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We propose a natural generalization of the construction of the quantum difference Toda
lattice [6, 22] associated with a simple Lie algebra g. Our construction depends on two
orientations of the Dynkin diagram of g and some other data (which we refer to as a pair
of Sevostyanov triples). In types A and C, we provide an alternative construction via
Lax matrix formalism, cf. [15]. We also show that the generating function of the pairing
of Whittaker vectors in the Verma modules is an eigenfunction of the corresponding
modified quantum difference Toda system and derive fermionic formulas for the former
in spirit of [7]. We give a geometric interpretation of all Whittaker vectors in type A via
line bundles on the Laumon moduli spaces and obtain an edge-weight path model for

them, generalizing the construction of [4].

1 Introduction

In a recent work [10] of M. Finkelberg and the 2nd author, a family of 3"~! commutative
subalgebras in the algebra of difference operators on (C*)"*! was constructed, gener-

alizing the type A quantum difference Toda lattice of [6, 22]. In this paper, we show how
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the construction of [22] for an arbitrary semisimple Lie algebra g can be generalized to
produce 3™@-1 integrable systems, thus answering a question of P. Etingof. In types A
and C, we identify these systems with the ones obtained via the Lax matrix formalism.
We also discuss some generalizations of the basic results on the quantum difference
Toda system to the current setting.

The importance of our generalization of g-Toda systems of [6, 22] is two-
fold. First of all, as emphasized in [10] (historically this goes back at least to [20])
already, the quasi-classical limit of this construction (known as the relativistic open
Toda system) crucially depends on a choice of a pair of Coxeter elements in the Weyl
group of G (simply connected algebraic group associated with g). One of our main
results, Theorem 3.1, gives an upper bound on the number of different integrable
systems we obtain this way in the quantum case. Another motivation arises from
the geometric representation theory, where Whittaker vectors (closely related to the
Toda systems due to Theorem 4.9) often have natural geometric interpretations that
unveil additional symmetry. We illustrate this in Section 5, where the universal Verma
module over U, (sl,) is realized as the equivariant K-theory of Laumon spaces due
to [3] (see Theorem 5.3); one of the Whittaker vectors is realized as a sum of the
structure sheaves (see (5.5) and Proposition 5.14(a)), while an extra symmetry noticed
in Proposition 5.14(b) gives rise to a family of Whittaker vectors (see Theorem 5.5 and

Proposition 5.17).
This paper is organized as follows:

e In Section 2, we construct the modified quantum difference Toda systems
depending on a pair of Sevostyanov triples (following [21, 22]) and general-

izing the g-Toda systems of [6, 22].

e In Section 3, we explain how to compute explicitly the corresponding
hamiltonians using [13]. We write down the formulas for the hamiltonians
corresponding to the 1st fundamental representation in the classical types
and G,. In the latter case of G,, our formula seems to be new even in the

simplest set-up of the standard g-Toda system of [6]; see (3.33).

One of the key results of this section is that there are at most 37™%(®-1
different modified quantum difference Toda systems; see Theorem 3.1. For
the classical types and G,, see Theorem 3.2, whose proof is more elementary
and relies on Propositions 3.11, 3.14, 3.17, 3.20, and 3.38. We also show
that these are maximal commutative subalgebras, determined by their 1st

hamiltonians; see Theorem 3.3.
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We also prove that in type A these integrable systems exactly match
those of [10, 11(ii, iii)]l; see Theorem 3.24. This generalizes the Lax matrix
realization of the type A g-Toda system, due to [15]. In Theorem 3.31, we also
provide a similar Lax matrix realization of the type C modified quantum
difference Toda systems. Noticing that the periodic counterparts of these
two constructions in the classical case (i.e., for k = 0 in the notations
of loc.cit.) match up with the hamiltonians of the affine g-Toda lattice
of [6], see formulas (3.22, 3.29, 3.30, 3.31, 3.34), we propose a periodic
analogue of the modified quantum difference Toda systems in types A4, C;
see Propositions 3.26 and 3.33 and Remarks 3.28(b,c) and 3.35(b).

e In Section 4, we study the Shapovalov pairing between a pair of Whittaker
vectors (determined by Sevostyanov triples) in Verma modules. We obtain
fermionic formulas for those in spirit of [7]; see Theorems 4.6 and 4.7. We
also prove that their generating function is naturally an eigenfunction of the
corresponding modified quantum difference Toda system; see Theorem 4.9.

e In Section 5, we provide a geometric interpretation of all type A Whittaker

vectors and their Shapovalov pairing via the geometry of the Laumon moduli
spaces, generalizing [3]; see Theorems 5.5 and 5.11.
Following a suggestion of B. Feigin, we relate this family of Whittaker
vectors to an eigen-property of the (geometrically) simplest one (5.5) with
respect to the action of the quantum loop algebra U, (Ls(,,) (via the evaluation
homomorphism); see Propositions 5.14 and 5.17 and Corollary 5.16. This
viewpoint also provides an edge-weight path model for a general type A
Whittaker vector, generalizing the path model of [4] for a particular choice
of a Sevostyanov triple; see Propositions 5.19 and 5.21.

e In Appendices, we prove Proposition 3.11 and Theorems 3.1, 3.2, 3.3,
and 3.24.

2 Sevostyanov Triples and Whittaker Functions
2.1 Quantum groups

We fix the notations as follows. Let G be a simply connected complex algebraic group
with a semisimple Lie algebra g. We denote by H C B a pair of a Cartan torus and
a Borel subgroup. The Cartan subalgebra ) C g is defined as the Lie algebra of H,
A denotes the set of roots of (g,h), and A, C A denotes the set of positive roots
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corresponding to B. Let n = rk(g) be the rank of g, «;,...,, be the simple positive
roots, and w,, ..., », be the fundamental weights. Let P := ?ZIZa)i be the weight lattice,
Q := @} ,Za; be the root lattice, and set P, := @} |Z.qw;, Q, = @ ,Z.oa;. We write
B=>=yifp—-—yeQ,. Wefixa nondegenerate invariant bilinear form (-,): h x §h — C
and identify bh* with b via (-,-). We set d; (“‘ ) The choice of (-,-) is such that d, =1
for short roots «;, in particular, d; € {1 2,3} for any i. We also define w;’ := w;/d; so that
(@, 0j) = &;, and p := 3L 0 = 3 Zy€A+y € P. Let (a;);;_; be the corresponding

2 e define b = dia; = (a;,0), so that (b

(or,07)

l]’

Cartan matrix with a;; = i1 18

symmetric.

Choose N € Z_, so that (P,P) C ﬁZ. The quantum group (of adjoint type in
the terminology of [16]) U,(g) is the unital associative C(v!/N)-algebra generated by
(E;, F;, K M}“ €P  with the following defining relations:

1<i<n

KK, =K, .. Ky=1,

1 G 1 () K —K;'
KB = VB, KRR = v O, By Bl = by i
1—-ayj _a 1—ayj _a
i 1-a;i—r i l—a;i—r . .
2 W I AL ST B Rt ALY
vi r=0 vi
where K; :=K,,, v; := v, ], =2 ‘;’1 , [ =110, - - [, [’;‘] %

vV—
Set L; := K,. Since P =
C(v'/Ny-algebra generated by {Ei,Fi,Lfd}?:l with the corresponding defining relations.

@ ,Zw;, we will alternatively view U,(g) as the

In particular,

n
-1 _ _Sij -1 _ %y _ aji
LEL ™ =v,"E;, LFL " =v,"'Fj, K; = HLJ. )

2.2 Sevostyanov triples

Let Dyn(g) be the graph obtained from the Dynkin diagram of g by replacing all multiple

edges by simple ones, for example, Dyn(sp,,) = Dyn(so,, ;) = Dyn(sl,, ;) = A,. Given

an orientation Or of Dyn(g), define the associated matrix € = (el])l i1 via
0, ifaijZOOI'iZj,
€ =11, ifa; <0 and the edge is oriented i — j in Or,

—1, if a;; <0 and the edge is oriented i «- j in Or.
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Definition 2.3. A Sevostyanov triple is a collection of the following data:
(a) an orientation Or of Dyn(g),

iij=1
(c) acollection ¢ = (¢, € (C(v/Ny<)m.

We refer to this Sevostyanov triple by (¢, n, ¢).

(b) an integer matrix n = (n satisfying d;n;; — d;nj;; = €;;b;; for any i, j,

n +

Fix a pair of integer matrices n* = (nﬁ)ij:1 and collections c¢* = (Cijc)?:1 €

+ —n;
(CwYNY)". Set e; := E; - szlL;"’, fi = Tlp= Lp”"’ - F;, and let U, (), U,_(g) be the
C(v'/Ny-subalgebras of U,(g) generated by {e;}?' | and {f;}?' |, respectively.

The following simple, but very important, observation is essentially due to [21].

Lemma 2.4. (a) The assignment e; — cf (1 <= i < n) extends to an algebra
homomorphism x*: U, (g) — C(v'/N) if and only if there exists an orientation Or*
of Dyn(g) with an associated matrix e*, such that (¢*,n™, ¢") is a Sevostyanov triple.

(b) The assignment f; — c¢; (1 < i < n) extends to an algebra homomorphism
X U (9) — C(v'/Ny if and only if there exists an orientation Or~ of Dyn(g) with an

associated matrix €, such that (¢7,n~,c™) is a Sevostyanov triple.

Proof. (a) As the “if” part is proved in [21, Theorem 4], let us now prove the “only if” part

following similar arguments. Due to the triangular decomposition of U, (g), the algebra

Ut : db n bi 1-aj " r(djnzj—-—din;) 1—a; l—aj—r_r _ 0
1. (g) is generated by {e;}!; subject to >.._’(~1)"v [ ]Viei eel =

for i # j. Hence, there is a character x*: UY. (g) — C(v'/Ny with x*(e;) # 0 if and only

s nt—dint B . . . .

if Zizg”(—l)rvr(dfnif d‘nﬁ)[l_ralf]v = 0 for any i # j. If a; = O, then we immediately
+ + _ _ + + _

get djnij — dinji =0 If a; = -1, then we recover djnij — dinji € {#d;} = {:i:bij} and

€; € {£1}. Finally, if a; < -1, then a; = -1 and we can apply the previous case.

(b) Analogous. |

2.5. Whittaker functions

From now on, we fix a pair of Sevostyanov triples (e*,n*, c*), which give rise to
the subalgebras U;—;(g) of U,(g) and the corresponding characters xE: Ufi(g) —
C(v'/N) of Lemma 2.4. We consider the quantum function algebra O,(G) spanned
by the matrix coefficients of integrable U, (g)-modules (with the highest weights in
P,). Let D,(G) denote the corresponding Heisenberg double [19, Section 3]. It acts
on O,(G). It is equipped with a homomorphism u,: U,(g) ® U,(g9) — D,(G). Let
O,(BwyB) stand for the quantized coordinate ring of the big Bruhat cell [11, 8.2] (a
localization of O,(G)). The action of D,(G) on O,(G) extends to the action on O,(BwB).
In particular, U, (g) ® U;l(g) C U,(9) ® U,(g) acts on O,(BwyB). According to [11,
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(3.22), Theorem 4.7, Proposition 8.3], there are subalgebras Sf of O,(BwyB) (we note
that O,(G), OV(BWOB),S‘J,r are denoted by RV[G],RV[BWOB],Ej,O, respectively, in [11]) such
that O,(BwB) ~ S, ® O,(H) ® S (as vector spaces) and SE ~ UZ(g), where U, (g), U (g)
are the subalgebras of U, (g) generated by {F;}' ; and {E;}}* |, respectively. Hence, there
is an (vector space) isomorphism

O,(BwyB) ~ U__(9) ® O,(H) ® U}, (9), (2.1)

under which the above actions of U, (g), U;; (g) on O,(BwyB) are via the left and the
right multiplications. Let U;—; (g)" denote the completions of Ur“]—; (g) with respect to the
natural gradings with deg(e;) = 1 and deg(f;) = 1. In view of the identification (2.1), we
define the completion of O, (BwB) via O,(BwyB)" ~ U, (0" 0,H)Q Unﬁ (g)". Hence,
the subspace of semi-invariants (OV(BWOB)A)U”: @y @ 8x* projects isomorphically
onto O,(H) under the restriction projection O,(BwyB)" — O, (H). We denote this
projection by ¢ — ¢,

- + —@yt
Definition 2.6. A Whittaker function is an element of (O, (BwB)") Un- @90y (@x"@x™

Remark 2.7. Following [6], we could alternatively work with the dual quantum formal
group A;(g) = Uy(g)*, defined as the space of linear functions on Uj(g). Here the
quantum group Uy (g) is defined over C[[h]] with v replaced by e”. In this set-up, a
Whittaker function is an element ¢ € A (g) such that ¢ (x xx1) = x~(x")x T (x )¢ (x) for
any x* € Unii (9),x € Up(g). Let us point out that this differs from the notion of Whittaker

functions as defined in loc.cit.

We note that the character lattice X*(H) = P and the pairing (Q,P) C Z, hence,
we have the natural embedding of Q into the cocharacter lattice X, (H). Thus, for every
A € Q we can define the difference operators T, acting on O,(H) via (T,f)(x) = f(x -
v*). Moreover, since v®") < C(v'/N), the difference operators T, are also well-defined
for A € P. Let 75V(H) be the algebra generated by {eA,TuM,u € P}, and DV(Had) be its
subalgebra generated by {e*, T, € Q,p € P}. The following is completely analogous to
[6, Proposition 3.2].

Lemma 2.8. (a) For any Y € U,(g), there exists a unique difference operator Dy, =
Dy (e*,n*, c*) € D, (H) such that (Y$),,, = Dy(4,,) for any Whittaker function ¢.
(b) Dy is an element of D, (H2Y) c D, (H).

(c) If Y, and Y, are central elements of U, (g), then Dy, y, = Dy Dy, .

Recall the element ® € (U,(g) ® U,(g))" of the completion of the vector space
U,(g9) ® U,(g) as defined in [16, 4.1.1]. Loosely speaking, the universal R-matrix is given
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by R = ©° . R?, where R® = vT and T € h ® b stand for the canonical element. Let
y: U,(g) = End(V) be a finite-dimensional representation, {Wk}g:1 be a weight basis
of V, and u; € P be the weight of w;. First, we note that though ®, ®°P are defined as
infinite sums, their images (id®my)(0), 1d®@x)(O°P) € U, (g) ®End (V) are well-defined.
Second, the image (id®7TV)(RO) = (id®7rV)((R0)°p) € U,(g) ® End(V) is also well-defined
via (id ® 7)(R®) = Y3, K, ® Ep; with E;;, € End(V) given by E; ;(wy) = & pwy
(this does not depend on the choice of a weight basis {w}}). Hence, working over C(v/Ny
(rather than in the formal setting C[[]] as in [6, 22]), the elements (id ® 7y,)(R) and
(id ® 7)) (RP) are still well-defined.

Due to [5, 18], the center of U,(g) is spanned by elements C, corresponding to

finite-dimensional U, (g)-representations V via the formula
Cy = try(id ® mp) (ROPR(I ® sz)) . (2.2)

We define Dy, Dy, € D, (H?Y) via Dy, := D, and D, := e”Dye . Consider the fundamental

n
i=1

{D;}%, and therefore {D;}!* | are families of pairwise commuting elements of D, (H ady

representations {V;}" , of U,(g) and set D, := ]N)VL,,DL- := Dy,. According to Lemma 2.8,

Definition 2.9. A modified quantum difference Toda system is the commutative
subalgebra 7 = T (¢*, n%, ¢*) of D, (H2) generated by {D;}" .

Due to Theorem 3.3(c) below, D, € 7T for any finite-dimensional U,(g)-

representation V.

Remark 2.10. This construction is a g-deformed version of the Kazhdan-Kostant
approach to the classical Toda system. In case the two Sevostyanov triples coincide,
we recover the original construction of [22]. Let us point out right away that we do not
know how to generalize an alternative approach of [6] to obtain our modified quantum

difference Toda systems.

3 1st Hamiltonians, Classification, and Lax Realization in Types A,C
The main result of this section is the following.

Theorem 3.1. There are at most 3"~! different modified quantum difference Toda

systems, up to algebra automorphisms of D, (H29).

The proof of this result is presented in Appendix D and crucially relies on
Theorem 4.7.
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We also provide a more straightforward proof for the classical types
A,,B,,C,, D, as well as the exceptional type G,. To state the result, we label the simple
roots {o;} , as in [2, Chapter VI, Section 4] (here n = 2 for the type G,). Given a

pair of Sevostyanov triples (¢*,n*, c¥), we define € = (¢, ;,...,€) € {—1,0,1}""! via
PR

=4 . “_
15 _
€iiv1 €1
7

> otherwise.

Theorem 3.2. 1If g is of type 4,,,B,,,C,,,D,, or G,, then up to algebra automorphisms
of DV(Had), the modified quantum difference Toda system 7 (e*,n*,c*) depends only

one€.

We present the proof of this result in Appendix B. The key ingredient in our
proof is that the 1st hamiltonian D, depends only on € € {—1,0,1}""! up to an algebra
automorphism of DV(Had), which is established case-by-case in Propositions 3.11, 3.14,
3.17,3.20, and 3.38. Following an elegant argument of P. Etingof, we show in Appendix B
that the other hamiltonians D; match as well under the same automorphism.

Let D; (H®Y) be the subalgebra of D, (H2%), generated by {e“"i,Tﬂ}’g;n. It
follows from the construction that D; € Dy (H*Y), so that 7 c Dj (H2d). Applying
ideas similar to those from the proof of Theorem 3.2, we get another important

result.

Theorem 3.3. Consider a modified quantum difference Toda system 7 = 7 (¢*, n*, ¢%).
(a) The difference operators {D;}}! ; C T (e*,n*, cT) are algebraically independent.
(b) The centralizer of D; in D= (H2) coincides with 7 (eE, nE, cT).

