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CHAPTER 1

Sheaves and sheaf cohomology

For the first part of the course, we will develop the theory of sheaf cohomology
that will be used throughout the rest of the course. Sheaf cohomology was introduced
to algebraic geometry by Serre in [FAC]. The theory works surprisingly well given
the coarseness of the Zariski topology! However, since the theory works for basically
any topological space, we will start the course by developing the theory of sheaf
cohomology for arbitrary topological spaces.

1.1. Categories and functors

We begin with some background material on categories and homological algebra.

See also [Mur24ca, §2.1] or [Mur24ag, Appendix A].

1.1.1. Categories.

DEFINITION 1.1.1. A category € consists of the following data:

(1) A class of objects.
(2) For every pair of objects A and B in €, a set Home (A, B) of maps or
morphisms, such that Home (A, B) and Homg (A’, B') are disjoint unless

A= A"and B = B’'. We write f: A — B to mean that f € Hom¢ (A, B).

(3) For every triple of objects A, B, and C in €, a composition law
Homcg(A, B) X HOIn<g(B7 C) — HOIII<g(A7 C)
(f,9) gof

satisfying the following axioms:
(a) For every object B, there is a distinguished identity morphism
idg: B — B such that for every morphism f: A — B, we have
idg o f = f, and for every morphism g: B — C, we have goidp = g.
(b) Composition is associative: if f: A— B, g: B— C,and g: C — D,
then ho(go f) = (hog)of.
We say that f: A — B is a isomorphism with inverse g: B — A if go f = idy4
and f o g =1idpg. If such an inverse exists, it is unique, and is also an isomorphism
g: B — A. If there is an isomorphism between a pair of objects A and B, we say
that A and B are isomorphic.

Given a category €, we can construct the opposite category €°P. It has the same
objects as ¢, and the morphisms are given by Homgor (A, B) = Home (B, A). If
f € Homeor (A4, B) and g € Homgeor (B, C), then composition is given by g ogor f =
foeyg.

ExAMPLE 1.1.2. The category Sets of sets, with functions as morphisms.

1

[Wei94, Def. A.1.1]
[B()194a Def. 1.2.1]
[AK21, (6.1)]
[Hocl7, p. 8]

[Wei94, A.1.7]
[Hocl7, p. 11]

[Hocl7, pp. 9-10]



[Wei94, §A.2]
[Bor94a, Def. 1.2.2]
[AK21, (6.2)]
[Hocl7, p. 11]

[Wei94, A.2.5]
[Bor94a, Def. 1.4.1]

[Hocl7, pp. 11-12]

[Weid4, A.2.2]
[Bor94a, Ex. 1.2.8.a]

[Weio4, A.2.3]
[Bor94a, Def. 1.5.4]

[Mur24ag, Cor.
2.2.19]

[Weid4, §A.3]
[Bor94a, Def. 1.3.1]
[Hocl7, pp. 13-15]

EXAMPLE 1.1.3. Let R be aring. The class of R-modules together with R-module
homomorphisms forms a category Mod(R). When R = Z, the category Mod(Z)
coincides with the category Ab of Abelian groups with group homomorphisms.

1.1.2. Functors. The utility of categories is really in relationships between
them, given by functors.

DEFINITION 1.1.4. Given two categories ¢ and &, a (covariant) functor F': € —

2 is a rule that assigns to each object A of € an object F(A) of 2, and assigns to

each morphism f: A — B in € a morphism F(f): F(A) — F(B) in 2, such that
(1) For all objects A in &, we have F(ida) = idp(a).

(2) For all morphisms f: A — B and g: B — C in €, we have F(go f) =

F(g) o F(f).

Note that a functor preserves isomorphisms.
A contravariant functor from € to Z is a covariant functor €°P — 2. We will
say “let €°P — 2 be a contravariant functor.”

ExAaMPLE 1.1.5. Here are some examples of functors.

(1) Given any category %, there is an identity functor id¢: € — % that sends
objects A to A itself and morphisms f to f itself.

(2) Given a category & whose objects have underlying sets and where compo-
sition coincides with composition of functions, there is a forgetful functor
Forget: ¥ — Sets sending objects to their underlying sets, and morphisms
to their underlying functions.

(3) A category € is a full subcategory of another category 2 if the objects of
% form a subclass of objects in &, and if Hom¢ (A, B) = Homg (A, B) for
every pair of objects A and B in ¥. For example, finite sets form a full
subcategory of Sets, Ab is a full subcategory of Grp.

(4) The spectrum Spec(R) defines a contravariant functor

Spec: Rings®® — LRS

to the category of locally ringed spaces.

(5) Here is a non-example: Mimicking the definition of Spec(y) for the maxi-
mal spectrum MaxSpec does not define a functor Rings®® — LRS (where
MaxSpec(R) is given the subspace topology and the structure sheaf coming
from restriction), or even to Sets, since the inverse image of a maximal
ideal is not always maximal. One example of this is Z — Q, where the
maximal ideal (0) C Q has inverse image (0) C Z, which is not maximal.
The same thing occurs for k[z] — k(x).

1.1.3. Natural transformations and equivalences of categories. We also
define natural transformations and isomorphisms of functors.

DEFINITION 1.1.6. Let F,G: € — 2 be two functors. A natural transformation
T: F = G assigns to every object X in ¥ a morphism T : F(X) — G(X) such
that for all morphisms f: X — Y in &, there is a commutative diagram

Fx) 9 p(y)

= |

Y).

3

[Weio4, Ex. A.1.3]
[Bor94b, Ex. 1.4.6.a]



Natural transformations S: F' = G and T: G = H can be composed to form the
natural transformation 7' S: F' = H given by the rule

(T*S)X = TX OSX.

There is an identity natural transformation idg from F': € — 2 to itself. Two
functors F,G: € — & are isomorphic if there are natural transformations

T F=G and T:G=F

such that 7/ xT = idp and T xT" = idg. In fact, T is an isomorphism if and only
if the morphisms T'x are isomorphisms for all objects X, in which case

(Tx') = (Tx) ™
Using isomorphisms of functors, we can define equivalences of categories.

DEeFINITION 1.1.7. Two categories ¢ and & are equivalent if there exist functors
F: % — 2 and G: 9 — ¥ such that G o F is isomorphic to the identity functor on
% and F o G is isomorphic to the identity functor on 2. Two categories ¥ and 2
are antiequivalent if €°P is equivalent to 2.

1.2. Sheaves

We review the notion of a sheaf. These provide a systematic way to keep track
of local algebraic data on a topological space. For example, for a quasi-projective
variety X, the structure sheaf Ox keeps track of the regular functions that are
defined on an open subset U.

1.2.1. Presheaves. We start with presheaves.

DEeFINITION 1.2.1. Let X be a topological space. We can consider the category
Top(X) whose objects are the open subsets of X, and whose morphisms are the
inclusion maps. Let € be a category. A presheaf # on X with values in € is a
contravariant functor

F: Top(X)P — &
If ¥ is the category of Abelian groups, rings, or sets, then we say that .% is a
presheaf of Abelian groups, rings, or sets. For Abelian groups, we sometimes say
Abelian presheaf.

We spell out what a presheaf .Z of sets (resp. Abelian groups) is. A presheaf

F of sets (resp. Abelian groups) consists of the following data:

(a) For every open subset U C X, a set (resp. an Abelian group) % (U).

(b) For every inclusion V' C U of open subsets of X, a function (resp. a group

homomorphism) p¥: .#(U) — .Z (V). We call these restriction maps.

These data are subject to the following conditions:

(1) pY is the identity map F(U) — Z (U).

(2) If W C V C U are three open subsets, then pfj, = p¥, o p¥.

DEFINITION 1.2.2. If .# is a presheaf on X, we refer to .% (U) as the sections
over the open set U. We sometimes use the notation
U, #) = F(U).

If V C U is an inclusion of open sets, we sometimes write s|y instead of p¥(s) for
se Z(U).

[Weio4, A.3.2]
[Bor94a, Def. 3.4.4]
[Hocl7, p. 15]

[Mur24ag, Def. 2.1.1]
[Har77, p. 61]
[God73, 1.1.9]

[Tohokul, p. 154]

[Har77, p. 61] has
the extra condition
that % (0) = 0. This
is not standard.
[Mur24ag, Def. 2.1.3]
[Har77, p. 61]
[God73, 1.1.9]



[Mur24ag, Def. 2.1.4]
[Har77, p. 61]
[GodT73, IL.1.1]

[Mur24ag, Rem.
2.1.5)
[EGAT ey, (0, 3.1.1)]

[Mur24ag, Ex. 2.1.7]
[Har77, Ex. 11.1.0.1]

[Mur24ag, Ex. 2.1.8]
[Har77, Ex. 11.1.0.2]

[Mur24ag, Ex. 2.1.9]
[Har77, Ex. 11.1.0.3]

[God73, 11.1.4]

We use this notation
instead of & since Z
is a useful example.

1.2.2. Sheaves. We can now define sheaves as a kind of presheaf that is
determined by local data.

DEeFINITION 1.2.3. Let X be a topological space and let .# be a presheaf on X
with values in sets or a category % like Abelian groups or rings. We say that .# is
a sheaf with values in € if it satisfies the following conditions:

(3) Let {U;}icr be a family of open subsets of X with union U. Let s',s" €
FU). It §'|y, = §"|u, for every i, then s’ = s".

(4) Let {V;}ier be a family of open subsets of X with union V. Let s; € % (V;)
be elements such that for all 7,7 € I, we have

S; ViNVv; = Sj

Then, there exists s € # (V) such that s|y, = s; for all i € I. (Note (3)
implies that s is unique.)

Vinvj-

REMARK 1.2.4 (The sheaf conditions in terms of an equalizer). A convenient
way (that you do not need to know!) to package the definition of a sheaf is that a
presheaf .7 of sets is a sheaf if the diagram

FU) — [[7w) = [[ZWiny))
i i,
is an equalizer diagram for every family of open sets {U;};c;. See [Mur24ag,
Definition A.4.1] for the definition of an equalizer. This means that the elements of

[I; 7 (U;) that map to the same element in [ [, ; 7 (U;NUj) are ezactly the elements
in the image of .7 (U). An Abelian presheaf is a sheaf if the sequence

U; Uj
Hi,,j(pUiﬁUj ~Puinu;

I, ro, )
0— Z(U) —L [ 7w [[#w.nuy)
i inj
is exact for every family of open sets {U; }ier.

ExaMPLE 1.2.5. Let X be a quasi-projective variety over an algebraically closed
field k. For each open subset U C X, let Ox (U) be the ring of regular functions
from U to k, and for each V C U, let

P Ox(U) — 0x(V)

be the restriction map (in the usual sense). Then, Ox is a presheaf of rings on X by
definition of a regular function, and is a sheaf on X since a function that is locally
0 is 0, and a function which is regular locally is regular. We call Ox the sheaf of
regular functions on X.

EXAMPLE 1.2.6. Similarly, one can define the sheaf of continuous real-valued
functions on any topological space, the sheaf of differentiable functions on a dif-
ferentiable manifold, the sheaf of holomorphic functions on a complex manifold,
etc.

ExampPLE 1.2.7. Let X be a topological space and let A be an object in €. The
constant sheaf Ay on X determined by A is defined as follows. Consider A with
the discrete topology. For any open set U C X, we set

continuous maps
Ax(U) :{ U }



Together with the usual restriction maps, we obtain a sheaf Ay. We sometimes
drop the subscript X.

If U is an open set whose connected components are open (which is always true
if X is locally connected), then Ay (U) is a direct product of copies of A, one for
each connected component of U.

1.2.3. Stalks. The following definition gives the analogue of a germ of a
function and the local rings of a quasi-projective variety for arbitrary sheaves.

DEFINITION 1.2.8. Let X be a topological space and let .% be a presheaf on X
with values in a cocomplete category (i.e., a category with arbitrary small colimits,
in particular direct limits). Let P € X be a point. The stalk of . at P is

UsP
where the transition maps in the direct system are the restriction maps. The
elements of .Zp are called germs of sections of .Z at the point P. If s € #(U) is a
section, then the germ of s at P € U is sp.

Spelling out the definition of a direct limit, the elements of .#p are represented
by pairs (U, s) where U is an open neighborhood of P and s € .#(U), subject to
the equivalence relation that

there exists an open neighborhood

(U, 8) ~ (V1) = W CUNV of Psuch that sy = t|w.

1.2.4. Morphisms. We now define morphisms of (pre)sheaves.

DEFINITION 1.2.9. Let X be a topological space. Let .%#,% be two presheaves
on X with values in €. A morphism ¢: % — ¢ is a natural transformation . = ¢.
More explicitly, ¢ consists of the data of a morphism p(U): #(U) = 4(U) in €
such that whenever V' C U is an inclusion, the diagram

7)) 2% g

oY e

zv) 2Y g(v)
commutes, where the vertical maps are the restriction maps for % and ¢, respectively.
We use the same definition for sheaves. An isomorphism is a morphism which has a
two-sided inverse.

We therefore obtain the categories

Sh(X) «— PSh(X)
of sheaves and presheaves of sets on X, respectively, where the arrow denotes that
Sh(X) forms a full subcategory of PSh(X). The analogues for Abelian (pre)sheaves
are

Ab(X) — PAb(X)

which are connected to the categories for sheaves via forgetful functors. Since these
forgetful functors reflect isomorphisms, we can apply statements about sheaves of
sets to Abelian sheaves.

To prove Proposition 1.2.11 below, we define the following;:

[Mur24ag, Def.
2.1.10]

[Har77, p. 62]
[God73, 11.1.2]

[Mur24ag, Def.
2.1.12]

[Har77, p. 62]
[God73, 1.1.9]



ExaMPLE 1.2.10. Let X be a topological space and let {Ap}pcx be a family [Stacks, Tag 006X]

of sets indexed by X. Then, the assignment [GodT73, 11.3.1]
[Har77, Exer.
v— [ 4r IL.1.16(e)]
PeU

defines a sheaf II.

By the definition of direct limits, a morphism ¢: % — ¢ of presheaves on X
induces a morphism
©Yp: ﬁp — gp
on stalks for any point P € X. The following result illustrates the local nature of
sheaves.

[Har77, Prop. I1.1.1] PROPOSITION 1.2.11. Let ¢: F — &4 be a morphism of presheaves of sets on a
topological space X . If ¢ is an isomorphism, then the induced maps pp: Fp — 9p
on stalks are isomorphisms for every P € X. Conversely:

(a) If pp is injective for every P € X and if F satisfies the sheaf property
(3), then o(U) is injective for every open set U C X.
(b) If op is an isomorphism for every P € X, the presheaf F is a sheaf, and
4 satisfies the sheaf property (3), then p(U) is an isomorphism for every
open set U C X.
As a consequence, if F,9 are sheaves and the maps pp are isomorphisms for every
P, then ¢ is an isomorphism.

Proof. The direction = follows from the construction of direct limits.

For the converse, denote by II(#) the sheaf in Example 1.2.10 obtained from
the family {Zp}pecx. We first show:

Cramm 1.2.12. If F satisfies the sheaf property (3), then the map
F(U) — n(F)(U)
18 1njective.
If s,t € #(U) map to the same elements, then there is an open covering Wp of

U for which s|w, = t|w, for every P by the definition of germs. The sheaf property
(3) then shows that s = t.

We now show (a). If ¢p is injective for every ¢(U), then the commutativity of

the diagram

7w) 2 gw)

(1.2.13) j l
H‘?P I1pep ng

PeU PeU
shows that the top horizontal map ¢(U) is injective. Here we use Claim 1.2.12 to
show that the left vertical map is injective.

We now show (b). Suppose we have a section ¢ € 4(U). Then, for every P € U,
there are an open neighborhood Vp 3 P and a section s(P) € .#(Vp) such that

@ep (S(P)p) = tp


https://stacks.math.columbia.edu/tag/006X

for every P € U. After possibly shrinking the Vp, we may assume that
@(S(P)NVP = t|VP

for every P. Now if P, Q are two points, then s(P)|v,nv, and s(Q)|v,nv, are two
sections of . (Vp N Vg), which are both sent by ¢ to t|y,nv,. By the injectivity
shown in (a), this implies that these two sections s(P)|v,nv, and s(Q)|venv,, are
equal. By the sheaf property (4), we then see there is a section s € .%(U) such that
slvp = s(P) for every P. Finally, we have ¢(U)(s) = t by the commutativity of
(1.2.13) and Claim 1.2.12 applied to ¥.

We can therefore define an inverse morphism ¢ ~!: ¢4 — %, where compatibility
with restriction maps holds by the fact that ¢ ~1(U) is the inverse for ¢(U) on every
open subset U C X. O

1.2.5. Espace étalé and sheafification. We now recall the sheafification
construction, which turns a presheaf into a sheaf.

DEFINITION 1.2.14 (Espace étalé and sheafification). Let .# be a presheaf of
sets on X. We define a topological space Spé(F) called the espace étalé of F as
follows.

(1) As a set,
Spé(Z) = | | Zp.

We define a projection map
m: Spé(F) — X
Fp>s— P
For each open set U C X and each section s € .#(U), we obtain a map
5: U — Spé(F)
P+—— sp
which is a section of 7 over U, i.e., m o s = idy. Note that for every
inclusion V C U, we have
slv = slv.

(2) The topology on Spé(.%) is the topology generated by all subsets of Spé(.%)
of the form 5(U) for all U C X open and all s € #(U). Note that 7 is a

continuous map.
The espace étalé defines a sheaf .Z# where
FHU) = { continuous sections U — Spé(.F)}.
We obtain a morphism
0: F — F*

which we call the sheafification of .%.

We now have the following:

PROPOSITION 1.2.15. Let X be a topological space and let & be a presheaf of
sets on X.

(1) Op is bijective for every P € X.

(i) If F satisfies the sheaf property (3), then 6(U) is injective for every open
setU C X.

[Har77, Exer. I1.1.13,
Prop.-Def. 11.1.2]
[God73, 11.1.2]

[Tohokul, p. 154]

The espace étalé
description of a
sheaf is from
[SHC50/51, Exp.
XIV] and predates
the one given above.
The notation for the
sheafification in
[Har77] is #+. We
use the notation
Z# to match other
sources, for example
[Art62, §2.1].
[Har77, Exer. I1.1.13,
Prop.-Def. 11.1.2]
[God73, 11.1.2]



[Stacks, Tag 0080]

[Mur24ag, Def.
2.1.29]

[God73, T1.2.1,
I1.2.2]

[Har77, pp. 64-65,
p. 109]

[Mur24ag, Ex.
2.1.30]

[Mur24ag, Ex.
2.1.31]

(#i1) If F is a sheaf, then 6 is an isomorphism.

(iv) The sheafification is the left adjoint of the forgetful functor Sh(X) —
PSh(X) or Ab(X) — PAb(X), i.e., for every sheaf 4 on X, there is a
bijection

0*: Hom(Z%,9) = Hom(F,¥)
induced by precomposition by 6 that is functorial in both F and 4.

Proof. (i) holds by definition of the stalk .#p. (ii) and (i) follow from (i) and
Proposition 1.2.11.

For (iv), naturality in ¢ holds by definition as precomposition by €, and naturaliy
in .% holds by the fact that if #; — %5 is a morphism of presheaves, we have a
corresponding morphism 371# — 9}# of sheaves.

We want to show that 6* is bijective. This follows from the commutative diagram

7)) 229 F#U) —— TIpey Fr

| | J

6.
Y(U) s GHU) ——— Tpey %
where 0 (U) is an isomorphism by (iii): There exists an induced map F#(U) —
% (U) using that 0 (U) is an isomorphism, and this map is unique since the horizontal
maps on the right are injective by Proposition 1.2.11. O

1.3. The category of sheaves of modules has enough injectives

We now discuss sheaves of modules. These include sheaves of Abelian groups as
a special case, and will be the category of sheaves that we will work with for much
of the first part of this course.

1.3.1. The category of sheaves of modules.

DEFINITION 1.3.1. Let X be a topological space. Let O be a sheaf of rings on
X. A sheaf % of O-modules, or an O-module for short, is a sheaf of Abelian groups
such that every .Z(U) is a O(U)-module and the restriction maps p¥: .#(U) —
ZF (V) are maps of modules compatible with the ring maps p%/: O(U) — O(V). A
morphism ¢: % — ¢ of O-modules is a morphism of sheaves of sets such that each
F(U) — 4(U) is a morphism of O(U)-modules. This forms the category Mod(O).

A pair (X, O) where O is a sheaf of rings on X is called a ringed space. In this
situation, we often denote O by Ox and call it the structure sheaf.

ExXAMPLE 1.3.2. The 0 sheaf is a sheaf of O-modules. By properties of categories
of modules, we know that there are always unique morphisms 0 — % and % — 0,
i.e., the 0 sheaf is a 0 object in the category Mod(O).

EXAMPLE 1.3.3. If O = Z, then Mod(Zy) = Ab(X).

A very important fact about the category of sheaves of modules is that it
“behaves similarly” to the category of modules over a ring. The precise version of this
statement is that Mod(Ox) is an Abelian category. For the next few subsections,
we define the necessary terminology from category theory to make sense of this
notion.


https://stacks.math.columbia.edu/tag/0080
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1.3.2. (Pre)additive categories. To define (pre)additive categories, we need
to define (co)products.

DEFINITION 1.3.4. Let € be a category. Let {X;} be a set of objects in %.

(1) The product of the {X;} is an object [], X; together with projection maps
mi: [[; Xis = X such that for every object S with maps f;: S — X;, there
is a unique dashed morphism making the diagram

commute for all ¢, j. If {X,} is indexed over the natural numbers, we also
write X1 x Xp x --- for [, X;, especially for finite products.

(2) The coproduct of the {X;} is an object [[, X; together with inclusion
maps ¢;: X; — [ [, X; such that for every object T with maps g;: X; — T,
there is a unique dashed morphism making the diagram

X;

commute for all ¢, j. If {X,} is indexed over the natural numbers, we also
write X1 @ Xo @ - - - for [[, X, especially for finite coproducts.

DEeFINITION 1.3.5. Let € be a category. We say that % is an preadditive
category if the following condition holds.
(1) For all objects X,Y, Z in €, the hom sets Home (X,Y) are equipped with
the structure of an Abelian group such that the composition maps

Hom¢ (X,Y) x Homg (Y, Z) — Home (X, Z)

are bilinear.

We say that % is an additive category if it is preadditive and the following condition
holds.

(2) Finite products (including the empty product!) of objects in € exist.

The empty product is called the zero object in € and is denoted 0. On Homework
11 last semester, you showed that this zero object is also the empty coproduct, and
is simultaneously the initial object and the final object of the category.

[Wei94, A.1.9]
[Bor94a, Def. 2.1.1]

[Bor94a, Def. 2.2.1]

[Bor94b, Defs. 1.2.1,
Def. 1.2.6]

[Tohokul, §1.3]
[Weidd, A.4.1]
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1.3.3. Abelian categories. To define Abelian categories, we need to define
kernels, cokernels, coimages, and images.

DEFINITION 1.3.6. Let € be a preadditive category. Let f: X — Y be a
morphism.
(1) A kernel for f is an object ker(f) together with a morphism é: ker(f) — X
such that f o¢ =0 and such that for every commutative diagram

P

there is a unique dashed morphism making the diagram commute.

(2) A cokernel for f is an object coker(f) together with a morphism p: ¥ —
coker(f) such that po f = 0 and such that for every commutative diagram

\B

there is a unique dashed morphism making the diagram commute.

(3) If a kernel and cokernel for f exist, then a coimage for f is a cokernel for
ker(f) — X, and is denoted X — coim(f).

(4) If a kernel and cokernel for f exist, then an image for f is a kernel for
Y — coker(f), and is denoted im(f) — Y.

We can finally define Abelian categories. The definition below is due to
Grothendieck [Tohokul] but an equivalent definition due to Buchsbaum [Buc55]
appeared earlier.

[Buchb, Pt. I, §1] DEFINITION 1.3.7 [Tohokul, §1.4]. Let € be a category. We say that ¢ is an
[Har77, p. 202] Abelian category if it is additive and the following conditions hold.

[Weid4, Def. A.4.2] (AB1) All kernels and cokernels of morphisms in € exist.

[Bor94b, Def. 1.4.1] (AB2) For every morphism f in %, the morphism

coim(f) — im(f)

induced by the universal property is an isomorphism.

[Tohokul, p. 128] We say that a sequence

[Weid4, p. 426] T "

[Bo194b Def. 1.8.1] = X X s X

[GodT73, 11.2.5] in an Abelian category is exact if ker(f*) = im(fl_l) for every i.
[Wei94, Ex. A.4.4] EXAMPLE 1.3.8. Here are some examples of Abelian categories.
[B0194b Ex. 1.4.6.a] (1) The category Ab of Abelian groups.

[Har77, Ex. 111.1.0.1] (2) The category Mod(R) of modules over a ring R.

[

Har77, Ex. I111.1.0.2]

[Tohokul, §1.3]
[Weio4, A.1.6]
[Bor94b, Def. 1.1.5]
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1.3.4. Sheaves of modules form an Abelian category. For this class, the
following example of an Abelian category is (one of) the most important.

THEOREM 1.3.9 [Tohokul, Prop. 3.1.1]. Let (X,Ox) be a ringed space. The
category Mod(Ox) of Ox-modules is Abelian.

We break up this theorem into parts. The following is a worked out solution to
a problem appearing on Homework 11 from last semester. We denote by ¢: % — ¢
a morphism in Mod(Ox).

CramM 1.3.10. The kernel presheaf ker(¢) = {U — ker(p(U))} is a sheaf
and satisfies ker(op) = ker(p)p for every P € X. Moreover, ker(p) satisfies the
universal property of the kernel.

Proof. We first show that the kernel presheaf is a sheaf. Suppose that U = J, V;
is an open covering of an open set U. For sheaf condition (3), let s,t € ker(p(U))
such that s|y, = t|y, for all i. Considering s,t as elements of .#(U), we see that
s =t in F(U) by the sheaf condition (3) for %, and hence s = t in ker(¢(U)). For
sheaf condition (4), let s; € ker(¢(V;)) be such that

silvinv; = Sjlviny;

for all ¢,j. Considering the s; as elements of #(V;), we see that there exists an
element s € .#(U) such that s|y, = s; in Z (V) for all i by the sheaf condition (4)
for .Z. It remains to show that s € ker(¢(U)). Consider the commutative diagram

e (Vi)

Z (Vi) g(Vi)

where the vertical maps are the restriction maps. For each ¢, we see that
e(U)(s)lv, = ¢(Vi)(si) =0

by the commutativity of the diagram. By the sheaf condition (3) for ¢, we see that

e(U)(s) =0.

We now show that ker(pp) = ker(¢)p for every P € X. For every open set U,
we have the exact sequence

0 — ker(p(U)) — Z(U) 22 g (U).
These exact sequences fit into the commutative diagram

0 —— ker(p(U)) —— F(U) RAGIN

|
e(V)

0 — ker(p(V)) —— Z(V) 22 g(v)

g(U)

for all inclusions of open sets V' C U, where the vertical maps are the restriction
maps. Taking direct limits over all open sets containing P, we have the exact
sequence

0 — ker(p)p — Fp 2P g,

[Har77, Ex. I11.1.0.3]

[Har77, Exer.
11.1.2(a)]
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since filtered direct limits are exact [Mur24ag, Theorem A.6.1]. By the univer-
sal property of kernels in the category of Ox p-modules, we therefore have the
commutative diagram

with exact rows. Since kernels of isomorphic maps of modules are isomorphic, we
see that ker(¢)p — ker(¢p) is an isomorphism.

We now show that ker(y) satisfies the universal property of the kernel. Let
i: ker(¢) — % be the morphism defined by the inclusions ker(¢(U)) C .%#(U) on
every open subset U. We then see that ¢ o4 = 0 since (p 04)(U) = 0 for every open
subset U. Now consider the commutative diagram

kerﬁgp
\\

CAEL

T

We need to show that for every . fitting into this commutative diagram, there is a
unique map ¥ — ker(y) fitting into this diagram making the diagram commute.
On every open subset U, we have the commutative diagram

By the universal property of kernels in the category of Ox (U)-modules, there is
a unique map Y(U): .#(U) — ker(p(U)) making the diagram commute. We then
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consider the diagram

ker (¢ () 0
/ (%\

»(U)

N
S
S
S

ker(@(V)) -

7o LT

$(V) Fv) 2V g

S

where the vertical maps are the restriction maps and where every triangle or square
commutes except possibly for the leftmost square face involving ker(¢) and .. We
need to show that the compositions along this leftmost square face from #(U) to
ker(o(V)) are equal. It suffices to note that the composition #(U) — 4 (V) is
the 0 map, and hence the universal property of ker(¢(V')) implies that there is a
unique map .7 (U) — ker(p(V')) shown as a dashed red arrow in the diagram above
compatible with the map .7 (U) — .Z (V). We therefore see that the leftmost square
face involving ker(y) and . commutes. O

CraMm 1.3.11. Let %' be a sub-Ox-module of .%. Then, the natural morphism
F — F|F' is surjective with kernel F', and hence there is a short exact sequence

0—3F —F —ZF|F —0.

Proof. Denote by ¢ the quotient presheaf U — #(U)/.%#'(U). For every inclusion
V C U of open sets, we have the commutative diagram

0 —— FU) — Z(U) G(U) 0
0 —— FV) — F(V) G(V) 0

with exact rows. Taking direct limits over all open sets containing P, we obtain the
short exact sequence

0— Fp— Fp—% —0

since filtered direct limits are exact [Mur24ag, Theorem A.6.1].
We now consider the commutative diagram

0 F Zz % 0
| Js
0 F F F|F —— 0.

[Har77, Exer.
I1.1.6(a)]



[Har77, Exer.
I1.1.7(a)]
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Taking stalks, we obtain the commutative diagram

0 F, Fp Gp 0
| i
0 fllg Fp (9/?’)13 — 0

where the top row is exact and the right vertical map is an isomorphism since
sheafification induces an isomorphism on stalks. We therefore see that the bottom
row is exact, and hence the sequence

0—F —F —F|F —0.

is exact. Exactness at % /%' says that w: & — % /%’ is surjective. To show that
%’ is the kernel of 7, consider the commutative diagram

0 F F F|F —— 0

.

0 — ker(nr) — F —— F/F' —— 0
where the top row is exact and the left dashed map is induced by the universal
property of kernels from Claim 1.3.10. The bottom row is also exact by the fact
that ker(w)p — ker(mp) is an isomorphism by Claim 1.3.10. Finally, since on every

U, kernels of isomorphic maps of Ox (U)-modules are isomorphic, we see that the
map %’ — ker(r) is an isomorphism. O

CrLAIM 1.3.12 (The first isomorphism theorem in Mod(Ox)). We have
im(p) = .7 [ker(y).

Soluion. Recall that im(¢p) is defined to be the sheafification of the presheaf U +—
im(p(U)). For every inclusion V' C U of open sets, we have the commutative
diagram

0 —— ker(p(U)) —— F(U) — im(p(U)) —— 0

| | |

0—— ker(cp(V)) — F(V) — im(gﬁ(V)) — 0

with exact rows. Taking direct limits over all open sets containing a point P € X,
we obtain the top exact sequence in the commutative diagram

0 — ker(p)p —— Fp —— lim im(p(U)) —— 0
UsP
| | o
0 —— ker(p)p Fp im(p)p — 0

since filtered direct limits are exact. The right vertical map is an isomorphism since
sheafification induces an isomorphism on stalks. Thus, the bottom row is exact for
every P € X, and hence

0 — ker(p) — % — im(p) — 0
is exact. We therefore see that im(¢) = .% /ker(y) by Claim 1.3.11. O



[Har77, Exer.
I1.1.7(b)]
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CramMm 1.3.13. We have coker(p) = ¢4 /im(p). Moreover, the cokernel sheaf
coker(p) satisfies the universal property of the cokernel.

Proof. Recall that coker(ip) is the sheafification of the presheaf cokerp () defined by
U +— coker(¢(U)). For every inclusion V' C U of open sets, we have the commutative
diagram

0 —— im(p(U)) —— 9 (U) —— coker(p(U)) —— 0

| | |

0 —— im(p(V)) —— 4 (V) —— coker(p(V)) —— 0

with exact rows. Taking direct limits over all open sets containing a point P € X,
we obtain the top exact sequence in the commutative diagram

0 — lim im(p(U)) — 9p —— lim coker (p(U)) — 0
UsP UsP
zle {9

0 —— im(p)p “Yp coker(p)p — 0

since filtered direct limits are exact. The outer vertical maps are isomorphisms since
sheafification induces isomorphisms on stalks. We therefore see that the bottom
row is exact for every P € X, and hence

0 — im(p) — & — coker(p) — 0

is exact. We therefore see that coker(p) = ¢ /im(y) by Claim 1.3.11.

We now show that coker(y) satisfies the universal property of the cokernel. Let
p: ¥ — coker(y) be the morphism defined by taking the sheafification of the map
defined by 4(U) — coker(¢(U)) on presheaves. We then see that p o ¢ = 0 since
(po)(U) =0 for every open subset U. Now consider the commutative diagram

0 Cokgr(w)
(1.3.14) F—2 g 3y
0 \

We need to show that for every .7 fitting into this commutative diagram, there is a
unique map coker(p) — 7 fitting into this diagram making the diagram commute.
On every open subset U, we have the commutative diagram

“l

|

1

|

|
~

7.



[Har77, Exer.
I1.1.2(a)]
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By the universal property of cokernels in the category of Ox (U)-modules, there is a
unique map ¥P(U): coker(o(U)) — 7 (U) making the diagram commute. We then

consider the diagram
0 coker (¢ (U))
s

2, g W) /

k g(U) //

/

| —/coker (e(V))

0 //)'
/ p(V) | _—/
— /

V), q(v) /e

\\ w/
0 7(V)

where the vertical maps are the restriction maps and where every triangle or square
commutes except possibly for the rightmost square face involving coker(yp) and
7. We need to show that the compositions along this rightmost square face
from coker(¢(U)) to 7 (V) are equal. It suffices to note that the composition
F(U) — Z(V) is the 0 map, and hence the universal property of coker(¢(U))
implies that there is a unique map coker(p(U)) — .7 (V) shown as a dashed red
arrow in the diagram above compatible with the map 4(U) — .7 (V). We therefore
see that the rightmost square face involving coker(y) and 7 commutes. Finally,
taking sheafifications, we see that there is a unique morphism % : coker(p) = 7
making the diagram (1.3.14) commute since sheafification induces a bijection

Z(U)

F(V)

Hompmod(0x) (cokerp (), 9) = Hompog(oy) (coker(gp), 9)

by Proposition 1.2.15 (note that the proof can be performed in the category of
(pre-)sheaves of Ox-modules since the commutative diagram in the proof consists
of maps of Ox (U)-modules). O

Cramm 1.3.15. We have im(pp) = im(p)p for every P € X. Moreover, the
image sheaf im(yp) satisfies the universal property of the image.

Proof. By the universal property of kernels in the category of Ox-modules, we have
the commutative diagram

0 — im(p) —— ¥4 —2— coker(¢) — 0

| H
v

0 — ker(p) —— ¥4 —2— coker(¢) — 0

where the top row is the exact sequence obtained by combining Claim 1.3.11 and
Claim 1.3.13, and the bottom row is the exact sequence obtained by combining
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Claim 1.3.11 and Claim 1.3.12. Taking stalks, we obtain the commutative diagram

0 —— im(p)p —— ¥p —2 coker(p)p — 0

I
| H
<+

0 —— ker(p)p —— ¥p —2 coker(p)p —— 0

with exact rows. We therefore see that the left vertical map is an isomorphism since
kernels of isomorphic maps of Ox p-modules are isomorphic, and hence im(yp) —
ker(p) is an isomorphism by [Mur24ag, Proposition 2.1.14]. Since ker(p)p — ker(pp)
is an isomorphism and both satisfy the universal property of im(¢p), we therefore
see that im(¢)p — im(pp) is an isomorphism. O

We can finally show that Theorem 1.3.9.
CrLAM 1.3.16. Mod(Ox) is Abelian.

Proof. By Homework 11, Problem 2 from last semester, the category Mod(Ox) is

additive. By Claim 1.3.10 and Claim 1.3.13, Mod(Ox) has kernels and cokernels.

It remains to show that for every morphism ¢: % — ¢, the morphism coim(yp) —
im(p) induced by universal properties is an isomorphism.
We first construct this map. We have the commutative diagram

coim(¢)
//'4) 31y \\COker -

Since im(p) — coker(yp) (resp. ker(¢) — coim(¢y)) is the 0 map, there exists a unique
dashed map coim(p) — im(p) that makes the diagram commute by the universal
property of the coimage (resp. image). Taking stalks, we obtain the commutative

diagram
0 coim(¢p) 0
//,—) o \‘\)
YpP

ker(pp) Fp \ / Yp coker(pp)
0\9 im (i) /0

where ker(¢)p = ker(¢p) by Claim 1.3.10, coim(¢)p — coim(pp) by Claim 1.3.11
and Claim 1.3.12, coker(¢) p — coker(pp) by Claim 1.3.11 and 1.3.13, and im(p) p =
im(¢p) by Claim 1.3.15. The map ¢p is the same as that induced by the universal
property of coimages (or images) of Ox p-modules by the uniqueness part of the
universal property. Since the category of Ox, p-modules is Abelian, the map ¥ p is
an isomorphism. (I

[Tohokul, Prop.
3.1.1]
[Har77, Ex. 111.1.0.3]
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[Hocl7, p. 153]

[Hocl7, p. 153]
[Lan02, Thm.
[11.10.1]
[Tohokul, §1.8]
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1.3.5. Direct limits and inverse limits (not all covered in class).

DEFINITION 1.3.17 (Filtered partially ordered set). A partially ordered set (I, <)
is filtered or directed if, for any two elements i, j € A, there exists k € A with ¢ <k
and 5 < k.

In other words, any two elements of I have an upper bound.

ExXAMPLES 1.3.18. Here are examples of filtered partially ordered sets.

(1) Totally ordered sets, for example, the natural numbers N and the positive
integers.

) Finite subsets of a given set under C.

) Finitely generated R-submodules of an R-module under C.

) Finitely generated R-subalgebras of an R-algebra under C.

) Open neighborhoods of a point € X, where X is a topological space,
under D.

We now define direct systems and direct limits.

DEFINITION 1.3.19 (Direct system). Let (I, <) be a partially ordered set. A
direct system or direct limit system indexed by I in a category € is a functor [ — €
where I is considered as a category as in [Mur24ag, Example A.1.2(2)]. Explicitly,
for every element i € I, we have an object X; in %, and for all pairs i,j € I, we
have a morphism

fij: Xi — X]
such that
(1) fi =1dx, for every i € I.
(2) Whenever ¢ < j <k, we have fir = fjx o fi;-
If I is filtered, we say that the direct system is a filtered direct system.

DEFINITION 1.3.20 (Direct limit). Let {X;, f;;} be a direct system of objects
and morphisms in a category €. The direct limit of the system {X;, f;;} is an object
of € denoted by @Xi with morphisms {p;: X; — @Xi} such that ¢; o fi; = s
for all ¢ < j. Moreover, if Y € € is another object with morphisms {¢;: X; — Y}
such that 1; o f;; = 1; for all ¢ < j, then there is a unique morphism u: li_n;XZ- —Y
making the following diagram commute:

If the direct system is filtered, we call the direct limit a filtered direct limit.

EXAMPLES 1.3.21. Let % be the category of sets, groups, Abelian groups, rings,
R-modules, or R-algebras. (The examples below will work for any category where
the objects have an underlying set and a morphism is a function possibly satisfying
additional conditions.)

[Hocl7, p. 153]
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(1) Let Z be a fixed object in € and let {X;} be a filtered set of subobjects
of Z, partially ordered by inclusion. Then, the direct limit of the X; is the
union of these subobjects, and is called the filtered union.

(2) Let {X;, fi;} be a filtered direct system of objects and morphisms in €.

Then, the filtered direct limit exists and can be constructed as

lim X; := |_|X/f” )~ for all i < j.

If % is the category of Abelian groups or R-modules, then the direct limit
exists and can be constructed as

lig X; - @X/f” )zgj

where (f;;(z) — x)igj is the subobject generated by the elements f;;(x) — .
Next, we define inverse systems and inverse limits.

DEFINITION 1.3.22 (Inverse system). Let (I, <) be a partially ordered set. An
inverse system or inverse limit system indexed by I in a category % is a functor
I°P — € where I is considered as a category as in [Mur24ag, Example A.1.2(2)].
Explicitly, for every element i € I, we have an object X; in %, and for all pairs
1,7 € I, we have a morphism

fij: Xj — Xz
such that
(1) fi =1idx, for every i € I.
(2) Whenever ¢ < j <k, we have fir = fij o fjx.
If 1 is filtered, we say the inverse system is a cofiltered inverse system.

DEFINITION 1.3.23 (Inverse limit). Let {X;, fi;} be a inverse system of objects
and morphisms in a category €. The inverse limit of the system {Xj;, f;;} is an object
of € denoted by yLnXi with morphisms {m;: @X,» — X;} such that f;; om; =m;
for all i < j. Moreover, if Y is another object with morphisms {¢;: ¥ — X} such
that fi; o9; = 4, for all ¢ < 7, then there is a unique morphism u: Y — LX
making the following diagram commute:

If I is filtered, we say the inverse limit is a cofiltered inverse limit.

EXAMPLE 1.3.24. Let € be the category of sets, Abelian groups, rings, R-
modules, or R-algebras. The inverse limit exists and can be constructed as

@Xi = {(xl,l‘g,...) S HX’ fw(l‘]) = x; for all 4 2]}
% 4

[AK21, (7.4)]

[Hocl7, p. 155]

[Hocl7, p. 155]

[Hoc17, pp. 155-156]
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1.3.6. Grothendieck’s axioms. As we saw in the proof of Theorem 1.3.9, the
specific Abelian categories that we like to work with satisfy additional properties.
Grothendieck identified these properties as useful and defined the following additional
axioms (among others) for Abelian categories, and used them to give a general
criterion for the existence of “enough” injectives.

DEFINITION 1.3.25 [Tohokul, §1.5]. Let 7 be an Abelian category. We consider
the following axiom:
(AB3) For every family of objects {A;} in o7, the coproduct [, A; exists.

Traditionally, in an Abelian category coproducts are called direct sums and are
denoted P, X;.
We also formulate the dual axiom:

(AB3*) For every family of objects {A4;} in <7, the product [],; A; exists.
If & is an Abelian category satisfying (AB3), then it has all direct limits.

PROPOSITION 1.3.26 [Tohokul, Proposition 1.8]. Let o be an Abelian category
satisfying (AB3). Then, o/ has arbitrary direct limits (not necessarily filtered).

Proof. Consider the objects
s—Da - DDA
i€l Jel i<y
with insertion maps v;: 4; — S and w;;: A; — T. We then have two maps
dye: T — S:

X l
T gt S T ———ae—!——> S.
The cokernel for d — e is the direct limit we wanted. O

We can ask whether filtered direct limits are exact, which was the case for
Mod(R).

DEFINITION 1.3.27 [Tohokul, §1.5]. Let o/ be an Abelian category. We consider
the following axiom:

(AB5) The axiom (AB3) holds and filtered direct limits in &7 are exact.
We also formulate the dual axiom:
(AB5*) The axiom (AB3*) holds and cofiltered inverse limits in &7 are exact.

REMARK 1.3.28. (ABb5) is not Grothendieck’s original formulation. Our version
is equivalent to Grothendieck’s by [Tohokul, Proposition 1.8].
There are also axioms (AB4) and (AB6) which we will not define or use.

1.3.7. Additive functors and exact functors. Recall our goal is to describe
functors between Abelian categories like sheaf cohomology and how to work with
them. One way to think about this is that now that we know Mod(Ox) forms an
Abelian category, we want a good way to extract invariants from it with values
in Abelian groups, vector spaces, modules, or even in another category (for our
discussion, another Abelian category). For those of you taking the algebraic topology
class, this is the idea underlying homology and cohomology.
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We first define classes of functors that preserve additivity and exactness proper-
ties that exist in an Abelian category.

DEFINITION 1.3.29. Let F': o — £ be a covariant functor between Abelian
categories. We say that F' is
(1) additive if, for every pair of objects A, A’ in 7, the induced map
Hom(A, A’") — Hom(F A, FA’)

is a map of Abelian groups. (This makes sense even if o and £ are
preadditive.)

(it) left exact (resp. right exact, middle exact) if it is additive and if it sends
short exact sequences

0—A —A—A"—0
to exact sequence of the form
0— FA' — FA— FA"
FA — FA— FA" —0
FA — FA— FA”

respectively.
(#i1) exact if it is both left and right exact.
We use the same terminology for contravariant functors F': &/°? — . (The way
to remember which one is left or right is to think about what the final result looks
like—this is also why I prefer to denote contravariant functors by &7°P — % instead
of of — FB°P.)

Let us see some examples. We showed the following last semester (you will
prove the analogous statement for I'z (X, —) on Homework 1):

PROPOSITION 1.3.30. Let (X,Ox) be a rined space and let U C X be an open
subset. The functor
Mod(Ox) — Mod(I'(U, Ox))
F—T(U,ZF)
1s left exact.

Proof. Consider an exact sequence

0— 7 5H 757

We then have the sequence

0 — 1w,z 29 rw, 7) 2% 1w, #
that we need to show is exact. The sequence is automatically exact at T'(U, %)
since a morphism of sheaves is injective if and only if it is injective on sections by
[Mur24ag, (2.1.34)] (the morphism ker(¢) — 0 is an isomorphism if and only if it is
an isomorphism on stalks).
By functoriality, we know that the composition ¥ (U) o ¢(U) is the 0 map (you

can check the map is 0 on stalks since you can check that the image is 0 on stalks).

‘We therefore have the inclusion

im(p)(U) € ker(¢)(U)

[Har77, pp. 203-204]
[Wei94, Def. 1.6.6]
[Bor94b, Def. 1.11.1]
[

Tohokul, p. 126]

[Tohokul, p. 128]

[Har77, Exer. I1.1.8]
[GodT73, p. 133]



[Har77, Ex. I11.1.0.8]
[Tohokul, p. 128]
[CE56, Prop. 11.4.4]
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as sub-Ox (U)-modules of T'(U,.%#). It remains to show the opposite inclusion
im(p)(U) = ker(¢p)(U). We have the commutative diagram

0 —— w7 29 rw, 7)) XY rw, 27y

| | !

0 y}. $P yp Yp ﬁllgl

Suppose t € ker(y)(U). Then, ¢(U)(t) = 0, and hence
Y(U)(t)p = ¢p(tp) =0

for all P € U. Since the bottom row is exact, there exists sp € % such that
wp(sp) =tp. We claim we can lift sp to some s € #'(U). For each P, pick an open
set Vp > P and rp € %' (Vp) such that sp = (Vp,rp). For each W := Vp NV, we
have

e(W)(relw) = o(W)(rqlw) = tlw.
By injectivity of ¢ we have that

’I“p|W = ’I“Q|W.
By the sheaf property (4), the rp therefore glue to form a section s € .#(U). Thus,
since p(U)(s) =t for all P, we have ker(¢)(U) C im(p)(U). O

Another important example for us is:

PROPOSITION 1.3.31. Let &7 be an Abelian category and let M be an object in
of . Then, Homg (M, -) is a covariant left exact functor @7 — Ab and Homg (-, M)
is a contravariant left exact functor o/°P — Ab.

Proof. We can apply the first statement to 27°P to prove the second statement.
(Here, we are using the fact that the opposite category of an Abelian category is
Abelian. This is because additivity and the axioms (AB1) and (AB2) are self-duall)
It therefore suffices to show the first statement.
Consider a short exact sequence
0— A -5 A4 0.
We want to show that
0 — Hom (M, A’) — Hom, (M, A) — Hom, (M, A”)

is exact. Exactness on the left holds since if i 0 g = 0 for g € Hom (M, A’), then
the exactness of the original sequence and the universal property of kernels says
that g factors through 0, and hence must be the 0 map.

It remains to show that

im(HomW(M7 A") — Homy (M, A)) = ker(Homd(M, A) = Hom, (M, A”)).

The inclusion C holds since poi = 0. Conversely, suppose f € Hom (M, A) satisfies
po f =0. My the universal property of kernels, we obtain the commutative diagram

M
g .-~ 0
g Jf\
kg
!
A

By the commutativity of the diagram, we have g = f o . ([

0 A A" 0.
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Proposition 1.3.31 motivates the following:

DEFINITION 1.3.32 [Bae40, p. 804; CE56, p. 6 and p. 8]. Let &/ be an Abelian
category. We say that an object M of & is injective if the functor Homg (-, M) is
exact. In other words, given the solid commutative diagram below where A’ — A
is a monomorphism, there is a dashed map (not necessarily unique) making the
diagram commute:

00— A —— A

-
-
-
-
-
-
X

M.

We say that an object M of & is projective if the functor Hom., (M, ) is exact.

In other words, given the solid commutative diagram below where A - A” is an
epimorphism, there is a dashed map (not necessarily unique) making the diagram
commute:

The theme for a while will be: How can we fix the non-exactness of these two
functors? For Hom, what we want to do is to approximate a given object A by an
injective (resp. projective) one. For I, it turns out that injective objects will still
give us the correct answer. (We will show this later.)

In MA 557, we worked with many examples of projective modules. Free modules
and taking direct summands thereof gave many examples. A particularly interesting
example due to Kaplansky [Mur24ca, Example 7.9.1] used the hedgehog theorem
from differential topology to prove that a specific module over

R[X,Y, 7]
(X2 +Y2+22-1)

is projective but not free.

In an arbitrary Abelian category, you cannot always surject onto objects with
a projective object. But there is a general recipe to find injective objects due to
Grothendieck.

1.3.8. Monomorphisms, epimorphisms, and generators. To make sense
of Grothendieck’s result, we need a few more pieces of terminology.

DEFINITION 1.3.33. Let € be a category and consider a morphism u: A — B
in €. We say that u is a monomorphism, write A < B, and say A is a subobject of
B (resp. epimorphism, write A - B, and say B is a quotient of A) if

HOchg(C, A) — HOmcg(C, B)
VI —————— uUov
(resp. if
HOIn<g(B7 C) — HOIn<g(A, O)
wWr——— wou

[Wei94, p. 33, p. 37]
[Tohokul, §1.10]
[Har77, p. 204]

[Tohokul, p. 122]
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) is injective for every object C' in . Monomorphisms are the categorical versions
of injections one way to visualize monomorphisms is that in the diagram

Ci;A%B

if the two compositions are equal, then v = v’. Similarly, epimorphisms are the
categorical versions of surjections: in the diagram

A—"~ B i{ C
w
if the two compositions are equal, then w = w’.

We now define generators.

DEFINITION 1.3.34 [Tohokul, p. 134]. Let € be a category. We say that U is a
generator of € if, for every object A in ¥ and every monomorphism B < A that
is not the identity, there exists a morphism u: U — A that does not come from a
morphism U — B.

1.3.9. Grothendieck Abelian categories have enough injectives. We
can now formulate Grothendieck’s result. The case for Abelian groups is due to
Baer [Bae40, Theorem 3].

THEOREM 1.3.35 (Grothendieck [Tohokul, Théoréme 1.10.1]). Let o/ be an
Abelian category satisfying (AB5) and admitting a generator. Then, for every object
A in o, there exists a monomorphism A — M where M is an injective object.

In fact, we will construct a functorial embedding of objects into injective objects:
a functor A — M(A) from & to &/ and a natural transformation id, = M such
that for every object A in &7/, M(A) is injective and f(A) is a monomorphism
A — M(A). This theorem motivates the following:

DEFINITION 1.3.36. An Abelian category satisfying (AB5) and admitting a
generator is called a Grothendieck Abelian category. An Abelian category has
enough injective objects if every objects admits a monomorphism into an injective
object.

To prove Theorem 1.3.35, we need to make sure we are working with sets. The
existence of a generator will ensure that nothing we are working with is “too large.’
The following is a spelled-out version of the parenthetical remark in [Tohokul, p.
136]. The cofinality of an ordinal « is the smallest ordinal that is the order type of
a cofinal subset of a [Jec03, p. 31].

)

LEMMA 1.3.37. Let o be an Abelian category with a generator U. Let A be an
object of &/. Let k be the cardinality of Homg (U, A).

(i) There does not exist a strictly increasing (or strictly decreasing) chain of
subobjects of A indexed by a cardinal larger than k.
(i) If o is an ordinal of cofinality > k then any increasing (or decreasing)
sequence of subobjects of A indexed by « is eventually constant.
(#i1) The cardinality of the set of subobjects of A is < 2.

Proof. (i). Suppose k' > k is a cardinal and assume (A;);e, is strictly increasing.
By definition of a generator, for each i, there exists ¢; € Hom (U, A) such that ¢;


https://stacks.math.columbia.edu/tag/079H
https://stacks.math.columbia.edu/tag/0E8N
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factors through A;+;1 but not A;. The morphisms ¢; are distinct, contradicting the
definition of k.

(i) follows from the definition of cofinality and (7).

(#7i). For any subobject B — A, let Sp € P(Hom (U, A)), the power set of
Hom (U, A), be the subset

Sp = {d) € Homy (U, A) | ¢ factors through B}.

Then, B = B’ if and only if Sg = Sp:. Thus, the cardinality of the set of subobjects
is at most the cardinality of this power set. ([l

We now prove the following result, which is a version of Baer’s criterion [Bae40,
Theorem 1] but for arbitrary Grothendieck Abelian categories. Baer’s criterion is
the special case when &/ = Mod(R) and U = R.

LEMMA 1.3.38 [Tohokul, Lemme 1]. Let o/ be an Abelian category satisfying
(AB5) and admitting a generator U. Consider an object M of of. Then, M is
injective if and only if for every subobject V. — U, any morphism V. — M can be
extended to a morphism U — M.

Proof. = follows by definition of injectivity.
<. We want to construct an extension

0 —— B —— A

.
.
ul 7
-
X

M

of a morphism u: B — M. Consider the set P of extensions of u to subobjects of A
containing B, partially ordered by saying that (v1: By = M) < (va: By = M) if
and only if By < Bs and vs|p, = v1. Note that P is a set since there is a set of
subobjects of A by Lemma 1.3.37.

We want to apply Zorn’s lemma [Kurl922; Zor35] to P. Let T be a totally
ordered subset of P. By (AB5), we can then take the direct limit over elements in
T to obtain an upper bound (in P) for the totally ordered set T. By Zorn’s lemma,
there exists a maximal element in P. Replacing v by this maximal element, we may
assume that w: B — M is maximal.

We want to show that B = A. Suppose not. Since U is a generator, there exists
a morphism j: U — A that does not come from a morphism U — B. Consider the
Cartesian diagram

v
J
—

1% B
[l
U— A

Comparing universal properties, V' can be constructed as the kernel making the
sequence

id
v (73/) UaB (4 id) A
©



26

exact. Let B’ =im(U & B — A), which is a subobject of A strictly containing B.
We have the commutative diagram

(%)

v-2hvueB -1 B 0
¥ | 7
w\i{ L///U/
M.

By the universal property of cokernels, to define a morphism v: B’ — M, it suffices
to define a morphism w: U @& B — M such that wo ¢’ = 0. Let k be an extension to
Uofuoyj’: V— M. Let w be the morphism (k,u): U@ B — M. Then, woy’ =0
and v: B’ — M extends u, contradicting the maximality of w. O

We can now prove Grothendieck’s Theorem 1.3.35. A key technique in the proof
is transfinite induction [Sup72, pp. 195-197; Jec03, Theorem 2.14].

Proof of Theorem 1.3.35. Let A be an object of @/. Consider the co-Cartesian
diagram

@ P v-E=-14

V—U u€Hom(V,A)
(1.3.39) & 11(4)
).

b p v— mn

V—U u€Hom(V,A)

In other words, we consider the morphism

b Pp v—4aePdp E v

V—U ucHom(V,A) V—U ueHom(V,A)

where on each summand V the components are —u and the canonical insertion
map from V to the u-th direct summand on the right, and set M;(A) to be the
cokernel of this morphism. Note that the outer direct sums are indexed by a set
by Lemma 1.3.37 and that @ id is a monomorphism by (AB5). Note that every
morphism u: V' — A can be extended to a morphism U — M;j(A) by restricting to
the u-th direct summand.

