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ABSTRACT. We generalize an algorithm of Leclerc [I.] describing explicitly the

bijection of Lalonde-Ram [[LR] from finite to affine Lie algebras. In type AS%
we compute all affine standard Lyndon words for any order of the simple roots,
and establish some properties of the induced orders on the positive affine roots.

1. INTRODUCTION

1.1. Summary.

An interesting basis of the free Lie algebra generated by a finite family {e;}icr
was constructed in the 1950s using the combinatorial notion of Lyndon words. A few
decades later, this was generalized to any finitely generated Lie algebra a in [LR].
Explicitly, if a is generated by {e; }:cr, then any order on the finite alphabet I gives
rise to the combinatorial basis b[¢] as ¢ ranges through all standard Lyndon words.
Here, the bracketing b[¢] is defined inductively via Definition 2.8 with b[i] = e;.

The key application of [[LR] was to simple finite-dimensional g, or more precisely,
to its maximal nilpotent subalgebra n. According to the root space decomposition:
(1.1) nt = @ C-eq, A% = {positive roots},

acAt

with elements e, called root vectors. By the PBW theorem, we thus have

keN

(1.2) Unt) = @  Coeyoiey,

Y122V E€EAT
for any total order on A™. Moreover, the root vectors (1.1) are such that
(1.3) [ea, €8] = €eaep —egeq € C* - eqtp

whenever o, 8 € AT satisfy a+8 € A*. Thus, formula (1.3) provides an algorithm
for constructing all the root vectors (1.1) inductively starting from e; = e,,, where
{a;}ier € AT are the simple roots of g. Therefore, all the root vectors {€q }aca+,
and hence the PBW basis (1.2), can be read off from the combinatorics of AT,
The above discussion can be naturally adapted to the quantizations. Let U, (g) be
the Drinfeld-Jimbo quantum group of g, a g-deformation of the universal enveloping
algebra U(g). Let Uy(n™) be the positive subalgebra of U,(g), explicitly generated
by {€; }ies subject to g-Serre relations. There exists a PBW basis analogous to (1.2):

keN

(1.4) Ut = @ @)y o
Y>>y EAT
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The g-deformed root vectors €, € Uy(n™) are defined via Lusztig’s braid group
action, which requires one to choose a reduced decomposition of the longest element
in the Weyl group of g. It is well-known ([’]) that this choice precisely ensures that
the order > on AT is convez, in the sense of Definition 2.18. Moreover, the ¢-
deformed root vectors satisfy the following g-analogue of the relation (1.3):

(1.5) [Cas €6lg = Cats — ¢'“PEsea € C(q) - Easrp
whenever o, 8, a+ 3 € AT satisfy o < a4+ < 3 as well as the minimality property:
(1.6) Ad peAT st. a<d <pf <B and a+p=d +f,

and (-,-) denotes the scalar product corresponding to the root system of type g.
Similarly to the Lie algebra case, we conclude that the g-deformed root vectors can
be defined (up to scalar multiples) as iterated g-commutators of €; = €,, (i € I),
using the combinatorics of A* and the chosen convex order on it.

Following [(5, R1, 5], let us recall that Uy(n™) can be also defined as a subalgebra
of the g-shuffle algebra (thus sweeping the defining relations under the rug):

® keN
(1.7) Ut —F = P Cla)-[ir.. il
i1y €l

Here, F has a basis I*, consisting of finite length words in I, and is endowed with
the so-called quantum shuffle product. Asshown in [LLR], there is a natural bijection

(1.8) ¢: At = {standard Lyndon words}.

In particular, the lexicographical order on the right-hand side induces a total order
on At see (2.15). It was shown in [R2] that this total order is convex, and hence
can be applied to obtain quantum root vectors €, € Uy(n™) for any positive root «,
as in (1.5). Moreover, [I.] shows that the quantum root vector €, is uniquely char-
acterized (up to a scalar multiple) by the property that ®(e,) is an element of Im @
whose leading order term [i; ... 4] (in the lexicographic order) is precisely £(«).

The motivation of the present note is to extend the above discussion to affine
root systems. To this end, we recall an enigmatic remark from the very end of [LR]:
“Preliminary computations seem to indicate that it will be very instructive to study
root multiplicities for Kac-Moody Lie algebras by way of standard Lyndon words”.

Let g be the affinization of g, whose Dynkin diagram is obtained by extending the
Dynkin diagram of g with one vertex 0. Thus, on the combinatorial side, we consider
the alphabet IT=1 L{0}. The corresponding positive subalgebra n™ C g still admits
the root space decomposition n* = @, x4+ 0y, with At = {positive affine roots}.
The key difference with (1.1) is that not all nf are one-dimensional:

(1.9) dimat =1 VYaeAt™,  dimaf =|I|] VaeAH™

Here, A = AtreJA+im ig the decomposition into real and imaginary affine roots,
with AT = {k§|k > 1}. Tt is therefore natural to consider an extended set A+:ext
of (5.1). Then, the degree reasoning as in [[L}] provides a natural analogue of (1.8):

(1.10) SL: ATt~ faffine standard Lyndon words}.

Our first result (Proposition 3.4) is an inductive algorithm describing this bijection,
slightly generalizing Leclerc’s algorithm describing (1.8). As the first application,

we use it to find all affine standard Lyndon words for the simplest cases of ;[2, sls.
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Our major technical result is the explicit description of all affine standard Lyndon
words for sl,.1 (n > 3). To this end, we first straightforwardly treat the special
order (4.1) in Theorem 4.2. We then derive a similar pattern for an arbitrary
order in Theorem 4.7. The key feature is that all affine standard Lyndon words are
determined by those of length < n. Furthermore, we crucially use Rosso’s convexity
result for sl,, ;1 to obtain an explicit description of n affine standard Lyndon words
in degree §, which are key to establishing the general periodicity pattern.

The induced order (5.2) on Atext jg quite different from the orders in the litera-
ture on affine quantum groups ([B3, I<T]). While for sly one gets a usual order ([D])

g <a+i<a;+20<- < <30<20<6<--<204+ag <+ ay < ag,

the imaginary roots are no longer consequently placed in other affine types. We use
Theorem 4.7 to establish some properties of this order for the case of sA[n_H.

It is thus interesting to study in future the quantum root vectors defined itera-
tively via g-commutators, specifically through the g-shuffie algebra approach. We

also expect this to shed some light on the generalization of [N'T] to the toroidal case.

1.2. Outline.
The structure of the present paper is the following:

e In Section 2, we recall the notion of (standard) Lyndon words, their basic prop-
erties, and the application to simple Lie algebras through Lalonde-Ram’s bijec-
tion (2.12). We also recall Leclerc’s algorithm [I.] describing the latter bijection
explicitly and the important convexity property of the induced order on the set
AT of positive roots discovered by Rosso [R2], see Propositions 2.16 and 2.20.

e In Section 3, we generalize the above Leclerc’s algorithm from finite dimensional
simple Lie algebras to affine Lie algebras, see Proposition 3.4. As the first appli-
cation, we use Proposition 3.4 to find explicitly all affine standard Lyndon words
in the simplest affine types Agl) and Aél), see Proposition 3.7 and Theorem 3.9.

e In Section 4, we describe all affine standard Lyndon words in affine type AS)
(n > 3) with an arbitrary order on the corresponding alphabet I= {0,1,...,n}.
First, we present the proof for the simplest order (4.1) on T , in which case the
formulas for affine standard Lyndon words are very explicit, see Theorem 4.2.
We then treat a general case in Theorem 4.7 using similar ideas as well as
crucially utilizing the aforementioned Rosso’s convexity property and Leclerc’s
algorithm in finite type A,. Akin to the simplest order (4.1), the set of all
affine standard Lyndon words is still determined by a finite subset of those of
length < n, and the resulting formulas manifest a compelling periodicity pattern.

e In Section 5, we use the explicit description of affine standard Lyndon words
from Theorem 4.7 to establish some properties of the order (5.2) on ATeXt
induced from the lexicographical order on the affine standard Lyndon words.

e In Appendix A, we provide a link to the Python code and explain how it induc-
tively computes affine standard Lyndon words in all types and for any orders.

1.3. Acknowledgement.
This note is written as a part of the project under the Yulia’s Dream initiative, a
subdivision of the MIT PRIMES program aimed at Ukrainian high-school students.
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2. LYNDON WORDS APPROACH TO LIE ALGEBRAS

In this section, we recall the results of [LR] and [.] that provide a combinatorial
construction of an important basis of finitely generated Lie algebras, with the main
application to the maximal nilpotent subalgebra of a simple Lie algebra.

2.1. Lyndon words.

Let I be a finite ordered alphabet, and let I* be the set of all finite length words
in the alphabet I. For u = [i1...1ix] € I*, we define its length by |u| = k. We
introduce the lexicographical order on I* in a standard way:

11 =1J1y-y0a = Ja,tat1 < Jat+1 for some a >0
[i1~--ik]<[j1~-~jl] if or
11 = J1y--s0k = Jk and k <

Definition 2.2. A word £ = [y .. .14 is called Lyndomn if it is smaller than all of
its cyclic permutations:

(21) [il---ia—lia---ik] < [ia-”ikil-”ia—l] Vae {2,,k}
For a word w = [i1 ... 1] € I*, the subwords:
(2.2) Wq| = [i1...1q) and W = [ik—as1-- -k

with 0 < a < k will be called a prefix and a suffiz of w, respectively. We call
such a prefix or a suffix proper if 0 < a < k. It is straightforward to show that
Definition 2.2 is equivalent to the following one:

Definition 2.3. A word w is Lyndon if it is smaller than all of its proper suffizes:
(2.3) w < W, VO<a<|w|

As an immediate corollary, we obtain the following well-known result:
Lemma 2.4. If {1 < {5 are Lyndon, then {14 is also Lyndon, and so {10y < lol7.

Proof. Let €1 = i1ig...0; and fo = ipy1igy2 ... 0. Any cyclic permutation of the
word £1/5 is of the form u; = ;741 ... ipd192... 95— wWith 1 <j<kork <j<n.
e Case 1: 1 < j < k. Since £; is Lyndon, we have £y;_1 =i;j...ix > {1 by (2.3).
As [€1] > [ly)j_1], there is p € {j,j+1,...,k} such that iy =ij,...,ip_j =ip_1
and 7,41 < ip. This immediately implies the desired inequality ¢142 < u;.

e Case 2: k < j < n. Since {3 is Lyndon, we have ly;_j_1 = ij...1n > l2
by (2.3) and so lojj_p_1 = ij...in > 1 as €y > £;. If £; is not a prefix of
£2\j—k—17 then ij = il,ij+1 = i9,... ,ij+p_2 = ip_l and ij+p_1 > ip for some
1 < p < min{k,n — j + 1}, so that ¢1¢3 < u;. On the other hand, if ¢; is a
prefix of €2|j_k_1, then fg‘j_k_l = Uity ..ty = Elﬁg‘j_l. In the latter case,
the desired inequality ¢1/2 < u; follows from f3;_; > {2, a consequence of (2.3).

This completes the proof of the first claim that ¢;¢5 is Lyndon. The second claim,
the inequality ¢105 < €347, follows now from (2.1). O
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We recall the following two basic facts from the theory of Lyndon words:
Proposition 2.5. ([Lo, Proposition 5.1.3] ) Any Lyndon word £ has a factorization:
(2.4) =110y

defined by the property that £y is the longest proper suffix of £ which is also a Lyndon
word. Under these circumstances, {1 is also a Lyndon word.

The factorization (2.4) is called a costandard factorization of a Lyndon word.

Proposition 2.6. ([l.o, Proposition 5.1.5]) Any word w has a unique factorization:
(25) w=4~0... 0
where {1 > -+ > Ly, are all Lyndon words.

The factorization (2.5) is called a canonical factorization.

2.7. Bracketings of words.
Let a be a Lie algebra generated by a finite set {e; };cr labelled by the alphabet I.

Definition 2.8. The standard bracketing of a Lyndon word £ is given inductively by:
o bli]=e¢;,€aforiel,
o b[{] = [b[¢1],b[¢2]] € a, where £ = {145 is the costandard factorization (2.4).

The major importance of this definition is due to the following result of Lyndon:

Theorem 2.9. ([Lo, Theorem 5.3.1]) If a is a free Lie algebra in the generators
{ei}icr, then the set {b[{]|(—Lyndon word} provides a basis of a.

2.10. Standard Lyndon words.
It is natural to ask if Theorem 2.9 admits a generalization to Lie algebras a
generated by {e;};cr but with some defining relations. The answer was provided a

few decades later in [LR]. To state the result, define e, e, € U(a) for any w € I'*:
e For a word w = [iy ...ix] € I'*, we set
(2.6) we =€, ..., €U(a)
e For a word w € I* with a canonical factorization w = ¢y ... ¢ of (2.5), we set
(2.7) ew =€qy --.eq € U(a)

with e, = b[¢] € a for any Lyndon word ¢, cf. Definition 2.8.
It is well-known that the elements (2.6) and (2.7) are connected by the following
triangularity property:

(2.8) Cw = Z Cry * 0€ with ¢’ €Z and c* =1.

w w
v>w

The following definition is due to [LR]:

Definition 2.11. (a) A word w is called standard if ,e cannot be expressed as a
linear combination of ,e for various v > w, with ,e as in (2.6).

(b) A Lyndon word ¢ is called standard Lyndon if e; cannot be expressed as a
linear combination of e, for various Lyndon words m > £, with e, = b[{] as above.

The following result is nontrivial and justifies the above terminology:

Proposition 2.12. ([LR]) A Lyndon word is standard iff it is standard Lyndon.
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The major importance of this definition is due to the following result:

Theorem 2.13. ([LR, Theorem 2.1]) For any Lie algebra a generated by a finite
collection {e;}icr, the set {b[(]|(—standard Lyndon word} provides a basis of a.

2.14. Application to simple Lie algebras.

Let g be a simple Lie algebra with the root system A = ATUA™. Let {a;}ier C
AT be the simple roots, and Q = D, s Za; be the root lattice. We endow @ with
the symmetric pairing (-,-) so that the Cartan matrix (a;;); jer of g is given by
2(aq,05)

oo " The Lie algebra g admits the standard root space decomposition:

CLij =
(2.9) g=bo @ o, b C g— Cartan subalgebra,

aEA

with dim(g,) =1 for all @ € A. We pick root vectors e, € gq so that g, = C - e,.
Consider the positive Lie subalgebra nt = Docat 9o of g Explicitly, nt s
generated by {e;}icr subject to the classical Serre relations:
(210) [ei,[ei,...,[ei,ej]...ﬂ =0 VZ#]
1—a;; Lie brackets
Let QT = @,.; Noy;. The Lie algebra n' is naturally Q*-graded via deg(e;) = ;.
Fix any order on the set I. According to Theorem 2.13, n™ has a basis consisting

of the e,’s, as £ ranges over all standard Lyndon words. Evoking the above Q-
grading of the Lie algebra nt, it is natural to define the grading of words as follows:

(211) deg[il...ik] =04+ -t aq; € QJr.

Due to the decomposition (2.9) and the fact that the root vectors {eq }aeat+ Cnt
all live in distinct degrees o € QT, we conclude that there exists a bijection [LR]:

(2.12) ¢: AT = {standard Lyndon words}
such that deg (a) = « for all @ € AT. We call (2.12) the Lalonde-Ram’s bijection.

2.15. Results of Leclerc and Rosso.
The Lalonde-Ram’s bijection (2.12) was described explicitly in [I]. To state the
result, we recall that for a root v =Y, ;n;a; € AT, its height is ht(y) = >, n;.

iel
Proposition 2.16. (][I, Proposition 25]) The bijection ¢ is inductively given by:
o for simple roots, we have {(a;) = [i]
e for other positive roots, we have the following Leclerc’s algorithm:

(2.13) {(a) = max {Z(Vl)ﬁ(ﬁ’z) o=+, 72 €AY U(n) < f(’h)} .

The formula (2.13) recovers £(«) once we know £() for all { € A* | ht(y) < ht(a)}.