(c) We have DV(ei, nt, c*) € T(e*,n*, ¢*) for any finite-dimensional U,(g)-module V.
The proof of Theorem 3.3 is presented in Appendix C.

3.4 R-matrix and convex orderings

Our computations are based on the explicit formula for the universal R-matrix R, due
to [13]. First, let us recall the construction of Cartan-Weyl root elements {Ey,Fy}yeA+,

which is crucially based on the notion of a convex ordering on A, .

Definition 3.5. An ordering < on the set of positive roots A, is called convex (we note
that such orderings are called normal in [13, 23]) if for any three roots «, 8,y € A, such

that y = o + B, we have eithera <y < Borg <y < a.

Fix a convex ordering < on A, .Fora simple root «; (1 <1 < n), set Eai =E., F =

"o

F;. To construct the remaining root vectors, we apply the following inductive algorithm.
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Leta,B,y € AL besuchthaty =a+f,a < 8, and there areno o £ o’ < g’ £ B satisfying
y =o' + B’. Suppose that E, F, Eg Fy have been already constructed. Then we define

E,:=E,E;, —v“PEE,, F, :=F;F,—v “PF,F,

. K,-K;! .
According to [13], we have [Ey,Fy] = a(y) VV VZI for certain constants a(y) € C(vi/Ny,
y—Vy

where v, := v7?)/2 (note that a(e;) = 1 and v,, = v;). For y € A, define

Yy V;l
Ry = eXpV;l T)/)Ey ®Fy '

where exp, (x) := 372 &1, (1= (1), - (1), (1), := 4=5. The following is due to [13].

Theorem 3.6. ([13]). Fix a convex ordering < on A . Then O = [] R, where the

YEAL
order in the product coincides with the ordering <.

The explicit computations of D; below are based on the special choice of convex
orderings. We choose two convex orderings <, on A, in such a way that ei:; =-1=
o; <4 o; (as shown in [23], any ordering on simple positive roots can be extended to a
convex ordering on A_). This choice is motivated by Proposition 3.7 below. To state the

result, define
= tr,(id ® 7y) (HRgf . ®»” -T]R,,-R*-(1® sz)) , (3.1)

where the 1st and the 2nd products are over all simple positive roots ordered according
to <_ and <_, respectively, whereas (id ® nV)(RO) =({d® nV)((RO)OP) are understood as
before. We define Dy, := ]N)q/.

Proposition 3.7. We have D, = Dy,.

Proof. Fory = > mjy € A, (m; € Z), define e,,f, € U,(g) viae, == E, -

Y
me_ LM and f, = [l L™ . F,, so that e, = = f; as defined in Secti
ik=1Ly " and f, =[] Ly -F,, so that e, = e;,f, = f; as defined in Section

2.2. The proof of Proposition 3.7 is based on the following properties of these elements

{ey,fy}y€A+ established in [22, Propositions 2.2.4 and 2.2.5].

Lemma 3.8. (a) For y € A, we have e, € U:+(g) andfy €U, (9.
(b) If y € A is not a simple root, then X*(ey) =0 and X*(fy) =0.

We recall the proof of this Lemma to make our exposition self-contained.
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8894 R. Gonin and A. Tsymbaliuk

Proof. (a) The proof is by induction used in the above definition of the root vectors
Ey,Fy. The claim is trivial when y is a simple root. For the remaining cases, let «, 8,y €
A, be as above and assume that we have already established the inclusions ey g €
U (g) and f,,, fy € U, (g). Let us write o = >\ mya;, f = D7) mja;. Then

+
E, = ( = X lee1 M @k b) o €5 ECHORD Y lmlnlk(wka)e e ) H Lk(ml m)nlk
i,k=1

n S
F, = H Ll(cmi-l-mi)nik . (V23k=1 min;k(wk,ﬁ)fﬂfa I CHRD M m;ni;(wk,a)fafﬂ) ,
i,k=1
so that

n .nt _\n 'nt
e, =v" 2 k=1 mlnik(wk’ﬁ)eaeﬂ _ @B =2 minik(“’k"”)eﬂea (3.2)

and
fy _ Vzl?szl minﬁc(wk,ﬂ)fﬂfa _ V—(a,ﬂ)+23k:1 mgni_k(wk,a)fafﬁ_ (3.3)

Thus, e, € U, +(g) and f,, € U, (g), which completes our inductive step. Part (a) follows.
(b) Due to the formulas (3.2, 3.3), it suffices to prove X*(ey) =0 and yx (fy) =0
fory =a+ g witha =¢;, 8 = aj.

In the former case, we get

—dint bii—d;n? —d:nt
e,=v Tiee —v" iee=v Tile,el
. —d:nt
since djnJr dlnfl = e*b = —b;; as o; <, o;. Hence, xT(e,) = v 7" [x*(e;), x (el = 0.

In the latter case, we get
fy _ Vdjni_ff;'fi _ V_bij+dinf_if,~f}- _ Vdjni_j [f}',fi],
since d;n;; —d;n;; = €;b;; = —b;; as a; <_ a;. Thus, x () = Vdfn;flx’(ﬁ),x’(ﬁ)] =0. W
Tracing back the definition of ]5V, Lemma 3.8 implies that Ry,Rgp give trivial

contributions to ]3V unless y € A is a simple root, cf. [6, Lemma 5.2] and [7, Proposition
3.6]. Hence, the equality D, = D,. [

3.9. Explicit formulas and classification in type A,

Recall explicit formulas for the action of U, (sl,,) on its 1st fundamental representation

V,. The space V; has a basis {wy,...,w,}, in which the action is given by the following
formulas:
_i —
Ej(w)) =81, Wy_y, Fi(w) = 8wy, Li(wy) =v = +81<lw K(W)—Va 51+1W]

J—

120Z Joquiaidag G1 uo Jasn NINQY SOUEIAIT AlSIoAun anpind Aq 0%SS8YS/S888/Z L/1.20Z/I0Ie/ulwl/wod dno-olwspeoe)/:sdjjy Wwoj papeojumoq



Modified Quantum difference Toda Systems 8895

forany 1 <i<n,1<j<n.Letw,,..., o, bethe weights of w, ..., w,, respectively, so

that (w;, ;) = §;; — 1/n. Recall that the simple roots are given by o; = w; —m;,; (1 <i <

n — 1), while p = 2}1:1 n+12ij w;. According to Proposition 3.7, to compute D, explicitly,

we should

e evaluate C/Vl,
e replace E;, F; by e;, f; and Lp, moving the latter to the middle part,
e apply x* as in [6] to obtain the difference operator D; = ]_)Vl'

e conjugate by e”.

Note that the operators {E7, F] }{;1.5”_1 act trivially on V;. Hence, applying formula (3.1),
we can replace R, by R, =1+ (v — v 1)E; ® F;. Let us now compute all the nonzero

terms contributing to C,
1

e Picking 1 out of each R, R, we recover > ', v Ko,

e Picking nontrivial terms only at Rg}),Rai, the result does not depend on Or*
(hence, the orderings <,) and the total contribution is
Z?Z_II (v — v hH2Zyntl-2  ER EK, . Rewriting in terms of e; f; and L,

Di+1 o
—1\2 ~~n-1 v 2i+(nE—n3) n—1Nip Mip
we get (v —v— ) > i i) fiR oy [p=1 Lp e;.

e The computation of the remaining terms is based on the following obvious

formulas
Fy o Fyp By (W) = 84y 183 1311 Sig iy +1 Wi ks
By Ejp By (W) = 85y i1y i1+ i -1 Wik
Hence, picking nontrivial terms only at jopl . ,Rgﬁc, 'Raik' .. 'Rail (in the order listed)
is possible only if i <, --- <, i}, j; <_ --- <_ jp, and gives a nonzero contribution to
C%,l ifandonlyifk=%k', iy =i;,_;+1=...=1, +k—1,and i, =j, for 1 <a < k. Thus,
the remaining terms contributing to C%,l depend on < (only on Or*) and give in total
€= =€ gy =11
Z (v —v H2Dy" =2 F K, Ei By,

1<i<j—1l<n-1

Rewriting this in terms of e;, f; and Lp, and moving the latter to the middle, we get

n-1 i
=) =2 > L (g
Z(V _ V_l)z(l_l)vn_zH‘ZiﬁaﬁbS]’*l(nab_nab) fl .. 'f}fl . Kwierj H L§s=l (Nsp—Nsp) . ej71 e,
p=1
where the sum is over all 1 <i < j—1 < n — 1 such that 6”+1 =...= Gji—z,j—l = +1.
Note that L, le+ e SEE My 1= p:k(nip - nip). Then the Cartan part above equals

H(Nsp—N3y)

s 1 P sp .

I I =K —1 .
wl+wJ S O Mg+, ik )k

120Z Joquiaidag G1 uo Jasn NINQY SOUEIAIT AlSIoAun anpind Aq 0%SS8YS/S888/Z L/1.20Z/I0Ie/ulwl/wod dno-olwspeoe)/:sdjjy Wwoj papeojumoq



8896 R. Gonin and A. Tsymbaliuk

We have listed all the nonzero terms contributing to C%,l. To obtain the desired
difference operator D;, apply the characters x* with x(e;) = ¢/, x () = ¢; as in

[6, Lemma 5.2]. Set b, := (v — V*1)2V”$*”ﬁc;’ci_. Then we have

n n—1

N n+1-2j Z =2 L0

D, = ZV TZZU]' + byv e Tzrklzl(mik+5k,i+8k,i+1)wk+
j=1 i=1

+ +
i1 =€ g jo 1 =F] N
z bi---b; (V2 izach g1 Moy ~Nap) o
l<i<j—l<n—1
Jj—1
e Xsni T

Zﬁzl(ZJSQ Mgk +8k,i+ok ) ok (3.4)

Conjugating this by e?, we finally obtain the explicit formula for the 1st

hamiltonian D, of the type 4,,_; modified quantum difference Toda system:

n n—1
— b B lmy o
D, = z TZWJ‘ + z blV e Tzzzl(mik+3k,i+5k,i+1)wk+
j=1 i=1

+ +
€ =..=€; . .==*1
1,i+1 —2,j-1 .
i Jj—1 2k—n—1

E b b]. 1v7_i—1+2i5a<b5j—1(”Ib—”;b)‘*‘zgd s=i = 2 Msk

1<i<j—1<n-1

- Zj;i T )
- Sy (A MgktSi 8k )k (3.5)

Remark 3.10. If et = ¢, then the last sum is vacuous. If we also set n"™ = n~ and
¢t = +1 for all i, then we recover the formula [6, (5.7)] for the 1st hamiltonian of the

13
type A,,_; quantum difference Toda lattice:

n n—1
Dy =D Top — =V )2 €T 0. (3.6)
j=1

i=1

Let A, be the associative C(v'/N)-algebra generated by {WJj.El,Djil ]” , with the

defining relations

+ + y

w;,w,] = [D;,D;] = 0, w;'wi! = D' Df! = 1, Dw; = v’isw,D;. (3.7)

Define A,, as the quotient of the C(v'/N)-subalgebra generated by {W]jFl, (Di/DiJrl)il}}?iEZ
by the relation w;---w, = 1. Consider the anti-isomorphism from the algebra A,

to the algebra DV(HE&) of Section 2.5, sending w; — T_,,D;/D;y, + e *. Then the
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hamiltonian D, is the image of the following element H = H(e*, nF, ¢®) of A,

n n—1 n
+ .+ -2 S Zenoly, ~Mige—dki—dkis1  Di
et e = 3w 4 3 P [, Dy
j=1 i=1 k=1 i+1
+ +
=g + J=1 2k—n-1
i—1 — n — —n—
Z b;---b; 1V17171+Zi5a<bsj71(”ab*”ab)+2k:1 Domi T2 Msk o

1<i<j—1<n-1

n J—1
— - Mgg—0k i —0k i D.
| | Wy omi Mok Ok =0k) —D’. (3.8)
k=1 J

The following is the key property of H(e*, n%, ¢¥) in type A.

Proposition 3.11. H(e*,n*, ¢*) depends only on € = (¢,,_5,...,€;) € {—1,0,1}"~2 with
e -
€ = w, up to algebra automorphisms of A,,.

This result implies that given two pairs of Sevostyanov triples (¢*,n*, c*) and
sk ok oy i 4 - _ -
(65,05, 0%) with €5, — €50 = &y — €01
of DV(HE&) that maps the 1st hamiltonian D, (e*,n¥,c®) to D, (€*, A%, ¢*). As we will

there exists an algebra automorphism

see in Appendix B, the same automorphism maps the modified quantum Toda system
T (e*,n*, c®) to T (%, A%, c%).

We present the proof of Proposition 3.11 in Appendix A.

3.12. Explicit formulas and classification in type Cp,

Recall explicit formulas for the action of U, (sp,,) on its 1st fundamental representation
V,. The space V; has a basis {wy,..., w,, w, ,...,wy,}, in which the action is
given via

EL(W]) = ajli_,’_le_l, El(Wn+]) = Sj,iwn+j+1' En(W]) =0, En(Wn+]) = 8j,an'

Fwy) =8 Wiy, Fi(Wyy) =81 Wnyj1, Fp(Wy) = 85, Woy, Fp(Wpyj) =0,

Li(wy) = vi=iw;, Li(wy, ;) = v =iw;, Ly(w;) = vw;, Ly(Wy ) =V Wy,
Ki(Wj) = poiT% i+l w;j, Ki(wn+j) — y Y%t ],l+lwn+j,

25; —25;
K, (wy) = v™rw;, K,(W, ;) =V “I"w,

forany 1 <i <n,1 <j < n. Let @; be the weight of w; (1 < j < n), so that the weight

of w

ntj €quals —w;, while (w;, @;) = §; ;. Recall that the simple positive roots are given
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8898 R. Gonin and A. Tsymbaliuk

by, = w;—w;, 1 <i<n-1) and o, = 2w,, while p = 3!, (n+ 1 — D)w; and
d=...=d,_,=14d,=2.

To compute D, explicitly, we use the same strategy as in type A. Note that the
operators {E7, F] ZZLn act trivially on V,. Therefore, applying formula (3.1), we can

replace R, by Rai =1+ (v; —v; 1E; ® F,. Let us now compute all the nonzero terms

contributing to Cy,
e Picking 1 out of each Ry}, R, , we recover > 1" (Vz(n+1—i) : Ky, + v20+10.

K )

e Picking nontrivial terms only at Rg;, R,, the result does not depend on Or*
(hence, the orderings <) and the total contribution of the nonzero terms
equals

By, + V2 ORK LB, )+

Wi+1

n—1
Z(V _ v 12 (V2(n+1—i)FiK
i=1

v v ?V?F,K_, EK

wn "

e The other terms contributing to Cj, depend on <, (only on Or¥*). Picking

nontrivial terms only at RS,]PI Lo ,Rgi/,ﬁaik, . 'Rail (in the order listed) is
possible only if i, <, --- <, i, j; <_ --- <_ jp, and gives a nonzero
contribution to €}, if and onlyif k = k', iy =, £1 =... =5, £ (k-1

(the sign stays the same everywhere), and i, = j, for 1 < a < k. When
computing these contributions, we shall distinguish between the two cases:
max(i;, ;) = n and max(i;, i;) < n. The total contribution of such terms with

k > 1 equals
€=me g = E]
—1\2(—i+1) ,2(n+1—i
Z (v — v~ 120D y2(n l)'Fi"‘FijHlEj"'Eini“'
1<i<j<n

+ _ _ + _
fi,i+1_“'—€n—1,n—i1

Z (V _ V—I)Z(n—i) (VZ _ V—2)2V2(n+1—i) 3 Fl ...F. X E ---EK +

n-"—wn 1wy
1<i<n

£ _ 4+ _
€ i1 = =€ =1

_y 202 g R . ..E.
> w—-vh v Fj---FK_,E-EK_, +
1<i<j<n

£ _ o+  _
€ it1 == 1,n =1

> (v—v H2 (2 — v 22y? F . FK_ B E K,
1<i<n
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We have listed all the nonzero terms contributing to Cj, . To obtain D, = Dy, , we

should rewrite the above formulas via e;,f; and L, = K

@1+t Tp I = p = n),

moving all the Cartan terms to the middle, and then apply the characters x* with
xte) = c;” X~ (f;)) = c; . Conjugating further by e”, we obtain the explicit formula
for the 1st hamiltonian D; of the type C, modified quantum difference Toda system.

