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Abstract

We introduce super Yangians of gl(V), sI(V) (in the new Drinfeld realization) associ-
ated with all Dynkin diagrams. We show that all of them are isomorphic to the super
Yangians introduced by Nazarov (Lett Math Phys 21(2), 123—-131, 1991), by iden-
tifying them with the corresponding RTT super Yangians. However, their “positive
halves” are not pairwise isomorphic, and we obtain the shuffle algebra realizations
for all of those in spirit of Tsymbaliuk (PBWD bases and shuffle algebra realiza-
tions for Uy(Lsly), Uy, v, (Lsl,), Uy(Lsl(m|n)) and their integral forms, preprint,
arXiv:1808.09536). We adapt the latter to the trigonometric setup by obtaining the
shuffle algebra realizations of the “positive halves” of type A quantum loop superal-
gebras associated with arbitrary Dynkin diagrams.

Keywords Super Yangian - Shuffle algebra - quantum affine superalgebra

Mathematics Subject Classification 17B37 - 81R10

1 Introduction
1.1 Summary

Recall that a novel feature of Lie superalgebras (in contrast to Lie algebras) is that
they admit several non-isomorphic Dynkin diagrams. The isomorphism of the Lie
superalgebras corresponding to different Dynkin diagrams of finite/affine type has
been obtained by Serganova in the Appendix to [16]. Likewise, one may define various
quantizations of universal enveloping superalgebras starting from different Dynkin
diagrams, and establishing their isomorphism is a non-trivial question. In the case of
quantum finite/affine superalgebras, this question has been addressed 20 years ago by
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Yamane [26]. However, an answer to a similar question for super Yangians seems to
be missing in the literature.

In this short note, we study type A super Yangians and their shuffle realizations.
We define those in the Drinfeld realization, generalizing the construction of [24] for a
distinguished Dynkin diagram. Following [1,13,22], we obtain their RTT realization
and thus identify all of them with the super Yangian of Nazarov [19]. We also describe
their centers, following [13].

However, the “positive halves” of these algebras, denoted by Y;", do essentially
depend on the choice of Dynkin diagrams. In the second part of this note, we obtain
the shuffle algebra realizations of all such Y. ; and their Drinfeld-Gavarini dual Yg.
We also establish the trigonometric (aka g-deformed) counterparts of these results.

This note is a companion to [25] (the shuffle realizations were announced in
[25, §8.2]).

1.2 Outline of the paper

e In Sect. 2.2, we introduce the Drinfeld super Yangians Y (gl(V)) associated with
arbitrary Dynkin diagrams of gl(V), where V = Vi @ V7 is a finite-dimensional
superspace. For the distinguished Dynkin diagram, this recovers the super Yan-
gians Yy, (1) of [19], due to [13], while for a general Dynkin diagram, this recovers
the construction of [22]. The key result of this section, Theorem 2.18, establishes
that Y (gl(V)) is independent (up to isomorphisms) of the choice of Dynkin dia-
grams. The latter may be viewed as a rational counterpart of a similar statement
for quantum affine superalgebras, due to [26], see Remark 2.19.

Our proof of Theorem 2.18 is crucially based on the identification of Y (gl(V))
with the RTT super Yangians Y™ (gl(V)) introduced in Sect. 2.3, see Theorem 2.32
and Lemma 2.24.

In Sect. 2.4, we introduce the RTT super Yangians Y™ (s[(V)) following the clas-
sical approach of [18]. For dim(Vp) # dim(Vj), we obtain a decomposition
Y™ (gl(V)) >~ Y™ (sl(V)) ® ZY™(gl(V)), Theorem 2.48(a), similar to [18]. Here,
ZY™(gl(V)) denotes the center of Y™ (gl(V)), which is a polynomial algebra in
the coefficients of the quantum Berezinian b(z) defined in (2.41), Theorem 2.43
(for the distinguished Dynkin diagram, b(z) coincides with the quantum Berezinian
of [19], due to [12, Theorem 1]). In contrast, ZY™(gl(V)) C Y™(s[(V)) if
dim(Vp) = dim(Vy), Theorem 2.48(b), and we introduce the RTT super Yan-
gian Y™ (A(V)) as the corresponding central reduction of Y™ (s[(V)).

In Sect. 2.5, we introduce the Drinfeld super Yangians Y (sI(V)) associated
with arbitrary Dynkin diagrams of gl(V) and construct superalgebra embeddings
Y(sl(V)) < Y(gl(V)) and isomorphisms Y (sl(V)) —> Y™(5[(V)), Theo-
rem 2.67. The latter implies that super Yangians Y (s[(V')) associated with various
Dynkin diagrams are pairwise isomorphic, Theorem 2.69.

In Sect. 2.6, we recall the PBW theorem and the triangular decomposition for
Y (sl(V)), Theorem 2.72 and Proposition 2.73.

In Sect. 2.7, we introduce a C[A]-version Y3 (s[(V)) and its Drinfeld-Gavarini dual
subalgebra Y (sI(V)). They can be viewed as Rees algebras (2.83) of Y (sl(V))
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with respect to two standard filtrations on it defined via (2.84), Remark 2.82. The
PBW Theorems for Y5 (s[(V)) and Y (sl(V)), Theorems 2.79 and 2.81, follow
from [11, Theorem B.3, Theorem A.7].

e In Sect. 3.1, we introduce the rational shuffle (super)algebra WV, Definition 3.6,
which may be viewed as a rational super counterpart of the elliptic shuffle alge-
bras of Feigin—Odesskii, [7-9]. It is related to the “positive half” Y )Zf (sI(V)) of the
super Yangian Y (s[(V)) via an explicit homomorphism W : ¥, (sl(V)) — WV
of Proposition 3.7. The injectivity of W is established in Corollary 3.26. The key
results of Sect. 3 describe the images of Y; (s[(V)) and its Drinfeld-Gavarini dual
subalgebra Y; (sl(V)) under W, Theorems 3.30, 3.9. The latter is used to obtain a
new proof of the PBW property for Yg (sl(V)), Theorem 3.10.

In Sect. 3.2, we establish the key result in the simplest case dim(V) = 2, Theo-
rem 3.11.

In Sect. 3.3, we introduce our key technical tool in the study of the shuffle alge-
bras, the specialization maps ¢4 (3.15). Their two main properties are established in
Lemmas 3.17, 3.18, which immediately imply the injectivity of W, Corollary 3.26.
In Sect. 3.4, we finally describe the images of Y ;‘ (sI(V)) and its subalgebra
Y;‘Lr (sI(V)), Theorems 3.30, 3.9. The former consists of all good shuffle elements,
Definition 3.27, while the latter consists of all integral shuffle elements, Defini-
tion 3.8. We also prove Theorem 3.10.

e In Sect. 4, we recall the definition of U, (Lgl(V)), the “positive half” of the
quantum loop superalgebra of gl(V), and obtain its shuffle algebra realization,
Theorem 4.14. This provides the trigonometric counterpart of Theorem 3.30 and
generalizes [25, Theorem 5.17], where this result was established for the distin-
guished Dynkin diagram of gl(V).

2 Type A super Yangians

2.1 Setup and notations

Consider a superspace V = V5 @ V; with a C-basis vy, ..., v, such that each v; is
either even (v; € Vp) or odd (v; € V7). We set ny. := dim(Vy), n_ := dim(Vj), and
- - 0, ifv; e V;

n:=ny+n_ =dim(V).For1l <i <n,definei € Zp viai = {- 1 ! 0,
1, ifv; e Vi

Consider a free Z-module P := @_,Ze; with the bilinear form determined by
(ei,€j) = 8ij(=D (we set (=1)° := land, (=1)! := —1). For I < i < n, let

a; = ¢€; — €; 11 € P be the simple roots of gl(V), and AT := {ej —€ili<j<i<n C P
be the set of positive roots of gl(V). Let I = {1,2,...,n — 1} and set |o;| :=
i+i+1¢€Zfori e I.Finally, let (c;;); jesr be the associated Cartan matrix, that
iS, Cij = ((X,‘, (Xj).

For a superalgebra A and its two homogeneous elements x, x’, we define

r, x'] = xx’ — (=D % and fx, x} 1= xx’ + (=DF e @20
where |x| denotes the Z;-grading of x (thatis, x € A|y)).
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Given two superspaces A = Ay @ A7 and B = Bj @ Bj, their tensor product
A ® B is also a superspace with (A ® B)j = A5 ® B3 ® A; ® Bj and (A ® B)] =
Ap ® Bi © A{ ® By. Furthermore, if A and B are superalgebras, then A ® B is made
into a superalgebra, the graded tensor product of the superalgebras A and B, via the
following multiplication:

x @y ®@y) = (=D (xx) @ (yy)

2.2)
forany x € Ay, x" € Ajy,y € By, ¥ € Bjy.

