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Abstract

We construct a family of PBWD (Poincaré—Birkhoff—Witt—Drinfeld) bases for the
quantum loop algebras U, (Lsl,), Uy, v,(Lsl,), Uy(Lsl(m|n)) in the new Drinfeld
realizations. In the 2-parameter case, this proves (Hu et al. in Commun Math Phys
278(2):453-486, 2008, Theorem 3.11) (stated in loc. cit. without a proof), while in the
super case it proves a conjecture of Zhang (Math. Z. 278(3-4):663-703, 2014). The
main ingredient in our proofs is the interplay between those quantum loop algebras
and the corresponding shuffle algebras, which are trigonometric counterparts of the
elliptic shuffle algebras of Feigin and Odesskii (Anal. i Prilozhen 23(3):45-54, 1989;
Anal i Prilozhen 31(3):57-70, 1997; Integrable Structures of Exactly Solvable Two-
Dimensional Models of Quantum Field Theory (Kiev, 2000). NATO Sci Ser II Math
Phys Chem, vol 35, Kluwer Academic Publishers, Dordrecht, pp 123-137, 2001). Our
approach is similar to that of Enriquez (J Lie Theory 13(1):21-64, 2003) in the formal
setting, but the key novelty is an explicit shuffle algebra realization of the corresponding
algebras, which is of independent interest. This also allows us to strengthen the above
results by constructing a family of PBWD bases for the RTT forms of those quantum
loop algebras as well as for the Lusztig form of U, (Lsl,). The rational counterparts
provide shuffle algebra realizations of type A (super) Yangians and their Drinfeld—
Gavarini dual subalgebras.
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1 Introduction
1.1 Summary

The quantum loop algebras (aka quantum affine algebras with the trivial central charge)
associated to a simple finite dimensional Lie algebra g admit two well-known presen-
tations: the original Drinfeld—Jimbo realization U ,I,)J (Lg) and the new Drinfeld (aka
loop) realization U, (Lg). The latter presentation (which is essential to study the rep-
resentation theory of quantum loop algebras) was introduced by V. Drinfeld in [7],
while the explicit isomorphism

U (Lg) => Uy(Lg) (1.1)

was stated without a proofin [7, Theorem 3]. Actually, (1.1) was upgraded in loc. cit. to
the isomorphism of the corresponding quantum affine algebras (with nontrivial central
charges)

U@ = U,@ (1.2)

The proof of the isomorphism (1.2) (hence, also of (1.1)) was properly established in
the works of J. Beck [2], I. Damiani [6], and N. Jing [23]. Let us note that [2,6] actually
constructed the isomorphism opposite way U, (g) —> UP’(g) by utilizing Lusztig’s
affine braid group action on U, ,I,)J (9), which is precisely the inverse of (1.1), as shown
in [2, Remark of §4].

Since quantum loop algebras are natural quantizations of the universal enveloping
of the loop Lie algebras Lg = g, t’l], one of the first natural tasks is to seek an
analogue of PBW bases for the former algebras. This was accomplished more than 25
years ago by J. Beck [1] in the context of U,PJ (@). More precisely, he constructed the
bases of each of the subalgebras featuring in the triangular decomposition (viewed as
a vector space isomorphism)

Ul @ ~ U@ o ul 0@ @ UM <@). (1.3)

We note that the construction of [1] actually depends on a choice of an element x € PY
of the coweight lattice, which pairs positively with all simple roots of g, together with
a choice of a reduced decomposition of (1,x) € W x PY ~ We in the extended
affine Weyl group.

The algebra U, (g) also admits a triangular decomposition, i.e. a vector space iso-
morphism

Uy@ ~U; @ QU@ @ U @). (1.4)

However, the isomorphism (1.2) does not intertwine the triangular decompositions
(1.3, 1.4). Therefore, it is desirable to construct PBWD bases (the letter “D” after
“PBW” is to indicate the new Drinfeld realization) of U,(g), compatible with the
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triangular decomposition (1.4). As U, (g) ~ U, (Lg) is actually isomorphic to
U; (@) ~ U, (Lg), the above boils down to:

Problem: Construct PBWD bases of the positive subalgebras U, (Lg).