We want to show that f;(A) is a monomorphism. First, since

e O v-D D v

V—U ueHom(V,A) V—U ueHom(V,A)

is injective, we see that the sequence

0—>@ @ V—>AEB@ @ U— M;(A) —0

V—U ueHom(V,A) V—U ueHom(V,A)
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is a short exact sequence. Comparing universal properties again, this means (1.3.39)
is also a Cartesian diagram. If K = ker(A — M;(A)), then we obtain the commuta-
tive diagram

~

Sy
& b v-—-4

V—U u€Hom(V,A)
@id\[ f1(4)
).

b p v— mi

V—U ucHom(V,A)

Since the left vertical map is a monomorphism, we see that the dashed map is 0.
This shows that K — A is the 0 map, i.e., K = 0.
We now repeat this construction transfinitely many times. Let « be an ordinal.
e (Base case) If « = 0, we set My(A) == A.
e (Successor ordinals) Given M, (A), we set My41(A) == My (M, (A)).
o (Limit ordinals) Let 8 be a limit ordinal. We set
M (A) = lim M, (4).
a<f
By transfinite induction [Sup72, §7.1, Theorem Schema 4; Jec03, Theorem 2.14], we
have now constructed functorial morphisms A — M, (A) for every ordinal a. These
morphisms are monomorphisms by (AB5).
To finish, let x be the smallest ordinal whose cardinality is strictly larger than
that of the set of subobjects of U, which exists by Lemma 1.3.37. We claim that

fu(A): A— M, (A)

works. We need to show that M, (A) is injective. By Lemma 1.3.38, we need to
show that in the diagram

there exists a morphism u: U — M, (A) making the diagram commute. Since

M,.(A) = lim M, (4),

a<lk
we know that
V = lim v (Mo (A))
a<k
by (AB5) (which we apply to say that filtered direct limits preserve kernels).

We claim that V factors through some M, (A). The inverse images v~ (M, (A))
form an increasing chain of subobjects of V' indexed by a cardinal strictly larger
than the cardinality of the set of subobjects of U by Lemma 1.3.37(iii). By
Lemma 1.3.37(i), this means that the sequence of v=1(M,(A)) is eventually station-
ary, and hence must equal V for some «. Finally, the morphism v: V' — M, (A) is
extended by u: U — My41(A) using the v-th direct summand in (1.3.39). O



[Wei94, Exer. 2.3.5]
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1.3.10. The category of sheaves of modules has enough injectives. We
now apply Grothendieck’s Theorem 1.3.35. Our convention for rings is that rings
are always commutative and have an identity element 1.

PROPOSITION 1.3.40. Let R be a ring. Then, Mod(R) has enough injectives.

Proof using Theorem 1.3.35. By Theorem 1.3.35, we need to check that Mod(R) is
a Grothendieck Abelian category: (AB5) holds by [Mur24ag, Theorem A.6.1], and
R is a generator. ([

We also give another proof, which has the advantage of being more concrete.
Note, however, that there are many categories that one comes across where there is
no obvious way to make a concrete construction like this.

Alternative proof. We first construct one injective module for R = Z. We claim
that Q/Z is injective. By Baer’s criterion (Lemma 1.3.38), since R is a generator, it
suffices to show that in the diagram

0 nZ Z

.
///
w37

Q/Z

the dashed map exists and makes the diagram commute. If a € Q/Z is the image
of n, then mapping 1 — a/n € Q/Z works.

We now consider the general case. First, Homgz (R, Q/Z) is an injective R-module
since

Homp( -, Homz(R, Q/Z)) = Homgz(-,Q/Z)
is an exact functor, where the isomorphism holds by tensor-Hom adjunction (the
version in [BouAlgl, Chapter I, §4, no. 1, Proposition 1], for example). Now consider

I(M) = 11 Homz(R, Q/Z).
peEHomp (M ,Homz(R,Q/Z))

This is injective since it is a direct product of injective modules. Moreover,
M —— I(M)
m — (p(m)),,
is injective. (]
PROPOSITION 1.3.41 [Tohokul, Proposition 3.1.1 and Corollaire]. Let (X, Ox)
be a ringed space. Then, Mod(Ox) has enough injectives.

Proof using Theorem 1.3.35. By Theorem 1.3.35, we need to check that Mod(Ox)
is a Grothendieck Abelian category: (AB5) holds by [Mur24ag, Theorem A.6.1]
since exactness can be checked on stalks. To construct a generator, let

Ju: U— X
be all possible open inclusions. We claim the object
P (iv)ou
UCX

is a generator. Consider a monomorphism % < ¢ that is not an isomorphism.
After replacing % by its image, we may assume that % C 4. Let U C X be
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an open subset such that #(U) C 4(U). Then, we can consider a morphism

=

Oy (U) = 4(U) mapping 1 € Oy (U) to an element not in the image. We obtain a
morphism Oy — ¢|y and applying (ji )1, the composition

(Ju)hOu — (u(@lv) — ¢
is a morphism not factoring through .%#. Here, the injection on the right holds by

[Har77, Exercise 11.1.19(c)] (Homework 1, Problem 2(c)). Combining this map with
0 maps for U’ # U, we see that By x(ju)1Ov is a generator. O

We can give a direct proof due to Godement [God73, Chapitre II, Théoréme
7.1.1] (see also [Tohokul, p. 156]).

Alternative proof. Let % be an Ox-module. For every x € X, let %, — I, be an
injection into an injective Ox z-module. Denote
ip: {a}— X

and consider the sheaf

I(F) = ][] lix)+1a-
zeX
We have a morphism .% — I(%) since

Homo, (F,1(.7)) = [ Homoy (Z, (ix)+ 1)

zeX

= [ Homo, , (i3.7, I.,)
zeX

= H Homoy  (Fa, 1)
zeX

where the isomorphism hold by definition of products and by [Har77, p. 110]
(Homework 1, Problem 5), respectively. The morphisms %, < I, therefore glue
together to give a morphism % — I(.%), which is injective since it is injective on
stalks. Finally, to show that I(.%#) is injective, it suffices to show that each (i).l,
is injective since direct products of injective objects are injective (direct products
are exact for the category Ab of Abelian groups). But this holds since

Homo, (-, (iz).Iy) = Homo, , ((i2)* -, 1)

is the composition of the stalks functor, which is exact, followed by the exact functor
obtained by Hom-ing into I,. Note that here, we are considering the space {x} with
the structure sheaf i;*Ox, which is just the constant sheaf associated to Ox 4 on

{z}. O

1.4. Derived functors and sheaf cohomology

1.4.1. Complexes. To define derived functors and cohomology, we need to
discuss complexes.

DEFINITION 1.4.1. Let & be an Abelian category. A (cochain) complex A*®
in «7 is a collection of objects A’ together with a collection of coboundary maps
di: A" = A"l in &7, both indexed by i € Z, such that d**! o d® = 0. We visualize
a complex as a sequence of objects and maps:

N -ty Ny L o

[Wei94, pp. 2-3,

p- 7]

[Tohokul, §1.7, Ex.
d

[Har77, p. 203]



[Tohokul, Prop.
1.6.1]

[Weid4, p. 3, p. 7]
[Har77, p. 203]

I prefer to use a
boldface h? instead
of Hartshorne’s
notation A’ because
the latter is often
used to denote the
k-vector space
dimension of the
sheaf cohomology of
a projective variety
over k.

[Wei94, Exer. 1.1.2]
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If the A® are only specified in a certain range (e.g., i > 0), then we set A* = 0 for
the other i. A morphism of complexes f: A®* — B*® is a collection of morphisms
fi: A* — B? for each i that commute with the coboundary maps d, i.e., such that
the following diagram commutes:

i—2 i—1 i i+1
dA dA dt“s dA

oo — A oAl A? Al A oL
(1.4.2) lfm lfi lfm
di;? g dit o dl . dight
. B B Bz+1

Complexes form a category Ch(«).

REMARK 1.4.3. By a complex in this course, we will mean cochain complexes.
This is the “algebraic” or “cohomological” convention—indices on complexes go
up as you compose maps in a complex. In topology, the opposite, “homological”
convention with chain complexes is often used—indices go down as you compose
maps in a complex. Traditionally, chain complexes are denoted with subscripts A,.

PROPOSITION 1.4.4. Let o/ be an additive category. Then, Ch(</) is an additive
category. If o satisfies (AB1), (AB2), (AB3), or (AB5), then Ch(«) satisfies the

same ariom.

Proof idea. Compute kernels, cokernels, and coproducts termwise. Check they
satisfy the desired universal properties. For (AB5), the fact that kernels and
cokernels are computed termwise means that exactness can be checked termwise. [

As a result, we can make sense of exact sequences of complexes.

The following is an intermediate definition. Ultimately, we will define sheaf
cohomology as the i-th cohomology module of a certain complex obtained from a
sheaf.

DEFINITION 1.4.5. Let o/ be an Abelian category. The i-th cocycles of a complex
A® are

Z1(A®) == ker(d'y)
and the i-th coboundaries of A® are

BY(A®) = im(d'y ).
The i-th cohomology object of A® is

o 28

(The way to remember the indices is that h?(A®) is a quotient of a subobject of A%.)
If f: A* — B*® is a morphism of complexes, then f induces a map

h'(f): h'(A®) — h*(B°®)
by the commutativity of (1.4.2). We therefore obtain a functor
h: Ch(e/) — .

Explicitly, the map is obtained as follows. First, we look at the following square in
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(1.4.2):

A g

Ai
i, b
Bi 4>i3 Bt
We now consider the kernels of the d’ to obtain the commutative diagram of solid
maps below:

ZYA®) —— A A, gin

= f’l lf"“

Zi(B*) —— Bi —2, pitL,

By definition of Z*(A®) := ker(d’,), the composition Z'(A®) — A" — A+l is
0. Thus, the composition Z?(A®) — B**! is 0. By the universal property of
Z'(B*) == ker(d%), there is a unique dashed map Z*(A4°®) — Z(B*) making the
diagram commute. Now the fact that A® and B*® are complexes means that the
maps B (A®) — A" and BY(B*) — B’ factor through A*(A®) and Z%(B®), i.e., we
can enlarge the commutative diagram to get the commutative diagram of solid maps
below:

AITL s Bi(A%) —— Zi(A®) —— AI T, g

fi‘ll 5! l fl Jf"'“

Bi—l Bz(Bo) Zz(Bo) Bi dp Bi+1.
By the universal property of BY(A®) := im(df;l)7 there is a unique dashed map
Bi(A®*) — BY(B®) making the diagram commute. Finally, by the universal property
of
h'(A*) = coker(B'(A®) — Z'(A*®)),

we obtain the map h'(f). The fact that this defines a functor can be seen by
imagining running through this argument with three rows in each commutative
diagram for a composition of morphisms

ALy pe 9 0
Using universal properties, the maps induced by go f on cocycles, coboundaries, and

cohomology objects coincide with the maps obtained by composing those obtained
for g and f. Thus,

h'(go f) =h'(g) o h'(f).
LEMMA 1.4.6. Let &7 be an Abelian category and consider a short exact sequence
0— A*— B*—C*—0
in Ch(«/). Then, there are maps 6°: h'(C*®) — hit1(A®) which yield a long exact
sequence
R S W (A7) — R(BY) — hi(C®) D R (AT —
natural in A®, B®,C*.

We use the snake lemma below. See [KS06, Lemma 12.1.1] for a proof of the
snake lemma that works in an arbitrary Abelian category.

[Har77, p. 203]
[Wei04, Thm. 1.3.1]
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Proof. Consider the commutative diagram

0 0 0

| | |

0 —— ZU(A®*) —— ZY(B*) —— Z!(C*)

| | |

0 A B C? 0
q| q] q]
0 Aitl Bitl o+l o
| | |
Ai+1 Bi+1 Ci+1
dAi dBi dC' 0
| | |
0 0 0.

The snake lemma implies that the top and bottom rows are exact. The rows in the
commutative diagram
dAi-1 dBi—1 dCi—1
| | gl

0 ZiJrl(Ao) f Zi+1(Bo) 9 Zi+1(co)

are therefore exact. Applying the snake lemma again, we obtain the commutative
diagram

hi(A*) — hi(B*) —— hi(C*)

| l l

A’ B! C?

dA-T dBi—1 dCi1
Jf— 4 |

0 Zi+1(Ao) f Zi+1(Bo) 9 Zi+1(co)

| | |

hi+1(Ao) hi+1(Bo) hi+1(co).

The snake map in the diagram is the morphism 6°. The long exact sequence is
natural in A®, B®, C*® because we can perform the same proof with two copies of each
commutative diagram connected to each other via the maps induced by A® — A’®,

B®* — B’*, C* — C'*, respectively. O
1/23 For later use, we also define the following:
[Har77, p. 203] DEFINITION 1.4.7. Let o/ be an Abelian category. Two morphisms of complexes

[Wei94, Def. 1.4.4]
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fyg: A®* — B*® are homotopic (written f ~ g) if there is a collection of morphisms
ki: A® — Bi~! for each i (which need not commute with the d’) such that

f—g=dk+ kd.

The collection of morphisms k = (k');cz is called a homotopy operator. If f ~ g,
then f and g induce the same morphism h?(A®) — h(B*®) on cohomology objects,
for every i [Wei94, Lemma 1.4.5].

1.4.2. Right derived functors and the definition of sheaf cohomology.
We are now ready to define right derived functors.

DEFINITION 1.4.8. Let o/ be an Abelian category. A right resolution of an

object A of &/ consists of a complex
C':{CO—>C’1 — -}
indexed by the non-negative integers together with a augmentation morphism
g: A — C* such that
0—A-S0° 0t — -

is exact. An injective resolution of A is a right resolution such that each C? is
injective. If &/ has enough injectives, then injective resolutions always exist by
applying Theorem 1.3.35 repeatedly to coker(e) and coker(d?):

coker(e)
/N o

NS

coker(d®).

0— A5 10 J2 — ...

Moreover, if A — B is a morphism, we have the commutative diagram

0 A 10 I
(1.4.9) J l l
0 B I° "

by repeatedly using the definition of injective objects. Any two injective resolutions
are homotopy equivalent [Wei94, Comparison Theorem 2.3.7] (see [Wei94, Compari-
son Theorem 2.2.6]) by using injectivity to construct the homotopy inductively.

DEFINITION 1.4.10 [Tohokul, §2.3]. Let F': o — /' be an additive (covariant)
functor between two Abelian categories. Suppose that <7 has enough injectives. For
every object A in &7, the right derived functors of F' are defined by setting

R'F(A) =h'(F(I*))

for an injective resolution A — I*. The action of R*F on morphisms is determined
by applying F' to the diagram (1.4.9) after deleting A and B.

As a definition, it is not clear R'F(A) is well-defined: Why is the definition
independent of the injective resolution chosen? There are of course more things
we want to show about R'F. For now, let us state the two main examples we will
study in this course.

[Tohokul, p. 143n3)



[Tohokul, p. 157]
[Har77, p. 207, Exer.
111.2.3]

[Tohokull, §4.2]
[Har77, p. 233]

[Har77, Thm.
IIL.1.1A]
[Wei94, Thm. 2.4.6]

[Wei94, Lem. 2.4.1]
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DEFINITION 1.4.11. Let (X, Ox) be a topological space. Let .% be an Abelian
sheaf.

(i) Consider the global sections functor with support in a closed subset Z C X
I'z(X, ): Ab(X) — Ab

defined by I'z(X, ) :=I'(X, 52(-)). The i-th sheaf cohomology group
of & with support in Z is
Hy(X,F) = (RTz)(F).
If Z = X, we call this module the i-th sheaf cohomology group of % and
write H'(X,.%). These modules are also called the i-th local cohomology
groups of ¥ with support in Z.
(#4) The functors Ext'(.#, -) are the right derived functors of Hom(.%, -) and

the functors &zt’(.Z, -) are the right derived functors of #om (%, -). We
will discuss these more later.

Here is the main existence result.

THEOREM 1.4.12. Let F: of — & be a left exact functor between Abelian
categories such that &/ has enough injectives.

(a) For every i > 0, R'F as defined above is an additive functor of — .
Furthermore, it is independent (up to isomorphism of functors) of the
choices of injective resolutions made.

(b) There is an isomorphism of functors F = RVF.

(¢) For every short exact sequence 0 — A" — A — A” — 0 and for every
i >0, there is a morphism 6*: R'F(A") — R F(A’) natural in the short
exact sequence fitting in the long exact sequence

<o —3 R'F(A") — R'F(A) — R'F(A") N R FA) — R F(A) — ---.

(d) For every commutative diagram

0 A’ A A" 0
L
0 B’ B B” 0

with exact rows, the §’s fit into the commutative diagrams
RIF(A") =2 Ri+IF(A)

l |

RIF(B") -2 R*1F(B).
(€) For every injective object I of o/ and for everyi > 0, we have R'F(I) = 0.

Proof Sketch. For (a), we compare two injective resolutions I®, J® using the diagram
(1.4.9) for A = B to obtain a chain map f: I* — J*. Any other chain map f’
comparing the two is homotopic to f, so the action on h? is well-defined. Similarly,
we can find a chain map ¢g: J* — I*®. The compositions f o g and g o f are both
homotopic to the identity. (e) now follows by letting I be its own injective resolution.
(b) holds by left-exactness.
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(¢) and (d) are harder. The idea is as follows. Given a short exact sequence as
written, we find resolutions fitting into the short exact sequence
0—1I*"—1I*"—1TI"—0

using [Wei94, Horseshoe Lemma 2.2.8]: we consider the diagram

and using the two maps A — I’ and A — I'?, we can fill in the diagram with
I0 .= 1'% @ IV, Tterating with the correspoding short exact sequence of cokernels,
we obtain an injective resolution for A. Now since I’® is a complex of injectives, we
can find a splitting of the inclusion I’® < I°®. Thus, the sequence

0— F(I'*) — F(I*) — F(I"*) — 0

remains exact. We then apply Lemma 1.4.6 to prove (c). Finally, to prove (d), we
need to construct injective resolutions for all the objects involved such that

0 I I° I 0
Ll
0 J'e Je Je 0

commutes, and then apply the naturality in Lemma 1.4.6. See [Wei94, Theorem
2.4.6] for details. U

1.4.3. §-functors. We want to give a universal property of derived functors.

To do this, we introduce a more general notion.

DEFINITION 1.4.13 [Tohokul, §2.1] (cf. [CE56, Chapter III]). Let o be an
Abelian category and let &/’ be an additive category. Let a,b € Z U {xoo} such
that a +1 < b. A (covariant) d-functor T': o7 — &/’ defined in degrees a < i < b is
a sequence of covariant additive functors

T=(T:o — ')

i€(a,b)
and connecting morphisms
8t THA") — THH(A)

for each short exact sequence 0 - A"’ - A — A” — 0 and a < i < b — 1 satisfying
the following axioms:

[Har77, p. 205]



[Har77, pp. 205-206]
See [McL10, p. 368]
for some discussion
of the set-theoretic
subtleties in this
definition.

[Tohokul, p. 140]
[Har77, Rem.
I11.1.2.1]

[Har77, p. 206]

[Har77, Thm.
IT1.1.3A]
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(i) For every commutative diagram

0 A A A" 0
Il
0 B’ B B” 0

with exact rows, the corresponding diagram
Ti(A//) L} Ti+1 (A/)

Ti(B//) st Ti-',—l(B/)
commutes.
(#4) For every short exact sequence 0 —+ A" — A — A” — 0, the sequence

(1.4.14) s THA) — THA) — THA") 25 T A — -
is a complex.

Suppose that &7’ is also Abelian. We say that T is exact if the sequence (1.4.14)
is exact for every short exact sequence 0 — A" — A — A” — 0. A cohomological
functor is an exact d-functor defined for all degrees.

If T and 7" are two d-functors defined for the same degrees, a natural transfor-
mation f: T = T’ is a sequence of natural transformations

such that for every short exact sequence 0 — A" — A — A" — 0, the diagrams

Tz‘(A//) s Ti+1(A/)

| |

T/i(A//) L) T/i+1(A/)
commute for all 7.

DEFINITION 1.4.15 [Tohokul, §2.2]. Let «, o/’ be Abelian categories. Let
T = (T")o<i<a be a covariant é-functor from & to &/’ where a > 0. We say that
T is a universal §-functor if for every é-functor 77 = (T"%); defined for the same
degrees and every natural transformation fO: 70 = T'0, there exists a unique
natural transformation f: T = T’ reducing to f° in degree 0.

Since universal d-functors are defined using a universal property, a universal
o-functor (if it exists!) is unique.
To prove universal d-functors exist, we use the following notion.

DEFINITION 1.4.16 [Tohokul, p. 141]. Let F': &/ — &/’ be an additive functor
between Abelian categories. We say that F' is effaceable if, for every object A in
&/, there is a monomorphism u: A < M such that F(u) = 0. If &/ has enough
injectives, this is equivalent to saying that F (M) = 0 for every injective object M.

PROPOSITION 1.4.17 [Tohokul, Proposition 2.2.1]. Let o, o/’ be two Abelian
categories and consider an exact §-functor

T = (T%)icpo,0): o — '
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where a > 1. If T" is effaceable for every i > 0, then T is a universal §-functor.

The converse holds if every object A in &/ admits an injective effacement
[Tohokul, Théoreéme 2.2.2], in particular if enough injectives exist.

Proof. By induction and relabeling, it suffices to show that if (7", T"1) is a -functor
defined in degrees 0,1 and f° is a natural transformation 7° = T'°, then there
exists a unique natural transformation (f°, f1): (7°,7%) = (77°,T"!) reducing to
£ in degree 0. Let A be an object of &/ and consider a short exact sequence

0—A-S5M-—A —0
such that T (u) = 0. Consider the commutative diagram
TO(M) —— T9%(A) —— TYA) —2— TY(M)
(1.4.18) l ifo(A,)
TO(M) —— T"(A") —— T (A)

14

~

where the first row is exact. There exists a dashed morphism making the diagram
commute by the universal property of cokernels since the composition T°(M) —
T''(A) is 0 by the fact that the bottom row is a complex. Since the first row is
exact, TY(A") — T(A) is an epimorphism. Thus, the morphism f!(A) is unique.

Next, we show that f!(A) does not depend on the choice of effacement u: A —
M. If we have another effacement v: A < N, then consider

vi:A— MON

which is still an effacement by additivity of the functor T'. We can then consider
the commutative diagram

TO(M & N) —— T%(AL) —— T(A) —2— THM @ N)

| |

TOM) —— T(A) —— TY(A) —2— TY(M)

l lf"(A’) lfl(A)

T/O(M) T/O(A/) T/l (A)

| | H

TO(M & N) —— T(AL) —— T'(A).

The composition T1(A) — T"'(A) in the third column is unique by using the
universal property of cokernels as before.

Finally, it remains to show that f! defined as above commutes with connecting
morphisms. Consider a short exact sequence

0—A—B—C—0.

Let B < M be an effacement. Then, A — B — M is also an effacement. Consider
the commutative diagram




[Har77, Cor. II1.1.4]

[Har77, p. 205]
[Weiod, 2.4.3]

1/28

[Har77, Prop.
111.1.2A]

[Weid4, Exer. 2.4.3]
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with exact rows. Constructing the f! maps as before, we have the diagram
T°(C) ——— TY(A)

~ 7

f(e) To(C") FHA)
|
al(ed)
T'°(C) J» T (A)

T/O(C/)

where the front left face commutes by the functoriality of f°, the front right face
commutes by the construction of f*(A) in (1.4.18), and the top and bottom faces
commute by the definition of d-functors. This shows the back face commutes. [

The following is a special case of [Tohokul, Théoreme 2.2.2].

THEOREM 1.4.19 [Tohokul, Théoréme 2.2.2]. Let F': o — o/’ be a left exact
functor between Abelian categories such that </ has enough injectives. Then, the
derived functors R'F exist and form a universal 0-functor with F = ROF. Con-
versely, if T = (T%);>0 is a universal §-functor, then T° is left exact, and the T*
are isomorphic to R'T° for all i > 0.

Proof. The derived functors R'F exist by Theorem 1.4.12. Since R'F(I) = 0 for all
i > 0 and &/ has enough injectives, we see that R'F is effaceable for every i > 0,
and hence the R'F form a universal §-functor.

For the converse, T is left exact by the definition of d-functors. Thus, the
derived functors R‘TY exist by Theorem 1.4.12, and also form a universal §-functor.
Since R°T? = T, we see that R'T° =2 T" for all i by uniqueness. O

1.4.4. Computing derived functors using acyclic objects. One difficult
aspect of our theory so far is: How can we actually compute derived functors in
practice? Injective resolutions are hard to compute, so it is not easy to use them in
practice.

We will explore multiple ways to compute sheaf cohomology. When we get
back to talking about schemes, we will explore different conditions on schemes that
make sheaf cohomology computable and satisfy finiteness properties. For now, we
want to find a way to use flasque sheaves to compute sheaf cohomology. This is the
definition taken in [God73, Chapitre II, §4].

We start with a general definition.

DEFINITION 1.4.20 [Tohokul, Théoréme 2.4.1, Remarque 3]. Consider a left
exact functor F': &/ — &/’ between Abelian categories with right derived functors
R'F. An object I of & is F-acyclic if R'F(I) = 0 for all i > 0.

PROPOSITION 1.4.21 [Tohokul, Théoréme 2.4.1, Remarque 3]. Consider a left
ezact functor F: o — ' between Abelian categories with right derived functors
R'F. Suppose there is a right resolution

(1.4.22) 0—A—J"—J — ...
where each J* is F-acyclic for all i > 0. For every i > 0, there is an isomorphism
R'F(A) 2 h'(F(J%)).
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A resolution of the form (1.4.22) is called an F-acyclic resolution. The proof
method below is called “dimension shifting” in [Wei94, Exercise 2.4.3].

Proof. We proceed by induction on i (where A is allowed to vary!). For i = 0, we
consider the exact sequence

0—A—J" — J.
Applying F', we obtain
0 — F(A) — F(JY) — F(JY).

We therefore see that F'(A) is isomorphic to h(F(J*)).
For 7 > 0, we consider the exact sequence

0—A—J'— A —0.

Note that 0 — A’ — J' — - .- is an F-acyclic resolution. Looking at the long exact
sequence for R'F', we obtain the isomorphisms

W (F(J' = J? =) 2 RTIF(A') = R'F(A)

for every i > 1, where the isomorphism on the left holds by inductive hypothesis.

‘We are now done since
hW ' (F(J' = TP =) =h"(FJ" = J' = J* = -.)). O

1.4.5. Flasque sheaves are acyclic. Our goal now is to show that flasque
sheaves are acyclic for the global sections functor I'(X, ).

LEMMA 1.4.23 [God73, Chapitre II, Lemme 7.3.2]. Let (X,Ox) be a ringed
space. Then, every injective Ox-module & is flasque.

Proof. Let .# be an injective Ox-module and let V' C U be open sets. We then
have the inclusion

0 — (Jjv)i10Ov — (ju)Ou

of sheaves of Ox-modules, where jy: V — X and jy: U < X are the respective
inclusion maps. Applying Hom( -, .#), we obtain the surjection

HOIn((jU)!OU, f) — Hom((jv)!OV, f) — 0.
This surjection is isomorphic to #(U) — #(V), and hence .# is flasque. O
We use dimension shifting again to show the following:

PROPOSITION 1.4.24 [Tohokul, Proposition 3.3.2, Corollaire]. Let X be a topo-
logical space. Suppose F is a flasque Abelian sheaf on X. Then, H(X,.#) =0 for
all i > 0.

Proof. We induce on i (where .# is allowed to vary). Since Ab(X) has enough
injectives, we can find an injective O x-module .# and a short exact sequence

00— — 9 —9—0.

Then, .7 is flasque by hypothesis, .# is flasque by Lemma 1.4.23, and ¢ is flasque
by [Har77, Exercise I1.1.16(¢)] (Homework 1, Problem 1(c)).
For the case i = 1, since .7 is flasque, we have the short exact sequence

0 —I'X, %) —TIX,7) —-I(X,9 —0

[Har77, Lem. II1.2.4]

[Har77, Prop. 111.2.5]



[Har77, Prop. II1.2.6]

[Har77, Lem.
111.2.10]

[Har77, Thm. I11.2.7]
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by [Har77, Exercise I11.1.16(b)] (Homework 1, Problem 1(b)). Since .# is injective,
we have H*(X,.#) = 0 for all i > 0. Looking at the associated long exact sequence,
the sequence

I'X,7) —T(X,9) -5 H(X,Z) — H'(X,7)=0

is exact, and hence H(X,.7) = 0.
For the case ¢ > 2, the long exact sequence yields the isomorphisms

H™YX,9) = H(X,.7)
for every i > 2. By the inductive hypothesis, the left-hand side is 0. a

In particular, we have the following result, which says that to compute sheaf
cohomology of an Ox-module, it does not matter whether we think of it as an
Abelian sheaf or an @ x-module.

PROPOSITION 1.4.25 [Tohokul, Théoréme 2.4.1, Remarque 3|. Let (X, Ox) be a
ringed space. We have the following commutative diagram of categories and functors

Mod(Ox) ——%0, Mod(I'(X, Ox))

FO"EEtJ/ J{Forget

Ab(X) D A

where in the first row, R'T (X, -) is computed using injective resolutions in Mod(Ox).

As a result, there is no ambiguity when we use the notation H*(X,.%).

Proof. We calculate the derived functors as Ox-modules using injective resolutions
in Mod(Ox). But injective sheaves are flasque (Lemma 1.4.23), and flasque sheaves
are acyclic (Proposition 1.4.24). We are done by Proposition 1.4.21. [

We can also compute sheaf cohomology of sheaves of the form i,.# where i is
the inclusion of a closed set.

LEMMA 1.4.26 [GodT73, Chapitre II, Théoreme 4.9.1, Corollaire; Tohokul,
Théoreme 3.5.1]. Let Y be a closed subset of a topological space X with inclusion
map i: Y — X. Let F be an Abelian sheaf on'Y . Then, we have isomorphisms

HY(X,i,.7) = H\(Y,F).

Proof. Let 0 — # — .#°* be an injective resolution on Y. The pushforward
0 — i..% — i,..7* is a flasque resolution on X: Exactness holds by [Har77, Exercise
I1.1.19(a)] and flasqueness holds by [Har77, Exercise I1.1.16(d)]. Both these exercises
were solved on Homework 1. O

1.4.6. Grothendieck’s vanishing theorem. We now come to the main
application of the theory so far: Sheaf cohomology vanishes beyond the Krull
dimension of a Noetherian topological space.

THEOREM 1.4.27 (Grothendieck vanishing [Tohokul, Théoréme 3.6.5]). Let X
be a Noetherian topological space of dimension < n. Then, H (X, %) = 0 for all
i >n and every Abelian sheaf F on X.
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When X is an algebraic variety and % is coherent (we will define this soon!),
Theorem 1.4.27 is due to Serre. See [FAC, n°® 53, Proposition 4] for the case of
curves, see [FAC, n° 52, Proposition 3] for the case of quasi-projective varieties, and
see [Ser57, Théoreme 2] for the case of algebraic varieties (in the sense of [FAC, n°
34, Définition]) in general.

Proving Theorem 1.4.27 requires some work. We start by proving how derived
functors behave under direct limits.

PROPOSITION 1.4.28 [Tohokul, Proposition 3.6.3(1)]. Let o« and </’ be two
Abelian categories satisfying (AB5). Suppose that o/ admits a generator. Let
T: o — @' be a left exact functor. For the right derived functors R'T to commute
with filtered direct limits, it suffices for the following to hold:

(a) T commutes with filtered direct limits.
(b) If M = hﬂMZ is a filtered direct limit of injective objects in <7, then M
is T-acyclic.

Proof. Let {A;};cr be a filtered direct system in o and let A be its direct limit.
We want to show that

lig RPT(A;) — RPT(A)

is an isomorphism.

We claim there exists a direct system {C?};ecr of complexes (with values in &7)
and an augmentation map {A4;} — {C?} such that for every i € I, A, — C? is an
injective resolution of A;. To show this, consider the category ind;(%7) consisting of
all direct systems of objects of Ab(X) indexed by I. If U is a generator for <7, then

@ Ei(U)

el

is a generator for ind;(<7), where ¢;(U) is the inductive system that is U at ¢ and 0
elsewhere (see [Tohokul, Proposition 1.9.2]). Now by Theorem 1.3.35, we see that
ind;(«7) has enough injectives. Since exactness is computed entrywise, we see that
if {M;} is an injective object, then each M; is injective. Now we can construct the
desired direct system {C? }ic; by taking an injective resolution in indy ().

Now by hypothesis, each C7 := hgz Cij is acyclic. (AB5) ensures that A — C* is
an acyclic resolution. Since T' commutes with filtered direct limits by the hypothesis,
the exactness of hﬂ on ind;(<’) implies

b (T(C*)) = lim b (T(CF)) = lim RPT(A;). O
iel iel
In order to apply Proposition 1.4.28, we need to verify the two hypotheses. We
start with T'(X, - ) permuting with direct limits.

LEMMA 1.4.29 [God73, Chapitre I, Théoréme 3.10.1]. Let X be a topological
space and consider a filtered direct system {.F;}icr of sheaves of sets on X. Consider
the direct limit presheaf

[Har77, Prop. 111.2.9]

[Har77, Exer. 11.1.11]
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and its sheafification

limy F; = <U — hgffi(U))#.

il iel
Suppose that X is Noetherian. Then, the sheafification map
lim”.7; — lim 7
s an isomorphism. In particular,
@F()Q F;) — F(X,liggﬂ)
il iel
s an isomorphism.

REMARK 1.4.30. The forgetful functors
Mod(Ox) — Ab(X) — Sh(X)

reflect isomorphisms, that is, a morphism in one of these categories is an isomorphism
if it is an isomorphism after applying a forgetful functor. This is because in the
category of modules or of Abelian groups, bijective morphisms are isomorphisms.
Thus, Lemma 1.4.29 applies to O x-modules or Abelian sheaves as well.

Proof of Lemma 1.4.29. Set F = hglc% For injectivity, suppose that
s, s e lim .7 (U)
iel
map to the same section in .%(U). Since a presheaf and its sheafification have the
same stalks, there exists an open covering U = ; U; such that

SI‘U]' _ S//|Uj
for all j. Since X is Noetherian, U is quasi-compact, and hence we can take a finite
subcover of the {U;} to assume that there are only finitely many U;. Now let ig be
an index for which s’, s’ are represented by elements

50,80 € Fi, (U).
For each j, we can find an index i; > ig such that sy|y,,sqglu, are equal after
mapping to .%;, (U;). We then see that s’, s” are represented by equal elements in
ymax{ij}(U)'
For surjectivity, let s € % (U). Since sheafification induces bijections on stalks
(Proposition 1.2.15(7)), for each P € U, there exists a section

sP e Fip(Up)
representing the germ sp € Fp of s at P. Replacing Up by smaller subsets and
using the definition of stalks as a direct limit, we may assume that the image of s”
in .#(Up) and s|y, coincide. Since X is Noetherian, U is quasi-compact, and hence

we can take a finite subcover of the {Up} to assume that there are only finitely
many Up, which we call Uy, Us, ..., U, with corresponding sections

51,82,...,80 € F;(U;).

ar

Replacing the s; by their images in Fp,ac;3(Uj), we can then glue the s; to a

section in Faxq;1(U). This section maps to s € % (U) by definition of the direct

limit. O
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As a consequence, we obtain:

LEMMA 1.4.31 [Tohokul, Lemme 3.6.4; God73, p. 163]. Let X be a Noetherian
topological space. Then, filtered direct limits of flasque sheaves of sets on X are

flasque.

Proof. Let V' C U be an inclusion of open subsets of X. This follows from the
commutative diagram

ling 7 (U) — (he 1%)( )
| |
Fi(V) s (@%)(V)

icl

li
iel

<.

where the left vertical map is surjective by the fact that each .%; is flasque and the
horizontal maps are bijective by Lemma 1.4.29. (]

COROLLARY 1.4.32 [Tohokul, Proposition 3.6.3(1)]. Let X be a Noetherian
topological space. Then, H (X, -) commutes with filtered direct limits of Abelian
sheaves.

Proof. The two hypotheses in Proposition 1.4.28 hold by Lemma 1.4.29 and by
Lemma 1.4.31 since injective sheaves are flasque by Lemma 1.4.23. U

We are now ready to prove Grothendieck’s vanishing Theorem 1.4.27. The
proof is a good example of how lots of proofs in algebraic geometry go: One uses
induction with respect to closed subsets to reduce to the irreducible case, and then
limit arguments to reduce to the finitely generated case. Eventually, we will reduce
to the case of considering sheaves of the form Zy .

Proof of Grothendieck’s vanishing Theorem 1.4.27. We fix some notation. If Y C
X is a closed subset with complement U, denote

Ul X+,
For any sheaf .7 on X, we set Fy =i, (F|y) and Fy = j(F|v), in which case
we have the short exact sequence

0— 9y —F — Fy —0
by [Har77, Exercise I11.1.19(c)].
We proceed by induction on n.
STEP 1. The case n = 0.
If n =0, then every %

STEP 2. The case n > 1. Reduction to the irreducible case.

Let Xj be the irreducible components of X [Mur24ag, Proposition 1.1.32].

Setting .#, == Fx,, we have the short exact sequence

O—>§—>@9‘k—>%—>0,
k

7 is flasque, and hence we are done by Proposition 1.4.24.

[Har77, Lem. I11.2.8]

[Har77, Prop. 111.2.9]



[Tohokul,
3.6.1]
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where Z has support contained in Y = |J,, 2 XkN Xy, which is of dimension < n — 1.
Here, the injection on the left holds by considering how functions glue on a closed
covering of an open subset U C X. We then have the exact sequence

H™NX, %) — H'(X,F) — P H'(X, F).
k

If i >mn, theni—1>mn—1, and hence
H™Y(X,%) = H(Y, %ly) = 0

by the inductive hypothesis, since #Z = i.(#|y) by looking at the short exact
sequence
0—%x_y —X%— Xy — 0

and noting that Zx_y = 0. It therefore suffices to show that H*(X,.%;) = 0 for all
1 > n. Since
H'(X, F) = H' (X, Z|x,)
and each X}, is of dimension < n, we may work one irreducible component at a time
to assume that X is irreducible.
STEP 3. The case n > 1. The irreducible case.

To simplify notation, we introduce the following:

DEFINITION 1.4.33 [Tohokul, p. 167]. Let .# be an Abelian sheaf on a topological
space X. Let {f; € #(U;)}ier be a family of sections on open subsets U; C X. Each
fi defines a morphism Zy, — %, and hence the family {f;} induces a morphism

(1.4.34) PHzv, — 7.
iel
We say that the family {f;} is a system of generators of .% if the morphism (1.4.34)

is a surjection.

Taking {fi} = Uycx F (U), we see that every Abelian sheaf .7 is generated by
some family of sections, and that every Abelian sheaf is the filtered direct limit of
subsheaves generated by a finite system of generators. By Lemma 1.4.29, we may
therefore assume that .# is generated by a finite system of generators {f;}1<i<m.

We now induce on the number of generators m.
SUBSTEP 3.1. The inductive step.

Let .#; be the subsheaf of .# generated by fi, fa,..., f; for each j < m. The
long exact sequence associated to the short exact sequence
o

ymfl

together with the inductive hypothesis and the m = 1 case proves the inductive
case.

0— Fpo1 — F — —0

SUBSTEP 3.2. The case m = 1.

We have the short exact sequence

0—X%—Zy — ¥ — 0.
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By the long exact sequence on cohomology, it suffices to show that H*(X,Zy) =0
and that H™ (X, %) = 0 for all i > n. The vanishing H*(X,Zy) = 0 holds by
considering the long exact sequence associated to

0—2Zy —2Z—2Zy —0
and induction on n = dim(X) since Z is flasque [Har77, Exercise I1.1.16(a)] and
dim(Y) < n by the irreducibility of X. The vanishing H*"!(X,%) = 0 holds if
Z = 0, and hence it remains to consider the case when Z# # 0. Let d be the least
positive integer that occurs in any of the groups %, as x € X varies. Then, there is
a nonempty open subset V' C U such that
Xy =d-Zly CZly.
We therefore see that % = Zy and we have a short exact sequence
x
0—Zyv S — 7 0.
Zy
The sheaf Z/Zy is supported on (U — V') C X, which is a closed subset of dimension

< m since X is irreducible. Thus, by the induction on n = dim(X) and the vanishing
for Zy shown above, we are done. ([






CHAPTER 2

Schemes

Now that we have set up the theory of sheaf cohomology, our goal in this chapter |1/30

to apply the theory to schemes. We have seen so far (especially on Homework 2)
that it is pretty difficult to compute sheaf cohomology using just what we have done
so far.

On schemes and many other ringed spaces, we will largely consider the sub-
category of coherent or quasi-coherent sheaves in Mod(Ox). For schemes, these
subcategories consists of Ox-modules that locally look like sheaves associated to
modules (in the coherent case, coherent modules) and contain many modules of
interest, like sheaves associated to vector bundles. We will see that on sufficiently
nice schemes, the associated sheaf cohomology sheaves can be computed in a simpler
way (using Cech cohomology) and satisfy nice finiteness properties on projective
varieties or more generally, relative to proper morphisms.

2.1. Quasi-coherent and coherent sheaves

To simplify notation, we use the following notation.

DEFINITION 2.1.1 [EGAT, .y, Chapitre 0, (4.1.2)]. Let (X,Ox) be a ringed
space. If j: U — X is an open subset, we set Oy = Ox|y and call (U,Oy) an
open subspace of (X, Ox) with the canonical inclusion morphism

J:+ (U, 0up) — (X, 0x)
where j#: Ox — 7.0y is the restriction map.

REMARK 2.1.2. Note that this notation clashes with the notation .Zy from the
proof of Grothendieck’s vanishing Theorem 1.4.27! Whenever structure sheaves are
involved, you should use this new definition and not the old one.

2.1.1. Quasi-coherent sheaves. We start by defining quasi-coherent sheaves.
We will eventually show that on schemes, this is the class of Ox-modules that
“come from algebra,” that is, they are sheaves associated to modules on affine open
subsets.

DEFINITION 2.1.3 [EGAL,e,,, Chapitre 0, (5.1.1)]. Let (X, Ox) be a ringed space
and let .% be an Ox-module. To give a morphism u: Ox — # of Ox-modules is
equivalent to giving a section s = u(1) € I'(X,.%#). This is because if s is given, then
for every section t € T'(U, Ox), we must have u(t) =t - (s|y). We say that u is the
morphism defined by the global section s. If I is an indexing set, consider the direct
sum Og) with injection maps h;: Ox — (’)gg). We see that there is a bijection

Homop, (ng,ﬁ) L Home, (Ox, Z)!

(A (uo hi)ie]

47

[Har77, Exer. 11.2.2]

[Har77, p. 121]



[Har77, p. 111]

This definition is
equivalent to the
definition in [Har77].
See [Har77, Exer.
11.5.4].

[Har77, Prop.
I1.5.8(a)]

[Har77, Ex. I11.5.2.1]

[Har77, Ex. 11.5.2.3]
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where the superscript on the right denotes the direct product. We therefore see that
morphisms u: Og) — Z are in one-to-one correspondence with families (s;);er of
global sections of .%.

We say that .7 is generated by the family (s;)ier if the morphism

(2.1.4) oV 7

defined by the family is surjective. We say that .# is globally generated if it is
generated by I'(X,.%), which by the previous paragraph is equivalent to saying that
there exists some surjective morphism of the form (2.1.4).

DEFINITION 2.1.5 [EGAI,,.y, Chapitre 0, (5.1.3)]. Let (X, Ox) be a ringed space
and let . be an Ox-module. We say that .# is quasi-coherent if, for every x € X
there exists an open neighborhood U of # and a morphism w: O[(JI ) O%}] ) for some
indexing sets I and J such that

(2.1.6) Flu = coker(Og) - Oé‘])).

Equivalently, .7 is quasi-coherent if, for every x € X, there exists an open neighbor-
hood U of x and an exact sequence of the form

o) 0 — Zly —0

for some indexing sets I and J. Quasi-coherence is preserved under f* by taking
the pullback of the map (2.1.6) [EGAIL,y, Chapitre 0, (5.1.4)].

For simplicity, we say quasi-coherent sheaf on X instead of quasi-coherent O x-
module. Quasi-coherent O x-modules form a full subcategory of Mod(Ox ), which
we denote by QCoh(Ox).

EXAMPLE 2.1.7 [EGAI,cy, Chapitre 0, (5.1.3)]. Let (X, Ox) be a ringed space.
Then, Ox and finite direct sums thereof are quasi-coherent.

Let us see one example of a non-quasi-coherent sheaf. When setting up the
theory for sheaf cohomology, we used the construction j; many times. This example
shows why the extra flexibility of working in Mod(Ox) is so useful despite the fact
that not all Ox-modules “come from algebra.”

EXAMPLE 2.1.8 (An Ox-module that is not quasi-coherent). Let X be a quasi-
projective variety in the sense of [Har77, Chapter I, §2] and let j: U — X be a
nonempty open subset.

We claim that .# = ji(Op) is not quasi-coherent. Let € X —U. We will show
that there cannot be an open neighborhood V' of x such that #|y is the cokernel of
a morphism

O%,I ) O‘(/‘] ),
By the discussion in Definition 2.1.3, it suffices to show that .#|y has no global
sections for all V' 3 z.

For our first argument, we consider the injection .% — Ox. We then have the

commutative diagram:

L(V,Z|y) —— [(V,0y)

| l

(gh/)x > OX,z
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where the top horizontal map is injective by the injectivity of .# «— Ox and the
right vertical arrow is injective by the fact that V is a variety [Mur24ag, Lemma
1.3.14]. Note that (F|v ), = F, = 0 by [Har77, Exercise I1.1.19(b)] (Homework 1,
Problem 2(b)). Since the composition I'(V, Z|y) — Ox,, is injective, this shows
that T'(V, #|v) = 0.

We give another proof following [MM16]. Let i: Z < X be the closed comple-
ment of U. Consider the short exact sequence

0 —>j!OU — OX —>i*(OX|Z) — 0

from [Har77, Exercise 11.1.19(c)] (Homework 1, Problem 2(c)). Restricting to V' and
taking sections, we obtain the left exact sequence

0—T(V,Z|y) — T(V,0y) — D(VN Z,0v|vnz).

We claim the map on the right is injective. Let 4, : {z} < X be the inclusion of =
in X. We have the sequence of maps

Oy — i4i Oy — Guigaiy i Oy — iyigaiy, i "y
where we use i to also denote the inclusion VNZ < V and where J#;, is the constant
sheaf of rational functions on V. Restricting then taking sections over V', we obtain
the map

F(V, Ov) — F(Vﬂ Z, OV|VOZ) — Oy — K(V)7

which is injective since regular functions on V form a subring of the ring of rational
functions on V. Thus, I'(V,Oy) - T'(V N Z,Ox|vnz) is injective. This shows that
L, Zlv) =o.

REMARK 2.1.9. The notion of quasi-coherence defined in Definition 2.1.5 works
well for schemes but not for arbitrary ringed spaces. See, for example, [Con06, §2.1],
where Conrad discusses the case of rigid-analytic spaces.’

2.1.2. Sheaves of finite type and of finite presentation. In MA557
(Commutative Algebra), we saw that over Noetherian rings, various finiteness
properties of modules coincide, like finite generation (also called finite type) and
finite presentation [Mur24ca, Theorem 7.5.2]. For Ox-modules, we have to deal
with the same ambiguity. The possible lack of quasi-coherence also causes issues.

DEFINITION 2.1.10 [FAC, n° 12, Définition 1; Tohokull, p. 185]. Let (X, Ox)
be a ringed space and let % be an Ox-module. We say that .Z is of finite type
if, for every x € X, there exists an open neighborhood U of x such that %|y is
generated by a finite family of sections on U, i.e., Z|y is isomorphic to a quotient
of a sheaf of the form OF, for a non-negative integer p. Equivalently, .% is of finite
type if, for every x € X, there exists an open neighborhood U of = such that % |y
fits into an exact sequence of the form

O — Flu — 0
for a non-negative integer p. “Finite type” is preserved under f* by taking the

pullback of the surjection OF, -+ Z|y [EGAL,c,, Chapitre 0, (5.2.4)].

1Technica11y, rigid-analytic spaces are not ringed spaces, but Conrad’s discussion applies to
other types of non-Archimedean analytic spaces as well.

[EGALicw, (0, 5.2.1)]



[Har77, Exer.
I1.5.6(c)]

[Har77, Prop. IL.5.7]
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REMARK 2.1.11. An Ox-module of finite type is not necessarily quasi-coherent.
For example, consider the quotient Ox /%, where % is as constructed in Exam-
ple 2.1.8. This is because we have a short exact sequence

0—% —>0x —0x/F —0

and if Ox /% were quasi-coherent, then % would be by [EGAI,.,, Corollaire
2.2.2(1)] (to be shown later).

We prove some properties of sheaves of finite type for all ringed spaces. While
usually stated for coherent sheaves in algebraic geometry, this shows how the tools
of commutative algebra are useful even if you are not working on a scheme.

PROPOSITION 2.1.12 [FAC, n°® 12, Proposition 1; EGAI,.,, Chapitre 0, Proposi-
tion 5.2.2, Corollaire 5.2.2.1, and Corollaire 5.2.2.2]. Let (X, Ox) be a ringed space,
let F,9 be Ox-modules, and let x € X be a point. Suppose that F is of finite type.

(i) Suppose (si)1<i<n are sections of F on an open subset U C X. Suppose
the s; » generate F,. Then, there exists an open subset V- C U containing
x such that the s;  generate F, for ally € V.

(i) If u: F — 9 is a morphism such that u, = 0, then there exists an open
neighborhood U of x such that u|y = 0.

(tit) If v: 9 — F is a morphism such that v, is surjective, then there exists

an open neighborhood V' of x such that v|y is surjective.

(iv) Supp(F) is closed.

For the following statements, suppose that (X, Ox) is a locally ringed space.
(v) Supp(F) ={z € X | #,/m,.F, # 0}.

(vi) If 4 is also of finite type, then Supp(F ®Ro, ¥) = Supp(F) N Supp(¥).

Proof. (i). Let (tj)1<j<m be sections of .# on an open set U’ C U containing z

that generate §|’U, Since the s; , generate .#,, there exist sections a;; on an open
subset U” C U’ containing = such that

n
tjo = E Q4,2 Six
i—1

for all 1 < j < m. We conclude that there exists an open subset V' C U” containing
x such that for all y € V', we have

n
iy = E Qijy Siy
1=1

for all 1 < j < m, in which case the s; , generate %, for all y € V.

(1v) holds by applying (7) to the case n =1 and s, = 0. (iv) implies (i77) and
(i) since coker(v) and im(u) are of finite type.

(v) holds by NAK [Mur24ca, Lemma 2.3.8], and implies (vi) since the tensor
product of nonzero k(z)-vector spaces is nonzero. O

LEMMA 2.1.13 [EGAL,qy, Chapitre 0, (5.2.9)]. Let (X,Ox) be a ringed space.
Consider a short exact sequence

0—F —9 —#—0

of Ox-modules.
(1) If 9 is of finite type, then J is of finite type.
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(i) If & and H are of finite type, then & is of finite type.

Proof. (i) holds by definition.

(7i). Since the question is local, after replacing X by an open subset, we
may assume that # and ¢ are generated by finitely many sections (s;)1<i<n and
(tj)1<j<m on X, respectively, and that the sections ¢; lift to sections t} of 4. Then,
¥ is generated by the t; and the images of the s;. O

Next, we consider sheaves of finite presentation. These are called pseudo-
coherent in [Tohokull, p. 185], but the term pseudo-coherent means something
different today.

DEFINITION 2.1.14 [Tohokull, p. 185]. Let (X, Ox) be a ringed space and let
Z be an Ox-module. We say that .# is of finite presentation if, for every x € X,
there exists an open neighborhood U of z and a morphism u: OF, — O, for p,q
non-negative integers such that

(2.1.15) F|u = coker(OF, - OF;).

Equivalently, .# is of finite presentation if, for every x € X, there exists an open
neighborhood U of x such that 7|y fits into an exact sequence of the form

or -5 O0f, — Fly — 0

for some p, ¢ non-negative integers. Such an Ox-module is both of finite type and
is quasi-coherent. Finite presentation is preserved under f* by taking the pullback
of the map in (2.1.15).

A useful fact about sheaves of finite type and finite presentation is the following
result, which for affine schemes is a special case of “Hom commutes with flat base
change” [Mur24ca, Proposition 7.7.4].

PROPOSITION 2.1.16 [Tohokull, Proposition 4.1.1]. Let (X,0Ox) be a ringed
space and let F,9 be Ox-modules. For every x € X, there is a natural morphism

Homoy (F,9)e — Homoy , (F2, %)

This morphism is injective (resp. bijective) if F is of finite type (resp. finitely
presented).

Proof. For every open neighborhood U of z, there is a natural morphism
Homo, (Z|v,¥4|v) — Homo, , (Zu, %,).

Taking direct limits over all U > x on the left-hand side, we obtain the morphism.
Since the question is local, after replacing X by an open neighborhood of x, we
may assume that .# has a presentation

(9;;” — F —0
where J is finite in the finite type case and
0§§> — OE(J) — F —0

where both I and J are finite in the finite presentation case. Applying #ome, (-,¥),
which is left exact (since it is on sections over each U), we obtain the left exact

[EGAL ey, (0, 5.2.5)]

[Har77, Prop. I11.6.8]
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definition in [Har77,
p. 111] in general.
They are equivalent
when X is a locally
Noetherian scheme.
See [Har77, Exer.
I1.5.4].
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sequence in the top row of the commutative diagram

0 —— Homoy (F,9)s — Homo, (0{),9) —— Homo, (05),9)

| [ |

0 — Homo, , (2, %) — Homo,, (0),%,) — Homo, , (0{),,%.)

where in the finite type case, we only work with the left square. The middle vertical
map is an isomorphism in either case since J is finite and both modules represent
the same data as specifying |J| elements of ¥4,. When % is of finite presentation,
the right vertical map is an isomorphism since I is finite. O

COROLLARY 2.1.17 [EGAI, .y, Chapitre 0, (5.2.7)]. Let (X,0Ox) be a ringed
space and let F,9 be Ox-modules of finite presentation. Let x € X be a point
such that F, = 9,. Then, there exists an open neighborhood U of x such that
Flv =Y.

Proof. If ¢: #, — 9, and Y: 9, — F, are mutually inverse, then Proposi-
tion 2.1.16 implies there exists an open neighborhood V' 3 x and sections u and v
of Homo, (F,¥) and FHomo, (¥, F) over V such that u, = ¢ and v, = 1. Since
(uow), =idg, and (vou), = idg,, by Proposition 2.1.16, there exists an open
subset U C V' containing x such that (uov)|y =idg|, and (vou)|ly =idyg|,. O

2.1.3. Coherent sheaves. We can now define coherent sheaves. The first
version of this definition is from complex analytic geometry [SHC51/52, Exposé 15,
Définition 3 and Exposé 18, Définition 1]. The fact that the sheaf of holomorphic
functions on a complex manifold is coherent is a deep result known as Oka’s coherence
theorem [Oka50].

Serre introduced the definition for algebraic varieties in [FAC, n® 12, Définition
2]. Tt is important to remember that in algebraic geometry, we are pretty spoiled:
The fact that our spaces will usually come from gluing spectra of Noetherian rings
means that the algebraic analogue of Oka’s coherence theorem basically follows from
definition of Noetherianity. As an aside, this shows how far-reaching and powerful
Noether’s original insights are!

DEFINITION 2.1.18 [FAC, n° 12, Définition 2; EGAT, .y, Chapitre 0, (5.3.1)].
Let (X,Ox) be a ringed space and let % be an Ox-module. We say that # is
coherent if it satisfies the following two conditions:

(a) 7 is of finite type.
(b) For every open subset U C X, every integer n > 0, and every morphism

uU: OZ — 54\|U,
the kernel of w is of finite type.

By definition, every sub-Ox-module of finite type of a coherent Ox-module is
coherent. By definition, every coherent Ox-module is of finite presentation.