+

T
. . . . — n.—n. —
To write it down, define constants b;,my; via b; = (v; — v; l)zvi " fele; and

My = Z;:k(ni; - n;;). Then we have

n
D) = > (Tpp, + T_gpy) + byvZict K7Dk gmon ey

i=1

+

1 Mnk @k

n—1
oXro (k=n—Dmy -
Z by e N\ Typ mu+siitsiinoe T TS ma—ski—sk s nmx ) T

i=1

+ +
i1 =6 = E] ;
.. _ .
E e by i Zizach=i(Nap—Ngp)+ ko) 2y (k—n—Dmge
l J
1<i<j<n
i —ai
e ™ iT. i +
S ) M8k, i+ )k
+ +
Ei,i+1:"':€n—1,n=i1 N
7 - n n
E bi e ann+1_L+Zi§u<b§n(nab_nab)(1+5b,n)+2k=1 Zs=i(k—n—1)msk x
1<i<n
—Qj—...—0p
€ TZE:] (X Megt8ki—S )k
+ +
i1 == = F1 ;
.. _ n
E b e b ‘V]_l’+zi§a<b5j(nz—a_nba)+2k:1 Zszi(k—n—l)msk %
l J
1<i<j<n
e Y~ . +
S O Mgk —8,i—8k,j 1)k
+ +
ei,i+1:"':en—l,nzz':1 N
y — n n
E bi ... bnvn+1_l+Zi§a<b§n(nba_nba)+2k=1 Zs=i(k—n—1)msk %
1<i<n

—oj—...—Qp
e TZLLl(Z?:i M~k i+8k,n) @k " (3.9)

Remark 3.13. If et = ¢, then the last four sums are vacuous. If we also set nt =n~
and cfc = =+1 for all i, then we obtain the formula for the 1st hamiltonian of the type
C,, quantum difference Toda lattice as defined in [6] (we write down this formula as we

could not find it in the literature, even though it can be derived completely analogously
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8900 R. Gonin and A. Tsymbaliuk

to [6, (5.7)], cf. [7, the end of Section 3]):

D, —Z<Tzw FT_gp)— (v —v 1) Ze Tt + oo ) ~ V2=V~ )%™, (3.10)
i=1

Let C,, be the C(v!/N)-subalgebra of A, generated by {W;EI, (D;/Dy E, D%Z}EEZ
(note that C, can be abstractly defined as the associative algebra generated
by {WjEl Dil} ' , with the defining relations [w;, Wj] = [13i,ljj] = 0,\K/ijtl\/~vijF1 = Iiiﬂljfl =
1,Diwj = 5Udlw D;, where d; = 1 + 8; n). Consider the anti-isomorphism from C, to
the algebra DV(H;‘}Z”) of Section 2.5, sending w; waj,Di/Di+1 > e %,DZ > eon,

Then the hamiltonian D, is the image of the following element H = H(e*, n*, c%)

of C,;:

n n
Hee®, nt, o) = > w2 +wl) + b,y k=n=bmuc [Ty, Mk D24

i=1 k:
n—1 D
n _ _ _ .
Z b,y k-1 (k=n—Dmi. . H W, Mie—i~dkiv1 H Mig+Sk,i+0k,i+1 5 iy
i=1 i+1
+
6i,i+1 ] lj_il j
Z b;--- bjV7_1+Zi5a<bgj(n:{b_n;b)‘f‘zzzl 2mik—n—Dymg
1<i<j<n
n )
— > Mg—8ki—dk i1 Di
[Twe DT
k=1 J+1
+ +
i1 == = F 1 y
Z b, bJ.Vl*l+2i5a<bg(nb+fn;a)+zﬁz1 S ke—n—Dmg
1<i<j<n
n ;
=3 Mkt Dy
[Twe DT
k=1 J+1
+ +
6i,i+1="':6n—1,n=il
z b by icachen (Map=Ngp) (1+8p, )+ 2 2 y(k—n—D)mgpc o
13 n
1<i<n
o o 5145
= 2.5=i Msk—0k,i+0k,n
H W -D;D,,+
+
€it1 == 10 =1
Z bi e bnvn+1_l+2i5a<b§n(ng—a—n;a)""Zg:l Z?:i(k_n_l)mSk X
1<i<n

n n o—
H WI; 26— Mk +0ki—0kn D;,D,. (3.11)
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The following is the key property of H(e*, n%, ¢*) in type C.

Proposition 3.14. H(e*,n*, ¢*) depends only on € = (¢,,_;,...,€;) € {—1,0,1}""! with

.
€, = St Ciit
T 2

; , up to algebra automorphisms of C,,.

The proof of this result is completely analogous to that of Proposition 3.11
given in Appendix A, see also Remark A.1; we leave the details to the interested reader.
Proposition 3.14 implies that given two pairs of Sevostyanov triples (e¢*,n*,c*) and

st pE oy oo + - _ ot ==
(€5,n%,¢%) with €y — €50 = €50 — €
of DV(Hgan) that maps the 1st hamiltonian D, (¥, n¥, ¢®) to D, (é*, A%, c*). As we will

there exists an algebra automorphism

see in Appendix B, the same automorphism maps the modified quantum Toda system

T (e, nE, c*) to T (€%, AT, &%).

3.15 Explicit formulas and classification in type Dy,

Recall explicit formulas for the action of U, (so0,,) on its 1st fundamental representation

V,. The space V, has a basis {w,..., wy,}, in which the action is given via
Ej(Wyj_1) = 8ji11Waj_3, Ejf(Wy)) = 8;;Wyio,

Fi(wyj_1) = 8; ;Wojy1, Fi(Wyj) =81 Woj_o,

8

8, —8
Lp(WZj—l) = VIPwWy_, Lp(sz) =V UPwy;,

1 5. _Llas.
Ly (Wyj_y) = v2mwy y, Ly g (Wy) = v 2 nwy,

518 e
Ki(wyj_y) = viim9miwy, o, Ki(wyy) = v 5wy,

E,(Wy) = 8j n 1Wop_1 +8; nWoy_3, Fry(Wyj_1) = 6j,,_1Way +8; ,Woy_s,

1 _1
E,(wy_1) = 0, Fn(wzj) =0, Ln(WZj—l) =V2Wy_1, Ln(wzj) =V 2wy,

8

8j,n+5j, jn—9%,n—1 sz

Kp(wyi ) =V miwyiy, Kyp(Wyj) = v

foranyl<p=<n-21<i<n,l1<j=<n. Letwjbe‘cheweightofwzj_l (1<j<n),so
that the weight of w,; equals —w;, while (w;, @;) = §; ;. Recall that the simple roots are
givenbyo; =w;, —w;,; 1 <i<n-1)anda, =w,_; +w,, whilep=>" ,(n—i)w; and

d=...=d,=1
To compute D, explicitly, we use the same strategy as in type A. Similarly to the

r>1
1<i<n

types A and C treated above, we note that the operators {E], F; } act trivially on V;;
hence, applying formula (3.1), we can replace R,, by Rai =1+ (v—v )E; ® F,. Let us

now compute all the nonzero terms contributing to C%,l:
e Picking 1 out of each Ry, R, , we recover >, (Vz("*i) - Kyppy, + v 270

K_2wi).
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e Picking nontrivial terms only at Rg}),Rai, the result does not depend on Or®
(hence, the orderings <,) and the total contribution of the nonzero terms

equals

EK, + V_z(”_i_l)FiK_wiEiK_wiH) +

i+1

n—1 )
Z(V _ V—1)2 (VZ(n—l)Fle
i=1

w—v1)? (FnK_wn_lEann + FnK_wnEann_l) .
e In contrast to the types A, C considered above, there is one more summand
independent of the orientations. It arises by picking nontrivial terms only at
Roy ., Roh and R, R, (notethat E, |E, = E,E, | F, |F, = F,F, |, due

to the v-Serre relations) and equals

—1y4,2
(v—v )'Vv°F,F,

71K7wn,1EnEn71K

@p-1"

e The contribution of the remaining terms to Cj, depends on Or*. Tracing
back explicit formulas for the action of U, (s0,,) on V;, we see that the total

sum of such terms equals

Gii,i+1:":5ji—1,j:i1
Z (v — v 20—+ 200 -F;-- 'F]'ijHEj - EK, +
1<i<j<n
Gii,iJrl:"'253—3,n—2:€§—2,n:i1
Z (v — v~ 120D 200,
1<i<n-1
Fi e Fn—ZFnK—wnEnEn—Z o 'Eini+
fii,iﬂ:--':Eriz:z,nq:friz,nzil
Z (v — V—l)z(n—i-i-l)VZ(n—i).
1<i<n-1
Fi o 'Fn—anK—wn_lEnEn—l o 'Eini+
6$+1:...:EJ{IIJ:¢1
Z (v — vy~ 1)20-i+Dy—2(—j-1) -Fj- - FK_, E-- -EjK_ijJr
1<i<j<n
Gii,iJrl:"':6:—3,n—2:€§—2,n::‘:1
—1\2(n—i
Z v—-v) (=0 'FnFn—Z'"FiK—wiEi"'En—ZEann+

1<i<n-1
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+ + +
€it1 :"':en—z,n—l:€n—2,n::F1
Z (v — V_l)z(n_l+l)V2~
1<i<n-—1
FnFn—l o 'FiK—zzriEi o 'En—lEnKzzrn_l'

We have listed all the nonzero terms contributing to Cy, . To obtain D, = Dy, , we should

K

o1+...+op !

ifl<p<n-2

rewrite the above formulas via e;, f; and L, = K (b1 — ) ifp=n-1 '
K%(wl+~-~+wn—l+wn)' lfp =n

moving all the Cartan terms to the middle, and then apply the characters x* with

x(e) = c;r,x_(fi) = ¢; . Conjugating further by e”, we obtain the explicit formula for

the 1st hamiltonian D, of the type D, modified quantum difference Toda system. To

+ 1 _nty i
in-1 "N )+7(nin_nin)' ifk<n

n—2 . — + 1
p=k (nip - nip) +2( in—1

write it down, define m;;, :=
1n— + 1n— + ;
_f(ni,n—l - ni,n—l) + 3N =Ny, ifk=n

s o4
and b; := (v — v 1)2v"iMicl c; . Then we have

n
n
k- —an
Dl = Z(TZZUi + T—Zwi) + anZk=1( ™Mk -e * TZZ:1(mnk_gk,n—l""gk,n)wk—i_

i=1

—2+Zﬁ:1 (k—nm)myuk . ,—an
b,v € TZLl (M8 1—S ) wx T

M = )+ R (k=) (My 1 g+ Myk) | ,—am—1—an
bn—lbnv noLm noLm € Tzzzl(mn—l,k+mn,k)wk+

n—1
by k—mmy | -
Z blV e TZZ:] (Mg +0k,i+0k,i+1) Dk + Tzz=l(mik—6k,i_5k,i+l)wk +
i=1
+ +
i1 == = F]

Z bi e ijj_i+Zi5a<b§j(n;rb_n;b)+Zz:1 Jszi(k_n)msk %

1<i<j<n

e i YT . +
S O M8, i+ ki1 Dk

+ +
Ei,i+1:"‘:En—2,n:il ) abtn1 o _ " stn_1
E bi . bn72bnVn_l_1+Zi§’a<b§n(nab_nub)+zk:1 Zigsfn (k—n)mg X
1<i<n-—1

—Qj—...—0p_2—0pn
e i n T 1 +
S (T Mgt 81—k )

+ + +
€it1 :“‘:en—z,n—l:€n—2,n::t1
, + - n n
Z bi e bnVn_H_ZiSadJSn(nub_nab)+zk:1 ZSZi(k_n)mSk X (312)

1<i<n-1
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8904 R. Gonin and A. Tsymbaliuk

—oj—...—0p
€ Ty (r M= Dot
+ +
€ i1 = =€ =1 N i
P - n
z b;--- bjVJ“+Zi5a<b<J(”ba_”ba)+Zk=1 2s—ik—mmgic o
1<i<j<n
i i
e JT. i +
S O Mg =8k =Sk 1)k
+ +
€ i1 = =€ g n=F1 ' bt n esinit
Z bi R bn 2bnVn_l_l+ziéa<b5n(nba_nba)+zk=l zisssn (k—mymg X
1<i<n-—1
—j—...—Qp_2—0p
e n T -1 +
zzzl(zf-;’;n M —0k,i+0k,n) Tk
+ + +
6i,i-¢—1="'=En—2,n—1=€n72,n=:':l
z b, - by v Eizachan (e —Mye) iy i k-m)Mse o
1<i<n-—1
—j—...—Un
€ TZZ:] (i Mgk —8k,i+0kn—1) Tk "
Remark 3.16. If et = €7, then the last six sums are vacuous. If we further set

nt = n~ and cfc = =+1 for all i, then we obtain the formula for the 1st hamiltonian
of the type D,, quantum difference Toda lattice as defined in [6] (we write down this
formula as we could not find it in the literature, even though it can be derived completely
analogously to [6, (5.7)], cf. [7, the end of Section 3]):

n n—1
1.2 —a
D, = Z(TZwi +T 20) —(V—Vv") Z e (Twi+wi+1 + T_wi_wi+1) -
i=1 i=1
(v — v 1)Ze—on (T_wn_1 o T V_szn_l—wn) (v —v ke w1 (3.13)

Recall the algebra C,, from Section 3.12. Consider the anti-isomorphism from
C, to the algebra D, (H2d ) of Section 2.5, sending w; = T_.,.,D;/Diyy — e %,D2 >

502n
e?n-17%_ Tet H = H(e*, n*, ¢*) be the element of C, that corresponds to D; under this

_avr

anti-isomorphism (to save space, we omit the explicit long formula for H). The following

is the key property of H(e*,n*, ¢*) in type D.

Proposition 3.17. H(e*,n*, ¢*) depends only on € = (¢,,_;,...,€;) € {—1,0,1}""! with
t e e
€ = w 1<i<n-—2),¢_;:= W, up to algebra automorphisms of C,,.

The proof of this result is completely analogous to that of Proposition 3.11

given in Appendix A, see also Remark A.1; we leave the details to the inter-

120Z Joquiaidag G1 uo Jasn NINQY SOUEIAIT AlSIoAun anpind Aq 0%SS8YS/S888/Z L/1.20Z/I0Ie/ulwl/wod dno-olwspeoe)/:sdjjy Wwoj papeojumoq



Modified Quantum difference Toda Systems 8905

ested reader. Proposition 3.17 implies that given two pairs of Sevostyanov triples

+ E ot oL P S
(e=,n=,c*) and (€*,n*,c™) with €iv1 — €iiv1 = €ip1 — € (
+

o~ €p_op = e;{_z 1w — €,_2 o there exists an algebra automorphism of DV(HS""SZ”) that

1 <i<n-2) and
. N

maps the 1st hamiltonian D, (¥, n¥, ¢®) to D, (€*, A%, ¢*). As we will see in Appendix B,
the same automorphism maps the modified quantum Toda system 7 (e*,n*,c*) to

T (€%, nE, &%),

3.18 Explicit formulas and classification in type By,

Recall explicit formulas for the action of U, (s0,, ;) on its 1st fundamental representa-

tion V. The space V; has a basis {wy, ..., wy,}, in which the action is given via

Ei(WZj—l) = 8j,i+1W2j—3' EL(WZJ) = 8j,iW2j+2’ EZ(WO) = O,

Fi(wyj_1) = 8; Wy, Fi(Wyj) = 8j ;11 Wy;_o, Fj(Wg) =0,

28: _
Li(wyj_1) = v=wy;_y, Li(Wyj) = v “U=twy;, Li(wy) = wy,

25:-26;; 28 +28;
Kij(wyj 1) = v 2itwy; , Kyj(wyy) = v 99wy, Ki(wy) = wy,

En(WZj—l) =0, En(WZj) = 5j,nWO' E,(wg) = wy,_1,
Fo(Wyj_1) = 8, Wo, Fp(Wy;) =0, Fy(wo) = Wy,
Ly (Wyj_1) = VWp;_y, Ly (W) = v wy;, Ly (wo) = wy,

5; —5;
Kn(WZj—l) =VITWyi_q, Kn(sz) =V Trwy;, K, (wy) = wy

foranyl <i<n,1<j<n.

Let w; be the weight of Woyi_1 (1 <j < n), so that the weight of Wyj equals —wj,
while w, has the zero weight. We note that now (w;, @;) = 2;;. Recall that the simple
roots are given by o; = w; —w;,, (1 <i <n-1)and a,, = w,, while p = Z?zl(n+%—i)wi
andd, =...=d,_;, =2,d,=1.

To compute D, explicitly, we use the same strategy as in type A. In contrast to
the types 4, C,D treated above, E2 and FZ act nontrivially on V;, while {E], F] }{;Ln U
{En/ Frls>

R, =1+ v?-v )EQ®F;forl <i<nandR, byR, :=14+(v—-v )E,®F,+CcE;QF;

2 still act by zero on V. Therefore, applying formula (3.1), we can replace R, by

for ¢ := (1 — v"1)(v — v7!). Let us now compute all the non-zero terms contributing

to Cy:
e Picking 1 out of each R;”, R;, we recover 14+ >} | (V4"+2*4i Ky, + v AT AL

K_2wi).
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e Picking nontrivial terms only at Rg}),Rai, the result does not depend on Or®
(hence, the orderings <,) and the total contribution of the nonzero terms

equals
n-1 _ '
Z(Vz 22 (V4n+274l FiK,,, EK, + yrant2taip, K, EiK—wiH) +
i=1

(v—v )2 FK_, E,+V*F,EK, )+ c*V’FiK_,, E:K

n-n>wy —wp o n oy

e The contribution of the remaining terms to Cy, depends on Or*. Tracing
back explicit formulas for the action of U,(s0,, ;) on V;, we see that the

total sum of such terms equals

+ _ _ .+t _
6i,i+1_"'_€j—1,j—i1

Z (VZ _ V—2)20—i+1)v4n+2—4i . F .. FK E .. Ele_i_

i Jr ity i
1<i<j<n
+ _ _ &+ _
€ i1 = =1 =T

N U el A A kAL SRR o

i n=n’" i
1<i<n

+ .+ _
6i,i+1_“'_€n—1,n_:t1

> A2y 22Dyt Al B F, (FEK EAE, o EK, +

1<i<n

+ +
i1 == = F1
Z (V2 — v 2)20-i+D —ant2+d) -F;---FK_, E;---EK +

1<i<j<n

£+
€ it1= =€ 1, =]

Z (V2 _ V—2)2(n—i)(v _ V—l)2 . F .

n [ o A
1<i<n

£+ _
€ it1= =1, =1

> Aw?—v2n-dy2 . F2p | ...FK__E; --E

3 ;'L n—1

2
E’K,, .

1<i<n

We have listed all the nonzero terms contributing to Cj, . To obtain D, = Dy, , we

, ifl<p<n
should rewrite the above formulas via e;, f; and L, = @itetwp ,

K%(w1+...+wn)’ lfp =n
moving all the Cartan terms to the middle, and then apply the characters
x* with x*(e) = ¢, x (f) = ¢;. Conjugating further by e”, we obtain the explicit

formula for the 1st hamiltonian D, of the type B,, modified quantum difference Toda
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system. To write it down, define constants b;, m; via my, := Zzzk(ni; — n?l'))(l -