Remark 2.17. While Lalonde-Ram computed explicitly the standard Lyndon words
for any simple g and a specific order in [LRR, Theorem 3.4], the above Leclerc’s
algorithm allows to find standard Lyndon words for any simple g and any ordering
of its simple roots. Moreover, this algorithm is easy to program on a computer.

We shall also need one more important property of £. To the end, let us recall:
Definition 2.18. A total order on the set of positive roots AT is conve if:
(2.14) a<a+pB<p
for all « < B € AT such that o + 8 is also a Toot.
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Remark 2.19. Tt is well-known ([P’]) that convex orders on AT are in bijection with
the reduced decompositions of the longest element wy € W in the Weyl group of g.

The following result is [I., Proposition 28], where it is attributed to the preprint
of Rosso [R2] (a detailed proof can be found in [N'T, Proposition 2.34]):

Proposition 2.20. Consider the order on AT induced from the lexicographical
order on standard Lyndon words:

(2.15) a<fB << {(a)<{(B) lexicographically.

This order is conver.

Remark 2.21. We note that both Proposition 2.16 and Proposition 2.20 are of
crucial importance for the further application to quantum groups Uy (g), see [L].

3. GENERALIZATION TO AFFINE LIE ALGEBRAS

In this section, we generalize Proposition 2.16 to the case of affine Lie algebras g.

1)

As an example, we compute all affine standard Lyndon words for g of type A§ and

Aél), while postponing the more general case of AT(A}) with n > 3 to the next section.

3.1. Affine Lie algebras.

In this section, we consider the next simplest class of Kac-Moody Lie algebras
after the simple ones, the affine Lie algebras. Let g be a simple finite dimensional
Lie algebra, {a;}icr be the simple roots, and § € AT be the highest root (with the
maximal value of ht(6)). We define I=1U {0}. Consider the affine root lattice
Q = Q x Z with the generators {(a,0)}ies and ag := (—6,1). We endow Q with
the symmetric pairing defined by:

(3.1) ((,n),(B,m)) = (o, 8)  Va,feQ,nmeL.

This leads to the affine Cartan matrix (a”)Z jer and the affine Lie algebra g. The
associated affine root system A = A+ UA~ has the following explicit description:
(3.2) A*z{A+ X Zsop U{0 X Zso} U{A™ X Zso},

(3.3) A™={A" xZoo} U{0x Zeo} U{AY X Zo},

where Z>o, Zso, Z<o, Z<o denote the obvious subsets of Z. Here, 6 = ag + 6 =

(0,1) € @ x Z is the minimal imaginary root of the affine root system A. With this
notation, we have the following root space decomposition, cf. (2.9):

(3.4) i=bha @ G, B Cg— Cartan subalgebra.
a€EA
Let us now recall another realization of g. To this end, consider the Lie algebra
g=g®C[t,t ']®C-c with a Lie bracket given by
[z@t",y@t"] = [2,y] @ """ + nép —m(x,y) - c and [c,z@t"] =0

(3.5)

where x,y € g, m,n € Z, and (+,-) : g x g — C is a nondegenerate invariant pairing.
The rich theory of affine Lie algebras is mainly based on the following key result:
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Claim 3.2. There exists a Lie algebra isomorphism:

(3.6) g3

determined on the generators by the following formulas:
eir—>ei®t0 eor—>f9®t1
firs fiot? forreg@t™
hi — h; @ t° ho — —[eq, fo] @ t° + ¢

for all ¢ € I, where ey and fy are root vectors of degrees # and —6, respectively.
In view of this result, we can explicitly describe the root subspaces from (3.4):

(37)  Blak) = 0aOt" Y (a,k) € AT = {AT X Zso} U{AT x Zxo},

(3.8) o =botF for ké € AtI™ .= {0xZso}.

As dim(go) =1 for any @ € A and dim(h) = rank(g) = |I|, we thus obtain:

(3.9) dim(@.) =1 Vaec AT  dim(G.) =|I|] VaecAT™

Notation: In what follows, we shall always simply write xt™ instead of x ® ¢™.

3.3. Affine standard Lyndon words.
It is natural to ask if the above results can be generalized to affine Lie algebras g.
On the Lie algebraic side, we consider only the positive subalgebran® = @ x+ Ga-

Thus, nT is generated by {ei},c7 subject to the Serre relations (2.10) for i # j € I.

On the combinatorial side, we consider the finite alphabet T with any order on it,
which allows to define Lyndon and standard Lyndon words (with respect to n™).
We shall use the term affine standard Lyndon words in the present setup.

The key difference with the case of simple g is that some root subspaces are not
one-dimensional, see (3.9). Thus, we do not get such a simple bijection as (2.12) for
simple Lie algebras. However, the degree reasoning as in Subsection 2.14 implies
that there is a unique affine standard Lyndon word in each real degree o € ﬁ*‘vre,
denoted by SL(«), and |I| affine standard Lyndon words in each imaginary degree
a € ﬁ“"im, denoted by SLi(a),...,SLjz (), listed in the decreasing order.

The main result of this section is the following generalized Leclerc’s algorithm:

Proposition 3.4. The affine standard Lyndon words (with respect to 0T ) are de-
termined inductively by the following rules:

a) For simple roots, we have SL(«;) = [i]. For other real a € AT we have:
(a) p : ,

a=vy1+72, At
(3.10) SL(a) = max {SL*(%)SL*(V?) S 25t G } ’
[BIST.- (11)],b[SL. (v2)]]£0

where SL,(v) denotes SL(y) for v € AT and any of {SLk(’Y)}LIil for v € Atim,

(b) For imaginary o € A+ the corresponding |I| affine standard Lyndon words

{SLj, (a)}‘kll are the |I| lexicographically largest words from the list as in the right-
hand side of (3.10) whose standard bracketings are linearly independent.

Remark 3.5. Since [gas, 8ps] = 0 for any a, b > 0, we shall assume that 1,72 € Ate
when applying part (b). Thus, SL; (o) is given precisely by (3.10), SLa(«) is the next
largest word among the above concatenations whose bracketing is not a multiple of
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b[SL; (c)], and so on, up to SL;7/(a) which is the largest of the remaining concate-
nations whose standard bracketing is linearly independent with {b[SLj(c)] Ll;l.
Proof of Proposition 3.4. (a) Consider the costandard factorization SL(a) = £145
as in (2.4). Then, ¢; = SL.(y1),¢2 = SL.(7y2) for some ~1,72 € AT and Uy < .
Finally, b[SL(«)] # 0 implies that [b[SL.(71)], b[SL.(y2)]] # 0. Therefore, ¢145 is
an element from the right-hand side of (3.10). It thus remains to show that SL(c)
is > any concatenation SL,(y1)SL(y2) featuring in the right-hand side of (3.10).

The proof of the latter is completely analogous to that of [N'T, Proposition 2.23].
Consider any 71,72 € A% such that 71 + 72 = a. Let us write £, = SL.(7),
Ly = SL,(72), £ = SL(«r). We may assume, without loss of generality, that ¢ < £5.
Evoking the notations of Subsection 2.10, we have:

(3.11) blle] = e, = Y _ ¢ -

’UZék

Vk € {1,2}, due to the triangularity property (2.8). Thus, due to the degree reasons
(see [N'T, Footnote 3]), we get:

(3.12) b[¢1]b[¢2] = er, 0, = Z Ty - pe

v>0142

for some coeflicients xz,. As a consequence of £o¢; > ¢1/5 (Lemma 2.4), we also get:

(3.13) b[ls]bl[l1] = ep,e0, = Z xl - e

szlfg

for some coefficients z/,. Hence, we obtain the following formula for the commutator:

(314) [bwl]a waH 6417622 Z Yo - v€

UZ@lfz

for various coefficients y,. Furthermore, we may restrict the sum above to standard
v’s, since by the very definition of this notion, any ,e can be inductively written as a
linear combination of ,e’s for standard u > v. By the same reason, we may restrict
the right-hand side of (2.8) to standard v’s, and conclude that {ey }w—standard Pro-
vide a basis of U(n™) which is upper triangular in terms of the basis {, € }.—standard-
With the above observations in mind, (3.14) implies:

(3.15) blea],blls]] = [eeyee] = D z-e
v>0142
v—standard

for various coefficients z,.
On the other hand, the assumption [b[/1], b[¢2]] # 0 and g, = C - b[¢] imply:

(3.16) [b[¢1],b[2]] = [ee,, €0,] € C* - e
As {ey }v—_standara 18 a basis of U(n™), comparing (3.15, 3.16) we obtain the desired
£ > 010s.

(b) The proof of part (b) is completely analogous to that of part (a), with the
only difference that we need to find |I| affine standard Lyndon words. Thus, we just
use Definition 2.11(b) to complement the above argument in the present setup. O
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. 1
3.6. Affine standard Lyndon words in type Ag ),

As the first simplest example, let us compute affine standard Lyndon words in
the simplest case of Agl), which corresponds to the affinization 5A[2 of the unique
rank 1 simple Lie algebra sl;. In this case: there are two simple roots ag, a1 and
§ = ag + ay. The set of positive roots is AT = {kd + ay, k6 + g, (k + 1)d]k > 0}.

Without loss of generality, we can assume that 1 < 0, due to the 0 <> 1 symmetry.

Proposition 3.7. The affine standard Lyndon words for 5A[2 with the order 1 < 0
on the corresponding alphabet I = {0,1} are:

e For k> 1, we have:

(3.17) SL(ké +a1) =1 10,

k times

(3.18) SL(k6 + ag) = 10, 0

k times

(3.19) SL((k+1)5) =1 10 0

k times

e For the remaining roots, we have:
(3.20) SL(a1) =1, SL(a) =0, SL(4)=10.

Proof. The formulas (3.20) are obvious, while the proof of (3.17)—(3.19) will proceed
by induction on k. The base k = 1 case is easy. We shall now prove the induction
step, just by using the generalized Leclerc’s algorithm from Proposition 3.4.

1) Root @ = kd + ;. Any decomposition & = 1 + 72 has the following form:
{71,72} ={ad, b + a1 |a + b =k,1 < a < k}. By the induction hypothesis:

SL(bd+a;)=1 10 <1 10 0= SL(ad).
btimes (a—1) times
Following (3.10), consider the lexicographically largest word among all possible
concatenations 1 10 1 10 0, which is the word 1 10 . We claim that its
~ — ~~

btimes (a—1)times k times

standard bracketing equals (—2)*E,t*. Indeed, arguing by induction, we get:
_ —[(_o\k—1 k—1 _ _ (_o\k k
b[1 10 ]=[b[l 10 ],b[10]] = [(=2)" " E12t” ", (E11 — Ea2)t] = (—2)" E1ot”.

k times (k—1) times
This completes the proof of (3.17), since the bracketing is nonzero.

2) Root @ = kd + ag. Any decomposition o = 41 + 72 has the following form:
{71,72} ={ad,bd+ag|a+b=k,1 <a <k} Asinl), one combines the inductive
hypothesis with (3.10) to find: SL(car) = 10 0 with the standard bracketing

k times

b | = (=2)* Byttt

10 0
~~
k times

3) Let us now treat the imaginary root o = (k + 1)d. As rank(sly) = 1, there is
only one affine standard Lyndon word in degree «, which can be found by (3.10).
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Any decomposition o = 71 +72 that contributes into SL(«) is of the form: {v;,72} =
{ad + a1,b6 + ap|a+ b =k,0 < a < k}. By the induction hypothesis:
SL(ad +a1)=1 10 < 10 0= SL(bd + av).
— =~
atimes btimes
Following (3.10), consider the lexicographically largest word among all the corre-
sponding concatenations SL(ad + a1)SL(bd + ap) =1 10 0, which completes the

k times

proof of (3.19). Let us evaluate its standard bracketing:

_ _ ok k+1) _ (_o\k _ k+1
b[1 10 0] = [b[1],b[ 10 0]] = [E12,(—=2)"E21t" "] = (=2)"(E11 — Ea2)t" ™.

k times k times
This completes the proof of the induction step. O

3.8. Affine standard Lyndon words in type Aél).

We conclude this section with the computation of affine standard Lyndon words
for ;[3. In the next section, we will generalize the corresponding pattern to the case
of g[n with n > 3. The main difference from the f/:\[g case is that now there will be
two affine standard Lyndon words in each imaginary degree. In this case: there are
three simple roots «ag, a1, as, we have § = ag + a1 + 2, and the positive roots are:

£+ = {k5+0l1, k5+042, k§+a0, k§+a1+a2, k5+a2+a0, k5—|—a0+a1, (k+1)5 | k Z 0}
Without loss of generality, we can assume that 1 < 2 < 0, due to the S(3)-symmetry.

Theorem 3.9. The affine standard Lyndon words for 5A[3 with the order 1 <2 <0
on the corresponding alphabet I = {0,1,2} are as follows:

e Fork > 1, we have:

(3.21) SL(k§ + ;) =12 102 10
(k—1) times
(3.22) SL(kS + a) = 102 2
k times
(3.23) SL(kd + ap) = 102 0
k times
(3.24) SL(kS + a1 + ag) = 12 102
k times
(3.25) SL(kS + a1 + ag) = 10 102
k times
102 2 102 0 if 2| k
~~ ~~
k times K times
(3.26) SL(kG 4+ as + ) = ¢ 2" 2t

102 0 102 2 if 21k
- -

% times % times

(3.27) SLy((k+1)8) =10 102 2,  SLy((k+1)5) =12 102 0.

k times k times
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e For the remaining roots, we have:
SL(al) = ]., SL(QQ) = 2, SL(O[()) = O, SL(CH + CYQ) = 12,

3.28
( ) SL(OQ + OZ()) =10, SL(O[Q + OZ()) =20, SL1(6) =102, SLQ((S) = 120.

Proof. The formulas (3.28) are obvious, while the proof of (3.21)—(3.27) is by in-
duction on k. The base k = 1 case is easy, so we proceed to the induction step.

1) Root a@ = kd + 1. The possible decompositions of « into the (unordered)
sum of two positive roots are as follows:

kE6+ay=(ad)+ b0+ 1), a+b=k,1<a<k,
kb+ar=(ad+a1+as)+ (bd+a1 +ap), a+b=k—-1,0<a<k-1

Combining the induction hypothesis with (3.10), we get the following list of words:

12 102 1010 102 2, 12 102 1012 102 O,
~—~ ~—~ ~—~ ~—~
(3 29) (b—1) times (a—1) times (b—1) times (a—1) times
110 102 2, 112 102 0, 12 102 10 102 .
~—~ ~—~ ~—~ ~—~
(k—1) times (k—1) times atimes  btimes

Clearly, the lexicographically largest word from the list (3.29) is: 12 102 10.
(k—1) times
Let us evaluate its standard bracketing:

- —[(_1)k—1 k=1 _ — (_1\k k
b[12 102 10] =[b[12 102 ],b[10]] = [(=1)"" " Eq5t" ", —Esst] = (—1)"E1at
(k—1) times (k—1) times
where we use the induction hypothesis for the value of b[12 ~ 102 ]. This com-

(k—1) times
pletes the proof of (3.21), since the bracketing is nonzero.