We will use only graded tensor products of superalgebras throughout this paper.

2.2 The Drinfeld super Yangian of gl(V)

Following [1,3,13,22], define the Drinfeld super Yangian of gl(V),
denoted by Y(gl(V)), to be the associative C-superalgebra generated by
(dP.d" e, fOVZIE 2, with the Zp-grading |d\”| = |d}”| = 0. l¢;”| =

j % €; I<i<n,1<j<n
| fl.(r) | = |o;|, and subject to the following defining relations:
d¥ =1, d" =1, Zd(’)d(r D =80 (2.3)
[d”, d}”] -0, (2.4)
B r—1
- —1—1
[dl-(r), e;S)] — (—1)1(8[’/ _ (Si,jJrl) Zdi(l)ey-h&‘ t )7 (25)
t=0
_ r—1
(@, 1= (=D (=81 + 810 3 £ DA, 2.6)
t=0
_ r+s—1
e, £ = — (=15 ; Y d0al T, @7
t=0

e, e1=0if ¢;j =0,

1) BHD] [l +D) o) ] _()TFTe0 O 2.8)

le; "5 el Cirl= i Cit1

s—1 r—1

i +s—t—1 i +s—1—1) . A
lef”. 1= (1) > e ™D — (—1)T Y e T if o] = 0,

=1

t=1

£, 1= 0if ¢;; =0,

fl(-i:r]) f(r)]_ fl(-:-)l f(r+1)] ( 1)l+1fl(?) f(r) (29)

r—1 s—1
[f[(r)’ fl(i)] — (_l)l Z fi(r+s_t_l)fi([) _ (_1)! Zfi(r"'s_t_l)fi(f) if |ai| — (_)’

=1 t=1

@ Springer



Shuffle algebra realizations of type A super Yangians and... 2087

as well as cubic Serre relations

e [ef e N+ [ef [ )11 = 0if j =i % land |o;| =0.  (2.10)
LD O N+ D fP=0if j =i+ 1and oy =0, (2.11)

and quartic Serre relations

(e}, e1 [e", e} N = 0if Jaj| = Tand Jorj 1| = o1 =0,  (2.12)

A7 FPL LD A = 0if erj| = Tand o 1| = |aj1] =0. (2.13)

Remark 2.14 (a) The cubic Serre relations (2.10, 2.11) are also valid for |o;| = 1,
but in that case, they already follow from [e(r) (S) 1=0=] fl.(r) , fi(s) 1, due to
quadratic relations (2.8, 2.9).

(b) The quartic Serre relations (2.12, 2.13) are also valid for any other parities of
aj_1,aj, a1, but in those cases, they already follow from the quadratic and
cubic relations (2.8-2.11).

(c) Generalizing the quartic Serre relations (2.12, 2.13), the following relations also
hold:

e 7)1’ (k)] [ (1) ;21]]+[[ Er)]’ ;1)] [Ek)’ 521]]_0 (2.15)

(VSN f(l) M+ 0P =0, @16

cf. Remark 2.61(b) and the explanations therein. We note that these relations
(2.15, 2.16) play a crucial role in the recent paper [23].

As pointed out to us by Peng, the above definition of Y (gl(V)) is actually equivalent
to the one from [21]. In the particular case (associated with the distinguished Dynkin
diagram)

Vi, ..o Ve, € Vgand vy, 11, ..., v, € V] 2.17)

(so that |a;,, | = 1 and lotitn, | = 0), the defining relations (2.3-2.13) first appeared
in [13, Theorem 3], where it was shown that the corresponding super Yangian is
isomorphic to the super Yangian Y™ (gl,, . n_) firstintroduced in [19] (thus generalizing
[1, Theorem 5.2]). The same arguments can be used to establish the following result
(mentioned first in [21]):

Theorem 2.18 The superalgebra Y (gl(V)) depends only on (n4,n_), up to an iso-
morphism.

This is a direct consequence of Theorem 2.32 and Lemma 2.24 (see Remark 2.35).

1 We note the following typos in [13]: j < m + 1 should be replaced by j > m + 1 in the third line of (39),
the sign (—1)J should be replaced by (=17t in the right-hand sides of (44, 45).
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Remark 2.19 The quantum affine superalgebras corresponding to different Dynkin
diagrams of the same affine Lie superalgebra are known to be pairwise isomorphic,
dueto[26]. A similar statement for super Yangians seems to be missing in the literature.
Thus, Theorem 2.18 and its s[(V)-counterpart, Theorem 2.69, fill this gap at least in
type A.

2.3 The RTT super Yangian of gl(V)

Let P: VQV — VQV be the permutation operator given by P := Zi’ j (— 1)7E i ®FEj;,
so that P(v; ® v;) = =Dv; ® v;. Consider the rational R-matrix Rpy(z) =
1—1P e (End V)®%
Following [10,17,19,21], define the RTT super Yangian of gl(V), denoted by
.. 1 .
Y™ (gl(V)), to be the associative C-superalgebra generated by {ti(;)}gi’j -, With the

Z-grading |t,.(l.r)| =1 + j and subject to the following defining relation:
Rra(z — w)T1(2) T2 (w) = T2(w) T1(2) Reat (z — w). (2.20)

Here, T'(z) is the series in z~! with coefficients in the algebra Y™ (gl(V)) ® End V,
defined by

T(z) = Z(—I)Y(ﬁ_l)tij(Z) ® Ejj with 1;;(2) :=&; j + Zti(jr)z_’. (2.21)

i,j r>1

Remark 2.22 Here, we identify the operator Zf’ j=1 (- 1)70“) tij(z) ® E;; with the
matrix (;; (z))i.1 =1 Evoking the multiplication (2.2) on the graded tensor products, we
see that the extra sign (—1 )76“) ensures that the product of two matrices is calculated
in the usual way.

Multiplying both sides of (2.20) by z — w, we obtain an equality of series in z, w
with coefficients in Y™ (gl(V)) ® (End V)®2. Thus, relation (2.20) is equivalent to
the following relations:

(z — )t (2), ()] = (=D THEHIE (4@ (w) — 1 ()t (2) (2.23)

forall 1 <i,j,k,l <n.

In the particular case (2.17), we recover the super Yangian Y™ (gl,, L) of [19]
(denoted by Y, ,_ (1) in [19]), while for a general case, we actually get isomorphic
algebras, due to the following simple result:

Lemma 2.24 The superalgebra Y™ (gl(V)) depends only on (n,n_), up to an iso-
morphism. In particular, Y™ (gl(V)) is isomorphic to the super Yangian Y™ @l n)

of [19].

Proof Let V' be another superspace witha C-basis v/, ..., v, suchthateach v; is either
even or odd and n/, = ny,n’_ = n_. Pick a permutation ¢ € X, such thatv; € V
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and v/, @ € V' have the same parity for all i. Then, the assignment t[.(/.r) — ty()i) o ()

is compatible with the defining relations (2.23), thus giving rise to an isomorphism
Y (gl(V)) = Y™ (gl(V")). o
We also have two standard relations between Y™ (gl(V)) and U (gl(V)) (cf.[13,22]):

Lemma 2.25 (a) The assignment E;j +> (—1)’Ttl.(jl) gives rise to a superalgebra
embedding

1 U(gl(V)) — YU (gl(V)).

)

(b) The assignment L (—1);8r,1 E;j gives rise to a superalgebra epimorphism

ev: Y™ (gl(V)) — U(gl(V)).

Proof Straightforward. O

The superalgebra Y™ (gl(V)) is also endowed with two different filtrations, defined
via

degl(ti(;)) —r and degz(ti(;)) =r—1. (2.26)

Let gr; Y™ (gl(V)), gr, Y™ (gl(V)) denote the corresponding associated graded super-
algebras.

Lemma 2.27 (a) The assignment tl.(;) > tf;) gives rise to a superalgebra isomor-
phism '
ar Y™ (gl(V)) = CIe Y E (2.28)

Xvith _the polynomial superalgebra in the variables tg.) with the Z»-grading |t§;) | =
i+ B
(b) The assignment tl.(/.r) — (—=1)E; ix 1"~ gives rise to a superalgebra isomorphism

gr Y™ (gl(V)) = U (gl(V)[t]) (2.29)

with the universal enveloping of gl(V)[t] = gl(V) ® C[¢].