L
n:—n; _
and b; := (v; — v; )2v;" "ctc; . Then we have

n
Dy =14 (Typ + T 9,)+
i=1

S (2k—2n—1)myy " -1
an k=1 e (VTZZ=1 (mnkfak,n)wk tv TZZ=1 (mnk+5k,n)wk) +

—2p2 [, =24+ (M —Npn)+ 3 gy (Ak—4n—2)Myc | o—20n
(1 + V) an e TZ:Z’:1 Zmn,kw_k_’_
n—1
) Zrklzl (2k—2n—1)m Lo
Z biv € Tzzzl(mik+5k,i+5k,i+1)wk + TZLl(mik—Sk,i—Bk,iH)wk +
i=1
+ +
i1 == = F] '
Z b....p.yd2t2 Sizacb=i(Ngp—Ngp)+ ko1 2 (2k—2n—1)mg «
i J
1<i<j<n
—O—...— Q5
e i J T . +
S O M8 i+ )T
€1 == p =1
z bl e bnvzn_Zi_1+Zi§u<b§n(n;b_n;b)(z_sb,n)+zz=1 Z?=i(2k—2n—1)msk x
1<i<n
—j—...—0p
€ Typ (sr mgersgnme T
+ +
ei,i-H:“':En—l,n::l:1
Z (1 + V)_zbi e bn_lbiv2n72i+(nﬁnfn;n)+2 Zi§a<b§n(n;rb7n;b) X
1<i<n
Z?ﬂ Zj=‘(2k72n71)(1+5s,n)msk . *ai*...*an_lfzan
v = € TZZ:1 (O Mgk My +81, i =S )k
+ +
it === F] ;
Z b.---b .V2]_2H_2 Zi§a<bﬂ(n;a_n;a)+zz:1 zs=i(2k_2n_1)msk %
l J
1<i<j<n
S . +
n J
. Mep— L .
= S= i
€ Dk=1 Qg Msk—0k,i—0kj+1) Tk
+ +
Ei,i-%—l:"':en—l,nz:':1
> b, -+ b, v 212 Yicq cpen (Mg M)+ oy iy (2k—2n—D)Ms
1<i<n
—aj—...—an
€ TZL R ma—8k o T
+ +
si,iJrl:'”:En—l,n::F1
> (1 +v)"2b; - by, bE v 2=+ g cpen (Mo ~Myg) (228,) o
1<i<n

S ho1 v (2k—2n—1) (1485 0)Mgk . ,—0ti—...—0tn_1—20dp
v e TZZzl (O My+Mp =8, i+8k,n) ok *

8907

1
Eap,n)

(3.14)
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8908 R. Gonin and A. Tsymbaliuk

Remark 3.19. If et = ¢, then the last six sums are vacuous. If we further setnt =n~
and Cii = =+1 for all i, then we obtain the formula for the 1st hamiltonian of the type
B,, quantum difference Toda lattice as defined in [6] (we write down this formula as we
could not find it in the literature, even though it can be derived completely analogously
to [6, (5.7)], cf. [7, the end of Section 3]):

n n—1
D, =1+ Z(TZZUi + T o) — (v* —v?)? Z e " (Twi+wi+l + T—wi_wi+1) -
i=1

i=1

(v — v 1)2eon (VT_wn + V’lTwn) Fv 21 —v 2w —v1)2e 2, (3.15)

Recall the algebra A,, from Section 3.9. Consider the anti-isomorphism from A4,
to the algebra DV(H"ld ) of Section 2.5, sending w; — T_wj,Dj > e k=% Let H =

502n+1
H(e*,n*, c¢*) be the element of A,, that corresponds to D, under this anti-isomorphism

(to save space, we omit the explicit long formula for H). The following is the key property
of H(e*, n*, ¢*) in type B.

Proposition 3.20. H(e*,n*, c*) depends only on € = (¢ ., €) € {—=1,0,1}""! with

n—1s--

v
€. . | —€. . .
€; 1= L up to algebra automorphisms of A,,.

The proof of this result is analogous to that of Proposition 3.11 given in
Appendix A, see also Remark A.1; we leave the details to the interested reader.
Proposition 3.20 implies that given two pairs of Sevostyanov triples (e¢*,n*,c*) and
(€%, n*, &%) with e;’riﬂ — € ;,riH — €1

DV(HggZHH) that maps the 1st hamiltonian D, (e*,n*, c®) to D, (€*, A%, cF). As we will

=é there exists an algebra automorphism of

see in Appendix B, the same automorphism maps the modified quantum Toda system

T (e, nE, c*) to T (€%, AT, &%).

3.21. Lax matrix realization in type A

In this section, we identify the type A,_; modified quantum difference Toda systems
Recall the algebra A, of Section 3.9. Consider the following three (local) Lax

matrices:

1 _w.z ! w.D!
Lf'il(z) ::( Wi — Wiz o Wil ) € Mat(2,z ' A,[z]), (3.16)

-1
—w;D;z w;
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“1,1/2 _\y,~1/2 prlzl/2
wrlz Wz 'z
L%(z) = ( i [y i ) € Mat(2,z /%A, lz]), (3.17)
-D;z /
-1 —1n-1
w, z—w, w, D 'z
L@ = "0 7 7t T 7T ) e Mat(2, A,lz). (3.18)
-w; "D; -w;
For any k= (k,, ..., ky) €{-1,0,1}", define the mixed complete monodromy matrix
TV(2) = Liy*(2) - L7 (2). (3.19)

We also recall the standard trigonometric R-matrix

1 0 0 0

0 z—1 Z(V—V_l) 0
_y—1 _ -1

Rtrig(z) = 0 V‘;Z_‘:./—l VZZ_Vl 0
vz—v—1 vz—v—1

0 0 0 1

The following key property of the complete monodromy matrices is established in [10,
11(i)].

Proposition 3.22. For any ke {-1,0,1}", T%(z) satisfies the trigonometric RTT relation:
Ryig(2/w) (Tg(z) ® 1) (1 ® Ti(w)) = (1 ® Tg(w)) (Tg(z) ® 1) Riyyig(2/w).

As an immediate corollary of this result, we obtained (see [10, 11(iii)]) the

following.

Proposition 3.23. ([10)). Fixk = (k,,...,k;) € {—1,0,1}".
(a) The coefficients in powers of z of the matrix element T]%(Z)11 generate a com-
mutative subalgebra of 4,. Moreover, they lie in the subalgebra of A, generated by
L<i
w3, (Dy/Dy ) S50
kj*l

(b) T2y, = (=D W, (zs - HEZSJrl + higher powers of z) , where s = >, .

The hamiltonian Hg equals

ki+1:...:kj_1:1

n n—1

7 _ Tkl —kae— D. ki k-1 D;

HE =D w2+ > w i e S w W T S (3.20)
j=1 i=1

D.
Hl o j<icj-1<n-1 J

(c) Set k' = (0,k,_1,...,k,,0). Then HE is conjugate to Hg.
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Let 7% denote the commutative subalgebra of A, generated by the images of the
coefficients in powers of z of the matrix element T]Yc(z)11 , while Flg e T* denote the image
of HE. The main result of this section identifies 7% with the pre-images 7 (%, n*, ¢*) of
T (e*,n*,ct) in type A, _, under the anti-isomorphism A, — DV(H:&) of Section 3.9.
This provides a Lax matrix realization of the type A modified quantum difference Toda

systems.

Theorem 3.24. Given a palr of type A, , Sevostyanov triples (e*,n*,c*) and k e

{—1,0,1}" satisfying k; , = % for any 1 <i < n — 2, the following holds:

(a) There is an algebra automorphism of A,, that maps H(e*, n*, ¢*) to I:|’2°.

(b) The automorphism of part (a) maps 7 (¢, n%, ¢*) to T*.

The proof of Theorem 3.24 is presented in Appendix E and closely follows our

proofs of Proposition 3.11 (see Appendix A) and Theorem 3.2 (see Appendix B).

Remark 3.25. For k = 0, we recover the Lax matrix realization of the type A quantum
difference Toda lattice, due to [15].

Actually, the above construction admits a standard one-parameter deformation

of commutative subalgebras of A, as provided by the following result.

Proposition 3.26. (a) For any ¢ € C(v!/N), the coefficients in powers of z of the linear

combination Tg(z)ll +8T£(Z)22 generate a commutative subalgebra of A,,. Moreover, they

1<j<n
1<i<n®

(b) We have TV(Z)U + 8T"(Z)22 = (—=D"wy;--- (I:IIICZS - I:Ifc s+1 1 higher powers of z),

lie in the subalgebra of A, generated by {wjil, (D;/Dy, E}

where s = 3" 1 . Here H’f =1+e[]iL, 81 [T, W, 2 while Hk is given by

D kiy1=..=kj_1=1

n
Nk 1 Kip1— 1 i —k;i—1 —kj—l Di
Hz = Z +ZW Wi poo T 2 W D.T
+1 i

i—1 l 1<i<j—1<n-1 J

ki=..=ki_1=1 kj:—l
kiy1=..=kn=1 D ki=1(#j)
1

e > wfk‘71~-~wi_ki_le'_kj_ "'Wﬁk”fl + > [Iw*| e2v

1<i<j<n 1<j<n k#j

Proof. (a) Follows from the equality |T/(2);; +eT!(2)p W)y, +TE W)y, | = 0,
which is implied by the RTT relation of Proposition 3.22.
(b) Straightforward computation. |
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Definition 3.27. A type A,,_, periodic modified quantum difference Toda system is

the commutative subalgebra 7%¢ of A,,.
We note that 7%° coincides with T*.

Remark 3.28. (a) In particular, I:|g is conjugate (in the sense of (A1, A2)) to the element
of A, that corresponds under the anti-isomorphism A, — D (H g‘[‘i ) of Section 3.9 to the

1st hamiltonian of the type Agll quantum difference affine Toda system of [6, (5.9)]:
n n—1
D, =>" T, — (V = v 12D e mitTia Ty, — (v —v H2e™ ™t o (3.22)
j=1 =1

with k = (=1)*(v — v 1)~2ng,

The quantum difference affine Toda systems are defined similarly to the (finite
type) g-Toda systems of loc.cit., but starting from a quantum affine algebra and its
center at the critical level. The parameter « € C(v'/N) is essential, that is, it cannot be
removed, cf. [6, Remark 1].

(b) We expect that most of our results from this paper can be generalized to an affine
setting. In particular, the type 4,,_; periodic modified quantum difference Toda systems
introduced above should be conjugate to the type Ailll , modified quantum difference
affine Toda systems, thus generalizing part (a) of the current Remark. To state this
more precisely, let us first specify what we mean by a Sevostyanov triple (¢,1,¢) for
g of an affine type, except A(ll). Let oy, ...,a, be simple positive roots of § (with «
the distinguished one) and {a;}? ;, be the labels on the Dynkin diagram of g as in [12,
Chapter IV, Table Aff]. Then a Sevostyanov triple (¢,N, ¢) is a collection of the following
data: (1) € = (¢;; l?szo is the associated matrix of an orientation of Dyn(g) as before, (2)

lsizn
y’/0<i<n
= ;b for 1 < i,j < n and d;ng; +

c = €y € (C(v¥/Ny*yn+1 ig a collection of nonzero constants, and (3) A = (n
is an integer matrix satisfying d;n; — d;n;
o1 AN 22 = €gibg; for 1 <j < n.

In particular, given a pair of type A" | (n > 2) Sevostyanov triples (¢*, A%, %),
the corresponding difference operator H(é*, i*, ¢%) € A, should depend (up to algebra
€0) € {—1,0,1}", where ¢; := 4‘“# with

indices considered modulo n. The resulting 3" difference operators H(e*, n*, 6%) should

automorphisms of A,,) only on € = (¢,,_y, ...

be conjugate to the images of 3" hamiltonians I:|’2c in fln. We have verified this result for

+ o+ _
€1 =€on_1 = 1.

(c) The type A(ll) deserves a special treatment, since it is the only affine type for which

the analogue of Lemma 2.4 fails to hold (as a;; = a,; = —2). Instead, such characters
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x* exist if and only if nj; + nj} € {=2,0,2}. Let H@A*, &%) be the element of A, that
corresponds to the 1st hamiltonian of the type Agl) modified quantum difference affine
Toda system associated with the pair (A%, ¢*). We expect that H(A*, ¢*) depends (up to
algebra automorphisms of /_12) only on n§1+n1+1;n51—n;1 € {£2,+£1,0}. On the other hand, it
is easy to see that the equivalence class of the difference operator I:Iékz’kl) depends only
on k, — k; € {£2,£1,0}. We expect that the resulting five difference operators in A, are

conjugate to the aforementioned five difference operators H(A*, &%).

3.29. Lax matrix realization in type C

Motivated by the construction of the previous section, we provide a Lax matrix
realization of the type C modified quantum difference Toda systems.
In addition to L;-"k(z) (k = £1,0) of (3.16-3.18), consider three more (local) Lax

matrices:

—1,_-1 -1
- W, — W, w. D
L (2 :=( b 171271 P )e Mat(2,z ' A, lz]), (3.23)
-W; Dl. z w;
1/2 -1,-1/2 1/2
v,0 W;z W, "z D;z ~1/2
L{"(z) = ( D112 0 € Mat(2,z /A, lz]), (3.24)
-1
W.Z — W; w;D.
= "N N ) e Maue, 4,12, (3.25)
—wDt —w,
For any k = (k... k) € {—1,0,1}"*, define the double mixed complete monodromy
matrix
Tg(z) = Z‘l’"kl (2) - .f,zr—kn (Z)Lx'k” (2)-- .L‘l"k1 (2). (3.26)

Let us summarize the key properties of the double mixed complete monodromy

matrices.

Proposition 3.30. Fix k= (ky, ... k) e{-1,0,1}"

(a) ’]Tg(z) satisfies the trigonometric RTT relation

Riyyig(2/w) (Tg(z) ® 1) (1 ® T]Yc(w)) - (1 ® Tg(w)) (T]Yc(z) ® 1) Riyyig (2/W).

(b) The coefficients in powers of z of the matrix element ?I‘g(z)11 generate a commutative
subalgebra of A,,. Moreover, they belong to the subalgebra C,, of A,, introduced in
Section 3.12.
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(c) We have Ti(z)ll =z " - ng_”“ + higher powers of z. The hamiltonian Hg equals

% —k; _1 —kii1—1 —ki+1  —ki1+1 i kn 2
H _Z(W Wy H’Z( Wipr W Wiy 'Di+1+V w D
kip1=..=kj=1 ) D kit1=..=kn=1
—k;—1 —Kjr1— i —1,,,~ki—1 —kn—1
> W, W 5ot > vy ~owy DD, +
1<i<j<n I+l 1<i<n
kiy1=..=kj=—1 . D kiy1=...=kn=—1 .
—k;+1 —KRj+1 i —k;+1 —kn+1
Z w; ...Wj_H . D + z VW, C W DLDn (3.27)
1<i<j<n J+1 I<i<n

Proof. (a) Note that I_,:."k(z) is obtained from L;."k(z) by applying the automorphism of
A, that maps Wiil — Wfl,Dfl — Dfl. Hence, each of them satisfies the trigonometric
RTT relation. Thus, an arbitrary product of L;./'k(z) and f,;”k (z) also satisfies the
trigonometric RTT relation. (b) This is an immediate corollary of (a). (c) Straightforward

computation. |

Let 7% denote the commutative subalgebra of C,, generated by the coefficients in
powers of z of the matrix element ’H‘%(z)“. The main result of this section identifies 7%
with the pre-images 7 (¢*, n*, c*) of T(¢*,n*, c*) in type C,, under the anti-isomorphism
¢, - D (H;‘gz ) of Section 3.12. This provides a Lax matrix realization of the type C

modified quantum difference Toda systems.

Theorem 3.31. Given a palr of type C, Sevostyanov triples (e*,n*, c*) and k e
{—1,0,1})" satisfying k; ; = M for any 1 <i <n — 1, the following holds:
(a) There is an algebra automorphlsm of C,, which maps H(e + nE, %) to lec_

(b) The automorphism of part (a) maps 7 (¢¥, n%, ¢¥) to T*.

The proof of Theorem 3.31 is completely analogous to that of Theorem 3.24 given

in Appendix E, see also Remark A.1; we leave the details to the interested reader.

Remark 3.32. Recall that any nonsimply laced simple Lie algebra g’ admits a folding
realization g’ ~ g°, where g is a simply laced Lie algebra endowed with an outer
automorphism o of a finite order (arising as an automorphism of the corresponding
Dynkin diagram). This observation allows to relate the classical Toda system of g’ to the

Toda system of g; see [17]. The above construction of the modified quantum difference
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8914 R. Gonin and A. Tsymbaliuk

Toda systems in types C,, and A,,_; via Lax matrices exhibits the former as a folding

of the latter, once we require that the orientations e of Dyn(sl,,) = A,, ; satisfy

£+  _ __+
€ir1 = " €on—i-12n-i

pair (B,,, D, ;). It would be interesting to understand the explicit relation. Let us warn

for all i. However, such a naive approach fails to work for the

the interested reader that the folding for quantum groups is more elaborate than in the

classical set-up; see [1].

Analogously to the type A case, the above construction admits a standard one-
parameter deformation of commutative subalgebras of C,, as provided by the following

result.

Proposition 3.33. (a) For any ¢ € C(v!/N), the coefficients in powers of z of the linear
combination Ti(z)u +8T£(Z)22 generate a commutative subalgebra of 4,,. Moreover, they
belong to the subalgebra C,, of A,,.