2) Let us now treat the root o = ké + aa. The possible decompositions of « into
the (unordered) sum of two positive roots are as follows:

k6 +as=(ad)+ (b0 +az), a+b=k,1<a<k,
kd+as=(ad+ar1+a)+ (bd+as+ap), a+b=k—-1,0<a<k-1

Combining the induction hypothesis with (3.10), we get the following list of words:

10 102 2 102 2, 12 102 0 102 2,
~~ ~— ~—~ ~—~
(a—1) times btimes (a—1) times btimes
(3.30) 12 102 102 2 102 0 (if 2|b), 12 102 102 0 102 2 (if 2¢0b).
O~ ~—~ ~— =~ ~—~
a times % times %times a times % times ble times

Clearly, the lexicographically largest word from the list (3.30) is: 102 2. Let us

k times
evaluate its standard bracketing:

_ _ _ k—1 k—17 _ ok k
b[ 102 2] = [b[102],b] 102  2|] = [(Eaz — E33)t,2" " Ea3t™ | = 2" Ea3t”,
k times (k—1) times
where we use the induction hypothesis for the value of b] 102  2]. This com-

(k—1) times
pletes the proof of (3.22), since the bracketing is nonzero.
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3) For the root a = kd + v, arguing as above, we obtain the following list of
possible concatenations featuring in the right-hand side of (3.10):

10 102 2 102 0, 12 102 0 102 0,
~—~ ~— ~— ~—~
(a—1) times btimes (a—1) times btimes
(331) 10 102 102 2 102 0 (if 2|b), 10 102 102 0 102 2 (if 2¢0b).
~— ~—~ ~— =~ ~—
atimes b times & times atimes 541 times 21 times

Clearly, the lexicographically largest word from the list (3.31) is: 102 0. Let us

k times
evaluate its standard bracketing:

— _ _ _1)k-1 k] _ (_1\k k+1

b[ 102, 0] = [b[102],b] 102  0]] = [(E22—Es33)t, (—1)"" " Eg1t"] = (—=1)"Egt" ",
k times (k—1) times

where we use the induction hypothesis for the value of b| 102 0]. This com-

(k—1) times
pletes the proof of (3.23), since the bracketing is nonzero.

4) Let us now consider the root & = ké 4+ a1 + a3. The possible decompositions
of « into the (unordered) sum of two positive roots are as follows:

kb+ar+as=(ad)+ b+ a1 +az), a+b=k,1<a<k,
kd+ar+as=(ad+ar)+ bd+az), a+b=k,1<a<k,
kd + a1 + a2 = (1) + (kd + ao).

Combining the induction hypothesis with (3.10), we get the following list of words:

12 102 10 102 2, 12 102 12 102 O,
~—~ ~—~ ~—~ ~—~
(3 32) btimes  (a—1) times btimes  (a—1) times
12 102 10 102 2, 1 102 2.
~—~ ~—~ ~—~
(a—1) times  btimes k times

Clearly, the lexicographically largest word from the list (3.32) is: 12 102 . Let us

k times
evaluate its standard bracketing:

b[12 102, ] = [b[12 102, ],b[102]] = [(=1)* 1 Ey3th !, (Baa—E33)t] = (1) Ey3t*

k times (k—1) times
where we use the induction hypothesis for the value of b[12 102 ]. This com-
(k—1) times

pletes the proof of (3.24), since the bracketing is nonzero.

5) For the root a = kd + a1 + g, a completely analogous argument shows that
the lexicographically largest word from the list featuring in the right-hand side
of (3.10) is 10 102 . Moreover, the standard bracketing of this word equals:

k times
- _[_ok-1 k _ _ _ok k+1
b[10 iog,] =[b[10 102 ], b[102]] = [-2""" Esat”, (B2 — Ei3)t] 2"Est™,
k times (k—1) times
where we use the induction hypothesis for the value of b[10 102 ]. This com-

(k—1) times
pletes the proof of (3.25).
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6) Let us now treat the last family of real positive roots a = kd + as + ayp.
Arguing as above, we obtain the following list of possible concatenations featuring
in the right-hand side of (3.10):

10 102 2 102 2 102 0, 12 102 0 102 2 102 0 (if 2|b),
- - T =~

(a—1)times L times 2 times (a—1)times & times 2 times
10 102 2 102 0 102 2, 12 102 0O 102 0 102 2 (if 2¢0),
~~ ~~ ~~ ~~ ~~ ~~~
(a—1)times 2l times 272 times (a—1)times >l times 251 times
102 2 102 0 (ifa>b), 1020 102 2 (if a <b).
~ =~~~ ~~ =~~~
atimes btimes btimes atimes

Clearly, the lexicographically largest word from this list is:

102 2 102 0 (if 2| k), 102 0 102 2 (if 21k).
~~ ~~ ~~ ~~
% times % times % times % times

It remains to compute the standard bracketings of these two words:

= = (—9)l5] k+1
b[ 102 2 102 0] = [b[ 102, 2],b[ 102, 0]] = (~2)12/Epye"*,

ks S 5 k4 5 k4 S
5 times 5 times 5 times 5 times

b[ 102, 0 102 2/ =1[b[ 102 0],b[ 102 2] = (=2)L3 Byt

k41 ¢ — ¢ —
2

times £ 5 1 times ~5— times k2 1 times

This completes the proof of (3.26).

7) It remains to compute two affine standard Lyndon words in the imaginary
degree a = (k+1)d. The possible decompositions of « into the (unordered) sum of
two positive roots that contribute to SL.(a) are as follows: (k+1)d = (ad + 1) +
(bd+as+ap), (k+1)6 = (ad+as)+(bd+a1+ap), (k+1)d = (ad+ap)+(bd+a1+az)
fora+b =k and 0 < a < k. By the induction hypothesis, we thus obtain the
following list of concatenated words:

12102 10 102 0 102 2 (if2¢b), 12 102 10 102 2 102 O (if 2| b)
—~ —~ -~ - T =~

~
(a—1) times % times b_Tl times (a—1) times % times % times
1102 2 102 0Gf2|k), 1 102 0 102 2 (if 2tk), 10 102 2, 12 102 0.
~ ~~ ~ ~~ ~~ ~
% times % times % times % times k times k times

The two lexicographically largest words from this list are: 10 102 2 and 12 102 0.
-~ -

k times k times
Let us compute the standard bracketings of these words:

_ [ k k1 _ 9k _ k+1
b[10 102 2] = [b[10],b] 102 2|] = [~ Esat, 2% Eygth] = 2F (Fay — Egs)th
k times k times

= — _1\k k+1] _ (_1\k _ k+1
b[12 102 0] = [b[12],b[ 102 0]] = [E13, (=1)"E51t" "] = (=1)%(E11 — E33)t" .
k times k times
Since these bracketings are linearly independent, the above two words are indeed
the affine standard Lyndon words in degree (k + 1)9.
This completes the proof of (3.27) and thus also of the induction step. (]
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4. AFFINE STANDARD LYNDON WORDS IN TYPE AS) FOR 1 > 3

In this section, we describe affine standard Lyndon words in affine type AS) for
n > 3 and any order on I= {0,1,2,...,n}. First, we treat the simplest case (of the
standard order) to which Proposition 3.4 can be easily applied, as in our proof of
Theorem 3.9. We then crucially utilize the convexity property of Proposition 2.20
to derive the structure of affine standard Lyndon words for an arbitrary order on T.

4.1. Standard order.
We start by computing all affine standard Lyndon words for type Asll) with

(4.1) the standard order on I: 1<2<3<---<n<O0.

There are n + 1 simple roots ag,aq,...,qn, and § = ag + a3 + -+ + a,. It
is convenient to place the letters of the alphabet I = {0,1,2,...,n} on a circle
counterclockwise. For any counterclockwise oriented arch from i to j, we define

(4.2) Qisj =0+ 01+ Faj €Q.

Using this notation, the positive affine roots can be explicitly described as follows:
(4.3) At ={ké+ sy, (k+1)5|k>0,i,jel, j#i—1}

Here, for any k € Z we define k € T via:

(4.4) k =k mod (n+1).

We also use [i — j) to denote all letters on the arch from ¢ (included) to j (excluded):
(4.5) [P —j):={ii+1,...,5—1}.

Theorem 4.2. The affine standard Lyndon words forf/!\[n_l'_l with the standard order

1<2<---<n<0 on the corresponding alphabet 7= {0,1,...,n} are as follows:
e For k> 1, we have:

(4.6)  SL(kS + ciy;) =10n...i23... (i —1)i(i+1)...5, for2<i<;j<0

k times

(4.7) SL(k6 + ag) = 10n...322

k times

10n...32210n...3234...5 if 2| k
—_— Y——

k times L times
48) SL(ES N = 2 , for2<j<o0
(48) SO T 0s) =3 10, 3934, j10n..322 sf2pk T PTIS
—_— ——
kE1 times £+ times
: 2

(4.9) SL(kS 4+ o) = 123...0n1023...0,1023...i, for1<i<0

(k—1) times

(4.10) SL(k(S—l—Oé]HZ) :SL(ké“l_ajg)O“y_al*)i) = fori<i+1<y
10n...5723...5—210n...7—-123...7—210n...5 —123...%

(k—1) times
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(4.11)  SL,((k + 1)5) = 123...n1023...n,0,
—_——
k times

SL.(k+1)0) =10n...r +223...7r10n...(r+ 1)23...7r(r+1), for r <n

k times

e For the remaining roots, we have:

(4.12) SL(iwj;) =i(i+1)...4, fori<jand (ij)# (1,0)

(4.14) SL.(6)=10...r4+223...r+1, for1<r<n

Proof. The proof will proceed by induction on the height ht(«). Let h = ht(§) =
n+1 be the Coxeter number of sl,, 1. The base of induction is ht(a) < 2h, that is,
k = 0,1 cases for real roots ké + o;_,; and k = 0 case for imaginary roots (k + 1)d.

Base of Induction (part I)
First, let us verify (4.12)—(4.14) and find bracketings of the corresponding words.

e Proof of (4.12).

Consider the costandard factorization ¢ = £1¢5 of any Lyndon word ¢ with deg ¢ =
ajj. As i < i+ 1 are the two smallest letters of ¢, the word ¢; starts with ¢
and {5 starts with ¢ + 1. If furthermore ¢ is standard Lyndon, so is #;, hence,
degty € A*. For degree reasons, this is only possible if {1 = ¢ and degly =
Q(i4+1)—;- Arguing by induction on the height of c;_,;, we thus immediately derive
the desired formula (4.12). Moreover, we also inductively get the explicit formula
for the corresponding standard bracketing:

i1t ifj<n
b[SL(c;—;)] = bli(i +1)...j] = [b[i],b[(: +1)...4]] = {?lelt ii ; i 0

Notation: Here and in what follows, the matrix Ey , shall always denote E,,11 p.

e Proof of (4.13) for i = 1.
In this case, we shall rather use (3.10) and argue by induction on the height of

~

a1 (i.e. a descending induction of j € I). The possible decompositions of a;_1
into the (unordered) sum of two positive roots are as follows:

Q1 =ik o, (G <k<n), Q51 = Qj0 + Q1.
Combining the induction hypothesis and the formula (4.12), we get the following
list of concatenated words featuring in the right-hand side of (3.10) for o = a1
(4.15) 0n...k+1jj+1...k (j<k<0).

Clearly, 10n. .. is the lexicographically largest word from this list (4.15). Let us
evaluate its standard bracketing:

b[10n... j] = [b[10n ... 7+ 1], b[j]] = [(~1)" T By 0t, Bjjia] = (1) Bjat,
where we use the induction hypothesis for the value of b[10n...(j 4+ 1)]. We thus

obtain SL(a;j—1) = 10n...j as claimed in (4.13), since the bracketing is nonzero.

e Proof of (4.13) for ¢ > 1.
In the present case, we can argue alike in our verification of (4.12). Consider the
costandard factorization SL(aj;) = £1€2. Since 1 < 2 are the two smallest letters,
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¢y starts from 1 and {s starts from 2. Moreover, we have deg (1, deg{s € A+, For
degree reasons, this is only possible if deg/; = ;1 and degly = aa_,;. We thus
have ¢; = 10n...j and ¢ = 23...i by above, and (4.13) follows. Furthermore:

b[SL(aj—i)] = b[10n...523...4] = [b[10n...j],b[23...i]] = (=1)" I E; i 1t.

e Proof of (4.14).
Let us now treat the case of the smallest imaginary root . The possible decom-
positions of § into the (unordered) sum of two positive roots are as follows:

d=a14i+agg,, (1<i<n), 6:aiﬁj+am_>(i_l) (2<i<j<n).

Using already verified formulas (4.12) and (4.13), we thus get the following list of
concatenated words featuring in the right-hand side of (3.10) for a = ¢:

12...4¢4+1...n0, 10n...j+123...(i—=1)i(i+1)...5 (2<j<n).

Since this list contains exactly n different words (we note the independence of ),
all of them are precisely SLi(6),...,SL,(4). Ordering them lexicographically, we
derive the desired formula (4.14). Let us compute their standard bracketings:

b[SL,.(6)] = b[10...r+223...7 + 1] = [b[10...r +2],b[23...7 +1]] =
(4.16)  [(=1)" " Eryoat, Bayryo] = (=1)" " (Eag — Bpyorpo)t if r <n—1,
b[SL,,(8)] = b[123...10] = [b[1],b[23...70]] = (E11 — Ea)t.

Base of Induction (part II)
As a continuation of the induction base, let us now verify (4.6)—(4.10) for k = 1.

e Proof of (4.6) for k = 1.

We verify the formula for SL(6+ ;) with 2 < ¢ < j by induction on ht(a;;).
(1) The base of induction is ¢ = j. The possible decompositions of § + «; into the
(unordered) sum of two positive roots are as follows:

(4.17) 04+ a; = (0) + (o), d+a; =ais; +oagg,;, F4Gi—1).

Using already verified formulas (4.12)—(4.14), we get the following list of concate-
nated words featuring in the right-hand side of (3.10) for a = ¢ + a:

10n...i23...5=1i, 10n...i+123...ii,
10n...7+123...4i(i+1)...7 fori<j<n,
10n...i23...9(9+1)...i for1<y<i—1,
12...4ii+1...0.

Here, the two words in the first line correspond to the fact that [b[SL,.(d)], b[¢]] # 0
only for r +2 =4,i — 1, due to (4.16), while the last three lines just correspond to
thecasesi < 3<mn,1<jy<i—1,and y=0in (4.17). Clearly, 10n...i23...(i—1)i
is the lexicographically largest word from the list (4.18). Therefore, SL(d + «;) is
indeed given by (4.6) as the corresponding standard bracketing does not vanish:

(4.18)

(71)”77'.Ei71'+1t if2<i<n

b[SL(5+ai)]:b[10n...z‘23...(i—1)z‘]:{ B2 Gl
Bt -

(2) Let us now prove the induction step: compute SL(d+«;—,;) for ht(a;—;) = p+1
using the formulas for SL(d+a,—,) with ht(a,—,,;) < p. The possible decompositions



18 YEHOR AVDIEIEV AND ALEXANDER TSYMBALIUK

of 6 + a;,; into the (unordered) sum of two positive roots are as follows:

d+ o = (0) + (i)

0+ iy = (0 + atisy) + (g37,;) for g € [i — j)

0+ iy = (aimsy) + (6 + ag7,;) for g€ [i — 7)

0+ @iy = (isy) + (a577,,) for e +1—(—-1))

The corresponding list of concatenations is as follows:
10n...i23...(i—1)i...5, 10n...7+123...5i...],
10n...i23...(i—1)i...77F1...5 forj€li—j),

(4.19)

(4.20) 10n...9+123...... jit+1...5 forjeli—j),
) 0n...7+123...ji(i4+1)...jj+1...5 forj<jy<n,

10n...i23...99+1...5 for1<jy<i-—1,
123...jii+1...0.

The two words in the first line correspond to the fact that [b[SL,(6)], b[SL(cvi—;)]] #
0 only when r + 2 = 4, j + 1, while the words from the last three lines correspond
to the cases j < 3<mn,1 < jy<i—1, and 3 =0 in the last decomposition of (4.19).
Clearly, 10n...i23...7 is the lexicographically largest word from the list (4.20).
Therefore, SL(§ + «;—;) is indeed given by (4.6) as the corresponding standard
bracketing does not vanish:

—1 n—ir, . if 2 . o
b[SL(5+aHj)]:b[lon...z’23..,j]:{< )" Eijat i 2<i<j<n

(—1)" B 12 if2<i<j=0"
e Proof of (4.7) for k = 1.

The possible decompositions of J + ag into the (unordered) sum of two positive
roots are as follows:

(421)  G4ar=(0)+(az), O+az=am, Fag,, (#L2).
Thus, the concatenated words in the right-hand side of (3.10) for o = § + avp are:

10n...r+223...r+12 forl<r<n,

(4.22)
10n...7+1223...7 (2<y<mn),  1223...n0.

