HOMEWORK 7 (DUE MARCH 6)

1. (a) Classify all 2-dimensional Lie algebras over any field k.
(b) Classify all finite-dimensional Lie algebras g for which dim Z(g) = dim g — 2.

Hint: If dim g = n show that either g ~ Ab,,_3 & Heiss or g ~ Ab,,_s & a, where Ab,,
denotes the abelian Lie algebra of dimension m, a is the non-abelian 2-dimensional Lie algebra
from part (a), and Heisz is the Heisenberg algebra from [Homework 5, Problem 4(a)].

(c) Show that any non-abelian 3-dimensional nilpotent Lie algebra is isomorphic to the Heisen-
berg algebra Heiss.

2. (a) Show that all derivations of the 2-dimensional non-abelian Lie algebra are inner.

(b) Find all derivations of the Heisenberg algebra Heiss. Show that not all of them are inner.

3. Let g be a semisimple Lie algebra with a non-degenerate invariant symmetric bilinear form
(+,+), and let h be a Cartan subalgebra of g. For any root « of g, verify that the element

_ 2
ho = 25 Ha €

is independent of the pairing.

4. Let g be a semisimple Lie algebra with a non-degenerate invariant symmetric bilinear form
(+,-), and h be a Cartan subalgebra of g. Let R C h* be the root system of g. Prove the
following string property for any «, 8 € R:

{B+na|n€Z}ﬂ(RU{0}) :{B—pa,ﬁ—(p—l)a,...,ﬁ—l—(q—1)a,,3+qa}
2(a,f)

(@) *

for some p, q € Z>( satisfying p — ¢ =

5. Let g be a complex finite-dimensional Lie algebra which has a decomposition

g:[)@@ga

a€ER
where R is a finite subset of h* \ {0}, b is an abelian Lie subalgebra, and we have

[h,z] = a(h)z forany heb,z€gs,a€R.
Assume further that for any o € RU {0}, the Killing form of g gives rise to a
non-degenerate pairing g, X g—o — C.

Show that g is semisimple and b is its Cartan subalgebra.

6. Fxplicit description of root systems and root subspaces in classical types.

(a) Let h C g be a subspace of diagonal matrices in g = sl,,(C). Verify that b is a Cartan
subalgebra. Describe explicitly the root system R C h* and the corresponding root subspaces.
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(b) Let g = sps,,(C) be the symplectic Lie algebra realized as

8 = {4 € Maton2n(C) | AT + JA' =0} with J = (_01 I(?) ’

where I, € Mat, «,(C) is the identity matrix. Let h C g be a subspace of diagonal matrices.
Verify that b is a Cartan subalgebra. Describe explicitly the root system R C h* and the
corresponding root subspaces of g.

(c) Let g = $09,(C) be the orthogonal Lie algebra realized as

9 = {4 € Mataxon(C) | AJ + JA' =0} with J :<IO IS>'

Let h C g be a subspace of diagonal matrices. Verify that § is a Cartan subalgebra. Describe
explicitly the root system R C h* and the corresponding root subspaces of g.

(d) Let g = 509,+1(C) be the orthogonal Lie algebra realized as

I 0 0
g={A4 € Matp,i1)x@nt1)(C) | AT+ JA* =0} with J=[0 0 I,
0 I, O

Let h C g be a subspace of diagonal matrices. Verify that b is a Cartan subalgebra. Describe
explicitly the root system R C h* and the corresponding root subspaces of g.