(b) We have ']l“i(z)11 + STi(Z)Zz =z " - ]I:]IEZ*”Jrl + higher powers of z. The hamiltonian

]ﬁlg is given by the following formula:

n n—1

N _ kiel —kii—1 s —k: 1 D. _ _

Hk — 2 (le +Wl 2) + 2 (Wl ki IW i+1 +Wl k1+lw i+1+ ) L +v kanan . D%‘i‘
i=1 i=1

i+1 i+1
Di+1
ki+1=4..:kj:1 ) D ki+1=~~~=kn=1
—ki—1 —Kj1— i —1,,,~ki—1 —kn—1
Z Wi Wi ‘D + Z VoW s W DD+
1<i<j<n J+1 1<i<n
kip1=...=ki=—1 LD Kis1=...=kn=—1
—ki+1 —kjr1+ i —ki+1 —kn+1
> W W DT > W, Wy DD+
1<i<j<n J+1 1<i<n
—2k1 k1., 2K1 -2 —2 n 2 n
e\ Snn (=0 0wy + VWD [ 8, [T g%+ [ 1ok - [ wE - 5+
=1 i=1 1= i=1 1
ki=..=k;i=1 ) ) ki=..=kj=—1 . )
—k1—1 —kip1—1 1y —ki+1 =K+l
Z VW, Wi DD " Z VoW, Wit DD.
1<i<n 1=i+1 1<i<n 1=i+1
(3.28)

Definition 3.34. A type C,, periodic modified quantum difference Toda system is the

commutative subalgebra 7%¢ of C,,.

We note that 7%0 coincides with 7.
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Remark 3.35. (a) In particular, ]I:]Ig is conjugate to the element of C, that

corresponds under the anti-isomorphism C, — D,(H2 ) of Section 3.12 to the

SPan
1st hamiltonian of the type Cﬁll) quantum difference affine Toda system of [6]

(cf. Remark 3.28(a)):

n—1

n
A —1,2 —wi+w;
1= 2w; —2w;) - wre i+ Wiy —wi—wi ) T
D (T, +T , )—w—v1h e @it (T LT .
i=1

i=1

(VZ _ V72)2672wn _ KV*ZH*Z(VZ _ V72)262w1 (3'29)

with k = V& 12y — p=1)=4=D (2 _ =2y—4,
Here « € C(v'/N) is an essential parameter. For « = 0, we recover D, of (3.10).
(b) Following our discussion and notations of Remark 3.28(b), we have also verified

that the element of C, corresponding under the anti-isomorphism C, — D, (H2 ) to

5Pan
H(e*, nt, &%) with eoil = 1, is conjugate to Iﬁlg with k; = 0 and k;; = e’t“# for any
l1<i<n-1.
(c) For completeness of our list (3.22, 3.29), let us present explicit formulas for the
1st hamiltonian D, of the quantum difference affine Toda systems (defined in [6]) for
the remaining classical series DY’ and BY}’ (as we could not find such formulas in the

literature):

e In type D;“, we have

n n—1

N —152 —witw;

Dl = Z(TZwi + T—Zwi) —(v—-v) Z e” Vi (Tzzri+wi+1 + T—wi—wi+1) -
i=1 i=1

(v — v 1)2e @n-17mn (T

-2 _ o4, 2mp_1 _
—®n-1+n tv Twn—l—wn) + (V v ) e

KV_2n+2 (V _ V—l)ZeZD'l-HUZ (T

—2n+2 —1\4 2w
—witwy T Loyy—my) T KV (v—v™ )% e*?2.

(3.30)

e In type BY, we have
n n—1
N 2 —2,\2 —wi+wj
D, = 1+Z(T2wi+T72wi)_(V V) Z em e (Twi+wi+l + T*wl'*wm) -
i=1 i=1

(v—v1)2e ™ (VT_w" + V_lTw") +v 21 —v H2(w —vH2Ze2on_

KV—4n+2 (Vz _ V—Z)Zew1+w2 (T

—4n+2 .2 —2\4 2w
—w1+w2 +Tw17w2)+KV (V 4 ) e .

(3.31)

For « = 0, these formulas recover D, of (3.13) and (3.15), respectively.
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8916 R. Gonin and A. Tsymbaliuk
3.36 Explicit formulas and classification in type G,

Recall explicit formulas for the action of U, (g,) on its 1st fundamental representation

6

V,. The space V; has a basis {w;};_;, in which the action is given by the following

formulas:
Ej:wy— (v+ Vfl)wz, w; =0, wy =0, wy = 0, wy > w3, W (V+ V*I)WO,
Wg = Wy,
E,:wygr— 0, wy = 0, wy = wg, Wy > Wy, Wy = 0, wg = 0, wg— 0,
Fi:wy = wg, Wy = Wg, Wy > Wy, Wy > Wy, Wy 0, wy = 0, wg— 0,
Fp: wyg— 0, wy =0, wy = 0, wy— 0, wy = 0, wg > Wy, Wg > Wy,
Ly wy = wy,wy = VZWI,Wz = VWy, W3 > V_1W3,W4 = V_2W4_,W5 = V_1W5,

Wg = VWg,

. 3 -3 -3
Ly: wo > Wy, Wy = VW, Wy > Wy, Wy > V "Wy, Wy > V' "Wy, Wg > Wy,
wg = Vow,
6 6
. 2 -1 -2
K,:wy = wy, Wy > VW, Wy > VEW,, Wy > VW3, Wy > V' "Wy, Wy > V' “Wp,
-1
Wg = V' Wg,
. -3 -3 3
Ky: wyt=> wy, Wi Wy, Wy >V "Wy, Wy >V "Wy, Wy > Wy, Wg = V- Wp,

3
Wg = Vi wg.

Let w; and w, be the weights of w, and wy, respectively, so that (w;,@;) =
(wy, @wy) = 2,(w;,w,) = —1. Then the weights of wy, w,, wy, w,, wg are equal to 0, w; +
w,, —W,y, —W, — Wy, —w,, respectively. We also note that the simple roots are given by
o) = @y, 0y = —w; + w,. Finally, we have p = 5« + 3a, = 2 + 3w, and d; = 1,d, = 3.

To compute D;, we use the same strategy as for the classical types. Analogously
to type B, the operators E? and F? act nontrivially on V, while {ET, F} }:;1;61"1 still act
by zero on V,. Therefore, applying formula (3.1), we can replace R, by Raz =142 —
v 3)E,®F,and R, byR, =1+ v —-v )E ®F +cEf®@F; forc:=(1—-v )(v—-v).

Let us now compute all the nonzero terms contributing to C/Vl:
e Picking 1 out of each f??p,l_%i, We recover

2 -2 8 -8 10 —10
1+v 'K2w1+v 'K—2w1+v 'K2w2+v 'K—2w2+v 'K2w1+2w2+v 'K—2w1—2w2‘
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e Picking nontrivial terms only at Rg}),Rai, the result does not depend on Or*
(hence, the orderings <,) and the total contribution of the nonzero terms

equals
(v — V_l)2 (VZ(V + V_l)FlEle1 + (v + V_l)FlK_le1

+v'°FK, EK

w1+wy

-8
+V Ky FrK oy )
+ 0% = V2 (VK By, + V2 FpK 1, FpK )
+c*vi(v+v YRR, E2K, .

e The contribution of the remaining terms to Cy, depends on Or*. Tracing
back explicit formulas for the action of U, (g,) on V;, let us evaluate the total
contribution of such terms for each of the four possible pairs (Ort, Or™).
Case 1: if Or™ = Or—, then there are no other terms.

Case 2:if Or": o < a, and Or™: @; — «,, then the total contribution equals

v —v 1)?? —v 2B (v + v )F,F EEK, +v °F,FK E\E;K_, )+

—w1—w2

AW —v3H B w4+ v 1?2 -FzFlszleszsz.
Case 3:if Or™: oy — @, and Or™: @; < «a,, then the total contribution equals

v —v )2 v 2(WOF FK,, EyE K, o, + (V+ VDR FK L EJED+

AW —v A+ v 2 FPRK E2E12Kw1.

—wy

Thus, we have listed all the nonzero terms contributing to C},l. To obtain ]31 = ]_)Vl’

, Imoving

w1t+wa!

K

w1+2wy!

we should rewrite the above formulas via e;, f; and L, =

all the Cartan terms to the middle, and then apply the characters x* with x*(e;) =
cl?L X~ (f}) = ¢; . Conjugating further by e”, we obtain the explicit formula for the 1st
hamiltonian D; of the type G, modified quantum difference Toda system. To write it

: e (n— _nt -t e (p— _nt -t
down, define consfants m;; := (N; — N+ (N, —Nn5), My = (n; —nj)+2(n;, —nj) and
T —n..
i it

i Cl

—. Then we have

. -1y2.0
b= (v; —v; ) c

D) =14 Tow, + T2, + Tow, + T2, + Ty 4200y + T2 —20,)+

—my—4 — -1 1 -1
bIV M =iz . = (V V+v )T(m11+1)w1+m12w2 +viv+v )T(mn*l)lermlzwz +
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8918 R. Gonin and A. Tsymbaliuk

T(my+Dym +miz+2ym; + L —Dw +ma—2)m,) +

—my; —4m —
bZV 2 2.em (T(m21+1)ZD1+(m22+1)WZ + T(m2171)w1+(m2271)wz) +

2 —1,2
bi(v+v™) 2t =N —@mu+8miz) | o—200 +
—(1 T V)2 2myi w1 +2myewr

S+ 85— - {b b V74+3(nf27n1*2)7(m11+m21+4m12+4m22)X
€10~ 17€5,1 1¥2

-] —o2 —1
€ ((V TV )Ty +manm +Hmiz+ma+ Dy T VT(m11+m21—2)w1+(m12+m22—1)w2) +

b2b, (v + v 1)?

8N =N1)+6(NY, —NnT,)—(2m11 +ma1 +8Miz+4mzz) o
(14 v)?

—2a1—ag
e T(2m11+m21—1)w1+(2m12+m22+1)w'2} +

FY .{b b V3+3(n1+27n;2)7(m11+m21+4m12+4m22)X
€19:17€15,—1 12

—0] —02 —1
€ (V(V TV ) Ty +manm +miz+ma—Dye T T(ml1+m21+2)w’1+(m12+m22+1)w2) +

b2b, (v + v 1)2

AT =) +6(N],—ny,) —(2M11 +Ma1 +8Mia+4mz2)
(14 v)?

2y —
e " azT(2m11+m21+1)w1+(2m12+m22—1)w2}' (3.32)

Remark 3.37. Ifet = ¢, then the terms with §'s are vacuous. If we further set n™ = n—
and cii = %1 for all i, then we obtain the formula for the 1st hamiltonian of the type G,

quantum difference Toda lattice as defined in [6]:
Dl =1+ (TZw'l + T—Zwl + T2w2 + T—2w2 + T2w1+2w2 + T—2w1—2w2)_
v—v )2 e W+ v )T, +v+v )T 4 Toom + Ty —20,)—
(VS - V_3)2 e ™ (Tw1+w2 + Tfan*wz) + V_z(l - V_I)Z(Vz - V—Z)Z ~e7%"1, (3.33)

+

Let G, be the associative C(v)-algebra generated by {w; L Diil}i:1 subject to

[W1'W2] = [Dl' DZ] =0, W?ZIW;FI = D;tlDiFl =1,

D,w; = v?w,D,, D;w, = v_'w,D;, D,w; = v3w,D,, D,w, = v3w,D,.
Consider the anti-isomorphism from G, to the algebra DV(HSS) of Section 2.5, sending
w; > T_,..D; > e LetH = H(e*,n*, c*) be the element of G, that corresponds to

D, under this anti-isomorphism. The following is the key property of H(e*,n*, c¥) in

type G,.
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L
Proposition 3.38. H(e*,n*, c*) depends only on € := 92,2 ¢ {~1,0,1}, up to algebra

automorphisms of G,.

The proof of Proposition 3.38 is completely analogous to that of Proposition 3.11
given in Appendix A; we leave the details to the interested reader. Proposition 3.38
implies that given two pairs of Sevostyanov triples (e*,n*,ct) and (¢*,A*,¢*) with
61+2 — €, = €f“2 — €5, there exists an algebra automorphism of DV(HSS) that maps the
1st hamiltonian D, (%, n*, ¢®) to D, (€%, A%, ¢*). As we will see in Appendix B, the same

automorphism maps the modified quantum Toda system 7 (e, n¥, c*) to 7 (¢*,nt, &%).

Remark 3.39. For completeness of our list (3.22, 3.29, 3.30, 3.31), let us present the
explicit formula for the 1st hamiltonian ]51 of the type Gg) quantum difference affine

Toda system:

D) =14 Top, + T 2p, + Topy + T2y, + Tom 4200y + T—200—200,) —
v-—vHZe P (v (v + V_l)Tw1 +v(v+ V_I)T_w1 + Ty 120y T Tty —2000) —
(V3 _ V—S)Zewl—wz (Tw1+w2 + T7w17w2) + V—2(1 _ V—I)Z(VZ _ V—2)2 . e—2w1_

kv 2R — v dRem (T 4 T kv (v — v DA — v3)2e? ™2, (3.34)

For « = 0, this recovers D, of (3.33).
4 Whittaker Vectors and Their Pairing

In this section, we study a pairing of two general Whittaker vectors (associated with
a pair of Sevostyanov triples (¢*,n*,c%)) in universal Verma modules, following [7].
We obtain a fermionic formula for the corresponding terms jﬂ. We show that their
generating series is a natural solution of the modified quantum difference Toda system
T (e*,n*, c*) of Section 2. This provides a natural generalization of [7, Section 3], where

et =¢ andnt =n".

4.1 Whittaker vectors

Following the notations of [7], consider U, (g) and U,-1(g), whose generators will be
denoted by E; F; L; and E; F; L
universal Verma modules. Let {u;}]'; be indeterminates and consider an extension
k :== Cw'N,uy,...,u,) of C(v'/N). Let U,(g)= be the subalgebra of U,(g) generated
by {Lfl,Fi}?zl and consider its action on k with F; acting trivially and L; acting
via multiplication by u;. We define the universal Verma module V over U,(g) as

;» respectively. In contrast to [7], we will work with
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V = U,(g) Ry, (g)= k. It is generated by 1 € k such that E;(1) = 0 and L;(1) = u; - 1
for 1 < i < n. We define the formal symbol A := Z?Zl dliolgo—;u(iv))ai,
only as an index or in the context of the homomorphism v*"’: P — k defined by
P 3 myw; > v Zim i) = [T, ul™, so that K, (1) = v%® .1 for u € P. In particular, V is
graded by Q,:V = @4, Vg with Vy = {w € VIK, (W) = veA=Bw (u e P)}. Similarly, let
V be the universal Verma module over U, (g) generated by the highest weight vector 1
such that E;(1) = 0 and L;(1) = ul._1 -1forl <i<n.Itisalso Q,-graded: V = @ﬂeonjﬂ
with Vg = {w € VIK, (w) = v- " Pw (u € P)}.

which will appear

Remark 4.2. One can alternatively work with the standard Verma modules V* and
V*, 1 € P (one should further require A to be strictly antidominant for the existence of
Whittaker vectors), so that u; = v e C(v!/N). This viewpoint is used in [7]. We prefer
the current exposition as it is compatible with our discussion in Section 5. Nevertheless,
motivated by the above standard set-up, we will freely use the above notation v** for

n e P.

There is a unique nondegenerate k-bilinear pairing (-,-): V x V — k such that
(1,1) = 1 and (xw, w’) = (w,o(x)w’) for all x € U,(g), w € V,w’ € V, where the algebra

anti-isomorphism o : U, (g) — U,-1(g) is determined by o (E;) = F;, 0 (F;) = E;, 0 (L;) = L.

Remark 4.3. One can alternatively work with a single universal Verma module V over
U, (g) endowed with the Shapovalov form (-,-): V x V — k; see our discussion in Remark
5.12.

For the key definition of this section, consider the completions YA,V of V,V,

YA = H Vg, YA = H 1_25.

BeQ+ BeQ+

defined via

Given a pair of Sevostyanov triples (e*,n*,c*) (now cf € k*), define vijE € Pvia v =

i
>h1 niika)k, so that (vii,aj) - (v]i,oci) = Gij,tjbi,f We have associated Whittaker vectors
0 =0@",nt,ct)= D 6,V (witho, € Vy)

BeQy

and

=06 ,n",c7) = z Q_ﬁ e V" (with 0_/3 € 1_)}3),
BeQ
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which are uniquely determined by the following conditions:

0o=1, EK () =c; -0 and 0, =1, EK,-(0) =c; -0. (4.1)

1

Remark 4.4. This is a direct generalization of the classical notion of Whittaker vectors

for Lie algebras as defined by B. Kostant in his milestone work on the subject [14].

4.5. Pairing of Whittaker vectors

Set (t; ), := [y (1 — tk) for r e Z_q, and (t; 1) := 1. Choose convex orderings <, on A
such that el?; = -1 = o; <4 «;, cf. Section 3.4. Let ot < -+ < o be the simple roots

ordered with respect to <. For 1 <i # j < n we write i <, jif o; <, «;. Define

Ty = Jg(e*,n*,c*) = (Gﬁ(e+,n+,c+),9_ﬂ(e_,n_,c_)) . (4.2)

Following [7, (3.11)] (we note that jﬁ is denoted by Jg in [7]) we also consider its slight
modification

Jy = Jg(e*,n*, ¢*) i= v~ PPZFEP (eﬂ(eﬂn+,c+),éﬂ(e*,n*,c*)) . (4.3)

For B ¢ Q,, we set J; := 0 and :Iﬁ := 0. Our 1st result provides a recursive formula for
jﬂ-

Theorem 4.6. We have
- 1
Jﬁ = Z (v2

v =204py) B~y ;0 B~V .B) ,jy, (4.4)
0<y=p Sy

where (v2), := [[L, (v vD),., ¢ = [[1L (—¢f ¢ (v; — vi D™, 1, (o, B) o= DLy my(v; —

+ — + n my(m;—1 - + n
v A= B)+ Zj<+i mym;(v; — v, o) + Disl %(wi - o) fora =3y mo; €Q,.

Proof. The proof is completely analogous to that of [7, Theorem 3.1] and is based
on an evaluation of (C(Gﬂ),éﬂ) in two different ways, where C is the Drinfeld Casimir

element. [ |

Solving the recursive relation (4.4), one obtains an explicit fermionic formula

for Jg.