For simplicity, we say coherent sheaf on X instead of coherent Ox-module.
Coherent Ox-modules form a full subcategory of QCoh(Ox), which we denote by
COh(Ox)
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The four classes of Ox-modules are related in the following manner:

coherent == finite presentation =——= quasi-coherent

!

finite type.

Note that the three classes on the right are preserved under f*. This is not the case
for coherence without extra hypotheses.

So far, we have seen that finite type sheaves satisfy some nice formal properties
with respect to exact sequences (Lemma 2.1.13). The following result shows why
coherent sheaves are even nicer to work with.

PROPOSITION 2.1.19 (“2 out of 3” property for coherent sheaves [FAC, n® 13,
Théoreme 1; EGAI,.,,, Chapitre 0, Proposition 5.3.2]). Let (X,0Ox) be a ringed
space and consider a short exact sequence

00— -9 7 —0

be a short exact sequence of Ox-modules. If two of the three sheaves are coherent,
then the third sheaf is also coherent.

Below, we use the snake lemma [KS06, Lemma 12.1.1] a few times. If you are
worried about the fact that we are working with Ox-modules and cannot chase
elements, we are using the snake lemma to check surjectivity of morphisms, and
hence one could also pass to stalks and apply the usual snake lemma for modules.

Proof. We proceed in steps.
STEP 1. If 4 and 7 are coherent, then % is coherent.

Since the question is local, after possibly replacing X by an open subset, we
may assume there exists a surjective morphism w: O% — ¢. Consider the following
commutative diagram:

0 —— ker(vow) oY =% 0
0 F “ G —— H 0

Since S is coherent, ker(v o w) is of finite type. Now by the snake lemma [KS06,
Lemma 12.1.1], since w is surjective, the map .# — % induced by the universal
property of the kernel is also surjective. Thus, .# is of finite type, and hence
coherent.

STEP 2. If % and ¢ are coherent, then J# is coherent.

Since ¢ is of finite type, we know that 2 is also of finite type by Lemma 2.1.13(3).
It remains to show that J# satisfies the condition (b). Consider a morphism
f: Of — |y and let (s;)1<i<n be the corresponding sections of 7 over U. Since
the question is local, after replacing X by an open subset of U, we may assume
that there exist n sections s, of ¢ over U such that s; = v(s}), and that F|y is
generated by sections (t;)1<j<m over U. Now consider the morphism

w: O™ — G|y

[Har77, Prop. IL.5.7]
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defined by the n sections s and the m sections u(¢;). These morphisms fit into the
commutative diagram

0 0
| |
ker(w) —— ker(f) ----- y 0
! |
ot —— O 0
wl if
0 Flu = Y\u ‘ Ay 0.

By the universal property of ker(f), there is a map ker(w) — ker(f) that we claim
is surjective. It suffices to show surjectivity after passing to stalks at every z € U.
Suppose ¢, € ker(f),. Let ¢, € C’)}};m be a lift of ¢,. Then, (vow)q, = 0, and
hence by exactness, there exist h;, € Ox , such that

w(q;) + Z hj,:c u(tj)m =0.
j=1
Thus, the germ r, = ¢}, +(hj.); € C’)}};m is in ker(w), and p(r;) = g.. We therefore
see that ker(f) is of finite type as desired.
STEP 3. If & and S are coherent, then ¢ is coherent.
By Lemma 2.1.13(i7), we know that ¢ is of finite type. It remains to show that

& satisfies the condition (b). Consider a morphism f: OF — ¢|y and consider the
commutative diagram

0 —— ker(vo f) o vol H |y
| s |
0 Zlu Yy —— Hly —— 0

where the morphism ker(v o f) — Z|y exists by the universal property of kernels.
Since # is coherent, ker(v o f) is of finite type. Since the question is local, after
possibly replacing U by a smaller subset, we may assume that ker(vo f) is generated
by finitely many sections over U. Let OF —» ker(v o f) be the corresponding
surjection. Note that the image of OF in OF is ker(v o f). We therefore have the
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commutative diagram

ker(w) — ker(f) ——— 0

| ! l

on or — 5 imwo f) —— 0
| [ |

0 Flv —— Yu - Ky 0

where the middle row is exact. By the snake lemma [KS06, Lemma 12.1.1], the top
row is exact. Since ker(w) is of finite type by the coherence of .7, we see that ker(f)
is of finite type as desired. O

COROLLARY 2.1.20 [FAC, n°® 13, Théoréme 1, Corollaire and Théoréme 2, n°® 14,
Propositions 4 and 6; EGAI,.,, Chapitre 0, Corollaire 5.3.5 and Corollaire 5.3.8].
Let (X,0x) be a ringed space.

(7) Finite direct sums of coherent Ox-modules are coherent.

(#4) Suppose u: .F — 9 is a morphism of coherent Ox-modules. Then, im(u),
ker(u), and coker(u) are coherent, and hence Coh(Ox) is an Abelian
category.

(#i1) Suppose F and 4 are coherent Ox-modules. Then, F Qo, ¥ and
Htomo (F,9) are coherent.

Proof. (i) follows immediately from Proposition 2.1.19.

(#4). By Lemma 2.1.13(¢), im(u) is of finite type. Since it is a subsheaf of a
coherent sheaf, we see that im(u) is coherent. For ker(u) and coker(u), we apply
Proposition 2.1.19 to the short exact sequences

0 — ker(u) — % —— im(u) — 0,
0 — im(u) — ¥4 — coker(u) — 0.
(#i7). Since the questons are local, after possibly replacing X by an open subset,
we have the right exact sequence
o5 — 0% — F —0.
Since tensor products are right exact, we obtain the right exact sequence
Of R0y ¥ — 0% ®oy Y — F @0, 9 — 0.

The left and middle sheaves are isomorphic to P and 49, respectively. By (i) and
Proposition 2.1.19, we are done. For 5#om, we use the left exactness of Hom and
Proposition 2.1.16 to obtain the left exact sequence

0 — Homo (F,9) — Home, (0%,9) — Homo, (0%,9).

The middle and right sheaves are isomorphic to 47 and 4P, respectively. By (7) and
Proposition 2.1.19, we are done. (]

To guarantee nice behavior under pullbacks, we have the following:

DEFINITION 2.1.21 [FAC, n° 15, Définition 3; EGAI, .y, Chapitre 0, (5.3.9)].

Let (X,Ox) be a ringed space. We say that Oy is a coherent sheaf of rings if Ox
is coherent as a Ox-module.

[2/4]

[Har77, Prop. 11.5.7]

[Har77, Exer.
I11.6.3(a)]



[Har77, Prop.
I1.5.8(b)]

[Har77, p. 70]

[Mum67, Ex. A,
p. 135]
[Har77, Ex. 11.2.3.1]

[Mum67, Ex. B,

p. 136]

[Har77, Ex. 11.2.3.3,
Exer. 11.2.10]
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If Ox is a coherent sheaf of rings, every Ox-module % of finite presentation is
coherent: Locally, % is the cokernel of a map between direct sums of finitely many
copies of Ox, which are coherent by Corollary 2.1.20(¢). Cokernels of such maps
are coherent by Corollary 2.1.20(ii).

We add this last comment to the chart of implications from before:

Ox_(loh.

R\ . .
coherent == finite presentation == quasi-coherent

!

finite type.

ExAMPLE 2.1.22. Let X be a complex manifold. Then, the sheaf Ox of germs
of holomorphic functions on X is coherent by Oka’s coherence theorem [Oka50].
This is a deep theorem from several complex variables. For a textbook account, see
[H6r90, Theorem 6.4.1].

We can also say something about pullbacks.

LEMMA 2.1.23 [EGAI, .y, Chapitre 0, (5.3.14)]. Let f: X — Y be a morphism
of ringed spaces and suppose that Ox is coherent. Then, for every finitely presented
Oy -module 4, the pullback f*4 is coherent. In particular, if 4 is coherent, then
f*9 is coherent.

Proof. Pullbacks of finitely presented sheaves are finitely presented and the coherence
of Ox implies finitely presented Ox-modules are coherent. ([l

2.2. Affine schemes

Our next goal is to understand quasi-coherent and coherent sheaves on schemes.
Before doing so, we review the definition of schemes.

2.2.1. Review of spectra of rings. We start with spectra of rings.

DEFINITION 2.2.1 [EGAI,qy, (1.1)]. Let A be a ring. As a set, the spectrum
Spec(A) of A is the set of prime ideals in A. As a topological space, the closed sets
in Spec(A) are sets of the form

V(I) = {p € Spec(A) | I Cp}
for every ideal I C A. This topology is called the Zariski topology .

When we think of Spec(A) geometrically, we sometimes denote its points by z,
in which case the corresponding prime ideals are denoted by p,.

Let us see some examples.

EXAMPLE 2.2.2.

(a) Spec(k) for a field k consists of one point (0).

(b) (The affine line) A} := Spec(k[z]) is the affine line over k. This space
consists of two types of points: The generic point £ = (0) and closed
points (f), where f € k[z] is an irreducible polynomial. If k is algebraically
closed, for example when k = C, these points are (x — a)) where « € k
by the Nullstellensatz [Mur24ca, Theorem 5.3.3]. However, if k is not
algebraically closed, there are more points. For example, if £ = R, then
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the set of closed points in Spec(k[z]) corresponds to the closed upper half
plane in C because roots of irreducible quadratic polynomials come in
conjugate pairs.

(¢) Spec(Z). This ring is a PID, and we can visualize this space as the “number

line” together with the generic point (0).

L g

2 3

T
~

......

FIGURE 2.1. Spec(Z). From [Mum67, p. 137].

(d) (A trait) If R is a DVR (i.e., a discrete rank 1 valuation ring), then
T = Spec(R) consists of two points ¢y := (w) and t; := (0), where
w is a uniformizer for R. The topology is such that #y is closed and

{t1} = Spec(R). This relationship can be summarized as

tl ~ tOv

)

which is read as “t( is a specialization of t1” or “t; is a generization of t;.’

2 ~
[mM] [(o)]

FIGURE 2.2. A trait, i.e., the spectrum of a DVR. From [Mum67, p. 138].

(e) (Polynomial rings over PIDs) For R a PID, we have the following description

of Spec(R[x]):

THEOREM 2.2.3. Let R be a PID and consider the polynomial ring
in one variable over R. Let P C R[x] be a prime ideal.

) P=(0), or P = (f) with f prime, or P is mazimal.

) If P is mazximal, then either P = (f) with f prime, or P = (p,g) for
p € R prime and g € R[x] such that its image in (R/(p))[x] is prime.

Rlz]
(i
(ii

Proof. Suppose P # (0) and P is not principal. Then, there exist two
polynomials f1, fo € P with no common factor. After possibly replacing
f1 and fo by prime factors (which lie in P by the assumption that P is
prime), we may assume that f; and fy are prime. Set K to be the fraction
field of R, i.e., the field obtained from R by adjoining an inverse for every
nonzero element in R. Gauss’s lemma implies that f; and f5 are relatively
prime in K[z]. Since K|z] is a PID, there exist hq, hy € K[z] such that
h1f1 + hofs = 1. Clearing denominators gives PN R # 0. Since R is a
PID, we have P N R = (p) for a prime element p € R.
Now set k := R/(p), which is a field. Set

Q=P (R[z]/(p)) C Rlz]/(p) = klz].

We then have
klz]/Q = R[z]/P.

[Mum67, Ex. C,
p.1137]
[Har77, Exer. I1.2.5]

[Mum67, Ex. D, pp.
137-138]
[Har77, Ex. 11.2.3.2]

The letter T is used
to stand for the
French word trait
[EGATLcw, (5.5.1)].
Some example
translations are line,
stroke, or dash, but
the word also refers
to connections as in
“avoir trait a.”

[Mum67, Ex. E, pp.
138-139, Ex. H, pp.
141-143]

[Har77, Ex. 11.2.3.4]
[AK21, (2.26)]
[Rei95, (1.5)]
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FIGURE 2.3. Spec(k[z,y]) and Spec(Z|x]). From [Mum67, p. 139, p. 141].

Now since P is prime, these rings are domains, and hence we have Q = (¢’),
where ¢’ € k[z] is prime. Moreover, k[z]/Q is a field since @ is in fact
a maximal ideal by the fact that k[z] is a PID. Now choosing g € R[z]
mapping to ¢’ under the quotient map R[z] — k[x], we are done. O

For R = kly] and R = Z, Mumford draws particularly nice pictures.
See Figure 2.3. Note that the case when P = (f) is maximal actually
occurs: If (V,w) is a DVR, then

(wz —1) C V[z]
is a maximal ideal.

2.2.2. Review of sheaves associated to modules. To define the structure
sheaf on Spec(A), we will construct sheaves on Spec(A) from A-modules. The
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distinguished open sets
D(f) == Spec(4) = V(f)
form a basis for the Zariski topology on Spec(A) since

ViD= (V= X-vI)=JDW.
fel rér
The basic idea of this definition is that we know from commutative algebra that
Spec(Ay) LN D(f) C Spec(A)

since prime ideals not containing f are in bijection with prime ideals in A¢. There
is therefore a nice candidate for what the value of Ogpec(a)(D(f)) should be: It
should be Ay! Using [EGAIL,e,, Chapitre 0, §3.2] (which you studied in Homework
10, Problem 3 last semester), we can make the following definition.

DEFINITION 2.2.4 [EGAT, ¢y, Définition 1.3.4]. Let A be a ring and let M be
an A-module. The sheaf M associated to M is the sheafification of the presheaf
defined by the basis of principal open sets by sending

D(f) — My

for every principal open set D(f). The structure sheaf for X := Spec(A) is the
sheaf Ox := A. We therefore consider Spec(A) as a ringed space (Spec(A), A).

By definition in [EGAI,.,, Chapitre 0, §3.2], we have
. #
M = (V — l&n Mf> .
D(f)cV

Note that by definition, the presheaf in the parentheses on the right maps to M,
and hence we have maps

0r: Ay — T(D(f), A)
0p: My — T(D(f), M)
of Ay-algebras and Ay-modules, respectively.
We recall some properties of the sheaf M.

PROPOSITION 2.2.5 [EGAT, ., Chapitre 0, (3.2.4), p. 198]. Let A be a ring with
spectrum X = Spec(A) and let x € X be a point. For every A-module M, we have

A, = A, and M, = M,,
as Ay, -modules.
Proof. See [Mur24ag, Proposition 2.2.5]. (]
PROPOSITION 2.2.6 [EGAI, .y, Proposition 1.3.5]. Let A be a ring. The functor
Mod(A) — Mod(A)
M——— M

s exact.

Proof. See [Mur24ag, Proposition 2.2.6]. O

In [Har77, p. 70,

p. 110], Hartshorne
gives a different (but
equivalent)
definition in terms of
the espace étalé.

[Har77, Props.
11.2.2(a), 1L5.1(b)]

[Har77, Prop. 11.5.2]



[Har77, Props.
11.2.2(b),(c),
I1.5.1(c),(d)]

[Har77, Exer. II1.6.7]
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PROPOSITION 2.2.7 [EGAI,y, Proposition 1.3.6]. Let A be a ring and let M be
an A-module. Consider an element f € A. Then,

My = M|p(s).
Proof. See [Mur24ag, Proposition 2.2.7]. |

THEOREM 2.2.8 [EGAL,q, Théoréme 1.3.7]. Let A be a ring and let M be an
A-module. For every f € A, the map

0p: My — T(D(f), M)

is bijective, and hence the presheaf D(f) — My defined on principal open sets is in
fact a sheaf. In particular,

0r: M — I‘(Spec(A),M).
Proof. See [Mur24ag, Theorem 2.2.10]. O

2.2.3. Serre’s equivalence for affine schemes. Our next goal is to show
that M — M is an equivalence of categories Mod(A) — QCoh(Ogpec(a)). We first
show that the functor M — M is fully faithful.

COROLLARY 2.2.9 [EGAI,.y, Corollaire 1.3.8]. Let A be a ring and let M, N be
an A-module. Then, the homomorphism

Homy (M, N) — HomA(]\;[,]\?)
Uur————— 14
is bijective. In particular, M = 0 if and only if M = 0.

Proof. Consider the canonical map

Hom 4 (M, N) — Homy, 4 (I'(M),T(N))

N T'(v).

By Theorem 2.2.8, the A-module on the right is naturally isomorphic to Hom 4 (M, N).
We want to show that u — @ and v — I'(v) are mutually inverse. We know that
I'(a) = u by definition of 4. Conversely, given v € Hom ;(M, N), the induced map

w: T(D(f), M) — T'(D(f),N)
fits into the commutative diagram
M —— N
Mf Y Nf

where the vertical maps are the localization maps by Theorem 2.2.8. By the
universal property of localization [Mur24ca, Theorem 10.2.6], we know that w = uy
for every f € A. By the definition of the action of M — M on maps, we see that
(T(v))™ = . |

We now prove the following theorem, which explains why quasi-coherent sheaves
are sheaves that “come from algebra.” Condition (a) is the definition of quasi-
coherence in [Har77, p. 111].

[Har77, Exer. I1.2.1]



[Har77, p. 111, Exer.
I1.5.4]
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THEOREM 2.2.10 [EGAI, ey, Théoréme 1.4.1]. Let A be a ring, let X = Spec(A),
and let F be an Ox-module. The following three conditions are equivalent.
(a) There exists an A-module M such that F = M.
(b) The sheaf F is quasi-coherent.
(¢) The following two properties hold:
(cl) For every f € A and every section s € T'(D(f), %), there exists an
integer n > 0 such that f"s extends to a section of F on X.
(c2) For every f € A and every section t € I'(X,.F) such that t|ps) =0,
there exists an integer n > 0 such that f™t = 0.

Proof. (a) = (b). Let M be an A-module such that .# = M. Then, M has a
presentation

AD AV M — 0.

Applying the functor (T), which is exact by Proposition 2.2.6, we obtain the
presentation

oﬁ? — Og) — F —0
which shows that .% is quasi-coherent.

(b) = (c). We proceed in steps.
STEP 1. The case when .% = M for an A-module M.

By Proposition 2.2.7 and Theorem 2.2.8, we have the isomorphism
M; = T(D(f),M).

We first show (c1). A section s € T'(D(f), M) corresponds to an element
z/f" € My where z € M. We then see that f™s corresponds to the element
z/1 € M under this isomorphism. The element z € M gives a section of .# = M on
X extending f™s, proving (cl).

We now show (¢2). A section t € T'(X, M) corresponds to an element 2’ € M,
and the restriction of 2’ to D(f) corresponds to the image 2’/1 of 2’ in My. By the
definition of localization, z’/1 = 0 in M implies f"z' = 0 in M for some n > 0. We
see that for the same n, we have f™t = 0.

STEP 2. The general case.

Since X is quasi-compact [Mur24ag, Proposition 2.2.9], the definition of quasi-
coherence implies there exist finitely many elements g; € A such that X = J, D(g;)
and we have presentations

Al — AV — Z|p gy — 0.

In this case, the exactness (Proposition 2.2.6) and the fully faithfulness (Corol-
lary 2.2.9) of the functor (-) shows that 7 |p,,) = N; for an A, -module N;. By
Step 1, Z|p(q,) satisfies (c1) and (¢2). Step 1 also shows that

F|p(g)nne;) = F Dgig,)
satisfies (c1) and (¢2).
We first show (¢2). Since D(f) N D(g;) = D(fg;), for every 4, there exists an
integer n; such that (fg;)"'t|p(,) = 0. Since the image of g; in A, is invertible, we
have f"it|pg,) = 0. Setting n = max{n,}, we see that f"t =0 on X.

[Har77, Exer. I1.5.4]
[Har77, Lem. I1.5.3]



[Har77, Exer. I11.5.3]
[ECALyey, (1.7.1)]
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To prove (cl) for %, we apply (cl) to F|p(,,). For every i, there exists an
integer n; > 0 and a section s} € I'(D(g;), %) extending (fg;)"*s|p(¢4,)- Since the
image of g; in A, is invertible, there exists a section s; € I'(D(g;), %) such that
s; = g;"s; and such that s; extends f"s|p(¢4,). After possibly replacing the n; by
n = max{n,; }, we may assume the n; are equal to a fixed number n. By construction,

(si = $5)ID(5)ND(g:)ND(g;) = (8i — $7)[D(fg:g;) = O-

By (c2) applied to F|p(g,,), there exists an integer m;; > 0 such that

(fgigj)mij (i — Sj)|D(gz‘9j) =0.

Since the image of g;g; in A,,,; is invertible, we see that
e (si - sj)|D(91:Qj) =0.

After possibly replacing the m;; by m = max{m,;}, we see there exists a section
s’ € T'(X,Z) extending the f™s;. This section extends f™*"s, proving (c1).

(¢) = (a). We first describe an auxiliary construction. Consider the morphism
i: (Spec(A),A) — ({x},A)
of ringed spaces. We then have the isomorphism
(2.2.11) Homo, (M,.7) = Homy (M, T(X, 7))

by [Har77, p. 110] (Homework 1, Problem 5) since M 2 i*M. Plugging in M =
I'(X, %), we obtain a morphism u: M — % of A-modules. Explicitly, since the
D(f) form a basis for the topology on X, it suffices to define a morphism

up: My — T(D(f), F)

satisfying the usual compatibility conditions. Since the image of f in Ay is invert-
ible, the universal property of localization [Mur24ca, Theorem 10.2.6] yields the
commutative diagram

M — (X, 7)

X
l LOD(f)

M; — T(D(f), 7).

The compatibility of the morphisms s follows by the uniqueness part of the universal
property.

We now use property (c1) (resp. (¢2)) to show that the uy are surjective (resp.
injective), which will show (a). If s € T'(D(f),.#), then by (cl), there exists an
integer n > 0 such that f™s extends to a section z € M. Since us(z/f") = s, this
shows that uy is surjective. If z € M is such that uy(z/1) = 0, then z|p(s) = 0. By
(¢2), there exists an integer n > 0 such that f"z = 0, and hence z/1 = 0 in M.
This shows that uy is injective. (|

We can restate what we have shown as an equivalence of categories. I am used
to calling it Serre’s equivalence for affine schemes, although this terminology does
not seem to be widespread. Serre proved this statement for coherent sheaves on
affine varieties [FAC, n° 49, Théoréme 1].



[Har77, Cor. 11.5.5]
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COROLLARY 2.2.12 [EGAI,,y, Corollaire 1.4.2 and Corollaire 1.4.3]. Let A be a
ring and let X = Spec(A). We have an exact equivalence of categories

Mod(4) <+~ QCoh(Ox)

M M
NX,#) «—— Z.

In particular, the functor T'(X, -) is exact on QCoh(X). Moreover, M is of finite
type (resp. of finite presentation) if and only if M is of finite type (resp. of finite
presentation).

Proof. The equivalence of categories follows by combining Corollary 2.2.9 and
Theorem 2.2.10.

It remains to show the “Moreover” statement. The direction < follows by
choosing a presentation for M and using the exactness of the functor M +— M
(Proposition 2.2.6).

For the direction =, since X is quasi-compact, we know there exist finitely
many elements fi, fa, ..., fr € A such that D(f;) cover X and such that for every i,
the localization My, is an Ay,-module of finite type (resp. of finite presentation). In
the finite type case, let 21, 2;2, . .., 2is, De a set of generators for My,. Take n large
enough such that fz;; € M for all i, j. The collection { f*z;;}: ; generates M since

Azl 50 [fl'z11 = fiz1sy fo'zon - [l 2rs, ] M

is surjective after localizing at every prime ideal p C A. For finite presentation, we
do the same thing once to obtain a surjection A? =+ M and another time to obtain
a surjection AP — ker(A? — M). Here, we use [Mur24ca, Lemma 7.10.2] to say
that the kernel of A} — My, is finitely presented. O

As a consequence, we obtain the following;:

COROLLARY 2.2.13 [EGAIL,y, Corollaire 1.3.12(7),(i7) and Corollaire 1.7.7]. Let
A be a ring and let M, N be two A-modules.

(i) There is a natural isomorphism
(M®aN)> =5 M®;N.
(it) If M is of finite presentation, then there is a natural isomorphism
(Homu (M, N))™ = Hom ;(M,N).

(ii1) Let ¢: A — B be a ring map and let u: X — S be the morphism of
corresponding affine schemes. For every A-module M, we have

w*M =5 (M ®4 B)™
and for every B-module N, we have
(Nig)) ™ = ueN,
where (- ), denotes restriction of scalars.

Proof. Briefly, (i) and (i7) hold because tensor products commute with localization

and Hom commutes with localization when the first argument is of finite presentation.

We describe what maps are used in each of the arguments below.

[BouCA, I1.5.2,
Prop. 3, Cor.]

[Har77, Prop.
11.5.2(b)]

[Har77, Exer. I11.6.7]

[Har77, Prop.
I1.5.2(d),(e)]
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(73). The sheaf 4 = (Hom (M, N))™ is the sheaf associated to the presheaf

D(f) —

9 (D(f
on principal open sets U = D(f) C Spec(4). On the other hand, ¥(D(f)) is
naturally isomorphic to

)) = Homg, (My, Ny)

(Homa (M, N)), = T(D(f),9)

by the fact that Hom commutes with flat base change [Mur24ca, Proposition 7.7.4],
where the isomorphism is from Theorem 2.2.8. Since the construction of these
isomorphisms is compatible with restriction in Proposition 2.2.7 and Theorem 2.2.8,
we are done.

(7). Ideally one can just observe that they satisfy the same universal property
using bilinear maps and then apply the equivalence in Corollary 2.2.12. However,
because the universal property of tensor products talks about bilinear maps, and
the equivalence as stated does not know about these, we need to proceed differently.

One proof is via tensor-Hom adjunction, which you show in [Har77, Exercise
I1.5.1(c)] (Homework 3, Problem 1(c)). We have

Homo, (M ®4 N)~, -) ¢— Homu (M ®4 N,T'(X, -))

— Homu (M,Homx (N, T(X, -)))

— Homop, (M, Homoy (N, - )

«— HOmoX(M Koy N, )
where the first and third isomorphisms hold by Corollary 2.2.9, the third isomor-
phism uses (ii), and the second and fourth isomorphisms hold by tensor—-Hom
adjunction for modules [Mur24ca, Theorem 7.6.1] and Ox-modules [Har77, Exercise
I1.5.1(c)] (Homework 3, Problem 1(c)), respectively. By the Yoneda lemma [Mur24ca,
Corollary 4.6.3], we are done.

Another proof uses the definition of (). The sheaf .Z = (M ©4 N)~ is the
sheaf associated to the presheaf

Ur— gf(U) = F(Uﬂ M) ®F(U,fl) F(Uﬂ N)

on principal open sets U = D(f) C Spec(A). On the other hand, . % (D(f)) is isomor-
phic (via the universal property of localization) to My ®4, Ny by Proposition 2.2.7.
In turn, this module is naturally isomorphic to

(M ®a N)y = T(D(f),Z)

by [Mur24ca, Lemma 7.12.7], where the isomorphism is from Theorem 2.2.8. Since
the construction of these isomorphisms is compatible with restriction in Proposi-
tion 2.2.7 and Theorem 2.2.8, we are done.

(7i1). For direct images, the left-hand side is the sheaf associated to

D(f) — (N[so])f = (N*”(f))[w] - I‘(D(w(f)),N> les]

on principal open sets D(f) C Spec(A). For inverse images, we show that the two
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sides represent the same functor. We have
Homo, (u*M, -) = Home, (M, u, - )
— Homyu (M,T(S,uy+))
— Homu (M, T(X, - )y))
& Homp (M ®4 B,I(X, -))
<~ Homo, ((M ®4 B)~, -)

where the first isomorphism holds by [Har77, p. 110] (Homework 1, Problem 5),
the second and fifth isomorphisms hold by the adjunction in (2.2.11), the third
isomorphism holds by definition of direct images, and the fourth isomorphism
holds by tensor-Hom adjunction [Mur24ca, Corollary 7.6.2]. By the Yoneda lemma
[Mur24ca, Corollary 4.6.3], we are done. (]

In the Noetherian case, we obtain Hartshorne’s definition for coherent sheaves.

THEOREM 2.2.14 [EGAI,, .y, Théoréme 1.5.1]. Let A be a Noetherian ring, let
X = Spec(A), and let F be an Ox-module. The following conditions are equivalent.

(a) F is coherent.
(b) F is quasi-coherent and of finite type.
(¢) There exists a finite type A-module M such that F = M.

Proof. This follows from Theorem 2.2.10 and Corollary 2.2.12 using the fact that
for A Noetherian, sub-modules of the Noetherian module A? are finitely generated
[Mur24ca, Theorem 7.5.2]. O

2.2.4. Cartan’s Theorem B for affine schemes. One consequence of Corol-
lary 2.2.12 is that taking global sections is exact for exact sequences of quasi-coherent
sheaves on Spec(A). In fact, we can say something stronger: For a short exact
sequence

0—9 —F —9F" —0,

of Ogpec(a)-modules on Spec(A) and assuming that F' is quasi-coherent, taking
global sections is exact. This exactness result will be a consequence of the coho-
mological result proved below. See [Har77, Proposition I1.5.6] for a direct proof of
this exactness result using techniques from this course. See [EGAT,, ., Proposition
1.4.6] for an alternative proof using Yoneda Ext as defined in [Yon54] instead of
sheaf cohomology.

In the complex analytic case, the following result is due to Cartan [SHC51/52,
Exposé 18, Théoreme B], who showed that complex Stein manifolds have vanishing
cohomology for coherent sheaves. Because of the name of Cartan’s theorem in
[SHC51/52, Exposé XVIII], Cartan’s result is known as Cartan’s Theorem B. Serre
[FAC, n° 46, Théoréme 1, Corollaire 1] proved Cartan’s Theorem B for affine
varieties. For another analogue of Cartan’s Theorem B, see [Kie67, Satz 2.4.2],
where Kiehl shows Cartan’s Theorem B for coherent sheaves on affinoid spaces (or
more generally, quasi-Stein spaces) in rigid analytic geometry.

THEOREM 2.2.15 (Cartan’s Theorem B for affine schemes [EGAIIT;, Théoréme
1.3.1]). Let A be a ring and let X = Spec(A). Consider a quasi-coherent sheaf F
on X. Then, we have

H{(X,Z)=0

[Har77, Exer. 11.5.4]

[Har77, Prop. 11.5.6,
Thm. 1I1.3.5,
Rem. II1.3.5.1]
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for alli > 0.

We prove Theorem 2.2.15 following [Kem80, §1]. If j: U — X is an open
inclusion, we set
vZ =« (Zlv)-
We start with the following preliminary result, which is another “dimension shifting”
type argument.

PROPOSITION 2.2.16 [Kem80, Proposition 1]. Let X be a topological space and
let F be an Abelian sheaf. Suppose X has a basis % such that for some positive
integer n > 0, we have

H' (U, Z|y) =0
for all0 < i <n and for allU € % . Given any element o € H™"(X, F), there exists
a covering ¥V of X by members of % such that the image of o in H"(X, %) is 0
forallV e .

Proof. Let 0 » % — 4 — 2 — 0 be a short exact sequence where ¢ is flasque.
Then, for every open subset U C X, we have H'(U,¥|y) = 0 for all i > 0. By the
long exact sequence on sheaf cohomology, we have the exact sequence

(22.17) 0 —T(U, Z|y) —T(U.9v) — (U, #|y) — H (U, Z|v) — 0

and the isomorphisms

(2.2.18) H' (U, #|y) = HT (U, Z|v)
for all ¢ > 0.
For any open subset V' C X, we have the commutative diagram
0 F 9 T 0

with exact rows, where ¥ is still flasque. The image ¢ of S — ,J¢ and of
v¥ — € coincide since they are both the sheafification of the presheaf

Wr—im(@(WnV)—=AWnV))=im(@ (V) = 2WnNV))

where the equality holds by the flasqueness of ¢. Replacing ,¢ by %, the same
long exact sequence argument as in the previous paragraph yields the exact sequence

(22.19) 0 —TI(X,,.7) —T(X,,9) — I (X, %) — H'(X,,Z7) —0
and the isomorphisms
(2.2.20) HY (X, %)= HT (X, .F)

for all ¢ > 0.
We proceed by induction on n. Suppose that n = 1. We consider the commuta-
tive diagram

0— (X, %) — I'(X,9) — I'(X,#) — HY(X,Z#) — 0
| | | |

0—I'(X,,7) —TI(X, 9 —I'(X, %) — H(X,,.Z) — 0
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with exact rows obtained by combining the exact sequences (2.2.17) for U = X and

(2.2.19). By exactness in the top row, « € H'(X,.%) is 6(8) for some 3 € I'(X, 7).

By exactness in the bottom row, the image of a in H'(X, ,.%) is 0 if and only if
the image of 3 in
D(X, X)) CT(X,y ) =T(V, )
lifts to an element of I'(X, y¥4) = T'(V,¥). Since % contains arbitrarily small open
subsets, we can find a suitable covering ¥ of X because ¢ — # — 0 is exact.
Now suppose that n > 0. If V and W are members of %, the sequence (2.2.17)
for U = V. N W shows that

LU,y¥9) —T(U,,#)—0
is surjective. Thus, & = ;.. Moreover, (2.2.18) shows that J# satisfies the
assumption in the proposition for the integer n — 1. The isomorphisms

H' (X, ) = H (X, ,.7)
from (2.2.20) then show that the covering ¥ works for % by inductive hypothesis. [J

We now show Cartan’s Theorem B for affine schemes (Theorem 2.2.15).

Proof of Theorem 2.2.15. Let % be the basis of X consisting of principal open
subsets D(f). We will show by induction on n that HY(X,.%) = 0 for all 0 <
i < n and for all quasi-coherent sheaves .# on spectra of rings. The hypothesis
of Proposition 2.2.16 holds for % . Thus, given any element o € H"(X, %), there
exists a covering X = U§:1 V; by members of % such that the image of «v in

P
H" (X, @Vjﬂ>

Jj=1

is 0. The long exact sequence on sheaf cohomology associated to

p
0—>ﬁ—>@vjﬁz—>€4—>0

Jj=1

shows that « is in the image of §(H"1(X,9)).

If n = 1, then 6 = 0 because I'(X, -) is exact for quasi-coherent sheaves by
Corollary 2.2.12. If n > 0, then H"~!(X,¥) = 0 by inductive hypothesis. In either
case, we see that a = 0. (]

As a consequence, we have

COROLLARY 2.2.21 (“2 out of 3” property for quasi-coherent sheaves on affine
schemes [EGAT,, ¢, Corollaire 1.4.7]). Let A be a ring and let X = Spec(A). Consider
a short exact sequence

0—%F —9 —#—0

of Ox-modules. If two of the three sheaves are quasi-coherent, then the third sheaf
s also quasi-coherent.

Proof. It Z and ¥ (resp. & and ) are quasi-coherent, then this is also the case
for A (resp. .7 ) because kernels and cokernels can be computed in terms of their
associated A-modules.

[Kem80, Thm. 2]

[Har77, Prop. 11.5.7]
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Suppose that % and J# are quasi-coherent. The long exact sequence on sheaf
cohomology yields the exact sequence

0 —TI'(X,7) —T(X,9) —T(X,#) — H(X,7)=0
by Theorem 2.2.15. Taking associated sheaves, we obtain the commutative diagram

0—TI'(X,79) —TIX,9) — (X, )" — 0

| | |

0 F 4 H 0

with exact rows, where the vertical maps are those constructed during the proof of
(¢) = (a) in Theorem 2.2.10 (see (2.2.11)). Since the outer maps are isomorphisms,
the middle map is an isomorphism by the snake lemma [KS06, Lemma 12.1.1]. O

2.3. Schemes and Serre’s criterion for affineness
We now turn to schemes in general.

2.3.1. Review of locally ringed spaces and schemes. Now that we have
defined a ringed space structure on (Spec(A), O), we glue them together to form
other schemes.

DEFINITION 2.3.1 (Ringed spaces [EGAI,cy, Chapitre 0, (4.1.1)]). Recall that a
ringed space is a pair (X, Ox) consisting of a topological space X and a sheaf of
rings Ox on X called the structure sheaf. A morphism of ringed spaces

(f,f7): (X,0x) — (Y, 0y)
consists of a continuous map f: X — Y and a map
f#: 0y — f,0x
of sheaves of rings on Y. This forms a category RS.

DEFINITION 2.3.2 (Locally ringed spaces [EGAI, ., Chapitre 0, (4.1.9) and
(4.1.12)]). A ringed space (X, Ox) is a locally ringed space if Ox , is a local ring
for every point z € X. In this situation, we denote by mx , or m, the maximal
ideal of Ox ;.

Morphisms of locally ringed spaces are morphisms of ringed spaces with an
additional condition. To define a morphism of locally ringed spaces, consider a
morphism (f, f#): (X,0x) — (Y,0y) of ringed spaces let € X be a point and
let V' C Y be a neighborhood of f(x) € Y. As V ranges over all open neighborhoods
of f(x), we see that f~(V) ranges over a subset of the open neighborhoods of z.
We then obtain the commutative diagram

oy () Y oy (51 )

| !

ov(v) Y 0y (51 (V)

and taking direct limits, the left column becomes the stalk Oy f(,), while the right
column is
lim  Ox (F71v)
f~H(V)sz
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which has a natural map to Ox ;. A morphism of locally ringed spaces is a morphism
(f, f7) of ringed spaces such that taking direct limits in the commutative diagram
above and composing with the map to Ox ;, the induced map

fF: Oy ) — Oxa
is a local map, that is,

FE(my s@) € mxa.
Locally ringed spaces form a category LRS.

An isomorphism of locally ringed spaces is a morphism with a two-sided inverse.

Thus, a morphism (f, f#) is an isomorphism if and only if f is a homeomorphism
of the underlying topological spaces and f# is an isomorphism of sheaves.

Note that (Spec(A), A) is a locally ringed space by Proposition 2.2.5. Moreover,
we showed last semester [Mur24ag, Corollary 2.2.19] that Spec defines a fully faithful
functor

Spec: Ring®® — LRS

and that there is an “adjunction” [Mur24ag, Proposition 2.2.17]
Homygs (X, Spec(A4)) — Homging (4,T'(X, Ox)).

In particular, A — B is an isomorphism if and only if Spec(B) — Spec(A) is an
isomorphism.

We define the analogue of an affine variety and the affine coordinate ring.

DEFINITION 2.3.3 (Affine scheme [EGAT, ., Définition 1.6.1]). A locally ringed
space (X, Ox) is an affine scheme if it is isomorphic to a locally ringed space of the

form (Spec(A), A) where A is a ring. In this case, we say that the ring
A(X) =T(X,0x),
which can be identified with A by Theorem 2.2.8, is the ring of the affine scheme.
We now define schemes.

DEFINITION 2.3.4 (Scheme [EGAI, .y, Définition 2.1.2]). A scheme is a locally
ringed space (X, Ox) in which every point has a neighborhood U such that (U, Ox|v)
is an affine scheme, called an affine open neighborhood. We call X the underlying
topological space of the scheme. If we want to forget the scheme structure on a
scheme (or ringed space) we write sp(X) (or | X|), which we read as “the space of
X7, A morphism of schemes is a morphism of locally ringed spaces. In other words,
the category Sch of schemes is a full subcategory of the category LRS of locally
ringed spaces.

Something we will use all the time is that affine open subsets form a basis for
the topology on sp(X) [EGAI,y, Proposition 2.1.3]. This is because principal open
subsets form a basis of opens in an affine scheme, and principal open subsets are
still affine.

EXAMPLE 2.3.5 (The affine line with two origins I). Let k be a field, let X; =
Xy = A}, let U = Uy = A} — {P} where P is the point corresponding to (t) C k[t],
and let ¢: Uy — Uy be the identity map. Let X be the gluing of X; and X» along
U, and U; via . Then, X is the affine line with two origins.

This is a scheme that is not an affine scheme! See [Mur24ag, Example 2.2.25]
for one proof. For another proof, we claim that H'(X, Ox) # 0, which shows that

[Har77, p. 74]

[Har77, p. 74]
Before [EGAT, 0],
schemes were called

preschemes. See
[EGAIIIO\N? p. 3}

[Har77, Ex. 11.2.3.6]
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FIGURE 2.4. Affine line with two origins. From [Har77, p. 76].

X is not affine by Cartan’s Theorem B for affine schemes (Theorem 2.2.15). We
have the left exact sequence

[1] (1]

(2.3.6) 00— Ox — XIOX ®X20X leXQOX —0

which we show is exact on the right by taking stalks. For x € X; N X5, we have the
short exact sequence

1
0— Ox. uﬂ%g,m@(%gz [1—>OX1 — 0.

For the first origin z; € X; — X5, we have the short exact sequence

1
0— OXJ u) OX,z @%X,z u) %X,z — 0

and for the second origin x5 € X5 — X, we have the short exact sequence

[1] [1-1]

0—>0X,a:—>c%/X,z@OX,w %/X)$—>O

where J#x = k(t) is the constant sheaf of rational functions on X. We now take

global sections in (2.3.6):

(X1, 0x) & (X2, Ox) ———15 T(X; N X5, Ox)

[1-1] k[t, t_

The bottom map is not surjective. Thus, H!(X,Ox) # 0, and hence X is not affine
by Cartan’s Theorem B (Theorem 2.2.15).

REMARK 2.3.7. A subtle point in this computation is that we do not know (yet)
that the middle and right terms in (2.3.6) are quasi-coherent. Thus, we actually
need Cartan’s Theorem B (Theorem 2.2.15) instead of Corollary 2.2.12.

2.3.2. Quasi-coherent sheaves on schemes. Using what we know in the
affine case, we immediate have the following. This is the definition of quasi-coherence
n [Har77, p. 111].

PROPOSITION 2.3.8 [EGAIL, ., Proposition 2.2.1]. Let X be a scheme and let F
be an Ox-module. Then, F is quasi-coherent if and only if, for every affine open
subset V = Spec(A) C X, we have F|y = M for some A-module M.

Proof. The definition of quasi-coherence is local. We can therefore apply Theo-
rem 2.2.10. ([

COROLLARY 2.3.9 [EGAL,., Corollaire 2.2.2]. Let X be a scheme.

(7) (“2 out of 3” property for quasi-coherent sheaves on schemes) Consider an
exact sequence

0 —% —9¥Y% —H#—0
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of Ox-modules. If two of the three sheaves are quasi-coherent, then the
third sheaf is also quasi-coherent.

(it) Tensor products and Hom’s of quasi-coherent Ox-modules are quasi-
coherent.

(#it) Images, kernels, and cokernels of maps of quasi-coherent Ox-modules are
quasi-coherent.

(iv) Direct limits and (possibly infinite) direct sums of quasi-coherent Ox-
modules are quasi-coherent.

Proof. By Proposition 2.3.8, we reduce to the affine case, which is shown in Corol-
lary 2.2.21 and Corollary 2.2.13. The last two statements hold since M +— M is an
equivalence of categories (Corollary 2.2.12). O

2.3.3. Noetherian schemes and coherent sheaves on Noetherian schemes.

To get a nice description of coherent sheaves, we introduce the following class of
schemes.

DEFINITION 2.3.10 [EGAI, .y, Définition 2.7.1]. Let X be a scheme. We say
that X is Noetherian (resp. locally Noetherian) if there exists a finite affine open
covering (resp. an affine open covering)

X = U Spec(4;)

of X such that A; is Noetherian for every i.

ExXAMPLE 2.3.11. Noetherian schemes have Noetherian underlying topological
spaces because it is a finite union of Noetherian spaces. The converse does not hold!
Here are some examples. Below, k is a field.

(1) Spec(k[z1,xa,...]/(x3,23,...)) = {x}.

(2) The spectrum of a finite-dimensional non-Noetherian valuation ring. One
example of such a ring is from last semester [Mur24ag, Example 1.6.2], the
ring

r x
k[l’a%ku] gk(xay)
Y y? m
where m is generated by all the generators on the left-hand side. This is

the valuation ring of k(x,y) with value group Z? with the lexicographic
order, where

o) = (i, ).
This ring is non-Noetherian since m cannot be generated by finitely many
elements: The set of powers of y appearing in the denominators of elements
in m is bounded below.

We want to characterize Noetherianity in terms of having a property for every
affine open subset.

PROPOSITION 2.3.12 [EGAI, ey, Proposition 2.7.2]. Let X be a scheme. The
following are equivalent.
(1) X is Noetherian.
(#1) X is locally Noetherian and quasi-compact.

Proof. (i) < (ii) holds since affine schemes are quasi-compact, and finite unions of
quasi-compact sets are quasi-compact. ([

[Har77, Prop. 11.5.7]

[Har77, p. 83]

[Har77, Caution
11.3.1.1, Exer.
11.2.13(d)]
[Har77, Exer.
I1.4.12(b)(3)]

[Har77, p. 83]
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PROPOSITION 2.3.13 [EGAI,., Proposition 2.7.3]. Let X be a scheme. The
following are equivalent.

(1) X is locally Noetherian.
(#4) For every affine open subset Spec(B) C X, the ring B is Noetherian.

In particular, an affine scheme Spec(A) is Noetherian if and only if A is Noetherian.

Proof. (ii) = (i) holds since we can choose an arbitrary affine open cover.
(1) = (7). Consider an affine open subset Spec(B) C X and a chain of ideals

ap Cay C---

in B. Taking associated sheaves yields an ascending chain of quasi-coherent sub-
sheaves of Ogpec(py- Now let

Spec(B) N Spec(A;) = U Spec(4;,7,,)
J

be an affine open cover, which exists since principal opens form a basis. Since
Spec(B) is quasi-compact [Mur24ca, Theorem 3.6.1], the resulting affine open cover

Spec(B) = U Spec(4; ,,)
i,

has a finite subcover. For each 1, j, the ascending chains

o |Spec(Ai_fij) € a |Spec(Ai_Hfij) S

of quasi-coherent subsheaves of Ogpec(py stabilize at some index n;; since the
localizations (A;)y,; are Noetherian and taking associated sheaves is an equivalence
of categories (Corollary 2.2.12). Taking n = max{n,;}, the original chain stabilizes
at n on Spec(B). O

CAUTION 2.3.14. It is not true that Noetherian schemes X have Noetherian rings
of global sections I'(X, Ox). In [0ja08], Ojanguren constructs a quasi-projective
example of this phenomenon. We will discuss this more after we define Proj.

PROPOSITION 2.3.15 [EGAT,cy, p. 228]. Let X be a locally Noetherian scheme
and let F be an Ox-module. The following are equivalent.
(a) F is coherent.
(b) F is quasi-coherent and of finite type.
Moreover, every quasi-coherent sub-Ox -module or quotient Ox -module of a coherent
sheaf is coherent.

Proof. We can apply Theorem 2.2.14 to an arbitrary affine open cover of X using
Proposition 2.3.12. O

EXAMPLE 2.3.16. As we mentioned before (Remark 2.1.11), an Ox-module of
finite type is not necessarily quasi-coherent, even if X is Noetherian. For example,
let X = A} = Spec(k[t]) for a field k, let F = ji(Ox|y) where U = X — {0},
and consider the quotient Ox/%. We showed that .% is not quasi-coherent in
Example 2.1.8. The short exact sequence

0— % —0x —0O0x/F —0

shows that Ox /Z is also not quasi-coherent, for otherwise # would be by Corol-
lary 2.3.9(7).
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2.3.4. Ideal sheaves, subschemes, and immersions. Before moving on to
Serre’s criteiron for affineness, we have some preliminaries to take care of. So far, we
have talked about schemes and sheaves on schemes. In commutative algebra, ideals
are the first examples of modules we see. We define the analogous notion for ringed
spaces and schemes, which already appeared in the proof of Proposition 2.3.12.

DEFINITION 2.3.17 [EGATLey, (4.1.3)]. Let (X, Ox) be a ringed space. A sheaf
of ideals in Ox or ideal sheaf on X is a sub-Ox-module of Ox.

EXAMPLE 2.3.18. Sheaves of ideals are not necessarily quasi-coherent, for exam-
ple jij*Ox — Ox for an open inclusion j: U — X (see Example 2.1.8).

Using ideal sheaves, we can construct closed subschemes of a given scheme.

PROPOSITION 2.3.19 [EGAI,.y, Proposition 4.1.1]. Let X be a scheme and let
7 be a quasi-coherent ideal sheaf on X. The support Y = Supp(Ox/.#) of the
sheaf of rings Ox /.7 is closed. Setting

Oy = (0x /%)
the locally ringed space (Y, Oy) is a scheme.

v

DEFINITION 2.3.20 [EGAT ey, p- 257]. With notation as in Proposition 2.3.19, we
say that (Y, Oy) is the (closed) subscheme of (X, Ox) defined by the quasi-coherent
ideal sheaf .7 .

Proof of Proposition 2.3.19. Since affine open subsets of X form a basis and one can
check whether a locally ringed space is a scheme on an open cover, it suffices to prove
the case when X = Spec(A) is affine. In this situation, .# = a for an ideal a C A by
the fact that M — M is an exact equivalence of categories (Corollary 2.2.12). By
[Har77, Exercise I11.5.6(b)] (Homework 3, Problem 2(b)), we have Y = Supp(A/a).

Counsider the canonical ring map ¢: A — A/a. The induced map on affine
schemes satisfies

Spec(p). (4/a) = A/ = Ox /.7

by Corollary 2.2.13(iii) and Corollary 2.2.12. By the 1-1 correspondence between
ideals containing a in A and ideals in A/a [Mur24ca, Proposition 1.3.12], we know
that Spec(y) factors as

Spec(A/a) Seeele)
\ /
Y
where Spec(A/a) = Y is a homeomorphism. O

The subspace Y in Definition 2.3.20 is a special case of the following notion.

DEFINITION 2.3.21 [EGAL,q, Définition 4.1.2, (4.1.4)]. We say that a ringed
space (Y, Oy) is a (locally closed) subscheme of a scheme (X, Ox) if the following
conditions hold.

(1) Y is a locally closed subspace of X.

(2) If U denotes the largest open subset of X containing Y such that Y is
closed in U (i.e., U = (X —Y)UY), then (Y,Oy) is the subscheme of
(U, Op) defined by a quasi-coherent sheaf of ideals in Oy.

[Har77, p. 109]

[Har77, p. 85,
Ex. 11.3.2.3,
Exer. I1.3.11(b),
Prop. 11.5.9,
Cor. I1.5.10]

[Har77, p. 85]
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[Har77, Prop. 11.5.9,
Cor. I1.5.10]

[Har77, p. 85, p. 120]

[Har77, Exer.
I11.3.11(b)]
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The morphism (Y, Oy) — (X, Ox) is called the canonical inclusion morphism. We
say that a subscheme (Y, Oy) of (X, Ox) is a closed subscheme of (X,Ox) if Y is
closed in X. We say that a subscheme (Y, Oy) of (X, Ox) is an open subscheme of
(X, Ox) if it is an open subspace of (X, Ox) in the sense of Definition 2.1.1. In this
situation, Y is open in X in (1) and the ideal sheaf in (2) is the 0 ideal.

CAUTION 2.3.22. In the literature, the word “subscheme” can mean “closed
subscheme.”

By Proposition 2.3.19 and Definition 2.3.21, we have the 1-1 correspondence
{quasi—coherent ideal sheaves} 1-1 {closed subschemes}

Z C Ox Y < X
(2.3.23)
v (v, (0x/ 7))
ker(OX — Z*Oy) 1 (Y, Oy)

quasi-coherent ideal sheaves in Ox and closed subschemes of X.

EXAMPLE 2.3.24. Let (Y, Oy ) be an open subscheme of X. Then, Y is defined
by the ideal 0 C Ox|y in (2).

We now define immersions, which are morphisms that “look like” the canonical
inclusion map for a subscheme.

DEFINITION 2.3.25 [EGAI ., Définition 4.2.1]. Let f: ¥ — X be a morphism
of schemes. We say that f is a (locally closed) immersion (resp. closed immersion,
open immersion) if it factors as

y — I, x
Z

where g is an isomorphism and Z is a subscheme (resp. closed subscheme, open
subscheme) of X and j is the canonical inclusion morphism.

CAUTION 2.3.26. In [Har77, p. 120], Hartshorne defines an immersion to be
a morphism with a factorization as above where j factors as an open immersion
followed by a closed immersion. If we need to distinguish between the two notions,
we will call immersion in our sense a locally closed immersion and call Hartshorne’s
definition an H-immersion (the latter terminology is not standard). These definitions
are not equivalent in general [Stacks, Tag 01QW].

REMARK 2.3.27 [EGAI,ey, Remarque 4.2.1.1]. Let X be an affine scheme. By
Proposition 2.3.19 and [Mur24ag, Proposition 2.2.17], a morphism Y — X of schemes
is a closed immersion if and only if Y is an affine scheme and the homomorphism
I'(X,0x) = (Y, Oy) is surjective.

REMARK 2.3.28. Our definition of a closed immersion is equivalent to Hartshorne’s
[Har77, p. 85], although this takes work to show. The key point is that a consequence
of Hartshorne’s definition is that the kernel of Ox — 7,0y is quasi-coherent. In the
Stacks project, part of the definition of a closed immersion is that the ideal sheaf
ker(Ox — i.Oy) is locally generated by sections. We define closed immersions
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following [EGAI,.,| because it avoids some confusing aspects of the definition of a
closed immersion in [Har77]. For example, the fact that a closed immersion is affine
is part of our definition since it is the canonical inclusion of the closed subscheme
defined by a quasi-coherent ideal up to isomorphism. See [Stacks, Tag 01IM] for

more discussion. See [Har77, Exercise I11.3.11(b)] for the relevant exercise in [Har77].

2.3.5. Reduced schemes and the reduced subscheme structure. We
also want a way to think of closed subsets of a scheme as a scheme itself. By the
previous section, what we would like to do is to find an ideal that cuts out a closed
subset exactly. On affine open subsets, this is easy to do: just take the radical ideal
corresponding to a closed subset. We need to globalize this construction.

DEFINITION 2.3.29 [EGAI, .y, Chapitre 0, (4.1.4)]. Let X be a scheme. We say
that X is reduced if Ox , is reduced for every z € X.

PROPOSITION 2.3.30 [EGAITey, Proposition 4.5.1]. Let (X,Ox) be a scheme
and let #B be a quasi-coherent Ox -algebra. There exists a unique quasi-coherent
ideal A in PB such that the stalk AN is the nilradical of B, for every x € X. If
X = Spec(A) is affine and B = B for an A-algebra B, then A = Ny, where Np
18 the nilradical of B.

Proof. The question is local and hence it suffices to prove the affine case. The sheaf
Np is a quasi-coherent Ox-module by Corollary 2.2.12. Its stalks are equal to
(MB)p, for every x € X by [Mur24ca, Proposition 3.5.2] and Proposition 2.2.5. O

DEFINITION 2.3.31 [EGAT,cy, p. 268]. Let X be a scheme and let & be a
quasi-coherent O x-algebra. The quasi-coherent ideal sheaf .4 in Z constructed in
Proposition 2.3.30 is the nilradical of 8. We denote by 4% the nilradical of Ox.

COROLLARY 2.3.32 [EGAIL,.,, Corollaire 4.5.2]. Let X be a scheme. The
closed subscheme X eq defined by N is the unique reduced subscheme of X whose
underlying space is X. It is the “smallest” subscheme of X whose underlying
subspace in X, i.e., for every subscheme Z — X such that sp(Z) = sp(X), the
canonical inclusion morphism factors through X, eq:

J — X

X
\
\
E1IN /

Xred-

Proof. For every x € X, we have A4, C m, C Ox,. We therefore see that
Sp(Xred) =X.

For the remaining assertions, let Z be a subscheme of X such that sp(Z) = sp(X).