Here, the n words in the first line correspond to the fact that [b[SL,(4)],b[2]] # O
for all 1 < r < n, according to (4.16). Clearly, 10n...322 is the lexicographically
largest word from the list (4.22). Therefore, SL(J + «2) is indeed given by (4.7) as
the corresponding standard bracketing does not vanish:

b[SL(8 + )] = b[10m....322] = [b[10n....32],b[2]] = 2(—1)"Fast.

e Proof of (4.8) for k = 1.
Let us prove by induction on j that:

4.23) SL(§ + ag—y;) = 10n...3234...52 for 2 < j <0.

1) The base of induction is j = 2, for which the result was just proved above.
2) Let us now prove the induction step: prove (4.23) for SL(§ + aa_,;) utilizing
he same formula for SL(6 + aa—,,) with 2 < y < j. The possible decompositions of

(
(
(
t
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0 + ag—y; into the (unordered) sum of two positive roots are as follows:
0+ ag; = (0) + (azj)

d+agj = (04 azyy) + (agg7,,;) forye2—7)
d+agsj = (0 + agg7, ) + (a2—,) for y€ (2 — )

0+ asyj = (aasyy) + ( yJTl—>j) for j € W% 1)

Thus, the concatenated words in the right-hand side of (3.10) for a = 6 +aa; are:

(4.24)

0n...r+223...r+123...5, forl1<r<mn,
10n...3234...92)+1...5 forje[2—j),
10n...7+123...523...7 forje[2—j),
10n...77123...523...7 (j<s<n), 12...j23...n0.

(4.25)

The n words in the first line correspond to the fact that [b[SL,.(d)], b[SL(a2—;)]] # 0
for all 1 <r < n, according to (4.16). Clearly, 10n...3234...;2 is the lexicograph-
ically largest word from the list (4.25). Therefore, SL(§ + aa-,;) is indeed given

by (4.23) as the corresponding standard bracketing does not vanish:
R (71)”E2 j+1t if 2 < 1<n
b[SL(6 + ;)] =b[10n...3234...52] = ’ .
[SL( ;)] [10n 2] {(—l)"E21t2 ifj=0

e Proof of (4.9) for k = 1.
Let us prove by induction on 4 that:

(4.26) SL(6 + a1;) =123...21023...4 for 1 <i<n.

(1) The base of induction is i = 1. The possible decompositions of § + «; into the
(unordered) sum of two positive roots are as follows:

(4.27) d+ar=(0)+ (), d+ar= () + (1) #01).

Thus, the concatenated words in the right-hand side of (3.10) for o = § + o are:
110n...r+223...r4+1, forl1<r<n

(4.28)
123...910n...9+1 (1<y<n), 123...n10.

Here, the n words in the first line correspond to the fact that [b[SL, ()], b[1]] # 0
for all 1 < r <, according to (4.16). Clearly, 123...n10 is the lexicographically
largest word from the list (4.28). Therefore, SL(J + a1) is indeed given by (4.26)
as the corresponding standard bracketing does not vanish:

b[SL(5 + a1)] = b[123...710] = [b[123. .. n], b[10] = — Eyat.

(2) Let us now prove the induction step: prove (4.26) for SL(6 + o;_,;) utilizing
the same formula for SL(6 4+ a;-,,) with 1 < ¢ < 4. The possible decompositions of
0 + a1 into the (unordered) sum of two positive roots are as follows:

6+ a1 = (6) + (1)

d+arsi = (0 +ais) + (auq1)—) foree [l —i)
d+ a1 = (0 +agy)—i) + () foree [l —i)
§+ a1 = (1-,) + (a57,,;) foree [i+1—0)

(4.29)
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Thus, the concatenated words in the right-hand side of (3.10) for o = § + a;—; are:

123...i10n...i+123...i,  123...i123...n0,
30 123...1n1023...0(t4+1)...i for1<.<i,
(4:30) 123...010n...(1+1)23...i forl<i<i, 110n...3234...i2,

123...010n...0+123...¢ fori<i:<n.

The two words in the first line correspond to the fact that [b[SL,(d)], b[SL(c1—)]] #
0 only when r = i—1,n (for 1 <4 < n), while the words in the third line correspond
to the cases 1 < ¢ < 7 and ¢ = 1 in the third line of (4.29). Clearly, 123...n1023...¢
is the lexicographically largest word from the list (4.30). Therefore, SL(0 4+ a;—,;)
is indeed given by (4.26) as the corresponding standard bracketing does not vanish:

b[SL(6 + av1s)] = b[123...71023 .. .i] = [b[123...7],b[1023...4]] = —Ey;s1t.
e Proof of (4.10) for k = 1.

Let us prove by induction on ht(a;_;) that

4.31) SL(6+ aj;) =10n...j23...7—210n...5 —123...0 fori<i+1<j.
J

(1) The base of induction is (4,4) = (0,1). The possible decompositions of 6 + g1
into the (unordered) sum of two positive roots are as follows:

§+ags1 = (6) + (ap—1),
(4.32) 0+ g1 = (0 + ag) + (o), 0+ aps1 = (0+aq) + (ap),
d+aps1 = (o) + (ag1)—1) for 1< <n.
Thus, the concatenated words in the right-hand side of (3.10) for @ = § 4+ g1 are:
1010...r+223...(r+1) forl<r<n-1, 123...n010,
(4.33) 11023...70,  123...n100,
1023...010n...(t +1) forl<:<mn.
Here, the n words in the first line correspond to the fact that [b[SL,(4)], b[10]] # 0
for all 1 < r < n, according to (4.16). Clearly, 1023...(n — 1)10n is the lexico-

graphically largest word from the list (4.33). Therefore, SL(J 4+ ap—1) is indeed
given by (4.31) as the corresponding standard bracketing does not vanish:

b[SL(6 + ats1)] = b[1023 ... (n — 1)10n] = [b[1023 ... (n — 1)], b[10n]] = — Ep 1.2t

(2) Let us now prove the induction step: prove (4.31) for SL(6 + «;_;) utilizing the
same formula for SL(0 +«;,—,,) with [y = ¢) C [j — 7). The possible decompositions
of § + aj_,; into the (unordered) sum of two positive roots are as follows:

0+ =(0+aj,)+ (aj-Tl—n‘) for g€ [j — 1)
(4.34) 0+ ajsi = (ajsy) + (6 + amﬂi) for ye[j — 1)

0+ ajsi = () + (agg,) forgel(i+1) —j5—1)
as well as

(435) é + Q5 = (5) + (Ozj_n-).
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The concatenated words in the right-hand side of (3.10) for @ = § + aj_; arising
through (4.34) are:

10n...9+123...i10n...523...5 for j < <0,

0n...523...5—210n...5—123...9(y+1)...7i for1<jy<y,

10n...7+123...()—110n...923...ij(j+1)...7 forj<j<n,
(4.36) 123...n1023...95(j +1)...n0,

10n...510n...3234...i2,

10n...523...910n...(34+1)23...4 for2<jy<i,

10n...523...910n...(9+1)23...5 forge|(i+1)—j—1),

where the words in the first two lines of (4.36) correspond to the first line of (4.34),
depending on whether 3 > j or 5 < 4, while the words in the third-sixth lines
of (4.36) correspond to the second line of (4.34), depending on whether j < 7 < 0,
7=0,3=1,0r1 < jy < i. Meanwhile, the concatenated words in the right-hand
side of (3.10) for o = § + a;; arising through the decomposition (4.35) depend on
whether ¢ =1 or i # 1:

(4.37) 10n...523...i10n...523...5—1, 10n...523...i10n...(i + 1)23...4¢
if i # 1, and

10n...r+223...r+110n...5 forj—2<r<n,

(4.38) ) N - )
0n...510n...7+223...r4+1 for1<r<j—2

if i = 1. It is easy to see that 10n...523...7 —210n...57 —123...47 is the lexico-
graphically largest word from the above lists (4.36)—(4.38). Thus, SL(6 + a;;) is
indeed given by (4.31) as the corresponding standard bracketing does not vanish:

b[SL(8 + o ;)] = b[10n...j23...7—210n...7 —123...i] = —E, ;1.

Step of Induction
Let us now prove the step of induction, proceeding by the height of a root. We
shall thus verify the stated formulas for affine standard Lyndon words SL. («) with

(4.39) (d+1)h <ht(a) < (d+2)h,  where h =n+ 1= ht(5),

assuming the validity of the stated formulas for all SL.(8) with ht(5) < ht(«). In

other words, we verify (4.11) for k = d and formulas (4.6)—(4.10) for k = d + 1.
When evaluating the standard bracketings b[- - -] below, we will only need their

values up to nonzero scalar factors. To this end, we shall use the following notation:

(4.40) A=B if A=c¢-B for somece C*.

e Proof of (4.11) for k = d.
The possible decompositions of (d+ 1)d into the (unordered) sum of two positive
real roots are as follows:

(4.41)  (d+1)0 = (ad + a1) + ((d — a)d + aa—0),

(4.42)  (d+1)d = (ad +o1-j) + ((d — a)d + az7) for2<j<n,

(4.43)  (d+1)d = (ad + az—j) + ((d —a)d + az57,,) for2<j<n,

(444)  (d+1)d = (ad + a;j) + ((d — a)d + aj7, ) for3<i<j<n,
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with 0 < a < d. By the induction hypothesis, we get the following concatenations:

110n...32210n...3234...n0 ifa:0,2|d
N— ——
%times %times
110n...3234...n010n...322 ifCL:O,QJ[d
N—— N———
d-é—l times d;l times
(a) 12...n1023...n 1010n...32210n...3234...7n0 if0<a<d,2]|(d—a)
(4.45) ZO = —_———— |
(a—1) times 4-0a times 472 times

2 2

12...12.1023...2.10 10n...32 34...n0 10n...32 2 f0<a<d,2{(d—a)
N——r N—— N——

(a—1) times % times d’;71 times

12...n1023...n0 ifa=d
—_————

d times

for the decompositions (4.41),
123...n.1023...n1023...510n...5 +123...jj+1...0 if1<a<d
—_———

123...510n...5+123...55+1...0 ifa=0
dtimes
for the decompositions (4.42) with 2 < j <,
10n...5+123...(j—1)10n...523...(j —1)j ifa=0
dtimes

10n...7+123...(j—1)10n...523...(j —1)10n...j

(d—a—1) times

10n...32210n...3234...7 if0<a<d,2\a
—_— —
5 times 5 times

10n...5+123...(j—1)10n...523...(j —1)10n...j

(a) _
(4.47) ezj - (d—a—1) times

10n...3234...510n...322 if0<a<d?2ta
— ~—
a;l times a;l times
10n...74+4110n...32210n...3234...5 if a =d — even
—_— Y—
%times %times
10n...54+110n...3234...510n...322 if a =d—odd
— —
441 times d=1 times

2 2

for the decompositions (4.43) with 2 < j < n, and

10n...7+123...(j—1)10n...523...(j —1)j ifa=0

d times

10n...74123...(j—1)10n...523...(j —1)10n...5

(448) égazz (d—a—1) times
! 23...(i—1)10n...i23...(i—1)i(i+1)...j if0<a<d

a times

10n...5+123...(i—1)10n...i23...(i—1)i(i+1)...5 ifa=d

d times
for the decompositions (4.44) with 2 <i < j <n.
Clearly, the lexicographically largest word from the lists (4.45)—(4.48) is
69 = 10n...310n...22,
—

dtimes
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which coincides with the word in the right-hand side of (4.11) for k = d and r = 1.
Let us compute its standard bracketing:

b[eS)] = [b[10n....3],b[10n ... 22]] = [Esat, East?] = (Eyy — Es3)t*,
d times

where we use the induction hypothesis in the second equality. Moreover, a similar
argument also implies that

(4.49) bleSY] = (Eay — Esg)t™ ! = b[(l)]  VO<a<d

The next lexicographically largest word from the lists (4.45)—(4.48), with the
words {Eg‘;) d_, excluded due to (4.49), is

a

09 =69 = 10n...4210n...323,
d times

which coincides with the word in the right-hand side of (4.11) for k = d and r = 2.
Let us compute its standard bracketing:

b[eS)] = [b[10n...42], b[10n . .. 323]] = [Eyst, Esst?] = (Ess — Ega)t?H!,
dtimes
where we use the induction hypothesis in the second equality. Moreover, a similar
argument also applies to the remaining words Zé‘g) and Eggé with 0 < a < d:

b[£$%)], b[£$%)] € span{ (Fay — Es3)t?, (Ess — Eay)t®1} = span{b[3y], b[(S)]}.

Proceeding further with the same line of reasoning we find that the (n — 1) lexico-
graphically largest words from the above lists with linearly independent standard
bracketings are: fg%)lé%), . ,Egzl). This proves (4.11) for k=dand 1 <r <n—1.

The lexicographically largest word among the remaining lists (4.45)—(4.46) is
A9 =\ =123 .n1023...n0.

d times

Let us evaluate its standard bracketing:

b[Z(O)} = [b[123 . n], b[1023 R ’I’LO]] = [El,n-&-ly En+171td+l] = (Ell—En+17n+1)td+l.

In

dtimes

As this bracketing is linear independent with {b[ﬁg;)} _5 computed above, we get
SL,((d+1)0) = 6(133. This completes our proof of (4.11) for k = d, and proves:

(Er+1,r+1 - Er+2,r+2)td+1 if 1 S T S n—1
(Ell — En+1’n+1)td+1 lf T=n

b[SL,((d + 1)8)] = {

e Proof of (4.6)—(4.10) for k = d + 1.

The case of real roots is treated precisely as in our part II of the induction base.
Let us present the proof of (4.8), leaving the other ones to the interested reader.

Instead of listing all possible decompositions of (d + 1)§ + as—,;, we start by
noting that the word 4(d + 1, j) from the right-hand side of (4.8) for k = d + 1
corresponds to the decomposition (d+1)6+ao_,; = (|42 [6+as)+([HL]6+as;).
Since £(d + 1,7) > 10n...32 = SL;(9), it suffices to consider in (3.10) only those
decompositions (d + 1)§ + aa—,; = 71 + 72 such that each word SL,(v1), SLy(72)
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is either > 10n...32 or is a prefix of 10n...32. By the induction hypothesis, this
restricts us to the following list:

(d+1)0 + as—yj = (6) + (dd + o),

(4.50) (d+1)0 +assyj = (ad+az) +((d+1—-a)d+az-;), 0<a<d+1,
(d+1)0+azsj = ((d+1)0 + azsy) + (Qg41)55), 2<7<J.

We therefore get the following list of concatenated words:

10n...3210n...32210n...3234...5 if 2| d
—_—
% times g times
10n...3210n...3234...5710n...322 ifZJ(d’
—— ——

dzi times

10n...322 10n...32 34...5 if ¥ <a<d+1
N—_—— N—_——

a times (d+1—a) times

10n...32 34...j10n...322 if0<a< %
N—— N—_———

(d+1—a) times a times
10n...32210n...3234...9(3+1)...5 if 2|(d+1)

d+1
2

(4.51)

times % times

10n...3234...910n...322(y+1)...5 if 2|d

d+2
2

times % times

It is easy to see that the word £(d+ 1, j) is the lexicographically largest word from
the list (4.51). Let us evaluate its standard bracketing:

ble(d +1,7)] = [b[10n...322],b[10n...3234...5]] =

| 242 | times [9E1] times
[Bastl 5 By ot 571) if2<j<n . [Boypat™l if2<j<n
[Eagt 5 Bt it j=0 Ent™? ifj=0

where we use the induction hypothesis for b[SL([ 452 |6+as)], b[SL([ 4216+ a3 ;)]

+1
2
This completes our proof of (4.8) for k =d + 1. O

4.3. General order. R

We now compute affine standard Lyndon words for sl,, 1 with an arbitrary order
<onl= {0,1,...,n}. The key feature is that all affine standard Lyndon words
are determined by those of length < n. Furthermore, the explicit description of the
degree ¢ affine standard Lyndon words is instrumental for the general pattern.