Theorem 4.7. We have

> 8Y=5 J2BB)+RB)

e
e B W% N [1EZ0(vHp0 9
p= =0+
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8922 R. Gonin and A. Tsymbaliuk

where we set R(8) := > 2 1, (ﬂ(t)'ﬂ - 2o ﬁ(S)) and

B(B) = % i min(t, t') (,3“),,3“’)) - it(k n p,ﬁ“>) .

t,t'=0 t=0

Proof. We will give a direct proof as the general machinery of fermionic formulas
developed in [7, Section 2] does not apply to our set-up. The formula is obvious for

B = 0. From now on, fix g > 0 (that is, € Q\{0}). Let us rewrite the equality (4.4) as

~ 1 ~
(1 _ V(ﬁ,ﬁ)—zuﬂa,ﬁ)) Jy= > v -PLb=pO=204p BP0 Py BLh T,

- 2
olpres Vn

We apply the same formula for jﬁ—ﬂl if B; < B. Proceeding in the same way, we finally

obtain

Bit+..+Ba=p Hd cPeyt(Befet . +Ba) yy(Ber1+-.+Bd.Per1+...+Bd)—2(+p,Ber1+...+Ba)

Jp = 2=l . (4.6)
P dZ;; 5. 550 [1L, (V)4 (1 — vibettBabettBa)=20+p et +ba))

On the other hand, the summation in the right-hand side of (4.5) is over all
B = (B2, € QY with 32,8 = B. Such sequences are in bijection with tuples
{d 1By (te)yld > 1,8, > 0,8, € N, XL | B, = p) via plrt-tlete=D = g (1 < e < d)
and 8® = 0 otherwise.

Hence, the right-hand side of (4.5) equals

2

d>1 pi1,...6q>0

Pt +Ba=p [ Py v.(Bef~Pr—..—Be-1)
X

d
He:l (Vz)f}e
Z Vzgzl (t1+...+tet+e—1)(Be,Be)+2 ze<e’(tl+~~~+te+e*1)(ﬂerﬁe/)*2()»+0ng:1 (t1+...+tete—1)Be)

(4.7)

It is straightforward to verify that the right-hand side of (4.6) coincides with (4.7). H

4.8. J-functions: eigenfunctions of modified quantum difference Toda systems

Recall the elements w;” = w;/d; € P®; Q satisfying (¢;, »;") = §; ;. Consider a vector space
N, that consists of all formal sums {Z,sea aﬁzﬂ_)‘mﬂ € k} for which there exists g; € Q

. Y
such that a; = 0 unless g — B, € Q,, where Zﬂ*A is used to denote [], ylfﬂ i ). The

vector space N, , is defined analogously with A being replaced by A + p. Consider
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the natural action of the algebra DV(Had) of Section 2.5 on the vector space N,,

determined by
TM(Zﬁ_A) = V_(“'ﬂ_’\)zﬁ_l, e (Zﬁ_k) = Xﬂ_"‘_k fora,p€Q,uecP. (4.8)

The action of D, (H2) on N, , is defined analogously.

Consider the following generating functions of the terms Jy defined in (4.2):

n
L. (B—1,wY)
T=Iyiy = > 5[] €N,
ﬂ€a+ =1 (4 9)

n
(B=2—p,®;)
J=Jyi) = 2. I ][]y €N,
ﬂ€a+ i=1

Recall the difference operators Dy, D, € D, (H29) of Section 2.5, associated with the pair
of Sevostyanov triples (e*,n*, ¢*) and a finite-dimensional U, (g)-representation V. The

following is the key result of this section.

Theorem 4.9. (a) We have Dy,(J) = try, (v2*+) . J.
(b) We have Dy, (J) = try, (v2*+0)) . J.

Proof. First, we note that part (a) implies part (b), due to D, = e’D,e” and J = e” ).
The proof of part (a) is based on an evaluation of (CV(Qﬁ),éﬁ) in two different ways,
where Cy, is the central element of (2.2). On the one hand, C}, acts on V as a multiplication
by tr,(v2*+°)) (since Cy, is central, V is generated by 1, and Cy(1) = tr,(vZ**+P) . 1),
so that (CV(Gﬂ), 9_5) = try(v?***#)).J,. On the other hand, we can use the explicit formula
for Cy.

Let {wy}}_, be a weight basis of V, and u; € P be the weight of wy, cf. Section

2.5. Then we have

1<k<N
CV(Q/S) — Z C(ﬁl) . V()x—ﬂ+2,0:/ik)+()h—,3+05(ﬁl):lik_0‘(ﬁl)) X
m=(my,...,myp)eN"
mil_ m.— mi-l¢- m.+ mil_ m.— mi?’ m.+
Wk Eoc_ o 'Eot_n : Fa+ o 'Fa.+n Wk . Fa_ o 'Fa.fn . Eoz.Jr o 'EotA+n (9/3): (4-10)
i iy i in i iy i iy
where (wy|x|wy) is the matrix coefficient of x € U,(g), a(m) = YL m; € Q,,

and c(m) € C(v) are certain coefficients for which we currently do not need explicit

formulas.
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8924 R. Gonin and A. Tsymbaliuk

Using the defining property of (-, -), we get

m,— m,— m;+ m.+ _ m;+ m.4 -m— _mi— _
(Fotil ce Fai,n . Eai+1 . Eai+n (9/3)' Qﬁ) = (EaiJrl N Eai+n (eﬁ)lE iin .. .Earl (Qﬁ)) .
1 n 1 n 1 n n 1

To evaluate the pairing in the right-hand side, note that the defining conditions (4.1)

of the Whittaker vectors imply E,K,+(6,) = ¢]6,_,, and EK,-(6,) = ¢; 6,_, fory € Q;
— T 0=y 7.0 ) = c vl A1 i is i i

hence, E;(6,) = ¢; v i *70,_, and E;(6,) = ¢; v'i “710,_, . Applying this iteratively,

we find
mi1+ s = +\m; T (m,B)
Buyl o+ Ba 0p) = [J@™vn P 0o,
i=1
=iy I my 1, (M)
Eall oo (Gﬂ) —H(C )V 6
i=1
n M1 n
with 7;°(m, g) given by )t (m, B) == -3} 1>, % (v%,k — BT+ 2k mijai;)

m.——1
and 7, (M, B) =D 1 1 >, ( oA = ,3+7‘Ol +Zs 1m -0 )

Summarizing all these calculations, we obtain the following equality:

1<k<N n . } . o
Z c(m) H(c;rci’)mi -y O BH20, )+ (e (R i —a ()11 (7, B+ (7)o
m=(mi,...,mp)eNn i=1
m,— m;— m.4 m.+
<Wk E“ilil .. .Eai;n 'F“ilil . 'F"‘i;n Wk> Ty iy = tTy (Vz(k+p)) Ty (4.11)

~ ~ m.—
Let us now compute Dy (J). First, we need to rewrite F,'...F,™ and
12 12
m+ mi+ ! "
E, +‘ R +" in terms of the Sevostyanov generators e;, f; and Cartan terms, moving

the latter to the right of f;'s and to the left of e;'s. We have

T S P e

F L F, T =y n . Ken _

i Y f"‘il— Y >y my !
m.+ m.+ m + m +

1 n _ #F(m)
E, . --~E(xiz v VYK S mt e(”- e(H,

where ff(ﬁl) are given by 7, tm) = >h1 Zr 1 (v+,rot++zs 1m+(x+) and

m.—
Lm = —->p,>.* (vi_k,raik + > k1 misais). Tracing back the definition
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of Dy, we find

1<k<N n
YEE N DI D SIS SEEL ) | (G
pea. feq, m=(mi,... mp)eN" i=1

@A My v B—h) =2 (), 1) — (e 0 ()T ()T, (170) o

m.— m,— m.4 m,

14 i i it 7 B—
<Wk Eail_l e Eai;n . 1-;'011:_1'_1 e Faixn Wk> . nga(m)"'ﬂ )" (412)

Due to the equalities 7, (M) +1, (M) = ©, (M, B)+1, (M, B+ D1 mv —v7, a()+1—p)
and —(ug, a(m)) — Qu —a(m),f — 1 —a(m)) = A — B, ug) + (O — B + a(m), iy — a(m)),
the coefficient of Zﬂ** in the right-hand side of (4.12) coincides with the left-hand side
of (4.11).

The equality Dy, (J) = try, (v2*+?) . J follows. [ |

5 Geometric Realization of the Whittaker Vectors in Type A

In [3], A. Braverman and M. Finkelberg provided a geometric realization of the universal
Verma module over U, (sl,,), the Shapovalov form on it, and two particular Whittaker
vectors ¢, to of it via the Laumon based quasiflags’ moduli spaces. The vectors ¢
and w correspond to particular Sevostyanov triples (e,n,c) with the corresponding
orientations of the A,_; Dynkin diagram being equioriented.x’ In this section, we
generalize their construction by providing a geometric interpretation of all Whittaker

vectors and their pairing.

5.1 Laumon spaces

First, we recall the set-up of [9]. Let C be a smooth projective curve of genus zero. We fix
a coordinate z on C, and consider the action of C* on C such that v(z) = v_2z. We have
ct = {0, 00}. We consider an n-dimensional vector space W with a basis wy,...,w,,.
This defines a Cartan torus T ¢ G = SL(n) C Aut(W). We also consider its 27~ !-
fold cover, the bigger torus T, acting on W as follows: for T > t = (ty,...,t,) we have
t(wy) = tiwk.

Given an (n — 1)-tuple of nonnegative integers d = (d;,...,d,,_;) € N1, we
consider the Laumon’s based quasiflags’ space Q. It is the moduli space of flags of
locally free subsheaves 0 C W, C --- ¢ W,,_; C W = W ® O such that tkV,) =
k,degOWV,) = —d;, W, C W is a vector subbundle in a neighborhood of co € C, and the
fiber of W, at oo equals the span (wy,...,wy) C W. It is a smooth connected quasi-

projective variety of dimension Z;Sl 2d;.
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The group T x C* acts naturally on Q4. The set of fixed points of T x C* on Qg
is finite and is parametrized by collections d of nonnegative integers (dij)1<j<i<n—1 Such
that d; = Z}:l dij and dkj > dij fori > k > j; see [9, 2.11]. Given a collection d as above,
we will denote by d + §;; the collection d’, such that dgj = d;; + 1, while dj; = dy; for
(k,1) # (i,j). By abuse of notation, we use d to denote the corresponding T x C*-fixed
point in 9.

Forie{l,...,n—1}andd = (d,,...,d,_;), wesetd+i:= (d;,...,d;+1,...,d,_ ).
We have a correspondence €¢;; C Qg x Qy4,; formed by the pairs W,, W.) such that
W; C W; and W; = W]’ forj £ i. It is a smooth quasi-projective variety of dimension 1 +
Z;‘;ll 2d;. We denote by p (resp. q) the natural projection €;; — Qg (resp. €;; — Qg;).
We also have amap s: €;; — C, given by (W,, W,) — supp(W;/W;). The correspondence

€4 comes equipped with a natural line bundle £; whose fiber at a point (W, W.) equals

L'(C, W;/W)).
We denote by ‘M the direct sum of equivariant K-groups: 'M := @QKTX(CX (Qq)- It
is a module over K™*C"(pt) = C[T x C*] = Cl¢}!, ..., t5!,v*! ¢ ¢t;---t, = 1]. We define

M = "M ®yucx Frac(KTXCX(pt)) ®c(v) C(v/Ny. 1t is naturally graded: M = ®4M,.

t
According to the(%‘ilomason localization theorem, restriction to the T x C*-fixed point
set induces an isomorphism of localized K-groups . The classes of the structure sheaves
[d] of the T x C*-fixed points d form a basis in @QK%XCX (QEXCX)IOC. The embedding of
a point E into Q4 is a proper morphism, so the direct image in the equivariant K-theory
is well-defined, and we will denote by [é] € M, the direct image of the structure sheaf

of the point d. The set {[d]} forms a basis of M.

5.2 Uy(slp)-action via Laumon spaces

Following Section 4.1, consider the universal Verma module V over U, (sl,,) with u; =
i(i~1) . i(i~1) . . T X

v Z t---t;, thatis, L;(1) = v 2 t;---t;-1. We identify k ~ Frac(K"*C" (pt)) ®¢,, C(v'/N).
Define the following operators on M:

E; = t;_llvdiﬂ_di“_ip*q*: My — My_;,
F;:= —t;lvdi_di‘lﬂq*(ﬁi ®Pp*): My — My ;,

7d'+i(i_1)
L=t ;v "2 My — My,
=1 27-1 1, di—2di+d;_1—1.

;=L\ LTy, =ty v il My — My,

To each d, we also assign a collection of T x C*-weights s;; := t]?V_Zdif.

The following result is due to [3] (though our formulas follow [10, 24]).

Theorem 5.3. (a) The operators {Ei,Fi,Lfl}l'.:ll give rise to the action of U, (sl,,) on M.

(b) There is a unique U, (sl,,)-module isomorphism M — V taking [Oq ] to 1.
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(c) The action of L; is diagonal in the basis {[E]} and Li([é]) =t - tiv_di+i(i%1) . [é].
(d) The matrix coefficients of F;, E; in the fixed point basis {[E]} of M are as follows:

Fi[é,é,] = (]. —V) lt 1 d —di 1+l H (11— ij/sik)_l H (1 _Sij/si—l,k)
J#kfz k<i—1

if d/ = d+8 for certain j < i;

2\—1,—1 _d; 1—d;+1-i -1
Ei[é@] = (1 -V ) ti+1V +1 1=t H (1 — Sik/sij) H (]. — Si+1'k/sij)
J#k<i k<i+1

if é/ =d- §;; for certain j < i. All the other matrix coefficients of F;, E; vanish.

5.4. Geometric realization of the Whittaker vectors

Choose a Sevostyanov triple (¢,n, c) and let e; := E; ]_[n ! n‘p =EK, vi=2" In, 0, be

ip®p’
the corresponding Sevostyanov generators. Choose a = (al, ..oa,_1) €10, 1}" ! so that
a; = 1+62i—1ri = l_ni‘1'2i+ni'i‘1 for 1 <i <n— 1, while a; equals either 0 or 1.

Consider the line bundle D; on Q4 whose fiber at the point (W,) equals
det RT'(C,W;). We also define the line bundle D2 on Qd via D% .= ®" ID % Note that
D, is a pull-back of the 1st line bundle on the Drinfeld compactification and therefore
is trivial, which explains the irrelevance of our choice of a;. Finally, we introduce

the constants

n—1 n—1 n—1
-1 —
X =[] = vep [, - t,) 2 i dinp T gar1 200

i=1 p=1 p=1

P (it di—2ai41 didin + G (k204D )+ 2 mdidi— 0L BB ding,

The following is the key result of this section.

Theorem 5.5. Define 6 := X(d) - [D%] € M, and set 6 := > ;04. Then ¢;(0) = ¢; - 6 for

anyl <i<n-1.

Remark 5.6. (a) Due to Theorem 5.3, this provides a geometric realization of all
Whittaker vectors (associated with Sevostyanov triples) of the universal Verma module
V over U, (sl,).

(b) It is straightforward to verify that 6 does not depend on the choice of a; € {0, 1}.
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Proof. According to the Bott-Lefschetz formula, we have the following:
o 0= Za aa X(d) . ('DQ)l~ . [é], where aé = HWETaDd(l _ W)_l;

* g 2 (b’ haa = (@Pg g
According to Theorem 5.3(c, d), we have
* (@PIGdrs,) = 7 [z (U = 55/8000) " Tlieion (1 — 845/Si21 1)
o A2 L@+ sy = v [T (0 v 25 ) ™ @ gy,
2d

where s;; = t2

° (’DE) 2rsy / (DE)‘E = sg,i.

i as before. Finally, we also have

Therefore, it suffices to prove the following equality for any E andl1 <i<n-1:

=1 odi —di—i -1
X(d+i) b v lv_nii h (t ot V_dp+P(pz—1))nip . Zsai [r<io1 (U —s5/8i-11) _
1 p i -

— 2 k#]
X(d) 1-v p=1 =i kwi (1 = Sij/Six)

Lemma 5.7. For any E and 1 <i <n — 1, the following equality holds:

o ksion (= $4/Sic1 ) 5 sa odia
Zsij k£ = (Gjv ) (6.1)
j<i [T = sy/si)

Proof. First, let us rewrite the left-hand side of (5.1) as

Si1 S 5 al—IHk L (Si1 e — Si)

i
Si-11 7 SicnLi-1 5 J HI,:#(S &k — Sif)

az_l Hk 1(31 1k—Sij) s
Hksi(stk Sij)
of degree 0 and without poles, hence, a constant. To evaluate this constant, let

If a; = 1, then the above sum qu is a rational function in

{SU}J 1
s;; — 0o, in which case the 1st i — 1 summands tend to zero, while the last one tends to 1.

_SitSii_ 42y,2di1—2d;
Si—1,1°Si—1,i-1 l '

Hence, this constant is 1, and the left-hand side of (5.1) equals
If a. = 0, then >, ~sTIM -3 _IM = 0 as the left-hand

! ZJEL v Hk  (Sik— 5'1]) ijl g HZ#J(SLIC Sij)
side is a rational function in {sU}l_1 of degree -1 and without poles. Thus, the left-hand
l_[k<L

nﬁz{(slk Sij)
without poles, hence, a constant. Specializing s;; — 0, we see that this constant equals

side of (5.1) equals > ;_; . This is a rational function in {siJ-}Ji.:1 of degree 0 and

1 (as the 1st i — 1 summands specialize to 0, while the last one specializes to 1). [ |
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Due to Lemma 5.7, it remains to verify

. -1
X d+1i g i1 @-D\ " . —a
% =(1- V2)citi+lvdl_dl+1+‘v”” H (tl --~tpv_dp+p z ) ’ (t?VZd‘—l_Zd‘)_aH

a p=1
which is straightforward. This completes our proof of Theorem 5.5. |
Remark 5.8. Note that if ¢;;,; = —1 (resp. ¢;;,; = 1) for all i, then 0 is a linear

combination of [0y ] (resp. [D;ll with Dy := ®l’.‘:_11Di). These are exactly the two cases

considered in [3].

