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The[Klein 1882 ; Poincare , Koebe 1907]
"Uniformization

"
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half plane

⇒ 7- lattice A- =I -17L . T E G for some TEH s .e .

E- = ELA
Ebiholomorphic

Q_ what happens over p-adic fields ?
T
L e

- g . Qp or its extensions

Def k field . I . l : k → IR
>o is a valuation if :

• I act = O E) x = O ' detects zero "

• I acyl = loch . ly I
'
- multiplicative
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• lacey I E Irl e ly I
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triangle inequality
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Qe Is every elliptic came over Clp isomorphic to Clp tag?discrete subgroup
Can4wor A- E Qp additive subgroup
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Tawuniformizatioutheore.my ( 1959 - 1962] works for
any complete NA field

E elliptic curve / Clp w/ ly
.

-invariant I > I

⇒ I qe Clp w/ Iq let s - t . E- (Ep) I 195×1 q1
( what does this mean?

✓ distributed by IHES with lout) Tate's permission
§ 2. Rigidaualytic-pa.es (Tate 1962] published 1969 Cin Russian) , 1971 (in English)

Theunitpoydisc Ck , l - t ) complete NA field "

building blocks
"

Def The Tatealgebra of dimension n is regular VFD , Jacobson Gate 19627
Tn Lk) := k{ X . ,Xz. .. . , Xu } excellent [Kiehl 1969]

LEA:. "" : i:3 .
- o } seex.x.. . .. .xnI

[ ' restricted " or '-strictly convergent
"

power series

Fact Ck--I ) f e k GX. . Xa, . . . ,XnI lies in Ilk)
⇐s f- (x ) converges t act k
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DIE The unitpoyd.sc of dimension n is

IBI : = Max(Tn Lk)) : = { maximal ideals in Tuck)} as a set

together with a sheaf O of functions with respect to the
"
G- topology?

Ee ( Annulus) k=I
,
choose cek at

.
o < let t 1

B'
q

{ lol EINE 13=21 guy = k{X
(X-I - c )

U is an example of a Lamain.

Rigidities are obtained by gluing together ( Max CAI, da) 's , Ilk)-⇒ A

Applications
AG : p

- adic uniformitarian for ounces and abelian varieties
[Tate

,
Mumford

, Raynaud, . . . 1960 s - 19701

Abhyaukav 's conjecture on Ift for curves in chan. p> O
[Raynaud , Harbater 1994]

NT: local Langlands for Glen Berkovich
spaces

[Harris -Taylor 2001]
weight- monodromy conjecture for complete intersections [Scholze 2012]

t
← perfected spaces

CA : Hochstein 's homological conjectures [Andrei 2018
,
. . . ]

today New applications to theory of F-si-guanit.es in prime char. CA
↳ I applications of Berkovich spaces [Canton 2018]

83
. Ftingularities R noetherian of prime char. p 20

←
same ring w/ R-alg .

structure given by F

Recall Frobeniusmap F : R- ExR is a ring homomorphism .
r l-rp

idea Use F to detect singularities of R .

Obj R reduced ⇒ F is injective

PI rm = 0 I m2, I ⇐s rPe = 0 I e>, O H F (r Pe- i ) = o I e70 O



The[Kunz 1969] R regular ⇒ F faithfully flat

Pfof STS Im In F* Im flat .

4
,

Cohen if
Kat
, . . . -47 ↳ filedtile, .. . , TIPI is a free extension .

o

←
also " universally injective

"

Def [Hochstein-Roberts 1976] R is tpure if F is pure , i.e .
t R-mod 's M, i dm q F : M④r R → Mq ER is injective .

[Mehta- Ramanathan 1985] R is Frobenius if F splits as a map of R-mod's
2 I E : Fa R → R s -t . Eo F -- idk

Fact regular Frobenius split
f.flat ¥1 I split
⇒ pure f-pure

⇒ pure

why Cl) [Hara-Watanabe 20oz] F-purity is the positive characteristic analogue
of log canonical singularities

(2) (Hoch ,ter- Roberts 1974] Rings of invariants of reductive groups acting on
regular rings are Cohen- Macaulay

(3) [Mehta- Ramanathan 1985] Vanishing theorems for Schubert varieties

*"% { (4) (Greco-Traverso 1980 ; Roberts - Zaan-Nahandi 1984 ; Data- M] Every projective variety
is birational to a weakly normal hypersurface