Notation: To distinguish from <, we shall now use < for the standard order on I:
1<2<3<---<n<0.
We start with the following simple result:

Lemma 4.4. Consider two arches [a — b+ 1) C [a' — b + 1) such that b’ # o’ —1
and minja’ = ¥ +1) € [a = b+ 1). Then: SL(ag—p) < SL(ae—pr)-

Proof. We note that this result is a property of the Lalonde-Ram’s bijection ¢ (2.12)
for the simple Lie algebra sly(q,, )41 With simple roots labelled by [a" — b' 4 1).
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If b # b', consider roots 1 = aq—p and y2 = aj77_,,, Whose sumis a =1 +72 =
Qa—p. In view of the remark made above (reduction to a finite case), the convexity
of Proposition 2.20 implies that SL(«) is sandwiched between SL(~;) and SL(v2).
But by our assumption the minimal letter of SL(7;) is min[a’ — b 4 1) which is
smaller than the minimal letter of SL(~2). Thus, we get: SL(y1) < SL(a) < SL(72).

By a similar argument, we also conclude that SL(aq—p) < SL(agr—p) if a # a'.
This completes our proof of the desired inequality SL(a,—p) < SL(a/—p). O

Due to the D,,1-symmetry of T and 3"’, where D, is the dihedral group, we
can assume, without loss of generality, that

(4.52) 1:min{a‘a€f} and i:zmin{a’aéf\{l}};ﬁ&
where min is taken with respect to our order < on T.

Lemma 4.5. Forc € I\{1} = {2,...,n,0}, define the degree & word (,(6) € T* via:
(4.53) £e(0) := SL(agg_a=1)c.
Then, we have:
1) £,(8) > £p(0) whenever i < a <b <0,
2) £4(6) < £p(5) whenever 1 < a <b =1,
so that fg(é) < 63(6) <0< fz(é) > €z+1(6) > > 60(5)

We need a simple fact about Lalonde-Ram’s bijection (2.12) for a finite type A:
Claim 4.6. (1) If b = min{a,a + 1,...,b— 1,b}, then SL(ag—p) =bb—1...a+ 1a.
(2) If a = min{a,a +1,...,b—1,b}, then SL(cg—sp) =aa+1...b—1b.

Proof of Lemma /4.5. The proof is based on the more explicit formulas for £.(9):

e Case 1: 1 <c=<1.

Consider the costandard factorization SL(azg_,z=7) = f1,clo,c. As £y starts
with 1, {5 . starts with ¢, deg ¢; ., degls . € 3"’, and deg {1 . +degla . = a7 o1,
we see that lo . = SL(ag7_,.) and 41 . = SL(ag77_,c=) for some e = i. For e > i,
we have SL(a7_,:=7) < SL(a;37_,5=7) by Lemma 4.4. Therefore, we have:

SL(agrioe=1)SL(ogris,.e) < SLagpe=7)Shlagg,) Ve -i.

Since the word SL(a;77_,:=7)SL(ag7_,;) is Lyndon (as it starts with the smallest
letter 1 which appears only once) and its bracketing is clearly nonzero, we conclude:
SL(azrime=1) = Shagre=)Shlag) = Shlagr=)ii - 1...c + 1,

with the last equality due to Claim 4.6. Thus, we obtain:

(4.54) £.(0) = SL{azq_;=7)ii—1...c+1c V1<c=i.

The desired inequality ¢, () < £,(d) for 1 < a < b < i follows now from Lemma 4.4.
e Case 2: 1 <c=<0.

Arguing as in the previous case, we see that the costandard factorization
SL(OZm_w_il) = 61’662’6 has the form ég’c = SL(ae—m—il) and £1,c = SL(am_)a)
for some 1 < e < 4. For 1 < e < i, we have SL(az7_,;=7) < SL(ag7_7=7) by
Lemma 4.4, and so SL(agrg_,:=7)SL(a, ,o=7) < SL(agg_i=7)SL(a;_o=1). As
the word SL(ag7_,7=7)SL(;_,z=7) is Lyndon (as it starts with the smallest letter
1 which appears only once) and clearly has a nonzero bracketing, we conclude:

SL(azziem) = Shlagro=1)Shle =) = Sh(agrr =) di + 1...c — 1
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with the last equality due to Claim 4.6. Thus, we obtain:
The desired inequality £, () > £,(0) for i < a < b follows from Lemma 4.4 again.

For a,b € I, we introduce sgn(a — b) € {—1,0,1} via:

1 ifaxb
(4.56) sgn(a—b):=¢ -1 ifa=<b.
0 ifa=0b

The following generalization of Theorem 4.2 is the main result of this section:

O

Theorem 4.7. The affine standard Lyndon words for fsA[nH (n > 3) with any order
< onl={0,1,...,n} satisfying (4.52) are described by the formulas below (k > 1):

(4.57) {SLlGﬂL.“,SLn“ﬁ)}::{SLQE;THE;ﬂ€c+Wn@,@0Dc‘ceAf\{l}}

(k—1) times
(4.58) SL(kS + ag—p) = bz7(6)b(b—1)...a, forl<a=b<i
——
k times
(4.59) SL(ké + aq—p) = bz=5(8)aa+1...b, fori<a=<b=0
——
k times
(4.60) SL(kd + agsp) = forl1<a<i<b
~ =~ ~—~—
% times % times % times
6GO) T=T...a £;(8) i 4(5) i+1...b if3|k+1
~—— —— —~— , ifi—1<i41
kL fimes k=2 times %t times
3 L 3 3 L 7
S~ ~—— S~
%times %times %times
~ ~—~
g times % times % times
—~— ~—~— , fi—1>d+1
k+1 times k=2 times %t times
3 7 3 3 7 7
66) i—1...a 4;(6) i 45 i+1...b if3|k+2
~—~— ~—~— ~—~—
%times kgl times kgl times
~—~— =
E times £ times
(4.61) SL(kS 4 ayyp) = { 20 ¢ ‘ for i < b =<0

6GS) THI..b 6(8) i if 24k’
——

{

% times % times
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&(5)2&((5)2—1& if2|k
N~ ~—~—~
gtimes %times

i , forl<a<i
06) T=T...a 6(6) i if2tk’ T
—~—

(4.62) SL(kS + (vasi) =

—~—
% times % times
(4.63) SL(kd + ay) = £:(6) i
~—~
k times

and finally a slightly less explicit formula

(4.64) SL(kd + apsa) = b1 lyq(8) Lo, for1le[b—a+1)
——
(k—1) times
where SL(§ + ap—q) = £142 is the costandard factorization (2.4)
and £, 4(9) is one of £.(d) such that SL(2d + ap—q) = £1€p—q(0)ls.
Remark 4.8. (a) The implicit words ¢; and ¢s providing the costandard factorization
of SL(0 + ap—sq) in (4.64) can actually be described explicitly (see Lemma 4.11):
61 = SL(Oéb_ﬂ)_iQ) and 52 = SL(ab—il—m‘) lf SL(O&H_HI) > SL(Oéb*)m),
/= SL(O[m_m) and fy = SL(ab—mi—H) if SL(aﬁﬁa) < SL(Olb_)m).
(b) Likewise, the word £,_4(9) featuring in (4.64) can be characterized as the lexi-

cographically largest among those £.(d) that satisfy [b[¢1], b[¢.(d)]] # 0. Explicitly,
as follows from the proof below, we have (cf. part (a) above):

(465) eb%w){Eb*“g"“"“"“)“’ i SLlogmroa) > Sl z7)

£a+1+syn(i7(a+1))(6) if SL(O‘b—il—m) < SL(abam) .
(c) Let us also record the explicit order between the words 1, ¢a, p—,4(0), cf. (4.80):
l <ty < fbﬁa(é) .

(d) For the standard order (4.1), we clearly recover the formulas from our previous
Theorem 4.2. We also note that the proof below significantly simplifies when ¢ = 2.

(e) Finally, we note SL(aq—5) can be easily reconstructed using either of the algo-
rithms presented before Lemma 4.11, with 1 replaced by min{a,a +1,...,b — 1,b}.

Remark 4.9. (a) In the base of induction below we prove that

(4.66) {SL1(9), .-, SLa(8)} = {£c(8) |c € T\ {1}}.
As easily follows from (4.54, 4.55), their standard bracketings are:

(Ei+1,i+1 — Ec,c)t ifl<c = 7
(Ezz — EC+1’C+1)t ifi<e=<0 '

s

(4.67) b[£c(0)] = {

(b) The bracketing b[SL(aq—)] for 1,7 ¢ [a — b + 1) is a nonzero multiple of E, 41
ifb#0, Eqitifa <b=0, Epyq1t if a = b= 0. Thus, the lexicographically largest
word among SL..(6) whose bracketing b[SL, (4)] does not commute with b[SL(aq—p)]

is b577(0) if @ < i and £5—(9) if @ = i, due to Lemma 4.5, (4.67), and (4.58, 4.59).
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Proof of Theorem 4.7. The proof proceeds by induction on k.

Base of Induction

The base of induction is £ = 1. In this case, the nontrivial cases are the formu-
las (4.57) for SL.(6) and (4.58)—(4.63) for SL(§ + aq—yp) with 1 ¢ [a — b+ 1).
e Proof of (4.57) for k = 1.

For any 1 < r < n, consider the costandard factorization SL,.(§) = ¢1¢5. For
degree reasons, we have {1 = SL(aj77_,5=7), {2 = SL(a—p) for some b # a —1
suchthat 1€ [b+1—a)andi€a—b+1). If b=14, then 1 <a < i and

SLT((S) = SL(O&m*}ﬁ)SL(Oxa_H) = SL(O{m*}ﬁ)ZZ —1...a= ga(6) y
due to (4.54) and Claim 4.6. Likewise, if a = i, then ¢ < b and

due to (4.55) and Claim 4.6. Finally, if 1 < a < ¢ < b, then SL,.(§) < £.(6) for
any ¢ € [a — b+ 1), due to Lemma 4.4 and the explicit formulas (4.54, 4.55). On
the other hand, b[SL,(8)] = [b[¢1], b[l2]] = (Fa,e — Ep+1,+1)t, while the standard
bracketing b[¢.(0)] is given by (4.67). Hence, the bracketing b[SL,(d)] is a linear
combination of the bracketings of the larger words ¢, (), ¢;(9), £»(d), a contradiction
with SL,.(§) being standard. Thus, any degree § affine standard Lyndon word is of
the form £.(9) for ¢ # 1. This completes the proof of (4.66), as we have n such words.

e Proof of (4.58)—(4.63) for k = 1.
We omit the proof as it coincides with the one in the step of induction below.

Step of Induction

Let us now prove the step of induction, proceeding by the height of a root.
We thus verify the formulas (4.57)—(4.64) for affine standard Lyndon words SL, ()
with k = r+1 assuming the validity of these formulas for SL, (/) with ht(5) < ht(«).

Notation: In what follows, we shall denote [a — b + 1) from (4.5) simply by [a; b]:
[a;b] := {a,a—|— 1,...,b— Lb}.

e Proof of (4.57) for k =r+ 1.
We consider only decompositions of the form (r+1)§ = (r10+aq—p)+((r—r1)d+

apri_a=1)s due to Remark 3.5. We may further assume that 1 € [b+ 1;a — 1]. We
start with the following useful result (which will be strengthened in Lemma 4.11):

Claim 4.10. If £145 is the costandard factorization (2.4) of SL( + ag77_,;—=7) and

1 € [b+ 1;a — 1], then both words ¢; and ¢s contain all the letters located on the

(counterclockwise oriented) arch [b+ 1;a — 1].

Proof of Claim 4.10. First, we note that both ¢, /s start with 1. If /; does not

contain all the letters from [b+ 1;a — 1], then it consists only of letters from ¢ to

d, where 1 € [¢;d] € [b+ 1;a — 1. Thus, £, < SL(agy7_,5—1) by Lemma 4.4, hence
(468) SL((S + Oém%m) = Z162 < SL(amﬁﬁ)ee(i;a,b) (6) ’

with e(i;a,b) := a if @ = @ and e(i;a,b) := b if ¢ < a < b. However,
SL(agia=7) < Le(iab)(6) by Lemma 4.4 and their standard bracketings do not
commute by (4.67): [b[SL(agr7_5=7)], blle(iza,p) (0)]] # 0. Thus, the concatenated
word SL(aj77_,5=7)fe(i;a,5)(0) appears in the set from the right-hand side of (3.10)
for the root o = & + ag7_,;—, contradicting (4.68).
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If ¢5 does not contain all the letters from [b + 1; a — 1], then we apply precisely the
same argument to 21 and use the inequality ¢102 < ¢2¢1 to get a contradiction. [

For 1 < r, we have SL((r —r1)0 + ag7_5=7) = €1 l57_,7=7(0) €2 by the induc-
—_———

(r—r1—1) times
tion hypothesis, where /1f5 is the costandard factorization of SL(d + agzr7_5=7)-
According to Claim 4.10: b[¢;] = Em,ctl_‘st for some ¢ € [a;b] or b[l1] = E, 4t
for some ¢ € [a+ 1;b]. For any d € [a;b], one of the roots deg /1, deg £, € At does
not contain ag, which together with ¢; < {5, Lemma 4.4, and Claim 4.10 implies:

Moreover, the equality in (4.69) does hold only for d = b if SL(ay_7=7) >
SL(agr1_,,) and for d = a if SL(ay,_,z—7) < SL(ag77_,,), according to Lemma 4.11.

Thus, if a # b and SL(oy,_,;—1) > SL(ag17_,,), then for d € [a;b — 1] we have:

SL((’I‘ — 7’1)5 + amﬁﬁ)SL(rlé + Ola_ﬂ;) < SL(OZmHﬁ) <
SL(agr1q=1) Latsgn(i-a) () d.
—_——
r times

In the remaining case d = b (with a # b and SL(c, ,5—) > SL(a337_,,)), we have:

SL((T — 7‘1)5 + am%ﬁ)SL(Tlls + O(a_>b) =

SL(am*}ﬁ) ém*)ﬁ(é) 62 SL(T'15 + Ota_>b) <
—_——

(r—ri1—1) times
SL(agr15=1) Grri—a=1(0) b = SL(agg_5=1) Lot sgn(i—1)(9) b,
—— —
r times r times
cf. (4.65), with the inequality implied by fo < f57_,o=7(0), due to (4.80) and a # b.

The case of a # b and SL(cy, ,;—1) < SL(az77_,,) is treated completely analogously.
On the other hand, if a = b= d and r; > 0, then

SL(r16 + aq—sp) = SL(r10 4+ @) = Laysgn(i—a)(0) @
—_———
71 times

by the induction hypothesis (applying (4.58) if a < ¢, (4.59) if a > 14, (4.63) if a = 7)
and SL((r —1)d + agg_5=1) = SL((r — m1)d + ag7_,5=7) is given by

(4.70) SL((r — m1)6 + ag7a—1) = SL(agra=1) Latsgn(i—a) (0) -
—_——

(r—ry) times

To prove the latter claim, we first note that ¢; = SL(ag7_,5;=7) and f2 = SL»(6),
while the lexicographically largest word SL-(d) whose bracketing does not commute
with b[SL(agg7_,5=7)] = Eat1,at' %0 is precisely Lot sgn(i—a)(d), due to (4.67) and
Lemma 4.5. Therefore, fo = £o4 sgn(i—a)(d). Second, we also claim that {5 _,;=(9)

equals o = £o 4 sgn(i—a)(6). To this end, recall that for o = 20 + ag7_, ;=7 we have

(4.71)  SL(a) = lilzz7 ,5=1(8)la = SL{agrr a7 )larisa=1(0)latsgnii-a) (9) -
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olf gmeﬁ(é) < Ea-&-sgn(i—a)(a)’ then SL(O‘F&—»ﬁ)gmaﬁ((s)éaﬁ-sgn(i—a) (5) <
SL(agg7a=1)latsgn(i—a)(0)atsgn(i—a)(6) =: £ and the bracketing of the latter is

b[ﬁ] = [b[SL(amﬁﬁ)éaﬁegn(ifa)(5)}7 b[gaJrsyn(ifa) (6 ]] =
[b[SL(aﬁ—)ﬁ)]v b[ga-i-sgn(i—a)((s)“ -t 7é 0.