Then, Z is the closed subscheme defined by a quasi-coherent ideal sheaf .# in Ox
such that 7, C m, C Ox , for every 2 € X. We want to show that .7, C Ax
for every € X. This would imply that the map .¥ — Ox /A% is the 0 map, and
hence the inclusion . <« Ox factors through 4% by the universal property of

kernels:
54
a7 \[ \)
e
Ox

0 JVX Ox/JVX — 0.

[Har77, p. 82,
Exer. 11.2.3]

[Har77, Ex. 11.3.0.1]

[Har77,
Exer. 11.2.3(b),
Exer. 11.3.11(c)]
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[Har77, Exer.
I1.2.3(b)]

[Har77, Ex. 11.3.2.6]

[Stacks, Tag 01XF]
[Har77, Thm. II1.3.7,
Exer. 11.2.17(b)]
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Since we can check that #, C A , locally, we can reduce to the affine case. Suppose
X = Spec(A) and & = I for an ideal I C A. Since .%, C m, for every x € X, we
see that I is contained in the intersection of all prime ideals in A, and hence I C 914
by a special case of the Scheinnullstellensatz [Mur24ca, Corollary 1.5.6]. This shows
that X,eq is the smallest subscheme of X whose underlying subspace in X. (I

DEFINITION 2.3.33 [EGAI,ey, Définition 4.5.3]. Let X be a scheme. The reduced
scheme associated to X is the scheme X,oq constructed in Corollary 2.3.32.

Using the universal property in Corollary 2.3.32, we can put a scheme structure
on any closed subset of a scheme.

PROPOSITION 2.3.34 [EGAI,y, Proposition 4.6.1]. Let X be a scheme. For
every locally closed subset Y C sp(X), there exists a unique reduced subscheme of X
whose underlying topological space is'Y .

Proof. Uniqueness holds by Corollary 2.3.32. It therefore suffices to show existence.

First consider the case when X = Spec(A) for a ring A and Y is closed in
X. The largest ideal I(Y") such that V(I(Y)) =Y is a radical ideal by [Mur24ca,
Proposition 1.6.3], and hence A/I(Y) is reduced.

We now consider the general case. For every affine open subset U C X such
that U NY is closed in U, we consider the closed subscheme Yy — U defined by
the quasi-coherent ideal sheaf associated to I(U NY") of A(U). The subscheme Yy
is reduced by the previous paragraph. For every open subset V' C U, the open
subscheme Yy NV — Yy is reduced with underlying topological space Y NV.
Using the universal property in Corollary 2.3.32, we may therefore glue the scheme
structures on the Yy to obtain a scheme structure on Y. O

2.3.6. Serre’s criterion for affineness and the qcgs lemma. Cartan’s
Theorem B (Theorem 2.2.15) says that affine schemes have vanishing higher coho-
mology for quasi-coherent sheaves. We were able to use this to prove that certain
schemes are not affine (Example 2.3.5). This raises the question: Does vanishing
of higher cohomology for quasi-coherent sheaves characterize affine schemes? The
answer is yes, by Serre’s criterion for affineness below.

As was the case with Cartan’s Theorem B, the complex analytic case predates
the algebraic case: For complex manifolds, Serre showed that cohomology vanishing
for coherent sheaves characterizes Stein manifolds [SHC51 /52, Exposé XX, n° 2].
The case for algebraic varieties is also due to Serre [Ser57, Théoreme 1].

THEOREM 2.3.35 (Serre’s criterion for affineness [EGAII, Théoreme 5.2.1;
EGAIVy, (1.7.17)]). Let X be a quasi-compact scheme. Set A =T1(X,0x). The
following conditions are equivalent.

(a) X is affine.
(b) There exists a family of elements fo € A such that the open sets
Xy, ={reX|fordm}

are affine and the f, generate the unit ideal in A.
(¢) The functor I'(X, -) is exact on QCoh(X).
(c') The functor T'(X, -) is exact on short exact sequences

0—F —F —F"—0
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in QCoh(X) where .F is a sub-Ox-module of O% for some non-negative
integer q.
(d) H(X,.Z) =0 for every quasi-coherent Ox-module .F and for every i > 0.
(d) HY(X,#) =0 for every quasi-coherent ideal sheaf ¥ C Ox.

Note that the X are open since they are the preimages of
D(fa) C Spec(D(X, Ox))
under the morphism X — Spec(T'(X, Ox)) from [Mur24ag, Proposition 2.2.17].

REMARK 2.3.36. It is tempting to try to use the dimension shifting argument
from Proposition 1.4.24 to show that (¢) < (d). This is not so easy because we have
not shown that QCoh(Ox) has enough injectives. Hartshorne gets around this issue
by assuming that X is Noetherian (see [Har77, Corollary I11.3.6]).

It is known that QCoh(Ox) has enough injectives because it is Grothendieck
Abelian and has a generator. This is a relatively new result due to Gabber [Stacks,
Tag 077K], first stated without proof in [Con00, Lemma 2.1.7]. To prove Theo-
rem 2.3.35 in the qcgs case, one can instead use [SGAG, Exposé II, Lemme 3.1],
which says that QCoh(Ox) is a Grothendieck Abelian category with a generator
when X is qcgs.

To prove Serre’s criterion (Theorem 2.3.35), we need some preliminaries.

DEFINITION 2.3.37 [EGAL,qy, Définition 6.1.3 and Proposition 6.1.12]. Let X
be a scheme. We say that X is quasi-separated if, for every pair U, V of affine open
subsets of X, the intersection U NV is quasi-compact.

We say that X is qcgs if it is both quasi-compact and quasi-separated.

ExXAMPLE 2.3.38. Let X be a scheme. If X is Noetherian, or more generally, if
sp(X) is Noetherian, then X is qcgs.

REMARK 2.3.39. Definition 2.3.37 is a preliminary definition for quasi-separat-
edness. It is equivalent to the general topological definition in [SGA4,, Exposé VI,
Définition 1.13] because affine open subsets form a basis for the Zariski topology
on a scheme. The definition for schemes is usually stated in terms of the diagonal
morphism (to be defined later).

There are at least three alternatives to the terminology “qegs.” In [SGA4,,
Exposé VI, Exemple 1.22], Grothendieck and Verdier proposed the terminology
coherent. In [Kem80, p. 640], Kempf proposed the terminology quasi-Noetherian.
In [ATJLLY7, p. 18], Alonso Tarrio, Jeremias Lépez, and Lipman proposed the
terminology concentrated.

The following theorem allows us to “clear denominators” even when we are not
working on an affine scheme. This is called the “qcgs lemma” in [Vak, Lemma 6.2.9].

THEOREM 2.3.40 (Extending sections of quasi-coherent sheaves [EGAT, ¢, Thé-
oréme 6.8.1]). Let X be a scheme, let £ be an invertible Ox-module on X, let
fel(X,%), and let

Xp={zeX|fo ¢t m, L}
Consider a quasi-coherent Ox-module F on X.
(i) Suppose that X is quasi-compact and let s € T'(X, F) such that s|x, = 0.
Then, for some n > 0, the section

s® [ eT(X, 7 ®o, L")

[Har77, Exer.
11.2.16(a)]

[Har77, Lem. I1.5.14]
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satisfies s ® f€™ = 0.
(43) Suppose that X is qcgs. For every sectiont € I'(X ¢, &), there exists n > 0
such that the section
t® fO" e D(Xf, F ®oy L)

extends to a section t' € (X, .F ®o, L%").

Thus, if X s qcgs, then the map
I‘(X,ﬁ Rox f®”)f — I‘(Xf,ﬂ@)ox $®”)

induced by the universal property of localization is bijective.

This generalizes one of the implications in Theorem 2.2.10 and also generalizes
[Har77, Exercise I1.2.16(b),(c)]. The exact condition we use in the proof of (ii) below
appears weaker than “qcgs,” but the two conditions are equivalent. You can show
this using Nike’s trick [Vak, Proposition 5.3.1] (Homework 4, Problem 1).

Proof of Theorem 2.3.40. (i). Since X is quasi-compact, we may cover X by finitely
many affine open subsets U; such that 2|y, = Opy,. We may therefore reduce to
the case when X is affine and .Z = Oy, which was shown in Theorem 2.2.10.

(#4). Since X is qegs, there exists a finite covering by affine open subsets U; such
that U; N U; is quasi-compact for every ¢, j and such that .#|y, is free for every i.
By Theorem 2.2.10, there exists an integer n such that the sections (£ ® f®™)|y,nx;
extend to sections

t e T(U, F ©.2°")
for every i. Now set t;); = ti\UimUj. By definition, we have

(tilj - tj\i) ‘XfmUmUj =0.

Since U; N U; is quasi-compact, by (i), there exists an integer m (independent of
i,7) such that

(ti; — tj1) ® f&™ =0
for all 4, 5. We can therefore glue the sections t; @ f®™ together to obtain a section
¥ eT(X,F @0, 22
extending t @ f®M+m), O

Proof of Theorem 2.3.35. We proceed in steps.
STEP 1. (a) < (b). We do not need quasi-compactness for this equivalence.

The direction = holds by choosing {f,} = {1}. For <, write
1= Z Jafa

for some g, € T'(X,Ox). Then, the f, that appear in this sum generate the unit
ideal, and hence we may assume there are finitely many f,. We have X =], Xy,
for otherwise, we would have 1 € m, for some x € X. The X are quasi-compact
since they are affine. Since X is a finite union of quasi-compact open sets, X is
quasi-compact.
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We now consider the canonical morphism
j: X — Spec(I'(X,Ox))

x— {feDN(X,0x) | fo € my}

(2.3.41)

from [Mur24ag, Proposition 2.2.17]. Note that j~!(D(f.)) = Xy. by construction
of the map in [Mur24ag, Proposition 2.2.17]. We claim that to show that j is an
isomorphism, it suffices to show that

j|Xfa : Xfa — D(fa)

is an isomorphism for every a. First, the D(f,) cover Spec(I'(X, Ox)) because the
fo generate the unit ideal. Second, the inverses defined on each D(f,) glue to a
homeomorphism of X with Spec(I'(X, Ox)). To check that the map j# on structure

sheaves is an isomorphism, it suffices to show it is an isomorphism on an open cover.

It remains to show that j|x, is an isomorphism for every a. Since both Xy,
and D(f,) are affine, it suffices to show that

Lot F(X,Ox)fa — F(Xfa,OX)

is an isomorphism by [Mur24ag, Corollary 2.2.19]. This holds by Theorem 2.3.40
for # = ¥ = Ox. Note that for each «, 3, the intersection

Xt N Xp, = D(fslx,,) € Xy,
of affine open sets is also affine, and in particular, quasi-compact.
STEP 2. (a) = (¢) = (/) = (b).

(a) = (c) holds by Corollary 2.2.12. (¢) = (¢’) holds since (¢) is a special case
of (¢). It therefore suffices to show (¢/) = (b). If X = ), we have X = Spec(0). We
may therefore assume that X is nonempty.

SUBSTEP 2.1. Let X be a nonempty quasi-compact topological space that is Tj.

Then, X has a closed point. In particular, every point in a quasi-compact scheme
has a closed point in its closure.

Consider the set -
Tz{{x}gX‘meX}
partially ordered by inclusion, which is nonempty since X is nonempty. We claim

that 7 has a minimal element. By Zorn’s lemma [Kurl922; Zor35], it suffices to
show that every descending chain

(2.3.42) 1D gD e
in 7 has a lower bound in 7. Let Z =, Z;. We claim that Z # ), and hence

choosing a point z € Z, the closure {z} € T is a lower bound for the chain. Suppose
that Z = (). Then,

xX=Jx-2z)

is an open cover. Since X is quasi-compact, there is a finite subcover. Thus,
the descending chain (2.3.42) stabilizes at some Z; = {z;}, which is nonempty, a
contradiction.

By Zorn’s lemma [Kurl922; Zor35], there exists a minimal element {z} € 7.

We claim that {z} = {z}, that is, z is closed in X. If not, choose y € {2} —z. Since

[Stacks, Tag 005E]
[Sch05, Prop. 4.1]
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X is Ty, either there exists an open neighborhood U, of x that does not contain vy,
or there exists an open neighborhood U, of y that does not contain x. In the first
case, we have m 2 {7}, contadicting minimality. The second case is impossible
since it would imply y ¢ {x}.

The “in particular” statement holds by applying what we showed above to the
closure of a given point.

SUBSTEP 2.2. Assume (c¢’). Then, for every closed point 2 € X and every open
neighborhood U of z, there exists f € A such that x € X; C U.

By Proposition 2.3.34, there exist quasi-coherent ideal sheaves ., ¢’ defining
X —U and (X —U)U{z} with the reduced scheme structures, respectively. Consider
the short exact sequence

0—9 — 7 —9"—0
in QCoh(Ox), where we note that Supp(#”) = {z} and .7 = k(z) := Ox 5 /m,.
By (¢’), the map
x,s) —rI(X,s")

is surjective. Thus, there exists f € I'(X, .#) C A such that f(z) =1 and f(y) =0
for all y € X — U, where f(-) denotes the image of f in the residue field at a point.

SUBSTEP 2.3. (/) = (b).

For every closed z € X, which exist by Substep 2.1, choose an affine open
neighborhood U of x. By Substep 2.2, we can find an open neighborhood X, of x
such that x € Xy, C U. Since U is affine, we see that X  is affine. Setting

7 = U Xy,

zeX
closed

we see that Z contains all closed points of X. Since X is quasi-compact and Tp,
this is only possible if Z = X by applying Substep 2.1 to X — Z. Next, since X is
quasi-compact, there exist finitely many f; € A such that X = J, X7,. Consider
the morphism

O;L( — Ox

defined by these f;. Since for every x € X, at least one of the f; ; is a unit, we see
that this morphism is surjective. Now consider the short exact sequence

0—Z%— 0% — Ox —0
where Z is a quasi-coherent sub-O x-module of O%. Then, (¢’) implies

is surjective, showing (b).
STEP 3. (a) = (d) = (d') = ().

(a) = (d) is Cartan’s Theorem B (Theorem 2.2.15), and (d) = (d’) holds since
(d') is a special case of (d). It remains to show (d') = (¢').
Let .#’ be a quasi-coherent sub-Ox-module of O%. Then, the filtration

0COx COYC---CO%
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defines a filtration .Z, = #' N O% on Z] where k € {0,1,...,n}. Each Z] is
quasi-coherent since it is the kernel of the morphism

F' — 0% Ok
Now (¢’) implies that H*(X, %/, ,/#;) = 0 for all k. By inducing on k, this shows
that H'(X,.%#]) = 0 for all k. In particular, H'(X,.%#’) = 0, showing (¢/). O

REMARK 2.3.43. In our discussion of Cartan’s Theorem B (Theorem 2.2.15),
I mentioned that there are versions of Cartan’s Theorem B in other contexts, for
example for rigid analytic spaces. For rigid analytic spaces, it is an open question
whether there exists a cohomological characterization of being affinoid, which is
the rigid analytic analogue of affineness. See, for example, [mst16]. Liu [Liu88]
constructed an example of an non-affinoid space such that H(X,.%) = 0 for all
coherent .Z and all i > 0. Gabber [Con06, Example 2.1.6] constructed an example
of a quasi-coherent sheaf on an affinoid space such that H!(X,.#) # 0, where
quasi-coherence is defined as in [Con06, Definition 2.1.1].

2.4. The Proj construction

Now that we have developed some tools that apply to schemes in general, it
is time to turn our attention to more special constructions of schemes that will
ultimately be our main interest for much of the rest of the course.

2.4.1. Proj as a topological space. Last semester, a very important con-
struction was that of projective space and varieties in projective space. We want an
analogous construction for schemes.

DEFINITION 2.4.1 (Proj as a set [EGATI, (2.3.1)]). Let S be an N-graded ring.
The homogeneous spectrum or the Proj of S is the set

. p is homogeneous
Proj(9) = €S S
roi(5) = {p < Spec(s) | P "o

where we recall that S, = @, Sa-
To define the topology on Proj(S), we define certain subsets of Proj(5).

DEFINITION 2.4.2 (The topology on Proj(S) [EGAII, (2.3.2)]). Let S be an
N-graded ring and let E C S be a subset. We set

Vi(E) = {p € Proj(S)|p 2 E}.
Viewing Proj(S) as a subset of Spec(S), we see that
Vi (E) =V(E)N Proj(S) C Spec(S).
By [Mur24ag, Lemma 2.2.8], we see that
V. (0) = Proj(s)
Vi(S) =Vi(S4) =0

Vi <L/\J EA) = Q Vi (E)

Vi(BE') = Vi (E) UV, (E).

[Har77, p. 76]

[Har77, p. 76]
Hartshorne omits
the subscripts “+.”
I prefer to keep
them in to
distinguish between
subsets of Spec(S)
and of Proj(.5).

[Har77, Lem. I1.2.4]
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We give Proj(S) the subspace topology induced by Spec(S). In other words, the
closed sets are the sets V4. (E). The distinguished open sets

Dy (f) = D(f) N Proj(8) = Proj(8) — V()
for f homogeneous of degree d > 1 form a basis for this topology, and we have

Di(fg) = D(f) N Di(g).

To define sheaves on Proj(S), we identify certain principal open subsets with
affine schemes. Recall that if f € S, is a homogeneous element of degree d > 0,

then
X
Sty = {fn

PROPOSITION 2.4.3 [EGAII, (2.3.5) and Proposition 2.3.6]. Let S be an N-
graded ring and let f € S; be a homogeneous element of degree d > 0. Then, the
map

deg(z) =dn, n > 0} C Sy.

by Dy(f) — Spec(S(y))
p ——— (pSy) NSy

is a homeomorphism and fits into the commutative diagram

Dy (f) L Spec(S(f))
(2.4.4) ] T

Wi
Dy (fg) — Spec(S(rq))

for every homogeneous element g € S;.. Here, the left vertical map is the inclusion
and the right vertical map is induced by the ring map Sipy — S(sg)-

Proof. We first show that the diagram (2.4.4) commutes. Suppose p € D, (fg). We
need to show that

(pS7) NS5y = ((1S5g) N S(sg)) N S(p)-

The inclusion C holds by definition of extension/contraction of ideals. Conversely,
suppose

x
F € ((psfg) N S(fg)) NSep)-

Since p € D, (fg), we have fg ¢ p. Thus,

n

g
(fo)

Since g"x € p but g ¢ p, we have x € p.
Next, we show that 1y is a homeomorphism. We will show that the ring maps

€ ((nS1g) N S(sg)) N S(p)-

S — Sf — S(f)
induce homeomorphisms
D (f) «— {p € Spec(Sy) | p is Z-graded} —» Spec(S(y)).

The first map is a homeomorphism since it is obtained from the homeomorphism
D(f) < Spec(Sy) by restricting to homogeneous prime ideals, that is, prime ideals
that are generated by homogeneous elements. For the second map, we claim that


https://stacks.math.columbia.edu/tag/00JP
https://stacks.math.columbia.edu/tag/00JO
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Spec(S(s)) — {p € Spec(Sy) | p is Z-graded}

po VPoSs

is a continuous inverse. First, we show that the ideal y/poS¢ is prime. If ab € poSy
with a,b homogeneous, then

abd

Faea(a) tdea(s) < PO

Since pg is prime, we have either a?/f4°8(®) € pg or b¢/f4°8() € p,, and hence either
a € poSy or b € poSy. Thus, 1/poSy is prime. Next, we note that

VPoSy N S(p) = 4/PoSs N S(5) = Po

since po is radical and since S(y) < Sy has a S(y-linear retraction. Thus, the map

po — /oSy is an inverse.

It remains to show that p — p N S(y) is continuous. We claim the image of
{p € Spec(Sy) | p is Z-graded} N D(g)
is open for any g € Sy. Write g = >, g; for deg(g;) = i. The image of this set is

(%)

which is open. O

2.4.2. Sheaves associated to graded modules. We now discuss the projec- |2/18

tive analogue of the construction M — M we used to define the structure sheaf on
Spec(A).

DEFINITION 2.4.5 [EGATI, Définition 2.5.3]. Let S be an N-graded ring and
consider a Z-graded S-module M. The sheaf M associated to M is the sheaf
associated to the presheaf defined on distinguished open sets D (f) as

D+(f) — M(f)
The structure sheaf on Proj(S) is S. By construction, we see that M|D+(f) = sz/)’
and hence (Proj(S), S) is a scheme.

PROPOSITION 2.4.6 [EGAII, Proposition 2.4.6]. Let A be a ring and let S be
an N-graded A-algebra, that is, each Sq is an A-module. Then, there is a natural
morphism Proj(S) — Spec(A).

In this situation (and similar ones in the future), we say that Proj(S) is a
scheme over Spec(A) or over A for simplicity.

Proof. For homogeneous elements f,g € S, we have the commutative diagram

St — Sirg) < S(g)
A.

The morphisms Spec(S(y)) — Spec(A) therefore glue together to yield a morphism
Proj(S) — Spec(A). O

[Har77, p. 116]

[Har77, p. 76]



[Har77, Bx. 11.2.5.1]
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F1GURE 2.5. Ojanguren’s example of a Noetherian scheme with
non-Noetherian global sections [Oja08].

x=Avi
U=%-0

/
/
/
'

EXAMPLE 2.4.7 (Projective n-space). Let A be a ring and let n > 0. The
projective n-space over A is

1 = Proj (A[xmm, e xn])

Using this construction, we can construct an example of a Noetherian scheme
with non-Noetherian global sections. Below, the exact choices of A, B, L, D are not
too relevant, but I have chosen specific ones for concreteness.

We use the language of regular functions to mean sections of the structure sheaf
defined on some open set.

EXAMPLE 2.4.8 [0ja08]. Let k be an algebraically closed field. Let A = V()
and B = V. (y) be two planes in P} intersecting along L = V, (x,y). Let X = AUB.
Let D = Vi (z,2) C A be another line, distinct from L, such that D N L = {P} for
a unique closed point P. See Figure 2.5 for an illustration.

We claim that U = X — D is such that T'(U, Ox) is non-Noetherian. Note
that since U is a subscheme of the Noetherian scheme P3, it is Noetherian. Every
f eT(U,0Op) is constant on

B-D=DB-{P}~P;—{P}

since in the diagram

0 0
I'(B - {P},0x) I'(B—{P},Ox)
1] ]
I'(B—-Vi(z),0x)®(B—-Vi(2),0x) == k[iﬂ @k[ji]
[1-1] [1-1]
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the bottom right map [1 —1] is injective. The restriction of f to
AO =A-D= Ai

is therefore constant on Lo := Ag N L. On the other hand, if f is a regular function
on Ap that is equal to a constant ¢ on Lg, then it extends to a regular function on
U. Thus, the ring T'(U, Oy ) is isomorphic to the ring

R={f(z,y) € k[z,y] | f(z,0) = c for some ¢ € k}
={ctglay)|cek, glz.y) €y-klz,y]}
=k+y-klz,y].
The k-algebra R is generated by the monomials zy!*" for m,n > 0. The ideal
I C R of polynomials vanishing along the line L = V, (z,y) is generated by these

monomials. The ideal I cannot be generated by finitely many elements f; because
the f; will have a term with largest power N on z, in which case

Ny e I— (fi)i

PROPOSITION 2.4.9 [EGATI, Propositions 2.5.2, 2.5.4, and 2.5.5]. Let S be an
N-graded ring and consider a Z-graded S-module M .

(i) There exists on X = Proj(S) ezactly one quasi-coherent Ox-module M
such that for every homogeneous f € Si, we have

U(Dy(f), M) = My
and for every f,g € Sy, the diagram

L(Dy(f), M) == My,
[(Dy(fg), M) == Mgy

commutes.
(i) The functor

"Mod(S) — QCoh(Ox)

MM

from the category *Mod(S) of graded S-modules with graded homomor-
phisms is exact and commutes with direct limits and with direct sums.
(iii) For every p € X = Proj(S), we have M, = M.

Proof. (i) holds by definition and the construction of sheaves defined on a basis. (i)
holds since exactness is computed stalkwise, and since direct limits and direct sums
can be computed in terms of the behavior on each distinguished open set D (f)
because they will have the same associated sheaves. (iii) holds by computing the
direct limit along the restriction maps in (). O

2.4.3. Serre twists and sheaves associated to tensor products, Hom,
restriction of scalars, and extension of scalars. We want to define an “inverse”
to the functor M +— M. To do so, we use the following construction.

DEFINITION 2.4.10 [FAC, n° 54; EGAII, Notations 2.1.1 and (2.5.10)]. Let S
be an N-graded ring and let X = Proj(S). Let n € Z.

[usel9]

I chose this notation
to match the
notation for graded
Hom in [BHIS, p.
33].

[Har77, Prop.
I1.2.5(a), 11.5.11(a))

[Har77, p. 117]
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(7) Let M be a Z-graded S-module. The Z-graded S-module M (n) satisfies
M(n)d = Mn+d-

(i) For every n € Z, the n-th twisting sheaf of Serre is

e

Ox(n) == S(n).
(#91) The n-th twist of an Ox-module .F is
F(n) =7 @0, Ox(n).
Here are some important properties of the twisting sheaf.

PROPOSITION 2.4.11 [FAC, n°8, Proposition 4; EGAII, Proposition 2.5.7, Corol-
[Har77, Prop. laire 2.5.8, Corollaire 2.5.9, Corollaire 2.5.14, and Corollaire 2.5.15]. Let S be an
I1.5.12(a),(b)] N-graded ring and let X = Proj(S).

(i) Let d > 0 be an integer and let f € Sy. Then, for all n € Z, we have
(S(nd)) ’D+(f) = Ox|p,(p)-
In particular, if S is generated by Sy as an Sp-algebra, then Ox(n) is an
invertible sheaf on X for every n € Z.
(it) Let M and N be Z-graded S-module. Assume that S is generated by
S1 as an Sy-algebra. Then,
M®(9x ]\7% (M®S N)N.
In particular, M(n) = (M(n))~ and
Ox(n) ®oy Ox(m) = Ox(n+m).
If M has a graded finite presentation, then
<*HomS(M, N))N >~ Homo, (M,N),
where

"Homg (M, N) :== €P{¢ € Homg(M,N) | ¢(Ma) € Nasyn}
nez
C Homg(M, N).

CAUTION 2.4.12. The notation Homg(M, N) from [EGATI, (2.1.2)] is what
we call *HomS(M, N). The notation *HomS(M7 N) is from [BH98, p. 33]. The

inclusion
"Homg (M, N) C Homg(M, N)
is an equality when M is finitely generated [EGAITI, (2.1.2)], but is not an equality
in general [Jim13].
Proof of Proposition 2.4.11. (i). This follows from the bijection

s sfm
[T

S S

fn+m — fm

[Har77, p. 50]
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The “in particular” statement holds since
X = U DiH) = ) Vi) = Vi(S1) = Vi(S4) = 0
fes fes

and hence the D, (f) as f ranges over all f € S; forms an open cover of X. [EGAITI, Cor. 2.3.14]
(73). We first construct the maps. Note this construction does not require the [EGAIL (2.5.11),

assumption that S is generated by S;. For every f € S; with d > 0, we construct a (2.5.12)]

S(p)-linear map

Ars Mgy @5,y Nipy — (M @5 N)y)
functorial in M and N as the composition
Mgy ®s ;) Nij) = My ®s, Ny — (M @5 N);

and then noting that homogeneous elements of degree 0 on the left-hand side map
to homogeneous elements of degree 0 on the right-hand side:

Ty (z®y)
f7m®ﬁ'_> fnz-i—n .

With this definition, for every g € S, for e > 0, we have the commutative diagram

Af
Mgy @5,y Nipy — (M @5 N)(y)

! !

)‘fg
Mpg) @5, Nipg) — (M @5 N)(sg)-

We therefore obtain the morphism
A M@ox N — (M ®g N)~

natural in M and N. Similarly, we construct the S(y-linear map

Py (*Homs(M N)) — Homs,, (M(s), Niy))

)]

— =

fn fm fm+n
where u is a map of degree nd and x is an element of degree md. For every g € S,
for e > 0, we have the commutative diagram

* 1233
( Homg (M, N))(f) —— Homyg,,, (M(s), N¢p))
* HKfg
( Hom (M, N)>(fg) —*+ Homs,,, (M(s9): N(s9))-

We therefore obtain the morphism
7% (*HomS(M, N))N — AHomo, (M, N)

natural in M and N.
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It remains to show that, assuming that S is generated by S, the maps A, u are
isomorphisms. For every f € S, we want to show that

Mgy ®s,) Nigpy — (M @s N)y)

T y TRy

T frkn
is an isomorphism. Consider the Sp-bilinear map

M, x N,, — M(f) ®5(f) N(f)

T Y
I
By the universal property of tensor products, we have the dashed map in the
commutative diagram

(z,y) ———

MmXNn ” Mm ®S() Nn

I
\ =]
~

My @54y Ny

Now let s € S;. Then, as m,n varies on the left-hand side these morphisms are
compatible with multiplication by s in the sense that

sx y s x Y
(SI)®y q+m®777q 7n®7 :
f o feNm o f
Thus, passing to the quotient

D P Mnws, No— MasN
deZ m+n=d

as in [EGAITI, (2.1.2)], we obtain a di-homomorphism of modules
Vrr M®s N — M) ®s(p) Ny

over the map S — Sy mapping s — s/f? on homogeneous elements s € S,. Since
the image 1 of f acts as a unit on the image of M ®g N, the map s factors through
the localization at f to yield a map

(M ®s N)y — M) @s(s) N

compatible with the map Sy — S¢s). The map Sy — S5y mapping s/f™ — s/ f4
restricts to the identity on S(s). Thus, we can restrict to degree 0 parts to obtain
the Sy)-linear map

Nps (M ®@s N)py — My ®s(p) Ny
TRY z Y
fvrz+7z ' fim ® F
Comparing the descriptions of Ay and /\’f, we see they are mutually inverse.

For i, suppose that M has a graded finite presentation, i.e., there exists a right
exact sequence

=1

é S(~dj) 4 @ S(~di) — M — 0
j=1
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of graded S-modules, where d;,d; € Z and where A = (a;;) is an m x n matrix

with a;; € S4,—q,. Since "Hom and #om are left exact, we have the commutative
diagram

0 0

! |
(*Homs(M7 N))N K Homeo, (M, N)

| |

—_~—

—— P Homo, (S(—d;),N)
Jj=n

D (" Houg (S(~d,). )

j=1

with exact columns. Since isomorphic morphisms have isomorphic kernels, it suffices
to show that the bottom two horizontal maps are isomorphism. Changing notation,
it suffices to prove the case when M = S(d), i.e., it suffices to show that

e (*HomS(S(d), N))N — Homoy (ST(E), N)

is an isomorphism. As before, since the open sets Dy (f) for f € Sy form an open
cover of X, it suffices to show that

pr: Homg(S(d),N) ;) — Homs, (S(d)(s), Nis))

D)
is an isomorphism for every f € S;. We claim we have a commutative diagram

"Homyg (S(d), N) ;) ———— Homg,, (S(d)(s), Nip))

(N(=d)) ;)

where 7y, 77} are isomorphisms. Let z € N(—d) Then, we have a homomorphism
S(d) — N such that u,(1) = z. The resulting map N(—d) — Homg(S(d), N) is an
isomorphism. We therefore obtain an isomorphism 7. Likewise, if 2’ € N4y, then
we define the map 7} as

)]

g (N(=d)) ;) — Homs,, (S(d)(s), Niy))

z s sz
an } ﬁ = fmtdtk
where on the left-hand side, 2’ € (N(—d))n = Npy—q and on the right-hand side,

s € (S(d))k = Sg+r. This map is an isomorphism as well. O

CAUTION 2.4.13. The assumption that S is generated by S; as an Sp-algebra
is very important! Without this assumption, these and many other facts about
Proj(S) are false. See [Dol82, §1.5].



[Har77, Prop.
I1.5.12(c)]
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We also have the analogue of Corollary 2.2.13(iii) for Proj.

PROPOSITION 2.4.14 [EGAII, Propositions 2.8.7 and 2.8.8]. Let ¢: S — T be a
graded map of N-graded rings. Consider the associated morphism

®: U — Proj(9)
of schemes, where
U= {p € Proj(T) | p 2 ¢(S+)}-
(i) Let N be a graded T-module. There exists an isomorphism
(Nig)) ™ = @(Nv)

of Opyoj(sy-modules natural in N.
(#4) Let M be a graded S-module. There exists a morphism

v @M — (MasT)~|,

of Oy-modules natural in M. If S is generated by S1 over Sy, then v is
an isomorphism.

Proof. (i). Let f € S; be a homogeneous element and let f' = ¢(f). Then, there
is an isomorphism

N = (N4 .

( [w])(f) — (N ))pp(f,)]

These isomorphisms correspond to the isomorphisms
(Ne)) "L, ) — (@)« (Nl (s)

under Serre’s equivalence for affine schemes by Corollary 2.2.13(iiz) and Propo-
sition 2.4.9(¢). Moreover, for homogeneous g € S, with image ¢ = ¢(g), the
diagrams

(Ne) “Ip gy — (@4)+(Nlpy (1)

| !

(N[v])N|D+(fg) —= (@41)«(Nlp, (579))

commute by the way the isomorphism in Corollary 2.2.13(7i7) is defined. Thus, these
isomorphisms glue to yield the isomorphism we wanted. The isomorphism is natural
since the isomorphisms used to construct it on distinguished open subsets, Serre’s
equivalence for affine schemes (Corollary 2.2.12), and the commutative diagram
above are natural in V.

(i7) (Sketch). Let f € Sy for d > 0, and set f' = ¢(f). We can then define a
natural morphism

vi: Mgy @spy Tipry — (M @s Ty
of T(yy-modules as the map obtained by corestricting the composition

Mgy ®s ;) Tpry = My @5, Ty — (M @5 T)
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to degree 0 components. One can check that v fits into the commutative diagram

vy
Mgy ®sy) Tipry —— (M @5 T)(p)

! |

Vfg
M(pg) @8y Lirgy — (M @5 T)(rg)

and hence we obtain the morphism v. For the isomorphism statement, it suffices
to show that vy is an isomorphism for all f € S; since U is covered by the open
sets D (f) as f ranges over all elements of S;. We write down an inverse for v; as
follows. We have an Sy-bilinear map

My X Sn — M5) @54 T(s)
x s
(.%', S) —_ fim ® F
As in the proof of Proposition 2.4.11(ii), we obtain a di-homomorphism
nyp:M@sT — M(f) ®S(f) T(f/)
with respect to the ring map S — S(y) mapping s — s/ f¢ on homogeneous elements

5 € S4. One then checks that the maps vy and 7y are mutually inverse. ([l

2.4.4. Graded modules associated to sheaves. We now define an “inverse” |2/20
functor to M — M.

DEFINITION 2.4.15 [FAC, n° 59; EGAII (2.6.1) and (2.6.2)]. Let S be an N- [Har77, p. 118]
graded ring generated by S; as an Sp-algebra. Let X = Proj(S) and let .% be an
Ox-module. We then have a graded ring map

S —T.(0x) = PT(X,0x(n))
neZz
where the N-grading on the right is obtained from the multiplication maps
F(X, Ox(n)) Ar(x,0x) F()(7 OX(d)> — F(X, Ox(’n + d))
The graded I',(Ox )-module associated to .Z is
I.(7):=PT(X,Zn).
nez

This is a graded I',(Ox)-module as follows. Consider a section s € T'(X, Ox(d)).
Then, for any ¢ € T'(X,.#(n)), the product s -t € T'(X,.#(n + d)) is defined by
taking the tensor product

s@tel(X,0x(d) ®oy F(n))
and using the isomorphism

Ox(d) @0y, F(n) 2 F(n+d).

Since Ox (d) is invertible, I'.( ) is a left exact functor.
If M is a graded S-module, we obtain a morphism [Har77, Exer.

a: M —s T,(I) I1.5.9(a)]

of graded S-modules natural in M since an element m € M,, determines a section
of M(n) by working on the distinguished open sets D (f).



[Har77, Prop. I1.5.13]

[Eis05, Cor. A1.12]
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We calculate one example of the graded module associated to an Ox-module.

PROPOSITION 2.4.16 [FAC, n°® 62, Proposition 2(a); EGAIII;, Proposition
2.1.12(2)]. Let A be a ring, let S = Alzg,z1,...,2z,] forr > 1, and let X =P7 =
Proj(S). Then,

S — F*(Ox)

s an isomorphism.

Proof. We want to calculate the kernel in the exact sequence

0— F(X, Ox(n)) — HF(D+($1'), Ox(n)) — HF(D-i-(-fixj); Ox(n))

=0 4,J

Taking the sum over all n, we want to compute the kernel in the exact sequence

0—T.(0x) — ﬁSxi — HSQMJ

i=0 i.j

where K consists of all tuples (to,t1,...,%.) such that the images of ¢; and ¢; in
Sz,z; are the same. The x; are nonzerodivisors on S, so the localization maps
S — Sz, and Sz, — Sg,; are all injective. Moreover, we can think of all rings
involved as subrings of S" = Sy 4,....,.. We therefore see that

T

Any homogeneous element of S’ can be written as
xQxy -xy f(xo, X1, 2r)

where i; € Z and f is a homogeneous polynomial not divisible by any z;. This
element is in Sy, if and only if ¢; > 0 for all j # . Thus, the intersection of all the
Sz, is just S. O

CAUTION 2.4.17. Tt is not true in general that S — I',(Ox) is an isomorphism
[Har77, Exercise I1.5.14].

2.4.5. Graded local cohomology and the kernel and cokernel of a. We
can use local cohomology to understand Proposition 2.4.16 and the morphism «
better. We will in fact show the following:

THEOREM 2.4.18 [EGATII,, Proposition 2.1.5]. Let S be a Noetherian N-graded
ring generated by S1 as an Sy-algebra, let M be a Z-graded S-module, and let
X = Proj(S). We have the exact sequence

0— Hg (M) — M -5 TW(M) — H§ (M) — 0
of graded S-modules and the isomorphisms

P (X, M(n)) = Hy (M)
nez

of graded S-modules for every i > 2.
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Thus, Hg, (M) and H§, (M) measure how far a: M — I',(M) is from being
an isomorphism.

Since we are making statements about local cohomology in the setting of graded
modules, we need to make sense of local cohomology as a functor on *Mod(S ). This
is allowed by the following:

LEMMA 2.4.19. Let S be an N-graded ring. Let a C S be a homogeneous ideal.
(i) A graded S-module M is injective in ~Mod(S) if and only if [BHIS, p. 136]
* * * BS13, Lem. 13.2.
Hom(-, M): “Mod(S) — "Mod(S) [BS13, Lem. 13.2.5]

18 exact.
(ii) "Mod(S) is a Grothendieck Abelian category with a generator. Thus,
"Mod(S) has enough injective objects. [BH9S, Exer. 1.5.19,
(iit) We have a commutative diagram Thm. 3.6.2]
Ny [BS13, 13.1.7(i),
* rget
Mod(S) ———— Mod(S) Thm. 13.2.4(3)]
ral lra [BHOS, p. 143]
. Forget [BS13, Ex.
Mod(§) ——— Mod(S). 13.3.3(i)]
(iv) The forgetful functor [BS13, Prop. 13.2.6,
Thm. 13.4.2]

Forget: ~Mod(S) — Mod(S)

maps injective objects in *l\/lod(S) to T'y-acyclic objects in Mod(S). Thus,
the forgetful functor defines a natural transformation of §-functors such
that the diagram

*Mod(S) — %5 Mod(S)
H;l lHi
"Mod(S) — 5 Mod(S)

commutes for every i. Here, we compute the right vertical functor H: using
injective resolutions on Mod(S).

Proof. (i). We have

*Hom( M) = @ Hompoq(s) ( ., M(n))
neZz

= @ Hom=yo4(s) (- (=n), M)
nez
which is exact if and only if M is injective.

(ii). The category Mod(S) is Abelian because kernels and cokernels are
computed degree-wise, where on each degree, they are computed as kernels and
cokernels of morphisms of Sp-modules. Arbitrary direct sums exist and filtered
direct limits are exact since direct sums and direct limits are computed degree-wise.

Finally, a generator is given by
P s(n).

nez



[BS13, 13.1.8]

[BS13, Rem. 13.4.6]
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Thus, ‘Mod(S) has enough injective objects by Theorem 1.3.35.

(7ii). Let M be a graded S-module. Then, m € I'q(M) if and only if a”m =0
for some n > 0, which holds if and only if each graded component of a™m is equal
to 0. Since a and m are graded, this hold if and only if each component of m is in
Lo (M), and hence T'y(M) is a graded submodule of M.

(iv). By dimension shifting (Proposition 1.4.21), it suffices to show that injective
objects in *l\/lod(S) are I'g-acyclic. To prove this, note that the composition

Ta(-) 2 lim "Homg(S/a", ) — lim Homg(S/a", -) = Tq(-)

n>0 n>0

is the identity (on the right-hand side, we think of I'; as a functor on Mod(S)) and

hence the middle “inclusion” is an isomorphism. Thus, we can compute H as

Hy(-) = lim "Ext}y(S/a", -) 2 lim Ext(S/a”, -)

n>0 n>0
which is 0 for injective objects in *I\/Iod(S) by (7). O

To prove Theorem 2.4.18, the idea is to compute local cohomology on the affine
cone over Proj(S). Affine cones are defined as follows.

DEFINITION 2.4.20 [EGAII, (8.3.1) and Corollaire 8.3.6]. Let S be an N-graded
ring. The affine cone over Proj(S) is

C(Proj(9)) = Spec(9).
We can define the canonical projection morphism
(2.4.21) m: Spec(S) — V(Sy) — Proj(S)
as follows. Over each homogeneous element f € S, we have a ring map
Sp = 5p)
which yields the morphism

D(f) — D+(f)

by applying Spec. These morphisms glue to give the morphism (2.4.21) since the
diagram

S —— S(p)

[

Stg < S(s9)

[

Sg +—— S(g)

commutes for all homogeneous f,g € S;. Note that « is surjective since, for every
prime ideal p C S(y), there exists a prime ideal in Sy lying over p because

Sep) St
0#—=+ — —.
7 p pSy
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LEMMA 2.4.22 [EGAII, (2.2.1) and Corollaire 8.3.6]. Let S be an N-graded
ring and let f € Sq for d > 0. The monomials (f/1)" € Sy form a free system of
generators for (S4); over Sy, and hence

(SD)y = ST, T7Y 2 ) @7 2T, T7).

Thus, if

m: C(Proj(S)) — V(54+) — Proj(5)
is the canonical projection morphism from the affine cone C(Proj(S)), then for all
nonozero f € S1, we have

7 (D4 (f)) = Spec(Sp[T,T7]).
Proof. For the first statement, first note that since we are working in (S(¥)), the

element f is a unit. Thus, a relation of the form
b

> oa(f/mh =0

h=-—a
holds where 2z, = x/f™ and xj, € Spq if and only if a relation of the form
b

Z chrkfﬂh =0

h=—a

holds for some k. Since the terms in this equation are all in diferent degrees, a
relation of this form holds if and only if f"**x;, = 0 for all h, which is equivalent to
zp, = 0 for all h, again using the fact that f is a unit in (S@);.

The last statement of the lemma holds by setting d = 1 and looking at the
definition of (2.4.21) on distinguished open sets. O

We can now prove Theorem 2.4.18.

Proof of Theorem 2.4.18. Let C(X) = Spec(S) be the affine cone over X = Proj(S).
Let E = C(X)—V(S4). Since C(X) is affine, Cartan’s theorem B (Theorem 2.2.15)
implies that the long exact sequence on local cohomology from [Har77, Exercise
I11.2.3(e)] (Homework 2, Problem 3(e)) has the form

0 — Hys,)(C(X),M) — M — H°(E,M|g) — Hys,,(C(X),M) — 0
and contains the isomorphisms
H'™Y(E, M|g) = Hi;s,,(C(X), M)

for every ¢ > 2. Since S is Noetherian, [Har77, Exercise II1.3.3] (Homework 4,
Problem 5(e)) implies that

Hy s,y (C(X), M) = Hg (M)
for every i. Finally, we claim we have
HY(E,M|p) = H (X, 7. M|g)

~ g <X7 4 M(n))

neZz

=~ (P H' (X, M(n)).

nez

R

[Dol82, §1.4]

For those who are
curious, it suffices
here to assume that
Sy is finitely
generated as an
ideal by [SGA2,cy,
Exp. II, Prop. 5].
Another option is to
assume that Sy is
generated by a
weakly proregular
sequence in the
sense of [Sch03].
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The first isomorphism holds since 7 is affine by Lemma 2.4.22 and using [Har77,
Exercise I11.4.1] (Homework 4, Problem 4(c)). To show the second isomorphism,
note that

L(D4(f),mM|p) =T(D(f), M) = My = P (M(n))
neZ

for every f € S4, and that the associated isomorphisms of sheaves on D, (f)
under Serre’s equivalence for affine schemes (Corollary 2.2.12) are compatible with
restriction to distinguished open sets of the form D, (fg) for g € S.. g

2.4.6. Serre’s equivalence for quasi-coherent sheaves on Proj. We have
now constructed two functors

"Mod(S) === QCoh(Op,0j(s))
M— M
I (F) ¢— 1 Z.

We want to understand to what extent the compositions are isomorphic to the
identity functor.

PROPOSITION 2.4.23 [FAC, n° 59, Propositions 7 and 8; EGAIIL (2.6.4) and
Proposition 2.6.5]. Let S be an N-graded ring that is generated by Sy as an Sp-algebra
and let M be a graded S-module. Let X = Proj(S) and let F be a quasi-coherent
Ox-module. Then, there is a morphism

B:Tu(F)” — F

natural in F such that the compositions

(2.4.24) M-S T,00)~ 5 M
(2.4.25) D (F) -5 1, (0 (7)) =2 1, ()

are the identity maps.

Proof. We first define 5. Let f € Syford > 0and g € S, for e > 0. Set M =T, (%F).
We then have the commutative diagrams

Mgy == D(D4()), #)

J |

Brg
Mgy — T(D1(f9), 7).

Since T'(D4 (f), M) = M(yy by Proposition 2.4.9(7), these maps glue together to
obtain the morphism f.

We now show (2.4.24). It suffices to show the composition is the identity locally.
On each distinguished open D, (f), the morphism corresponds to

F(D+(f)7M) I'(D+(f).&)

which is the identity.
To show (2.4.25), we work one degree at a time. Set M = TI'.(%#). Then,
M, =T(X,.Z(n)) and

(D (M)

My, 25 T(D4 (1), )

—_~—

=T(X,M(n)) =T (X, M(n)).

n
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If f € S; and z € M,,, then over each principal open set D, (f),

MOIPREEEE ({) % € (M),

which maps via ¢ to the section

(a20po) - (Floecn) - (10 osin) = o =

THEOREM 2.4.26 [FAC, n°® 65, Proposition 6; EGAII, Théoréeme 2.7.5 and
Corollaire 2.7.7]. Let S be an N-graded ring that is finitely generated by S1 as an
So-algebra and let X = Proj(S). Then, for every quasi-coherent Ox-module F, the
morphism

B:Tu(F)” — F

is an isomorphism. As a consequence, the functor M — M is essentially surjective.

Proof. First, S, is generated by finitely many elements f; € S1, and hence we can

write
X =Jspec(s(s,)

as a finite union of quasi-compact open subsets whose intersections are quasi-compact.
That is, X is qegs. By the qcgs lemma (Theorem 2.3.40), we see that for every
f € Sy for d > 0, the morphisms

(F* (ﬁ)) aq(f)

are isomorphisms, where we consider f as a section in I'(X, O(d)). On the other
hand, the left-hand side is equal to (I'.(.#))s) by definition, and the resulting map
is ﬁf. ([l

= T(D4(f),F)

As a consequence, we have Serre’s equivalence for quasi-coherent sheaves on
Proj(S).

COROLLARY 2.4.27 (Serre’s equivalence for QCoh(Proj(5))). Let S be an N-
graded ring that is finitely generated by S1 as an Sp-algebra and let X = Proj(5).
We then have an equivalence of categories

{ graded S-modules M such that } ()

—
a: M — T'(M) is an isomorphism QCoh(Ox).

e
Proof. This follows from Proposition 2.4.23 and Theorem 2.4.26. O

2.4.7. Finiteness conditions for graded modules. To understand the left-
hand side of the equivalence in Corollary 2.4.27, we will restrict to quasi-coherent
sheaves of finite type. On the module side, we introduce the following two finiteness
conditions:

DEFINITION 2.4.28 [FAC, n°® 56; EGAII, (2.7.2)]. Let S be an N-graded ring and
let M be a graded S-module. We consider the following two finiteness conditions
on M.

(TF) There exists an integer n such that the sub-module
D M
k>n

is a finitely generated S-module.

[Har77, Prop. I1.5.15]

[Har77, Exer.
I1.5.9(c)]



[EGATI, Prop. 2.2.5]

[Har77, Prop. I1.5.15]
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(TN) There exists an integer n such that My = 0 for all k > n.
Note that if M satisfies (TN), then M) = 0 for every homogeneous element f € S,
and hence M = 0.

PROPOSITION 2.4.29 [FAC, n° 58, Proposition 5; EGATI, Proposition 2.7.3]. Let
S be an N-graded ring such that Sy is a finitely generated ideal and let X = Proj(5).
Let M be a graded S-module.
(i) If M satisfies (TF), then M is of finite type.
(ii) Suppose that M satisfies (TF). Then, M = 0 if and only if M satisfies
(TN).

Proof. We have already seen < in (7).
(i). Let M" = Py, My be the sub-module that is finitely generated. The
short exact sequence

0— M —M-— M/M —0

induces the short exact sequence

0 — M =5 M — M/M’ — 0
where M /M’ = 0 by the direction < in (ii). Replacing M by M’, it suffices to
consider the case when M itself is finitely generated. Since being of finite type is a
local condition, it suffices to show that My is finitely generated as an S s)-module
for every homogeneous element f € S;. Since M is finitely generated, there is a least
common multiple e of the absolute values of the degrees of its generators. Then,
M{4e) i a finitely generated S(4¢)-module, and we have surjection

M (de) —» M(fe) = M(f)
sending z € Mye, to z/(f€)™.

It remains to show = in (i7). With the same notation as above, we have M = ,
and the condition (TN) for M’ holds if and only if it holds for M. Replacing
M by M’, it suffices to consider the case when M itself is finitely generated by
homogenecous elements {z;}1<i<p. Let {f;}1<j<q be a finite homogeneous set of

generators for S;. By hypothesis, we know that M) = 0 for all j. Since both sets
are finite, there exists an integer n such that

for all 4, j. Set n; = deg(f;) and let m = max{}>_, r;n;} where the r; range over all

tuples such that Zj r; < ng. Then, for every k > m, we have Spz; = 0 for all ¢. If
h = max{deg(x;)}, then My =0 for all k > h +m. O

COROLLARY 2.4.30 [FAC, n° 60, Théoreme 2; EGAII, Corollaire 2.7.8]. Let
S be an N-graded ring that is finitely generated by S1 as an Sp-algebra and let
X = Proj(S). Then, every quasi-coherent Ox-module F of finite type is of the
form N for a graded S-module of finite type.

Proof. By Theorem 2.4.26, we can write .Z = M for a graded S-module M. Write
M as a direct limit of its finitely generated graded submodules M. Let f; € S be
a finite set of generators for S over Sy. For each distinguished open set D (f;), a
large enough submodule M) ; satisfies

(M)‘j)(fj) = My,
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by the same argument as in Proposition 2.4.29(7). Now letting A’ = max{}\;}, we
see that My = M. O

2.4.8. Finiteness and vanishing theorems for graded local cohomology.

Corollary 2.4.30 tells us that (under the same assumptions) we can corestrict the
equivalence in Corollary 2.4.27 to obtain an essentially surjective functor

(+): "Modg,(S) — QCoh(Ox).

However, this does not give an equivalence of categories since, for example, any
graded S-module satisfying (TN) will map to 0, and hence the composition M —
M — T'.(M) may not be isomorphic to the identity.

To prove the rest of Serre’s equivalence, the key is the following:
THEOREM 2.4.31 [FAC, n°® 63, Proposition 3; EGAIII;, Théoreéme 2.2.1]. Let S
be a Noetherian N-graded ring. Let M be a finitely generated graded S-module.

(1) For alli >0 and all n € Z, the Sy-module Hg+ (M),, is finitely generated.
1t) For every i > 0, there exists r € Z such that H: (M), =0 for allm > r.
St

In fact, it turns out that r can be chosen independently of ¢ in (ii). Proving
this requires knowing that Hg+ (-) vanishes past a certain degree, which we will see

later using Cech cohomology.

To prove Theorem 2.4.31, we need to prove one more result on local cohomology
modules, namely, that S -power-torsion modules are I'g, -acyclic. To prove this,
we will use the following result. The Noetherian property is used to apply the
Artin—Rees lemma [Mur24ca, Theorem 10.4.2].

PROPOSITION 2.4.32. Let R be a Noetherian ring and let I be an injective
R-module. Consider an ideal a C R. Then, T'y(I) is injective.

Proof. By Baer’s criterion (Lemma 1.3.38), it suffices to show that for every ideal
b C R, every morphism b — I'q(I) can be extended to a morphism R — I'y(I):

b— R

-
J/ ////
g

We put I into the diagram to obtain an extension of b — I to a morphism R — I:

b—— R

hl /’/ J{l»—mu
L

To(I) — I.

Since R is Noetherian, b is finitely generated, and hence a’ h(b) = 0 for some t. By
the Artin—Rees lemma [Mur24ca, Theorem 10.4.2] for the inclusion h(b) C Rw as
submodules of I, there exists ¢ > 0 such that, for all n > ¢,

a"(Rw) N h(b) = a"°(a®(Rw) N h(b)).

Thus,
a't¢(Rw) N H(b) C a’ h(b) = 0.

[BS13, Thm. 16.1.5]
[Har77, Thm. I11.5.19,
Thm. I11.5.2]

[BS13, Prop. 2.1.4]



[BS13, Cor. 2.1.6,
Cor. 2.1.7(1)]
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We can therefore define an R-module map

h:atte 4+ b — To(1)
S+r i —Trw
which is well-defined since if r1 — 79 € a**¢, then
riw — row = (r1 — ro)w € a'T(Rw) N h(b) = 0.
This map h fits into the commutative diagram

b——a*+b—

h /// llr—)m
I

To(l) — I

where we use the injectivity of I again to extend h to 1 — m. It remains to show
that m € ['y(I). For all s € a’*¢, we have

sm="h(s)=h(s+0)=0-w=0. O
As a consequence, we have:

COROLLARY 2.4.33. Let R be a Noetherian ring. Consider an ideal a C R and
let M be an a-power-torsion R-module. Then, M has an injective resolution where
each term is an a-power-torsion R-module. Moreover, H.(M) =0 for all i > 0.

Proof. Since Mod(R) has enough injectives, there exists an injective module I"° and
an inclusion M < I'°. Since I'y(-) is left exact, applying I'y yields an inclusion
M — I° where I° :=T'(I"°) is injective by Proposition 2.4.32.

Now suppose that we have an exact sequence

0—M-—1°—... I

of a-power-torsion R-modules such that I7 is injective for all j. Applying the
previous paragraph to coker(I"~! — I™), we can find an a-power-torsion R-module
I"*1 such that

0—M-—1°— ... — " — !
is exact.

It remains to show that H:(M) = 0 for all i > 0. Let M — I*® be an injective
resolution where I/ is a-power-torsion for all j as constructed above. Then, the
functor T'y( - ) has no effect on the resolution I*. Computing cohomology objects,
we see that H: (M) = 0 for all i > 0. O

We can now prove Theorem 2.4.31.

Proof of Theorem 2.4.31. We induce on i > —1. If i = —1, then ng(M) =0
and there is nothing to show. Now suppose that ¢ > 0. We proceed by dévissage
for finitely generated graded modules over Noetherian graded rings (see [Mur24ag,
§1.7.3]). Since M is finitely generated, there exists a filtration
0O=M°CM'C--.CM'=M

by graded S-modules such that for every i, we have
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where p; is a homogeneous prime ideal of S and d; € Z [Mur24ag, Proposition 1.7.7].
If £ =0, then M = 0 and there is nothing to show. For the inductive case, the long
exact sequence associated to the short exact sequence

0— M~ — M — (f)(de) —0
¢

together with the inductive hypothesis implies it suffices to show the claim for
(S/pe)(de). Set p :=pp and d == dy.

Suppose first that S/p is concentrated in degree 0. Then, S/p is Sy-torsion,
and hence Hg, (S/p) =0 for all # > 0 by Corollary 2.4.33. Moreover, since S/p is a
quotient of Sy, we see that Hg+ (S/p) = S/p is finitely generated over Sy.