To our surprise, this question seems to remain open. The only case we found addressed
in the literature is the type A quantum loop algebras and their two-parameter gener-
alizations Uy, v, (Lsl,), see [22, Theorem 3.11]. However, the proof of that theorem
is missing in loc. cit. This gap has been also noticed in [37,38], where a weak ver-
sion of the PBW property has been established for the quantum loop superalgebra
U, (Lsl(m|n)) of [36] by straightforward lengthy arguments.

One objective of this paper is to fill in the above gap by constructing a fam-
ily of PBWD bases for the aforementioned quantum loop algebras U,(Lsl,),
Uy, v, (Lsl,), Uy(Lsl(m|n)), which we further refine by constructing a family of
PBWD bases for their certain integral forms 4, (Lsl,), Uy, v, (Lsl,), Yy (Lsl(m|n)),
defined over Clv, v_l] and C[vy, va, vfl, v;l], respectively.1 This is accomplished
by providing the shuffle realization of their positive subalgebras (following the ideas
of [12-14] and [10]), which constitutes another main result of our paper. It should
be noted that the corresponding shuffle realization of U, (Lsl,) can be implicitly
deduced from [31], but we provide an alternative simpler proof which also works for
the other two algebras U, . (Lsl,), U, (Lsl(m|n)) as well as for their integral forms

v,V
8 (Lsly), 42, (Lsly), 6z (Lslom|n)).

The aforementioned integral forms are not completely new in the literature. Indeed,
the gl,,-counterpart of 1, (Lsl,), the integral form £, (Lgl,,) of the quantum loop alge-
bra U,(Lgl,), appeared recently in [17] where it was used to construct and study
integral forms of type A shifted quantum loop algebras. As shown in loc. cit., U, (Lgl,)
coincides with the tautological integral form (that is, the C[v, v~']-subalgebra gen-
erated by the same collection of generators) of U"(Lgl,), the RTT realization of the
quantum loop gl,,. The RTT approach to quantum groups goes back to the St. Peters-

burg school of L. Faddeeyv, see [15], while the isomorphism
Uyt (Lgl,) ~ Uy(Lgl,) (1.5)

is due to [9], where it was actually upgraded to quantum affine algebras:
UM(gl,) >~ Uy(gl,). The isomorphism (1.5) admits natural generalizations to the
two-parameter and super-cases:

U;tlt,vz (Lgly) = Uy 0, (Lgly)

(1.6)
U, (Lgl(m|n)) = Uy(Lgl(m|n))

see [24,39] and the references therein. Thus, the tautological integral forms of the

algebras in the left-hand side of (1.6) give rise to integral forms of the algebras in the

right-hand side, which can be perceived as gl,,, gl(m|n)-counterparts of our integral

forms Ly, v, (Lsl,), Uy (Lsl(m|n)).

1 1t should be noted right away that these forms can be defined over Z[v, vil] and Z[v, vy, vl_l, v2_1 1,
respectively, and all our results for the integral forms generalize verbatim to this setting as well.
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Let us point out right away both the similarities and the differences between the
current work and a much older paper [10] of B. Enriquez. In [10], the author established
similar results for the quantum loop algebras in the formal setting, thatis, when working
over C[[A]] rather than over C(v). In particular, the PBW theorem of [10, Theorem 1.3]
is proved using an embedding of U (Lg) into the corresponding type g shuffle algebra
§(® [10, Corollary 1.4] with the image S® c S@ being the subalgebra generated by
degree 1 components. In type A, this coincides with our Proposition 3.4. However, the
heart of our shuffle algebra realization is the proof of the equality $(® = S(® _at least,
for g = sl,, (and similarly for g = sl(m|n)). This implies the (corrected) description
of §® conjectured in [10, Remark 3.16].

We expect that similar arguments shall provide PBWD bases for U,(Lg) as well
as establish their shuffle realizations, at least for simply-laced simple g, which will
be discussed elsewhere. In contrast, the PBWD theorem for the Yangian Y (g) of any
semisimple Lie algebra g has been proved long time ago in [28].