We get a contradiction, since { is one of the concatenations (corresponding to the
decomposition a = (6 + ag7_5—7) + (0)) in the right-hand side of (3.10) for a.
o If liz7_,7=7(0) > Latsgn(i—a) (), then the costandard factorization (2.4) of SL(«)
in (4.71) must be of the form SL(a) = 145 with £5 = £y} sgn(i—a)(d) and £} =
SL(ag7 a1 )lazioa=1(0). We get a contradiction again, since £} is an SL-word
and so Ell = SL(deg f’l) = SL((S + amﬂﬁ) = SL(amHﬁ)ZaJrsgn(i,a) ((5)

This completes our proof of (4.70). Combining all the above, we obtain the
following inequalities for £ := SL((r — 1)d + ag77_,5=7)SL(r10 + aqp):
(472) < SL(O[T«H%H) £d+sgn(i—d) (5) d Vde [a; b] :

—_———
r times

We also note that (4.72) still holds for r1 = 7.
Let us record the bracketings of the words from the right-hand side of (4.57):

(Bee = Ecp1,e+1)t" ifl<e<n

4.73) b[SL(azz7_5=7) letsgn(i—c)(0) c] = .
( ) [ (ac+1ac71) +sgn( )( )C] {(En+1,n+1 _ Ell)trJrl ife=0

7 times

We shall now compute the standard bracketing of £. We have two possibilities (due
to the inequalities of Remark 4.8(c)):

1) The costandard factorization (2.4) of £ is of the form:
(=60, with £ =SL((r— )8+ agpr_=) £ = SL(r18 + camss)
Hence, the standard bracketing of ¢ is:

b[¢] = [b[£1], b[63])] = (Eaa — Bpprp+)t+! =
(Eaa - a+1,a+1)tr+1 + (EaJrl,aJrl - Ea+2,a+2)tr+1 +--+ (Ebb - Eb+1,b+1)tr+1'
Thus, if £ is not a word from the right-hand side of (4.57) for k = r+1, then b[/]
can be written as a linear combination of the bracketings of the larger words

{€a(0) |d € [a;b]}, cf. (4.72, 4.73). Hence, the word ¢ can not be standard.
2) The costandard factorization (2.4) of ¢ is of the form:

! = €/1£/2 with éll =/ fm%m(é) R 5/2 =V SL(’/‘15 + Oéa_>b) .
—_——
(r—r1—1) times

Hence, the standard bracketing of ¢ is either b[f] = (E.. — Epi1,p41)t" " for
c € [a;b] or blf] = (Euq — Eee)t™t! for ¢ € [a+ 1;b]. Thus, analogously to 1),
if £ is not a word from the right-hand side of (4.57) for & = r + 1, then b[/]
can be written as a linear combination of the bracketings of the larger words
{€a(0)|d € [a;b]}, cf. (4.72, 4.73). Therefore, the word £ can not be standard.

Finally, if SL((r — r1)d + az7_,7=7) > SL(710 + @4—sp), then the concatenation ‘
arising from the decomposition (r+1)d = (r16 + a—p) + ((r —7r1)d + ag37_5=7) is

(4.74) 0= SL(r18 + cams)SL((r — 11)8 + gy _a—7) < L.
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By the induction hypothesis, we likewise have b[¢] = (E,, — E,)t"' for some
D,q € [a;b+ 1]. The latter is a linear combination of the bracketings of the larger
words {£4(8) | d € [a;b]}, cf. (4.72)—(4.74), hence the word £ is not standard either.

e Proof of (4.58) for k =r + 1.

Consider o = (r +1)d + ag—p with 1 < a < b < 4. Its possible decompositions
are a = (110 + aa—e) + (red + agy_,,) with 71 +ro = r or r 4+ 1, depending on c.

First, we show that decompositions with ¢ ¢ [a; b] give rise to concatenated words
which are lexicographically smaller than the word in the right-hand side of (4.58)
for k = r + 1. There are four cases to consider: 1 € [a;c] or 1 € [c + 1;b], treating
separately 71 = 0,77 > 1 in the first case and o = 0,72 > 1 in the second case.

1If1€[a;c] # Tandr, =0, thenl e [a;c] C [e+1;e—1] forany e € [c+1;a—1],
and so SL(aq—c) < SL(@(e41)—(e—1)) by Lemma 4.4. As 1 = min f, we get:
SL(cta—e) 1 < SL((eq1)—(e—1)) € = Le(d) < £a(0) < Lpy1(6) with the last two
inequalities due to Lemma 4.5. We note that SL(a,—.) 1 cannot be a proper prefix
of £p41(9) (as the former word contains the letter 1 twice) and SL(rd+ag7_,,) starts
with 1. Thus, the concatenation SL(cq—sc)SL(rd + agrg_,;) is lexicographically
smaller than ¢, (), hence, smaller than the right-hand side of (4.58) for k = r+1.

2)If1 € [c+1;b]and ry = 0, then 1 € [c +1;b] C [b + 2;b], and so SL(ag7_,,) <
SL(a473_,,) by Lemma 4.4. Thus, SL(ag7,,) 1 < SL(ag5.,) (0 + 1) = £p41(9).
The rest of the argument proceeds exactly as in 1) above.

3)If 1 € [a;cd] # I and r1 > 1, then SL(r18 + dgmse) = £1 Lasse(8) Lo with

——

(r1—1) times
¢y and {5 defined through the costandard factorization SL(§ + aq—e) = €103, We
claim that ¢1 < £,41(0), from which the argument proceeds exactly as in 1) above.
Indeed, according to Claim 4.10, ¢; is given by one of the following two formulas:
(A) 41 = SL(agq) for d € [c = (a — 1));
(B) 41 = SL(ag—e) for d € [(c+2) — a).
According to Lemmas 4.4, 4.5, we thus get: /1 < SL(aq—(a—2)) < €a—1(6) < lp41(0)
in case (A) and ¢1 < SL((cq2)—c) < £et1(0) < lpy1(6) in case (B), as stated above.
HIU1e[c+1;0] # T and 72 > 1, then SL(r2d + agq_,,) = €1 g1, (0) fo with
——
(ro—1) times
1 and £y defined through the costandard factorization SL(6 4+ az7_,;,) = €1€2. We
claim that ¢1 < £,41(0), from which the argument proceeds exactly as in 1) above.
Indeed, according to Claim 4.10, ¢; is given by one of the following two formulas:
(A) 41 = SL(ag—p) for d € [b+ 2;¢+ 1J;
(B) ¢1 =SL(agg_4) for d € [(b+1) — ¢).
According to Lemmas 4.4, 4.5, we thus get: 1 < SL(agz5_,;,) < lb41(6) in case (A)
and ¢1 < ly = SL(ag7,,) < SL(aggz,,) < fb+1(9) in case (B), as claimed above.
Therefore, it suffices to consider only the following decompositions in (3.10):

(4.75) a = (rid+aase) F((r+1=r1)0+ae41)=p), a=2c=<b,0<r <r+1,

(4.76) a=r0)+((r+1—r1)d+aasp), 1<rm<r+1.

o Case 1: Concatenations arising through (4.75).
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1) If 0 < r1 < r+ 1, then the corresponding concatenated word starts with
£ey1(6), due to the induction hypothesis and the inequality £.11(8) < €p11(8) of
Lemma 4.5. Thus, this concatenation is < the right-hand side of (4.58) for k = r+1.

2) If 11 = r + 1, then the corresponding concatenated word again starts with
Le41(0), but now because the first letter of £.41(9) is smaller than any of ¢+1,...,b.
Therefore, this concatenation is < the right-hand side of (4.58) for k = r 4 1.

3) If r; = 0, then the concatenation equals ¢,11(0) b(b—1)...(c+1)SL(ag—e).

~——

(r+1) times
But SL(ag—c) < ¢(c —1)...a (either they differ in the first letters, or Claim 4.6
applies), hence, this concatenation is < the right-hand side of (4.58) for k = r + 1.

o Case 2: concatenations arising through (4.76).
First, we record the standard bracketing b[SL((r+1—71)6+aqp)] = FEgpprt" 71771

1) If r1 > 1, then according to (4.73) the only words from the right-hand side
of (4.57) with k = r; whose standard bracketing does not commute with the above
b[SL((r+1—71)0 +ae—sp)] start with SL(ag7_,;=7)1 for c = a—1,a,b,b+1. Each
of these words is lexicographically smaller than ¢,41(9). Hence, the corresponding
concatenation is < the right-hand side of (4.58) for k =r + 1.

2) If 1 = 1, then we should rather use the formula (4.67) for the bracketings.
oIf b < i—1, then the only ¢;(§) whose bracketing does not commute with
b[SL(rd + ca—sp)] are £,(d) and lp41(0). As £,(0) < £p11() by Lemma 4.5, the
resulting concatenation is < the right-hand side of (4.58) for k =r + 1.

o If b = i—1, then the only ¢;(§) whose bracketing does not commute with
b[SL(rd+ag—p)] are £,(0) and {£.(d)|c > i}. As ¢;(0) is the maximal of these words
(Lemma 4.5), the concatenation is still < the right-hand side of (4.58) for k = r+1.

We note that in both cases above the equality is possible (when £p41(d) is used).

This completes our proof of (4.58) for k =r + 1.

e Proof of (4.59) for k =r + 1.
The argument is completely analogous to the one used in the previous case (we
leave details to the interested reader).

e Proof of (4.60)—(4.63) for k =r + 1.

Let us prove the most complicated formula (4.60) for the case o = (r+1)d+ g
with 1 <a <i<bandi—1<i+ 1 (the proofs for the other cases are analogous).

There exists a degree o Lyndon word with a nonzero bracketing that starts with
SL1(6) = ¢;(6). Therefore, it suffices to consider in (3.10) only those decompositions
a = (r16+ P1)+ (r26 + B2) such that each word SL(r10 4 1), SL(r2d + 32) is either
> ¢;(6) or is a prefix of ¢;(d). This excludes the following cases (with p = 1, 2):

1) Bp = qgse with 1 € [a;c] # f, as in this case we have SL(a,—.) 1 < £;() and
011 < £;(6) with ¢, arising through the costandard factorization SL(§ 4+ aq—) =
0143, cf. our verification of (4.58) above;

2) Bp = acyp with 1 € [¢;b] # T, as in this case we have SL(ce_) 1 < £;(8) and
011 < ¢;(6) with ¢, arising through the costandard factorization SL(0 + ae—p) =
014, cf. our verification of (4.58) above;

3) Bp = ko with k > 1, as SL(agg7_o=7) 1 < SL(ag_o=7) ¢ = £c(0) < £:(0);

4) By = agc with ¢ € [a — (i—1)) and r, > 0, as SL(r,d + 8,) then starts with
£e41(6) which has the same length but is lexicographically smaller than ¢;(6);

5) Bp = agg_y with c € [i +1 — b) and 7, > 0, as SL(r,0 + (3,) then starts
with £.(9) which has the same length but is lexicographically smaller than ¢;(0).
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Furthermore, if 5, = aq—. with ¢ € [a — (i—1)) and r, = 0, then the corresponding
concatenation SL((r + 1) 4+ a(c41)—b)SL(a—c) is < the right-hand side of (4.60)
for k = r+1, due to the inequality ¢ — 1... (c+1)SL(agme) <i—1...(c+1)c...a
(implied by Claim 4.6) and the induction hypothesis. Likewise, if 8, = a7,
with ¢ € [i +1 — b) and r, = 0, then the corresponding concatenation SL((r +
1)6 + ag—e)SL(aggg_,,) is < the right-hand side of (4.60) for k = r + 1, due to the
analogous inequality i + 1...cSL(ag7_,;,) < i+ 1...b and induction hypothesis.
Therefore, it suffices to consider only the following decompositions in (3.10):
a=(rd+ta, 7))+ ((r+1-r)d+aiyw), 0<r <r+1
(4.77) a= (0 +aesi)+((r+1=—r)d+azg,,), 0<r<r+1
a=(0) 4 (ag—p + 19).
Clearly, we can choose only SL;(§) = ¢;(d) in the latter case. By the induction
hypothesis, all the corresponding concatenations have the following specific form:

~—~— ~—~— ~—~—
p times g times m times

p+qg+m=r+1 and {l1,0,0}={i—1...a,i,t1+1...0}.

Since the corresponding concatenation ¢ is Lyndon (Lemma 2.4) and ¢;(9) starts
with 1 which is smaller than the first letter of the words ¢1, {5, {5, we must have

(4.79) p>q and p>m.
Let us consider three cases:

o Case 1: 3|(r+1). According to (4.79), we have p > "t To get the lexi-
cographically largest word, we need to pick p the smallest possible: p = % As
p>qgmandp+qg+m=r+1, we have p=qg=m = % Additionally, ¢ being
Lyndon implies #; < £5 and ¢; < {3 if p = ¢ = m. It thus follows that ¢; = i. As we
assumed ¢ + 1 > ¢ — 1, the largest word occurs if o =i+ 1...b>¥03 =i —1...a.
Thus, we end up exactly with the word in the right-hand side of (4.60) for k = r+1:

bPrnax = &(5) ) 61(5) i+1...b 61(5) 1—1...a.
— =~ N

% times T;rl times TTH times

This word arises from the decomposition o = (%5 + aisp) + (B + o, 7=7)-
The latter provides the costandard factorization of f,,x, in particular, b[max] # 0.

o Case 2: 3| (r +2). According to (4.79), we have p > “t2. To get the lexico-
graphically largest word, we need to pick p the smallest possible: p = % Then,
r2 r=1} As ¢ is Lyndon and ¢ = p or m = p, {; < {3 or
{1 < U3, respectively. Thus, ¢; equals ¢ or ¢ — 1...a, and to get the lexicographi-
cally largest word, we need to pick /1 =¢—1...a and g = % Then m = T§2,
and ¢ being Lyndon implies that f3 =74 1...b, so that {5 = i. Thus, we end up

exactly with the word in the right-hand side of (4.60) for k = r + 1:
—— —~— —~—

r+2
3

we have {¢,m} =

L times TT2 times

r—

times 3

This word arises from the decomposition o = (256 + agy) + (526 + agg7_,)-

The latter provides the costandard factorization of £p,.x, in particular, b[fyax] # 0.
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o Case 3: 3|r. According to (4.79), we have p > £ 4 1. To get the lexicographi-
cally largest word, we need to pick p the smallest possible and then ¢; the maximal
possible: p = £ +1and £; = i+1...b. As {; is then larger than l5,¢3 and ¢ is
Lyndon, we must have ¢g,m < p = 5 + 1. Evoking p+ ¢ +m = r + 1, we thus get
g =m = %. It is then straightforward to see (using the induction hypothesis) that
the only possible concatenation corresponds to ¢o = i,03 = i —1...a. Thus, we
end up exactly with the word in the right-hand side of (4.60) for k =r + 1:

lax = Li(8) TF1...b 0;(8) i £;(6) i—1...a.
—~— — —~~

5 . o o
TTHtlmeS 5 times 5 times

This word arises from the decomposition o = (46 + ata—i) + (“536 4+ a7, ). The

latter provides the costandard factorization of £pax, in particular, b[fyax] # O.

e Proof of (4.64) for k =r+ 1.
The last root to consider is ap— o +(r+1)d, where 1 € [b; a] # I. First, let us prove
the aforementioned fact about the order of ¢1, €54 (J), and ¢ (see Remark 4.8(c)):

(480) b < by < fb_m((S)

To prove this we need to look at the word SL(2d+ap—4). The first inequality is clear.
According to Claim 4.10, ¢5 is either £,(§) or one of the words SL(cg—q), SL(ap—sc)
with d € [a+ 2;b — 1], ¢ € [a;b — 2], respectively. Let us consider these three cases:
o If ¢y = ¢,(9), then one gets £,_,,(d) = {2 exactly as in our proof of (4.70).

o If £ = SL(tg—q), then in fact ¢ = SL(oy,_;—5) < ¢2 = SL(og—_,,), due to
Lemma 4.11. Also SL(a;—_,,) < SL(a;—_3=5) b — 2 = f;—5(d) by Lemma 4.4.