It remains to consider the case when S/p has elements of positive degree. Choose

a homogeneous element
S S
se——=584(—
Pt ( P )

of degree t > 0. The exact sequence

S o, (S S/
0— , — (p)(t)—> S(S/p)(t)—>0

and the corresponding long exact sequence of (graded) local cohomology modules
yields the exact sequence

(5= 5 (5), 225 )
H: 1( — H, (=) > HL (=
S+ S(S/p) n+t S p n S+ p n+t

of Sp-modules for all n € Z. By the inductive hypothesis, the module on the left
is 0 for n > r, and hence multiplication by s is injective. However, Hng (S/p)n is
Si-power-torsion by [Har77, Exercise I111.3.3(b)] (Homework 4, Problem 5(d)), and
hence we must have H§, (S/p), =0 for all n >r —t.

The inductive hypothesis also says that the module on the left has finitely
generated graded components. Fix n and choose k > 0 such that n+ kt > r — ¢, in
which case

by the previous paragraph. For each j € {0,1,...,k— 1}, there is an exact sequence

H“(( — HY (S/P) it — HE (S/D)nt(iviri-
St S(S/p) Y S+( / ) +Jt S+( / ) +(G+1)t
By descending induction on j, we see that Hf9+ (S/p),, is finitely generated over
So- O

REMARK 2.4.34. An alternative method to prove Theorem 2.4.31 is to use the
short exact sequence

0—Ts (M) —M— — 0,

_ M
Ls, (M)

the I's_ -acyclicity of S;-power-torsion modules, and homogeneous prime avoidance
(Homework 2, Problem 6(c) in MA557) on M/I's, (M). This replaces the role of
dévissage for graded modules and is the approach taken in [BS13].



[Har77, Exer.
I1.5.9(b)]

[Har77, Exer.
I1.5.9(c)]
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2.4.9. Serre’s equivalence for coherent sheaves on Proj. We are now
ready to show:

THEOREM 2.4.35 [FAC, n° 65, Proposition 5; EGAIII;, Théoréme 2.3.1]. Let
S be a Noetherian N-graded ring that is generated by S1 as an Sy-algebra and let
X = Proj(S). Let M be a graded S-module satisfying (TF). Then, there exists an
integer N such that

an: M, — T'(X,M(n))

s an isomorphism for all n > N. In other words, the kernel and cokernel of the
morphism

a: M — T (M)
satisfy (TN).

Proof. Let M" = @y, My be finitely generated such that M’ = M. We have the
commutative diagram

0 K’ M —25 T (M) — @ —— 0

[ 1

0 K M —2 5 T,(M) —— Q —— 0

with exact rows. By construction, we have Q" = Q. The left hand side of the
diagram yields the commutative diagram

0 K’ M —— im(a) —— 0
[ ] 1
0 K M —% 5 T, (M)

with exact rows. The snake lemma [KKS06, Lemma 12.1.1] implies that K/K’ —
M/M’'. Since K/K' — M/M' and Q" - @, we may replace M by M’ to assume
that M itself is finitely generated. By Theorem 2.4.18, it suffices to show that

for sufficiently large n. This holds by Theorem 2.4.31! (]

COROLLARY 2.4.36 [EGAIIL, Corollaire 2.3.2]. Let Sy be a Noetherian ring and
let S be a N-graded ring finitely generated by Sy as an Sp-algebra. Let X = Proj(S).
Let F be a quasi-coherent Ox-module of finite type. Then, T'.(F) satisfies (TF).

Proof. By Corollary 2.4.30, we know that .% = M for some finitely generated graded
S-module M. The morphism M — T',(#) is an isomorphism in sufficiently large
degree by Theorem 2.4.35. (]

‘We therefore obtain:

THEOREM 2.4.37 (Serre’s equivalence for Coh(Proj(S)) [FAC, n® 65, Propositions
5 and 6; EGAIII,, Scholie 2.3.3]). Let Sy be a Noetherian ring. Let S be a N-
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graded ring finitely generated by S1 an Sp-algebra. Let X = Proj(S). We have an
equivalence of categories

graded S-modules
satisfying (TF)

graded S-modules
satisfying (TN)

{e%cmxk>

M + M
(%) +——— Z.

To give a careful proof of this, we would need to discuss more preliminaries from
homological algebra and category theory, namely the notion of a quotient category
of an Abelian category by a Serre subcategory. Instead, we give an indication of the
proof with some references.

Idea of proof. The subcategory of *I\/Iod(S) consisting of graded modules satisfying
(TN) forms what is now called a Serre subcategory (or thick subcategory [Tohokul, p.
138]), which was first defined in [Ser53, (I) on p. 259]. The quotient category on the
left-hand side is defined as in [Tohokul, §1.11]: The objects are graded S-modules
satisfying (TF) and the quotient category is obtained by formally inverting inclusions
(resp. quotient maps) whose cokernel (resp. kernel) satisfy (TN). We can now show
that Coh(Ox) together with the functor M ~— M from graded S-modules satisfying
(TF) satisfies the universal property of quotient categories of Abelian categories as
stated in [Gab62, Chapitre III, §1, Proposition 1, Corollaire 2]. O

EXAMPLE 2.4.38 [Smi04, Example 4.6]. Serre’s equivalence does not hold without
“generated by S;” hypotheses. Consider the weighted polynomial ring S = k[z, y]
where x has degree 1 and y has degree 2. Let M = S/(x) and consider the graded
module M (1). Note that M (1) is not isomorphic to 0 in the category on the left-hand
side of Theorem 2.4.37. B

We claim (M(1))~ = 0, and hence the functor N +— N is not faithful. It suffices
to show that

M(1)() = M(1)q) =0.
First, M(1)(,) = 0 since x € Anng(M). Next, to show M(1)(,) = 0, we note that

has no nonzero degree 0 elements since the numerators f(y) have odd degree, while
the denominators y™ have even degree. Thus, M (1), = 0.

ﬂweﬂﬂD,nezm}

2.4.10. Serre’s finiteness, vanishing, and global generation theorems
for Proj. Three more important consequences of Theorem 2.4.31 and Serre’s
equivalence Theorem 2.4.37 are the following finiteness and vanishing theorems for
Proj. For projective varieties (i.e., the case Sp = k for an algebraically closed field
k), these results are due to Serre [FAC].

THEOREM 2.4.39 [FAC, n° 66, Théoréme 1 and Théoreme 2; EGATI, Corollaire
2.7.9; EGAIII;, Théoreme 2.2.1]. Let Sy be a Noetherian ring and let S be an
N-graded ring finitely generated by S1 as an Sp-algebra. Let X = Proj(S) and let
F be a coherent Ox-module.



[Har77, Thm. 11.5.19,
Thm. I11.5.2]

[Har77, Thm.
11.5.17]

[EGATI, Lem.
2.7.9.1]
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(i) (Finiteness) For all i > 0 and all n € Z, the So-module H (X, F(n)) is
finitely generated.
(ii) (Vanishing) There exists v € Z such that H (X, % (n)) =0 for all i > 0
and alln > r.
(#i1) (Global generation) There exists r € Z such that F(n) is globally generated
for alln >r.

Proof. By Corollary 2.4.36, there exists a finitely generated graded S-module M
such that M = .%. We then have the exact sequence

(24.40)  0— HY (M) — M — P H*(X,.F(n)) — H§ (M) — 0
neZz
and the isomorphisms
7 ~ 1+1
P H (X, 7 () = HE (M)
nez

for all ¢ > 1 by Theorem 2.4.18. The isomorphisms for 4 > 1 imply (i) and (i7) for
1 > 1 by Theorem 2.4.31.

We show (i) for ¢ = 0. The exact sequence (2.4.40) restricts to the exact
sequence

0 — Hg (M), — M, — H°(X,#(n)) — Hg (M), — 0

in each degree n. Since all of the terms are finitely generated Sp-modules by
Theorem 2.4.31 and the fact that M is finitely generated over S, we see that
H°(X,Z(n)) is finitely generated as an Sp-module.

It remains to show (iii). Since M is finitely generated as a graded S-module,
we can find a surjection

for finitely many direct summands S(n;) and integers n;. Setting r = — min{n,},
we see that
B S(n+n;) —» M(n)

is surjective and each n +n; > r +n; > 0 for all . Since S is generated in degree 1,
by choosing a set of generators for S(n + n;)g = Sp4n, as an Sp-module, we obtain

a surjection Sém - S(n + n;)o for finite indexing sets I;. We therefore obtain the
surjective composition

P s —» P S(n+ ni) —» M(n).

Taking associated sheaves, we are done by the discussion in Definition 2.1.3. (I

2.5. Fiber products, separation axioms, and Cech cohomology

So far, we have developed enough tools to write down some interesting examples
of Spec and Proj schemes and to say something about their sheaf cohomology, at
least in theory. However, when we work with concrete geometric objects, at some
point we will need to compute something. Our definition of sheaf cohomology via
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derived functors is not well-suited for computations since injective (or even flasque)
resolutions are hard to get your hands on.

Our goal will be to define and study the necessary separation axioms for schemes
that will allow us to compute sheaf cohomology easily using what is known as the
Cech complex associated to a chosen affine open cover.

2.5.1. Fiber products of schemes. We start with the general notion of a
fiber product.

DEFINITION 2.5.1 [EGAT,.y, Chapitre 0, (1.2.2)]. Let € be a category. Let S
be an object of ¥ and let X and Y be objects equipped with morphisms to S. The
fiber product of X and Y over S, if it exists, is an object X xgY of ¥ together with
projection morphisms p1: X XgY — X and po: X XxgY — Y over S satisfying the
following universal property: For every object Z of ¢ and every solid commutative
diagram

X —— S

there exists a unique dashed morphism 6: Z — X xXg Y making the diagram
commute. We call a square of the form above (where the object in the top left is
the fiber product of the three objects in the rest of the square) a Cartesian square
or a pullback square.

ExaMPLE 2.5.2. Consider the category of quasi-projective varieties Vary over
an algebraically closed field k from last semester. Last semester, we showed that
Vary, has products [Mur24ag, Theorem 1.3.37]. Products in Vary are special cases of
fiber products where S = {*}. More generally, if ¢ is a category with a terminal
object {*}, then X X, Y is the product of X and Y.

We want to show that fiber products exist in the category Sch of schemes. In
fact, we will show that the functor Sch < LRS preserves fiber products.

THEOREM 2.5.3 [EGAI, Théoréme 3.2.6; EGAI, ., Théoréme 3.2.1]. Let S be a
scheme and let X and Y be schemes over S. Then, the fiber product X xXgY exists
in Sch. Moreover, X xgY is a fiber product for X and Y over S in LRS.

REMARK 2.5.4. It turns out that fiber products exist in LRS. This is a fairly
recent result attributed to Becker, and published in [Gilll, Corollary 5].

We construct fiber products “by hand” following [EGAI; Har77] instead of fol-
lowing [EGAT, ] or [Gill1]. As a preliminary result (used multiple times throughout
the proof), we show the following.

LEMMA 2.5.5 [Stacks, Tag 01HI]. Let f: X — Y be a morphism of ringed spaces.
Let U — X and V — Y be open ringed subspaces such that f(sp(U)) C sp(V).

[Har77, Thm. 11.3.3]
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Then, there exists a unique morphism f|y: U — V making the diagram

U——X

f\Ui J{f

V—7Y

commute. If f is a morphism of locally ringed spaces, then f|y is also a morphism
of locally ringed spaces.

Proof. The map sp(f|y) on underlying topological spaces exists and is unique. Since
any open subset W C V has open inverse image f|51(W) =ftW)NnU C X, we
see that sp(f|y) is continuous.

It remains to define the action of f|y on structure sheaves. Let W C V be an
open subset. We have the commutative diagram

L(W,0y) —— I(f~1(W),0x)

This diagram determines the behavior of f|y on structure sheaves uniquely since
the behavior must be compatible with restriction maps for f. O

‘We now show Theorem 2.5.3.

Proof of Theorem 2.5.3. The idea is to first construct the fiber product for affine
schemes and then to glue using the universal property on overlaps. We proceed in
five steps.

STEP 1 [EGAI, Proposition 3.2.2]. The case when X = Spec(4), Y = Spec(B),
and S = Spec(R) are all affine.

By the universal property of tensor products of algebras [Mur24ca, Theorem
7.11.2], we have the commutative diagram

R— B

I'(Z,0z%)

By [Mur24ag, Proposition 2.2.17], giving a morphism Z — Spec(A®pgB) is equivalent
to giving a morphism A ® g B — I'(Z, Oz), and similarly for Spec(A) and Spec(B).
Applying Spec in the top left square and applying [Mur24ag, Proposition 2.2.17]
three times to each of the morphisms involving Z, we are done.

STEP 2 [EGAI, Lemme 3.2.6.1]. If X and Y are schemes over a scheme S, if
U C X is an open subset, and if the product X xg Y exists, then p; *(U) € X x5V
(with the induced open subscheme structure) is a product for U and Y over S.
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Consider the commutative diagram

where the restricted morphism pfl (U) — U is constructed using Lemma 2.5.5. Since
X XxgY is a fiber product, the dashed map Z --+ X xg Y exists. We need to show
that @ factors uniquely through p; ' (U). This follows from Lemma 2.5.5 applied to
the diagram

A

|
an le
~+

pl_l(U) — X xgY.

STEP 3 [EGAI, Lemme 3.2.6.2, (3.2.6.3)]. Let X,Y be schemes over S. Suppose
that {X;} is an open cover of X and suppose that X; xg Y exists for every i. Then,
X XgY exists.

For each 7, 7, let
Uij = pl_l(X”) C X; Xs Y.
By Step 2, Uj; is a product for X;; and Y over S. By the uniqueness of fiber
products, there are unique isomorphisms
ij: Uiy — Uji

for every i, j compatible with the projection morphisms. Moreover, these isomor-
phisms are compatible with each other for each ,j, k in the sense of [Mur24ag,
Lemma 2.2.22] by the uniqueness part of the universal property of fiber products. By
the gluing lemma [Mur24ag, Lemma 2.2.22], we therefore obtain a scheme X xgY
which we claim is the fiber product for X and Y over S. The projection morphisms
p1,p2 are defined by gluing the projection maps from the pieces X; xg Y. For each
i, set Z; = f~1(X;), and consider the commutative diagram

\)
Xixg Y —— X xgV - 23y

[ N

X; X S.

Then, the two compositions

256 ZinZ; 25 XixgY — X xgY
5. N
ZiﬂZjéXjXSY*}XXSY

both factor through X;; xs Y by Lemma 2.5.5, and hence the two compositions
(2.5.6) are equal by the universal property for X;; xg Y. Thus, the morphisms



[Har77, Exer.
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[Har77, p. 89]

[EGATL,qy, Prop.

3.4.6]
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(2.5.6) glue to give a map #, which is unique by post-composing with the inclusion
into X; Xg Y and applying the universal property for each X; xg Y.

STEP 4 [EGAI, (3.2.6.5))]. The case when S is affine.

By Step 1, X xgY exists when X,Y. S are all affine. By Step 3, X xgY exists
when X is arbitrary but Y, S are affine. By interchanging the roles of X and Y and
applying Step 3 again, X xgY exists when X,Y are arbitrary but S is affine.

STEP 5 [EGAI, (3.2.6.4), (3.2.6.5))]. Conclusion of proof.

Given arbitrary X,Y, S, let ¢g: X — S and r: Y — S be the given structure
morphisms. Let {S;} be an affine open cover of S. Let X; = ¢~ 1(S;) and Y; =
r~1(S;). Then, by Step 4, X; xg, Y; exists. The same scheme is a fiber product for
X; and Y over S because in the commutative diagram

the morphism g factors through Y; by Lemma 2.5.5. Thus, X; Xg Y exists for every
1. Applying Step 3 again, X xg Y exists.

Note that we did not use anywhere that Z is a scheme, only that it is a locally
ringed space. Thus, X xg Y is a fiber product for X and Y over S in the category
LRS. In other words, the inclusion functor Sch < LRS preserves fiber products. O

CAUTION 2.5.7. Let k be a field. The underlying topological space of X Xgpec(r)Y
is not the product of X and Y, even if k is algebraically closed! This is because

Allc X Spec(k) Alle = Spec(kz[s] Ok k[t}) = Spec(k[s,t]) = Aiv

which has many non-closed points corresponding to prime ideals of height 1 that
are not of the form ((0), (¢ — b)) or ((s — a), (0)) by Theorem 2.2.3.

As one example of fiber products, we can define a scheme structure on fibers of
morphisms.

DEFINITION 2.5.8 [EGAIL,cy, (3.4.7)]. Let f: X — Y be a morphism of schemes
and let y € Y be a point. Let k(y) = Oy,,/m, be the residue field of Y at y and
let Spec(k(y)) — Y be the morphism obtained as the composition

Spec(k(y)) — Spec(Oy,y) — Y.
See [Har77, Exercise I1.2.7] (Homework 5, Problem 1(a)). The fiber of the morphism
f over the point y is
X, =X xy Spec(k(y)).
The fiber X, is a scheme over k(y). The underlying topological space sp(X,)
homeomorphic to f~!(y) with the subspace topology: The construction of fiber

products (Theorem 2.5.3) says that fiber products can be constructed affine-locally,
and for a ring map ¢: A — B, the spectrum

Spec(B ®a Ay /pAy)
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is homeomorphic to the fiber Spec(¢)~1(p) by [Mur24ca, Propositions 1.3.12 and
3.2.10(ii)).

This construction occurs throughout algebraic geometry: You can regard a
morphism as a family of schemes, in which case the morphism encodes different
deformations or degenerations of a scheme. The case when Y = Spec(Z) gives rise
to the technique of reduction modulo p.

EXAMPLE 2.5.9 [Har77, Examples 11.3.3.1 and 11.3.3.2]. Let k be an algebraically
closed field.

(¢) Consider

klz,y, ]
(ty — =?)
This is a family of parabolas V (ty — 2?) C A? parametrizsed by ¢. The
fiber over t # 0 is an honest parabola, but over t = 0 we get the “double
line” Spec(k[z,y]/(x?)), which is a non-reduced scheme. In this case, we
say that the family of parabolas degenerates to a double line or that the
double line deforms to a parabola.
Note that the generic fiber is

= Spe U g (0

(ty — x?) (y —?)

which is a parabola over k(t). Thus, the generic fiber describes the “generic
behavior” of the family.
(#i) Consider

X - Spec( ) — Spec(k[t).

klz,y, ]
X = Spec((xy = t)) — Spec(klt]).
This is a family of hyperbolas V(zy —t) C A% parametrized by t. The
fiber over t # 0 is an honest hyperbola, but over ¢ = 0 we get the union of
two axes Spec(k[z,y]/(xy)), which is a reducible scheme. In this case, we
say that the family of hyperbolas degenerates to the union of two lines or
that the union of two lines deforms to a parabola.
The generic fiber in this case is

X, = Spec(W) = Spec<w)

which is a hyperbola over k(t).

2.5.2. Base change. The construction of fiber products gives rise to the notion
of base change, a special case of which includes the operation of taking fibers. Base
change is a very useful way of replacing the base scheme that you are working over:
If f: X — X’ is a morphism over S and ¢g: 8" — S is a morphism, taking fiber
products yields a morphism

XxSS’%X/xSS’

N



[Har77, p. 84]

[Har77, Exer.
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over S’ by looking at the commutative diagram

X Xs S’ P2
RN fxidgs
3y
P1 X' xg 8 —— &
X ! X' S

where the square is Cartesian. A common example of this is when S = Spec(k) and
S’ = Spec(k’) for a field extension k C k’. We can even take the product of two
morphisms by looking at the commutative diagram

X xgY b2 Y
el fxg lg

Ty
p1 X' xgY —— Y’
X / X/ S.

Many properties of morphisms we have seen so far are “stable under base
change.” Let us define two more, important classes of morphisms that we have not
yet seen in this class.

DEFINITION 2.5.10 [EGAII, Définition 6.1.1]. Let f: X — Y be a morphism of
schemes. We say that f is integral (resp. finite) if there exists an affine open cover
Y = |, Spec(B;) such that

[~ (Spec(B;)) = Spec(4;)

is an affine open subset of X with A; an integral (resp. module-finite) B;-algebra.
Note that we do not assume that B; — A; is injective, and hence this is not the
same as saying that A; is an integral or module-finite extension of B;.

We have the implications
finite = integral = afline.
However, morphisms (locally) of finite type are not necessarily affine.

By [Mur24ca, Theorem 4.2.6] and [Har77, Exercise 11.3.3(c)] (Homework 5,
Problem 4(b)), we know that

integral + locally of finite type <= finite.

As usual, by Nike’s trick [Vak, Proposition 5.3.1] (Homework 4, Problem 1), you
can show that f is integral (resp. finite) if and only if the inverse image of every
affine open Spec(B) is of the form Spec(A) where A is module-finite over B.

Proposition 2.5.12 below says that many properties of morphisms are stable
under base change. Here are two examples of properties of morphisms that are not
stable under base change.

ExampPLE 2.5.11. Let f: X — Spec(k) for a field k. Following [EGAIL, .y,
(3.2.2)], we denote X @y, k' := X Xgpec(k) Spec(k’) for a field extension k C &’
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(i) The property “the fibers of f are irreducible” is not stable under base
change. Let k = R and X = Spec(R[z]/(22+1)). Since 22 +1 is irreducible
over R, the scheme X is integral, and in particular, irreducible. However,

Clz] >
X ®r C=Spec| ——————
R (<x+z><x—z>
is a disjoint union of two points, which is reducible.
(i) The property “the fibers of f are reduced” is not stable under base change.
Let k = Fp(t) and X = Spec(F,(¢)[z]/(zP —¢)). Since zP — ¢ is irreducible
over F,(t), the scheme X is integral, and in particular, reduced. However,

Fp<t1/p>m>

X ®F, (1) Fp(tl/p) = Spec<(m iy

is non-reduced.

On Homework 7, Problem 1, you will investigate “geometric” versions of these
properties. We say that a k-scheme X is geometrically irreducible (resp. geometri-
cally reduced, geometrically integral) if X ®y k' is irreducible (resp. reduced, integral)
for every finite field extension k C k’.

We want to show that various properties of morphisms are stable under base
change.

PROPOSITION 2.5.12. Let S be a scheme. Let f: X — X' and g: Y — Y’ be

morphisms of schemes over S satisfying one of the following properties & :
(z) [EGALeyw, Proposition 6.1.5(iv)] quasi-compact.
EGAT,cw, Proposition 6.2.3(iv)] locally of finite type.
EGATL,c, Proposition 6.3.4(iv)] finite type.
EGAT, ey, Proposition 4.3.6(%i7)]
EGAT,ey, Proposition 4.3.6(iii)] open immersion.
(iii)

[

[

[ closed immersion.
[

[EGAI, .y, Proposition 4.3.6(ii)] immersion.
[

[

[

(vi
(vii) [EGAIIL, Proposition 1.6.2(iv)] affine.
(viit) [EGATI, Proposition 6.1.5(iv)] integral.

(iz) [EGAIIL, Proposition 6.1.5(iv)] finite.

Then, the product

)
/i)
i)
(v)
)
)
)

fxg: XxgY — X' 'xgY’
has the same property &2. In particular, setting g = idy, the properties & are stable
under base change.

Proof. Let Spec(A’ @r B') C X’ x5Y' be an affine open subset. The inverse image
of this affine open subset is

(f x g)""(Spec(A’ @ B')) = f~(Spec(A")) Xspec(ry 9" (Spec(B'))

by applying Step 2 of Theorem 2.5.3 to each factor, and then using the argument
in Step 5 of Theorem 2.5.3 to replace the base scheme S in the fiber product with

Spec(R).
For affine, integral, and finite morphisms, write

f! (Spec(A’)) = Spec(A)
g~ ' (Spec(B’)) = Spec(B)

3/4

[Har77, Exer.
I1.3.13(d)]

[Har77, Exer.
11.3.11(a)]

[EGAL Prop. 4.3.1]
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for some R-algebras A and B. We then have

1 (Spec(A)) Xspec(ry 9" (Spec(B')) «— Spec(A @ B),

and hence we are done in the affine case. The integral (resp. finite) cases follow
from the fact that

A@rB — A®rB— A®r B

is integral (resp. finite) if A” — A and B’ — B are. For the finite case, module-
finiteness is preserved under base change [Mur24ca, Corollary 7.5.4] and composition
[Mur24ca, Lemma 4.2.8]. For the integral case, write the maps A’ — A and B’ — B
as a direct limit of module-finite maps. The finite case implies that the base changes
of these maps are direct limits of module-finite maps, and hence are integral.

For quasi-compactness (resp. locally of finite type), write

S~ (Spec(4")) U Spec(A

(Spec U Spec(B

as finite unions (resp. unions) of affine open subsets. Then,

(f x g)~"(Spec(A' ®p B')) = U Spec(A; ®r Bj)

is a finite union (resp. union) of affine open subsets (resp. affine open subsets of
finite type over A’ @ g B’). The statement for finite type follows from combining
the statements for quasi-compactness and locally of finite type.

For open immersions, we decompose f X g as

ledy

id s/ X
X xgY 150 X gy X1

X’ Xsg Y’

For each individual morphism, the statement for open immersions follows from
Step 2 of Theorem 2.5.3. Thus, the composition is also an open immersion by
definition of an open immersion.

For closed immersions, replace the closed immersions with the canonical in-
clusions of closed subschemes. We can therefore consider the quasi-coherent ideal
sheaves #1 C Ox: and %5 C Oy, defining the closed subschemes X C X’ and
Y C Y’ asin (2.3.23). We claim that

L I Oxrsgyr +pyt Io - Oxrsegy

is quasi-coherent and defines a closed subscheme W that is the fiber product X xgY.
This sheaf is quasi-coherent since pullback preserve quasi-coherence, and since this
sheaf is the image of the morphism

o

P11 B pr I — ! Oxrxgy’-

Here, we recall that images of quasi-coherent sheaves are quasi-coherent by Corol-
lary 2.3.9. On affine open subsets U = Spec(A’ ® g B’), the closed subscheme W NU
is defined by

L(A @ B')+ (A @ B)
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where I1 = T'(Spec(4’), #1) and I = I'(Spec(B’), .#3). We are now done by using
the isomorphism
A'®r B’
L(A"®@r B') + I (A’ ®g B’)
from [Mur24ca, Corollary 7.2.4].

The statement for immersions follows by decomposing the immersions f, g as
closed immersions followed by open immersions. (]

< (A'/I)) @R (B'/12)

Before we move on, we want to prove something that we omitted a long time
ago (see Remark 2.3.28). You may have noticed that our definition of a closed
immersion is not the one in [Har77, p. 85]. Statement (i) below shows that our
definition of a closed immersion in Definition 2.3.25 is equivalent to the definition in
[Har77].

PROPOSITION 2.5.13 [EGAI, .y, Proposition 4.2.2]. Let f: X — Y be a mor-
phism of schemes. For every x € X, consider the local ring map

ff: Oyﬁf(r) — OX@.

(¢) The morphism f is an open immersion if and only if sp(f) is a homeo-
morphism of X onto an open subset of Y and fI is an isomorphism for
every x € X.

(it) The morphism f is an immersion (resp. a closed immersion) if and only if
sp(f) is a homeomorphism of X onto a locally closed (resp. closed) subset
of Y and f¥ is surjective for every x € X.

Proof. The implications = are true by definition in Definition 2.3.25.

(i). The condition in (i) implies f# is an isomorphism Ox = f~1Oy. Under
the homeomorphism X — f(X), the sheaf f~'Oy is identified with Oy |s(x).

(i7). Let Up be the largest open subset of Y such that f(X) is closed in Uyp.
Replacing Y by the open subscheme Uy, it suffices to show the case when Z = f(X)
is closed in Y, in which case we want to show that f is a closed immersion. Since
f(X) has the subspace topology, the morphism f is qcgs. Thus, f.Ox is quasi-
coherent by [EGAI,c,, Proposition 6.7.1] (Homework 4, Problem 3(b)). We now
consider the short exact sequence

00— — Oy — f.Ox — 0.

Since Oy and f,Ox are quasi-coherent, we know that .# is quasi-coherent by “2
out of 3” for quasi-coherent sheaves on schemes (Corollary 2.3.9(7)), and we can
factor the surjection Oy — f.Ox as

00— S — 0Oy —— f.Ox — 0

N

Oy/sI

Now setting Oz = (Oy/.7)|z, the scheme (Z, Oy) is a closed subscheme of (X, Ox)
and f factors as

(X, OX) (f!wlz)

~

(Z, Oz) — (Y, Oy)

Thus, f is a closed immersion. ([

[Har77, Exer.
I1.3.11(b)]
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REMARK 2.5.14. The advantage of the characterization of a closed immersion
in Proposition 2.5.13(é) is that it is more obviosuly a local condition on the target.
However, it has the disadvantage of not obviously being affine, making it difficult
(for example) to show that closed immersions are stable under base change. See,
e.g., [Murl8a]. Note that the key result connecting the two definitions is that
the pushforward of a quasi-coherent sheaf by a qcqcs morphism is quasi-coherent
[EGAL,ey, Proposition 6.7.1] (Homework 4, Problem 3(b)). In [EGAL,.], qcgs
morphisms do not appear until later in the book, so Grothendieck and Dieudonné
proceed by proving the special case of [EGAI,.,, Proposition 6.7.1] for affine
morphisms [EGAT, ., Lemme 4.2.21 and Lemme 4.2.22].

2.5.3. The diagonal morphism and separated morphisms. Now that we
have constructed fiber products, we can define the diagonal morphism.

DEFINITION 2.5.15 [EGAL,,,, Chapitre 0, (1.4.3)]. Let f: X — S be a morphism
of schemes. The diagonal morphism is the unique morphism

AX/S ZZAfZX—)XXSX

fitting into the commutative diagram

XxgX — X

| |

X — S

where the square is Cartesian. We sometimes denote the diagonal morphism by Ax
or A to simplify notation.

To motivate separated morphisms, we recall the following result from topology.

PROPOSITION 2.5.16 [BouGT, Chapter I, §8, no. 1, Proposition 1]. Let X be a
topological space. Then, X is Hausdorff if and only if the image of the diagonal map

Ax: X — X x X

x — (x,2)
1s closed in X x X.

Since closed immersions are the “scheme-theoretic” version of a continuous
injective map with closed image, the following definition gives a scheme-theoretic
version of the Hausdorff condition for schemes. Because of this categorical formula-
tion of the definition, this definition also makes sense in the relative setting, i.e., for
morphisms of schemes.

DEFINITION 2.5.17 [EGAI, ey, Définition 5.2.1]. Let f: X — S be a morphism
of schemes. We say that f is separated if Ax /g is a closed immersion. We say that
X is separated if X — Spec(Z) is separated.

We record some important properties of the diagonal morphism. We start with
the following;:



115

LEMMA 2.5.18 [EGAI.y, Corollaire 3.2.3]. Consider the Cartesian square of
schemes

XxgY —25Y
pl lw
X —2 58
Let U C S be an open subset. Let VC o 1 (U) C X and W C =1 (U) C Y be open

subsets. Then, the dashed morphism j induced by the universal property of X xgY
i the commutative diagram

V xy W 1 144
\\\\\ Bt \[
LS

p X xgY 1y

pl iw

1% X —2 55
is an open immersion. The morphism j induces an isomorphism

(2.5.19) VxyW S p Y (V)ng H(W) C X xgY.

Proof. Proposition 2.5.12(v) implies j is an open immersion. Since the image of j
is contained in p~1(V) N g~ (W), Lemma 2.5.5 implies j factors uniquely through
p~ 1 (V)N g 1 (W). Since the square in the commutative diagram

VXUW

Pt V)Ng (W) —— W

q

pl v

V—*% U

is Cartesian by applying Step 2 of Theorem 2.5.3 to each factor, and since j fits
into the commmutative diagram, we see that j induces an isomorphism (2.5.19) as
claimed. (]

To prove statements about separated morphisms, the following general result is
surprisingly useful. The Cartesian square below is called the diagonal-base-change
diagram in [Vak, Exercise 1.2.S]. Previous versions of [Vak] called this diagram the
magic diagram.

PROPOSITION 2.5.20 (Diagonal-base-change diagram [EGAI, Proposition 5.3.5;
EGAI,cw, Chapitre 0, Proposition 1.4.8]). Let € be a category with arbitrary fiber
products. Let f1: X1 =Y, fo: Xo =Y, and g: Y — Z be morphisms in €. Then,
the following diagram commutes and is a Cartesian square:

Xy xy Xs (p1,p2)z Xy %y Xo

(2.5.21) l lhxzfz
Y

AYZ
Yy — 2 LV x,Y.

Here, p1,ps are the projection morphisms from X1 Xz Xao to X1, X5.

[Har77, Exer. 11.4.4]
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Proof. Consider the commutative diagram

Y —— 7

where the dashed arrows are induced by the universal property of fiber products.
The two compositions X; Xy Xo = Y Xz Y are the same by the commutativity
of the diagram above and the fact that X; xy Xo = Y Xz Y is induced by the
universal property of the fiber product in the bottom right square and taking the
outermost morphisms X; xy Xo — Y.

Now suppose we have a morphism S — Y and a morphism S — X; Xz X5 such
that after composing with Y x z Y, the square (2.5.21) commutes. By definition of
our map X1 Xz Xo = Y Xz Y, drawing in our morphisms from S in the diagram
above (as done with the dashed red arrows), we get that the entire diagram including
S above commutes. The maps

S — X XzX2—>Xii>Y

for ¢ = 1,2 are then the same by the commutativity of the diagram, hence we
get an induced morphism S — X7 Xy X5 by the universal property of X; xy Xs.
Thus, there exists a unique dashed arrow S — X; Xy X5 making the diagram
commute. O

PROPOSITION 2.5.22 [EGAT,,., Proposition 5.1.2 and Proposition 5.2.2]. Let
f: X — S be a morphism of schemes. Then, Ax/s: X — X X5 X is an immersion.
If X and S are affine, then Ax /g is a closed immersion. As a consequence, affine
schemes are always separated (over Spec(Z)).

Proof. Let x € X. Let V C S be an affine open neighborhood of f(z) andlet U C X
be an affine open neighborhood of = such that f(U) C V. By Proposition 2.5.13(ii),
it suffices to show that for every x,V,U as chosen above,

AU/V: U—UxyU
is a closed immersion, since

UxyU-"5UxgU— X xg X
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is an open immersion by Proposition 2.5.12(v), and since the square

A
U—"" 5 UxyU

open imm.\[ \[opcn imm.
A
X X X xg X
is Cartesian by Proposition 2.5.20. Since Ay/y is a morphism of affine schemes, it
suffices by Remark 2.3.27 to note that

ARrA — A
Zai®a; — Zaia;
i i

is surjective. (I

COROLLARY 2.5.23 [EGATL ey, p. 277). Let f: X — S be a morphism of schemes.
Then, f is separated if and only if the set-theoretic image of Ax g is closed in X X g X .

Proof. Since Ax/s is an immersion by Proposition 2.5.22, this is a consequence of
Proposition 2.5.13(#7). O

COROLLARY 2.5.24 [EGAI, .y, Proposition 5.3.10]. Let X be a separated scheme
and let U,V be affine open subsets of X. Then, U NV is an affine open subset.

Proof. Set S = Spec(Z). By Lemma 2.5.18, we see that the square

NV ——— U xgV

| [

Ax/s
5, X xgX

closed imm.

is Cartesian. The top horizontal morphism is a closed immersion by the definition
of separatedness and by base change (Proposition 2.5.12(iv)). We are done since
closed subschemes of affine schemes are affine (see Remark 2.3.28). O

PROPOSITION 2.5.25. The following statements hold in Sch.

(a) [EGATLeyw, Proposition 5.3.1(2)] Open and closed immersions are separated.

() [EGAIyeyw, Proposition 5.3.1(it)] Compositions of separated morphisms are
separated.

(¢) [EGAL,eyw, Proposition 5.3.1(%%)] If f: X — X' and ¢g:' Y — Y’ are
separated morphisms over a base scheme S, then

fXSg:XXSY—)X/XSY/

18 separated.

(d) [EGAIL,cy, Proposition 5.3.1(iv)] Separated morphisms are stable under
base change.

(e) [EGAl,cw, Proposition 5.3.1(v)] If f: X — Y and g: Y — Z are two
morphisms such that g o f is separated and g is separated, then [ is
separated.

(f) [EGAI, ey, Proposition 5.3.5] (Local on the target) A morphism f: X - Y
is separated if and only if Y can be covered by open subsets V; such that
F~YUV;) — V; is separated for every i.

[Har77, Cor. 11.4.2]

[Har77, Exer. 11.4.3]

[Har77, Cor. 11.4.6]
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Proof. (a). Let X — Y be an open or closed immersion. We claim that [EGAI, Prop. 5.3.8]
[EGAT ey, Prop.
3.7.1(c")]

Ax/yf X —X Xy X

is an isomorphism. It suffices to show that the commutative square in the diagram

is Cartesian. If f, g: Z — X make the diagram commute, then the dashed morphism
must equal sp(f) and sp(g) on sets since X — Y are injective. Let U C Y be an
affine open subset. The commutativity of the diagram implies that in the diagram

/—> L(f~Y(UNX),0z)
/fﬁ(UmX)

F(U,Oy) — F(UQX,O)()

wUnX)
F(g_l(U N X), Oz)

the two compositions from I'(U, Oy) to the right column are equal.
(b). Let f: X - Y and g: Y — Z be two morphisms. The square in the
commutative diagram

*>X><ZX

lfxf

Ay/z
Y Xz Y

T
Y ———

is Cartesian by Proposition 2.5.20, and the composition in the top row is Ay,
by the universal property of X xz X. Since closed immersions are stable under
base change (Proposition 2.5.12(iv)) and composition, Ax/z = j o Ax,y is a closed
immersion.



119

(¢). We have the commutative diagram

(XXSY)XX’XSY’(XXSY) XXSY

XXSY

where the red squares are Cartesian. We claim that (X xgY) xx/xsv' (X xgY)
satisfies the universal property for (X x x: X) xg (Y xy+Y'), which implies they are
naturally isomorphic. The projection morphisms from (X XgV) Xx/xsy’ (X Xg
Y) are defined to be the dashed morphisms in the commutative diagram above,
induced by the universal properties of X xx» X and Y Xy Y. Let Z7 — X xx/ X
and Z — Y Xys Y be morphisms whose compositions to S are equal. By the
commutativity of the diagram and the universal property of fiber products, we
obtain unique morphisms Z — X Xg Y over X’ xg Y’. Thus, there is a unique
morphism Z — (X xgY) Xx/xsv (X XgY) as claimed. We may therefore form
the commutative diagram

X xgY Y

\Afxg\ lAg

4
(X xsY) xxruay (X xgY) 22225 ¥V 5y ¥V

| |

A
! XXX/X S

X

where the square is Cartesian. This identifies Ayyy = Ay X g A,y as a product of
closed immersions. Thus, Ay, is a closed immersion by Proposition 2.5.12(iv).
(d) is the special case of (¢) where g = idy.
(e). By Proposition 2.5.20, we have the commutative diagram

XLZ

PIT T!J
X — X%,y — L,y

J{ J{f xidy

A
Y 2 YV x,Y



[Har77, Exer. 11.4.2]
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with Cartesian squares, where f = py o I'y. The left square is Cartesian by Propo-
sition 2.5.20. Sinec I'y and p, are separated by base change (d), we see that f is
separated by (b).

(f). Since Y = J, Vi, we have

X xy X =Jf Vi) xv, £71 (Vi)

by construction in Theorem 2.5.3, Step 5. We are done since the property of being
a closed immersion is local on the target by Proposition 2.5.13(i?). ([

As one example application of separatedness, we have the following:

PROPOSITION 2.5.26 [EGAI,., Propositions 5.4.1(d) and 5.4.3]. Let S be a
scheme. Let X be a scheme over S and let Y — S be a separated morphism of
schemes. Let f,g: X — Y be morphisms over S for which there exists a scheme-
theoretically dominant morphism U — X such that the compositions

f
UHX?Y

are equal. Then, f =g.

Proof. Consider the commutative diagram

where the square is Cartesian. Since U — X is scheme-theoretically dominant, we
know that Z — X is an isomorphism [EGAIT,.,, Proposition 5.4.3] (Homework 5,
Problem 5(b)). By the commutativity of the diagram, we have the commutative
diagram

f
Y
% \
X5 7 Y ZAvs3 Y xgY S.
K /
Y
g
Thus, f =g. O

ExXAMPLE 2.5.27. Proposition 2.5.26 is false when X is nonreduced or when Y
is not separated.

(1) When X is nonreduced, let

X =y =spee( )
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and let f be given by the identity and g be given by the ring map

]ﬂ[l‘, y] k[{L‘7 y}
(zy,y?) (zy,y?)
y — 0.

In the complement of the origin z = y = 0, both maps are the identity
map and are induced by identity map on the ring k[x, ).

(i) When Y is not separated, let X = A}, and Y be the affine line with the
origin doubled (Example 2.3.5), which is not separated over k because
it is not affine as we showed in Example 2.3.5. Then, consider the two
inclusions f, g one of which maps to one of the origins in Y and the other
of which maps to the other origin in Y. Note that f,g come from the
construction of Y and are equal on the complement of the origin in X, but

I#g

2.5.4. Cech cohomology. We are now ready to prove the following important
result: Sheaf cohomology on separated schemes can be computed combinatorially
using a Cech complex.

DEFINITION 2.5.28 [God73, Chapitre II, §5.1]. Let (X, Ox) be a ringed space
and let Y = (U;);esr be an open covering of X where I is totally ordered. Consider
an Ox-module .%. The Cech complex €* (4, .%) for .F with respect to the covering
1 is defined as follows.

e The terms in the complex are

(L, TF) = H Uioil---ipj
0 <iy <---<ip

where Usyi,..q, = ﬂ?:o Ui, and the subscript on the left denotes [

e The coboundary maps
d: €P(U,.F) — E€PHH (YU, .F)

are given on each open subset V C X by

p+1
k
(da)io,ihm,i;ﬁrl = Z(_l) (aiOynyikw-'v'L‘p#»l) }VmUioh---ipﬂ'
k=0
These definitions yield an actual complex €*(81,.%) since
p+2
k
(d2a)io,i1,4..,ip+2 = Z(_l) ((da)i0a<~-7ika"'7ip+2) ‘VmUiOil“‘ip+2
k=0
p+2 k—1
k ¢
= Z(_l) ( (_1) (O‘io,mﬁe,ik ~~~:ip+2)|VﬁUi01’1___i o
k=0 =0 v
p+2
/—
+ ) (D) TN (Vg inieripz) [ 2)
t=kt1 o

[Har77, pp. 219-220]
[EGAIIL, (1.2.2)]
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For each integer 7 > 0, the i-th Cech cohomology module of .F with respect to the
covering il is

Hi(l,.F) = I (F(X, 7 (4, y))).

Without assumptions on X or &I, Cech cohomology modules do not form a
d-functor. For example, take Il = {X}, and observe that taking global sections is
not exact. Nevertheless, for separated schemes, Cech cohomology with respect to a
finite affine cover computes sheaf cohomology, and is therefore a d-functor.

THEOREM 2.5.29 [God73, Chapitre II, Théoreémes 5.2.1, 5.2.2, and 5.2.3(a);
EGAIIT;, Proposition 1.4.1 and Remarque 1.4.2]. Let X be a scheme. Let il =
(Ui)ier be a finite open covering of X indexed by a totally ordered set I consisting
of affine open subsets where all intersections of subfamilies of 3 are affine. If F is
a quasi-coherent Ox -module, then

(2.5.30) 0— F — C°(U,.F)
gives a T'(X, -)-acyclic resolution of F by quasi-coherent Ox-modules. Thus, there
are isomorphisms
(2.5.31) H(W.F) -~ H(X,Z)
of T(X, Ox)-modules natural in F for all i.
Proof. We proceed in steps.

STEP 1. €°*(4,.%) is a resolution for .%.

The sequence

00— F — HUﬁ —>HUJﬁ
i i<j

is exact at .# by the sheaf axiom (3) and at p =0 bjy the sheaf axiom (4).

For p > 1, it suffices to check exactness at stalks z € X. We may therefore
replace X by Spec(Ox ;) and the cover U = {U;};er by their intersections with
Spec(Ox ).

For each p > 1, we define a homotopy operator

h: €P(U, F) — €7 U, F)
as follows. Choose j € I such that x € Uy, in which case U; = X. Then, consider
(ha)i07i17~--7ip—1 = O[jvi()vilr“vipfl = (_l)aao'(j)»o'(io):U(il)"'wa(il)*l)

where o is the permutation for which o(j) < o(ip) < -+ < 0(ip—1). We then have

U,

igi1ip

p
(dh + hd)()ig iy ,....i, = Z(—l)k(%io ..... Doy
k=0
p

+ igir, iy + DD (g, i)
k=0

Uigiy - ip

= Qg in,...ip
and hence h is indeed a homotopy operator. This shows that the identity map on
©* (8, ) is homotopic to the zero map, and hence h*(¢*(U, %)) = 0 for all i > 1
by [Wei94, Lemma 1.4.5] (see Definition 1.4.7).
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STEP 2. Conclusion of proof.
Let 0 — .% — #° be an injective resolution. We have a morphism

¢ (U, F)— 7°

by injectivity of the .#7. Note that in (1.4.9), we did not need the source complex to
consist of injectives. This morphism, which is unique up to homotopy equivalence,
induces the map H*(4,.%) — H' (X, .7).
By assumption, every intersection V' = U;, NU;, N---NU;, is afine and V' — X
is an affine morphism. By [Har77, Exercise II1.4.1] (Homework 4, Problem 4(c)),
H{(X,,Z)=H(V,ZF),

which vanishes for ¢ > 0 by Cartan’s Theorem B (Theorem 2.2.15). Thus, %
is acyclic for I'(X, -) and 0 — % — ¥°*(U,.F) is an acyclic resolution. We are
now done since right derived functors can be computed using acyclic resolutions
(Proposition 1.4.21). O

We can now compute examples!

EXAMPLE 2.5.32 (Arithmetic genus of a plane curve). Let k be a field and let
X=Vi(f) C P% be the plane curve defined by a homogeneous polynomial

f(zo,x1,m2) € klxo, 21, T2]a
of degree d > 0. Suppose that
{[1:0:0]} =Vi(z1,22) Z X.
Then, U = Dy (x1) N X and V = D, (z2) N X form an affine open cover of X since
X — (Dy(z1) UDy(22)) = X NV (21, 22) = 0.
By Theorem 2.5.29, we can compute sheaf cohomology using the Cech complex
0— yO0x ®O0x — yaryOx — 0.

Write

[Har77, Exer. I11.4.7]
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and set u = xg/xe and v = x1/xe. Taking global sections, we have the chain
complex

0 — T(U,0x)®T(V,0x) — 0 S runv,05) —— 0

Ty Xy T2 T2 [1-1] r

0 @ (Uﬂ‘/,o_x) — 0
f(“,l,‘”) f(“,“,l)
T T T2 T2
uoq
k{v’v ] Buv] oy kfuo®!]
0 @ flu,v,1) fu,v,1) 0-
f<u,1,11_1) » Uy y Uy
v

To compute the cohomology modules of this sequence, write f = agxd + f' for
ag € k* which is possible since [1:0: 0] ¢ X. After replacing f by aalazg, we may
assume that f = 28 + f’. As k-vector spaces, the complex above is

d—1 ) d—1 d—1
(@k[ul] : (%) ) ® (@ k[v] u> L2 D kot - o,
1=0 =0 1=0

This complex further decomposes into d complexes

(2533) k[pfl] . (;)Z o k[v] . ui [1-1] k[vj:] . ui

foreach 0 <i<d—1.
We now calculate the cohomology of the map (2.5.33). The kernel of (2.5.33) is
0 for all ¢ # 0 by looking at the exponents on v. When ¢ = 0, the map is

kKo~ @ ko] 225 gt

which has kernel {(a,a) | a € k}. Thus, dimy(H°(X,0x)) = 1.
It remains to compute dimy(H' (X, Ox)). Every monomial of the form

U—J'(,) — u for0<i<d—-1,5>0
vitd

is in the image of the k[v™!] - (u/v)* and every monomial of the form uv’ for i, as
above is in the image of k[v] - «*. The missed monomials are those pictured below
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in the (4, 7) plane:

7/
~.
I
|
—_

o o o o
o o 0 o o
e e e o o @
,
7
./ e ®© o @ ® @ @
,
e

----e-0-0-0-0-0-0-0--|- -

7

s
s

This is a triangle with height d — 2 and width d — 1, hence contains

1
§(d —1)(d—-2)
dots representing monomials in H'(X,Ox). Thus,

dim (H'(X,Ox)) = %(d —1)(d—2).

2.5.5. Cohomology of projective space. We can now compute the coho-
mology of projective space. This one computation is very important—it is critical
for many general results about the cohomology of coherent sheaves on projective
varieties.

THEOREM 2.5.34 [FAC, n°® 62, Proposition 2; EGAIII;, Proposition 2.1.12].
Let A be a ring and let X = P = Proj(A[xg, z1,...,2.]) for r > 1. We have the
following:

(a) The natural map
S —T.(0x) = P H(X,0x(n))
neZz
s an isomorphism of graded S-modules.
(b) HY(X,0x(n)) =0 for alli ¢ {0,7} and alln € Z.
(¢c) We have the isomorphism

Pa (x,0xn) =P D A {0}

nez neZ p;>0
—Z pi=n

of graded S-modules where ;- &p,,...p. = Epo,..pi—1,....pr-
(d) There is a perfect pairing

H°(X,0x(n)) x H"(X,0x(—n—1r —1))
L H(X,Ox(—r 1)) = A
of finitely generated free A-modules for each n € Z.

[Har77, Thm. I111.5.1]
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The following proof works without assuming that A is Noetherian.

Proof of Theorem 2.5.34. Let .F = @,,c, Ox(n). By Theorem 2.5.29, it suffices to
compute the Cech cohomology of .Z relative to the standard affine open covering
U= (Dy(z;))i_, and sort out direct summands at the end.

Taking global sections of the Cech complex € (U, &) and using the description
of sections over D, (f) in Proposition 2.4.9(i), we obtain the complex

0— ﬁswl — HSGJNJJ' — H Sxﬂjwk
=0

i<j i<j<k

T
—_— e — HSJOJCJ;T — Seozyeem, — 0
i=0
where the direct sum defining .# corresponds to the Z-grading on the terms and
maps appearing in this complex. We have already seen the computation (a) in
Proposition 2.4.16.
For (c), we think of S,,...,, as a Z""!-graded A-module

S = @ A falyal)

where each graded component is a free A-module of rank 1. Then, d"~' is Z"*!-
graded, and one can recover the original Z-grading by setting n = . ;. The image
of d"~1 is the Z"*!-graded submodule consisting of the direct summands for which
l; > 0 for some ¢. Thus,

@HT(X,Ox(n))g @ A'{xéo---xif}

nez Loyl )€ZT T
1;<0 for all ¢

“® D Al
n€Z (lg,...,l,.)€Z" 1

li=n

1;<0 for all

where zlf - - -zl is in degree 3, I;.

For (d), the pairing is given by

(956'10...%

mr) . ( lo l ) gprothogmetle iy 41 < 0 for all 4
r -z ...xT —
0 0 if m; +1; > 0 for some 3.

for (mg,...,m,) € Z"*! such that m; > 0 for all i and (ly,...,l,) € Z""! such
that [; < 0 for all ¢. This restricts to a perfect pairing where the dual basis for
fago - war} is fay ™0 e,

It remains to prove (b). We proceed by induction on r. For r = 1, there is
nothing to prove. For r > 1, we have the isomorphism of complexes

P(x. % (w.7), =0(U, C"UnU, #ly,))

where U, = D, (z,). Since U, is affine, Cartan’s Theorem B (Theorem 2.2.15)
and Theorem 2.5.29 imply this complex has no higher cohomology modules. Thus,
HY(X,.Z) is x,-power-torsion for all i > 0. It therefore suffices to show that for all
0 < i < r, multiplication by z,, on H*(X,.%) is injective.
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Consider the exact sequence
(2.5.35) 0— S(-1) &= 8§ — S/(x,) — 0
Taking associated sheaves, we have the short exact sequence
(2.5.36) 0— Ox(-1) &= O0x — Oy — 0

where H is the hyperplane {z, = 0} and we think of Oy as a sheaf on X via
pushforward. Twisting by all n € Z and taking the direct sum, we have

(2.5.37) 0— F(-1) 25 F — Fy—0,

where Fy = @,,c On(n), again thought of as a sheaf on X via pushforward.
Taking cohomology, we have the long exact sequence

—)Hi(X,ﬂ(*l)) 20 HY(X, F) — H(X, Fy) — -

Considered as graded S-modules, we have H (X, #(-1)) = H'(X,#)(-1). By
the inductive hypothesis, we know that H* (X, %) =0 for all 0 <i <r —1. We
therefore see that H'(X,.%#) = 0 for all 1 < i < r. Finally, for i = 0 the long exact
sequence becomes (2.5.35), and hence multiplication by z, on H!(X,.%) is also
injective. O

If we allow ourselves to assume that A is Noetherian, we can use our work so
far relating local cohomology with sheaf cohomology to prove (b).

Alternative proof of Theorem 2.5.84(b) when A is Noetherian. By Theorem 2.4.18,
we have
P (X, 0x () = HF(S)

nez

for all ¢ > 1. We know that H§+(S) =0 for all r4+1 > j5 > 0 since xg,...,z, is
a regular sequence on S [Har77, Exercise I11.3.4(b)] (Homework 6, Problem 5(b)),
proving (b). O

REMARK 2.5.38. The second proof of Theorem 2.5.34(b) also works in the non-
Noetherian case with some modifications. For the proof of Theorem 2.4.18, as
mentioned in the note on p. 95, the hypothesis that S is Noetherian can be replaced
by the assumption that S, is finitely generated as an ideal by [SGA2,.y,, Exposé II,
Proposition 5]. Let us remind ourselves how the Noetherian hypotheses were used.

(a) In the proof of Theorem 2.4.18, the hypothesis that .S is Noetherian was
used in [Har77, Exercise II1.3.3] (Homework 4, Problem 5(e)) to relate
local cohomology with cohomology with supports.

(b) In [Har77, Exercise I11.3.3], the hypothesis that A is Noetherian was used
to say that (1) a is finitely generated, and (2) I is flasque for an injective
A-module [Har77, Proposition II1.3.4 or Exercise II1.3.7(b)] (Homework 6,
Problem 7(b)).



[Har77, Exer.

111.4.8(a)]

[Har77, Exer.

I11.4.8(c)]

[Har77, Exer.

111.4.8(d)]
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Instead, [SGA2,.,, Exposé II, Proposition 5] is proved by relating H*(X,.#) with
the Cech-like complex

T
0— HMfi — HMfifj — H M.fz‘fjfk-
=0 1<j 1<j<k

-
— s — HMfo-‘-f}-fT — M5 — 0
=0

where M = T'(X,.%) and then using the qcgs lemma (Theorem 2.3.40). See [EGAIIL,,
Proposition 1.2.3 and Corollaire 1.4.3].

2.5.6. Cohomological dimension. We end the first half of this course with
some applications. We start with a definition.

DEFINITION 2.5.39 [Har68, p. 404]. Let X be a scheme. The cohomological
dimension of X is

. HY(X,#) =0 for all quasi-coherent

cd(X) = mf{n €Z ’ sheaves . and all i > n ’

Serre’s criterion for affineness (Theorem 2.3.35) says that cd(X) = 0 if and
only if X is affine. Grothendieck’s vanishing Theorem 1.4.27 says that if sp(X) is
Noetherian, then cd(X) < dim(X).

LEMMA 2.5.40 [Har68, p. 408]. Let X be a scheme that has an open covering by
r+ 1 affine open subsets U; such that finite intersections of the U; are also affine.
Then, cd(X) <r.

Proof. By Theorem 2.5.29, it suffices to note that the Cech complex €* (4, .%7) is
concentrated in degrees [0, 7]. O

We can also give a geometric proof that cd(X) < dim(X) for locally closed
subschemes of P7..

PROPOSITION 2.5.41 [FAC, n° 62, Lemme 1|. Let k be a field and let X C P}
be a locally closed subscheme. Then, X can be covered by dim(X) + 1 affine open
subsets of the form D (f)NX. As a consequence, cd(X) < dim(X).