A particular PBWD basis of the integral form i, (Lsl,) was used in [17] to define
an integral form of type A shifted quantum loop algebras of [16], see Remark 2.13
and Theorem 2.23. Furthermore, an important family of elements of the latter form,
which were crucially used in [17, Proof of Theorem 4.15], appear manifestly via their
shuffle realizations (3.45).

Another particular PBWD basis of LI (Lsl,,) is very similar to the one arising from
the results of [31] by viewing U, (Lsl,) as a “vertical” subalgebra of the quantum
toroidal algebra U, 3 (g.{[n), see Remark 3.27.

Finally, let us make a few general comments about the PBWD bases constructed in
this paper. As was pointed out to us by P. Etingof, the linear independence of the ordered
monomials (2.15), which is established in Sect. 3.2.2, can be immediately deduced
by using the PBW property of U (sl, [z, 7']) as well as flatness of the deformation,
cf. [10, Theorem 1.3]. Nevertheless, we provide technical details as they are needed
both for Sect. 3.2.3 and for the generalizations to the two-parameter and super cases.
At that point, we should note that while the two-parameter quantum affine algebras
have been extensively studied since the original work [22], see [24,26,27] for a partial
list of references (see also [3,4,25,35] for the case of two-parameter quantum finite
groups), not many results have been established for them. In particular, itis still an open
question whether these are flat deformations of the corresponding universal enveloping
algebras (the results of the current paper give an affirmative answer to this question in
type A). In [27], an isomorphism between the Drinfeld—Jimbo and the new Drinfeld
realizations of these algebras was established (generalizing [22, Theorem 3.12] for
type A), but it is not known (at the moment) whether the former realization admits the
PBW basis analogous the one of [1,2].

1.2 Outline of the paper

e In Sect. 2.1, we recall the new Drinfeld realization of the quantum loop
algebra U,(Lsl,). In Proposition 2.9, we invoke its triangular decomposition as
well as explicit descriptions of its positive, negative, and Cartan subalgebras
U, (Lsly), Uy (Lsly,), U,?(Ls[,,) established in [21].
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In Sect. 2.2, we introduce the PBWD basis elements eg (1), fg(r) of (2.12), which do
depend on certain choices [see (1)—(3) prior to (2.12)]. Having picked a specific order
(2.11) on AT x Z, we use those elements to construct the ordered PBWD monomials
e, fn of (2.15). This provides a family of the PBWD bases for U~ (Lsl,), U, (Lsl,)
and Uy (Lsl,), see Theorems 2.16 and 2.18 for the formulation of these results, while
their proofs are deferred to Sect. 3.

In Sect. 2.3, we introduce integral forms T (Lsly), 35 (Lsl,) as the Clw, v 1]-
subalgebras generated by Eﬂ (r), fp(r) of (2.19). While these elements do depend on
the choices (1)—(3) made prior to (2.12), we prove that the forms {7 (Lsl,), U5 (Lsl,)
are independent of these choices and posses PBWD bases (over Clv, p! 1), see The-
orem 2.20 (which is proved in Sect. 3). Following Remark 2.27, the integral form
Uy (Lsl,) of the entire U, (Lsl,) introduced in Definition 2.21 is identified with the
RTT integral form U5 (Lsl,) of [15], which is used in [17] to establish Theorem 2.23.
The latter implies the triangular decomposition for 4, (Lsl,) as well as provides a
whole family of the PBWD bases for it, see Corollary 2.24, Theorem 2.25.

e In Sect. 3.1, we introduce the shuffle algebra S, which may be viewed as a trigono-
metric degeneration of the elliptic shuffle algebra of Feigin—Odesskii, see [12—14]. An
algebra embedding W: U,” (Lsl,) < S™ of Proposition 3.4 is a “simple version” of
the shuffle realization of U, (Lsl,) (which was first used in [10] in the formal setting).
The “hard version” of the shuffle algebra realization, Theorem 3.5, establishes that
W is an algebra isomorphism. We conclude this section with a construction of the
specialization maps ¢4 (3.7) which constitute the key tool in our study of the shuffle
algebra S and the homomorphism W.

