groups, rings,
R-modules, or R-algebras. (The examples below will work for any category where
the objects have an underlying set and a morphism is a function possibly satisfying
additional conditions.)

(1) Let Z be a fixed object in € and let {X;} be a filtered set of subobjects
of Z, partially ordered by inclusion. Then, the direct limit of the X is the
union of these subobjects, and is called the filtered union.

(2) Let {X;, fi;} be a filtered direct system of objects and morphisms in €.
Then, the filtered direct limit exists and can be constructed as

lim X; := |_|X/f” )~ for all i < j.

If ¥ is the category of Abelian groups or R-modules, then the direct limit
exists and can be constructed as

i % = @, (o) )

where (fi;j(z) —x)i<; is the subobject generated by the elements f;;(z) — .
Next, we define inverse systems and inverse limits.

DEFINITION A.5.6 (Inverse system). Let (I, <) be a partially ordered set. An
inverse system or inverse limit system indexed by I in a category % is a functor
I°P — € where I is considered as a category as in Example A.1.2(2). Explicitly, for
every element ¢ € I, we have an object X; in %, and for all pairs ¢, j € I, we have a
morphism

fij: Xj — Xi
such that
(1) fiu =1dx, for every i € I.
(2) Whenever ¢ < j <k, we have fir = fij o fjk-
If I is filtered, we say the inverse system is a cofiltered inverse system.

[Hocl7, p. 153]
[Lan02, Thm.
111.10.1]

[AK21, (7.4)]

[Hocl7, p. 155]



[Hocl7, p. 155]

[Hocl7, pp. 155-156]

[AK21, (7.9)]

148 A. CATEGORY THEORY

DEFINITION A.5.7 (Inverse limit). Let {X;, f;;} be a inverse system of objects
and morphisms in a category €. The inverse limit of the system {X;, fi; } is an object
of ¥ denoted by @Xi with morphisms {m;: @Xi — X} such that f;jom; =m,;
for all i < j. Moreover, if Y is another object with morphisms {¢;: Y — X} such
that f;; o; = 1); for all ¢ < j, then there is a unique morphism u: Y — @Xi
making the following diagram commute:

If I is filtered, we say the inverse limit is a cofiltered inverse limit.

ExAMPLE A.5.8. Let € be the category of sets, Abelian groups, rings, R-modules,
or R-algebras. The inverse limit exists and can be constructed as

K2

@Xi = {(xl,xg,...) S HX’ f”(l‘]) = x; for all 4 Zj}
i

A.6. Filtered direct limits are exact

An important result when working with sheaves is the following.

THEOREM A.6.1 (Filtered direct limits are exact). Let R be a ring and let I be
a filtered partially ordered set. Let € be the category of 3-term exact sequences of R-
modules: its objects are 3-term exact sequences, and its morphisms are commutative
diagrams of the form

L M N

b

L — M —— N'.

Then, for any filtered direct system

(L 25 M 75 N

the induced sequence

@LiL@MiLMNi
7 1 7

15 exact.

Proof. Abusing notation, we denote by f;; the transition maps connecting the L;,
M;, or N;, and by ¢; the canonical morphisms mapping the L;, M;, or N; to their
respective direct limits.
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We first show that im(8) C ker(v). Suppose ¢ € im(3). By definition of direct
limits (Example A.5.5(2)), there exist ¢ € I and ¢; € L; such that ¢;(¢;) = ¢. We
then consider the commutative diagram

L; Bi M, Yi N;
(A.6.2) %‘J{ J{% Pi
limL; —— lim M; —— Lim N;.
: o o

Since im(p;) C ker(v;) by assumption, we see that

(vo B)() = (v o B)(¢i(t:)) = wi((vi © Bi)(£:)) = 0.

We now show that im(3) 2 ker(y). Suppose m € ker(y). By construction
of filtered direct limits (Example A.5.5(2)), there exist ¢ € I and m; € M; such
that ¢;(m;) = m and hence p;(v;(m;)) = 0 by the commutativity of (A.6.2). By
construction of filtered direct limits (Example A.5.5(2)), we know there exists j > ¢
such that f;;(m;) = 0. We now consider the commutative diagram

L; Bi M, Vi N;
fi]l lfij lfij
L —%— M — " N,

o) |# |#

limg L; — limy M; —" lim ;.

By exactness in the j-th row, we know there exists £; € L; such that 8;(¢;) = fi;(m;).
Let £ = ¢;(¢;). By the commutativity of the diagram in the bottom two rows, we
see that

B(0) = Bl () = ¢ (8;(£))) = ¢j(m;) = m. O
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