⇐[tloohster 197 Os ; Smith- Zhang 2015 ]
Is every excellent F

-

pure ring Frobenius split?
Excellence : Answer is no for some non- excellent DVRs [Data- Smith 2016]

Knowe Yes if F is (module-I finite (Hochstein - Roberts 1976]

AG : rings eft / fields [Data- M]

CA : complete local rings (Auslander [Fedder 19837)
rings eft / Clr 's [Data- M] versions of Hahn -Banach hold

It
RAG . Tuck)

,
when (k , l - l ) is spoken.ca#nmpLeteorkYPofwuutaytype

^ Data-MT w/ Canton and Stevenson(
regular ⇒ F-pure



⇐[HochIter 19705 ; Smith- Zhang 2015 ] also Huneke
,
Katzman

,
Schwede

Is every excellent F
-

pure ring Frobenius split?

Why In tight closure theory, need testelemeuts -test ideals , thepoi. char. analogue of multiplier ideals
Proofs reduce to the case where I nonzero maps Fa R

-R
.

All known cases assume excellence.TT
excellence for Dedekind domains [Data-M]

Positive answer would have possibly been helpful to construct test ideals for arbitrary
excellent rings

.

Maihar [Data- MT No !

Go 4 Maintheut Using some ideas of Gabber, we showed :

The [Data- M) t prime p > 0 , I complete NA field (k , l - t ) of chan. pro
set

.
Tn (k) is not Frobenius split t n E I > o .

(Kiehl 1969) showed Tuck) is excellent
,
so this resolves Hochstein's question .

Mainidea

① Characterize Frobenius splitting in terms of k E k'll' .

The [Data- M] Talk) Frobenius split t n c-I> o
⇐ 7- nonzero continuous f-linear of : fill →k

PI ⇐ : Replace lo by ( ol ( i)
- '

. - ) o 0 to assume 447=1 .

E : F-
* Talk) - Tu Lk) is a splitting

Ea:
""?

x"

Tl Iolaus I → o by continuity
since Lau I → O

⇒ : Consider the K- linear map ← splitting

f- : f-
*
k - F, k{x3 Es k{X} →a k¥32 Is f,

which is nonzero : f Li) = I .

STS f is continuous . If not
,
I ai C- Feels at. tail -20 but

a
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,
bi
, j
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,
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Choose a sequence {mi} sit .

o? i. ,
{ lbmr

,

i - rt} < lbmi , ol can do this by
)

•

⇒ / coeff. of Xi in E ( E. Ami Xi " ) / = Ibm, ol →- Z O

F-O

② Find a field K s-t. I nonzero continuous GYP → k

⑨ [Gabber; Blaszczok -Kuhlmann 2015]
I complete NA field K of char. p >O and a sequence

of c Pc k
"
P of complete NA fields+

-

where k " is a spherical completion of la
↳tELwamevalue group + residue field as k

⑤ [van der Put - van Tiel 1967 If k E k 'P , then } Idea to apply due¥ continuous K -linear in]ap Lsp → k
to crabber

Construction [Gabber]

① Choose r
.

- E IR > o
,
ri Is 0 , {ri} Q- linearly independent

Set r = I . Eri} E IR

② Ep [tr ] : = { r§, art : {per : arto} finite}
A /

' generalized polynomials
"

Ep (th ) : = Frae ( EpCtr)) I { are't = rang:{ e-
'3

" generalized rational functions
"

t

Al

Ifp ((tr )) : = { refer art
'
'

. {per : ar to} well-ordered}
"
spherically complete = Hahn series " ' Mathew - Neumann field

' '

③ See k = ( ApKt"
-r
))
. Epler ))

^

§, e
-ri

e fast ikrt

k" = Ep Ctrl) 0

Rene We also have local examples , using the ring of convergent power series
Kuck) : -- Kixx.. . . . . xns :={ Pow: T.IE?.7ir7e.::Eref=QBncen.o

-
This ring is even Henselian ! in rigid-analytic sense



[Data - Smith 2016] (Hashimoto 2010]

Oped Recall R of prime ethan
. p> o isF-purere-gularorverystronglyF-eguarifV-CERavoid.mgMin (R)
,
I e > o sit .

R EE FER R is pure .

① Is every excellent regular domain F-pure regular? ok if local [Data-Smith cold
Tuck) is F-pure regular

① I excellent regular domain R and a sequence {me} E Max LR) sit . he meh
"
t o ?

Yes for ② =3 No for ①