Proof Analogous to [13, Theorem 1, Corollary 1], cf. [22, Proposition 2.2, Corol-
lary 2.3]. O
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2090 A. Tsymbaliuk

Let us now relate Y™ (gl(V)) to Y (gl(V)). Consider the Gauss decomposition of
T(2):

T(z) =F() -D(2)- E(2).
Here, F(z), D(2), E(z) € (Y™(gl(V)) ® End V) [[z~"]] are of the form

F@ =Y Ei+Y ()™ VE@®Ej. D@ =) Di(2)® Ei.

i Jj<i

E@Q =Y Ei+Y (~DUVE;) ® Ej,

i j<i

cf. Remark 2.22. Define the elements {D(‘Y),D(v) EY

(r)yr=1,5>0
H ’Fij Yz of
Y™ (gl(V)) via

I<j<i<n,0<k<n

Eji(z) = ZEU) ", Fij) = ZF,(r) -,

r>1 r>1
D) =) DY, D) =) DV
s>0 s>0
For 1 < i < nandr > 1, set E(r) = El(r) , and Fm = F(r) Due to

[22, Lemma 3.3] (generalizing [1, (5. 5)] in the classical setup as well as [13 (10)] for
the distinguished Dynkin diagram), we have:

Lemma2.30 Foranyl < j <i—1 < n, the following equalities hold in Y™ (g[(V)):

1 1
Ef) = OTES L ED EY = CDTEDL RS )

. ~ 1,s>0
Corollary 2.31 Y™ (gl(V)) is generated by {D;s), D;s), Ei(r), Fi(r)}}iii;;lgjgn'

Similar to [1,4,13,22], we have the following result:

Theorem 2.32 There is a unique superalgebra isomorphism
T: Y(gl(V)) = Y™ (gl(V)) (2.33)

defined by efr) — El.(r), fl.(r) > Fi(r), d](.‘v) — D;.S), E](.S) — 5?).

Proof The proof is completely analogous to that in the classical case (when n_ = 0)
presented in [1, §5]; see [13, Theorem 3] for the particular case of (2.17). O

Remark 2.34 The presence of the quartic Serre relations (2.12, 2.13) is solely due to
the fact that they also appear among the defining relations of the Lie superalgebra
gl(V) via the Chevalley generators [16] (see the argument right after [13, (59)]).

Remark 2.35 Theorem 2.32 together with Lemma 2.24 implies Theorem 2.18.
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2.4 The RTT super Yangians of s((V), A(V)

For any formal power series f(z) € 1 + z71C[[z~ 1], the assignment

pur:T(2)— f(2)T(2) (2.36)

defines a superalgebra automorphism ¢ of Y™ (gl(V)). Following [18], define
the RTT super Yangian of sl(V), denoted by Y™(s[(V)), as the C-subalgebra of
Y™ (gl(V)) via

YU (sl(V)) i= {y € Y™ (@l(V)) | s (y) = y forall f}. (2.37)

In the particular case (2.17), this recovers the super Yangian Y™ (sl,, 4ln_) of [13, §8].
In view of Lemma 2.24, we immediately obtain:

Corollary 2.38 The superalgebra Y™ (sl(V)) depends only on (ny, n_), up to an iso-
morphism. In particular, Y™ (sl(V)) is isomorphic to the super Yangian Y™ (sl, +ns)

of [13].
Explicitly, this subalgebra can be described as follows:

Lemma2.39 Y™ (s[(V)) is generated by coefficients of D;(z)~' Di11(2), Ei.i+1(2),
Fit1,i(2).

Proof Completely analogous to the proof of [13, Lemma 7] for the particular case
of (2.17). O

Definition 2.40 Define the charge ¢(V) € Z of V via
c(V) :=ny —n_ =dim(V) — dim(Vy).

If V has a nonzero charge, then Y™ (s[(V)) also may be realized as a quotient of
Y™ (gl(V)). For the latter construction, let us first obtain an explicit description of the
center ZY™(gl(V)) of Y™ (gl(V)). Following [12], define the quantum Berezinian
b(z) € Y™ (gl(V)[[z "] via

b(z) =1+ Y bz = Dj(z1)Dy(z2) -+ D}y(zn), (2.41)

r>1

Di(z), ifi=0 . i +ciiv1, if|ai|=0
i (2) if i O Whilez; =z andz. | = zi +cii+1, if o]

where D/ (z) 1= _ .
@ {Di@‘, ifi=1 . i g =1

Remark 2.42 For the distinguished Dynkin diagram, that is for (2.17), this defini-
tion recovers the original quantum Berezinian of [19, §2], due to the main result
(Theorem 1) of [12].
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Theorem 2.43 (a) The elements {b,},>1 are central.

(b) The elements {b,},>1 are algebraically independent and generate the center
ZY"(gl(V)). In other words, we have an algebra isomorphism
ZY"(gl(V)) ~ Clby, by, .. .].

Proof (a) To prove that all b, are central, it suffices to verify that [b(z), E;(w)] =
0 = [b(z), Fi(w)] for any 1 < i < n. We shall check only the first equality (the
second is analogous).

Case 1: |o;| = 0.
Due to the isomorphism of Theorem 2.32 and the relation (2.5), we have

(U — V) E;()D;(u) = ( — v — (1)) D; ) E; (v) + (—1) Dy (u) E; (u),
(2.44)

(w = V)E;(0)Dip1(w) = (w — v+ (=T Dy () Ei(v) — (=1 1Dy 11 (w) Ei (w).
(2.45)

Pluggingv =u, w =u — (—1)’7 into (2.45) and using i =i + 1 (as |;| = 0), we
get

Ei(u)Dip1(u — (=1))) = Dy (u — (=D)E;(u — (1)), (2.46)
Due to (2.44-2.46):

(= V) E; (0) Dy @) i1 (u = (=1))) = (u = v) D; ) Dy (4 — (=1 E; (v).
Hence, [b(2). E;(w)] = Oasci ;11 = —(—= 1)t = —(=1)/ and [E; (v), D; ()] =
Oforj #i,i+1.

Case 2: |oi| = 1.

In this case, (—1)m = —(—1)’T and the equality (2.45) is equivalent to

W =) D1 () Ei(v) = (w — v — (=D Ei (W) Dig1 (w) ™" + (1) Es () Dy (w) ™
(2.47)

Combining the equalities (2.44, 2.47), we immediately obtain
(u = V) Ei(0) Di ) Dig1 )~ = (u = ) Di ) Diy1 )™ Ei (v).
Hence, [b(z), E;(w)] =0as [E;(v), Dj(w)] =O0for j #i,i + L.
This completes the proof of part (a).
(b) The proof of part (b) is analogous to that of [18, Theorem 2.13] and

[1, Theorem 7.2] in the classical case (when n_ = 0), and of [13, Theorem 4] for
the particular case (2.17). O
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Similar to the classical case (when n_ = 0) treated in [18] as well as the particular
case (2.17) treated in [13], we have:

Theorem 2.48 (a) If c(V) # O, then we have a superalgebra isomorphism
Y™ (gl(V)) >~ Y™ (sl(V) @ ZY™ (gl(V)). (2.49)

(b) Ifc(V) =0, then ZY™ (gl(V)) C YU (sI(V)).

Proof (a) Analogous to the proof of [ 13, Proposition 3] for the particular case of (2.17).
(b) If n, = n_, then z; defined after (2.41) satisfy {z;|i = 0} = {z;|i = 1}. Hence,
wr(b(z)) = b(z) forall automorphisms (2.36). Thus, ZY™ (gl(V)) C Y™ (s[(V))
by Theorem 2.43. O

Corollary 2.50 If c(V) # 0, then the isomorphism (2.49) gives rise to a natural epi-
morphism 1 : Y™ (gl(V)) — Y™ (sl(V)) with Ker(7) = (b1, b2, .. .).

Recall that the classical Lie superalgebra A(ny — 1,n_ — 1) coincides with
sl(ny|n-) for ny # n_, and with the quotient sl(ny|n_)/(I) for ny = n_, where
1 = Z?:l E;; is the central element. Motivated by this and Theorem 2.48(b), if
c(V) = 0, define the RTT super Yangian of A(V), denoted by Y™ (A(V)), via
Y™(A(V)) := Y™ (U(V))/(by, by, ...), cf. [13, (67)].

Corollary 2.51 Y™ (A(V)) depends only on n = n_, up to an isomorphism.

