Parametric Surfaces and Surface Area
What to know:
1. Be able to parametrize standard surfaces, like the ones in the handout.

2. Be able to understand what a parametrized surface looks like (for this class, being able to
answer a multiple choice question is enough).

3. Be able to find the equation of the tangent plane at a point of a parametric surface.
4. Be able to compute the surface area of a parametric surface.

So far, we’ve described curves, that are one dimensional objects, and made sense of integrals on
them. Our goal now is to talk about surfaces, that are, in a sense, the two dimensional analogue.
So, roughly speaking, surfaces are two dimensional objects. As such, we can relate them with
subsets of the plane, which are easier to understand. Our tool to do this is called a parametrization.
Let’s become more specific:

Definition 1. A parametrization is a function from a domain D in the uv plane into R?,
written as

™(u,v) = (z(u,v),y(u,v), z(u,v))

where © = x(u,v), y = y(u,v) and z = z(u,v) are real valued continuous functions (usually
differentiable, and often with additional assumptions). Those three real valued functions are called
parametric equations.

Definition 2. A parametric surface is the image of a domain D in the uv plane under a
parametrization defined on D (that is, the set in R3 that we find once we feed the parameterization
with all points in D) .

Let’s see a familiar example:
Example 1. We can parametrize the sphere of radius R centered at the origin by writing
(u,v) = (Rsin(u) cos(v), Rsin(u) sin(v), R cos(u)), for (u,v) € [0, 7] x [0, 27].

Note that those are the same functions as the ones defining spherical coordinates, except we ve
replaced ¢ by uw and 0 by v. Note that this parametrization takes a square in the uv plane to a

sphere (Figure [1]).

Using a smaller domain for our parametrization, for example [0,5] x [0, 7], we’d find a subset
of a sphere (Figure |4

There are 2 main questions regarding parameterizations:

1. Once we'’re given a parametrization, how do we figure out what it looks like?

2. How do we find a parametrization for a given surface?

Both can be hard to approach.



Figure 2: A subset of a
sphere

Figure 1: A full sphere

The first question

We have two main strategies:

1. Eliminate u,v in the parametrization to find an expression that only involves z,y, z and
hope that it looks familiar.

2. Use grid curves.
Let’s explain both of them:

Example 2. Suppose we are given the parametrization
7(u,v) = (Rsin(u) cos(v), Rsin(u) sin(v), Rcos(u)), for (u,v) € |0, g] x [0, 27].

What does the surface look like?

Solution. The identity sin?(6)+cos?(#) = 1 is usually very useful in this type of problem. Squaring
everything, we find 22 = R%sin?(u) cos?(v), y? = R%sin®(u) sin?(v) and 2? = R?cos?(u), so

2?4+ y* = R*sin®(u),

and therefore

2’ +y*+2° =R
That tells us that our surface is subset of the sphere centered at the origin. Using the domain
information, we may see that u € [0, g] = 2z > 0, so our surface ends up being the upper

semisphere of a sphere centered at the origin with radius R. O]
You can try to do the same thing with the following parametrization:

Exercise 1.

(u, v) = ((3 + cos(v)) cos(u), (3 4 cos(v)) sin(u), sin(v)), for (u,v) € [0,27] x [0, 27|



Doing this exercise, you could find that (y/22 + y? —3)? = 1 — 22, It doesn’t look obvious what
this looks like, so this brings us to the second strategy.
Note that if we set v = vy = const. and let u run freely,

r(u, vo)

becomes a curve in R3, and curves are usually easier to visualize. Choosing several different values
for vy and plotting the corresponding curves we can get a feeling of what the surface looks like.
We can of course do the same by setting u = uy = const.

Definition 3. The curves (ug,v) obtained by setting u = ug and 7(u,vy) obtained by setting
v = vy for various values of ug and vy are called grid curves.

Example 3. As in the above exercise suppose
(u,v) = ((3 + cos(v)) cos(u), (3 + cos(v)) sin(u), sin(v)), for (u,v) € [0,27] x [0, 27].

By setting v = vy we find a circle that lies on the plane z = sin(vy) with radius (3 + cos(vp)), so as
vg ranges from 0 to 2w, the radius initially shrinks and starts growing again. At the same time,
the plane on which the circle lies initially goes up, then down and up again. You can see those

curves plotted in Figure [

Setting u = ug, we find that J_ tan(ug), so the corresponding grid curve lives on the plane
x

y = tan(ug)x through the z axis. Trying some easy values for ug like 0, 7/2, 7, 37 /2 we can see
that the grid curves are circles. You can see them plotted in Figure []
The surface is plotted in figure 3] (a torus).