In Sect. 3.2, we prove simultaneously Theorems 2.16 and 3.5 by combining the
key properties of the specialization maps ¢4 established in Lemmas 3.16, 3.17, 3.21
with a direct treatment [crucially based on the formula (3.10)] of the simplest
“rank 1” case n = 2 in Lemma 3.12.

In Sect. 3.3, we provide an explicit description of the image 6™ = w5 (Lsiy) c $®),
see Theorem 3.40 and Definition 3.37. While this description of G is rather cum-
bersome (in particular, it is not even obvious that it is a C[v, v_l]-subalgebra of S (")),
we can still establish important properties for it, see Proposition 3.42, which play the
crucial role in [17].

In Sect. 3.4, we prove simultaneously Theorems 2.20 and 3.40 by first treating
n = 2 case in Lemmas 3.46, 3.48 and then following arguments of Sect. 3.2 to treat
the general case.

e In Sect. 4, we generalize the key results of Sects. 2, 3 to the two-parameter
quantum loop algebras U, ,, (Lsl,) of [22] recalled in Sect. 4.1. We construct
a family of the PBWD bases for Uy, ,, (Lsl,) in Theorem 4.3, thus generalizing
[22, Theorem 3.11] presented in loc. cit. without a proof, see Remark 4.4. We further
strengthen this by constructing a family of the PBWD bases for the integral form
1t s (Lsl,), see Theorem 4.7. Finally, we provide the shuffle algebra realization of

Uy, v, (Lsl,) in Theorem 4.10.

e In Sect. 5, we generalize the key results of Sects. 2, 3 to the quantum loop superalgebra
U, (Lsl(m|n)) of [36] recalled in Sect. 5.1. We construct a family of the PBWD bases
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for U, (Lsl(m|n)) in Theorem 5.7, thus proving a conjecture of [37], see Remark 5.8.
We further strengthen this by constructing a family of the PBWD bases for the integral
form U (Lsl(m|n)), see Theorem 5.11.

In Sect. 5.4, we introduce the shuffle algebra S"") featuring new wheel condi-
tions and skew-symmetry in one family of variables. Generalizing Theorem 3.5, we
construct an algebra isomorphism U, (Lsl(m|n)) — S (min) “see Theorem 5.18 and
its proof in Sect. 5.5.

e In Sect. 6.1, we recall the positive subalgebra of the Yangian Y; (sl,) and its
Drinfeld—Gavarini dual subalgebra Yg (sl,,), as well as the PBWD bases for those,
see Theorems 6.5, 6.8.

In Sect. 6.2, we introduce a (rational) counterpart W of the (trigonometric)
shuffle algebra ™, equipped with an embedding W : ¥; (sl,) < W, see Propo-
sition 6.16. In contrast to Theorem 3.5, W is not an isomorphism, and we provide
explicit descriptions of the images W = V(Y (sln)), = V(Y7 (sly)) in
Theorems 6.20, 6.27, see Definitions 6.17, 6.25.

e In Sect. 7.1, we recall the positive subalgebra of the super Yangian Y;” (sl(m|n)),
its Drinfeld—-Gavarini dual subalgebra Y7 (s[(m|n)), and their PBWD bases, see The-
orems 7.6, 7.7.

In Sect. 7.2, we introduce a (rational) counterpart Wl of the (trigonometric)
shuffle algebra S equipped with an embedding W : Y7 (sl(m|n)) — W mln)
see Proposition 7.11. We provide explicit descriptions of the images W) =
Y (Y, (sl(m|n))) and pmin) — V(Y7 (sl(m|n))) in Theorems 7.14, 7.15, see Defini-
tion 7.12.

e In Sect. 8.1, we recall another integral form U (Lsl,) of U, (Lsl,), first explicitly
considered in [20]. We construct a family of the PBWD bases for U, (Lsl,,) in Theo-
rem 8.4 and provide its shuffle algebra realization in Theorem 8.7, see Definition 8.5.
The former yields a family of the PBWD bases for the Lusztig form [29] of U, (Lsl,,),
due to Remark 8.8 and Theorem 8.9. In the rest of Sect. 8, we recall the key results of
the companion papers [33,34].