5.9. Geometric realization of the J-function

Recall the Shapovalov form (-,-) on the universal Verma module V, which is a unique
nondegenerate symmetric bilinear form on V with values in k ~ Frac(KTX‘CX (PY) ®c(v)
C(v'/Ny characterized by (1,1) = 1 and (xw,w’) = (w,5x)w’) for all w,w’ € V,x €
U,(sl,), where o is the antiautomorphism of U,(sl,,) determined by ¢(E;) = F;,6(F;) =
E;, 5(L;) =L,

Identifying V = M via Theorem 5.3(b), a geometric expression for the Shapovalov
form was obtained in [3, Proposition 2.29] (note that our formula differs from the one of

[3] as we use a slightly different action of U, (sl,)).

Proposition 5.10. If d # d’/, then My is orthogonal to Mg . For F,F e My, we have

n
(F, F) = (—=1)Z dip Xy didina ~df+(1-20)d)) I1 AR [RT(Qq, F @ F ®@Dy)l, (56.2)

i=1
where D; = ®},'D; as in Remark 5.8.

Given a pair of Sevostyanov triples (¢*,n*, c*), choose the corresponding a* ¢

{0,1)» ! and X(d)* € Frac(KT*C* (pt)), and define vectors 0; = X(d)E[D] e M, as in

Section 5.4. Consider the following generating function:

n—1 _loglt;-t) imn-1

~ ~r og(v — d dn—
s=a0 e = 1 B S )t
i=1 d

Due to (5.2), the coefficient (6:{, 0;) equals

at

n _
(_I)Z?;1 diVZ?;ll(didHl_di2+(1_2i)di)X(d)+X(d)_ Ht?i*di—l X [RF(QQI ®:l:—11D117 i a4 )]

i=1
The following result is an immediate consequence of Theorems 4.9, 5.3, and

Remark 5.6.
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Theorem 5.11. J is an eigenfunction of the type 4,_, modified quantum difference

Toda system 7 (£e*, £n*, ¢*). In particular, for D; computed explicitly in (3.5), we have

D,(Q) = (V"‘1 > tlz) :

i=1

(5.4)

@

Remark 5.12. (a) There is an algebra isomorphism ¢: U,(sl,,) — U,-1(sl,,) determined
by E; — E; F; — F;,L; — L;'. Note that 0 = ¢ oG (with o defined in Section 4.1) and
the action of U, (sl,,)) on V (as a ¢-pull-back of U,-i(sl,,)-action) is isomorphic to V. This
implies that the Shapovalov form on V is identified with the k-bilinear form on V x V of
Section 4.1.

(b) Under the identification of part (a), the Whittaker vector of V associated with a
Sevostyanov triple (¢~,n~,c”) becomes the Whittaker vector of V associated with the
Sevostyanov triple (—e~, —n—,c¢7). This explains the appearance of the sign ‘- in front

of €7,n™ in Theorem 5.11.

5.13. B. Feigin's viewpoint via Uy (Lsl;)-action

According to [24, Theorem 2.12] (see also [10, Theorem 12.7]), the action of U, (sl,)) on M
can be extended to an action of the quantum loop algebra U, (Lsl,)) on M (actually, this
action factors through the one of U, (g[,,), extending the U, (sl,,)-action from Theorem 5.3,
via the evaluation homomorphism ev: U, (Lsl,,) - U,(gl,,)). In particular, loop generators
{e; i fi 115 (see [24, 2.10]) act via

1<i<n-1

e, = tijrllVdi+1_di+1_ip*((viﬁi)®r ®q*): My — My_,,

f;,r = —t;lvdi_di71+iq*(£i ® (Viﬁi)®r ® p*) MQ —> Mé+i‘

Note that e; o = E; and f; o = F;. Following [3], define t € M" := [[; My = V" via

= tgwitht, :=[0g 1€ M, (5.5)
y d
Proposition 5.14. (a) Forany 1l <i <n — 1, we have ei,oLi_lLiH(E) = l—VVZE'
(b) Forany 1 <i<n — 1, we have eillLl{lLi_SLiH(E) = 1":;?

Proof. Part (a) follows from Theorem 5.5 (see also [10, Proposition 12.21]). The proof
of part (b) is completely analogous to our proof of Theorem 5.5 (see also [10, Remark
12.22(b)]). [ |
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Let us now explain the relation between Proposition 5.14 regarding the “eigen-
property” of the (geometrically) simplest Whittaker vector ¢ and the geometric descrip-
tion of the general Whittaker vectors from Theorem 5.5. In what follows, we will view

the line bundle Diil as an endomorphism of M given by the multiplication by [Dfl].

Proposition 5.15. We have the following equalities in End():
(a) DiejyoDi_l = ejq forj #1,
(b) Dlel,ODL_l == V_iel-,l.

Proof. According to [8, Corollary 6.5(a)l, the operator D, is diagonal in the fixed point
basis {[d]}, and the eigenvalue at [d] is equal to [[i_, t2 % ydudi—D Part (a) follows

as ejo: Mg — My_;. Likewise, the only nonzero matrix coefficients of D;e; OD._l are given

2.,—2(d; i—1) 2 2. —2d;;
by Die; oD; " @) = GV €iodd-s; = V Sij * Ciodd-s; Where s; = ;v

before. According to [24 Proposition 2.15], the only non-zero matrix coefficients of e; ;

v as

in the fixed point basis are given by e; ;35 5. A=V +2$ [ €i0d,d—5;0" Part (b) follows. M

Corollary 5.16. Foranya = (a,,...,a,_,) € {0,1}"!, the following holds in End(M):

€ o ifa; =0,
(DY~ le; oD% =1 ° : (5.6)
v'e;,, ifa;=1.
For a € {0,1}"7!, define % € M" via
¢:= Y g with €= [t - t)7%% - [DY € M. (5.7)
Note that ¢ = ¢ The special case of Theorem 5.5 follows immediately from
Proposition 5.14.
Proposition 5.17. 2 ¢ MM = V" is the Whittaker vector corresponding to the
Sevostyanov triple (e,n,c) with €; ;4 = 2a;,;, —1,n;; =68, — (1 +2a)8;;+2a;8;; ., ¢; =
pl+a;(4—2i)
1-v2

Proof. Since {%% = [Oq, ], it remains to verify the following equality forany 1 <i < n—1:

V1+ai (4—21)

2a; 1 —1-2a;
€ioL; ale “ Ll+1([DQ]) T 1 v [D4]. (5.8)

This follows by combining formula (5.6) with Proposition 5.14. ]
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Remark 5.18. We note that the above operator of multiplication by [D;] can be
interpreted entirely algebraically as a product of the Drinfeld Casimir element of the
subalgebra U, (sl;) C U,(sl,,) and a certain Cartan element, due to [8, Corollary 6.5(b)]. In
loc.cit., the authors choose to work with the action of U,(gl,,) instead of U, (sl,,), which

results in shorter formulas.

We conclude this section by generalizing the construction of [4, Theorem 6.12]. In
loc.cit., the authors established an edge-weight path model for the type A,,_; Whittaker
vector associated with a particular Sevostyanov triple (e,n,c) with i1 = 1 (1 <
I <n-2) and n; = i- 1841 — 28, + 8j,;_1). More generally, their construction
can be applied to Whittaker vectors associated with (e,n,c) satisfying €, , = €53 =

. = €,_3 1 (corresponding to an equioriented A, ; Dynkin diagram). In particular,
identifying V = M, we obtain the following edge-weight path model for the Whittaker
vector £ € M of (5.5).

Proposition 5.19. The following equality holds:

181
= (1 _sz) > y®) - p), (5.9)

BeQ+ Pépﬁ

where we use the following notations:

o 1Bl:=X" ) mforp=>""ma; cQ,,

e the set Py consists of all paths P = (p,, ..., py) such that p, = 0, py = B,
and py —pr_1 =, (1 <z <n-1)foralll <k <N,

o for P = (py,....py) € Py, the vector |[P) € M is defined as |P) :=
FiFin 1 -+ Fiy (O, D) with f; := LL L F,

o forP = (py,....pPy) € Pg with p, — pr_1 = % the coefficient y(P) edge-

factorizes as y(P) = [[%_, where 0@ (y) = vi®o(y) with 7;(y) = (A +

1
o (py) '
p—y, 01—y ) and v(y) = (v—v—1)=2 Z?:_ol (Vz(k+p,wi+1—wi) _ V2(k+/>—)/,wi+1—wi))
forl<i<n-—1landy e Q, . Here w; is the i-th fundamental weight of s(,, as

before, and we set v, := 0, w, :=0.

Noteworthy, there seems to be no such straightforward edge-weight path model
for a general type A Whittaker vector. Nevertheless, one can fix this by changing the
above definition of |P) with the help of the quantum loop algebra U, (Lsl,) in spirit of
Proposition 5.15 and Corollary 5.16. This is based on the following result.

120Z Joquiaidag G1 uo Jasn NINQY SOUEIAIT AlSIoAun anpind Aq 0%SS8YS/S888/Z L/1.20Z/I0Ie/ulwl/wod dno-olwspeoe)/:sdjjy Wwoj papeojumoq



Modified Quantum difference Toda Systems 8933

Proposition 5.20. Foranya = (a;,...,a,_;) € {0, 1)1, the following holds in End(M):

-0, ifa: =0,
DY, (DY ™! = f”o, ' (5.10)
vifiy ifa;=1,
where D2 denotes an endomorphism of M given by the multiplication by [D2].
Proof. The proofis completely analogous to that of Proposition 5.15. |

Recall the element €& ¢ M”" of (5.7). Since [D%] = D%(¥), we obtain the following
edge-weight path model for ££.

Proposition 5.21. The following equality holds:

o 1
e — H(tl ...ti)*zai . Z (1 _VVZ) Z y(P) - [P)%, (5.11)
i=1

e PGPﬁ

where for a path P = (py, ..., py) € Pg with py — py_; = o;, we set

LL7Lf o, ifa. =0,
|P)é = fl%fi%,l .. .fl%([oﬁo]) with fig — i .1+1f;,0 i
) V_LLiLi_Jrllﬁ,lr ifa; = 1.

Proof. Follows by combining Propositions 5.19 and 5.20. u

According to Proposition 5.17, £ is the Whittaker vector corresponding to the

SeVOStYanOV trlple (6, n, C) with ei,i—‘rl = 2ai+1 — ]., nij = 3j,i+1 — (]. + 2ai)5j'i + 2ai5j'i_1 ,Cp =
1+a;(4—2i) _ . . . .

%. As a € {0, 1} ! varies, we get all possible orientations Or of Dyn(sl,) = A

(here Or is determined by e¢). Since it is clear how the edge-weight path model gets

n—1

modified once we change n, c (while € is kept fixed), cf. [7, (3.8, 3.9)], Proposition 5.21
provides an edge-weight path model for a general type A Whittaker vector.

A Proof of Proposition 3.11

Given two pairs of type A,_, Sevostyanov triples (e*,n*,¢*) and (¢%, A%, ¢*) such that
+ - + -
Cit1 T Ciin1 i+l T Ciiv1
{riji Ti}1<i<j<n such that the function

=€ for 1 <i < n — 2, we will prove that there exist constants

F=FW,,...,W,) :=exp Z Tij log(w;) log(WJ-) + z r; log(w;) (A1)

1<i<j<n 1<i<n
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satisfies the equality
F~'H(e*, n*, ¢5)F = HES, /T, &%). (A2)

We will view this as an equality in A, (rather than A,), treating H of (3.8) as elements of
A,,. This will immediately imply the result of Proposition 3.11. Set A :=log(v).

e First, we note that the terms without D;’s are the same (and equal to >, Wj_z)
both in F~'H(e*, n*, ¢*)F and H(é*,A*, &%), independently of our choice of constants
{riir).

e Second, we will match the terms with {%}?:—11 appearing in F~'H(e*, n%, cH)F

and H(é*, A%, ¢%). Their equality is equivalent to the following system of equations on

{ry):
T = Tiit1r ifl<j<i
m;; —my; _ Tij = Tig1r ifi+2<j<n a3)
h os s
21y =iy ifj=i
| Tiit1 — 2rivy v, Mj=1i+1

and the following system of equations on {r;}:

n
rp = Tipn =Ry — Ty — i) + 0 log(by/by) + D (n—k+ 1/2)(My — ), (A4)
k=1

where the coefficients My, mU, b;, b are defined as in Section 3.9 via

. Sn-lo— o+
My =2 pj Mip = Nip)s

~ . n—l ~_ ~
My =25 (A, — ),

bl =(v— —1)2V i LiCjC;,
b == (v — v )2yl aghe

It suffices to show that (A3) admits a solution, since (A4) obviously admits a
solution in terms of r; (unique up to a common constant). Pick any r;;. Using the last
two cases of (A3), we determine uniquely {r;; ., 7,1 i+1}7‘_1. Using the 1st case of (A3),

we determine uniquely riforj>i+1. The resulting collection {r; satisfies the

1]}1<l_1<n
1st, 3rd, and 4th cases of (A3). It remains to verify that it also satisfies the 2nd case of
(A3). We prove this by induction in j — i > 2.

@Ifj =i+2,thenr;; =7y 10 = (i1 =270, ) @iy i —Tignive) = i —
Tiip2) = AN Mg+ My iy =My =My g — My o +My, ). Hence, it remains to prove
My + mi+1 i1~ M1, — My =My Mgy — My — My, Sincemy —mg =
ii+1 n;LHl z+l i + nl+l i = ﬁ;i+1 - I:‘;,FL'Jrl l+1 i + nz+1 i
The latter equality follows from nf — nf = ¢Xb_, and our assumption on the triples.

ng; — ng;, this is reduced to n;
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(b) If] > 1+ 2, then T'U — ri+l'j = (ri,]'_l —_ ri+1,j_1) + (ri+1,j—1 - ri+l,j) - (ri,j—l -
-1 ~ ~ ~ . .
rij) =h (mi,j—l + Mg — My, — My —M;_y 0 + M, ;). Hence, it remains to prove
(m” 1= )—(m li—mj 1i+1) (ml] 1 rﬁij)—(rﬁj_lyi—ﬁ‘lj_lli_i_l). Slmllarly to (a),this

is reduced to the proof of b;; ,(e; 5;}_1). The latter follows

ij-1 "~ i,j—l) = bi,j—l(gijj—l -
immediately from the equality b;;_; = 0.

Thus, we have determlned a collection of constants {r; sat-

lJ'r}1<l_]<TL
isfying (A3, A4) (this collection is uniquely determined by a choice of ry;,ry;

however, we note that the image of F defined via (Al) in A, is independent of
this choice).

e Finally, it remains to verify that for F of (Al) with the constants r;;, ; chosen

l]’
as above, the terms with 2 (G > i+ 1) in F~IH(e*, nt, ¢H)F and H(E*, At, ¢%) do coincide.
First, we note that the condltlons el 1= = Eji—Z,j—l = =1 and € 61 1= - Ji 2j-1 =
41 are equivalent under our assumption on the triples. Pick j > i + 1 such that either of
these equivalent conditions is satisfied. Then the compatibility of the terms with % is
equivalent to the following equality:

-1
Fwy,...,vw;, ..., v wj,...,wn)_

Fwy,...,w,)

_1 ~
H e H v izacbio gy~ —g AL+ 3y X B Mg ()
b,

We prove this by induction in j — i Note that the j =i + 1 counterpart of (A5) is
just the compatibility of the terms with 5, established in the previous step. Writing
the left-hand side of (A5) as a product

FWy, ..., vW,, ..., v} CVW, 1,v‘le,...,wn) F(Wy,...,vW,_;, v~ w],...,wn) 6)
F(wy,... Y VWi, VT wj,...,wn) Fwy,...,w,)

and applying the induction assumption to both fractions of (A6), it is straightforward
to see that we obtain the right-hand side of (A5).

Thus, the function F defined via (Al) with the constants {ry, ri}i<i<j<y
determined in our 2nd step satisfies the equality (A2). This completes our proof of

Proposition 3.11. |

Remark A.1. (a) The proofs of Propositions 3.14, 3.17, and 3.20 are analogous to the
above proof of Proposition 3.11. In each case, there exists a unique collection of con-

stants {r;;, ;}; <j<j<p, such that the function F defined via (A1) satisfies the corresponding

i
equality (A2). The way we choose such constants closely follows the above 2nd step in
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our proof of Proposition 3.11 and is determined by matching up the coefficients of

o {D;/D;,1}7}! and D2 for the type C,,,

o {D;/D;;1}"}' and D,,_,D,, for the type D,,,

o {D;/D;;,}"}' and D,, for the type B,,.
Finally, it remains to check that the function F defined via (A1) with thus determined
{rij: rih1<i<j<n conjugates each of the remaining terms appearing in H(e*, n*, c®) into the
one of H(é*, A*, &¢*). This is verified by induction similarly to the above last step in our
proof of Proposition 3.11.
(b) The proof of Proposition 3.38 is also analogous, but the constants rij T; are deter-

mined by matching the terms with D; and D,.

B Proof of Theorem 3.2

Assume that g is either of the classical type or G,. Given two pairs of Sevostyanov
triples (e*,n*,c*) and (¢*,n*,c%) with € = ¢ (defined right before Theorem 3.2), we
need to show that there exists an automorphism of DV(Had) that maps 7 (e*,n%, c%) to
T(€*, A%, ¢%).

According to our proof of Proposition 3.11 and Remark A.1 (which states that
the same argument applies to all classical types and G,), there exists a “formal function”
F of the shift operators T, such that conjugation by F is a well-defined automorphism of
D, (H*Y) satisfying FD, (¢*,n*, c®)F~! = D, (¢*,A*, &%). It remains to prove the following

result.