Exercise 2. In the parametrization given above for the sphere or radius R, check that the grid
curves corresponding to u = ug are parallel circles and the curves corresponding to v = vy are
meridians.

The second question

It’s hard to give a recipe on how to parametrize surfaces, but you can find some standard
parametrizations in the handout, here.

Tangent planes

We’ve already seen how to compute tangent planes to level surfaces of a function using gradients.
Now we’ll see how to easily compute tangent planes to parametric surfaces. Suppose we have one,
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Figure 5: The full surface

Figure 3: Setting v = vy. Figure 4: Setting u = uy

parametrized as 7(u,v), and suppose we want to find the tangent plane at (ug, v). Recall from
Math 126 that to write the equation of a plane it’s enough to know a point through the plane and
a normal vector, and 7(uo, vg), which is known, can serve as this point. So we only need to find a
normal vector.

Let’s remember the concept of grid curves we saw a bit earlier. The curve 7(u,vy) passes
through 7(ug, vo), so

Fu(UOa UO) = % (F(U, UO))|u:uo

is parallel to the tangent plane. Similarly, the curve 7(ug, v) passes through #(ug, vg), so

Fv(u0> UO) = % (F(Uo, U))\v:vo

is parallel to the tangent plane too.
This means that their cross product 7%, X 7, (ug, vg) is normal to the tangent plane at 7(uqg, vy).
Finally the equation of the tangent plane to the parametric surface at (ug, vg) is given
by
({(x,y, z) — T(ug,vo)) + (T X 7y (ug,vo)) = 0.

Example 4. Find the tangent plane to the unit sphere at (%, %, 4)



Solution. We use our favorite parametrization for the unit sphere:

—

7(u,v) = (sin(u) cos(v), sin(u) sin(v), cos(u)), for (u,v) € [0, 7] x [0, 27].
Note that 7(%, %) = (1,1, %2). Then, we have
Fu(u, v) = (cos(u) cos(v), cos(u) sin(v), — sin(u))

and
7y(u,v) = (—sin(u) sin(v), sin(u) cos(v), 0).

T and v = T we have

Therefore, for u = 1
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and therefore the tangent plane is given by

Surface Area

We will give a formula that allows us to compute the surface area of a parametric surface.
The area of a surface S parametrized by 7(u,v), (u,v) € D, is given by

A(S) = //D 17, x (1, )| dA. (1)

We will denote dS := |, X 7,|dA so that we may write

A(S) = //D ds.

In the special case that S is the graph of a function f(z,vy), (z,y) € D, we may parametrize S
by
(u,v) = (u,v, f(u,v)), for (u,v) € D.

With this parametrization, becomes

A(S) = //D \/1 + <g—£)2 + (g—‘;)QdA. (2)

Equation (2)) can be very useful because surfaces are very frequently expressed as graphs of
functions.




Example 5. Find the surface area of the sphere of radius R.

Solution.
1st way: Using . We can assume that the sphere is centered at the origin. The equation of
the sphere is then
?+y*+ 2" =R
and we can parametrize it as
(u,v) = (Rsin(u) cos(v), Rsin(u) sin(v), R cos(u)), for (u,v) € [0,7] x [0, 27].
Then we have
Tu(u,v) = (R cos(u) cos(v), Rcos(u) sin(v), —Rsin(u))
and
7o(u, v) = (—Rsin(u) sin(v), Rsin(u) cos(v), 0),

S0
7y X7y (u,v) = (R*sin®(u) cos(v), R? sin?(u) sin(v), R? cos®(v) cos(u) sin(u)+R? sin®(v) cos(u) sin(u))

which implies

|7, x 7 (u,v)] = R*sin(u).

Therefore,

27 ™
A(S) = / / R? sin(u)dudv = 47 R*.
o Jo

2nd way: Using . The sphere is not the graph of a function (why?), but both its upper and
lower hemisphere are graphs of functions and they have the same surface area. So we’ll consider
the function

z=flz,y) = VR —2?—y? (3)

representing the upper hemisphere. To find the domain of integration, we intersect with the xy

plane and find, by ,
z=0=2"+y>=R%

So, the domain of integration has to be the disk
D= {(z,y) : * +y* < R*}.

Then we compute partial derivatives and find
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fy(iﬂ,y) =
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Therefore, the area H of the upper hemisphere is
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=21 R%.
To find the total surface area of the sphere we multiply x2 and we find

A(S) = 4T R%.



