HOMEWORK 3 (DUE SEPTEMBER 14)

1. Compute 7y and m; (the fundamental group) of the following classical Lie groups:
SU(n), U(n), SO(m,R), O(m,R) forall n>1,m>2

Hint: Apply [Homework 2, Problem 5] to the fiber bundles from Lecture 4 (and use [Home-
work 1, Problem 7]) to reduce the problem to the simplest cases n =1 and m = 2.
2. Let K=R or C.
(a) Given an open cover {Uq}qaeg of X and a collection {hng}a, ges of clutching functions

hag: Us NUg = GLy(K)
satisfying the consistency conditions
(1) has(@) = hga(@)™" and  hap() o hay(2) = hay(z) ¥ a,B,7 €7
construct a K-vector bundle of rank n on X.
(b) Given an atlas {(Uy, ¢a)}acg on an analytic manifold X, with ¢, : U, — K", define
hag(@) = Aipy () (Tag) € GLn(K)
as the differentials of the corresponding transition maps
Tag = Pa 095+ 95(Ua NUs) = a(Ua NUp).
Verify (}) for hapg (completing the construction of the tangent bundle 7'X from Lecture 5).
(c) Show that a K-vector bundle 7: E — X of rank n is trivial iff there exist n sections
51,...,8, € (X, E) such that {s1(),...,s,(7)} is a basis of the fiber 7~!(z) for any z € X.
3. (a) Show that the assignment V' +— V(1) gives rise to a vector space isomorphism
{biinvariant vector fields on G} —» (T,G)A4E .= {z e 'G|Adg(z) =2 Vg e G}

(b) For G = GL,(R) C End(R™), let us identify each tangent space T,G ~ End(R"). Verify
that the value of the left-invariant vector field V,, € Vect(G) at g € G is given by (Lg)«v = gv,
the usual product of matrices. Provide a similar description of the right-invariant vector fields.
4. Let G be a real/complex Lie group. Show that:
(a) If H is a Lie subgroup in G, then Lie(H) is a Lie subalgebra in Lie(G).
(b) If H is a normal closed Lie subgroup in G, then Lie(H) is an ideal in Lie(G).

(c) If H is a closed Lie subgroup in G, both H and G are connected, and Lie(H) is an ideal
in Lie(G), then H is normal.
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5. Let G be a Lie group with g = Lie(G). Define Aut(g) and Der(g) via
Aut(g) = {g € GL(g) | gla,b] = [ga, gb] Va,be g}
Der(g) = {z € gl(g) | z[a,b] = [za,b] + [a,2b] Va,b€ g}
(a*) Show that Aut(g) is a Lie group with the Lie algebra Der(g).
Hint: Use the orbit-stabilizer theorem for Lie groups, see [Lecture 4, Proposition 1].

b) Verify that g — Ad g is a homomorphism of Lie groups G — Aut(g)
the automorphisms of the form Ad g are called inner automorphisms).

(
(
(c) Verify that z — ad « is a homomorphism of Lie algebras g — Der(g)
(the derivations of the form ad x are called inner derivations).

(

d) Show that ad(g) is an ideal in Der(g).

6. (a) Prove that R? with the commutator given by cross-product is a Lie algebra.

(b) Construct a Lie algebra isomorphism ¢: so3(R) — R? (see part (a)), which intertwines
the standard action so3(R) ~ R3 with the action R? ~ R? given by the cross-product:

z-7=¢(x)x7 Vazcsoz(R),vecR3.