Proof Similar to [13, Corollary 2], the center ZY™(s[(V)) of Y™ (s[(V)) is a poly-
nomial algebra in {b,}°2,. Combining this with Corollary 2.38 implies the result.
O

2.5 The Drinfeld super Yangian of s[(V)

Following [3] (cf. [24]% and [13]), define the Drinfeld super Yangian of sl(V), denoted
by Y (sI(V)), to be the associative C-superalgebra generated by {4; ,, xfr}E? -, With

the Z-grading |h; ,| = 0, |x |j |, and subject to the following defining relations:

lr|_

[hzr, hjs1=0, (2.52)

[hi,0. X ] = ﬂ:Cu s (2.53)

[hi,,+1,xfs]—[hi,,, Jim] c” {h,,, Tobunlessi = jand o] =1, (2.54)
(i, ”]_olf loi| =1, (2.55)

[X:f,, Xj =38 jhirys, (2.56)
[xfrﬂ,xjfx]—[xfr,xfsﬂ]: {x”, X: Junless i = jand o;| =1, (2.57)
X7, js]—Olfcl,_o (2.58)

2 Asnoticed in [13], the relation (2.62) should replace the wrong quartic Serre relations of [24, Definition 2].
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as well as cubic Serre relations

DG DG X5 1+ DG, I, x5, 11 = 0if j =i+ land ;| =0, (2.59)

1,1’

and quartic Serre relations
(D1 X500 D600 X1 )1 = 01if Joj| = Tand ;1] = lerjy1] = 0. (2.60)

Remark 2.61 (a) Similar to Remark 2.14, Serre relations (2.59) and (2.60) also hold
for all other parities, but in those cases, they already follow from (2.57, 2.58)
and (2.57, 2.58, 2.59).

(b) Generalizing the quartic Serre relations (2.60), the following relations also hold:

[[XJ 1r9 ]k] []l’xj-‘rl Y]]+[[X] ]rs /l] [X] k* ]+1 Y]]—O (262)

One way to prove this is to use the classical argument of deducing all Serre
relations from the basic ones by commuting the latter with certain Cartan ele-
ments. Let Q;fL (r; k, I; s) denote the left-hand side of (2.62). Our goal is to prove
Q#(r'k,l;s) = O forany r, k,l,s > 0, while we know it only fork =1 =0
and r, s > 0, due to (2.60) and Remark 2.61(a). Define the elements {¢; ,}Ez?q
of Y (sl(V)) via

Yt =log | 14> b (2.63)

r>0 r>0

cf. (2.52). The relations (2.53, 2.54) imply the following commutation relations:

[Z’/ - /2
Cij
[fi,rs X j. Y] = *¢jj (21> A+ 1 X/ rps—20° (2.64)

cf. [14, Remark of §2.9]. Commuting both sides of the equality Q]#(r; 0,0;5)=0
with #;_1 x and using (2.64), one obtains Qi(r' k, 0; s) = 0 by an induction in
k. Commutlng the latter equality with 7;_;;, one derives the desired equality
Q (r; k,1; s) = 0 by an induction in /.

Another way to prove (2.62) is to verify the corresponding equality on the shuffle
side, see Sect. 3 (though we set & = 1 for the current purpose). According to
Corollary 3.26, it suffices to prove \IJ(Q;T(r; k,l;s)) = 0. The latter follows
from the obvious equality

W(QT(rs k. 15 ) = (& 1xh ) +xh (x5 )W(0T(r50,0:9)  (265)
in the notations of loc.cit., combined with Q;r(r; 0,0;s) =0.
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Let us now relate Y (sl(V)) to Y (gl(V)) of Sect. 2.2. Define uy, ..., u,—1 via

i+1
Ciit+1 (=Dt
ulzzuanduiH:ui—i—T:ui— R

(2.66)

Consider the generating series e; (u), fi(u), d;(u) with coefficients in Y (gl(V)),
defined via

ei) =Y e u", fiw) =Y fuT djwy =14 du.
r>1 r>1 r>1

Hi 720 of Y(gl(V)) via

We also introduce the elements {X 1Zi<n

i,r’

DoXF T = fiw), Y X u T = (= Diei(ui),
r=0 r=0

1+ Z Hipu™ ™" = di (i)™ iy ().

r>0

Theorem 2.67 The assignment xiir — Xiir, hi » — H; , gives rise to a superalgebra
embedding

71 Y(U(V)) = Y(gi(V)). (2.68)

Moreover, the superalgebra isomorphism Y : Y (gl(V)) > Y™ (gl(V)) of Theo-
rem 2.32 gives rise to a superalgebra isomorphism Y : Y (s{(V)) —=> Y™ (s[(V)).

Proof The compatibility of the assignment x X r, h; » = H; , with the defining
relations (2.52-2.60) is straightforward (cf [1 Remark 5. 12]). Hence, we obtain a
superalgebra homomorphism j: Y (sl(V)) — Y (gl(V)). Its image coincides with the
pre-image of Y™ (s[(V)) under Y, due to Lemma 2.39. Finally, the injectivity of j is
established in the same way as it was proved in [13, Proposition 5] for the particular
case of Y (gl, ,_) (the proof crucially uses the construction of PBW bases for the
Yangians of [15,24], recalled in Theorem 2.72). O

As an immediate corollary of Theorem 2.67 and Corollary 2.38, we obtain:

Theorem 2.69 The superalgebra Y (sl(V)) depends only on (n4,n_), up to an iso-
morphism.

2.6 The PBW theorem and the triangular decomposition for Y(s[(V))

Let Y*(sl(V)) and Y°(s[(V)) be the subalgebras of Y (s{(V)) generated by {xfr}
and {h; ,}, respectively. Likewise, let ?i(s[(V)) and Y O(sI(V)) be the associative
C-superalgebras generated by {xfr}qi? -, and {hi,,}q; > Tespectively, with the Z;-

grading |h; ;| = 0, |x |ai|, and subject to the defining relations (2.57-2.60)

trl_
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and (2.52), respectively. The assignments x Pl xi and h; , — h;, clearly give

rise to epimorphisms Y ¥ (s[(V)) —» Yi(gt(V)) and Yo(s [(V)) — YO®sl(V)) (which
are actually isomorphisms, due to Proposition 2.73(a)).
Pick any total ordering < on AT x N. For every (8, r) € AT x N, we choose:

(1) a decomposition 8 = «;, + ... + o, such that [- - - [eai1 s e%], e ]isa
nonzero root vector eg of sl(V) (here, ey, denotes the standard Chevalley gener-
ator of s[(V));

(2) adecompositionr =7y + ...+ 71, withr; € N.

Define the PBW basis elements x&  of YE(sI(V)) or YE(s[(V)) via

B,r

+ . + + + +
Xgp o= Lo G s Xy I X 1o (2.70)

Let H denote the set of all functions 4 A' x N — N with finite support and such
that h(B,r) < 1if |B] = 1 (weset | £ (aj + ...+ )| = loj| + ...+ |a;| € Z>).
The monomials

xti= ] x,""" with heH 2.71)
(B,r)eAt xN

will be called the ordered PBW monomials of YE(sI(V)) or YE(sI(V)).
The following PBW result for Yangians is originally due to [15]® (cf.
[1, Theorem 5.11] and [13, proof of Proposition 5]):

Theorem 2.72 (a) The ordered PBW monomials {X;::}hey form a C-basis of
YEsI(V)).

(b) The ordered (in any way) monomials in {h form a C-basis of Y Yo (sl(V)).

(c) The products of ordered PBW monomials {x; }nen, {Xh,}h/€ u, and the ordered

monomials in {hi,r}rZQ form a C-basis of Y (sl(V)).

1<i<n

”}1<1<n

As an important corollary, we obtain the triangular decomposition for Y (sl(V)):

Proposition 2.73 (a) The assignments Xlir > XjE and h; , > h; , give rise to iso-
morphisms

YE(I(V) = YE@I(V)) and YO(s1(V)) = YO(s1(V)).
(b) The multiplication map
m: Y~ (sl(V) @ YOsl(V)) ® YF(sl(V)) — Y (sl(V))

is an isomorphism of C-vector superspaces.