1) If i € [2;b—2], then bllz—(d)] = (Ei; — Ep—1,—1)t, which does not
commute with b[¢1] = b[SL(ey 575)] = Epp_1t'7%1. Thus, the word
010;—5(8)¢5 is Lyndon and its bracketing is b[¢16;—5(8)¢2] = [b[l16;—5(0)], b[l2]] =
[[b[€1], b[t5—5(0)]], b[£2]] = [b[¢1], b[l2]]t # 0. Therefore, ly < £;—5(0) < ly—q(9).

2) If i € [b—1;0], then ;—(0) < f;—() by Lemma 4.5 so that fo < f;—(9).
Then, b[lz—(0)] = (Eit1,i+1 — Ev—1,5—1)t, which again does not commute with
b[¢1] = Ebvb_ltl";bvl. Thus, the word ¢1;—(0)¢> is Lyndon and moreover, arguing
as in 1), we also get b[¢10;—(0)l2] # 0. Therefore, lo < l;—(0) < ly—q(9).

o If £ = SL(ap¢), then in fact {1 = SL(agzs.,,) < f2 = SL(oy_z77), due to
Lemma 4.11. Also SL(ay,_,577) < SL(aggs_577) @ + 2 = l575(5) by Lemma 4.4.

1) If i € [a+2;0], then b[l;75(d)] = (Eit1i+1 — Fat2,a+2)t, which does
not commute with b[¢1] = b[SL(az75.,,)] = PFat2es1t. Thus, the word
flfm(é)fg is LdeOH and its bracketing is b[glgm((”ég] = [b[élgm(é)}, b[[g]] =
[[b[¢1], b[l555(8)]], b[£2]] = [b[f1], b[l2]]t # 0. Therefore, £y < li75(6) < p—a(0).

2) If i € [2;a + 1], then l;75() < £;77(6) by Lemma 4.5 so that fo < £i75(0).
Then, b[l;5(0)] = (Eii — Eat2,q+2)t, which again does not commute with b[¢;] =
Eay2,q41t. Thus, the word /1/,77(d)¢> is Lyndon and moreover, arguing as in 1),
we also get b[f1lo7(0)¢2] # 0. Therefore, o < li77(0) < lp—a(9).

This completes our proof of (4.80).

We also note the following inequality:

(481) SL(Oéb_>a) S 51 < SL(5 + Oéb_>a) = 5162.
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According to Lemma 4.11, £; is either SL(«, ;=) or SL(ags_,,). Evoking
Lemma 4.4, we thus get SL(ap—q) < €1 < €102 in both cases, as claimed in (4.81).

To prove our key Lemma 4.11 below, we need an explicit algorithm for computing
the words SL(ap—4). This is essentially a description of Lalonde-Ram’s bijection
(2.12) for a finite type A, generalizing our former Claim 4.6 to the case when the
minimal letter on the arch [b;a] is not its end-point, and it utilizes the argument
from our proof of (4.54, 4.55). We provide two algorithms: building SL(cp—,,) either
from right to left or from left to right by stacking “segmental” words accordingly.

Right-to-Left Algorithm for SL(ap—,) with 1 € [b; a].

This algorithm (which crucially uses the fact that each letter appears at most
once) reads off the word SL(ap—4) from right to left, stacking “segmental” words
accordingly. First, we note that 1 will be the first letter. Then, we choose the second
smallest letter 1 # ¢ € [b;a]. If ¢ € [2;a], then we place the word u; :=cc+1...a
in the very end of SL(ay_,), while for ¢ € [b; 0] we place the word uy :=cc—1...b
in the very end of SL(ap—4). Next, we apply the same algorithm to the arch [b; c—1]
or [c + 1;a], respectively. In other words, we take the second smallest letter among
the remaining ones, and place the resulting word us right before w1, and so on.

Left-to-Right Algorithm for SL(ap—,) with 1 € [b;al.

Since the lexicographical order compares words from left to right, we shall now
restate the above algorithm by rather building SL(ap—4) from left to right. The
first letter is clearly 1, while the second letter is the max{0, 2}. If it is 0, then either
n ¢ [b;a] in which case we just place the segment 23...a after 0, or n € [b;a] and
we compare n and 2, do the same operation, and proceed further. Let us rephrase
the above algorithm. Pick the largest letter among 2 and 0 and add after 1 the
longest Lyndon segment 23...c with ¢ € [2;a] (if 2 > 0) or On...d with d € [b; 0]
(if 2 < 0). Then, compare ¢ + 1 with 0 or d — 1 with 2 accordingly, and so on. This
reconstructs SL(ap—,q) by stacking “segmental” words from left to right after 1.

Let us now describe the costandard factorization of SL(d 4+ ap—q) with 1 € [b; al.
Lemma 4.11. Let SL(d + ap—q) = l1l2 be the costandard factorization, 1 € [b;al.
(a) If SL(ag=_,,) > SL(ay_z57), then: €1 = SL(ay,_3=5), 2 = SL(ag—_,,)-

(b) If SL(ag—_,,) < SL(ay_z77), then: {1 = SL(ag5_,,), f2 = SL(oy_q77)-

Remark 4.12. For a = b— 2 (equivalently, b = a + 2), the above formulas for /5
should be understood as follows: o = £, 3=5(0) = £y—14sgn(i—(b—1))(0).

Proof of Lemma 4.11. For a = b— 2, the above formulas (cf. Remark 4.12) are
obvious, since according to Claim 4.10 there is only one decomposition to consider:
o 5=z +0 = (o_5=3) + (9).

If a # b — 2 and SL(og—_,,) > SL(a,_,z57), then we claim that:
(4.82) SL(ag—_,,) > SL(ay_3—5) -

Indeed, let us construct all three SL-words SL(a;—_,,), SL(,_277), SL(oy_3=5)
using the above “Left-to-Right Algorithm”. Then, SL(og—=_,,) > SL(a}_577)
implies that at the leftmost spot where these words differ, the former has b —1
while the latter has some ¢ < b — 1. But then clearly SL(az— ,,,) > SL(c,_,5=3)
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According to (4.82) and Lemma 2.4, the word SL(«,_,;—5)SL(a—_, ) is Lyndon.
Its costandard factorization (2.4) is precisely given by £; = SL(a, ;=) and ¢, =
SL(o—=_,,), since both words start with 1 (and have no more 1’s). Hence, the stan-
dard bracketing b[SL(cy,_,;—5)SL(a;—_,,)] = [b[SL(a,_3—)], b[SL(a;—_,,)]] # 0.
We thus conclude that SL(6 4+ o) > SL(,_,3—5)SL(az—_,,)- We also note that
combining (4.82) with Lemma 4.4, we obtain:

(4.83) SL(ap—e) < SL(a,_,3—5) < SL(0a5—_,,) Veela;b—2].

Combining Claim 4.10 with (4.83), we get SL(0+ap—aq) < SL(ay,_35=5)SL{az—_,,)-
Therefore, we actually have the equality

SL(d + ap—a) = SL(oy,_,3=5)SL(05—_,,)

and the two words in the right-hand side determine the costandard factorization,
as shown above. This proves part (a).
The proof of (b) is completely analogous and is left to the interested reader. O

Corollary 4.13. In the setup of Lemma /.11, we have:
(4.84) f1 = min {SL(ab_)b_—z), SL(amﬁa)} .

Proof. For a = b—2, the claim is vacuous by Lemma 4.11. If SL(az—_,,) >
SL(ay_,a41), then 41 = SL(e,_3—5) < SL(og—=_,,) by (4.82) and Lemma 4.11.
But SL(aj—_,,) < SL(ag73_,,) by Lemma 4.4 as 1 € [b—1;a] C [a+ 2;4] for
a < b—2. Combining the above, we obtain: ¢; = SL(oy_,575) < SL(agr3_,4)-
The case SL(az—;_,,) < SL(oy,_,z77) is completely analogous. O

With the inequalities (4.80, 4.81) and Lemma 4.11 at hand, we shall finally
proceed to the proof of (4.64) for k = r + 1. To this end, we consider all possible
decompositions of o = (r + 1)d + ap—q with 1 € [b; a] case-by-case:

) a=(rid+apse)+((r+1-r1)d +ag7_,), with c€ [b — a).
Let us assume that 1 € [b;c] (the case 1 € [c+ 1;a] is analogous). The corre-
sponding concatenation £ is < £ £y ;.(0) Lo SL((r+1—71)6 +agz7_,,) if r1 >0,
——
(r1—1) times
or < SL(ap—c)SL((r +1)0 + agr_,,) if r1 = 0. Here, SL(0 + apsc) = €145 is the
costandard factorization. According to (4.80, 4.81), we have: SL(ap_.) < € <
0, < £y_.(0), where both equalities hold if and only if either of them holds. As
c € [a— b) and b # a—1, we have SL(ap—c) # ¢}, due to Lemma 4.11. Thus
SL(ap—e) < £, so that SL(k10 + ap—e) < SL(k2d + ap—,c) and the former is not a
prefix of the latter for any 0 < k; < k. Therefore, £ < £} £y .(0) 5 SL(az7_,,)-
By Lemma 4.11, £} is either SL(aj—_,,) or SL(cy,_o77). We consider these cases:
o If #5 = SL(a=—_,.), then £, SL(agz7_,,) < SL(ay=_,).- Moreover, by
Lemma 4.11 and its proof, we also have SL(az—_,.) > SL(cy,_,o57) as well as
SL(o—7_,.) > SL(a,_,3=5) = ¢;. Evoking Lemma 4.5, we thus obtain a sequence
of inequalities: SL(a;—_,,) > SL(og=_,.) > SL(a,_3=5) > SL(o,_z77)- Hence,
applying Lemma 4.11 once again to SL(d + apqa), we see that its costandard
factorization has factors ¢1 = ¢}, ly = SL(ag—_,,), and also £y (0) = lp—c(9).
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Thus, we derive the desired inequality:
J4 S Z/l Eb_w(é) SL(O&m_)C)SL(Ongm) S 6/1 Eb_)c(d) SL(Oém_m) = €1 éb_m(é) 42 .
—— —— ——
T times r times r times

Moreover, the equality is possible for a specific ¢ € [b — a) and r| =7+ 1.
o If £5 = SL(ay_,z77), then by SL(a7_,,)] = [b[f5], b[SL(ag7_,,)]] = 0 for

degree reasons (as deg 5 + ag g, ¢ A™), and so
b[‘gll gb%c(é) 8/2 SL(ac+1—>a)] = [b[‘ell gb%c(é)]’ b[‘eé SL(ac+1—>a)]] =0.
N—— N——
T times rtimes

But then it is clear that b[¢] = 0. Therefore, the word ¢ can not be standard.

2) a = (1104 ape) + ((r —71)0 + agq_,,), where 1 € [b;c] and 1 € [c+ 1;a].
Assume first that 0 < r; < r, and let SL(J 4+ ap—q) = ¢1€2 be the costandard

factorization. By Lemma 4.11, it is easy to see that either SL(§ + ap_y) or SL(d +

Qg7_,,) start with ;. Assuming the former, we get a costandard factorization

SL(6 + ap—ye) = €183 and lpo(0) = lp—q(0). If ¢ # b — 2, then £; < U5 < £p—(0).
Therefore, we get the desired inequality on the corresponding concatenation /:

< SL(’I“16 + (Xb_m)SL((’I“ - 7”1)(5 + Oé(c+1)ﬁa) <t gb_m((S) by =1 gb_m((S) ls .
—— ———
r times r times
Ife=0- 2, then 53 = fbﬂa(é) = abﬁﬁ(é) = £b—1+sgn(i—(b—1))(5) 2 fbfg(é),
with the last inequality by Lemma 4.5. Let SL(d+az—_,,) = 4¢5 be the costandard
factorization. Then, £, < SL(aﬁﬁﬁ) < SL(aﬁ%m) b—2 = KE(CS), due
to (4.84). Hence, the corresponding concatenation ¢ satisfies the desired inequality:

E< b by 5=5(0) by b=7_,,(0) l5 < L1lpa()Ls.
r1 times (r—r1—1) times T times

For ry = r, we get £ < SL(ré + apc)SL(agg,,) = €1 Lyse(0) £3SL(ag1,,)-
——

(r—1) times
If ¢ # b — 2, then the argument is the same as in the previous case. If ¢ = b — 2,
then f3 = lp.(0) = lp—a(d), and we again obtain the desired inequality:
<ty by () ls.
——
r times
Finally, if r; = 0 and SL(rd 4+ azz7_,,) = l4¥5 is the costandard factorization,

c+1l—=a

then using SL(ap—..) < ¢1 and £y < l;—(0) < £y—q(6), cf. (4.84), we again obtain:
{ < SL(O&b_w)SL(T(S + am_)a) < Uty fm_,a(é) b < flgb_m((S) <t éb_m((S) {5 .
—_——— ——
(r—1) times 7 times

3) a= (rﬁﬂ(r +1—7r1)0 + apsa).

If a # b—2, then (using the induction hypothesis) the corresponding con-
catenated word £ is < €1 lpa(0) Lo SL(agg_o=7) lotsgn(i—c)(0) ¢ if 71 < ) or
—— ————

(r—r1) times (r1—1) times

< SL(ap—a)SL(agz_o=7) Lot sgn(i—c) (0) ¢ if 71 = 7+ 1, for some ¢ # 1. Due to the
—_———

7 times
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inequalities SL(ap—q) < €1 < lo < €y q(9), cf. (4.80, 4.81), we obtain (V¢ # 1):
L <t Ebﬁa(é) lo SL(OZC_?_}m)C <ty gbﬁa((S) ly .
—— —_———
(r—1) times T times

Let us now treat the case a = b — 2, for which we utilize the non-commutativity of

the corresponding bracketings. We consider the cases r; = 1 and r; > 1 separately.

If 74 = 1, then the corresponding concatenation £ is < €1 €y _,4(0) £.(5), where
——

7 times

ly = ly—a(0) = Lo—14sgn(i—(b—1))(0) by Remark 4.12. Here, b[(.(d)] does not com-
mute with b[SL(rd + a,_;—)], which is equivalent to [b[(.(d)], Evp—1] # 0. The
latter guarantees that £.(6) < £p—4(d), due to (4.67) and Lemma 4.5:

oif b <ithen c=0b—1,band £.(6) < €,(0) = lo—14sgn(i—(b—1))(0);

oifb=1i,i+1,i+2, then £y_14 gni—(b-1))(8) = €i(0) > £c(6);

oif b>i+2,then c=b—1,b—2 and £.(0) < {p_2(d) = £b71+sgn(i7(b71))(5)~
Hence, we derive the desired inequality:

<l lya(0) £e(0) <41 Lhsa(0) =1 lpyqa(0) L.
T times (r+1) times rtimes

For r; > 1, the argument is precisely the same and is based on the inequalities
SL(agg75=1) < £c(0) < ly—a(0). Here, the second inequality is proved as above,
but using (4.73) instead of (4.67).

This completes the proof of (4.64). In the particular case r = 1, this proves the
formula SL(26+ ap—q) = £1€p—4(0)¢2 implicitly used in the statement of (4.64). O

5. PROPERTIES OF ORDERS
To account for dim gy = |1, let us extend At to A+ext:
(5.1) Atext .= At Lk, ) |k > 1,1 <r < 1]}
We define SL((k6, 7)) := SLy(ké) accordingly. Consider the order on A+t induced
from the lexicographical order on affine standard Lyndon words, cf. (2.15):
(5.2) a<pf <= SL(a) < SL(3) lexicographically.
In this section, we investigate some properties of this order using Theorem 4.7.

Ezample 5.1. The only case when A+t = A+ ig the case of slo. Using the formulas
of Proposition 3.7, we see that (5.2) recovers the usual order (cf. the Introduction):
o <ap+o<a+20<--<-<30<20<6<--<20+ag<d+ayg<ag.

5.2. Important counterexample.

Unlike the orders on A+t in the theory of affine quantum groups ([13, D,
arising through the affine braid group action, the order (5.2) does separate imagi-

nary roots. Explicitly, for type AW (n > 1) and any order on T, one always has:
(k16,n) < a < (k20,1) for some « € A*’re, ki, ke > 1.
It is thus natural to ask (motivated by Levendorskii-Soibelman convexity property):
Question: Is it true that we cannot have a pattern
(kab,n) < By < B < (k16,1)  with By, 82 € AT By + By = (ky + k2)S.