Proof. We proceed by induction on dim(X). If dim(X) < 0, there is nothing to show.
Let Py, Ps, ..., P; be the prime ideals corresponding to the irreducible components
of X. Let J C S be the saturated ideal corresponding to X — X. By homogeneous
prime avoidance (Homework 2, Problem 6 in MAS57), since J Z P; for all j,¢,
we have J € P;, and hence there exists a homogeneous element g € J such that
ge U ; P;. By Krull’s principal ideal theorem [Mur24ca, Theorem 8.12.1] applied to
the domains S/ P;, we see that

dim (X N V4 (g)) < dim(X).

By inductive hypothesis, X NV, (g) can be covered by < dim(X) open subsets of
the form D, (f;) N X NV, (g) and moreover, V, (g) does not contain any irreducible

component of X — X. Finally, X can be covered by the open subsets D (f;) N
X NVi(g) and D4(g) N X, the latter of which is an affine open subset since

Vi(g9) 2 X — X. The inequality cd(X) < dim(X) follows from Lemma 2.5.40. O

We now recall the following:
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V((.Z‘l, .IQ) N (563, 1‘4))

FIGURE 2.6. The union of two planes in Af.

[Har77, Exer. 1.2.17] DEFINITION 2.5.42 [Har68, p. 408]. Let k be a field. We say that a closed subset
Y C sp(P}), respectively Y C sp(A}), of dimension n—1 is a set-theoretic complete
intersection in P}, respectively A}, if

Y =sp(Vi(f1, for -5 fr))

for homogeneous polynomials f; € k[xg, x1, ..., 2], respectivel
Y = Sp(V(fla f27 R f?‘))
for polynomials f; € k[x1,xa,...,2y].

One of Hartshorne’s motivations for introducing cohomological dimension is the
following:

QUESTION 2.5.43 [Perd1/43; Har68, p. 404; Har77, Exercise 1.2.17(d)]. Is every
irreducible curve in P} a set-theoretic complete intersection?

The following result shows that cohomological dimension gives an obstruction
for a closed subscheme to be a set-theoretic complete intersection.

COROLLARY 2.5.44 [Har68, p. 408]. Let k be a field and let X = P}. Consider [Har77, Exer.
a closed subscheme Y C P} of dimension n —r such that sp(Y') is a set-theoretic 1I1.4.8(e), I11.4.9]
complete intersection. Then, cd(X —Y) <r — 1. This holds also if Y is a closed
subscheme of AJ.

Proof. This follows from Lemma 2.5.40 since X — Y is covered by r affine open
subsets Dy (f1),..., D+ (fr)- O

EXAMPLE 2.5.45 [Har62, Example 3.4.1; Har68, Example 3] (asked by Gunning).
Let k be a field and consider the ideal [Har77, Exer. I11.4.9]

I = (x1,22) N (w3, 24) C k[x1, 22, 3, 24].

Note that Vi (1) C P? is the union of two skew lines and that V(1) C A} is the
union of two planes intersecting at a point (see Figure 2.6).

We claim that neither V, (I), V(I), nor the projective completion V(I) C P}
are set-theoretic complete intersections. It suffices to show the affine case. Set
X = A} and Y = V(I). By Corollary 2.5.44, it suffices to show that cd(X —Y) > 2.
Set U = X — Y. We will show that H*(U, Oy) # 0.

By [Har77, Exercise I111.2.3(e)] (Homework 2, Problem 3(e)), there is an exact
sequence

<o — HY(X,0x) — H*(U,0py) = HY(X,0x) — H3*(X,0x) — - -
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where the map in the middle is an isomorphism by Cartan’s Theorem B (Theo-
rem 2.2.15). Applying the Mayer-Vietoris sequence [Har77, Exercise II1.2.4] (Home-
work 2, Problem 4), to the decomposition ¥ = Y7 U Y5 where Y7 = V(21,22) and
Y2 = V(z3,24), the sequence

- — H§3’1QY2(X7 Ox) — HXSG(X’ Ox) EBH%%(X, Ox) — H%(X, Ox)

Hélﬁyz(X’OX) — Hél(X, Ox) @H%Z(X,Ox) — H;’L/(X,Ox) —

is exact. Since Hy. (X,0x) = H*(X —Y;,0x) =0 for i € {1,2} by Lemma 2.5.40
and similarly for Hﬁ (X,O0x), we have an isomorphism

HY (X, Ox) == Hy, qy, (X, Ox).

Now let V = X — (Y1 NY2). By [Har77, Exercise I11.2.3(e)] (Homework 2,
Problem 3(e)) again, we have

- — H¥(X,0x) — H*(V,0y) — Hy, y, (X, 0x) — H*(X,0x) —

and as before, H*(V,0v) = H}. -y, (X,0x). We compute H*(V,Oy) using the
Cech complex and Theorem 2.5.29. We have that

V= D(l‘l) @] D(LUQ) @] D($3) @] D({L‘4)

After taking global sections, the Cech complex around p = 3 looks like
Alzy! 7553 L]
Aleytagt ey k")
A[ml 7332 » & /
Al 2yt a5

Thus, we have

1 -1
Alxy ,x2 ,x3 ,xy | — 0.

H3(V,0p) 2k - {x1x2x3x4‘a b, c d<0}7é0
Finally, we have
H2(U,Oy) & HY (X, Ox) & Hy,qy, (X, 0x) = H*(V,Oy) #0

and hence Y is not a set-theoretic complete intersection.

Its projective closure Y is then also not a set-theoretic complete intersection, for
if it were, then Y =Y N D, (z) would also be a set-theoretic complete intersection
by taking the hypersurfaces defining Y and intersecting them with D (xg).
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2.5.7. Quasi-separated morphisms in terms of the diagonal. Recall the
following definitions from Homework 4, Problem 3.

DEFINITION 2.5.46 [EGAI,y, Proposition 6.1.11 and Proposition 6.1.12]. Let
X be a scheme. We say that X is quasi-separated if, for every pair U,V of affine
open subsets of X, the intersection U NV is quasi-compact. We say that a morphism
f: X — S of schemes is quasi-separated if, for every affine open subset W C S, the
inverse image f~1(W) is quasi-separated.

The following result says that our definition for quasi-separated morphisms is
the same as the definition in [EGAT, ., Définition 6.1.3].

PROPOSITION 2.5.47 [EGAI,., Proposition 6.1.11]. Let f: X — S be a mor-
phism. Then, f is quasi-separated if and only if Ax /s is quasi-compact.

Proof. Let W C S be an affine open subset. Setting Xy == f~1(W), we have that
f is quasi-separated if and only if Xy is quasi-separated for every W. This holds if
and only if, for every W and for every pair U,V of affine open subsets of Xy, the
intersection U NV is quasi-compact. By considering the open subschemes

UXWV‘—>XwaXW

which have inverse images U NV under Ay, ,w by Lemma 2.5.18, this holds if and
only if

AXW/W: Xw — Xw Xw Xw
is quasi-compact for every W. By construction of fiber products (Theorem 2.5.3,
especially Step 2 and Step 5), the Xy xw Xw cover X xg X. Thus, the morphisms
Ax,, sw are quasi-compact for every W if and only if Ay, is quasi-compact. [

2.5.8. The valuative criterion of separatedness. Theorem 2.5.49 below
characterizes separatedness by another analogue of the Hausdorff condition: the
uniqueness of limits [BouGT, Chapter I, §8, no. 1, Proposition 1] (see also [Mun00,
Theorem 17.10 and Exercise 17.13]). For this statement, recall the following.

LEMMA 2.5.48 [BouCA, Chapter VI, §1, no. 2, Theorem 1]. Let R be a valuation
ring and consider ideals a,b C R. Then, either a C b or b C a. In particular, if
dim(R) = d, then the prime ideals in R are totally ordered:

(0)=poCp1 Tp2C - < pa

Proof. Suppose a Z b. Let y € b. We want to show that y € a. Choose z € a — b.
We must have z/y ¢ R, for otherwise x = (z/y)y € b. By the definition of a
valuation ring, we therefore have y/z € R, and hence y = (y/z)z € a. O

We now state the valuative criterion of separatedness. By the description
of spectra of valuation rings above, the valuative criterion says that sequences
“parametrized” by the spectrum of a valuation ring have at most one lift to X.
Setting Y = Spec(Z) recovers the separatedness condition in Chevalley’s definition
of a scheme in [SCC55/56, Exposé 5, §3, Définition].

THEOREM 2.5.49 (Valuative criterion of separatedness [EGAT,e,,, Proposition
5.5.4]). Let f: X = Y be a morphism of schemes. The following conditions are
equivalent.

(a) f is separated.

[AK21, Exer. 26.16]

[Har77, Thm. I1.4.3]



[Vak, Fig. 13.7]

[Har77, Lem. I1.4.4]
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(b) f is quasi-separated and for every valuation ring R with fraction field K,
there exists at most one dashed morphism making the diagram

Spec(K) —— X

! A
l //-// J/f

Spec(R) —— Y
commute.
Let us see an example of how to apply the valuative criterion.

EXAMPLE 2.5.50 (The affine line with two origins II). Let k be a field. Consider
the affine line with two origins X over k from Example 2.3.5. We give yet another
proof that is is not affine. More strongly, we show that X is not even separated over
k. Recall that affine schemes are separated over Z by Proposition 2.5.22. If

X — Spec(k) — Spec(Z)

were separated, then X — Spec(k) would be separated by Proposition 2.5.25(e).

Let R = k[z](;) be the DVR corresponding to the origin in A}, and let K =
Frac(R). Then, there are two distinct morphisms fitting into the commutative
diagram

corresponding to the two origins in X.
The key ingredient for proving Theorem 2.5.49 is the following.

PROPOSITION 2.5.51 [EGAI,.y, Proposition 5.5.2]. Let Y be a scheme and let
f: X =Y be a morphism. Let x € X be a point, let y = f(x), and let y' be a
specialization of y distinct from y. There exists a valuation ring R and a morphism
g: Spec(R) = Y such that g(m) =" and g((0)) =y, and such that there exists a
commutative diagram

~

k() ——— Frac(R)

NS
K(y)

of field extensions where the extension r(x) — Frac(R) is an isomorphism.

Proof. Consider Y; = {y} with the reduced closed subscheme structure (Proposi-
tion 2.3.34) and let X; = f~1(Y7), which is a closed subscheme in X. Since ¢’ € {y}
by assumption, we may replace Y by Y; and X by X; to assume that Y is integral
with generic point y. Then, Oy, is a local domain that is not a field with fraction
field Oy, = k(y), and k() is an extension of k(y). By [BouCA, Chapter VI, §1,
no. 2, Corollary of Theorem 2] or [AK21, Proposition 26.6] (stated as [Mur24ag,
Theorem 1.6.10] last seemster), we can find a valuation ring R with fraction field
x(x) dominating Oy,. O

We also need the following result.
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PROPOSITION 2.5.52 (“Specializations lift along closed morphisms” or “Going
Up for closed morphisms” [EGAI,., Proposition 6.1.8; Stacks, Tag 0066]). Let
f: X =Y be a morphism of schemes. Suppose that f is closed, that is, the set-
theoretic image of every closed subset in X is closed in'Y . Then, for every x € X
and every specialization y' of y = f(x), distinct from y, there exists a specialization
a2’ of x such that f(x') =y'. The converse holds if f is quasi-compact.

In particular, a quasi-compact immersion f: X — Y is a closed immersion if
and only if the set-theoretic image of X is stable under specialization.

Proof. We first show that if f is closed, then specializations lift along f. Consider
the closed subset T = {x}. Then, f(T) CY is a closed subset such that y € f(T).
Thus, y' € f(T) also.

Conversely, suppose that f is quasi-compact and that specializations lift along
f. Let X’ C X be a closed subset and let Y’ = f(X’). We want to show that
Y’ = f(X’). Consider X’ and Y’ with their reduced closed subscheme structures
(Proposition 2.3.34). We then obtain the commutative diagram

X — X

A
Y — Y

by taking the fiber product and noting that X’ C f~'(Y’). Replacing f by f’,

we may assume that f is quasi-compact and dominant, in which case we need to

show that Y = f(X). Let 4/ € Y and let y be the generic point of an irreducible

component containing Y. By the hypothesis, it suffices to show that f~1(y) is

nonempty.

Let U > y be an affine open subset. Since f is quasi-compact, the inverse image
f~Y(U) is quasi-compact, and hence is the finite union of affine open subsets V; C X.
Since f is dominant, y € f(V;) for some i. Replacing X by V; and Y by f(V;)NU
with the reduced closed subscheme structure (Proposition 2.3.34), we have now
reduced to showing that if A < B is an extension of reduced rings, then there exists
a prime ideal in B lying over every minimal p C A. This holds since we have

0# Ap C By
and hence any minimal prime of B, (which exists by [AK21, Exercise 3.16]) contracts
to pA,. See [BouCA, Chapter II, §2, no. 6, Proposition 16]. O

We can now prove Theorem 2.5.49.

Proof of Theorem 2.5.49. (a) = (b). Separated morphisms are quasi-separated by
Proposition 2.5.47. For the second part of (b), we know that Spec(K) — Spec(R)
is dominant. Since R is reduced, we see that Spec(K) — Spec(R) is scheme-
theoretically dominant by [EGAI,.,, Proposition 5.4.3] (Homework 5, Problem
5(b)). Thus, by Proposition 2.5.262, we know there can be at most one morphism
Spec(R) --+ X making the diagram in (b) commute.

(b) = (a). We want to show that the diagonal morphism

AX/Y: X —X Xy X
2When proving Proposition 2.5.26 in class, I assumed that U is an open dense subset of a

reduced scheme X. The proof still works if U — X is scheme-theoretically dominant and X is not
necessarily reduced. I have edited Proposition 2.5.26 accordingly.

[Har77, Lem. I1.4.5]

[EGAIne\w PI"Op.
6.1.7(i)]


https://stacks.math.columbia.edu/tag/0066
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is closed. By Proposition 2.5.47, we know that Ax/y is quasi-compact. Thus, by
Proposition 2.5.52, it suffices to show that Ax/y(X) is stable under specializa-
tion. Let z € Ax/y(X) and let z ~» 2’ be a specialization distinct from z. By
Proposition 2.5.51, there exists a valuation ring R and a morphism

g: Spec(R) — X xy X

such that g(m) = 2z’ and g((0)) = z. Let hy, h2: Spec(R) — X be the morphisms
obtained by composing g with the two projections pi,p2: X xy X — X. By the
hypothesis in (b) applied to

since f is separated, we have h := h; = hy. We can then consider the commutative
diagram
Spec(R)

where the red and blue squares are Cartesian. By the universal property of X xy X,
we see that g = Ay,y o h. Thus, we see that 2’ € Ax/y (X). O

2.5.9. The valuative criteria of universally closedness and properness.
In the valuative criterion of separatedness (Theorem 2.5.49), one thing you may
have noticed is that Spec(R) — Y may not lift to X. In other words, using our
intuition that valuation rings parametrize sequences in a scheme, we see that X is
“missing” points.

To fix this, we will define two important classes of morphisms in algebraic
geometry. These are two possible analogues of proper morphisms in topology,
defined as follows.

DEFINITION 2.5.53 [BouGT, Chapter I, §10, no. 1, Definition 1]. Let f: X — Y
be a map of topological spaces. We say that f is proper if f is continuous and if
the map

fxidz: X xZ —Y xZ

is closed for every topological space Z.

Taking Z = {x}, we see that every proper map is closed. While this may not be
the definition of a proper map you are used to, proper maps can be characterized
as follows. The condition (b) is often used as the definition of proper maps, and is
called perfect in [Mun00, Exercise 26.12].
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THEOREM 2.5.54 [BouGT, Chapter I, §10, no. 2, Theorem 1 and Remark on
pp. 103-104]. Let f: X — Y be a continuous map. The following conditions are
equivalent.

(a) f is proper.

(b) f is closed and f~1(y) is quasi-compact for everyy € Y.

(¢) If § is a filter on X and if y € Y is a cluster point of f(§), then there is a
cluster point x of § such that f(x) =y.

Moreover, suppose that X and Y are Hausdorff. Then, these conditions are also
equivalent to:
(d) If § is a filter on X such that f(§) has a (unique) cluster point, then §
has a (unique) cluster point.

In algebraic geometry, we want to have an analogue of proper maps. The naive
analogue of Definition 2.5.53 will be called universally closed. The terminology
proper will be reserved for morphisms that are closer to condition (d) above.

DEFINITION 2.5.55 [EGAI,qy, Définition 3.8.1]. Let f: X — Y be a morphism
of schemes. We say that f is universally closed if the base change
fxidy : X xy Y/ — Y’
is closed for every morphism Y’ — Y.
DEFINITION 2.5.56 [EGAII, Définition 5.4.1]. Let f: X — Y be a morphism of

schemes. We say that f is proper if it is separated, of finite type, and universally
closed. In this case, we also say that X is proper over Y.

You can think of properness over Spec(Z) or Spec(k) as the analogue of com-
pactness for topological spaces. To illustrate this, here is an example.

EXAMPLE 2.5.57 [Har77, Example 11.4.6.1]. Let k be a field and let X = A}
be the affine line over k. We claim that X is not proper over k. Consider the base
change

Al =X x, X — X
of X — Spec(k). Then, the hyperbola {zy = 1} is closed in A%, but its image in X
is X — {0}, which is not closed.

In terms of valuation rings, what is going on is that we have the commutative
diagram

Spec(k(y)) —— {zy =1} Lj% X

Spec (k[y]y)) Spec(k)

corresponding to the commutative diagram

K(y) «—— klal
[

of k-algebras, and there is no dashed map making the diagram commute.

The valuative criterion of universal closedness and the valuative criterion of
properness correct for this.



[Har77, Thm. I1.4.7]

THEOREM 2.5.58 (Valuative criterion of universal closedness [EGAI,.,,, Propo-
sitions 5.5.7 and 5.5.8]). Let f: X =Y be a quasi-compact morphism of schemes.
The following conditions are equivalent.

(a) f is universally closed.
(b) For every valuation ring R with fraction field K, there exists a dashed
morphism making the diagram

commute.
Proof. (a) = (b). Consider the commutative diagram
Xr X
o

Spec(R) —— Y

Spec(K)

where the square is Cartesian. Let ©z € Xp be the image of the unique point
in Spec(K). Since f’ is closed, the specialization (0) ~ m in Spec(R) lifts to a
specialization z ~ 2’ in X by Proposition 2.5.52. The diagram of specializations

]
(0) m

corresponds to the commutative diagram

[SUVUVINY

SUSVUNY

K OXR,ZE OXR,:E/

| |

K+—R

where the vertical maps are local and the horizontal maps are localization maps.
Since the map R — Ox,, o is local, the image of Ox,, ,» in K dominates R. By
[Mur24ag, Theorem 1.6.10], we know that valuation rings are maximal with respect
to domination, and hence R — Ox,, » is an isomorphism. Thus, there is a section
Spec(R) — Xg of f’, which induces a morphism Spec(R) — X by composition.

(b) = (a). We first note that the criterion in (b) holds for every base change of
f along Y’ — Y, since in the diagram

Spec(K) —— X' — X
B -

2

Spec(R) LY Y

where the right square is Cartesian, if the morphism Spec(R) — X exists, then
the morphism Spec(R) — X’ exists by the universal property of X’. By Propo-
sition 2.5.52, it suffices to show that specializations lift along f’. Let y ~ 3’ be
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a specialization where 3’ is distinct from y. Let € X’ such that f'(z) =y. By
Proposition 2.5.51, there exists a valuation ring R and a morphism

g: Spec(R) — Y’
such that ¢((0)) = y and g(m) = ¢’ such that
K = Frac(R) = k(z).
We can now apply (b) to obtain the morphism Spec(R) — X'. O

REMARK 2.5.59. It turns out that universally closed morphisms are quasi-
compact. This is a fairly recent result due to Bjorn Poonen [Pool0; Stacks, Tag
04XU]. As a consequence, the statement of Theorem 2.5.58 can be modified to
include quasi-compactness in (b) instead. To summarize, we have analogous valuative
criteria for separatedness and universal closedness:

uniqueness part of

separated <——= quasi-separated + the valuative criterion,

existence part of

universally closed <= quasi-compact + the valuative criterion.

Finally, we can state the valuative criterion of properness. I have seen this
result attributed to Serre, and indeed, it seems that Serre told Grothendieck about
this result in a letter [GSO1, p. 103]. The valuative criterion connects the definition
of properness in [EGAII] with the definition in Chevalley’s theory of schemes
[SCC55/56, Exposé 5, §4] mentioned in [Har77, Exercise I11.4.5(b)].

THEOREM 2.5.60 (Valuative criterion of properness [EGAII, Théoréme 7.3.8)).
Let f: X —Y be a finite type, quasi-separated morphism of schemes. The following
conditions are equivalent.
(a) f is proper.
(b) For every valuation ring R with fraction field K, there exists a unique
dashed morphism making the diagram

Spec(K) — X

3 .
|2

Spec(R) —— Y
commute.

Proof. Combine Theorems 2.5.49 and 2.5.58. O

2.6. Projective geometry via schemes

Now that we understand the Proj construction relatively well and have developed
some machinery relating to separated and proper morphisms, we want to apply our
understanding of Proj and P’} to study other schemes. In other words, we want to
construct morphisms to Proj(.S), with the eventual goal of using the geometry of P’}
to study more general schemes. For example, as you saw on Homework 6, Proj(.5)
comes with a specific invertible sheaf O(1) that encodes a lot of information about
the geometry of Proj(S), for example whether it can be embedded in P7, for a ring

[Har77, Thm. 11.4.7]


https://stacks.math.columbia.edu/tag/04XU
https://stacks.math.columbia.edu/tag/04XU

[Har77, p. 160]
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A. This means that we somehow want to find an invertible sheaf on a given scheme
X that looks like it could be the pullback of the O(1) on the Proj of some ring.

In this section, we will develop the necessary language to make sense of schemes
and morphisms to Proj(5). Using this, we will be able to say a lot about a large
class of schemes of geometric interest. In particular, we will be able to apply what
we have proved about separated and proper morphisms to examples of interest,
namely, projective and quasi-projective morphisms.

2.6.1. Relative Proj. To work with and construct interesting examples of
projective morphisms, we will need a relative version of the Proj construction, which
we call relative Proj. We start with the sheaf-theoretic analogue of an N-graded
ring.

DEFINITION 2.6.1 [EGAII, (3.1.1)]. Let Y be a scheme. An N-graded sheaf of
Oy -algebras is a sheaf . of Oy-algebras equipped with a decomposition

7 =B
neN
as a direct sum of sheaves of Oy-modules such that
I Im S S ntm
for all n,m € N.

To construct relative Proj using graded sheaves of algebras, we first prove the
following result on the behavior of Proj under base change.

PROPOSITION 2.6.2 [EGAIL (2.8.9) and Proposition 2.8.10]. Let A — A’ be a
ring map and let S be an N-graded A-algebra. The tensor product S' =S @4 A’ is
an N-graded A’-algebra with graded components S), == S, ®4 A’. The co-Cartesian
square

Y i S

[

Al +— A
of A-algebras induces the Cartesian square

Proj(5’) —2— Proj(S)
| |

Spec(A’) —— Spec(A)

of schemes such that for every Z-graded S-module M with extension of scalars
M =M®sS 2M®s A, the morphism

v: ®*(M') — M
from Proposition 2.4.14(ii) is an isomorphism.

Proof. Note that ¢(Sy) C S, and hence the morphism @ is defined on all of
Proj(S’) by [Har77, Exercise 11.2.14] (Homework 5, Problem 2). Working locally on
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distinguished open subsets of Proj(.S), it therefore suffices to show that for every
f € 5S4, the square

Spec(Szip(f))) — Spec(S())

! l

Spec(A’) ———— Spec(A)
is Cartesian. This is true since the isomorphism

is graded. For the statement about v, it suffices to note that the isomorphism

is graded. O

We can now construct relative Proj.

PROPOSITION 2.6.3 [EGAIIL, Proposition 3.1.2]. Let Y be a scheme and let .7 be
an N-graded quasi-coherent sheaf of Oy -algebras. There exists a scheme morphism
f: X =Y, unique up to Y-isomorphism, satisfying the following property: For
every affine open subset U C Y, there exists a U-isomorphism

nu: fH(U) = Xy = Proj(I'(U,.%))
such that for every inclusion V- C U of affine open subsets of Y, the diagram

FHV) 5 Xy

~

(2.6.4) j j(p%)*

commutes.

Proof. For every affine open subset U C Y, the N-graded Oy |y-algebra |y is
isomorphic to S where S = T'(U,.¥) is an N-graded I'(U, Oy )-algebra. Consider
the morphism

fu: Xy =Proj(T(U, %)) — U.

If 7: U' — U is the open inclusion of a second affine open subset, we have a
U’-isomorphism

ov vt ' (U) = Xu

by Proposition 2.6.2.
We need to show that the fy glue together. For each pair U,V of affine open
subsets of Y, let

XU,V = le(U N V) - XU.

We define a Y-isomorphism

Ovv: Xvuy — Xuy

[Har77, p. 160]



[Har77, p. 160]

[Har77, Ex. I11.7.8.7]
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as follows. Let W/ C W be an inclusion of affine open subsets in U N'V. We then
have the commutative diagram

1
WU o

mwee fgt (W) 2 Xy 2 (W)

ow,U w, vV

rw ft W) =2 Xy Y f (W)

with Cartesian squares by Proposition 2.6.2. The 7y therefore define a Y -isomorphism
Ovu.

To show that the 0y yield a gluing f: X — Y of the morphisms fy: Xy — U,
it suffices by [Mur24ag, Lemma 2.2.22] to show that for every triple U, V, W of affine
open subsets in Y, letting 07, 1, 6y, and 67,y be the restrictions of 0y,v, Ov,w,
and Oy w to the inverse images of UNV NW in Xy, Xw, and Xy, respectively,
we have

ﬁ,v © 9{/,W = H;J,W'
This holds by definition of the isomorphisms ¢. Uniqueness up to Y-isomorphism
follows by concatenating the two instances of the commutative diagram (2.6.4) for
two candidates X, X5 for f. ([

DEFINITION 2.6.5 [EGATI, (3.1.3)]. Let Y be a scheme and let . be an N-graded
quasi-coherent sheaf of Oy-algebras. The relative Proj
Projy () — Y

of % is the morphism f: X — Y constructed in Proposition 2.6.3. If .Z is a Z-
graded quasi-coherent sheaf of .#-modules, then we denote by M the quasi-coherent
sheaf obtained by gluing the sheaves I'(U, .# )~ on each affine open subset U C X
using [Har77, Exercise I11.1.22] (Homework 10, Problem 5) and Proposition 2.6.2.
By Proposition 2.6.2, we can define Serre twisting sheaves O(n) for every n € Z,
which are invertible if . is generated by ¥ as an #j-algebra.

EXAMPLE 2.6.6 [EGAII, Définition 4.1.1]. Let Y be a scheme and let
S = Oy[To, T,..., Tp] = Sym, (OF).

Then, P} :== Proj, (.*¥) is the relative projective n-space over Y. More generally,
let & be a quasi-coherent Oy-module, and consider the symmetric algebra

Symg, (€),
which is quasi-coherent. The projective bundle associated to & over Y is
Py (&) == Projy (Symg, (&)).
CAUTION 2.6.7. Some authors (see, e.g., [Ful98, §B.5.5]) use the convention
Py (B) i= Py (6") = Projy (Symd, (£")).

This is especially common when & is locally free and one thinks of & as a geometric
vector bundle FE.

Before defining rational maps to Proj, we want to understand how twisting a
graded algebra (or in the projective bundle case, &) by an invertible sheaf . affects
the Proj. In short, while you get isomorphic schemes over Y, the corresponding
Serre twisting sheaf O(1) gets twisted by Z.
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PROPOSITION 2.6.8 [EGAII, Propositions 3.1.8(4i4) and 3.2.10]. Let Y be a
scheme and let ¥ be an N-graded quasi-coherent sheaf of Oy -algebras. Let £ be
an invertible Oy -module and let

Then, there is an isomorphism

Pro_]y(y(g) *> Proj, ()

NG

such that g.(O(n)) =2 O(n) @ f*L%m.

Proof. Let Spec(A) be an affine open subset of Y such that .Z|gpec(a) = L for a
free rank one module L with generator ¢. We then have the isomorphism
S, = S, ®4 L™
Ty — T ® "
of A-module isomorphisms, which give the isomorphism
per S — S(z) = D Sn @a LE".
n>0
Let f € S4 be homogeneous of degree d > 0. For every x € S,,4, we have
r@c @ (ec)™
(fech — (f& ()

for every invertible element € € A. This shows that the isomorphisms

(‘Pc)(f)5 (S(€)>(f) - (S(L)(e))(f®cd)

T T® Ce+nd
r @ d
f (f @ ct)r

are independent of the generator ¢ of L chosen. Moreover, these isomorphisms are

compatible with restriction Dy (f) — D4 (fg) (by definition) and with restriction
on Y (by Proposition 2.6.2). O

2.6.2. Rational maps and rational maps to relative Proj. Instead of
keeping track of the open set U where a morphism on Proj is defined, we define the
following terminology.

DEFINITION 2.6.9 [EGAT,cy, (8.1.1) and Définition 8.1.2]. Let X,Y be two
schemes, let U,V be dense open subsets of X, and let f: U — Y and g: V — U be
two morphisms. We say that f and g are equivalent if they coincide on a dense
open subset of U N V. Since finite intersections of dense open subsets of X are dense
open subsets of X, this notion defines an equivalence relation.

A rational map

X --»Y

is an equivalence class of morphisms from dense open subsets of X to Y. If X
and Y are S-schemes, then a rational map over S is a rational map that has a

[Har77, p. 24]
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[Ful9s, p. 83]

[Har77, p. 157]
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representative that is an S-morphism. We say that a rational map is a morphism if
it can be represented by a morphism defined on the entire domain.

We explain how to define rational maps to relative Proj.

DEFINITION 2.6.10 [EGATI, (3.5.6) and (3.7.1)]. Let ¢: X — Y be a morphism
of schemes. Let .Z be an invertible O x-module and let .¥ be an N-graded quasi-
coherent Qy-algebra. Then, ¢*.% is an N-graded quasi-coherent Ox-algebra.

Consider the N-graded quasi-coherent O x-algebra

7 =P zen
n>0
and suppose we are given a graded Ox-algebra homomorphism
Vg — S,
which induces a rational map
Projx (1): X = Projx (') --» Projx(¢")
by the functoriality of Proj [Har77, Exercise 11.2.14] (Homework 5, Problem 2).

By applying adjunction [Har77, p. 110] (Homework 1, Problem 5) to ¢, we also have
the morphism v” of N-graded quasi-coherent Oy-algebras below which factors as

b
7 — Y

x q+
q"

where 7 is the unit of the adjunction ¢* - g..
We have the commutative diagram

Projy(¢*7)

Projx (¢) /" \7:

where 7 is the first projection
Projx(¢*7) =2 Projy (.) xy X — Projy ().

The isomorphism holds by Proposition 2.6.2 (see [EGATI, Proposition 3.5.3]). Note
that by the way 7 and Projy (¢) are defined, the pullback of O(1) on Projy ()
is Z.

EXAMPLE 2.6.11 (Linear systems). Let k be a field and let X be a k-scheme
with structure morphism ¢: X — Spec(k). Let £ be an invertible Ox-module.
Suppose we are given a k-vector subspace

V C HY(X,9),
which is an example of a linear system. The map
Y q" Symp (V) = Symg,, (¢"V) — Symg,, (£)
obtained from evaluation induces the map

x YL e,
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For some concrete examples, the subspace
3 .2p 42 3 0/pl
k-{s’, st st*,s°} C H (Pk7OP)1€(3))

defined the embedding of the twisted cubic in P%. More generally, the Veronese
embedding v, defined in this way is such that the pullback of O(1) is O(d).
The subspace

4 3, 43 4 0(pl
k-{s* s°t,st>,s"} C H (kaoPi(‘l))

has image equal to the Macaulay curve [Mac94, p. 98; Mur24ca, Example 8.16.8(ii)]
in Pi. The subspace

k- {xy,zz,yz} C H°(P}, 01)%(2))
defines the Cremona transformation [Mur24ag, Example 1.4.29].

We want to describe when r¢ 4 is a morphism. For example, the twisted cubic
and the Macaulay curve are defined by morphisms, but the Cremona transformation
is not a morphism. First, unraveling the definitions when constructing rational
maps associated to graded ring maps, we have:

PROPOSITION 2.6.12 [EGATI, Proposition 3.7.3]. With notation as in Defini-
tion 2.6.10, suppose that Y = Spec(A) is affine and write ¥ = S for an N-graded
A-algebra S. For every f € Sy = H°(Y,.%y), we have

rz,w(D+(f) = Xpp)
where we consider Y°(f) as a section in HO(X, £®%), and the restriction
F Xys(p) — D (f) = Spec(S(p))

corresponds to the A-algebra map

rewlX g,

Uiyt Sy ——— T(Xy(p), Ox)

—n

% — (¢b(5)|wa<f)) (wb(f)‘wa(f))

REMARK 2.6.13. Using this description, we see that the examples in Exam-
ple 2.6.11 are the same as the rational maps we defined using coordinates in [Har77,
Chapter I; Mur24ag).

We therefore obtain the following characterization for when r ¢ 4 is a morphism.
The condition on the existence of s holds in particular if ¥ is (TN)-surjective.

COROLLARY 2.6.14 [EGAII, Corollaire 3.7.4]. With notation as in Defini-
tion 2.6.10, suppose that Y = Spec(A) is affine and & = S for an N-graded
A-algebra S. Then, r y is a morphism if and only if for every x € X, there exist
an integer n > 0 and a section

s€ HY, %) = S,
such that setting
t=1’(s) € HO(X, 2",
we have t(z) # 0.

[Har77, Proof of
Thm. I1.7.1]

[Har77, Thm. IL7.1]



[Har77, p. 121]

The terminology
“f-generated” is from
[KMMS7, Def.
0-1-4].

The terminology
“f-free” is from
[CT20, §2.1.1].

[Har77, Prop. I1.7.2]
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The previous corollary suggests the following definition, which is obtained by
considering the graded ring map

(2.6.15) frSymy, (fu?) — Symg, (L)
in degree 1.

DEFINITION 2.6.16 [KMMS87, Definition 0-1-4]. Let f: X — Y be a morphism
of schemes and let .# be an Ox-module. We say that # is f-generated or f-free if
the counit morphism

e — F
for the adjunction f* - f, is surjective. We say that .# is globally generated or
generated by global sections if .Z is f-generated relative to the unique morphism
f: X — Spec(Z).
Since f: X — Spec(Z) factors as

x4 Spec(I'(X, Ox)) 2 Spec(Z)
by [Mur24ag, Proposition 2.2.17] and the adjunction morphism for f factors as
[ 1T =g 0" psgu ¥ —» GG F — F

since restriction of scalars p, is exact for the affine morphism p, it is equivalent to
check global generation using the morphism X — Spec(Z) or X — Spec(I'(X, Ox)).
As we mentioned in Definition 2.1.3, .# is globally generated if and only if there is
a family of global sections (s;);er C I'(X,.%) such that the morphism

Og) — F
determined by the s; is surjective.
Now suppose that .Z is an invertible O x-module. We say that .Z is f-semiample

if #®™ is f-generated for some m > 0. By Corollary 2.6.14, .% is f-generated if
and only if

1|
X 5 Py(f.9)
is a morphism, which holds if and only if (2.6.15) is surjective. Moreover, .Z is
f-semiample if and only if

is a morphism for some m > 0.
We also obtain the following characterization for when r , is an immersion.

PROPOSITION 2.6.17 [EGAII, Proposition 3.8.2]. With notation as in Defi-
nition 2.6.10, suppose that Y = Spec(A) is affine and ¥ = S for an N-graded
A-algebra S. Then, rg 4 is an everywhere defined immersion if and only if there
exists a family of sections s, € Sy, for ng > 0 such that, setting fo = Y’ (s4), the
following conditions hold.

(t) The Xy, cover X.

(1) The Xy, are affine open subsets of X.

(iit) For every o and every t € H°(Xy, ,Ox), there exists an integer m > 0

and a section s € Sy, such that

t=((s)lx,,) (¢ (fa)lx;,)

—m
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The map vy 15 an everywhere defined open immersion if and only if there exists
a family of sections {so} as above satisfying (i), (ii), (iii), and
(iv) For every n > 0 and every s € Spy,, such that wb(s)|xfa =0, there exists
an integer k > 0 such that sks = 0.
The map re .y is an everywhere defined closed immersion if and only if there exists
a family of sections {s.} as above satisfying (i), (i1), (iii), and
(v) The Dy (sq) cover Proj(S).

Proof. The condition (i) holds if and only if r¢ , is everywhere defined. The
conditions (i) and (ii7) are equivalent to saying that r« . is a closed immersion

into |J,, D+ (sa). This proves the statements for immersions and closed immersions.

For open immersions, (iv) says that d’l()sa) is bijective, and hence (i)—(iv) hold if
and only if r¢ y is induces an isomorphism

Xfa ; D“F(sa)
for every a. O

To capture when r¢ . is an immersion, we make the following definition.

DEFINITION 2.6.18 [EGATI, Définition 4.4.2, Définition 4.5.3, Définition 4.6.1].

Let X be a scheme and consider an invertible O x-module .Z on X.

(i) Let f: X — Y be a morphism of schemes. We say that £ is f-very ample
or very ample over Y if there exists a quasi-coherent Oy-module & and a
factorization

X 5 Py (&)
N
Y

of f where 7 is an immersion, such that .Z = i*(O(1)).
(i) Suppose that X is quasi-compact. We say that . is ample if setting

S = H"(X,2°")
n>0
and considering the canonical morphism p: X — Spec(Z), the map
pr(S) — P
n>0
induces an everywhere defined dominant open immersion
re.e: X — Proj(S).

(#it) Suppose that f is quasi-compact. We say that . is f-ample or (relatively)
ample over Y if there exists an affine open covering Y = |J,, U, such that
setting X, = f~1(U,), each restriction .Z|x, is an ample Ox_-module
for every a.

As written, it is not obvious how ampleness and very ampleness are related. We
will connect the two notions later.

[Har77, p. 120]

[EGAIL, Thm.

4.5.2(b)]

[Har77, p. 153]



[Har77, Exer.
11.5.12(a)]
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CAUTION 2.6.19. The definition of very ample in [Har77, p. 120] is not equivalent
to the one above. The reason is that without extra assumptions, the immersion 4
in our definition may not be an H-immersion in the sense of Caution 2.3.26. I am
not sure if the result below (for example) is true withou Hartshorne’s definition of
an immersion because it is not immediate (and may be false in examples) that the
composition (2.6.21) is an H-immersion.

For ampleness, the definition above is equivalent to that in [EGAII] if X is
quasi-compact and quasi-separated [EGAII, Proposition 4.5.5; EGAIVy, (1.7.14)].

PROPOSITION 2.6.20 [EGATI, Corollaire 4.4.9(i¢)]. Let f: X — Y be a morphism.
If & and L' are f-very ample invertible Ox -modules, then £ ®o, L' is f-very
ample.

Proof. Consider the two immersions i: X < Py (&) and ¢': X < Py (&”) obtained
from the definition of very ampleness. Consider the composition
(2621) X % X xy X 2N PU() xy Py(€) <5 Py (6 @0, &)
where o is the Segre embedding [EGAII, §4.3] (the version where Y is affine was
constructed in Homework 7, Problem 7 or [Har77, Exercise 11.5.11]). The diagonal
Ax/y is a closed immersion since X is separated over Y: It factors as an immersion
followed by the projection from a projective bundle. Next, ¢ Xy i’ is an immersion
since immersions are stable under products (Proposition 2.5.12(vi)). Finally, o is
a closed immersion by [EGATI, Proposition 4.3.3]. Alternatively, whether o is a
closed immersion can be checked locally on Y. When Y is affine, your solution
to Homework 7, Problem 7 or [Har77, Exercise II1.5.11] constructed as a closed
immersion.

Since the composition of immersions is an immersion, we see that the composition

X — Py(é() Koy éa/)

is an immersion. The pullback of O(1) under this immersion is .€ ®o, £’ by
[EGATI, (4.3.2.1)] (when Y is affine, one can use Homework 7, Problem 7 or [Har77,
Exercise 11.5.11]). O

REMARK 2.6.22 (The Segre embedding). Using our construction of rational maps
to Proj, we can give another way to think about the Segre embedding from [EGATI,
§4.3] (the case when Y is affine is Homework 7, Problem 7 or [Har77, Exercise
I1.5.11]). Let Y be a scheme and let &, &’ be two quasi-coherent Oy-modules. The
Segre embedding

0: Py(&) xy Py (&) — Py (& ®o, &)

is defined as follows. Set X = Py (&) Xy Py (&”’) and denote by p;,ps the two
projection morphisms. Denote by ¢: X — Y the composition of p; or ps to Y. A
fact about the projective bundle Py (&) is that there is a surjection

& —» O(1)

and similarly for Py (&”); see [EGAII, Proposition 4.1.6]. Pulling back to X and
tensoring the maps for & and &’ together, we obtain the surjection

qE @0y ¢ —» piO(1) ®oy p3O(1).
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Taking symmetric algebras, we have the surjection
Ui " Symp, (6 ®oy ') —» Symy  (p1O(1) ®oy p3O(1)).

Now the associated rational map 7,:0(1)9p30(1),» 18 the Segre embedding o. Check-
ing that o is indeed an embedding can be done using the local criteria for rational
maps to Proj to be a closed immersion (Proposition 2.6.17).

2.6.3. Projective and quasi-projective morphisms. We now define differ-
ent versions of projective morphisms.

DEFINITION 2.6.23. Let f: X — Y be a morphism of schemes.
(1) [EGAII, Définition 5.5.2] We say that f is projective if f factors as

X —— Py (&)
N
Y

where X < Py (&) is a closed immersion and & is a quasi-coherent
Oy-module of finite type.

(2) [Har77, p. 103] We say that f is H-projective if there exists an integer n
for which f factors as

X —— P}
N
Y

where X — P¥ is a closed immersion.

(3) [Stacks, Tag 01W8(3)] We say that f is locally projective if there exists
an open covering ¥ = (J; V; such that f7Y(V;) — V; is projective.

(4) [EGAIIL, Définition 5.3.1] We say that f is quasi-projective or that X is
quasi-projective over Y if f is of finite type and there exists an f-ample
invertible O x-module.

(5) [Stacks, Tag 01VW(2)] We say that f is H-quasi-projective if there exists
a quasi-compact immersion X — P} over Y.

(6) [Stacks, Tag 01VW(3)] We say that f is locally quasi-projective if there
exists an open covering Y = Uj V; such that f=1(V;) — V; is quasi-
projective.

Note that

H-projective === projective === locally projective

l l !

H-quasi-projective == quasi-projective =—= locally quasi-projective

l

separated.

On Homework 8, you will show some properties of projective morphisms.


https://stacks.math.columbia.edu/tag/01W8
https://stacks.math.columbia.edu/tag/01VW
https://stacks.math.columbia.edu/tag/01VW

[Har77, p. 105]
[Ful9g, §B.2.4]

[Har77, Rem.
11.4.10.2]

[Har77, Thm. 11.4.9]
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2.6.4. Abstract varieties. We can finally say which schemes correspond to
the varieties from last semester [Mur24ag]. We will not prove this result in this
class.

THEOREM 2.6.24 [Har77, Propositions 11.2.6 and 11.4.10]. Let k be an alge-
braically closed field. There is a natural fully faithful functor

t: Varpy — SChk

from the category of varieties over k (in the sense of [Har77, Chapter I]) to the
category of schemes over k satisfying the following properties.

e The topological space of a variety V is homeomorphic to the set of closed
points of sp(t(V)).

o The sheaf of regular functions on V is obtained by restricting the structure
sheaf of t(V') to the set of closed points of sp(t(V)).

e The essential image is the subcategory consisting of integral schemes that
are quasi-projective over k.

e The essential tmage of the subcategory of projective varieties is the subcate-
gory consisting of integral schemes that are projective over k.

In particular, for any variety V, t(V') is an integral separated scheme of finite type
over k.

This result suggests the following definition.

DEFINITION 2.6.25 (cf. [Wei62, Chapter VII, §3; FAC, n° 32]). Let k be a field.
An (abstract) variety over k is an integral separated scheme X of finite type over k.
We say that X is complete (resp. projective, quasi-projective) if it is proper (resp.
projective, quasi-projective) over k.

REMARK 2.6.26. Hartshorne assumes that k is algebraically closed. To make
it possible to talk about varieties over non-algebraically closed fields, we will not
assume that k is algebraically closed.

Historically, quasi-projective varieties were defined before abstract varieties.
André Weil introduced abstract varieties in [Wei62] (first edition published in 1946)
while proving the Riemann hypothesis for curves over finite fields in the 1940s
[Weid8]. During the proof, Weil constructs what is called the Jacobian variety
associated to a curve. The construction of the Jacobian variety does not make it
obvious whether or not the Jacobian variety is quasi-projective.

2.6.5. Elimination theory via schemes. We now come to one of the
strengths of modern algebraic geometry. Last semester, we proved that the image
of a projective variety is closed using resultants and elimination theory [Mur24ag,
Theorem 1.8.3]. Now that we have the valuative criterion and the notion of projective
morphisms, we can prove the same result as a consequence of the following;:

THEOREM 2.6.27 [EGATI, Théoréme 5.5.3]. Let f: X — Y be a morphism of
schemes.
(1) If f is projective, then f is quasi-projective and proper.
(it) Conwversely, if Y is quasi-compact and quasi-separated and f is quasi-
projective and proper, then f is projective.

REMARK 2.6.28. Dieudonné famously said that “elimination theory must be
eliminated” («Il faut éliminer la théorie de I’élimination > [Dem12, p. 336]). This
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remark has also been attributed to Weil; see [Wei62, Footnote 2 on p. 31]. On the
other hand, Abhyankar (who was at Purdue) wrote in a poem [Abh70]:

Eliminate, eliminate, eliminate
Eliminate the eliminators of elimination theory.

We will not prove (i7). It follows from the fact that “the image of a proper
scheme is proper” (Homework 8, Problem 3(d)) [EGAII, Corollaire 5.4.3(i7)] plus
some tricks to replace the Proj(S) appearing in the definition of ampleness with a
projective bundle Py (&) appearing in the definition of projective morphisms. See
[Stacks, Tag 0BCL].

Proof of Theorem 2.6.27(i). By definition, if f: X — Y is projective, then it is both
of finite type and quasi-projective. Since quasi-projective morphisms are separated
(locally on Y, f can be factored as an open immersion followed by the projection
morphism from Proj), it remains to show that f is universally closed.

Consider the factorization

il

where X — Py (&) is a closed immersion and & is a quasi-coherent Oy-module of
finite type. Since the question is local on Y, we may replace Y by its affine open
subsets Spec(A). By Serre’s equivalence, write & = M for a locally free A-module
M generated by finitely many elements mg, my, ..., m,. Consider the surjective
graded map

A[‘r07x17 v 73771] — Sym;l(M)

By the functoriality of Proj and the description of closed subschemes of Proj in
Homework 5, Problem 2 [Har77, Exercises 11.2.14 and I1.3.12(a)], we can enlarge
the commutative diagram above as

\1 /

where Py (&) — PV is a closed immersion. It therefore suffices to show that
P} — Y is universally closed. Since it is the base change of P%} — Spec(Z), it
suffices to show that P% — Spec(Z) is universally closed. By the valuative criterion
for universal closedness (Theorem 2.5.58), it suffices to show that for every valuation
ring R with fraction field K, a solid diagram of the form below can be filled in with
a dashed morphism making the diagram commute:

Spec(K) — Py

| =

Spec(R) —— Spec(Z).

We induce on n. If n = 0, then P} — Spec(Z) is an isomorphism, and hence there is
nothing to show. Suppose that n > 0. By the inductive hypothesis, we may assume

[EGATI, Rem.
7.3.9(i7)]
[Stacks, Tag 01WC]


https://stacks.math.columbia.edu/tag/0BCL
https://stacks.math.columbia.edu/tag/01WC

[Har77, Prop. 1.6.8]
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that the image &; of Spec(K) is not contained in any of the coordinate hyperplanes
Vi(z;) 2 Pyt Thus, & € (); D+(;), and hence all the z;/z; are invertible in
Opn g, .

“We have an inclusion k(&1) C K induced by the morphism Spec(K) — X. Let
fij € K be the images of the z;/z;. Then, the f;; are nonzero elements in K such
that

fik = fij - fin

for all 7,j,k. Let v: K — G be the valuation associated to the valuation ring R.
Let g; = v(fi0) for i € {0,1,...,n}. Choose k such that g is minimal among the

set {90, 91,---,9gn} for the ordering on G. Then, for every ¢ we have
v(fix) = v(fio) — v(fro) = gi — gk > 0,

and hence f; € R for all i € {0,1,...,n}. We can therefore define a morphism
Zlzo/xk, - .., Tn/xr] — R fitting into the diagram below:

K k(é-l) OPg,gl < Z|:$O7x177$n:|

] - LT Tk Tk

RE Z.
The dashed morphism yields the morphism Spec(R) — P7 needed. O

REMARK 2.6.29. The elimination theory-type result in Theorem 2.6.27(:) is
very useful! For one example, it is a critical ingredient in Mori’s “bend and break”
theorem [Mor79], which gives a very useful sufficient criterion for a projective variety
to contain a rational curve, that is, a curve birational to Pi. The proof uses
Theorem 2.6.27(7) to reduce modulo p. See [KM98, p. 15]. There is no proof known
of Mori’s theorem that does not use reduction modulo p.

2.6.6. The curve-to-projective extension theorem. We can now prove
the promised generalization of the curve-to-projective extension theorem. The name
for the theorem is from [Vak, Theorem 15.3.1]. Codimension for non-closed sets is
defined as

di Z) = inf {dim(O .
codimy (Z) zlgz{ im(O0z,.)}

See [EGAIV,, p. 87].

THEOREM 2.6.30 (Curve-to-projective extension theorem [EGAII, Corollaire
7.3.6; Stacks, Tag 0BXT]). Let S be a scheme and let Y — S be a proper morphism.
Let X be a reduced locally Noetherian scheme such that

codimy (Sing(X)) > 2

where

Sing(X) == {z € X | Ox 5 is not regular}.
Let f: X --+Y be a rational map over S. Then, the complement X' of the domain
of definition of f satisfies codimx(X') > 2.
Proof. 1t suffices to show that f can be extended to a morphism over all points
z € X such that dim(Ox ) < 1. If dim(Ox,,) = 0, then z is a generic point of an
irreducible component of X. Since rational maps are defined on open dense subsets
of the domain, we know that f is already defined at z.


https://stacks.math.columbia.edu/tag/0BX7

151

Suppose that dim(Ox ,) = 1. By assumption on X, we know that Ox , is a
DVR. By the previous paragraph, we know that f is defined on the generic point of
Spec(Ox ), that is, we have the solid diagram

flspec(Frac(ox .
Spec(Frac(Ox,.)) e, SN

Spec(Ox .)

By the valuative criterion of properness (Theorem 2.5.60), the dashed morphism
exists and is unique. Let y € Y be the image of Y, choose an affine open neighborhood
Spec(C) of the image of y in S, and choose an affine open neighborhood Spec(B) of
Y contained in the inverse image of Spec(C) in Y. Then, the dashed morphism g is
induced by a C-algebra map

B — OX,z«

We claim there exists an open neighborhood Spec(A) C X and a morphism
g': Spec(A) — Spec(B) restricting to g. Since Y is of finite type over S, it suffices
to find an affine open neighborhood of z such that the finitely many generators x;
of B over C lie in I'(X, Spec(A)) C Frac(A). Note that we need

I'(X,Spec(A)) — Frac(A)

to be injective for this argument to work. This injectivity holds because X is
reduced.

It remains to show that the morphism ¢’: Spec(A) — Spec(B) can be glued to
the morphism f. We have the commutative diagram

N

where the maps A — Ox . are the localization maps. Since B is a C-algebra of
finite type and I'(X, Spec(A)) — Frac(A) is injective, there exists an element a € A
such that the images of the generators z; of B map to the same elements in A, i.e.,
we have the commutative diagram

“*N
NV

O

2.6.7. Linear projections. An important class of examples of rational maps
defined using sections of an invertible sheaf are linear projections. To say something
interesting about them, we prove the following, more local criterion for when a
rational map is a closed immersion.

[EGAIHQVM PI‘Op.
6.6.1(ii)]

[EGAT, ey, Prop.
6.6.1(4)]

4/8
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PROPOSITION 2.6.31. Let k be an algebraically closed field. Let X be a projective
scheme over k and let £ be an invertible Ox-module. Consider sections

50,815,580 € H' (X, Z)
inducing a morphism ¢: X — P(V) where
V = span,{so, 51, ..,5,} C H*(X,.Z).

Then, o is a closed immersion if and only if

(1) Elements of V separate points, i.e., for any two distinct closed points
P,Q € X, there exists s € V such that s € mp.ZLp but s ¢ mg. Ly, or vice
versa. In other words, for any two distinct closed points P,Q € X, the
surjection

Zr . o
mpfp ‘meQ

L —»

induces a surjection

Zp %o

V—»mpgp@ngQ.

(2) Elements of V' generate tangent vectors, i.e., for each closed point P € X,
the set

{SEV‘SPEmpgp}

spans the k-vector space mp Lp/m%.Lp. In other words, the surjection

induces a surjection
mpgp
m%;..iﬂp '

Proof. =. We think of X as a closed subscheme of P (V'), in which case £ = Ox(1)
and V is spanned by the images of

o, L1y..-,Tn € HO(P/C(V),O(I))

VNHY X, mpLp) —»

Choosing a global section defining a hyperplane containing P but not @, we see
that (1) holds. For (2), the hyperplanes passing through P are defined by global
sections of O(1) which generate mp.Zp/m%/.%p. Changing our basis on V so that

P=[1:0:0:---:0],

in the standard open set U, with local coordinates y1,¥y2,...,yn, we see that all
vectors in mp.%p /m% /Zp are images of global sections under restriction.

<. (1) implies ¢ is injective as a map of sets. Since X is projective over k, its
image ¢(X) in P (V) is closed by Homework 8, Problem 3(d) [EGAII, Corollaire
5.4.3(44)]. Thus, ¢ is a homeomorphism onto is image. To show that ¢ is a closed
immersion, by Proposition 2.5.13(47) it therefore suffices to show that

0P Op,(v),p — ©:Ox p

[Har77, Prop. I1.7.3]
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is surjective for every closed point P € X. Consider the commutative diagram

Op,(v),pP
0 —— mp, v, p — OPk(V),P mPkEV?P 0
k )
(2.6.32) l i H
0 mx p Ox.p Ox.p 0
m% p m% p mx.p

The hypothesis (2) implies the left vertical map is surjective. The right vertical map
is an isomorphism since they are both isomorphic to k. By the snake lemma [KS06,
Lemma 12.1.1], the middle vertical map is also surjective, and hence

(@)
Op,(v),p — XL

mx p

is surjective. Since ¢.Ox p is coherent (apply Serre’s finiteness Theorem 2.4.39(7)
locally), we see that

Op,v),p — Ox p
is surjective by NAK [Mur24ca, Lemma 2.3.8]. O
REMARK 2.6.33. Let k be an algebraically closed field, let X be a projective
scheme over k, and let % be an invertible Ox-module. The rational map
¢ X --» Py (H(X,2))
is a morphism if and only if for every closed point P € X, the map
@)
HY(X,.%) — H° (X,z ®ox mX>
P

is surjective. Using (2.6.32), the rational map ¢ is a closed immersion if and only if
for every pair of (possibly coinciding) closed points P, Q € X, the map

@)
HY(X, %) — H° (X,.,sf@ox X >
mpmqg
is surjective. More generally, we say that .Z is k-jet ample [BS93, p. 358] if, for
every tuple of integers k; such that ), k; = k4 1 and closed points P; € X, the
map

HY(X, %) — H° <X,.$ Roy OX,g)
[Lme,

We apply this criterion to show that any projective curve can be embedded in
P3.