3 The original proof of [15] contains a substantial gap, see [11, Appendix B] for an alternative proof.
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Remark 2.74 1In Sect. 3, we will use a particular total ordering < on AT x N:

B.r) = (B, r)iff p<plorp=pr=<r, (2.75)
where the total ordering < on AT is as follows:
ajtoajpr+ o et e tapiff j < jlorj =0 <i. (276)

2.7 The super Yangians Y (s[(V)) and Y (s((V))

For the sake of the next section, let us introduce a C[A]-version of Y (s[(V)) by
homogenizing the defining relations of the latter. More precisely, let Y (s[(V)) be
the associative C[/i]-superalgebra generated by {£; 20 with the Z,- grading

L,r zr}]<1<n

|hi r| = 0, |x | = lo;, and subject to (2.52, 2.53, 2.55, 2.56, 2.58, 2.59, 2.60) and
the following modlﬁcatlons of (2.54, 2.57):

Ci . . -
(i1, X 1 = Dhip, X ] = £ ” ——{hi,, X }unless i = jand |o;| =1, (2.77)
ci ﬁ
[xfr+1,xjfx]—[x”, ]im] % X, X “}unlessz_Jand lai| = 1. (2.78)

The algebra Y, (sl(V)) is N-graded via deg(h; ;) = deg(xfr) =r,deg(h) = 1.
Following Sect. 2.6, let Yhi(sl(V)) and Y,Eb)(s[(V)) be the C[h]-subalgebras of
Yr(sl(V)) generated by {xi } and {h; ,}, respectively. We also define the PBW basis

elements {Xﬂ }’GEIX+ and the ordered PBW monomials {Xh them of Yi(sl(V)) via(2.70)
and (2.71), respectively. We have the following counterparts of Theorem 2.72(c) and

Proposition 2.73 (cf. [11]):

Theorem 2.79 (a) The products of ordered PBW monomials {x; YneHn, {th}h/eH:

and the ordered monomials in {h;, i form a basis of a free C[h]-module

Yr(sl(V)).

(b) The multiplication map m: Y, (sI(V)) ®cipy Yy (sI(V)) ®ciry Yy (sU(V)) —
Yy (sl(V)) is an isomorphism of C[h]-modules.

(c) Yi(ﬁ (V) are isomorphic to the associative C[h]-superalgebras generated by
{x:. r}qz(l)q with the Z;-grading |xfr| = |a;| and subject to the defining rela-
tions (2.58-2.60, 2.78).

1<z<n

The Drinfeld-Gavarini dual Yy (s[(V)) is the C[/]-subalgebra of Yy (s[(V)) gener-
ated by

Hir:=h-hi,and Xy :=hxg foriel, pe At reN. (2.80)
For h e H (Sect. 2.6), set Xi = [[jp,earsnXi, . The following is

[11, Theorem A.7]:
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Theorem 2.81 (a) The subalgebra Yy (sl(V)) is independent of all our choices
in (2.70).

(b) The products of ordered PBW monomials {X }hen, {X;{,}h/e u, and the ordered
monomials in {H; rz0 form a basis of a free C[h]-module Yr,(sl(V)).

! r}1<l<)’l

+ + N
Let Y}, (sI(V)) be the C[h]-subalgebra of Y, (sI(V)) generated by { }/’fe At

new proof of Theorem 2.81 but with Y+ (s1(V)) in place of Yy (sl(V)) is pr0V1ded in
the next section.

Remark 2.82 (a) In view of Theorems 2.79 and 2.81, the algebras Yj(sl(V)) and
Y5 (sl(V)) may be defined as the Rees algebras:

Yr(sl(V)) = Rees™ Y (s[(V)) and Yy (sI(V)) = Rees’™ Y (s[(V)). (2.83)

Here, F.Y (sl(V)) and F,Y (s[(V)) are the two algebra filtrations on Y (s[(V)),

defined by specifying the degrees of PBW basis elements {xzr, i r}/rgzoA+ l<i<n
as follows:

deg, (xg,r) =deg,(h;,) =r+1 and degz(x;;,) =deg,(hi,) =r. (2.84)

They are pre-images of the filtrations (2.26) under the embedding
T: Y (V) — YU (gl(V)).
(b) Fora € C*:

Yp(sl(V)/(h — a)Yp(sl(V)) = Yr(sl(V))/(h — a)Yp(sl(V)) = Y(sl(V)),

but Y5 (sl(V))/hYr(sI(V)) = U(sl(V) ® C[z]), while Y (sI(V))/RYr(sI(V)) is
supercommutative.

3 Shuffle algebra realizations of Y;" (s/(V)) and Y (s[(V))

In this section, we obtain shuffle algebra realizations* of the superalgebras Y ; (sl(V))
and Y;{(s[(V)) of Sect. 2.7, generalizing [25, Theorems 7.15, 7.16] for the particular
case of (2.17).

3.1 The rational shuffle algebra W" and its integral form 25V

We follow the notations of [25, §7.2]. Let ¥4 denote the symmetric group in k elements,
and set Xk, k,_;) = Zk; X - X X, forky, ..., k,—1 € N. Consider an N/-
graded C[A]-module WY = @k:(kl, )ENIWk , Where W(k1 kD) consists of

rational functions from C[A]({x; r}ll : /= <k

any i € I, that is, symmetric if |o;| = 0 and skew-symmetric if |o;| = 1.

.....

") which are supersymmetric in {x;, ,} | for

4 These are rational super counterparts of the elliptic shuffle algebras of Feigin—Odesskii [7-9].
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We fix an / x [ matrix of rational functions (¢; ;(2))i jer € Mat;x;(C[R](2)) via

(S’>50( _50(‘ 1 Cﬁ
G j@=D"" CANCITIN (1 + %) . 3.1
Let us now introduce the bilinear shuffle product » on W": given F € W,‘C/ and

G e WV, define FxG € WIYH via

(F*G)(x1,15-- -, X1 ky g5 s Xn—1,1s - s Xn—1 k1 +Hy_p) = k- 11X
i'err'>ky 32
l<r<k; k.o <r'<k. 41, ( . )
sSymy, F({x,-,,}l.g[* ) G (“i’.r’}ﬁez i ) TT T 6 G = x40
iel r<k;
Here, k! = [[;c; ki!, and for f € C{x; 1,...., Xim}ier) We define its supersym-

metrization via

SSymy, (f)(xi1s ... Xim, Yier) ==
Z (—1)Liet E(Ui)|‘1i|f({xl.qai(l)’ e Xivoi )

m!

(015,00 —1)€EXm

This endows WYV with a structure of an associative unital algebra with the unit
Le Wi o)

We will be interested only in the submodule of WY defined by the pole and wheel
conditions:

e We say that F € W,Y satisfies the pole conditions if

FGL1, o Xt k)

= — . feClhllix, ==, (33)
1_[?:_12 H:Sikl?ﬂ(xi,r - xi+1,r/) '

where the polynomial f is supersymmetric in {xi,r}f": (foralli € 1.
e We say that F € W,Y satisfies the first kind wheel conditions if

F({x;r}) =0once x; , = Xites + /2 = x; ,, + hforsomee,i,ri,r,s, (3.4)

where e € (£1},i,i +eel, 1 <ri,rp <k,1<s <kiteand |o;| =0.
e We say that F € W,Y satisfies the second kind wheel conditions if

F({xi,r}) = 0 once Xi—l,s = Xip + h/2 = Xit1,s' = Xi,ry — h/2

. /
for some i, ry,r2,s,s,

where i,i —1,i+1 € l,1 <ri,ra <ki,1 <s <k,1 <s < kjy and
lee;| = 1.
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Let ka C W,‘(/ denote the C[/]-submodule of all elements F satisfying these three

conditions and set W" := @),y W) . It is straightforward to check that WY ¢ WV
is »-closed. - -

Definition 3.6 The algebra (WV, *) shall be called the rational shuffle (super)algebra.
This algebra is related to Y rj (sl(V)) of Sect. 2.7 via the following construction:

Proposition 3.7 The assignment XiJTr — xi’,l (i € I,r € N) gives rise to a C[h]-
algebra homomorphism \V : Y{(ﬁ[(V)) - w.

Proof The assignment xi‘r > x;; (i € I,r € N) is compatible with the defining
relations (2.58-2.60, 2.78) of Y,;’ (sl(V)), due to Theorem 2.79(c). Hence, it gives rise
to a C[A]-algebra homomorphism W: ¥, (sI(V)) — WV. ]

The injectivity of W will be proved in Corollary 3.26, while its image will be
identified with the submodule WV of good elements, see Definition 3.27 and The-
orem 3.30 (in particular, the cokernel of W is an A-torsion module), resulting in the
algebra isomorphism Y. );L" (sl(V)) => WV . This constitutes the first main result of this
section.

Recall the C[h]-subalgebra Y (sI(V)) of Y;' (sI(V)), generated by {x;’,}}rg+

of (2.80). Our second key result of this section provides an explicit description of the
image W(Y; (s((V))).

