Ecological Models Worksheet

Predator-Prey Systems

Our goal is to model two species, one of which (the predator) feeds on the other (the prey). The
prey feeds on some third food item in the environment. We denote the population of the prey
as a function of time by x(¢) and the one of the predator by y(¢). An example is foxes preying
on rabbits; the latter feed on vegetation. The assumptions of the model are the following:

1. Inthe absence of predators, the prey population grows at natural rate fl—f =ax,a >0

2. In the absence of prey, the population of predators declines at natural rate, % = —by,

b>0

3. Encounters between predators and prey result in anincrease of the growth rate of preda-
tors whichis proportional to the product zy and a decrease of the growth rate of the prey
which is also proportional to zy.

We have the general predator-prey system

v _ = 2(a - py)
o = oz —pry = z(a—py
dy

witha, b, p, ¢ > 0. Notice where the signs are! It is the signs that make x stand for the population
of a prey and y the population of a predator.

Examplel. Suppose you are given the following predator-prey system describing a population
of foxes and rabbits in a large forest.

dzr

— =200z — 4xy

e W0
— = —150y + 2

at Yy + 2xy

1. Which of the two variables z, y corresponds to the foxes and which one to the rabbits?
2. Find the critical points of the system ().

3. Ateach of the critical points, compute the linearzation of the system and the eigenvalues
of the linearized systems. What does the phase plane portrait look like for each of the
linearized systems (node, spiral, center etc)? Describe their stability.

4. What can you say about the type and stability of each critical point of the nonlinear sys-
tem (@)7

5. Which of the options below corresponds to the phase plane portrait of the nonlinear sys-
tem (@)7

6. Based on the phase plane portrait in part[5] describe the behavior of the two populations
as time evolves, assuming that at time O there are 70 rabbits and 45 foxes in the forest.
What if we initially have 75 rabbits and 50 foxes?
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Figure 1. A. Figure 2: B. Figure 3: C.

Logistic Populations

In this case we have two species with populations z(¢) and y(t) which in absence of interaction
between them would satisfy logistic equations

d d
CT:; = ayx — bya?, d% = azy — bay?,

witha;, b; > 0,7 = 1, 2. If two such populations interact, this interaction might be beneficial for
both of them (i.e. both populations grow as a result of the interaction; cooperation), or it might
be beneficial for only one of them while the other is hurt (predation), or it might hurt both of
them (competition). The general form of the system with (non-trivial) interaction of the two
populations is as follows, with ¢y, ¢o # 0:

d

d—j = a1z — b1z’ — 1Ty
dy 2

—~ =qa9y — b — X
i 2Y 2Y 22Y

The signs of ¢;, co determine the type of the interaction.

1. What should be the signs in each of the three cases (cooperation, predation, competi-
tion)?

Example 2. You are given the following system describing two animal populations:

d—xz60x—4x2—3xy
" @)
— =42y —2y* -3
it y—2y" —3zy

1. What is the type of interaction between the two populations?

2. Show that (6,12) is a critical point for the system and compute its linearization there.
What is the type of the critical point (6, 12) (spiral sink/source, saddle, node etc)?

3. Use pplane8 to plot a phase plane portrait of (2). What is the long term behavior of the
population ifinitially x = 70 and y = 68?7 What if z = 70 and y = 697 Notice the difference
just one individual makes! (Also see p. 401 in the textbook).



