HOMEWORK 9 (DUE MARCH 27)

1. Let b be a Cartan subalgebra in a complex semisimple Lie algebra g. This naturally gives
rise to a reduced root system R C b (as discussed in class).

(a) For g = sp,,,(C) one gets the so-called C,,-type root system [Homework 7, Problem 6(b)]
Re, ={£2e;|1 <i<n}U{fe;te;j|1<i<j<n}CR".
Describe the simple roots II C R¢, for the polarization given by t € (R™)* such that
tle1) > t(e2) > - - > t(ey) > 0.
(b) For g = 502, (C) one gets the so-called D,,-type root system [Homework 7, Problem 6(c)]
Rp, ={Feite;|1<i<j<n}CR".
Describe the simple roots II C Rp,, for the polarization given by t € (R")* as in (a).
(c) For g = 509,+1(C) one gets the B,-type root system [Homework 7, Problem 6(d)]
Rp, ={%e;|1 <i<njU{xe;+e;j|1<i<j<n}CR".
Describe the simple roots II C Rp, for the polarization given by ¢ € (R")* as in (a).

2. (a) The Fy root system Rp, C R* is defined as the union of the By root system Rp, and
:l:%el + %62 + %63 + %64 e R?

for all 16 choices of signs. Verify that it is a reduced root system. Describe the simple roots

II C Rp, for the polarization given by ¢ € (R*)* with t(e1) > t(e2) > t(e3) > t(e4) > 0.

(b) The Eg root system Rp, C R® is the union of the root system Rp, and
S(fertest--Leg) eR?

even number of — signs

(there are 128 of such vectors). Verify that it is a reduced root system. Describe the simple
roots I C Rp, for the polarization given by ¢t € (R®)* with t(e;) > --- > t(eg) > 0.

(¢c) The E7 root system Rp. is defined as the intersection of Rp, with the hyperplane
{(z1,...,28) € R®| 21 + 29 = 0} in R®. Verify that it is a reduced root system. Describe the
simple roots Il C Rp, w.r.t. the polarization induced from (b).

Hint: The simple roots for Rg, form a subset of simple roots for Rg.

(d) The Eg root system Rp, is defined as the intersection of R, with the codimension two
subspace {(z1,...,28) € R®| 21 + 22 = 0,29 — x3 = 0} in R®. Verify that it is a reduced root
system. Describe the simple roots II C Rg, w.r.t. the polarization induced from (b).

Hint: The simple roots for Rp, form a subset of simple roots for Rg,.

As you will learn after the break, any irreducible reduced root system is isomorphic to one of:
Ar(r>1), B, (r>2), C.(r>3), D.(r>4), Es, Er, Es, Fy, G.

This will also yield a complete classification of complex finite dimensional simple Lie algebras.
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3. (a) Show that the assignment of a positive Weyl chamber to any polarization of a root
system R provides a bijection between all polarizations R = R4 U R_ and all Weyl chambers.

(b) Show that if two Weyl chambers C, C’ are separated by a hyperplane L, then s, (C) = C’.

4. Let Q C P be the root and weight lattices of an abstract rank r root system R C E. Pick
a polarization R = R4 U R_ and let II = {a1,...,a,} C Ry denote the set of simple roots.

(a) Show that the index |P/Q)| equals the determinant of the Cartan matrix A = ()’ (ozj)):jzl.

i
(b) Compute the index |P/Q)| for the root systems of types A,, By, Cy, D;.
(c) Describe the quotient group P/Q explicitly for the root systems of types A,, B, Cy, D,.

5. (a) Describe explicitly the Weyl groups W for the root systems of types B;, C,, D,.
(b) Describe explicitly the longest element wg € W for the root systems from (a).

6. (a) Let w = s;, - -+ 54, be a reduced expression of w € W. Show that then

{OZGR+|’U)(OZ) GR*}:{/BD"'aﬂZ} with 61€:5ie"'8ik+1(aik>
and

{aeR Jwa)e R }={f,...,B) with  Bp=sy 55, (i)

(b) Suppose s;, - - si,_, (i, ) € R_. Show that s;, ---s;,_,;, is not a reduced expression.

7. Given positive roots «, 3,a’, 3’ € Ry such that a + 8 = o/ + 3/, verify that then
o =a+vy and B =B-7 or o =B+~ and B=a—7~
for some v € RU{0}.

8. Let wg = si,Si, - - - Siy (With N = |R4|) be a reduced decomposition of the longest element
wo € W. By Problem 6 above, we have Ry = {f1,f2,...,06n} with Sy = s, - -~ si,_, (i, ).
This gives a natural order on Ry via: 8; < 3; iff i < j. Show that this order is convex:

Va< e Ry suchthat a+f€ Ry wehave a<a+<f.

In fact, any convex order on Ry arises via a unique reduced decomposition of wqg in this way:

oy bijection
{reduced decompositions of wq € W} £ {convex orders on R+} .