Definition 3.8 F € W} is integral if F is divisible by pf1+-+hi-1,

Set WV = Ph QH,‘(/, where 21],‘(/ C ka denotes the C[/]-submodule of all integral
keNl - -
elements. The following is the second main result of this section:
Theorem 3.9 The C[h]-algebra homomorphism WV Yg' (sl(V)) — WV gives rise to
a C[h]-algebra isomorphism U : Y;L' (sl(V)) = 23V,

As a corollary, we will also obtain a new proof of the following result (cf. Theo-
rem 2.81):

Theorem 3.10 (a) The subalgebra Y;L'(sl(V)) is independent of all our choices
in (2.70).

(b) The ordered PBW monomials {X;:}heH form a basis of a free C[h]-module
Y/ (sl(V)).

3.2 The image of Y7 (s(V)) for dim(V) = 2

In the simplest case dim (V') = 2, all shuffle elements are good (Definition 3.27), that
is WY = WV (see Remark 3.28(a)). Therefore, Theorem 3.30 is equivalent to

Theorem 3.11 If dim(V) = 2, then W Yh*(s[(V)) — WV is an algebra isomor-
phism.
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There are two cases to consider: 1 # 2 (so that |Xtr| = 1) and 1 = 2 (so that

|xf A= 0). First, assume 1 # 2. Due to Theorem 2.79, the following result implies
Theorem 3.11:

Lemma 3.12 The ordered products {x" *x™% - - - xx"* }2§§<"'<rk form a C[h]-basis

of WY.

Proof This follows from the C[h]-algebra isomorphism WV =~ @, A, where Ay
denotes the C[A]-module of skew-symmetric C[/]-polynomials in k variables, while
the algebra structure on the direct sum arises via the standard skew-symmetrization
maps Ax @ Aj — Agyi. O

Next, assume 1 = 2. Due to Theorem 2.79, the following result implies Theo-
rem 3.11:

Lemma 3.13 The ordered products {x"'xx™2% - - - xx"* }22&15"'5”‘ form a C[h)-basis
of WV.

Proof Recall from [25, Lemma 6.22] that the k-th power of x” € WIV k>1,r>0)
equals x" % - -*x” =k - (x1 - - - xx)". Therefore, for any ordered collection

O<Sri=-=ry <41 = =Ttk < < Fhydobhi_ +1 =+ * = Fk=ky .otk »

it is clear that x"1 % - - - xx"% is a symmetric polynomial of the form
Ve, ..., l‘k)(-x17"'axk)+2v£/m£/(-xla"~9-xk)'
Here, m,(x1, ..., xx) are the monomial symmetric polynomials, the sum is over r =
(r] <--- <rp)satisfying ry <r{ <r; <ri,vp € Clh],and v, = I—[f=1 ki.
This completes the proof ofLemmfl 313as{my,.. ) (X1, ..., Xk)J0<s; <<, fOrm
a C[h]-basis of C[A][{x,}*_ 1% ~ W o
Combining Lemmas 3.12 and 3.13, we obtain the proof of Theorem 3.11.

3.3 The specialization maps and the injectivity of ¥

For an ordered PBW monomial XZ (h € H), define its degree deg(x;{) =

deg(h) e N""T as a collection of dg = ¥,y h(B.r) (B € A*) ordered with

respect to the total ordering (2.76) on A™. We consider the lexicographical ordering
. n(n—1)
on the collections d = {dg}gea+ Of N™ 2

{dg)pen+ < {dg)pen+ iff thereis y € Atsuch that d, > dy, and dg = dg for all B < y.
In what follows, we shall need an explicit formula for \P(xgyr):
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Lemma3.14 Forl1 < j <i <nandr €N, we have

_ P(Xj1,...,Xi1)
Wxt, )=h"’ : .
ety (j—Xje10) - (e —xi1)

where p(xj 1, ..., X; 1) is a degree r monomial, up to a sign.
Proof Straightforward computation. O

For B = aj +aji1 + ... + a4, define j(B) := j,i(B) := i, and let [B] denote
the integer interval [j(8); i(B8)]. Consider a collection of the intervals {[8]}gea+
each taken with a multiplicity dg € N and ordered with respect to (2.76) (the
order inside each group is irrelevant), denoted by Ugeca+ [B1%. Define I € N via
L= BeA+ dg|B]. Let us now define the specialization map

1<s<d

¢a: W) —> ClAll{Yp.s) yenps |- (3.15)

Split the variables {xi,r}g 65; =l into > pea+ dp groups corresponding to the above

intervals, and specialize the variable xy » in the s-th copy of [8] to yg s+ m h

(so that the x, ,-variables in the s-th copy of the interval [ 8] are specialized to various
S X1, ) =V
e w/’,

n—2 15rlfki-%—l
TS5 nlgrfki (i =X 41,1)

we finally define ¢4 (F') as the corresponding specialization of its numerator f.

h-shifts of the same new variable yg ). For F' =

Remark 3.16 Note that ¢4(F) is independent of our splitting of the variables
{x,',r}i1 eslr =l into groups and is supersymmetric in {yﬁ,s}fi | foreach B € AT (recall

1Bl = lejpyl + ... + leiep)D-

The key properties of the specialization maps ¢4 are summarized in the next two
lemmas.

Lemma3.17 Ifdeg(h) < d, then ¢4(V(x;)) = 0.

Proof The above condition guarantees that ¢4-specialization of any summand of the
supersymmetrization appearing in W (xh+) contains among all the ¢ -factors at least one

factor of the form ¢&; ;41 (—C“’%h) = 0; hence, it is zero. The result follows. O
s 41 deg(h)=d . .
Lemma3.18 The specializations {¢qa(\V (X, )}, Sy are linearly independent
over C[R].
— h(B.r)
Proof Consider the image of x; = [1ig.r)e A+xNXE,r "7 under V. It is a sum of

o pea+ dp)! terms, and as in the proof of Lemma 3.17, most of them specialize
to zero under ¢y, d := deg(h). The summands which do not specialize to zero are
parametrized by X4 := [ pea+ 2dg- More precisely, given (o) gea+ € X, the asso-
ciated summand corresponds to the case when forall 8 € AT and 1 < s < dg,
the O B<p dg + s)-th factor of the corresponding term of \IJ(XZ) is evaluated at

@ Springer



Shuffle algebra realizations of type A super Yangians and... 2103

{¥B.op(s) + Mfi}j(ﬁ)fkg(ﬂ). Similar to [25, Lemma 3.15], the image of

this summand under ¢; may be written in the form ]_[g;i At Gpp - [lgea+ Gp -

I—[ﬂeA+ Ggfﬂ) (up to a sign) with the factors Gg g/, Gg, G;;ﬁ) to be specified below.
The factor Gg g (B < pB’) arises as a product of the specializations of the ¢ -factors

(note that we ignore the denominator z in & x+1(z), but not in & x(z)) among two

variables, which are getting specialized to h-shifts of yg . and yg .. Explicitly, we
have

I=s'<dy i(p)

Gep= ] ]I {(yﬁqs — ypr. )k B=1 Okicp)
L<s<dg k=j(p) (3.19)

X (V.5 = Ygrst = (=DFRM (g5 = v 7+ 81, 5 (= DF W)kt }
In particular, the total power of (yg s — yg/,s) in Gg g is nonnegative and equals

#{k|[B] > k € (B, lawcl = 1} + 8;(8)<j(p)di(B)+1elp']- (3.20)

Likewise, the total factor Gg - G/(;‘g ) arises as a product of:

1) the specializations of \I!(x;; o)

2) the specializations of the ¢-factors (note that we ignore the denominator z in
Ck.k+1(z), but not in &k x(z)) among two variables, which are getting specialized
to h-shifts of yg «.