The answer is actually negative, as shown by the following simplest counterexample.
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Counterexample: Consider the affine Lie algebra 5A[5 with the standard order
1<2<3<4<0onl. Fork,m>0,set 1 =kd+ay,S2=md+(ao+ari+as+as)
and k1 = 1,ky = k+ m. According to Theorem 4.2, we have:

SLi(6) = 10432,  SL4((k +m)d) = 1234 0,

10234
——
(k+m—1) times

SL(B1) = 104234,  SL(f2) = 1023 10423 .

k times m times

Thus, indeed (k28,4) < By < 1 < (8,1) with respect to the order (5.2) on At+-ext,

5.3. Chain monotonicity in type ASP.
For o € At define the chain Ch, as the sequence o, a+ 9, +26,... € Atre,

Proposition 5.4. For any a € 3"’”6, the chain Chy, is monotonous:
SL(a) < SL(a+0) < SL(a+20) < --- or SL(a) > SL(a+0d) > SL(a+2d) > ---

Proof. Without loss of generality, we can assume that (4.52) holds, so that the
formulas of Theorem 4.7 apply. The proof follows by a simple case-by-case analysis:

o o =0,p Withi <a=<0b=<0.
According to (4.59), we have SL(kd 4+ aq—p) = b=r(6)aa+1...b for all k > 1.
——

k times

Asaa+1...bstarts with a letter a which is larger than 1, the first letter of f—(5),
we obtain SL(kd + aq—p) > SL((k + 1) + aq—p) for any £ > 1. In the remaining
case k = 0, we also have SL(aq,—p) > SL(0 + aq—p), as SL(aq—p) starts with a
letter min{a, ..., b} which is larger than 1, the first letter of SL(§ + aq—p).

e =0, withl <a=<b<1i.
The proof of SL(kd + cq—p) > SL((k + 1) + aq—p) for any k& > 0 is exactly the

same as above, with 37(5) used instead of £;—(9).

o =04 withl <a<i=<b.

Combining the formula (4.60) with the inequalities ¢ £1 > i > 1 = first letter
of ¢;(9), we obtain SL(kd + aq—p) > SL((k 4+ 1)0 + cg—p) for any & > 1. In the
remaining case k = 0, we also have SL(aq—p) > SL(0 + ag—p), as 1 € [a; b].

o=, witha=iorb=1dand1¢a;b].
The proof of SL(kd + cq—p) > SL((k + 1)d + aq—yp) for any k& > 0 is exactly the
same as above, where we use one of the formulas (4.61)—(4.63) instead of (4.60).

o o= ap, with 1 € [b;al.
According to (4.64), we have SL(kd 4+ ap—a) = €1 lp—a(d) f2 for all & > 1.
——
(k—1) times
Here, we have ly < £,_,,(9), due to (4.80), so that £5 < £p_4(0)¢. Thus, we obtain
SL(kd + ap—a) < SL((k + 1) + ap—q) for any k > 1. In the remaining case k = 0,
we also have SL(ap—q) < SL(0 + ap—sq), due to (4.81). O

Remark 5.5. It follows from the proof that the chain Ch, monotonously increases
if @« = kdé 4+ aq—p with min{7} € [a;b], and monotonously decreases otherwise.
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Remark 5.6. For any k > 1 and ¢ # 1, we also have SL(ag7_,5=7) letsgn(i—c)(6) € >
—_——

(k—1) times
SL(agg75=1) letsgn(i—c)(0) ¢, cf. (4.57). Since the order among length n words
—_————
k times
{SL(azz7_,5=1) | ¢ # 1} determines the order among the n words in the right-hand
side of (4.57) for any k, we also see that {SL(kd,)},>1 monotonously decreases:

SL(d,7) > SL(26,r) > SL(36,7) > - -- vV1i<r<n.

5.7. Pre-convexity in type AS).
Motivated by Definition 2.18, we shall call an order < on AT pre-convex if

(5.3) a<a+pf<pf or f<a+fB<a VQ’IB’Q_FBeAwL,re.
Proposition 5.8. The restriction of (5.2) to AT is pre-convex.

Proof. Without loss of generality, we can assume that (4.52) holds, so that the
formulas of Theorem 4.7 apply. The proof follows by a direct case-by-case analysis:

ea=ag,p+ k0, B=0apr)setrdforl <a=<b=<c=<i.
o Case 1: k,r > 0. In this case, we have SL(«) = £,41(0)b(b—1)...a, SL(B) =
N——
k times
lep1(6)c(c —1)...(b+ 1), SL(a + B) = Let41(6) ¢(c —1)...a. The inequality
S—— ~——

rtimes (k-‘,—'r) times
SL(a) < SL(a + p) is a consequence of £.y1(8) > €p41(0) (Lemma 4.5), while the
inequality SL(« + 8) < SL(f) is obvious as £.11(d) starts with 1 which is < c.
o Case 2: k= 0,r > 0. In this case, we have SL(8) = £e41(6) c(c—1)...(b+1),
——

T times

SL(a+ ) = ler1(6) c(c — 1) ... a, while SL(«) starts with a letter > 1. Therefore,
——
r times
we immediately get SL(«) > SL(av + ) > SL(3).
o Case 3: k > 0,r = 0. In this case, we have SL(a) = €p41(6)b(b —1)...q,
——

k times

SL(a+ B) = €e11(0) c(c — 1) ...a, while SL(B) starts with a letter > 1. Evoking
——
k times
the inequality £.41(J) > £p+1(9), we immediately get SL(a) < SL(a + 8) < SL(B).
o Case 4: k=7 = 0. In this case, a, 8,a+ 5 € AT, hence the claim follows from
Proposition 2.20 (a priori we do not know which of the two possible orders holds).

oa:aa_,bJrké,B:amﬁc+r5f0ri<ajb<cj0.

o Case 1: k,r > 0. In this case, we have SL(«a) = {,_1(d)aa+1...b, SL(B) =

——
k times

G(0)b+1b+2...¢, SL{a+ B) = £,-1(0) aa+1...c. The inequality SL(8) <
~—~— ——
r times (k+7r) times
SL(c + B) is a consequence of £,_1(6) > €,(6) (Lemma 4.5), while the inequality
SL(a+ ) < SL(«) is obvious as ¢,_1(0) starts with 1 which is < a.
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o Case 2: k = 0,7 > 0. In this case, we have SL(8) = 4(6) b+1b+2...¢,
——

T times

SL(a+f8) =44—1(0)aa+1...c, while SL(«) starts with a letter > 1. Evoking the
——

rtimes
inequality £,—1(8) > £,(8), we immediately get SL(3) < SL(a + 8) < SL(«).
o Case 3: k > 0,r = 0. In this case, we have SL(«a) = {,_1(d)aa+1...0,
———

k times

SL(a+ ) = ly—1(0)aa+1...c, while SL(5) starts with a letter > 1. Therefore,
——

k times

we immediately get SL(a) < SL(a + ) < SL(8).
o Case 4: kK =r = 0. In this case, the claim follows from Proposition 2.20 again.
o =g ,(i—1)tkd, B=a;+7rdforl<a=<i.
o Case 1: k > 0,7 > 0. In this case, we have SL(a) = £;(0) i—1i—2...a

~—~—
k times
G6) i 6 T=T...a 2] (k+r)
—~— —~—
kAT times  EET times
SL - ’ e ,and SL(B) = 4;(9) 1.
(a+) G6) TTT..a 60) i if2f(ker NSO = L)
N~ N~ 7 times
k+;+1 times k+;71 times

If 2 | (k+r)and k > 52 > r_ then clearly SL(e) < SL(a + 8) < SL(8). If
2| (k+r) and k < B < r, then clearly SL(e) > SL(a + ) > SL().
If 21 (k+r) and k > *2+L > r_then clearly SL(a) < SL(a + 3) < SL(B). If
2t (k+r) and k < 22+ <7 then clearly SL(a) > SL(a + 8) > SL(B).
o Case 2: k = 0,7 > 0. In this case, SL(a) starts with a letter > 1
—_ —~~

, SL(B) =

5 times 5 times
S~~~ S~~~

r+1
2

0:(8) i, SL(a+ ) =
——

7 times

. Therefore, we imme-

times Tgl times
diately get SL(a) > SL(a + ) > SL(B).
o Case 3: k =r = 0. In this case, the claim follows from Proposition 2.20 again.

In fact, we get SL(a) > SL(a+3) > SL(8) since SL(«) > SL(8) (asi < a,...,i—1).

o a=qaup+ ko, B=0appr)sitroforl <a=xb<i—1
o Case 1: k,r > 0. Combining (4.58, 4.62) and Lemma 4.5, we obtain:

SL(a) = 4;7(8)bb—1...a < £;(8) < SL(B), SL(ar + 3) .
——

k times

It thus remains to prove that SL(a + ) < SL(S). This is obvious unless k = 1
and 21, as SL(a + /) has strictly bigger number of ¢;(d)’s in the beginning than

SL(B), due to (4.62) and [££] > [£]. Meanwhile, for k = 1 and 2 r we have:
SLla+ 8) =£4;(0)i4;(6)i—1...a< £;(8)i—1...b+14;(6)i=SL(3).
—~— —~— —~—

r+1 r+1 r+1 r—1
2 2 2 2

o Case 2: k = 0,7 > 0. It has been already shown in the proof of Theo-
rem 4.7 that SL(a(p41)—i + 70)SL(aa—s) < SL(aq—s + 16), cf. Claim 4.6. There-
fore: SL(B) < SL(B)SL(a) < SL(tg—; + 16) = SL(av + ). On the other hand,
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SL(«) starts with min{a, ..., b} which is > 1 = the first letter of SL(a+ 3). Hence,
SL(B) < SL(a + ) < SL(«).

o Case 3: r =0,k > 0. In this case, we have SL(a) < SL(a + ) < SL(), due
to £5:7(6) < £;(0) (Lemma 4.5) and 1 < 4.

o Case 4: kK =r = 0. In this case, the claim follows from Proposition 2.20 again.
In fact, we get SL(«) > SL(a+8) > SL(S) since SL(«) > SL(8) (asi < a,...,i—1).

o a=qaup+ kb, f=0apri)setrdforl <a=xb<i—Tlandi<c=0.
The proof is absolutely analogous to the previous case, but we should now look
at r mod 3 (rather than r mod 2) and use the formula (4.60) instead of (4.62).

o =g ,(i—1)+kd, B=a;p+1réforl <a<i<b=x0.

o Case 1: k,r > 0. Let us compare the multiplicity of the word ¢;(J) in the
beginning of our words: it is k for SL(a), [4] for SL(B), and [%£2] for SL(a + B).
If r=2k+3orr>2k+4, then k < [HZ] < [2] (as [Hr] < B2 <2 <[]
for r > 2k+4), and so SL(8) < SL(a+ ) < SL(«). If r < 2k —3, then likewise k >
[E£) > [2] (as [52] > 2 > =L > [27]), and so SL(«) < SL(a + ) < SL(8).
Thus, it remains to consider r € {2k — 3,2k — 2,2k — 1,2k, 2k + 1,2k + 2,2k + 4}.
Let us illustrate the argument for r = 2k — 2, while the other six cases are treated
completely analogously. For r = 2k—2, [5] < k = [*"], and so it suffices to prove
that SL(a) < SL(a + 8). Comparing the formulas (4.58, 4.60), we see that either
SL(«) is a proper prefix of SL(a+3) if i — 1 > i + 1, or its first letter after k copies
of £;(8) is smaller than that of SL(a+ ) if i — 1 < i + 1. Thus SL(«) < SL(a+ 3).

o Case 2: k = 0,7 > 0. Comparing the first letters, we get SL(a) > SL(a+ ). Tt
thus remains to prove SL(a + 3) > SL(f). For r > 2, this follows from [§] > [Z].
The cases r = 1 and r = 2 are treated similarly to r = 2k — 2 in Case 1.

o Case 3: k > 0,7 = 0. Comparing the first letters, we get SL(3) > SL(a + f),
while SL(a 4+ 8) > SL(«) is verified alike SL(a 4+ 3) > SL(3) in Case 2.

o Case 4: kK =r = 0. In this case, the claim follows from Proposition 2.20 again.

In fact, we get SL(a) > SL(a+3) > SL(8) since SL(«) > SL(8) (asi < a,...,i—1).

The next four cases are absolutely similar to the previous four:
ea=q;+kd B=ag_,+rdfori<b=0.
o=+ ki, f=a57,. +rdfori<b=<c=0.
oa:aa_,bJrké,B:amHCJrréfor1<a<i<b<cjo.

e =0 tkd, B=ag,+roiforl <a<i<b=0.

Finally, let us treat the remaining three cases that utilize (4.64) and its proof.

o a = (agp+kd), 8= (agg_,,+7d) for 1 € [a;b] and 1 ¢ [b+ 1;¢].

If £ > 0,7 > 0, then SL(«r) < SL(«)SL(8) < SL(a+3) with the second inequality
proved in case 1) of our proof of (4.64). Hence, it remains to show that SL(a+ ) <
SL(B). By Corollary 4.13, SL(a + ) starts min{SL(«,_,;=5) 1, SL(az5_,.) 1} <
SL(agrz_,.)c + 1 = £77(0). On the other hand, SL(3) starts with £;(6) > £77(0)
ifi e [(b+1)—c), with £5(6) if 1 < b+ 1 = c <4, with £,(5) > l75() for i <
b+1 < ¢ (by Lemma 4.5). This completes the proof of SL(«) < SL(a+ 3) < SL(5)
for k,r > 0. The inequalities are similar when k #r =0 or r # k = 0.

Finally, for K = r = 0 the claim follows from Proposition 2.20. In fact, we get
SL(a) < SL(a + ) < SL(8) since 1 is the minimal element of I.

o a=(gsp+ ko), B=(agg_,, +70) for 1 ¢ [a;b] and 1 € [b+ 1;¢].
The proof in this case is completely analogous to the previous one.
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e a=ag,+kb, f=azg,. +réforlelab]and 1 e b+1;c.

According to Lemmas 4.5 and 4.10, we have: SL(aq—p + k6) > SL(aq—p) and
SL(agi_,. +76) > SL(agg,,) for k,r > 0. Thus, SL(au—p + kd) > SL(a, o77)
and SL(ag7_,, +76) > SL(ag=_,.) by Lemma 4.5 as 1 € [a;¢+1] C [a;b] and
1€ [a—T;¢ C [b+ 1;c]. Evoking the proof of Lemma 4.11, see (4.82), we conclude
that one of the words SL(a;—_,.) and SL(c,_,o57) is > SL(aa—c + (K + 7 +1)J).
This implies that max{SL(«),SL(8)} > SL(a+ ). The other inequality is obvious:
min{SL(«),SL(8)} < SL(a+ ), cf. our treatment of case 2) in the proof of (4.64).

This competes the proof for any k,r > 0. O

APPENDIX A. COMPUTER CODE

The generalized Leclerc’s algorithm of Proposition 3.4 is easy to program. This
allows one to find affine standard Lyndon words for any affine type (which is espe-
cially useful for exceptional types Fy; and Fs 7 g) and any order on the alphabet f,
arguing by induction on the height of an affine root. Here are the clickable codes:

e Python Code 1
e Python Code 2

The first code computes SL(a) for @ € A+ with kh < ht(a) < (k + 1)h (here,
h = ht(9) is the Coxeter number of g) using the algorithm of Proposition 3.4(a). The

second code evaluates {SL, ((k+ 1)(5))}|TI:|1 using the algorithm of Proposition 3.4(b).

Remark A.1. To code the algorithm of Proposition 3.4 it is key to define a function
that evaluates standard bracketing of affine standard Lyndon words and a function
that checks bracketings for linear independence. The code works inductively and
proceeds block-wise evaluating SL, («) for kh < ht(a) < (k+ 1)h at each step.
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