Proposition B.1. For any 1 <i < n, we have FD;(¢*,n*, c*)F~! = D;(é%,a*, c%).

Proof. Recall that D; € Dj (H2Y), where Dj (H2?) is the subalgebra of D, (H?) generated
by {e7*, T,)1 < i < n,u € P}. Let us extend the field C(v/N) to k and recall the
vector space N, of Section 4.8, which was equipped with a natural DV(Had)-action. In
particular, the subspace W, of N, formed by the formal sums [Zﬂea+ aﬁzﬂ_klaﬁ € k}
is D= (H2%)-stable. Moreover, X(Zﬁ_l) contains only ZV_A with y > g for any X €
Dy (H2d), which we refer to as the “upper-triangular” property of the Dj (H2d)-action.

In particular, we have

N; .
el - 0]
D;(e*,n*, ey, D&, A%, e P e | Do v AP )y e Py h (B1)
k=1 y>B
where N; is the dimension and {Mg)}’g’gl are the weights (counted with multiplicities)
of the i-th fundamental U, (g)-representation V;, while v("* (v € P) is defined as in

Section 4.1.
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Therefore, the action of D, (é*,n*,¢*) on W, is upper-triangular with pairwise
distinct diagonal matrix coefficients; hence, it is diagonalizable with a simple spectrum.

: N2t a-p)
Moreover, the eigenvalues are exactly (> .1, v/ - BeQ,.

Remark B.2. Due to Theorem 4.9, the corresponding eigenbasis consists of the J-
functions J({y;}1 ;) associated with {» — p — B8 € Q,}, cf. (4.9).

Since [D;(E*, A%, ¢*), D, (€%, 7%, %)) = 0, the action of D,;(E*, A%, ¢*) on W, is
diagonal in a D,(é*,n*,c*)-eigenbasis with the corresponding eigenvalues given by
leglzl Vz(ﬂg)'}”_ﬁ) (this also follows from Remark B.2 and Theorem 4.9). On the other hand,
the action of FD;(e*,n*,c*)F~! on W, is also upper-triangular with the same diagonal
matrix coefficients and commutes with D,(é%,a*,¢*) (since FD,(e*,n*, cF)F!

D, (¢%,n%,¢*) and [D,(e*,n*, c®),D;(ef,n*, ¢t)] = 0). Thus, both FD,(e*,n*, ct)F!
and D,(E*, A%, ¢*) act diagonally in a D,(¢%,n*, ¢*)-eigenbasis and have the same
corresponding eigenvalues.

T ||
The equality FD;(e*,n*, ¢c®)F~! = D,(€*, A*, &%) follows.

Thus, conjugation by F maps 7(e*,nt, ct) to T(e*, At &t). Theorem 3.2
follows. u

C Proof of Theorem 3.3

Following the discussion in Appendix B, consider a basis of W, in which all D; act
simultaneously diagonally with the corresponding eigenvalues given by Zl,g;l Vz(“;cl)'k_ﬂ).
The latter can be viewed as characters yx; of the fundamental representations evaluated
at v2—A),

Since the point v** € H(K) is general and the characters { x;}i, are known to be
algebraically independent, we immediately obtain part (a) of Theorem 3.3.

Part (c) of Theorem 3.3 follows from part (b) as Dy(e*,n*, ct) e Dy H)
commutes with D, (e*,n*, ¢*) for any finite-dimensional U,(g)-representation V, due
to Lemma 2.8(c).

It remains to prove part (b) of Theorem 3.3. The algebra D; (H29) is Z-graded via
deg(Tﬂ) = 0 and deg(e~*) = —1, so that the degree zero component D; (H24)? has a basis
{T,|n € P}. Note that the degree zero component Dl(.o) of D; equals Dl@) = leglzl TZM;;-). Let
Dy (Had)gv be the subspace spanned by {Ty,In € P}. We also consider a natural action of
the Weyl group W both on D7 (H4)° and D7 (H*)S, via w(T,) = T,,, for p € P,w € W.

Given D € D; (H%9) that commutes with D;, let D denote its degree zero component.

Proposition C.1. We have D© e (D; (H2)9 )W,
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The proof of Proposition C.1 is based on the rank 1 case, for which we prove a
slightly more general result. In type A, the modified quantum difference Toda systems
are conjugate to the g-Toda of [6] with the 1st hamiltonian Dy, = T,, + T 5, — (v —

v 1)2e *T,; see (3.6).

Lemma C.2. IntypeA;, givenD € Dz (H2d) that commutes with D’ = a, D] + czr,IDI_l +
...+ ay for some ay, ..., a, € Qv'/N) with a, # 0,r > 0, D must be a polynomial in D;.

Proof. Let D = DO 4 e @D 4 4 =D with DO, ..., D9 e DS (H2O and
D=9 £ 0. We prove the claim by induction in s. Comparing the degree —r — s terms
in DD’ = D'D, we immediately get D& = ¢,T, for some constant c,. Replacing D by
D—c,(—(v— v~1)72)SDS, we obtain another element of D= (H2%) that commutes with D’
and has a smaller value of s, hence, is a polynomial in D, by the induction assumption.

Therefore, D is also a polynomial in D, . u

Proof of Proposition C.1. The result of Proposition C.1 follows immediately from
Lemma C.2. Indeed, it suffices to verify the following two claims for any 1 <i < n:

(I) the operator D9 is invariant with respect to the simple reflection s;,

(IT) every u appearing in D satisfies (i, ;) € 2d,Z.

To prove this, consider a subspace W, of W, that consists of
{Zﬂem\zm aﬁzﬂ_ﬂaﬁ € k}. It is stable under the action of Dj; (H2%), hence, we obtain
the action of D (H2d) on the quotient W, := W, /W;. We also specialize u; > 1 for
J # 1 (recall that u; were used in our definition of A). As a result, summands with
e % (j # i) in D,D; act by zero on W,, while ij (j # i) act by the identity operator.
Identifying further W, with the space W;f[” constructed for sl, instead of g (hence,
the superscript in our notations), D, gives rise to the operator D(VSIZ) with V being the
restriction of the 1st fundamental U, (g)-representation V; to the subalgebra generated
by El-,Fi,Lfd, which is isomorphic to U, (sl,). As V is not a trivial Uy, (sl;)-module, D(V5[2)
is a nonconstant polynomial in the 1st hamiltonian D(fm. Hence, Lemma C.2 can be
applied with D’ = DSIZ) and D denoting the image of D acting on W, =~ Wif[Z) by abuse
of notation. Therefore, both claims (I) and (II) follow. [ |

It is clear that (D;(HA)Y )" is generated by {DEO)}?:I. Hence, due to
Proposition C.1, there exists a polynomial P in n variables such that D' := D —
P(D,,...,D,) is of strictly negative degree. Thus, the action of D' on W, is upper-
triangular with zeros on the diagonal. As [D’,D;] = 0 and D, acts on W, with a simple
spectrum, we immediately get D’ = 0.

This completes our proof of Theorem 3.3. |
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D Proof of Theorem 3.1

Given a rank n simple Lie algebra g, fix an arbitrary orientation of the edges of Dyn(g)
as well as their labeling by numbers from 1 upton — 1. Foranedge 1 <e <n — 1, the
vertices t(e), h(e) will denote the tail and the head of that edge, respectively. To every
pair of Sevostyanov triples (e*,n*,c*), we associate an invariant € = (¢,,_;,...,€,) €
{(~1,0,1)* ! via ¢, := M €{-1,0,1}forl <e<n—1.

To prove Theorem 3.1, it suffices to verify that given two pairs of Sevostyanov
triples (e*,n*,c*) and (é*,nA*,ct) satisfying € = ¢, there exists an automorphism
of D,(H2Y) that maps T (e*,n*,c*) to T(€*,A*,&F). Our proof is similar to that of
Theorem 3.2 presented in Appendix B, but is crucially based on the fermionic formula
of Theorem 4.7 for :]ﬂ instead of Propositions 3.11, 3.14, 3.17, 3.20, and 3.38 (we owe this
observation to A. Braverman).

Following Appendix B, consider the action of D (H24) on W, . Due to Remark B.2,
the action of pairwise commuting operators D;(e*, n*, ¢*) (resp. D;(é*, At, ¢¥)) is simul-
taneously diagonalizable in the basis of J-functions {J* (e*,n*, c*; {y;DIA = A—p—B, B €
Q.} (resp. (JAE: A%, e5{y;hlA = A — p — BB € Q,)) (as A varies, we will use
the notations JA({yi}),Jé\ instead of J({y;}),J; used in Section 4). We note that both
JM(e®, nE, ¢ {y;)) — yP 7 and TA(€F, A%, 055 {y;)) — y#* contain only {y? ), .

The following is the key observation.

Proposition D.1. If ¢ = ¢, there exists a difference operator ® that acts on w,
and maps J*(e%,n*, ¢t {y;}) to a nonzero multiple of JA(&%, A%, c*;{y;}) for any
Aer—p—0Q,.

E,0F € Pvia v’ i= >} niow and ¥ = > }_ A w;. Due to Theorem
4.7, the pairing J§ (e*,n*, ¢*) depends only on {v; — v’}

A, pB. Hence, as € = &, we may assume é* = ¢*,A~ = n~,¢” = ¢, while y; := ¥

Proof. Define v

n

n and {c¢]c; }", for any fixed

+ _ o+
i TV

satisfy
(oel-,yj) = (ocj,yi) forany 1 <i,j <n. (D1)

In this set-up, we have the following.
Lemma D.2. There exist constants {s;}} | such that

JHEE, A, E) = vty si(Bw)t 3 iy (B0 )(B—2A,v) LB (e, nE, )
foranyAer—-p—-Q,,BecQ,.

This essentially follows from [7, (3.8, 3.9)], but let us provide a complete

argument.
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£ _ £ 3

Proof. Since¢ €et,N” =n",¢ =c and Jé\(o, e, 0) is defined via (4.2), it suffices to

prove the following equality:
O (€ A%, 80) =657, nT, ") ay g, (D2)

where

n
appi= v T (B ) (B=2A 1) | H(E;rv%mai) Jey Bl (D3)

i=1

Let 5/? denote the right-hand side of (D2). To prove (D2), it suffices to verify that
2 pea, 675\ satisfies the defining conditions (4.1) of the Whittaker vector associated with
(et,nt,ch).

First, the equality a, o = 1 implies 6 = 6{'(e*,n*,c*) = L.

Second, we note that the equality EK,+ (9é‘+ai (er,n*,c™) = ¢f - Gé\ (et,nt,chH

A—p—ay) S0Pty
aap

implies EX .+, . (Oh14,) = ci v -64. Therefore, it remains to verify

C+ V(Vi:A—ﬂ_Oli) —a’A,ﬁ—‘rai = E+, (D4)
i a’Alﬁ l
Recalling the definition of a, 4 of (D3), we find

=+

Anptai _ S Lonm) | 3 Sl (Bre o) )(B—2A4ai )~ By ) (B-=2M,7)) _
=L =
an,p ¢
ot 1 1 v ot
_lVE(Vi'O‘i) . Vf(ﬁ_2A+ai:yi)+j Zj(ﬂ!wj )(ai:Vj) — _lV(ﬂ—A-l—oti,yi)
c’ c’ '
i i

where we used (D1) to evaluate Zj(ﬂ,wa)(ai, V) = Zj(ﬁ,wjv)(aj, v) =B, 7).
This implies (D4), which completes our proof of Lemma D.2. ]

Set

= log(T,,) log(T,) &
= i i) 1 r ‘
S (z—zl 2d;log(v) i_zlsl 0g(T,,)

This definition is motivated by the following result.

Lemma D.3. DJ"(e*,n*, ¢t {y;})) is a nonzero multiple of J* (€, A%, ¢%; {y;}) for any
Aer—p—0Q,.

Proof. Evoking formula (4.8), we get

D(yPN) = pPA L y2 T @] AN GiB— M+ X; si(@if—N)
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Combining this with Lemma D.2, the statement reduces to the g-independence of

Y 2
—Z(O)l,ﬁ N A)+Zs(wl/ﬁ A)__Z(,Bw)(ﬂ A,y —Zs(ﬁw)—

i=1 i=1

noov , (Y B
S PN NGB s,

i=1
The latter follows from > | (@;, B)(y;, A) = D it (@, A)(¥;, B), due to (D1). [ |
This completes our proof of Proposition D.I. |

Due to Proposition D.1, DD,(e*,n*,c*)®~! and D;(é*,A*,¢*) act diagonally in
the basis {J*(€*, A%, ¢*; {y;DIA € A — p — Q_} of W, with the same eigenvalues, hence,
they coincide for every 1 < i < n. Therefore, conjugation by © is a well-defined
automorphism of D,(H2?) that maps 7 (¥, n*, c¢*) to T(¢+, AT, &%),

This completes our proof of Theorem 3.1. |

E Proof of Theorem 3.24

The proof of Theorem 3.24 is similar to the one of Proposition 3.11 given in Appendix A
and of Theorem 3.2 given in Appendix B, but we provide details as the formulas are
different.

Proof of part (a).
Given a pair of type A, Sevostyanov triples (e*,n*,c*) and k = (k,,...,k,) €
—e
{—1,0,1}" satisfying k;,; = w for 1 <i < n — 2, we will prove that there exist

constants {r;;

ijir Ti}1<i<j<n Such that the function F defined in (A1) satisfies the equality

F~H(e*, n%, ¢5)F = HE. (E1)

We will view this as an equality in A, treating H(e*, n*, ¢*) as an element of A,,.

e First, we note that the terms without D;’s are the same (and equal to Z}Ll ijz)

both in F~1H(e*, n%, ¢*)F and HE independently of our ch01ce of constants {r;;,r;}.

ijr
e Second, we will match the terms with {D iyn~! appearing in F~'H(e*, n*, ¢*)F

and Hk Their equality is equivalent to the following system of equations on {rk:

Tji = Tjit1 ifl<j<i
My = %k ~ i kiv _ |7 iy ifi+2<j<n (E2)
h 2ry =T ifj=i
Tiie1 = 2lip1ipn fj=1+1
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and the following system of equations on {r;}:

n
=T =Ry — Ty — i) — B og(d) + D (n— k+ 1/2)my,. (E3)
k=1

Pick any r;,;,r;. It suffices to show that (E2) admits a solution since (E3) obviously
admits a unique solution with a given r; for any choice of r;. For a fixed ry;, the

constants {r; satisfying the 1st, 3rd, and 4th cases of (E2) are determined

]}1<l_]<n
uniquely. It remains to verify that they also satisfy the 2nd case of (E2). We prove this
by induction inj—i > 2.

@ Ifj=i+2 thenr; p =710 = T = 2700 + @l — Tipive) —
(Fiiv1 — Tijgo) = h_l(mi i1 — Kipp + Mg — kiyp — My, ;). Hence, it remains to prove
—nt
1,i+1 ii+l1
= 2k;,, due to the choice of k;_ ;.

(M; i1 =M i00) — (M — Mgy i) = 2k; . The left-hand side is equal to n;;
Nieni F s = biin (61 = €)= €1 — €
(b) Ifj > i+2,thenry —ripy ;= (1 = Tiprj-) + T o1 = Tiga ) — (i —7) =
h_l(mij 1+M;_1 ;41 —M;_; ;). Hence, it remains to prove (M, ;_; —M;)—(M;_; ;—M;_; ;1) =
0. The left-hand side is equal to b; ;_; (€;, )=0asb;; ;=0.
Thus, we have determined a collection of constants {r;
(E2, E3).

e Finally, it remains to verify that for F of (A1) with the constants T chosen as

above the terms w1th i (j > i+1)in F 'H(e*, n*, c*)F and HX do coincide. First, we note

that the conditions elelJrl =...= 1{2,171 ==+l and k;;; = ... = k;_; = 1 are equivalent

under our assumption. Pick j > i + 1 such that either of these equivalent conditions

ij—1"— l]l

ijir Tit1<i<j<n Satisfying

is satisfied. Then the compatibility of the terms Wlth is equivalent to the following

equality:
F(wl,...,vwi,...,v‘le,...,wn)
Fwy,...,w,)
r Zjilm +8k i +0k i i - _nt n J=1 n+1-2k
H Wk s—i MskT0k,i+0k,; H Hb 1 L+1_J+Zi§a<b§j—l(nab_nab)""zk:l Zs:i fmsk.
k= p=i

(E4)

This equality is proved by induction in j — i, factoring the left-hand side as in (A6) and
noticing that the j = i + 1 counterpart of (E4) is just the compatibility of the terms with
%, established in the previous step.

Thus, the function F defined via (Al) with the constants {ry, ri}ii<j<y
determined in our 2nd step satisfies the equality (E1). This completes our proof of

Theorem 3.24(a).
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Proof of part (b).

Let us write
TV (@) = ()W, - W, 2 (1 —HEz 4 HEZ2 — 4 (—1)”H’,§+1z”) ,

ki—1 -7 = . A .
where s = Z}l:1 ’2 .Forl <r<mn,let H’r‘Jrl c 7:’“ be the image of H’r‘Jrl in A,,. Consider
k;0

r+1
definition of TZ(Z), we get lecfl = or({wj_z}): the r-th elementary symmetric polynomial

—-2\n
of {w;“}1 ;.

the summands in Hfﬂ without D;’s and let H"’, denote their sum. Tracing back the

Thus, the image of Izllr‘H under the anti-isomorphism A, — DV(HSSL) of

Section 3.9 is an element of D§(H§[‘i) whose action on W, (see Appendix B) is

upper-triangular with the same diagonal matrix coefficients as in the action of
D, € T(e*,n*, c*). Thus, the argument of Proposition B.1 can be applied to show that
the function F of part (a), which conjugates H(e*,n*, c*) into Hg also conjugates the
preimage of D, in fln into HEH for all 1 < r < n. Therefore, conjugation with F is an
automorphism of A, that maps 7 (¢, n¥, ¢*) to Tk,

This completes our proof of Theorem 3.24. |
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