Due to Lemma 3.14, the total contribution of the specializations in 1) equals

dg
RdpE(B)—j(B)) . PB.rs(s) VB.os(s))- (3.21)

s=1

where the collection {rg(h, 1), ..., rg(h, dg)} is obtained by listing every r € N with
multiplicity 4(8, r) > 0 in the non-decreasing order and pg ,(y) are degree » monic
polynomials (obtained by evaluating the monomials p of Lemma 3.14 at /-shifts of y).
On the other hand, the total contribution of the specializations in 2) equals

6 —
1,0
[1 [1 (O’ﬂ.aﬂu) = Yop(s") ~ WOB.og(s) ~ VBog(s) T ﬁ)) I x
I=s<s'=dg j(B)<j=<i(P)
T 8 07
1_[ 1_[ ((yﬂ,alg(s) - yﬁ,aﬂ(s/) - (71)jh)(yﬂ.o'/3(‘\‘) — yﬁﬁﬂ(.&"))) loj LT o (322)

I<s<s'<dg j(B)<j=<i(B)

— 8. A
1 B + (=D Pp) @t
l<s<s'<dg YB.op(s) ~ yﬂ'aﬁ(“'/)

While the product of the factors Gg and Ggfﬂ ) equals the product of expres-
sions (3.21, 3.22), we define each of them separately as follows:
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Gp = nipE(B)=J(B)) 1—[ Op.s — g /)LOdd(ﬂ)J(yﬁ - h)even(ﬁ)ﬂodd(ﬁ) 1J,
15s7£s/5d5
(3.23)
, - _1i B,

}ﬁ,nﬁ(s) YB.o (_,-/)‘H l)/( h . _

<a ) o b , if|g| =0
/ 1_[ PB.rg(h,s) VBop(s)) - M YB.og() V.o (s") TPl ; (3.24)

s=1 (=17, if |l =1

where

even(B) := #{k € [Blllox| = 0} and odd(B) := #{k € [Blllow| = 1}.

It is straightforward to verify that the products of (3.23, 3.24) and (3.21, 3.22) indeed
coincide.

Note that the factors {Gg g'}g<p U {Gpgl}p of (3.19, 3.23) are independent of
(0p)gen+ € Xg4. Therefore, the specialization ¢4 (\I/(x;{)) has the following form:

B<p'
gaWoin == ] Gop-[1Gs- [T | D 67| 325

B.peAt BeAT BeAt Uﬁez(]ﬂ

For B € AT, consider a two-dimensional superspace Vé with basis vectors v} and

(o) .
G g coin-

-V
cides with the value of the shuffle element pg, ra(h 1) (X)% -+ - XPB g (i, dﬂ)(x) € Wdﬂﬁ

v, having the parity j(B) and i (f), respectively. Then, the sum )

Uﬁezdﬁ

evaluated at {yg.s }g |- The latter elements are linearly independent (they form a basis

of W ) due to Lemmas 3.12 and 3.13.
Thus (3.25) together with the above observation completes our proof of
Lemma 3.18. o

Corollary 3.26 The homomorphism WV : Y};r(sl(V)) — WV is injective.

Proof Assume the contrary, that there is a nonzerox € Y,;r (sl(V)) suchthat W (x) = 0.
Due to Theorem 2.79, x may be written in the form x = ) heH Ch X;:_, where all but
finitely many of ¢;, € C[h] are zero. Define d := max{deg(h)|c, # 0}. Applying
the specialization map ¢g4 to ¥(x) = 0, we get Zze;glgh):g chqbd(lll(x;)) = 0 by
Lemma 3.17. Furthermore, we get ¢, = 0 for all h € H with deg(h) = d, due to
Lemma 3.18. This contradicts our choice of d.

This completes our proof of the injectivity of W. O

3.4 Proofs of the main results

In this section, we describe the images of Y;;r (sl(V)) and Y;lr (sl(V)) under V. To
present the former, we make the following definition:
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Definition3.27 F € W/ is good if ¢4(F) is divisible by h2sea+ B TB=IED for any
degree vector d = {dg}gea+ such that k = ZﬁeA+ dg[B].

Set WV := @ W)/, where W) C W, denotes the C[R]-submodule of all
good elements. - - -

Remark 3.28 (a) For dim(V) = 2, we have W" = WV.
(b) 25V € WV as any integral shuffle element is obviously good.

Lemma 3.29 W (Y, (sl(V))) € W".

Proof The proof is completely analogous to that of [25, Lemma 6.19] for the particular
case of (2.17). For any 8 € AT, 1<s< dg and j(B) < k < i(B), ¢-factors between
the variables xy 4 and xi41 « that are specialized to A-shifts of yg ; always specialize
under ¢4 to a multiple of A. It remains to note that the total number of such pairs is

exactly 3 gcat dp(i(B) — j(B)). o
The following is the first key result of this section:

Theorem 3.30 The C[h]-algebra embedding WV : Yrj(s[(V)) — WV gives rise to a
C[h]-algebra isomorphism \V : Yg' (s1(V)) = WV.

Proof We need to show that any good element F € ka belongs to the submodule

MnN WkV, where M c WV denotes the C[/]-submodule spanned by {\If(x,f)} nen . Let

. . . nn—1)
Ty denote a finite set consisting of all degree vectors d = {dg}gea+ € N* 2 such

that ) pea+ dplBl = k. We order T} with respect to the lexicographical ordering on

n(n—1) . .. . .
N2 In particular, the minimal elementd, ;, = {dg}geca+ € Ty is characterized by

dg = 0 for all non-simple roots g € A™.

The proof is crucially based on the following result:

Lemma3.31 If ¢y (F) = 0 for all ' € Ty such that d' > d, then there exists an
element Fg € M such that ¢4(F) = ¢pa(Fg) and ¢y (Fg) = 0 for all d >d.

1<s=<dp

Proof of Lemma 3.31 Consider the following total ordering on the set {(8, s)} peat -

B,s)<B,sHift B<p orp=p,s<s". (3.32)

First, we note that the wheel conditions (3.4, 3.5) for F' guarantee that ¢q(F)
(whichis a polynomial in {yg ¢}) vanishes up to appropriate orders under the following
specializations:

(i) yps = yp.sv + hfor (B,s) < (B.s),

(i) yps = yp.s — hfor (B,s) < (B',s").
The orders of vanishing are computed similarly to [25, Remark 5.24], cf. [5,20]. Let us
view the specialization appearing in the definition of ¢ as a step-by-step specialization
in each interval [B]. As we specialize the variables in the new interval, we count
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only those wheel conditions that arise from the non-specialized yet variables. Varying
different orderings of the intervals, we pick the maximal order of vanishing for each
of the linear terms yg s — yg/ ¢ &= h. We claim that the resulting orders of vanishing
under the specializations (i) and (ii) exactly equal the powers of yg s — yg/ ¢ F hin
Gpp (if p < B)orin Gg (if B = B’). More precisely:

— if i(B) < i(B'), then specializing first in the s-th copy of [8] and then in the s’-th
copy of [B'], the orders of vanishing under (i, ii) equal the powers of yg s — yg ¢ Fh
inGg g';

— if i(B) > i(B'), then specializing first in the s’-th copy of [8’] and then in the s-th
copy of [8], the orders of vanishing under (i, ii) equal the powers of yg s —yg & F 1
inGg g/;

— if i(B) = i(B’) (or B’ = B), specializing first in the s-th copy of [8] and then in
the s’-th copy of [8'], the orders of vanishing under (i, ii) differ from the powers
of ygs — yp s Fhin Gg g or Gg (if B/ = B) by an absence of a single factor

Ygs — g5 + (=115 Reversing the order of specializations, we end up

missing only one factor yg o — yg.5 + (— 1)!®+1}. Hence, picking the maximal
order of vanishing for each of yg s — yg' o F h achieves the result.

Second, we claim that ¢4 (F) vanishes under the following specializations:

(i) yps = yps for (B,s) < (B',s") such that j(B) < j(B") andi(B) +1 € [B'].

Indeed, if j(B) < j(B") and i(B) + 1 € [B'], there are positive roots y, ¥’ € A such
that j(y) = j(B).i(y) = i(B). j(y") = j(B).i(y") = i(B). Consider the degree
vector d’ € Ty given by d}, = dy + 84,y + 8a,’ — 80,p — 8a,p'- Then, d’ > d and thus
¢ (F) = 0. The result follows.

Finally, we also note that the skew-symmetry of the elements of W" with respect
to the variables {x; .} with |ox| = 1 implies that ¢4 (F) vanishes under the following
specializations:

(iv) yps = yp.s for (B,s) < (B',s") B
and vanishing order is #{k|[8] > k € [B'], x| = 1}.

For B < B’ and any s, s’, combining (iii) and (iv), we see that the order of vanishing of
¢a(F) at yg ¢ = yg ¢ exactly equals the power of yg s — yg ¢ in Gg g as computed
in (3.20). Similar, for ' = Band 1 < s < s’ < dg, combining (iii) and (iv), we see
that the order of vanishing of ¢4 (F) at yg s = yg ¢ equals the power of yg s — yg ¢
in Gg of (3.23) plus one if |8] = 1.