DEFINITION 2.6.34. Let k be an algebraically closed field. Let X C P} be a [Har77, p. 309]
closed subscheme. If P,Q € X are closed points, the secant line determined by P
and @ is the line in P} joining P and Q. If P € X is a closed point (i.e., Ox p is a
regular local ring), the (projective) tangent space of X at P is the linear subspace
L C P} passing through P whose tangent space Tp(L) is equal to Tp(X) as a
subspace of Tp(P}).
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PROPOSITION 2.6.35. Let k be an algebraically closed field and let X C P} be a
reqular one-dimensional closed subscheme. Let O be a closed point not on X and let
p: X = P271 be the linear projection away from O. Then, ¢ is a closed immersion
if and only if

(1) O is not on any secant line of X.
(2) O is not on any tangent line of X.

Proof. The morphism ¢ corresponds to the subspace of H(X,O(1)) defining hy-
perplanes passing through O. The two conditions correspond to the two conditions
in Proposition 2.6.31. ([

PROPOSITION 2.6.36. Let k be an algebraically closed field and let X C P} be a
regular one-dimensional closed subscheme with n > 4. Then, there exists a closed
point O ¢ X such that the linear projection from O gives a closed immersion of X
into PZﬁl.

Proof. Let Sec(X) be the closure of the union of all secant lines of X. This is called
the secant variety of X. It is a locally closed subset of P} of dimension < 3 since
(in suitable local coordinates) it can be defined as the image of the morphism

(X xp X —A)xPL —, pr
(P,Q,t) ————— the point t on PQ.
Similarly, let Tan(X) be the closure of the union of all tangent lines of X. This is

called the tangent variety of X. It is a locally closed subset of P} of dimension < 2
since (in suitable local coordinates) it can be defined as the image of the morphism

X x P,l€ — P}
(P,t) —— the point t on Tp(X).
Since n > 4, we have
Sec(X) U Tan(X) ¢ P,

and hence there exists a point O € P} not lying on any secant line or tangent line
of X. We are done by Proposition 2.6.35. O

EXAMPLE 2.6.37. It is not always possible to project further to Pi without
introducing nodes. For example, consider the twisted cubic X C P3, which satisfies

Op: (1)|x = Op1(3)
since X is the image of the Veronese embedding defined by the linear system
{s3,s%t,st%,t3} C H° (P,lc, 0(3)).

Since dim(Sec(X)) = 3, the proof of Proposition 2.6.36 does not apply. More
strongly, we claim there cannot possibly be a linear projection

P} — {0} — P2

that induces a closed immersion ¢: X < P%. Suppose such a closed immersion

were to exist. Since X 2 P}, we see that the arithmetic genus of ¢(X) must be 0.

For plane curves, Example 2.5.32 shows that
1
pa(@(X)) = i(d - 1)(d - 2)3

[Har77, Prop. IV.3.4]
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and hence ¢(X) is a plane curve defined by a homogeneous polynomial of degree 1
or 2. This implies Op2 (1)[,(x) = Op1 (1) or Opz (1)[4(x) = Op1(2). But the linear
projection pull backs O(1) to Op1 (3) by the previous paragraph, a contradiction.

For the twisted cubic, we can still choose to project from a point contained in a
secant line, which introduces a node in the projection. Is this the worst possible?

REMARK 2.6.38. Over an algebraically closed field, every regular projective
curve projects birationally to a plane curve with at worst nodes as singularities
[Sam66, Appendix to Chapter II, Theorem; Har77, Theorems IV.3.9 and IV.3.10].
For surfaces, every regular projective surface projects birationally to a surface in
P$ with at worst ordinary singularities [GH78, pp. 611-618].

These are useful results! For example, they allow one to prove the Riemann—
Roch theorem for curves by reducing to the plane curve case [ACGHS5, Appendix
A], and Noether’s formula for surfaces by reducing to the hypersurface case [GHT78,
Chapter 4, §6].

In higher dimensions, Roberts [Rob71] proved that generic projections mapping
birationally to a hypersurface are generically 1:1, 2:1 along a codimension 1 subset,
3:1 along a codimension 2 subset, etc.. In dimensions < 5, Roberts [Rob75] gave
explicit equations for the images of these generic projections hypersurfaces. Still
in dimensions < 5, these generic projections hypersurfaces are known to have at
worst semi-log canonical singularities in characteristic zero [Doh08] and F-pure
singularities in characteristic p > 0 [DM24]. There are examples of 30-dimensional
projective varieties whose generic projection hypersurfaces have worse than semi-log
canonical or F-pure singularities [Doh08; DM24]. In general, the best known result is
that generic projection hypersurfaces are weakly normal [GT80, Theorem 3.7; ZN84,
Theorem 3.2; RZN84, Theorem 1.1; CM81, Theorem 3.8; CGMS87, Osservazione
2.4(v)]. As far as I am aware, the following questions are open:

(1) What is the largest dimension for which generic projection hypersurfaces
are semi-log canonical or F-pure?

(2) In some (low) dimensions > 5, is it possible to classify all singularities that
appear as singularities on generic projection hypersurfaces?

2.6.8. Divisors. We now come to the theory of divisors. These give a way to
probe a scheme by using codimension 1 integral subschemes. There will be a close
connection with the notion of linear systems from last time, since one can obtain
many codimension 1 subschemes by taking the zero locus of a global section of an
invertible sheaf.

To define divisors, we will use the following definition of the sheaf of rational
functions on a scheme.

DEFINITION 2.6.39 [Kle79, p. 204]. Let X be a ringed space. The sheaf of
rational or meromorphic functions is the sheaf J#x associated to the presheaf

U—T(U,0x)[S(U)" ],

where S(U) is the set of elements of T'(U, Ox) whose germs are nonzerodivisors in
the stalks Ox ,, for all x € X.

There are two ways to get integral subschemes of codimension 1. The first is
named after Weil.

[Har77, pp. 140-141]
The definition in
[EGAIV,, (20.1.3)]
is incorrect
according to [Kle79].



[Har77, p. 141]
[Ful98, p. 29]

[Har77, Ex. 11.6.5.2]

DEFINITION 2.6.40 [EGAIV,, (21.6.2)]. Let X be a Noetherian scheme. A prime
Weil divisor on X is a closed integral subscheme Y C X of codimension 1, that is, if
7 is the generic point of Y, then dim(Ox ,) = 1. A Weil divisor is an element of
the free Abelian group WDiv(X) generated by prime divisors. We write

D:an

where the Y; are prime divisors, the n; are integers, and only finitely many n; are
different from zero. If all the n; are non-negative, we say that D is effective. The
monoid of effective Weil divisors is denoted WDiv>q(X).

The second is named after Cartier. These are divisors defined locally by one
equation.

DEFINITION 2.6.41 [EGATV,, Définition 21.1.2, Définition 21.1.6, and (21.2.12);

Kle79]. Let X be a ringed space and let #x be the sheaf of rational functions on X.

Let JZ¢ be the sheaf of invertible elements in the sheaf .#%, which is an Abelian
sheaf under multiplication. Similarly, let O% be the sheaf of invertible elements in
Ox. A Cartier divisor is a global section D of the sheaf /0% . In other words,
by properties of quotient sheaves, a Cartier divisor D on X can be defined by data
of an open cover {U;} of X and for each ¢ an element f; € I'(U;, #%) called a local
equation of D such that for all 4, j, we have

fi e rwinuy,0%).

g
A Cartier divisor is effective if its stalks are in

Sz = lim S(U)

Usx

for all x € X.

While the group structure on I'(X, 2 /0% ) is multiplicative, we denote the
group additively as CDiv(X). The monoid of effective Cartier divisors is denoted
CDiv>(X). If D € CDivso(X), then its associated closed subscheme is Y(D).

Here is an example of a Weil divisor that is not Cartier.

EXAMPLE 2.6.42 (Homework 12, Problem 3 in [Mur24cal). Let k be a field of
characteristic # 2 and consider

klx,y, 2]

= (zy — 2%)

This is a normal domain. This is the coordinate ring of an affine quadric cone in k2.

If K = R, you can visualize this as a cone in R? in (almost) the usual sense. See
Figure 2.7.

Consider a ruling D of the cone given by the line y = z = 0, corresponding to
the prime ideal p = (y, z). The ideal p is not locally principal at the origin at the
origin m = (z,y, z) since the vector space m/m? is three-dimensional over k, and
the image of p = (y, z) in m/m? is at least two-dimensional. We claim that 2D is
Cartier, and in fact, is the principal divisor defined by the local equation y. We

[Har77, pp. 130-131]
[Ful9g, p. 10]
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FIGURE 2.7. The ruling on a quadric cone is not Cartier. See also
[Har77, Figure 8].

compute a primary decomposition for the second ordinary power of p:
P’ = (v y2,2%)
= (v*,yz, 2y)
= (y) N (z,2,9%).

The only p-primary component in this primary decomposition is (y), and hence
we see that p(2) = (y). In terms of Weil divisors, this says that 2D is the Cartier
divisor defined by y.

Cartier divisors often give rise to Weil divisors. 4/10

THEOREM 2.6.43 [EGAIV,, Proposition 21.6.6 and Théoréme 21.6.9]. Let X be
a Noetherian scheme. There is an exact sequence [Mum66, p. 66]

0—O0x — A — >  Ix
dim(OX,x):l

where the second map is defined on affine open subsets U = Spec(A) C X by

(2.6.44) dim(Oy,»)=1
L S, (£)
s, (2) T
g zeU 9
where
(2.6.45) orda, (;) = length(Apz/f) - length(ApI/g).

If X is normal, we have the following.

(1) cyc is injective and the image consists of locally principal Weil divisors.

(it) The following conditions are equivalent: [Har77, Prop. 11.6.2,
(a) cyc is bijective. Prop. 11.6.11]
(b) BEvery Weil divisor is locally principal.



[EGATVy, Prop.
21.1.8]

[Har77, p. 131,
p. 141]

(¢) For every x € X, the local ring Ox o is a UFD, in which case we say
that X is locally factorial.

Proof. The assignment (2.6.44) is a map of sheaves since in the definition (2.6.45)
for ord 4, (f/g), the difference on the right-hand side does not depend on the choice
of representative for f/g [Ful98, Lemma A.2.5 and Definition A.3].

We now show that (2.6.44) is additive. Working with each term in the definition
of orda, (f/g) independently, it suffices to show that if Ox , is a 1-dimensional
local ring of X and t,t' € Ox , are nonzerodivisors, then

length(A/tt'A) = length(A/tA) + length(A/t' A).

This follows from [Ful98, Lemma A.2.5] (which is a version of the additivity of
length in short exact sequences [Mur24ca, Lemma 8.11.3)).
We now assume that X is normal. It suffices to show that
cye ! (WDivso(X)) = CDivso(X)
since
WDivo(X) N (~WDivso(X)) =0
CDino(X) n (—CDIVzo(X)) =0.
We want to show that if mult, (D) > 0 for all € X such that dim(Ox ;) = 1, then
D > 0. This holds by the version of the algebraic Hartog’s lemma from commutative

algebra last semester [Mur24ca, Theorem 9.4.1], which says that for a Noetherian
normal domain R, we have
R= ()] Rp

ht(P)=1
as a subset of Frac(R). The characterization for when cyc is bijective is also from
commutative algebra last semester [Mur24ca, Theorem 9.3.4(ii)]. O

We want to do some fun geometry with divisors.

DEFINITION 2.6.46 [EGAIV,, (21.3.1) and (21.6.7)]. Let X be a ringed space.
We say that a Cartier divisor is principal if it lies in the image of the natural map
The subgroup of CDiv(X) consisting of principal Cartier divisors is denoted by
CDinrinc(X) .

Now suppose that X is a Noetherian scheme. We say that a Weil divisor
is principal if it lies in the image of CDivpuinc(X) under cyc. The subgroup of
WDiv(X) consisting of principal Weil divisors is denoted by WDivp,ine(X).

We say that D, D’ € CDiv(X) (resp. WDiv(X)) are linearly equivalent and
write D ~ D’ if D — D’ is principal. The divisor class group of X is

Cl(X) .= WDiv(X)/~
for Noetherian schemes X. Similarly, we set
CaCl(R) = CDiv(X)/~

for ringed spaces X. By definition and Theorem 2.6.43, the cycle map descends to
the cycle class map

cyc: CaCl(X) — Cl(X)
for Noetherian schemes X, and this map is injective if X is normal.
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The divisor class group is a very interesting invariant, but is difficult to cal-
culate. We already saw that it can detect when a scheme is locally factorial in
Theorem 2.6.43(77). Let us compute more examples.

PROPOSITION 2.6.47 [Har77, Proposition I1.6.4]. Let X = P} for a field k. For
any divisor D =, n;Y;, define the degree by deg(D) = ), n; deg(Y;) where deg(Y;)
is the degree of the hypersurface Y;. Let H = Vi (xo). We then have the following.

(a) If D is a divisor of degree d, then D ~ dH.
(b) For any f € K(X)*, we have deg(div(f)) = 0.
(¢) The degree function gives an isomorphism

deg: Cl(X) = Z.

Proof. Let S = k[xg,x1,...,2,] be the homogeneous coordinate ring of X. Let
f =g/h € K be a rational function and factor the homogeneous polynommials g
and h as

QZQTIQ?Q“'QT” and h:h’f‘lhgz...hgs.

Then, each g; defines a hypersurface Y; of degree d; = deg(g;) and each h; defines a
hypersurface Z; of degree d; = deg(h;). The divisor of zeros of f is

ZH(f) = me

and the divisor of poles of f is

Z=(f) ;:anzj.

If f e K(X)*, then deg(g) = deg(h), and hence

deg(div(f)) = deg(Z"(f)) —deg(Z™(f)) =0,

proving (b).

To prove (a), write D = D1 — Dy as a difference of effective divisors such
that deg(D;) — deg(D2) = d. We then have Dy = Z7(g1) and Dy = Z7(go) for
some homogeneous g1, g2 € S since homogeneous prime ideals of height 1 in .S are
principal. We then have D — dH = div(f) where f = g1 /xdgs, proving (a).

Finally, (¢) holds by combining (a), (b), and the fact that deg(H) = 1. O

We also have the scheme-theoretic version of Homework 12, Problem 2 in MA557
last semester.

PROPOSITION 2.6.48 [Har77, Proposition I1.6.5]. Let X be a Noetherian scheme.
Let Z C X be a proper closed subset with dense open complement U. We then have
the following:

(a) There is a surjective homomorphism
Cl(X) —— CIU)
ZniYi — Z n;(Y; NU).

{i1Y;nU£0}

(b) If codimx(Z) > 2, then Cl(X) — Cl(U) is an isomorphism.

[EGAIV,, (21.6.7)]



[Har77, Ex. 11.6.5.1]

[Har77, Ex. 11.6.5.2]

(¢) If Z is an irreducible subset of codimenion 1, then there is an exact sequence

Z — Cl(X) — Cl(U) — 0
1—1-[2].

Proof. (a). 'Y is a prime divisor on X, then Y N U is either empty or prime. If
f e K(X)* and div(f) = >, n;Y;, then considering f as a rational function on U,
we have
dv(Hlo= 3 mnD).
{ilYy;nU#0}

This map is surjective since every prime divisor on U is the restriction of its closure
in X.

(b). Both WDiv(X) and Cl(X) depend only the points in X of codimension 1.
Thus, removing a closed subset Z of codimension > 2 does not change anything.

(¢). The kernel of C1(X) — CI(U) consists of divisors whose support is contained
in Z. If Z is irreducible, the kernel is just the subgroup of C1(X) generated by
1-[2]. d

EXAMPLE 2.6.49. Let Y C P? be an irreducible curve of degree d. By Proposi-
tions 2.6.47 and 2.6.48, we see that

CYP} —Y) = Z/dZ.
ExXAMPLE 2.6.50. Let k be a field of characteristic # 2 and consider

klz,y, 2]
(zy — 2?)

from last time. Let Y be a ruling of the cone given by the line y = z = 0. We then
have the right exact sequence

Z— Cl(X) - Cl(X-Y)—0

1+—1-[Y]
by Proposition 2.6.48. Since sp(Y) = sp(V(y)) as we saw last time, we have
X —Y = Spec(R,). Since
kla,y*, 2]
(z —y2?)

is a UFD, we have Cl(X —Y) = 0. By the right exact sequence above, this shows
that C1(X) is generated by Y and that 2-Y = 0. Finally, we saw last time that YV’
is not locally principal at the origin m = (x,y, z), and hence

Cl(X) = Z/2Z.

1

R?/ = k[yivz]

We also investigate what happens to class groups when adjoining a variable.

PROPOSITION 2.6.51 [Har77, Proposition I1.6.6]. Let X be an integral Noetherian
scheme. Then, we have

CL(X) = Cl(X xz Ag).
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Proof. Denote by 7: X xz Ay — X the first projection map. We want to define a
map

m: ClI(X) —— ClI(X xz A})
D nilYi] = > ng [ (V)]
This map is well-defined on WDiv. If f € K(X)*, then
7 (div(f)) = div(z¥ f),

where we think of 77 f as an element of K (X)(t), the function field of X xz AL.

This shows the map descends to Cl.

We show that 7* is injective. Suppose D € WDiv(X) is such that 7*D = div(f)
for f € K(X)(t). Since every prime divisor appearing in 7*D maps to a divisor
in X, we know that f must be in K(X). Otherwise, we could write f = g/h for
g,h € K(X)[t] relatively prime that involve a prime divisor mapping surjectively
onto X.

To show that 7* is surjective, it suffices to show that any prime divisor in
X xz A} is linearly equivalent to a linear combination of prime divisors mapping to
divisors in X. Let Z C X xz AL be a prime divisor surjecting onto X. Localizing
at the generic point of X, we obtain a prime divisor in Spec(K (X)[t]), which
corresponds to a prime ideal p C K (X)[t]. The ideal p is principal with generator f
since K (X)[t] is a PID. Then, f € K(X)(t), and

div(f) = Z + divisors mapping to divisors in X. a

EXAMPLE 2.6.52. Let k be a field. Let
Q =V, (zy — zw) C P}.
We will show that
ClQ)=ZaZ.
We know that Q@ = P} x; P} from last semester. Let p1,p2: Q — P} be the
projection maps. Let Y = {*} x; P}. Then,
Q-Y =A; x, P},

and the composition

CI(P}) 22 CI(Q) — CI(A} x; P})
is the isomorphism from Proposition 2.6.51. Thus, p3 is injective, and similarly for
p;. We now consider the exact sequence from Proposition 2.6.48:

Z — Cl(Q) — ClA} x, PL) — 0

1+—1- [Y]
Identifying C1(P}) with Z by letting 1 be the class of a closed point the first map
can be identified with pj, and is therefore injective. Since the image of p5 maps

isomorphically to Cl(A} xx P}), we see that this exact sequence is split exact, and
hence

Q)= Z & Z.

[Har77, Ex. 11.6.6.1]



[Har77, Ex. 11.6.6.2]

[Har77, Ex. 11.6.6.3]

162

i‘(x\{ -w) (vm't Iaouh)

\$ oo g\slvwbo\k. Ta.ra.(aolo'la q

Xy
st. P 2lay-w = v — 2(K*-yw)

2(%,w)

FICGURE 2.8. The twisted cubic curve is an irreducible component
of an intersection of two quadrics. What is shown is the affine chart

z # 0.

If D is any divisor on @, let (a,b) be the ordered pair of integers in Z & Z corre-
sponding to the class of D under this isomorphism. Then, we say that D is of type

(a,b) on Q.
EXAMPLE 2.6.53. Let k be a field. Let us continue with the example
Q = Vi(zy — zw) C P}
Then, restriction defines a homomorphism

CI(P}) — CIQ)
[H] —— (1,1)

as follows. One way to see this is that an irreducible hypersurface Y C P3 not
containing @ is defined by a homogeneous polynomial f, and we can take the divisor
of zeros after restricting f to @. Since linearly equivalent divisors restrict to linearly
equivalent divisors and any divisor on Pz is linearly equivalent to a prime divisor
not containing @ (use Proposition 2.6.47 and homogeneous prime avoidance), we
obtain a homomorphism of the form above.

Finally, we want to determine the image of H. The hyperplane V, (w) is a
representative for the class of H, and

H|Q = Vi(z,w) + Vi (y,w),
which is of type (1,1). Note these two lines correspond to the two rulings on Q.

EXAMPLE 2.6.54. Let k be a field. Let C' C Pz be the twisted cubic curve with
w =831 =5 y=st? z=1t3 which lies on Q. If Y is the quadric cone 2% — yw,
then we claim Y NQ = C UL where L = V, (z,w) is a line. We showed this last
semester [Mur24ag, Example 1.2.19] at least as varieties.

To show Y N@Q = C U L as schemes, we need to show that

(2% — yw, zy — 2w) = (22 — yw, zy — 2w, y* — x2) N (z,w)
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as ideals. The inclusion C holds by checking on generators. For D, consider an
element

a-(z? —yw) +b- (zy — 2w) +c- (y* — x2)
€ (22 — yw, 2y — 2w, y* — x2) N (z,w).

Reducing modulo (z,w), we see that ¢-y? € (z,w). Since k[w,x,y, 2] is a UFD, we
see that ¢ = c1x + cow. Thus,

c(y? —z2) = (12 + cow)(y? — 22)
= c1(zy® — 2%2) + co(wy? — wxz)

c1(yzw — 2%2) + co(ay — wrz)

—c12(2% — yw) + cax(zy — 2w)

modulo (2?2 — yw, xy — zw).

Since Y ~ 2H on P}, we see that Y NQ is of type (2,2). Since L has type (1,0),
we see that C has type (1,2). This shows there cannot be a surface Y C P} not
containing ) such that Y NQ = C, even set-theoretically! For then, we would need
to have Y N @ = rC for some integer r > 0, which would be of type (r,2r) in C1(Q).
But if Y is of degree d, then Y N @ is of type (d, d), which cannot equal (r, 2r).

2.6.9. Divisors on curves. We want to apply the theory of divisors to curves.

DEFINITION 2.6.55. Let k be an algebraically closed field. A curve over k is an
integral separated scheme X of finite type over k of dimension 1. If all local rings of
X are regular local rings, we say that X is nonsingular.

We prove some preliminaries about curves.

PROPOSITION 2.6.56 [Har77, Proposition 11.6.7]. Let k be an algebraically closed
field. Let X be a nonsingular curve over k with function field K. Then, the following
conditions are equivalent:

(1) X is projective.
() X is complete.
(7it) X =2 t(Ck) where Ck is the abstract nonsingular curve of [Mur24ag,
Definition 1.6.13] and t is the functor from variaties to schemes in Theo-
rem 2.6.24.
Proof. (i) = (ii) holds by Theorem 2.6.27(7).
(11) = (7i1). Recall from [Mur24ag, Definition 1.6.13] that
Ck = {DVRs of K/k}
with the finite complement topology. For each point P € Ck, we denote the
corresponding DVR by (Rp, mp). The structure sheaf on C is

Oc, (U) = () Re.
PeU
Since X is complete, for every P € Ck, there is a commutative diagram

Spec(K) —— X

| s

Spec(Rp) — Spec(k)

[Har77, p. 136]
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where the dashed map exists and is unique by the valuative criterion for properness
(Theorem 2.5.60). This sets up a 1-1 correspondence between the closed points in
X and the points in Ck. Finally, the description of structure sheaves is compatible
with this bijection, and hence X = ¢(Ck).

(#i1) = (). Since C is isomorphic to a projective variety by [Mur24ag, Theorem
1.6.19], we see that X is projective (as a scheme). O

PROPOSITION 2.6.57 [Har77, Proposition I11.6.8]. Let k be an algebraically closed
field. Let X be a complete nonsingular curve over k, let Y be any curve over k, and
let f: X =Y be a morphism. Then, either

(1) f(X) is a point.

(2) f(X)=Y.
In case (2), K(X) is a finite extension field of K(Y'), f is a finite morphism, and
Y is also complete.

Proof. Since X is complete, f(X) is closed in Y and proper over Spec(k) by Home-
work 8, Problem 3(¢) [Har77, Exercise I1.4.4]. On the other hand, f(X) is irreducible
since it is the image of an irreducible topological space under a continuous map.
Thus, either (1) or (2) holds, and in case (2), Y is complete.

It remains to show that in case (2), K(X) is a finite extension field of K(Y') and
f is finite. Since f is dominant, it induces an inclusion K(Y) — K(X) of function
fields. Since both fields are finitely generated extension fields of transcendence
degree 1 over k, we see that K (X) is a finite algebraic extension of K(Y'). It remains
to show that f is a finite morphism. Consider the extensions

Oy — f.Ox — f.Hx
where f,Ox is a coherent sheaf of Oy-algebras by applying Serre’s finiteness
Theorem 2.4.39(7) locally. We claim that for every y € Y, f.Ox is the integral

closure of Oy, in Kx. This holds since Oy — f.Ox is integral and for every
V CY, the ring

NV, £0x)=T(f'(V),0x) = (] Oxa
zef~H(V)

is integrally closed in K (X). We therefore obtain the commutative diagram

X —— Specy (f.O0x)
(2.6.58) \ |

Y

where Specy (-) is the relative Spec construction from Homework 7, Problem 3
[Har77, Exercise I1.5.17]. Thus, the morphism 7 is finite. We claim that

X — Specy (f.O0x)

is an isomorphism. The morphism is birational, and hence this follows from [Mur24ag,
Corollary 1.6.22]. Alternatively, since the morphism is birational, there is an open
subset U in the target over which this morphism is an isomorphism (work locally
and use the fact that the morphism is of finite type to clear denominators). By the
curve-to-projective extension theorem (Theorem 2.6.30), the inverse rational map
extends to all of Specy (f.Ox). Since both curves are separated, the compositions
in both directions must be isomorphisms (Proposition 2.5.26). g



165

REMARK 2.6.59. The factorization (2.6.58) is an example of a Stein factorization.
See [Har77, Corollary II1.11.5] for the statement of Stein factorization for projective
morphisms and see [EGAIII;, p. 131] for the original statement for schemes. The
original statement for complex analytic spaces is [Ste56, Satz 12].

DEFINITION 2.6.60. Let f: X — Y be a finite dominant morphism of curves.
The degree of f is
deg(f) = [K(X): K(Y)].

We can define pullbacks of Weil divisors on nonsingular curves.

DEFINITION 2.6.61. Let f: X — Y be a finite dominant morphism of nonsingular
curves. We define the homomorphism

f*+ WDiv(Y) — WDiv(X)

as follows. For any closed point @ € Y, let t € Og be a local parameter at @, i.e., t
is a uniformizer for Og. We define

£Q= > multp(t)-P.
f(P)=Q
One can compute multp(t) = length(Op/t) as vp(t), where vp is the discrete
valuation associated to Op. Since f is a finite morphism, this is a finite sum, and
hence we get a Weil divisor on X. We extend the definition by linearity to all Weil
divisors on Y. This operation preserves linear equivaence, and hence we obtain a
homomorphism

F50 ClY) — CU(X).

PROPOSITION 2.6.62. Let f: X — Y be a finite dominant morphism of nonsin-
gular curves. Then, for any Weil divisor D on'Y, we have

deg(f*D) = deg(f) - deg(D).
Proof. 1t suffices to show that for every closed point @ € Y, we have
deg(f*Q) = deg(f).

The inclusion
A= OY7Q — (f*Ox)Q = A

is module-finite and the fact that f is dominant implies A’ is torsion-free. Taking
stalks at the generic point, we see that rank(A’) = r. Since A is a DVR, the
classification of finitely generated modules over a PID shows that A’ is a free module
of rank 7. Now by Incomparability, we know that f~!(Q) is a disjoint union of
points P; corresponding to maximal ideals m; C A’. Letting ¢ be a uniformizer for
A, we have
tA = ((tAn, n A').
K3
By the Chinese remainder theorem, we have
A A -~ AL

tA" 1:[ tAL NA 1:[ tAL

Taking lengths, we see that
deg(f*Q) = length 4, (A" /tA") = r = deg(f). O

[Har77, p. 137]

[Har77, p. 137]

[Har77, Prop. I11.6.9]



[Har77, Ex. 11.6.10.1]

FicURE 2.9. The group law on an elliptic curve.

COROLLARY 2.6.63. A principal divisor on a complete nonsingular curve X has
degree 0. Thus, the degree function induces a surjective homomorphism

deg: Cl(X) — Z.

Proof. Let f € K(X)*. If f € k, then div(f) = 0, and hence there is nothing to
prove. if f ¢ k, then the inclusion k(f) C K(X) induces a finite morphism

0: X — Pj.

It it is a morphism by Theorem 2.6.30 and is finite by Proposition 2.6.57. We
know that div(f) = ¢*({0} — {oo}). Since deg({0} — {o0}) = 0, we see that
deg(div(f)) = 0. Thus, the degree of a Weil divisor on X only depends on its linear
equivalence class, and we obtain a homomorphism C1(X) — Z. It is surjective since
the degree of a closed point is 1. (Il

Let us look at two key examples of curves and divisors on them.

EXAMPLE 2.6.64. A complete nonsingular curve X is rational if and only if
there are two distinct points P, @ € X with P ~ ). Note that if X is rational, then
X = P,lC by Proposition 2.6.56.

We already know that any two points are linearly equivalent on P,ﬁ since
Cl(P}:) = Z. Conversely, suppose P # Q are linearly equivalent. Then, there is
a rational function f € K(X) such that div(f) = P — Q. Consider the morphism
¢: X — P}, determined by f as in Corollary 2.6.63. We then have ¢*({0}) = P, and
hence ¢ is a morphism of degree 1. Thus, ¢ is birational, and hence X is rational.

EXAMPLE 2.6.65 (The group law on an elliptic curve). Suppose char(k) # 2.

Consider the nonsingular cubic curve

X = {y?2 = 23 — 22} C P2
In [Mur24ag, Example 1.6.24], we saw that X is not rational. Let CI°(X) :=
ker(Cl(X) — Z). The previous example shows that C1°(X) # 0. We will show that
tehre is a natural 1-1 correspondence between the set of closed points of X and the

elements of the group C1°(X). This allows us to understand the group CI°(X) and
also put a group variety structure on the closed points of X. See Figure 2.9.

[Har77, Cor. 11.6.10]
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Let Py =1[0:1:0]. It is an inflection point, and hence the tangent line z =0
meets X in the divisor 3F,. If L is any other line in Pz meeting X in three points
P,Q, R, then since L ~ {z = 0} in P?, we have

P+Q+ R~ 3P,

on X.
We consider the map

{closed points in X} — CI°(X)
P——— [P— Pl
The map is injective since
P-Py~Q-Py = P~Q,

which would imply that X is rational by the previous example.
To show that the map from the closed points of X to CI°(X) is surjective, we
proceed in steps. Let D € CI°(X). Then, D =), n;P; with >~,n; = 0. Thus, we

can write
D= Zni(Pi —PR).

3

Now for any point R, let the line PyR meet X further in a point 7' (counting
intersections with multiplicity, so if for example R = P, we take PyR to be the
tangent line at P, in which case the third intersection T is also Fy). Then,

Py+ R+ T ~ 3Py,

and hence
R—Py~—(T-F).

If ¢ is an index such that n; < 0 in D, we take P; = R. Then, replacing P; by T,
we get a linearly equivalent divisor with the i-th coefficient —n; > 0. Continuing
in this fashion, we may assume that D is effective. We now show by induction on
>, i that D ~ P — P, for some point P. If ). n; = 1, there is nothing to prove.
Suppose that >, n; > 2 and let P,Q be two of the points P; which occur in D. Let
the line PQ meet X in R and let the line PyR meet X in T. Then, we have

P+Q+ R~3F and Py+R+T ~3F

and hence

(P—P)+(Q—F) ~ (T — P).
Replacing P and @ by T, we get D linearly equivalent to another divisor of the
same form whose ), n; is one less. By induction, we see that

D~P-F

for some P.

We have therefore shown that C1°(X) is in 1-1 correspondence with the set
of closed points of X. One can show directly that the addition law determines a
morphism

Xxp X —X

and the inverse law determines a morphism X — X. Thus, X is a group variety.

See [Har77, Example IV.3.7] for a generalization using the Riemann-Roch
theorem that works for any cubic plane curve with a choice of Py.



[Har77, p. 143]

[Har77, Rem.
11.6.12.1]

[Har77, p. 144]

[Har77, Prop. I11.6.13]
[Laz04, §1.1]
[Mur18b)

2.6.10. Cartier divisors, invertible sheaves, and divisorial sheaves. We
want to relate Cartier divisors to invertible sheaves.

DEFINITION 2.6.66 [EGAI,.,, Chapitre 0, (5.6.2)]. Let X be a ringed space.
The Picard group Pic(X) of X is the group of isomorphism classes of invertible
sheaves on X under the operation ®. By Homework 3, Problem 3 (see also [Har77,
Proposition 11.6.12]), Pic(X) is a group.

REMARK 2.6.67. The isomorphism classes of invertible sheaves form a set because
they can be specified (up to isomorphism) using a choice of open covering that
trivializes the invertible sheaf, and a choice of transition map on intersections of
members of that open covering. This is part of the content of Homework 7, Problem
10.

One of the ungraded problems (Homework 7, Problem 10) shows that
Pic(X) = H' (X, 0%).

See [EGAT, ey, Chapitre 0, (5.6.3)]. With this interpretation, the long exact sequence
associated to

00— 0% — Ay — 3 /0%x — 0
yields a group homomorphism

CaCl(X) — Pic(X).

Concretely, this group homomorphism takes a Cartier divisor D represented by
{Ui, fi} and maps it to the invertible sheaf Ox (D) defined below.

DEFINITION 2.6.68 [EGATV,, (21.2.8); Rei80, p. 282]. Let X be a ringed space
and let D be a Cartier divisor on X. The invertible sheaf Ox (D) associated to D
is the sub-Ox-module of J#x consisting of sections

(2.6.69) I (U,0x(D)) = {f € #x(U) ‘ divu(f) + Dlu = 0}.
In other words, if D is represented by {U;, f;} on each U;, then
OX(D)|Ui =0u- fi_l C .

Let X be a normal Noetherian scheme and let D be a Weil divisor on X. The
divisorial sheaf Ox (D) associated to D is defined using the same formula (2.6.69).

REMARK 2.6.70. By definition, there is a 1-1 correspondence between Cartier
divisors on X and invertible subsheaves of J#x and

Ox (D) — Dy) = Ox(Dy) ®0y Ox(D2) "

Moreover, Dy ~ Do if and only if Ox (D) = Ox(D3) as abstract invertible sheaves
since if div(f) = Dy — D, then

Ox(Dy — Dy) = 71 Ox = Ox.
We therefore obtain an injective map
[: CaCl(X) — Pic(X)
D — Ox(D).



169

There are non-reduced schemes for which the map [ is not surjective [Kle00,
§2; Sch00, §2]. The following proposition gives a sufficient condition for ! to be
surjective. The map [ is surjective also when X is a projective scheme over an
infinite field [Nak63, Theorem 4] or more generally, a Noetherian scheme with an
ample invertible sheaf [EGATV,, Corollaire 21.3.5].

PROPOSITION 2.6.71 [EGATIV,, Proposition 21.3.4(b)]. Let X be an integral
scheme. Then, the map 1 is surjective, and hence l: CaCl(X) — Pic(X) is an
isomorphism.

Proof. We need to show that every invertible sheaf .Z is isomorphic to a subsheaf of
JHx. Let U be a dense open subset such that Z|y = Op. On U, there is a section
s € H(U, Z|v) corresponding to 1 under this isomorphism. We may therefore
define the injection

L — L R0 Hx = j(Llu ®o, Hu) < Hx

s®@1L ¢——1

since Jx is isomorphic to the skyscraper sheaf with value K(X) at the generic
point of X, and using the projection formula. O

2.6.11. Automorphisms of projective space. An important corollary of
our work so far on divisors is the following.

COROLLARY 2.6.72. Let k be a field and let X = P}. Then, every invertible
sheaf on X is isomorphic to O(1) for somel € Z.

Proof. We know that

Z < CI(X) <= CaCl(X) = Pic(X)
1 [H] [H] —— Ox(1)

by Proposition 2.6.47(c), Theorem 2.6.43(ii), and Proposition 2.6.71. O

We can use this to compute the automorphisms of P}.
EXAMPLE 2.6.73. Let k be a field. We claim that
Auty(P}) 2 PGLg(n) :== GLg(n + 1)/Ek™.

Every element of PGLg(n) gives an automorphism. Conversely, we know that
Pic(P}) = Z, and hence any automorphism ¢ satisfies

¢"0(1) € {0(1), 0(-1)}.

Only the former possibility can happen since O(—1) has no global sections. We
see that ¢ induces a k-vector space automorphism of H°(P},O(1)). Since ¢ is
determined by the images of the basis elements z; € H°(P}, O(1)), we conclude
that ¢ comes from an element in PGLyg(n).

[Har77, Prop. 11.6.15)

[Har77, Cor. 11.6.17]

[Har77, Ex. 11.7.1.1)
[GIT, §0.5, (b)]



[Har77, Thm. 11.7.6]

[Har77, p. 153]

2.7. Ample invertible sheaves

2.7.1. Characterization of ampleness via global generation. Recall
the definitions of very ample, ample, and relatively ample invertible sheaves from
Definition 2.6.18. We want to relate these three notions. We start by proving the
following characterization of ampleness.

PROPOSITION 2.7.1 [EGAII, Proposition 4.5.5; EGAIVy, (1.7.14)]. Let X be a
quasi-compact quasi-separated scheme. Let & be an invertible O x-module and set

S =@ H (X, 2°m).
n>0
The following are equivalent.

(a) The open subsets X for homogeneous f € S form a basis for X.

(b) &£ is ample.

(¢) For every quasi-coherent Ox-module F of finite type, there exists an
integer ng such that

F(n) =F Qo, L
18 globally generated for all n > ny.

Proof. (a) < (b) holds by Proposition 2.6.17 and the qcgs lemma (Theorem 2.3.40).
(a) = (¢). We have a finite affine open cover Xy, where

fi € HO(X, %)
since if U C X is an affine open subset and Xy C U, then X = D(f) C U is affine.
Replacing the f; by suitable powers, which does not change the X¢,, we may assume
that the n; are all equal to a fixed integer m. Consider F#|x s, for every i. By Serre’s

equivalence for affine schemes, we know that each #|x s, 1s finitely generated by
sections h;; over Xy,. By the qcgs lemma, there exists an integer ko such that

hi; @ f, z®k0
extends to a global section of # (kom) for all 4, j. Taking larger powers of f;, the
sections

hiy @ fE
extend to global sections of .7 (km) for all k > ko, and for these values of k, the
sheaf .#(km) is globally generated. Now for every p such that 0 < p < m, we know
that .# (p) is of finite type, and hence there exists an integer k, such that

F(p)(km) = .F (p + km)
is generated by global sections for all £ > k,,. Taking
ng == max{k‘pm}
2

works, since any n > ng can be written as n = km +p for k > k, and 0 < p < m.
(¢) = (a). Let z € X be a point and let U be an open neighborhood of z.
Let .# be a quasi-coherent ideal sheaf defining the complement of U with reduced
scheme structure (Proposition 2.3.34). Let .#/ C . be a quasi-coherent ideal
sheaf of finite type contained in .#, which exists by [EGAI,.,, Corollaire 6.9.9]
(Homework 8, Problem 1). By hypothesis, there exists an integer n such that .#'(n)
is globally generated. Letting f be such a global section not vanishing at x, we see
that Xy C U. O
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2.7.2. Cohomological criterion of ampleness. The following result charac-
terizes ampleness in terms of sheaf cohomology.

PROPOSITION 2.7.2 (Serre vanishing for ample invertible sheaves [EGATII;,
Proposition 2.6.1]). Let A be a Noetherian ring and let X be a proper scheme over
Spec(A). Let £ be an invertible Ox-module. Then, the following conditions are
equivalent.

(1) £ is ample.

(74) (Serre vanishing for ample invertible sheaves) For every coherent Ox-
module %, there exists an integer ng, depending on %, such that for each
i > 0 and for every n > ngy, we have

H'(X, 7 @0y L") = 0.
Proof. (i) = (ii). If £ is ample, then £®™ is very ample over Spec(A) for some
m > 0 by Proposition 2.7.3(i7) below. Since f: X — Spec(4) is proper and
@™ is very ample over Spec(A), the morphism f: X — Spec(A) is projective
(the immersion in Definition 2.6.18(i) is a closed immersion). By Homework 8,
Problem 2(b) [Stacks, Tag 087S(1)], we know that f is H-projective. Applying
Serre’s vanishing theorem for Proj (Theorem 2.4.39(i7)) to the sheaves

F,.T Qo L, F Qo L22,...,.F 00, L2V
we obtain (i1).
(ii) = (i). We will show there exists an integer ng such that .# ®p, £%" is
globally generated for all n > ng. This suffices by Proposition 2.7.1.

Let P € X be a closed point and let .#p be the coherent ideal sheaf of the closed
subset {P} with reduced scheme structure. Then, there is a short exact sequence

0— Ip-F —F — .7 Qo k(P) —0

where k(P) is the skyscraper sheaf Oy /.#p. Tensoring with .£®", we get the short
exact sequence

0— Ip-F Royx L% — F Qo L — F Qo L @0, k(P) — 0.

By (i), there is an integer ng such that

Hl(X,fp'g\@@X .ﬁ,ﬂ@n) =0
for all n > ng. By the long exact sequence on cohomology, the restriction map

HY(X, 7 @0, L°") —» H* (X, F ®0, L¥" @0y k(P))
is surjective for all n > ng. By NAK [Mur24ca, Lemma 2.3.8] applied to the local
ring Ox p, the generating set for H*(X, ¥ ®0, £*" R0, k(P)) coming from
HY(X,F ®0, £%") also generates the stalk Fp ®o, , Lp" as an Ox, p-module.
Thus, the evaluation map
HY(X, 7 @0y L%") ®4 Ox.p —» Fp Qoyx.p L5"
is also surjective. Since the support of a coherent sheaf is closed, there exists an
open neighborhood U > P such that the evaluation map
H(X, 7 @0y L%") ®4 0x — F ®o, L"

is surjective over U. We refer to this surjectivity property as “globally generated
over U.”

[Har77, Prop. 111.5.3]
[Laz04, Thm. 1.2.6]
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[Har77, Thm. 11.7.6]
[Har77, Exer.
1L.7.5(e)]
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We now take .# = Ox to find an integer ny > 0 and an open neighborhood V
of P such that #™ is globally generated over V. Applying the previous paragraph
to each r € {0,1,...,n7 — 1}, there exists a neighborhood U, of P such that
F R0, L2011 is globally generated over U,.. Now let

Up=VNUyN--NUpn 1.

Then, all of the sheaves . @0, £L®" are globally generated over Up for all n > ng
since
(ﬂ R0y g@("o-‘-r)) ®0x (ip@nl)@m

for suitable 0 < r < ny and m > 0.

Finally, we cover X by a finite number of open sets Up for various closed points
P, and let the new ng be the maximum of the ng corresponding to those points P.
Then, . R, -ZL%" is globally generated on all of X for all n > ng. O

Serre’s global generation Theorem 2.4.39(iii) says that when X C P7% is a
closed subscheme over a Noetherian ring A, the restriction of O(1) is ample. More
generally, we have:

PROPOSITION 2.7.3 [EGAII, Proposition 4.5.10]. Let Y be an affine scheme, let
m: X =Y be a quasi-compact quasi-separated morphism, and let £ be an invertible
Ox -module.
(1) If & is w-very ample, then £ is ample.
(#4) Suppose that 7 is of finite type and that' Y is Noetherian. The following
conditions are equivalent.
(a) £ is ample.
(b) There exists an integer ng > 0 such that L% is m-very ample for all
n>ng.
(¢) There exists an integer n > 0 such that L™ is w-very ample.

Proof. (i). Write Y = Spec(A). Then, there exists an A-module E and a surjective
map
: " ((Sym;‘(E))N) —» @.,?@"
n>0
such that i = rg 4 is an everywhere defined immersion X — Py (E) such that
&£ =i*O(1). Since the D (f) for f homogeneous form a basis for the topology of
Py (E) and
(D) = X )
we see that Proposition 2.7.1(a) is satisfied.

(73). (a) = (b). By Proposition 2.7.1 and the quasi-compactness of X, there
exist finitely many sections
fi € HO(X, 2™

for some m; > 0 such that the X, form an affine open cover of X. Replacing the
m; by their least common multiple and the f; by suitable powers, we may assume
the m; are all equal to a common value m. For each i, set

B; = HO(Xfw OXl)

Since X is of finite type over A, each B; is an A-algebra of finite type by Homework
5, Problem 4(a) [Har77, Exercise I1.3.3]. Let {bij}fizl be a set of generators for B;
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as an A-algebra. By the qcgs lemma (Theorem 2.3.40), for each i, j, there exists an
integer n;; such that fi" “b;; extends to a global section in H 0(X, %), Taking
the least common multiple of the n;; and m, we may choose a common integer n
such that the fj'b;; extend to global sections

cij € HO(X, L9,
We now take the sections

{7y U ey iy € HO(X, 2%M).

Since the f;" /m generate .Z®™, these sections generate .#®", and therefore define a
morphism
p: X — PX .

We claim that ¢ is an immersion. Over each Xy,, the map on coordinate rings is

Al{yi}, {yi}] — B
Yi —— f-n/m

?
Yij ———— Cjj-

Thus, the map Xy, — D4 (y;) is an immersion. This shows that £ is m-very
ample.

Now let n; > 0 be an integer such that RZCNT globally generated for all
n' > ny, which exists by Proposition 2.7.1. Since X is quasi-compact and . ®n' g
coherent, there exist finitely many global sections of .Z ®n’ generating . ®n’ Taking
the morphism X — P¥ " corresponding to these finitely many sections, we obtain
the immersion

X — PY x, PY <&, pY

which shows that Z®("+) is r-very ample for all n/ > n.

(b) = (c) is clear by setting n = ny.

(¢) = (a). Consider the immersion
X = Py(&) — PY

which exists by the definition of m-very ample. Denote by X the scheme-theoretic
closure of X in P%. Let .Z be a coherent Ox-module. By Homework 8, Problem 1(d)
[EGAT, v, Théoreme 6.9.7], there exists a coherent O g-module Z such that .7 | x =
Z. By Serre’s global generation Theorem 2.4.39(iii) (we use the Noetherianity of A

here), there exists an integer ng such that .% (n) is globally generated for all n > ny.

Thus,
P = F w0, £
is globally generated for all n > ng. By Proposition 2.7.1, % is ample. O

2.7.3. Linear systems. We setup the language of linear systems.

DEFINITION 2.7.4 [Har94, p. 304]. Let X be a Noetherian scheme and let .2
be a torsion-free coherent O y-module of rank 1. A global section s € HY(X,.%) is
nondegenerate if it generates &, for every generic point of an irreducible component
neX.

[Har77, Exer.
I1.7.5(d)]
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Linear systems will arise as sets that parametrize effective Cartier or Weil
divisors. For Weil divisors, we are using the characterization of sheaves associated
to Weil divisors as reflexive sheaves of rank 1 on normal Noetherian schemes. See
[Rei80, Appendix to §1, Proposition 2; BouCA, Chapter VII, §4, no. 2, Theorem 2].

PROPOSITION 2.7.5 [Mum66, Proposition on p. 64; Har77, Proposition 11.7.7;
Har94, Proposition 2.9]. Let X be a Noetherian scheme and let £ be a torsion-free
coherent Ox-module of rank 1. If £ is invertible, there is a 1-1 correspondence

effective Cartier divisors 1-1 nondegenerate sections s € H(X,.%)
D such that Ox (D) =2 ¥ modulo s ~ « - s for « € H*(X,0%)

If X is normal, there is a 1-1 correspondence

effective Weil divisors 1-1 nondegenerate sections s € HY(X,.%)
D such that Ox (D) = & modulo s ~ « - s for a € H'(X,0%) [°

Sketch of proof. We explain the maps in both directions.
Let a nondegenerate section s be given. We get an injective map

OX(—>$
1 +—— s.

Dualizing gives an injective map .2V < Ox which identifies .2V with an ideal sheaf
that, in the Cartier case, is locally principal.

Conversely, given an effective divisor D, consider its ideal sheaf Ox(—D) C Ox.
Dualizing gives a map Ox C Ox(D). The image of 1 € H(X,0Ox) gives a
nondegenerate section s € HY(X, Ox(D)). O

To define linear systems, we need to know that coherent sheaves on complete
schemes have finite dimensional global sections. This follows from Serre’s finiteness
Theorem 2.4.39(4) and Chow’s lemma (Homework 9, Problem 1 [Cho57, Lemma 1;
EGAII, Théoréme 5.6.1]) which provides a birational projective morphism 7 : XX
such that X is projective over k. Note that Ox < m.O %, and hence

H°(X,0x) — H°(X,0%)

is finite-dimensional by Serre’s finiteness Theorem 2.4.39(¢). See Theorem 2.8.5 for
a more general statement due to Cartan and Serre.

DEFINITION 2.7.6 [Har77, p. 157]. Let X be a complete variety over a field k

and let .Z be an invertible Ox-module. The complete linear system associated to
Zis

HY(X, %) - {0}
k* ’
Oftentimes we use the notation |-Z| to designate that a rational map is defined
using the sections H°(X,.%).
Let X be a variety over a field k& and let .£ be an invertible Ox-module. A
linear system is the projective space

|2 =

associated to a finite-dimensional k-vector subspace V C H°(X, .%).
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2.7.4. Base schemes and blowups. We want a way to measure how far an
invertible sheaf is from being globally generated and a way to modify a rational
map to become a morphism.

DEFINITION 2.7.7 [Kiirl3, Definition 2.1]. Let X be a scheme and let .Z be an
invertible O x-module. The base ideal of £ is

b(.2) = im(HO(X, L) @y 2L L ox).

The associated closed subscheme is the base scheme Bs(.Z) of £, whose underlying
topological space is the base locus Bs(.Z)yeq of Z.
If V C H(X,.%) is a subgroup, we define
b(|V1) = im(V @z 27 =% Ox ).

The associated closed subscheme is the base scheme Bs|V| of |V|, whose underlying
topological space is the base locus Bs|V|;eq of |V].

We now consider a hypothetical situation where X is a complete scheme over a
field & and we have an invertible sheaf .2 with base ideal b := b(.Z’). The associated
morphism of sheaves is

HY X, ?)or L' —» b C Ox.
Taking symmetric algebras and Projy, we obtain the commutative diagram

Projy (@ b”)

n>0

/ \ pry

,,,,,,,,,,,,,,,, » Py(H(X,.2))

Pk(HO(X,g)) XkX

such that O(1) pulls back to . on X and to 7*.¢ ® O(1) on Projx (€D,,5, ")
This motivates the definition of a blowup.

DEFINITION 2.7.8 [EGAII, Définition 8.1.3]. Let X be a scheme and let .# C Ox  [Har77, p. 163]
be a quasi-coherent ideal sheaf. The blowup of X along .# is

Bly(X) := Projy (@ J").
n>0
If Y is the closed scheme defined by .#, we set Bly (X) := Bl #(X).
EXAMPLE 2.7.9. Let X = A} with coordinates x; for a field k. Let [Har77, Ex. I1.7.12.1]
I=(x1,...,2n) Cklxy,...,zn] = A
be the ideal defining the origin 0. The blowup is Proj(S) where @, -, I". Then,
there is a surjective map of graded rings -
o Alyr, ..., yn] —» @I"
n>0

sending y; to the copy of x; in degree 1. Thus, Blg(X) is the closed subscheme of
A7 x;, P! defined by the ideal

ker(p) = {ﬂfiyj —xy; | 4,5 €{1,2,... ,n}}



[Har77, p. 163]

[Har77, Prop. I1.7.13]

[Har77, Prop. I1.7.14]

[Har77, Cor. I1.7.15]
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where the coordinates on PZ‘l are Y1, Y2, - - - Yn-

REMARK 2.7.10. The Ox-algebra used to define the blowup is an example of a
Rees algebra. Traditionally, Rees algebras are often denoted as A[It], thought of as
a graded subring of A[t], where the exponent on t keeps track of the N-grading on

Al = e,
n>0
We prove some basic properties of blowups.

DEFINITION 2.7.11. Let f: X — Y be a morphism of schemes and let .# C Oy
be an ideal sheaf. The inverse image ideal sheaf is

7. 0x C Ox.

PROPOSITION 2.7.12. Let X be a scheme, let & C Ox be a quasi-coherent ideal
sheaf, and let m: X — X be the blowup along & .

(a) The inverse image ideal sheaf =17 - O is invertible.
(b) IfY is the closed subscheme defined by .# and U = X =Y, then n=*(U) —
U is an isomorphism.

Proof. The first statement follows from the fact that the invertible sheaf O(1) coming
from the definition of relative Proj is the sheaf associated to

I -Prrcpor,

n>0 n>0
and therefore O(1) = 7717 - O%. The second statement follows since Proj is
compatible with passing to open subschemes of X by definition. (Il

PROPOSITION 2.7.13 (Universal property of blowups [Stacks, Tag 0806]). Let
X be a scheme and let & C Ox be a quasi-coherent ideal. The blowup m: X — X
along & satisfies the following universal property: If f: Z — X is any morphism
such that f~1.7 - O is an invertible sheaf of ideals on Z, then there exists a unique
morphism g: Z — X making the diagram

commute.
Proof. We have a surjection
f* I — [Tl 0y

of sheaves which yields the commutative diagram in question by the functoriality of
Proj. Uniqueness follows from separatedness and the fact that any two morphisms
making the diagram commute match over U = X — V(.9). O

COROLLARY 2.7.14. Let f: Y — X be a morphism of schemes and let & C Ox


https://stacks.math.columbia.edu/tag/0806
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x

FIGURE 2.10. The quadratic transformation P? --» P%. From
[Har77, Figure 21].

be a quasi-coherent ideal sheaf. Let X be the blowup of S and let Y be the blowup of
J = 717 -Oy. Then, there is a unique morphism f:Y — X making the diagram

v, x
| ]
Y — X

commute. Moreover, if f is a closed immersion, then so is f.

Proof. The uniqueness and existence of f follows from the previous proposition.
To show the fact about closed immersions, we note that Y — X comes from the

surjection
DD
n>0 n>0
of Rees algebras defining the blowups. (I

DEFINITION 2.7.15. In the situation of Corollary 2.7.14, if Y is a closed sub-
scheme of X, we call Y the strict transform of Y under the blowup 7: X — X.

We give one example.

[Har77, p. 165]

EXAMPLE 2.7.16 (Cremona transformations). Let k be a field and let X = P2. [4/24

Consider the linear system associated to
V = spany{zy, zz,y2} C H(X,0x(2)).
The image of the evaluation morphism is
Ve Ox(—2) — Ox

which has image (z,y) N (z,2) N (y, z) corresponding to points P, @), R. We have the
commutative diagram

Blipo,ry(X)



[Har77, Thm. I1.7.17]

[Har77, p. 254]

[Har77, p. 250]
[God73, §11.4.17)

[Har77, Prop. I11.8.1,
Prop. 111.8.5)
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This shows how useful the scheme-theoretic definition of the blowup is: Given a
rational map defined by a linear system (or a morphism of sheaves), the blowup gives
a “minimal” way to blowup X and turn the rational map into an actual morphism.
See Figure 2.10 for an illustration.

There is a lot more one can say about blowups, for example:

THEOREM 2.7.17 [EGAIII;, Proposition 2.3.5 and Corollaire 2.3.6]. Let f: X —
Y be projective birational morphism between quasi-projective varieties over a field
k, or more generally, integral Noetherian schemes for which there exists an ample
invertible Oy -module on Y. Then, there exists a coherent ideal sheaf & C Oy such
that f is isomorphic to the blowup of Y along & .

In the interest of time, we move on to talk about other topics.

2.8. Flat and smooth morphisms

2.8.1. Flat morphisms and flat base change. To begin, we first define
the scheme-theoretic version of a flat ring map. The definition makes sense for any
morphism of ringed spaces.

