Orientations

The goal of the last few sections of Math 324 is to make sense of integrals on surfaces and state
some results about them. Recall from a previous section that when we talked about line integrals,
some of them depended on the parameterization of the curve, and more specifically on the direction
the curve was transversed, whereas others didn’t. It’s therefore natural to expect that we might
have to deal with some similar behavior when discussing surface integrals.

The surface analogue of choosing a “direction” is called a choice of orientation, and is essentially
a choice of a preferred side of a surface. For example, we might want to consider the interior or
the exterior of a sphere to be its preferred side.

Note that choosing a preferred side might not be possible for some surfaces. The mathemati-
cians’ favorite such surface is called a Mobius strip, a surface that has only one side.

In Math 324 we will only deal with orientable surfaces.

e A nice animation on Mobius strip, here.

e A video explaining the proper way to cut a bagel, along a Mobius strip, here.

More rigorously, choices of a preferred side are described in terms of unit normal vector fields.
At each point of a parametric surface that is sufficiently regular (i.e. has no cusps) we can find 2
vectors that have unit length and are normal to the tangent plane of the surface at the given point.
By choosing one of them at each point, we can form a vector field on the surface (since we are
making sense of a function that takes points on the surface as input and outputs vectors). Now we
want to choose a unit normal vector at each point so that our vector field becomes continuous (for
example, in a sphere we should choose vectors pointing only inwards or only outwards). Finding
such a vector field is not possible for surfaces like the Mobius strip.

Definition 1. The surfaces for which there is a continuous unit normal vector field (and hence a
preferred side) are called orientable.

Definition 2. An orientation on an orientable surface is a choice of a continuous unit normal
vector field.

In Practice:

How can we find a unit normal vector field for a given orientable parametric surface? From a
parametrization 7(u,v) we can automatically find 2 continuous unit vector fields, as discussed in
the previous section, namely

T X Ty(u, )

|7 X 7y (u, v)]
and

Ty X Tp(U, )

|7 X Typ(u,v)|
Usually, a problem will tell us which orientation we are expected to use, using expressions described
on page 2. So:

T X Ty (u,0) or — T X T ) )
[P X7 (u,0)] [P X7y (u,0) |/

e We compute one of the unit normal vector fields to the surface (
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https://www.youtube.com/watch?v=XlQOipIVFPk
https://www.youtube.com/watch?v=Ktfo8D3cCr0

Figure 3: A Mobius strip,

Figure 1: Elliptic Paraboloid, Figure 2: Elliptic Paraboloid, Wwhere it’s not possible to
with upward pointing unit nor- with downward pointing unit choose a continuous unit nor-
mal vector field. normal vector field. mal vector field.

e We pick a point on the surface® and check if the normal vector given by our vector field
agrees with the orientation given by the problem.

e If yes, we work with our vector field, otherwise we use its negative.

*As a guideline for picking a point to check on a parametrized surface, it is better to avoid
choosing points on the image of the boundary of the domain D where the parametrization is
defined. For example, in a sphere parametrized as

(u,v) = (Rsin(u) cos(v), Rsin(u) cos(v), R cos(u)), (u,v) € [0, 7] x [0, 27]

it is safer to not choose points that correspond to u = 0,u = m, v = 0, v = 27. As we found in the
previous section, |7, X 7,(u,v)| = R?sin(u) for and this parametrization and therefore 7(u,v) = 0
whenever u = 0 or u = 7, which doesn’t help us decide on the correct orientation. It would be
safer to choose, for example, u = v = 7.

Some common expressions
Some expressions you might come across while doing problems are the following:

e Outward/Inward orientation: This applies for closed surfaces, that is, surfaces that are
the boundary of a domain in R?, such as a sphere or an ellipsoid. Such surfaces split R? into a
bounded and an unbounded domain. Then, outward orientation means that the unit normal
vector field we choose is pointing towards the unbounded domain, and the opposite for
inward orientation. Outward/inward orientation can be referred to as positive/negative
orientation, respectively.

T X Ty (u,0)

e Upward/downward orientation: It means that the z coordinate of P (o)]

is posi-
tive/negative respectively, for all (u,v).
e In the direction of the positive z/y/z axis: It means that the z/y/z coordinate of

T X T (U,0)

o (ao)] respectively is positive , for all (u,v).
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Examples

Example 1. Decide if the orientation given by % is upward on downward, where (u,v) =

(u,v, f(u,v)), (u,v) € D and f is a differentiable function.

Solution. We have

T X Tp(u,v) = <—%, 3y 1)
SO B B _or o 4
Fu X Fy(u,v) (=g =5 1)
T X Ty(u,v 9f\2 9r\2
G )
and the z coordinate is 1
> 0,

so the orientation is upward.

7 (u,v)

Example 2. Decide if the orientation given by ;Zimu o

15 outward on tnward, where
(u,v) = (sin(u) cos(v), sin(u) sin(v), cos(u)), for (u,v) € [0, 7] x [0, 27]
18 the usual parametrization for the unit sphere.
Solution. As in the previous section, we find
7y X Ty(u,v) = (sin®(u) cos(v), sin?(u) sin(v), cos? (v) cos(u) sin(u) + sin®(v) cos(u) sin(u))

and
|70 X Ty (u, v)| = sin(u),
SO

= (sin(u) cos(v), sin(u) sin(v), cos(u)).

Choosing, for example, u = 7, v = § we find the vector (0, 1,0) mounted on the point (0,1,0).
Drawing a picture, we see that the vector field has to be outward pointing. O