Combining the above vanishing conditions for ¢4 (F) with F being good, we see
that ¢4 (F) is divisible exactly by the product ]—[ﬂ<ﬂ/ Ggp - ]_[/3 Gg of (3.19, 3.23).
Therefore, we have

p<p’
¢a(F)= [] Gpp- [] Gs-G (3.33)
B.B eAt BeAT
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for some supersymmetric polynomial

1<s<d

G € Clhllyp.s)yons 172 = &) ClAll{yp.e)e 17, (3.34)
BeAt

where C[A][{yg,s }jﬂ: 1] Zdg denotes the submodule of symmetric (resp. skew-symmetric)

polynomials in {yﬂ,s}jil if |B] = 0 (resp. |B] = 1).

Combining this observation with formula (3.25) and the discussion after it, we see
that there is a linear combination Fy = zzglgh)zi chthr such that ¢4 (F) = ¢a(Fy),
due to our proof of Lemma 3.18. The equality ¢, (Fy) = 0 for d’ > d is due to
Lemma 3.17. B

This completes our proof of Lemma 3.31. O

Letd, . andd ;. denote the maximal and the minimal elements of T}, respectively.
The condition of Lemma 3.31 is vacuous for d = d ... Therefore, Lemma 3.31
applies. Applying it iteratively, we will eventually find an element F € M such that
Qa(F) = ¢¢(1?) for all d € Tg. In the particular case of d = d .., this yields F = F

K min°®
(as the specialization map ¢4 . essentially does not change the function). Hence,
FeM.

This completes our proof of Theorem 3.30. O

Using the same arguments, let us now prove Theorem 3.9.
Proof of Theorem 3.9 The proof proceeds in two steps: first, we establish the inclusion
(Y} (s(V))) €207, and then, the opposite inclusion W (Y} (sI(V))) 2 20"
Lemma3.35 W(Y; (sl(V))) € V.

Proof According to Lemma 3.14, W(X ) is divisible by A'#)=/()+1 Tt remains to
note that

Yo dgiBY =B+ D =) L, (3.36)

BeATt iel
where [ = (I1, ..., 1,—1) € N is defined via (I1, ..., l,_1) := Zﬁ€A+ dglBl. O

The proof of the opposite inclusion W (Y',!Lr (sI(V))) 2 20" is completely analogous
to our proof of Theorem 3.30 and Lemma 3.3 1. Indeed, it suffices to note that the factor
1ide ((B)=1(B) in the definition of G (3.23) shall be replaced by R EB=iB+D which
does not affect (3.33), due to (3.36) (as we replaced “F being good” by “F being
integral’). O

We conclude this section with a new proof of Theorem 3.10.

Proof of Theorem 3.10 (a) Since W: Y{(s[(V)) — WV is injective and the image
of Y‘{ (sI(V)), the submodule 25", is independent of any choices of x/;r’r, Theo-
rem 3.10(a) follows.
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(b) Following the proofs of Theorems 3.9 and 3.30, we have already established that
25V is C[]-spanned by the images of the ordered PBW monomials {W (X;)}hep-
Combining this with the injectivity of ¥ and Theorem 2.79, completes the proof
of Theorem 3.10(b). O

4 Generalization to type A quantum affine superalgebras

In this section, we briefly discuss the trigonometric counterparts of the previous results.
The quantum affine superalgebras were first studied 20 years ago by Yamane [26]. In
the loc.cit., both the Drinfeld—Jimbo and the new Drinfeld realizations were proposed
and the isomorphism between those was obtained. Also, the isomorphisms between
the Drinfeld—Jimbo quantum (affine) superalgebras corresponding to different Dynkin
diagrams were constructed.

Remark 4.1 Such isomorphisms in the type A toroidal setup, which does not admit the
Drinfeld—Jimbo realization, have been recently constructed in [2].

In this section, we obtain the shuffle algebra realizations of the “positive halves” of
the quantum affine superalgebras of gl(V') corresponding to different Dynkin diagrams
of gl(V).

Let v be a formal variable. Define the “positive half” of the quantum loop super-
algebra of gl(V), denoted by U, (Lgl(V)), to be the associative C(v)-superalgebra
generated by {e; , }; EEIZ with the Z,-grading |e; | = |«;|, and subject to the following
defining relations:

(z — v w)e; (e (w) = (=DM @z — w)ej(w)e; (2). (4.2)
[ei(2), ej(w)] = 0if ¢;; =0, 4.3)

as well as cubic v-Serre relations

lei (z1), [ei(z2), €j(w)]y-11o + [€i (22), [ei(z1), € (w)]y-1]y = O j =i + 1 and |a;| =0,
4.4

and quartic v-Serre relations

[[lei—1(w), i (z1)]y-1, €ir1()]y, €i (z2)] + [[[ei—1(w), i (z2)],-1, €ir1()]v, €i (z1)] =0
if Jo;] = 1 and || = |eti1| = 0, 4.5)

where ¢;(7) := ZreZ eirz " la, bl :=ab—(— Dlal1blx . pa for homogeneous a, b.

Remark 4.6 The superalgebra U, (Lgl(V)) is N’-graded via deg(e;,) = 1; =
0,...,1,...,0) with 1 at the i-th spot. Given elements a,b € U, (Lgl(V)) with
deg(a) = k and deg(b) = [, weset (a, b) := > kiljc;j. Following [26, §6.7], we
define [[a, b]| := ab — (=Dl Ply@b) . pq,

ijel
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(a) The cubic v-Serre relations (4.4) can be written in the form

[ei(z1), [lei (z2), e; (W) + [ei (z2), [ei(z1), ej(w)]] = 0. 4.7

The relation (4.7) is also valid for |o;| = 1, but in that case, it already follows
from (4.3).
(b) The quartic v-Serre relations (4.5) can be written in the form

[[lei-1(w), ei (z)T, ei+1)], €i (z2)1 + [Mllei—1 (w), e; (z2)], ei+1 ()], €; (z1)] = 0.
(4.8)

The relation (4.8) is also valid for any other parities of o; 1, «;, i1, butin those
cases, it already follows from the quadratic and cubic relations (4.2-4.4).
(c) We finally note that (4.8) may be replaced by the following equivalent relations:

[lei—1(w), ei (z)T, [eit1(u), e; (z2)I1 + [llei—1(w), e; (z2)], Lei+1(u), €; (z1) ] = 0.
“4.9)

This is an affinization of the quartic v-Serre relations of [6] for finite quantum
superalgebras.

Let us now define the trigonometric shuffle (super)algebra (S v, *) analogously to

the rational shuffle (super)algebra (WV, *) of Sect. 3.1 with the following modifica-
tions:

(1) All rational functions F € SV are defined over C(v);
(2) The analogue of (3.1) is the matrix (¢;, j(2));, jer € Maty(C(v)(z)) defined via
_ 3i>j5\u.\j‘s\a-|_i —Cii .
Gi,j(@) = (=1 P =) (=1 (4.10)
(3) The shuffle product is defined via (3.2) with ¢; y/(x; , — x;s ) replaced by

Giir(Xir /X7 17)5
(4) The pole conditions (3.3) for F' € S,Y are modified as follows:

F&, o Xt k)

- —2 177 <kit1 ’
H?:l l_[rgk;l+ (Xir = Xit1,7)

@11

where f € ((C(v)[{xil;1 }1165; =ki Dk isa supersymmetric Laurent polynomial;

(5) The first kind wheel conditions (3.4) for F € S V' are modified as follows:
F({x;,}) =0once x; ,, = 0xjjes = vzx,‘,,2 for some €,i,r1,r2, s, (4.12)
with || = O;
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(6) The second kind wheel conditions (3.5) for F € SV are modified as follows:

F({x;,}) =0o0nce xj_1 5 = 0Xj r, = Xi41,5 = 1)71x,~,,2 for some i, r1, 12, s,s’, (4.13)

with || = 1.

The following is the main result of this section (announced in [25, §8.2]), general-
izing [25, Theorem 5.17] for the particular case of (2.17):

Theorem 4.14 The assignment e; , — x] , (i € I,r € Z) gives rise to an algebra
isomorphism

WU (Lgl(V)) = SV, (4.15)

The proof of this theorem is completely analogous to our proof of Theorem 3.30.

Remark 4.16 We note that [25, Theorems 3.34, 8.8] providing the shuffle algebra
realizations of the RTT and Lusztig/Grojnowski/Chari-Pressley integral forms of
U, (Lgl,) can be straightforwardly generalized to the case of U, (Lgl(V)). The
former has potential applications to the geometric representation theory (cf. [11, Propo-
sition 4.12, Remark 4.16] for n_ = 0).
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