DEFINITION 2.8.1 [EGAT,, oy, Chapitre 0, (5.7.1)]. Let f: X — Y be a morphism
of ringed spaces and let % be an Ox-module. We say that .# is f-flat or Y-flat at
r € X if 7, is a flat Oy ¢(;)-module via restriction of scalars along the ring map

fﬁ,: Oy’f(x) — OXJ;.
We say that .Z is f-flat above y € Y if .Z is f-flat at all x € f~1(y). We say that
F is f-flat if F is f-flat at all points in X.
We say that the morphism f is flat at © € X (resp. flat above y € Y, flat) if

Ox is f-flat at x (resp. flat above y, flat). If f is flat, we say that X is flat over Y
or Y-flat.

Flat morphisms are amazingly nice. For example, cohomology and higher direct
images are compatible with flat base change. Before stating the theorem, we define
higher direct images.

DEFINITION 2.8.2 [Tohokul, p. 173]. Let f: X — Y be a morphism of ringed
spaces. The higher direct image functors

R'f.: Mod(Ox) — Mod(Oy)

are the right derived functors of the direct image functor f.. The definition makes
sense since f, is left exact and Mod(Ox) has enough injectives (Proposition 1.3.41).

Higher direct images can be described in terms of sheaf cohomology of inverse
images of open sets.

PROPOSITION 2.8.3 [Tohokul, Lemme 3.7.2]. Let f: X — Y be a morphism of
ringed spaces. The sheaf
i p—1 aT #
(V*—)H (f (V),J‘f—l(v)))

defines a universal 6-functor that is isomorphic to the higher direct images R’ f,.
If f: X =Y is a morphism of schemes such that X is Noetherian and Y =
Spec(A) is affine, then for every quasi-coherent Ox-module %, we have

R f.(F)= H (X, Z)".
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Proof. Following [God73, Chapitre II, §4.17], we denote the sheaf in the first
statement as (X, .#). Since sheafification is exact, the functors (X, -) form
a d-functor from Mod(Ox) to Mod(Oy). For i = 0, we have f..7 = #°(X, F) by
the definition of f.. For an injective object .# in Mod(Ox), we have (X, %) = 0
for all i > 0 since 7|y (V) is flasque for all open V' C Y by Lemma 1.4.23. Thus,
H(X, +) is effaceable, and hence is a universal -functor by Proposition 1.4.17.
For the second statement, it again suffices to show that H(X,.%#)" is effaceable.
This holds since any quasi-coherent O x-module embeds in a flasque quasi-coherent
Ox-module by taking an affine open cover U; of X, choosing injective modules I;
containing I'(U;, #|v, ), and then taking .# — @, I;, which is flasque by Homework
6, Problem 7(b) [Har77, Exercise II1.3.7(b)]. See also [Har77, Proposition II1.3.4 and
Corollary II1.3.6]. O

We can now prove that cohomology commutes with flat base change. This is
extremely useful! It says for example that sheaf cohomology of a variety does not
change if you extend the ground field. In practice, this means that you can often
reduce to working over infinite, perfect, or algebraically closed fields, provided that
you assume some geometric assumptions (geometrically irreducible, geometrically
reduced, geometrically integral, geometrically normal, geometrically regular, etc.)
on your variety.

PrROPOSITION 2.8.4 (Flat base change [EGAIII;, Proposition 1.4.15]). Let [Har77, Prop. I11.9.3,
f: X =Y be a separated morphism of finite type between locally Noetherian schemes. Rem. 111.9.3.1]
Let .7 be a quasi-coherent Ox-module. Let u: Y’ — Y be a morphism of schemes [Kem80, Cor. 9,
and consider the Cartesian diagram Thm. 12]
v See [Lip09, Thm.
X —Xx 3.10.3] for a more
gl lf general statement.

Y ——— Y.
For every i > 0, there is a natural base change morphism
wW R f.(F) — R'g.(v*F).

that is an isomorphism if u is flat.

Proof. We first construct the morphism. The unit of the adjunction v* 4 v, yields
a natural morphism
F — v, (v (F))
which, by functoriality, yields a morphism
R f(F) — R f (v (v*(F))).
Next, there are natural morphisms
Rif.(0.(4)) — Ri(f 0v).(%) = Ri(uo g).(¥) — u.Rig.(¥)

coming from the fact that a flasque resolution of ¢4 on X’ pushes forward to a
complex of flasque sheaves on X, which can be compared to an injective resolution
of v,%4. Composing these morphisms for 4 = v*(.#) and applying the adjunction
u* 4 us, we obtain the natural morphism desired.

We now prove that the base change morphism is an isomorphism when u is
flat. By Proposition 2.8.3, the question is local on Y and on Y’. We may therefore



[Har77, Thm.
I11.8.8(b)]

[Har77, Prop. I11.9.5]
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assume that Y = Spec(A) and Y = Spec(A’) where A — A’ is a flat ring map, in
which case we want to show that

HY(X,F)@a A — H(X',v*F)

is an isomorphism. Since X is separated and Noetherian and .% is quasi-ciherent, we
can calculate H*(X,.%) using Cech cohomology (Theorem 2.5.29). Let 4 = {U; }ies
be an affine open cover of X. Then, $' = {v=}(U;)};es is an affine open cover of X’
because the base change of an affine morphism is affine. By Theorem 2.5.29 applied
on X', it suffices to show that

(X, 6, 7)) @4 A — (X, 2, v*.7))

induces an isomorphism on cohomology. In this case, this map of complexes is
actually an isomorphism by definition of the Cech complex and the formula for inverse
images of quasi-coherent sheaves under affine morphisms (Corollary 2.2.13(7iz)). O

2.8.2. The Cartan—Serre finiteness theorem (not proved in class). To
define linear systems, we needed the following generalization of Serre’s finiteness
Theorem 2.4.39(¢) in the special case where Y = Spec(k) and i = 0. For completeness,
we state it here.

THEOREM 2.8.5 (Cartan—Serre finiteness theorem [CS53, Théoréme; EGATII,,
Théoreme 3.2.1]). Let f: X =Y be a proper morphism of locally Noetherian schemes
and let .F be a coherent Ox-module. Then, R'f,.F is coherent for every i.

2.8.3. Flat families. We often think of flat morphisms as families of schemes
parametrized by the target scheme. For example, Hilbert polynomials are constant
in flat families [Har77, Theorem I11.9.9], which means that the dimension, degree,
and arithmetic genus are constant in flat families [Har77, Corollary 1I1.9.10]. While
we do not have time to talk about everything, here are some sample properties of
flat morphisms.

PROPOSITION 2.8.6 [EGAIV,, Corollaire 6.1.4]. Let f: X — Y be a flat mor-
phism of locally Noetherian schemes. For every point x € X, let y = f(x). Then,

dim, (f 7' (y)) = dimg(X) — dim,(Y)
where dim, (X) = dim(Ox ) and similarly for f~1(y) and Y.

Proof. We consider the commutative diagram

Spec(Oy,y) — YV

where the square is Cartesian. Since flat morphisms are stable under base change
and Spec(Ox ) — X’ is flat, the morphism f’ is flat. The result now follows from
MAS557, Homework 10, Problem 1 [Hocl4, p. 2]. a

The following says that over regular curves, flatness is easy to verify. We first
define the scheme-theoretic version of an associated prime ideal.



[Har77, p. 257]
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DEFINITION 2.8.7 [EGAIV,, Définition 3.1.1]. Let X be a scheme and let .# be
a quasi-coherent Ox-module. A point = € X is associated to & if

m, € Assoy, (Fz).

The set of associated points of .Z is denoted by Assp, (%). If F = Ox, we say
that the associated points of .% are associated to X.

PROPOSITION 2.8.8 [EGAIV,, Corollaire 2.8.2]. Let f: X — Y be a morphism
of schemes such that'Y is integral and reqular of dimension 1. Then, f is flat if and
only if every associated point x € X maps to the generic point of Y. In particular,
if X is reduced, this says that every irreducible component of X dominates Y.

Proof. The question is local, and hence we may assume that Y is the spectrum of a
DVR (R, (t)).
=-. The image of t in Ox , is a nonzerodivisor for every x € X by flatness.
<. We show the contrapositive. Since R is a PID, by [Mur24ca, Corollary
7.12.2], there exists x € X such that setting y = f(z), the module Ox , is not
torsion-free over Oy,,. Then, f#t is a zerodivisor in m,. Thus, f#t is contained in
an associated prime ideal p € Asso, ,(Ox ) by [Mur24ca, Lemma 8.6.4]. O

EXAMPLE 2.8.9 [Har77, Example I11.9.7.1]. Without regularity, Proposition 2.8.8
is false. Let Y be a curve with a node (for example, the nodal cubic) and let
f+ X — Y be the normalization of Y. We claim f is not flat. After localizing
at the node, the associated local ring ring map is R — R’ where R is an integral
essentially of finite type k-algebra of dimension 1 and R’ is its normalization in
Frac(R). We see that R’ is torsion-free of rank 1 over R, but is not free over R
since there are two maximal ideals in R’ lying over the maximal ideal in R. Since a
finitely generated module over a Noetherian local ring is free if and only if it is flat
[Mur24ca, Corollary 7.10.3], we see that R’ is not flat over R, and hence f is not
flat.

EXAMPLE 2.8.10 [Har77, Example I11.9.7.2]. Without dim(Y") = 1, Proposi-
tion 2.8.8 is false. This is because blowing up a point on A% does not satisfy the
dimension equality in Proposition 2.8.6.

Proposition 2.8.8 allows us to take limits of schemes in flat families over a
punctured curve.

PROPOSITION 2.8.11. Let Y be a regular integral scheme of dimension 1, let
P €Y be a closed point, and let X C PY._p be a closed subscheme which is flat
over Y — P. Then, there exists a unique closed subscheme X C P%, flat over Y,
whose restriction to Py _p is X.

Proof. Take X to be the scheme-theoretic closure of X in P} (Homework 8, Problem
3 [Har77, Exercise 11.3.11(d)]). Then, the associated points of X are just the
associated points of X. Furthermore, X is unique because any other extension of X
to Py would have some associated points mapping to P. ([

We give some examples of flat families.

ExXAMPLE 2.8.12. We give some examples of tensor products in action. Both
are flat by Proposition 2.8.8 or [Mur24ca, Corollary 7.12.2].

[Har77, Prop. 111.9.7]

[Mur24ca, Ex. 7.12.3]
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FIGURE 2.11. A family of parabolas parametrized by A}. From
[Har77, Figure 7).

(1) Consider the morphism [Har77, Ex. 11.3.3.1]

klx,y,t

Spec(mg_%) — Spec(k[t]).
We can think of this as a flat family of parabolas {ty — 2? = 0} C A?
parametrized by t. The fiber over ¢ # 0 is an honest parabola, but over
t = 0 we get a non-reduced scheme Spec(k[z,y]/(z?)), the “double line”
{z? = 0}. See Figure 2.11.

[Har77, Ex. 11.3.3.2] (2) Consider the morphism

kla,y, t] oc
Spec<(xy = t)) — Spec(k[t]).

This corresponds to a family of hyperbolas parametrized by ¢t. When t = 0,
you get the reducible scheme Spec(k[z,y]/(zy)).

[Mur24ca, Ex. 7.12.4] EXAMPLE 2.8.13 [Har77, Example 111.9.8.4]. Consider the family
r=t"-1
y=1t>—t
z=at

of parametric curves in A? parametrized by a € k. This is a family of twisted cubics.
We want to turn this into a flat family. To do so, we eliminate ¢ from the parametric
equations, and make sure that a is not a zerodivisor in k[a, x,y, z]/I. This yields
the flat map

k[x? y7 Z’ a]

k
lo] = (a?(x+1) —22,ax(z+ 1) —yz,xz — ay,y? — 22(x + 1))

corresponding to a family of twisted cubics in A parametrized by a when a # 0.
When a = 0, we get the scheme

Spec klz,y, 2]
P (22,y2,$27y2—$2(.’15+1)) ,




183

FIGURE 2.12. A family of twisted cubics parametrized by Al.
From [Har77, Figure 11].

which is a nodal cubic with an embedded point at the node. The reduction of the

fiber at a =0 is
Spec< klz, y] >
(y? —a2%(z+1)) )’

which has arithmetic genus 1 by Example 2.5.32, while the other fibers have
arithmetic genus 0 (they are isomorphic to P} ). Thus, the embedded point on the
fiber at @ = 0 “fixes” the lack of flatness at a = 0.

2.8.4. Modules of differentials. Flat morphisms are nice, but they are not
the nicest morphisms possible. We want to define smooth morphisms, which are
the analogue of submersions from differential topology (see [Leel3, p. 78]). For this
subsection, let A be a ring, let B be an A-algebra, and let M be a B-module.

DEFINITION 2.8.14 [EGATIV, Chapitre 0, Définition 20.1.2]. An A-derivation of
B into M is a map d: B — M such that
(1) d is additive.
(2) (Leibniz rule) d(bb’) = bdb’ + b’ db for all b, b’ € B.
(3) da =0 for all a € A.
These form the B-module Der4(B, M).

DEFINITION 2.8.15 [EGAIV, Chapitre 0, Définition 20.4.3, Définition 20.4.6].

The module of relative differentials (of degree 1) of B over A is a B-module Q}B/A
together with an A-derivation
dB/A :B—> Q}B/A

called the (exterior) differential satisfying the following universal property: For every
B-module M and every A-derivation d': B — M, there exists a unique B-module
homomorphism f: Q}B/A — M such that d’ = f od. In other words, Dery (B, M) is
such that

HomB(Q}B/A,M) = Dera(B, M)

f————fod

is an isomorphism.

[Har77, p. 172]
[Mat89, p. 190]
[BLROO, p. 31]
[Kun86, Def. 1.1]

[Har77, p. 172]
[Mat89, p. 192]
[BLR9O, p. 31]
[Kun86, Def. 1.20,
Prop. 1.23]



[Mat89, p. 191]

[Har77, Prop.
I1.8.1A]

[Mat89, pp. 191-192]
[BLR9O, p. 32]
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Such a module Q} /4 exists by taking the free B-module F' generated by symbols
db for b € B modulo the relations
(1) d(b+b') —db—db for bV € B,
(2) d(bb') —bdb — b db for b, € B, and
(3) da for a € A.
The derivation d: B — Q}B/A is defined by b+ db.

REMARK 2.8.16. Derivations in our sense match the usual notion from analysis.
See [Kun86, Example 1.2].

2.8.5. Extensions of algebras. Formally smooth, formally unramified,
and formally étale ring maps. We briefly discuss extensions of algebras. For
this subsection, let A be a ring, let B, be A-algebras, and let M be a B-module.

DEFINITION 2.8.17 [EGAIV,, Chapitre 0, (18.2.2)]. Let N C C be an ideal such
that N2 =0. Set B = C/N. The C-module N can be viewed as a B-module. In
this situation, we say that C is an extension of the A-algebra B by the B-module
N. We can write this extension as an exact sequence

0—N—C—B—0.

We say that the extension is split or that it is the trivial extension if there exists an
A-algebra map ¢: B — C' that splits C' — B, in which case we can write C = B&N
as an A-module. Conversely, starting from an A-algebra B and a B-module N, we
can make the direct sum B @ N into a trivial extension of B by IV by defining the
product
(byz) - (b',2") = (bb',bx’ + b'x).
REMARK 2.8.18. Trivial extensions are the same thing as Nagata’s idealization

trick. Nagata’s trick first appeared in [Nagh6, p. 226]. See also [Nag75, p. 2].

To extend the construction of differentials to the scheme case, we will use the
following alternative description in terms of the multiplication map, which is the
ring map induced by the diagonal morphism on coordinate rings.

PROPOSITION 2.8.19 [EGAIV,, Chapitre 0, Théoreme 20.4.8|. Let
m: B, B— B
be the multiplication map. Set I = ker(m). Define a map
d:B —— I/I?
b— 1®@b—b®1 (mod I?).
Then, the pair (I/1%,d) is a module of relative differentials for B/A.

Proof. Consider the short exact sequence
B®aB
72
This is an extension of B by I/I2. The right map has a splitting map as A-algebras

by defining

0—I/12 — B 0.

B®a B
72
where J; is the insertion map to the i-th factor.

)\iZB—>
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We claim that d = Ay — \; defines a derivation B — I/I2. First, the map

B®a B

)\2—)\1:B—>T

factors through I/I? by the universal property of kernels. It is additive and satisfies
da = 0 for all a € A since both \; are maps of A-algebras, which implies they are
additive. For the Leibniz rule, we verify that [Kun86, p. 5]

d(bb') —bdb' — V' db

=1 -ol)—bx)1eb -bel) -V el)(1eb—>bx1)
=1Qb0 —b'@1-bb +b0'®1 -0 @b+b®1

=1@b — (bbb +V®b)+b ®1
=(1leb-bx1)(1at -V 1)

eI’

(2.8.20)

It remains to show that (I/I2,d) is the module of relative differentials of B over
A. To do so, we first show that I is generated by the elements db=1b—b® 1.
Suppose that >, a; ® b; € ker(m), and hence ), a;b; = 0. Then,

Z(ai X 1)(1 ®b;, —b; ® 1) = Z(ai ®b; —a;b; ® 1)

%

:Zai®bi— (Zaibl) ®1

We now verify that (I/I%,d) satisfies the universal property for (Q}B/A,dB/A).
Consider the diagram

\ E[RA
,
d i

I/12.
By the commutativity of the diagram, we see that
Fodb) =bdy (V)

for all b,b’ € B. We need to show that this defines a well-defined map f: I/I? — M.
Suppose that (1®b—b® 1)db’ € I. Then, we have

F(1@b—b@1)d) = f(d®Y) —bdb — ¥ db)
= dar(bb') — bdar(b') — b dar(b)
=0
as computed in (2.8.20). O

ExampLE 2.8.21 [EGAIV,, Chapitre 0, Exemple 20.4.13(7)]. Suppose that B [Mat89, pp. 192-193]
is generated by a set U C B as an A-algebra. If b € B is an arbitary element, this



[Mat89, p. 191]

[Mat89, p. 193]
[Har77, Exer. 11.8.6]
The terminology
0-smooth etc. is from
[And74a].
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means that we have b = f(by,ba,...,b,) for some b; € U and f € A[X;, Xs, ..., X,].
By the definition of the exterior differential, we have

db = ——(b1,b2,...,b,)db;.
Z‘:18)(1‘(17 2y ) )

In particular, if B = A[X3, X, ..., X,] is a polynomial ring, then
Qpa=B-dXi+B-dXo+---+ B-dX,

and the dX; are linearly independent over B. This follows from the fact that
there are D; € Der4(B, B) such that D;X; = 0;;, defined as the partial derivative
operator with respect to the variable X;.

To define formally smooth ring maps, we will use the following terminology.
DEFINITION 2.8.22 [EGAIV, Définition 19.3.1]. Given a commutative diagram

C%B

N
D

of A-algebras, where we think of f as being fixed, we say that h is a lifting of g to
C.

Write N = ker(f) C C. We note that the uniqueness of liftings corresponds
exactly to the module of derivations Der4 (D, N) under certain assumptions. If
h': D — C is another lifting of g, then h — A’ is a map from D to N. If N2 =0
then N is an f(C)-module, and by means of g: D — f(C) C B, we can consider N
as a D-module. We then see that

h—h':D— N

is an A-derivation of D to N. Conversely, if d € Der (D, N), then h + d is another
lifting of g to C.

With this terminology, we can define formally smooth, formally unramified, and
formally étale ring maps. One way to think of the definitions is that they are trying
to capture whether and how an A-algebra map B — C/N lifts to an “infinitesimal
deformation” B — C.

DEFINITION 2.8.23 [EGAIV, Chapitre 0, Définitions 19.3.1 and 19.10.2; And74a,
Chapitre XVI, Définition 14]. We say that B is formally smooth over A (with respect
to the discrete topology) or 0-smooth over A if it has the following property: For
every A-algebra C, every ideal N C C satisfying N? = 0, and every A-algebra map
u: B — C/N, there exists a lifting v: B — C of u to C' as an A-algebra map. In
terms of diagrams, given a commutative diagram

B —— C/N

[

A——C
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of A-algebras, there exists v such that

B —— C/N

15T

A——C

commutes. We say that B is formally unramified over A (with respect to the
discrete topology) or O-unramified if there exists at most one such v. When B is
both formally smooth and formally unramified over A, that is, when for given u
there exists a unique v, we say that A is formally étale (with respect to the discrete
topology) or 0-étale.

By Definition 2.8.22 and the proof of Proposition 2.8.19, we have:

PROPOSITION 2.8.24 [EGAIV,, Proposition 17.2.1]. Let A — B be a ring map.
Then, B is formally unramfied over A if and only if Q}B/A =0.

Here are some examples.

EXAMPLE 2.8.25 [EGAIV, Chapitre 0, Exemples 19.10.3]. Let ¢: A — B be a
ring map.

(1) If v is surjective, then B is formally unramified over A. This is because in
the diagram

B —*— C/N

1T

A——C

the map v (if it exists) is uniquely determined by how A maps to C.
(i7) If ¢ is a localization map, then B = S~!A is formally étale over A. This
is because in the diagram

S—'A - C/N
N

the map v exists since if s € S maps to an invertible element in C'/N, then
its the image of s in C is invertible [EGAI,,,,, Chapitre 0, Corollaire 7.1.12]
(see also [Mat89, Exercise 1.1]). We then apply the universal property of
localization [Mur24ca, Theorem 3.2.2].

(#91) [EGAIVy, Chapitre 0, Corollaire 19.3.3] If B = A[X,];cs is a polynomial
ring, then B is formally smooth over A. This is because in the diagram

[Xilier —— C/N
T ]
A—C

we can choose arbitrary lifts of the elements u(X;) to C. The polynomial
ring B is formally étale over A if and only if I = (.

[Mat89, p. 193]

[Mat89, p. 193]



[Har77, Prop.
I1.8.2A]
[Mat89, Exer. 25.4]

[Mat89, Proof of
Thm. 25.1]

REMARK 2.8.26. By [EGAIV,, Théoréme 19.7.1], a formally smooth local map
between Noetherian rings is flat and has geometrically regular closed fiber. When
writing [EGATIV; EGAIV,], it was an open question whether the converse holds.
More specifically, Grothendieck and Dieudonné asked whether formally smooth
local ring maps between Noetherian complete local rings are flat with geometrically
regular fibers [EGAIV,, Remarque 7.5.4(7)]. This question is a special case of what
was later called Grothendieck’s localization problem in [AF94].

André [And74b] solved Grothendieck and Dieudonné’s question about formal
smoothness above, which is the “regular” case of Grothendieck’s localization problem.
André’s theorem is one of the first appliations of André—Quillen homology and
simplicial methods in commutative algebra. The corresponding questions for many
other properties of local rings have been studied since then. See [Mur22, Table 1]
for a summary of existing results.

2.8.6. Properties of differentials. We prove some properties of modules of
differentials.

PROPOSITION 2.8.27 [EGATV,, Chapitre 0, Propsition 20.5.5]. Let A — B be a
ring map. Let A’ be an A-algebra and let B' = B®4 A’. Then, there is a natural
map

QlB/A ®B B/ — QIB//A/
that is an isomorphism.
Proof. Note that
Opja @8 B ¢ Qp a0 BRA A 5 Qp @4 A'.
We want to show that (Q}B/A ®a A',dp s ®41dar) satisfies the universal property
for (2pr/ar,dprjar), ie., for the diagram

U
d M

B/

Elie
dp/a®aidys i

Q%3/,4 ®a A’

M

where both maps from B’ are A’-derivations, we want to show there By the adjunction
between extension and restriction of scalars along A — A’ [Mur24ca, Corollary
7.6.2], it suffices to show there exists a unique map f making the diagram

B—M

E[I

dp/a ST
1

Qp/a

commute. This is just the universal property of (Q}B/A7 dp/a)- (I

We now state and prove what Matsumura refers to as the “fundamental exact
sequences” for modules of differentials.

LEMMA 2.8.28. Consider a sequence

(2.8.29) N 25 N 25 N7
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of R-module maps. Suppose that the induced sequence
Homp(N’, T) <~ Hompg (N, T) <~ Homg(N",T)
is exact for every R-module T. Then, the sequence (2.8.29) is exact.
Proof. Taking T = N”, we see that
(o B%)(idr) = 0,
and hence o a = 0. This shows that im(a) C ker(8). Conversely, taking T =
N/im(«), we see that
Hompg (N', N/im(«)) & Hompg (N, N/im(c)) aa Hompg (N, N/im(a))

is exact. Since the composition

N’ — N —» N/im(«)

is the 0 map, the map «* is the 0 map. Thus, 8* is surjective, which implies that the
quotient map N — N/im(«) factors through N”. This shows that im(«) D ker (),
and hence (2.8.29) is exact. O

THEOREM 2.8.30 (First fundamental exact sequence [EGAIV, Chapitre 0,
Théoreme 20.5.7]). Let u: A — B and v: B — C be ring maps. There exists a
natural exact sequence

Qpja @5 C —s Qoja —— Qs 0

dB/A(b) & c — Cdc/A(’U(b>)
dcya(b) —— dcyp(b)

of C-modules. Moreover, if C is formally smooth over B, then the sequence
(2.8.31) 0—>QB/A ®BC—>QC/A—>QC/B—>O
s a split exact sequence.

Proof. By Lemma 2.8.28 and tensor-Hom adjunction, it suffices to show that
Deryg(B,T) <— Ders(C,T) <— Derp(C,T) <— 0

is exact for every C-module T. Exactness at Derg(C,T) holds since the map
Derp(C,T) — Der4(C,T) is the inclusion of B-derivations C' — T into A-derivations
C — T. Exactness at Der4(C,T') holds since an A-derivation C' — T maps B to 0
if and only if it is a B-derivation.

We now consider the case when C' is formally smooth over B. By the previous
paragraph, to show exactness of (2.8.31), it suffices to show that

0 <— Dera(B,T) <— Dera(C,T)

is exact for every C-module T'. Let D: B — T be an A-derivation and consider the
commutative diagram

C - C
vT \\;}\l\j Tprl
B—— CeoT

where ¢(b)

= (
lifting h: C —

b), D(b)). By the formal smoothness of B — C, there exists a
@ T which is a B-algebra map making the diagram commute.

v
C

[Mat89, Thm. 25.1]
[Har77, Prop.
I1.8.3A]

[Sinl1, Prop.
15.2.6(1)]



[Mat89, Thm. 25.2]
[Har77, Prop.
I1.8.4A, Thm.
11.8.17]

[Sinl1, Prop.
15.2.6(2)]
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Write h(c) = (¢, D’(¢)) where D’: C — T is additive and satisfies D = D' o v. We
claim that D’ is an A-derivation. The equation D = D’ o v shows that D’ maps A
to 0. The Leibniz rule holds since

h(cd) = (e, D'(cc))
which equals
h(c) - h(c') = (¢, D'(c)) - (¢, D'(¢)) = (e’ ,e D(c') + ¢/ D(c)).

It remains to show that the exact sequence (2.8.31) splits. Let T'= Qp,4 ®p C
and define D: B — T by
D:B — QB/A ®p C
br— dB/A(b) ® 1.
By the previous paragraph, we have D = D’ ov. Then, D’ corresponds to a C-

linear map o: Q¢/p — Qp/a @p C, and the equality D = D’ o v corresponds to
o/ o a =idyp. Thus, (2.8.31) splits. O

THEOREM 2.8.32 (Second fundamental exact sequence or conormal exact se-
quence [EGAIVy, Chapitre 0, Théoréme 20.5.12 and Corollaire 20.5.14]). Let A — B
be a ring map. Let I C B be an ideal and let C = B/I. Then, there is a natural
exact sequence

I/ =% Qpja @5 C —% Qcja — 0
br—— dpab)®1
of C-modules. Moreover, if C is formally smooth over A, then the sequence
(2.8.33) 0—1I/I" — Qpa®pC — Qc/q — 0
1 a split exact sequence.

Proof. By Lemma 2.8.28 and tensor-Hom adjunction, it suffices to show that
Home (I/12,T) ¢~ Ders (B, T) <~ Der(C,T) +— 0

is exact for every C-module T. The map «o* is injective since distinct A-derivations
C — T give rise to distinct A-derivations B — T via precomposition with «. For
exactness at Der4(B,T), we have ¢*(D) = 0 if and only if D(I) = 0, which holds if
and only if D factors through C = B/I.

We now consider the case when C' is formally smooth over A. By the previous
paragraph, to show exactness of (2.8.33), it suffices to show that

0 +— Home(I/I%,T) <~ Dera(B,T)
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is exact for every C-module T'. If C' is formally smooth over A, then considering
the commutative diagram

the formal smoothness of C' implies there exists a lifting h: C — B/I? which is
a A-algebra map making the diagram commute. By the commutativity of the
diagram, h is a splitting for the extension in the right column, i.e., gh = id¢. Now
hg: B/I? — B/I? is an A-algebra map vanishing on I/I? and g(1—hg) = 0. Thus, if
we set D = 1—hg, then D: B/I? — I/I? is an A-derivation. If ¢ € Hom¢ (I/1%,T),
then the composition

D:B-—B/I? 2
is an element of Der4(B,T) satisfying §*(D’) = 1, since for x € I, letting T = x
(mod I)?, then
D'(z) =¢(D(2)) = ¢(z — hg(z)) = ¥(2).
Thus, 6* is surjective and (2.8.33) is therefore exact. Setting 7' = I/I?, we see that
(2.8.33) is split exact. O

2.8.7. Sheaves of differentials. The description in Proposition 2.8.19 allows
us to define sheaves of differentials for morphisms of schemes.

DEFINITION 2.8.34 [EGATV,, Définition 16.1.2]. Let ¢: Z — X be an immersion
of schemes. Identifying Z as the closed subscheme of an open subscheme W C X,
let .# be the quasi-coherent Oy -module defining Z in W. The conormal sheaf of Z
in X or the conormal sheaf of 7 is the quasi-coherent O z-module

Cpyx =i I I

DEFINITION 2.8.35 [EGAIV,, Définition 16.3.1]. Let f: X — S be a morphism
of schemes and let Ax/g: X — X X g X be the diagonal morphism. Note that Ay /g
is an immersion by Proposition 2.5.22. The sheaf of relative differentials (of degree
1) of X over S is the quasi-coherent sheaf

Q%{/y = %X/XXSX-

REMARK 2.8.36. The sheaf of relative differentials also has a universal property
like in the affine case [EGAIV,, Proposition 16.5.3(i7)]. They also have analogues of
the fundamental exact sequences in Theorems 2.8.30 and 2.8.32 since the formation
of Q}a/A is compatible with localization by Theorem 2.8.30 and Proposition 2.8.24.

Here is one fundamental computation.

[Har77, p. 182]

Our notation is from
[Stacks, Tag 01R2].
The sheaf is denoted
by Az/x in
[EGAIV,], which we
avoid since Az, x is
often used to denote
the normal sheaf,
e.g. in [Har77].


https://stacks.math.columbia.edu/tag/01R2

[Har77, Exer. 11.8.6]
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THEOREM 2.8.37 (Euler exact sequence). Let A be a ring, let Y = Spec(A),
and let X = P7. Then, there is a short exact sequence

0— Qk/y — Ox(-1)®H) — 0x — 0
of Ox-modules.

Proof. Let S = Alxg,x1,...,2z,] be the homogeneous coordinate ring of X. Let
E = S(—1)®"+1)  which is a graded S-module with basis g, e1,. .., e, in degree 1.
We then consider the exact sequence

0O—M —FE— S
e, — T

of graded S-modules. This gives the short exact sequence
0— M — Ox(—1)2+) 5 05 —0

of quasi-coherent Ox-modules, where surjectivity on the right holds since while
FE — S is not surjective, it is surjective in all degrees > 1.

It remains to show that M & Qﬁ(/y. If we localize at z;, then F,, — S;, is a
surjective map of free S;,-modules, and hence M, is free of rank n with generators

{ej — (xj/wi)e; | #i}.
Thus, if U; = D (z;), then M|y, is the free Oy, -module generated by the sections
{(Vzi)ej — (aj/ai)e | j # i}
We define a map
Pi: Q}X/YlU'i — MlUi
as follows. On each U;, the domain is the free Op,-module generated by
d(l‘o/l‘i), PN ,d(.]?i/l‘i), PN ,d(xn/xz)
We may therefore define ¢; by
Pi (d(xj/xi)) = (1/%2)(3%‘@;‘ — zj€).

Thus, ¢; is an isomorphism. The ; glue together to give an isomorphism ¢ : Qﬁ( Y

M on all of X since in Q%{/Y‘UimU]W we have zy/x; = (vi/x;) - (xj/x;) for all k, and

hence
o(5)-52) - 2(2)
ZT; Zj ZT; ZT; Zj
Applying ¢; to the left-hand side and ¢; on the right-hand side, we get the same

result (1/x;z;)(z e, — xre;). O

2.8.8. (Formally) smooth, (formally) unramified, and (formally) étale
morphisms. The corresponding notions of formally smooth, formally unramified,
and formally étale morphisms are defined as follows.

DEFINITION 2.8.38 [EGATV,, Définition 17.1.1 and Remarque 17.1.2(i7)]. Let

f: X — Y be a morphism of schemes. We say that f is formally smooth (resp.

formally unramified, formally étale) if, for every affine scheme Y’, every closed

[Har77, Thm. I1.8.13]
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subscheme Y defined by an ideal .# C Oy satisfying .#? = 0, and every morphism
Y’ — Y fitting into the commutative diagram

X +—Y]

fl \[i
Y «+—— Y’

there exists a (resp. there exists at most one, there exists a unique) dashed morphism
T’ --» X making the diagram

X +—Y]

r\\
fl \\ jz
Y <—\ Y’
commute.
We can now define smooth, (G-)unramified, and étale morphisms. This defi-

nition for smooth morphisms is referred to as the infinitesimal lifting criterion for
smoothness in [Stacks, Tag 02HG6].

DEFINITION 2.8.39 (Infinitesimal lifting criterion [EGATV,, Définitions 17.3.1
and 17.3.7; Ray70, Chapitre I, Définition 4; Stacks, Tag 02G4]). Let f: X —» Y
be a morphism of schemes. We say that f is smooth (resp. G-unramified, étale)
if it is formally smooth (resp. formally unramified, formally étale) and of finite
presentation. We say that f is unramified if it is formally unramified and of finite

type.
We say that f has the corresponding property at a point x € X if there exists
an open neighborhood U of x such that U — Y has that property.

We are now ready to state the relationship between smoothness and differentials.

PROPOSITION 2.8.40 [EGATV 4, Proposition 17.2.3]. Let f: X — Y be a formally
smooth morphism.

(1) The Ox-module Qﬁ(/y is locally projective. If f is locally of finite type,
then Qﬁ(/y 18 locally free of finite type.
(#4) For every morphism g: Y — Z, the sequence

0— [*Qy)p — Ux/p — Ux)y — 0

is exact, and for every x € X, there exists an open neighborhood U of x
on which the restriction of this exact sequence splits.

In this situation, we can define the canonical bundle.

DEFINITION 2.8.41. Suppose that f: X — Y has Qﬁ(/y locally free of finite
rank n. The relative canonical bundle is

wxy = /\Qk/y-
If Y = Spec(k) for a field k, we call wx = wx/), the canonical bundle.
ExXAMPLE 2.8.42. If X = P”, then
wx/ spec(4) = Ox (—(n+1))
by taking determinants in Theorem 2.8.37.

[Har77, p. 268, Exer.
111.10.3]

We follow the
definition of
unramified in
[Ray70]. Following
[Stacks], we refer to
the original notion
from [EGATV,] as
G-unramified.
[Har77, Thm. 11.8.17]

[Har77, p. 180]


https://stacks.math.columbia.edu/tag/02H6
https://stacks.math.columbia.edu/tag/02G4

[Har77, Thm. I1.8.17]

5/1

[BLR90, Prop.
2.2/7)
[Stacks, Tag 01V9]
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Under extra assumptions on X — Z and Y — Z, the local freeness of 2} /Yy
can be turned into an if and only if.

THEOREM 2.8.43 [EGAIV,, Théoréme 17.11.1). Let f: Y — S and h: X — S
be morphisms locally of finite presentation. Let g: X — Y be an S-morphism. Let
x € X with images y € Y and s € S. The following are equivalent.

(a) f is smooth aty and g is smooth at x.
(b) g and h are smooth at x.
(¢) h is smooth at x and the canonical map

(Q*Q%//S)x — (Qﬁ(/s)x

has a retraction, i.e., a left inverse.
(") h is smooth at x and the canonical map

(97/s), ®oy., k() @) k(z) — (Qx/s), Box., k(@)
18 1njective.
Suppose, moreover, that the map k(y) — k(z) is bijective. Then, the conditions

above are equivalent to the following:

(d) h is smooth at x and the canonical map

Tx/s(w) — Ty;s(y)
from the tangent space of X at x to the tangent space of Y at y is surjective.

See [EGATVy, (16.5.12)] for the definition of the (geometric) tangent bundle as

Txs = Vx(Qx/s) = Specy (Symp, (x/s))-

2.8.9. The Jacobian criterion. For completeness and to contextualize Bertini’s
theorem, we state the following result. This can be thought of as a relative, scheme-
theoretic version of Zariski’s Jacobian criterion [Zard7, Theorem 7] (see [Mur24ag,
Theorem 1.5.4]). See [EGAIV, Chapitre 0, Théoreme 22.6.1] for the algebraic
version of the statement below.

THEOREM 2.8.44 (The Jacobian criterion [EGAIV,, Théoréme 17.5.1 and its
proof]). Let f: X — Y be a morphism locally of finite presentation, let x € X be a
point, and let y = f(x). The following conditions are equivalent:

(a) f is smooth at x.

(b) f is regular at x, i.e., f is flat at x and Op-1(y) . is geometrically regular
over k(y).

(¢) There exist affine open neighborhoods U = Spec(A) C X of x and V =
Spec(B) C Y of y such that f(U) C V, and such that there exists a
presentation

Blzy,22,...,Tp]

A= (f17f2a"'7fc)


https://stacks.math.columbia.edu/tag/01V9
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HnX regular

FIGURE 2.13. Hyperplane sections of a regular variety. From
[Har77, Figure 10].

for which the element

on oh ok
dx1 Ox1 o0x1
det 8x2 5':c2 8.%2
ofi 90fz Ofe
ox, Oz, oz,
in Blx1,x9,...,x,] maps to an element of A not in p,.

2.8.10. Bertini’s theorem for regularity. We now state and prove Bertini’s
theorem for regularity. See [Ber1882, p. 26; Ber1907, p. 227] for Bertini’s original
results and see [K1e98] for the history of Bertini’s results.

THEOREM 2.8.45 (Bertini’s theorem for regularity). Let k be an algebraically [Har77, Thm. I1.8.18]
closed field and let X C P} be a regular projective variety over k. Then, there exists
a hyperplane H C P, not containing X, such that H N X is reqular. Furthermore,
the set of hyperplanes with this property forms an open dense subset of the complete
linear system |H| considered as

H°(P},0(1)) — {0}
k*

with the Zariski topology.

Proof. Let x € X be a closed point. We then consider the set
e HD X;or
. HszuterﬂXandxis}.

{ hyperplanes
B, =
not a regular point of H N X.

HCP!

These are the “bad” hyperplanes with respect to the point z. See Figure 2.13. A
hyperplane H is determined by a nonzero global section f € V = H°(P", Opx(1)).



Fix an element fo € V such that ¢ Hy = Vi (fp). Then, we can define a map
of k-vector spaces

0z V — Ox /m?
f—— f/fo (modm2).

The scheme H N X is defined at x by the ideal generated by f/fo in Ox .. So,
x € HN X if and only if ¢,(f) € m,. Moreover, assuming that H 2 X, we see
that  is not a regular point on H N X if and only if ¢, (f) € m2 by definition of
a regular local ring (see [EGAIV;, Chapitre 0, Corollaire 17.1.8]). We therefore
see that the hyperplanes H € B, correspond exactly to elements f € ker(p,) (note
that if H D X, then ¢, (f) =0).

Since z is a closed point and k is algebraically closed, m, is generated by linear
forms in the coordinates on P}. Thus, the map ¢, is surjective. If dim(X) = r, then
the regularity of Ox , implies dimy(Ox ,/m2) = r + 1. We have dim(V) =n + 1,
and hence

dim (ker(¢,)) =n —r
by the rank-nullity theorem. This shows that B, is a linear system of hyperplanes
of dimension n — r — 1, i.e., B, has dimension n — r — 1 thought of as a projective
space over k.

We now consider the complete linear system |H| as a projective space, and
consider the incidence correspondence

B:={(z,H) |z € X closed and H € B,} C X x, |H]|.

Then, B is the set of closed points of a closed subset of X xj |H| since vanishing at
a point  corresponds to a set of polynomial conditions on the coefficients appearing
in a linear form defining H. We also call this closed subset B, and consider it with
the reduced closed subscheme structure. We then consider the two projection maps

B — X x; |H]|
N
X |H|

from B. The first projection p;: B — X is surjective and the closed fibers of p;
are projective spaces of dimension n —r — 1. Thus, B is irreducible (by working
with the definition of irreducibility; see [EGAI,e,,, Chapitre 0, Proposition 2.1.13])
and has dimension (n —r — 1) + 7 = n — 1 (by the theorem on the dimension
of fibers [Mur24ag, Theorem 1.8.5]; see [Har77, Exercise 11.3.22] for the scheme-
theoretic version). Considering the second projection py: B — |H|, we then see
that dim(pz(B)) < n — 1. Since dim|H| = n, we conclude that p2(B) < |H|. If
H € |H| —p2(B), then H 2 X and every point of H N X is regular, and hence such
a hyperplane H satisfies the requirements of the theorem.

Finally, since X is projective, pa: X X |H| — |H]| is closed by Theorem 2.6.27(%).
Since B is closed in X x| H|, we see that ps(B) is closed in |H|, and hence |H|—p2(B)
is an open dense subset of |H|. O

2.8.11. Serre duality. Now that we have the language of sheaves of differen-
tials and canonical bundles, we can prove the Serre duality theorem. We start with
duality for P}.
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THEOREM 2.8.46 (Serre duality for P}). Let X = P} over a field k. We then
have the following.
(1) H"(X,wx) = k. Fiz such an isomorphism.
(i4) For every coherent Ox-module, the natural pairing
Homo, (#,wx) x H' (X, #) — H"(X,w) 2k

s a perfect pairing of finite-dimensional k-vector spaces.
(#i1) For every i > 0, there is a natural functorial isomorphism

Exty, (F,wx) — H"{(X, 7)Y,

where (-)V denotes the dual vector space, which for i = 0 is the one induced
by the pairing of (i1).

Proof. (i). By Example 2.8.42, we have wx = Ox(—n —1). Thus, (i) follows from
the computation of cohomology on P in Theorem 2.5.34(c).

(7). The natural pairing is defined as follows: A morphism % — wx induces a
map H"(X, %) - H"(X,wx) on cohomology. Now if Z = O(q) for some q € Z,
then

Homop, (F,w) = Home, ((’)X,w(—q)) ~ fo (X, oJX(—q)).

Thus, the result follows from Theorem 2.5.34(d). Now an arbitrary coherent Ox-
module % fits into an exact sequence of the form

g1—>(opo—>ﬁ—>0

where the &; are direct sums of sheaves of the form O(g;). Now Homp, (-, wx) and
H"(X, -)V are both left exact contravariant functors, and hence the five lemma
impliex we have an isomorphism

Homo, (¥, wx) — H™"(X,.7)".
(#9i). Both sides are contravariant J-functors indexed by ¢ > 0 on Coh(Ox).
For i = 0, we have an isomorphism by (i¢). Thus, to show they are isomorphic, it
suffices to show that both sides are coeffaceable for i > 0 by Proposition 1.4.17.

Given a coherent Ox-module %, by Serre’s global generation theorem for Proj
(Theorem 2.4.39(i4i)), we can write .# as a quotient of a sheaf

& =0(-¢)*"
for ¢ > 0. Then,
Extly (€,wx) = H (X,wx(g))*" =0
for ¢ > 0 by Theorem 2.5.34, where the first isomorphism holds by [Har77, Proposition
I11.6.3(c)]. On the other hand,

H' (X, &)Y = (H"—i(X, (’)(—q))v)@N

which is 0 for i« > 0,¢ > 0, again from Theorem 2.5.34. Thus, both sides are
coeffaceable for 4 > 0. This shows that the d-functors are universal and match for
1 =0, and hence the d-functors are isomorphic. O

To generalize Theorem 2.8.46 to other schemes, we take the properties in (i)
and (i7) as our guide and define the following.

[Har77, Thm. I11.7.1]



DEFINITION 2.8.47. Let X be a complete scheme of dimension n over a field [Har77, p. 241]
k. A dualizing sheaf for X is a coherent Ox-module w$ together with a trace
morphism
t: H"(X,w%) — k
such that for all coherent Ox-modules % on X, the natural pairing
Homo, (#,w%) x HY(X, #) — H"(X,w%)
followed by t induces an isomorphism
Homo, (F,w%) — H"(X,.7)Y
under tensor-Hom adjunction.

[Har77, Prop. II1.7.2] PROPOSITION 2.8.48. Let X be a complete scheme over a field k. Then, a
dualizing sheaf for X, if it exists, is unique. More precisely, if (w°,t) and (W', t')
are two pairs consisting of a dualizing sheaf for X and a trace morphism, then there
18 a unique isomorphism

such that t =t o H™(X, ¢).

Proof. By the Yoneda lemma [Mur24ca, Lemma 4.6.1], it suffices to note that the
pair (w®,t) represents the functor

Coh(Ox) —— Mod(k)
F — H"(X, F)Y
and is therefore unique up to unique isomorphism. ([l
The existence of dualizing sheaves is more difficult. They in fact exist for any
complete scheme X, but we will only prove existence for projective schemes over

k. We need some preliminary results. Below, &uty,  (#, -) denotes the i-th right
derived functor of Homo, (F, -).

[Har77, Lem. II1.7.3] LEMMA 2.8.49. Let X be a closed subscheme of codimension r in P = PY,

where k is a field. Then, we have
Extly, (Ox,wp) =0
foralli <.
Proof. For any i, the sheaf ' = &z:tégp((? x,wp) is coherent by [Har77, Exercise
I11.6.3]. Thus, after twisting by a suitably large integer ¢, it will be generated by
global sections by Theorem 2.4.39(iii). To show that .F¢ is zero, it therefore suffices
to show that H°(P, . #%(q)) = 0 for all ¢ > 0. By [Har77, Propositions I11.6.7 and
I11.6.9] (which boil down to coeffaceability and dimension shifting), we have
H° (P, 7"(q)) = Extp (Ox,wp(q))

for ¢ gg0. By Theorem 2.8.46, the right-hand side is dual to HY~*(P,Ox(—q)).
For i < r, we have N — i > dim(X), and hence this group is 0 by the Grothendieck
vanishing Theorem 1.4.27. ([

[Har77, Lem. I11.7.4] LEMMA 2.8.50. Let X be a closed subscheme of codimension r in P = PQ’,
where k is a field. Let wg = &uty,,(Ox,wp). Then, for any Ox-module .7, there
s a functorial isomorphism

Homo, (#,w%) = Exty, (F,wp).
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Proof. Let 0 — wp — #* be an injective resolution of wp in Mod(Op). Then, we can
calculate Ext(, , (.7, wp) as the cohomology modules of the complex Homo, (F,7°).
Since # is an Ox-module, any morphism % — #* factors though

I = Homo, (O, IY).
We therefore have
Exto, (F,wp) = h' (Homo, (F, 7*)).

Now each ¢ is an injective Ox-module since Homp (-, #*) = Home, (-, .#%) is
an exact functor. Moreover, by Lemma 2.8.49, we have h'(_#*®) =0 for i < r, and
hence #° is exact up to the r-th step. Since the #° are injective, it is actually
split exact up to the r-th step. This implies we can write the complex as a direct
sum of two injective complexes

A= 0100
where ¢ is concentrated in degrees [0,7] and _#5 is concentrated in degrees [r, 00).
It follows that

wk =ker(d,: #5 — 73t
and that for any Ox-module .%, we have

Homoe, (#,w%) = Extyp,, (F,wp). O

PROPOSITION 2.8.51. Let X be a projective scheme over a field k. Then, X has
a dualizing sheaf.

Proof. Embed X as a closed subscheme of P = PJ for some N, let r be its
codimension, and let

w = Euty, (Ox,wp).
Then, by Lemma 2.8.50, we have an isomorphism
Homo, (F,w%) = Exty,, (F,wp)

for any O x-module .%. On the other hand, when .# is coherent, the duality theorem
for P =P} (Theorem 2.8.46) gives an isomorphism

Exty, (Ox,wp) = HY (P, F)Y.
But N —r =n =dim(X) and .Z is a coherent sheaf on X, and hence we obtain an
isomorphism

Homoe, (¥, w%) =2 H" (X, 7)Y
functorial in the coherent O x-module .#. In particular, taking .# = w%, the element
id € Homp, (w%,w% ) gives a morphism

t: H"(X,w%) — k,

which we take as our trace map. By functoriality, we see that (w$,t) is a dualizing

sheaf for X. O

We can now prove Serre duality for Cohen—Macaulay projective schemes X. A
scheme is Cohen—-Macaulay if all its local rings are Cohen—Macaulay. See [Mur24ca,
Definition 8.16.4] for the definition of a Cohen—Macaulay ring.

[Har77, Prop. 11.7.5]
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THEOREM 2.8.52 (Serre duality for projective schemes). Let X be a projective
scheme of dimension n over an algebraically closed field k. Let w% be a dualizing
sheaf for X and let O(1) be a very ample invertible Ox-module. We have the
following.

(a) For alli >0 and all coherent Ox-modules F, there are natural functorial

maps

0': Exty (F,wx) — H" (X, 7)Y

such that 6° is the map given in the definition for a dualizing sheaf above.
(b) The following conditions are equivalent.

(i) X is Cohen—Macaulay and equidimensional, i.e., all irreducible com-

ponents of X have the same dimension.
(i) For any locally free Ox-module F , we have

H'(X,#(—q) =0
fori<n and g> 0.

(iii) The maps 0% of (a) are isomorphisms for all i > 0 and all coherent
Ox -modules F .

Proof. (a). As in the proof of Theorem 2.8.46(iii), we can write any coherent
Ox-module .% as a quotient of a sheaf
£ = Ox(=g)™
for ¢ > 0. Then,
% o\ ~v i o eN
Exth, (£,w%) = (H'(X,%(2)))

which is 0 for ¢ > 0 and g > 0 by Serre vanishing (Proposition 2.7.2(i7)). Thus,
the functor Ext’(-,w%) is coeffaceable for i > 0, and hence the Ext'(-,w$%) form
a universal contravariant J-functor by Proposition 1.4.17. On the right-hand side,

we have a contravariant §-functor indexed by ¢ > 0, and hence there is a unique
morphism of §-functors * reducing to the given 6° for ¢ = 0.

(b) (i) = (ii). We embed X as a closed subscheme of P = P¥. Then, for any
locally free Ox-module .# and any closed point z € X, we have
depthy, (F2) =n

since X is Cohen-Macaulay and equidimensional of dimension n. Let A = Op; be
the local ring of P at x. Then, A is a regular local ring of dimension N. We then
have

depthy,  (F) = depth 4 (F,)
by [EGATV,, Chapitre 0, Proposition 16.4.8]. By the Auslander-Buchsbaum formula
[Mat89, Theorem 19.1], we see that

pds (%) =N —n.
Thus, by [Har77, Proposition II1.6.8] and the fact that Ext for modules can be
computed using projective resolutions for the first argument [Mat89, p. 279], we
have ‘

Exty, (F,-) =0
for alli > N—n. On the other hand, by Theorem 2.8.46, we know that H'(X, .#(—q))
is dual to Extg;’(ﬁz, wp(q)). For ¢ > 0, this Ext is isomorphic to

H(P, &utd - (7, wp(q)))

[Har77, Thm. I11.7.6]
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by [Har77, Proposition IT1.6.9]. This is 0 for N — ¢ > N — n as we saw above. In
other words, H* (X, #(—q)) =0 for i <n and ¢ > 0.
(#4) = (7). Running the argument for (i) = (i¢) backwards and using condition
(i1) for # = Ox, we have
(o@CEtiOP (OX,UJP) =0

for i > N — n. This implies that over the local ring A = Op as above, we have
Ext’(Ox ., A) =0

for all i > N —n. Thus, by [Har77, Exercise II1.6.6], we have pd4(Ox ) < N —n,
and hence by the Auslander-Buchsbaum formula [Mat89, Theorem 19.1], we have
depth 4 (Ox ;) > n. But since dim(X) = n, we must have equality for every closed
point of X. This shows that X is Cohen-Macaulay and equidimensional.

(i1) = (iii). Since we already know that Extf, (+,w%) are universal contravari-
ant d-functors, to show that the #° are isomorphisms, it suffices to show that the
S-functor (H™~%(X, -)V) is universal also. By Proposition 1.4.17, it suffices to show
that H"~(X, - )V is coeffaceable for i > 0. Given a coherent Ox-module .7, write
Z as a quotient of & = O(—q)®Y with ¢ > 0 as before. Then, H" (X, &)Y =0
for ¢ > 0 by (ii), and hence the functor is coeffaceable.

(iii) = (ii). If 6" are isomorphisms, then for all . locally free on X, we have

J ~ n—i o \V

H'(X,Z(—q)) = Extg ' (F(—q),wk) "
But this Ext is isomorphic to H""'(X, 7" ®0, w%(q)) by [Har77, Propositions
IT1.6.3 and I11.6.7], and is therefore 0 for n — ¢ > 0 and ¢ > 0 by Serre vanishing
(Proposition 2.7.2(i4)). O

In some cases, we get an explicit description of w$. See [Har77] for proofs.

THEOREM 2.8.53. Let X be a closed subscheme of P = P¥ which is a local
complete intersection of codimension r. Let & be the ideal sheaf of X. Then,

T

wi = (wp ®0p /\(f/f2)v>‘

X

In particular, w s an invertible Ox-module.

COROLLARY 2.8.54. If X is a projective reqular variety over an algebraically
closed field k, then the dualizing sheaf w is isomorphic to the canonical sheaf wx .

2.8.12. Riemann—Roch for curves. We now state and prove the Riemann—
Roch theorem. For the statement below, when X is a smooth variety over a field k,
we call any divisor Kx such that Ox(Kx) = wy a canonical divisor on X. In this
class, we have only defined the arithmetic genus p,(X). The genus below can be
taken to be the arithmetic genus or the geometric genus h°(X,wx ), where here and
below we use lowercase h’ to denote the k-vector space dimension of H?.

THEOREM 2.8.55 (Riemann—Roch for curves). Let X be an integral nonsingular
complete curve over an algebraically closed field k. Let D be a divisor on X of genus
g. Then,

K (X,0x(D)) — h*(X,0x(Kx — D)) = deg(D) + 1 —g.

[Har77, Thm.
11L.7.11]

[Har77, Cor. I11.7.12]

[Har77, Thm. IV.1.3]
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Proof. By Serre duality (Theorem 2.8.52), we know that
H(X,0x(Kx — D)) = H'(X,0x(D))".
We therefore have to show that
(2.8.56) x(Ox (D)) = deg(D) +1—g.
We first consider the case D = 0. Then, our formula says that
RY(X,0x) —h'(X,0x)=0+1—g.
This holds by definition of the arithmetic genus p,(X).

Now let D be any divisor and let P be any point. We will show that (2.8.56) is
true for D if and only if (2.8.56) is true for D + P. Since any divisor can be reached
from 0 in finitely many steps by adding or subtracting a point each time, this will
show the result holds for all D.

Consider P as a closed subscheme of X. Its structure sheaf is a skyscraper

sheaf k(P) concentrated at P, and its ideal sheaf is Ox(—P). We therefore have
the short exact sequence

0 — Ox(—P) — Ox — k(P) — 0.
Tensoring with Ox (D + P), we get
0 — Ox(D) — Ox(D+ P) — k(P) — 0.
Now the Euler characteristic is additive on short exact sequences (take the associated
long exact sequence on sheaf cohomology and use the rank—nullity theorem) and
x(k(P)) = 1, which implies
X(Ox(D + P)) = X(Ox(D)) + 1.

On the other hand, deg(D + P) = deg(D) + 1, and hence (2.8.56) is true for D if
and only if (2.8.56) is true for D + P. O
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