
NonlinearMechanical SystemsWorksheet

Spring-mass systems

The purpose of the first part of this worksheet is to understand spring-mass systems in which
the spring force is not given by the usual linear Hooke’s lawF (x) = −kx, where k > 0 is the spring
constant and x the displacement from equilibrium, but by a nonlinear function of x. One of the
simplest forms of nonlinear spring force we consider is

F (x) = −kx+ βx3,

where β 6= 0 is a constant. The equation of damped motion for the object of massm becomes

mx′′ + cx′ = −kx+ βx3. (1)

The spring is called hard if β < 0 and soft if β > 0. The constant c > 0 is the damping constant.

1. Rewrite (1) as an equivalent 1st order system for the displacement and velocity.

2. Suppose thatm = 1, k = 4, c = 0 and β = −1 (hard spring).

(a) Find the critical points of the system in Part 1. Are they isolated?
(b) Compute the linearization of the system at each critical point. Determine the type

(spiral, center etc) and stability properties of the linearized system.
(c) What can you say about the type and stability of the nonlinear system at each of the

critical points?

3. Do the same as in part 2 but for a soft spring and with damping: take m = 1, k = 4, c = 1
and β = 1.

4. Which of the phase plane portraits below corresponds to the soft spring with damping and
which one to the hard spring? Notice how different the trajectories are!

Figure 1: A Figure 2: B Figure 3: C
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5. * You can say more about the trajectories near a center in the following way: Look at the
example in Part 2: recall from calculus that along a curve (x(t), y(t)) with x′(t) 6= 0 we can
write

dy

dx
=
y′(t)

x′(t)
.

Then use the equations in your system from part 1 to reach a differential equation of the
form dy

dx = f(x)g(y), that is, a separable first order differential equation for y = y(x). Now
separate variables to solve it. In this way you can obtain an implicitly defined formula for
the trajectories.

Nonlinear Pendulum

The equation for the nonlinear pendulum with damping is given by

d2θ

dt2
+ c

dθ

dt
+ ω2 sin θ = 0, (2)

where ω2 = g/L with g the gravitational constant, L the length of the massless rod, c > 0 is the
damping constant, and θ the angle with the vertical axis (see Fig. 4). (For a derivation of (2) see
Section 3.4 in the textbook.)

6. Rewrite (2) as an equivalent first order system

7. From now on consider the case c = 0 and ω = 1. Find its critical points. Are they isolated?

8. Compute the Jacobian matrix at the critical points and its eigenvalues. What can you say
about the type of the critical points and their stability?

9. The phase plane portrait for this system is seen below. Describe physically the behavior of
the mass attached to the pendulum if its initial conditions are at each of the three points
A,B, C below:

m

Lθ

Figure 4: Pendulum

Figure 5: Phase Plane Por-
trait

2