2 Quantum loop algebra U, (Lsl,) and its integral form L(, (Ls(,)

2.1 Quantum loop algebra U, (Lsl,)

Let I = {1,...,n — 1}, (cij)i,jer be the Cartan matrix of sl,, and v be a formal
variable. Following [7], define the quantum loop algebra of s[,, (in the new Drinfeld

presentation), denoted by U, (Lsl,), to be the associative C(v)-algebra generated by
{eirs firs wiﬂf jES}FEZ’SEN with the following defining relations:

iel
[V (). ¥§ )] =0, vy vy =1, 2.1
(z = vVw)e; (Dej(w) = (VU z —w)ej(w)e; (z), (2.2)
vz —w) fi(2) fij(w) = (z — vV w) f; (w) f; (2), (2.3)

(@ — v W)Y (2)ej(w) = V9 z — w)e; (W)Y (2), 24
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(092 = W)Y () f () = (2 = vV w) [ @)Y 2), 2.5)
8ij z _
ler@). £ = =25 () (1) = v ). (2.6)

ei(2)ej(w) = ej(w)e;(z) if ¢;j =0,
lei(z1), [ei(z2), ej(w)]y-1]v + [€i (z2), [ei (z1), €j (W) ]y-1]y =0 if ¢;; = —1,
fi@ fi(w) = fj(w) fi(z) if ¢;; =0,
Lfi(z1), Lfi(z2), fi(w)]y-11e + [fi (z2), Lfi(z1), fj(w)]y-11e =0 if ¢;j = —1,

2.7

2.8)

where [a, b]; := ab — x - ba and the generating series are defined as follows:

ei(z) == Zei,rz_r, fiz) = Zfi,rz_rv lﬁ,-i(Z) = Z\”ij,tisﬁx’ 8(2) = ZZV'

re ret. s>0 re

Let U (Lsl,), Uy (Lsly,), U,?(Ls[n) be the C(v)-subalgebras of U, (Lsl,) gener-
ated respectively by {f; -}’ EIZ , {ei,r}feelz, {Wf is}fEIN. The following is standard (see

e.g. [21, Theorem 2]):

Proposition 2.9 (a) (Triangular decomposition of Uy (Lsl,)) The multiplication map
m: Uy (Lsly) ®cw) Uy (Lsly) ®cw) Uy (Lsly) —> Uy(Lsly)

is an isomorphism of C(v)-vector spaces.

(b) The algebra U, (Lsly) (resp. U (Lsl,) and U,(,) (Lsly)) is isomorphic to the asso-
ciative C(v)-algebra generated by {e,-,r}{gIZ (resp. {fi’,};eelZ and {wlfis}fglN) with
the defining relations (2.2, 2.7) (resp. (2.3, 2.8) and (2.1)).

2.2 PBWD bases of U, (Lsp)

Let {«; }l’.‘;ll be the standard simple positive roots of sl,, and A™ be the set of positive
roots: AT = {aj +ajr1 + -+ aiti<j<i<n- Consider the following total order “<”
on AT:
ajtajpit o <aptapp 4o tap iff j<jlorj=j"0 <i
(2.10)

We also pick a total order <g on Z for any B € A™. This gives rise to the total order
“<”on AT x Z:

B.r)<B.r)iff B<BorB=pr=pr. (2.11)

For every pair (8, r) € A" x Z, we choose:

(1) a decomposition B = o + --- + o, such that [--- [eo,,.1 , e%], . ,eaip] is a
non-zero root vector eg of sl (here, ey, denotes the standard Chevalley generator
of sl,);

(2) adecomposition r =ry +---+r, withry € Z;
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(3) asequence (A1, ...,Ap_1) € {v, vl

Then, we define the PBWD basis elements eg(r) € U, (Lsl,) and fg(r) € U (Lsl,)
via

eﬂ(r) = [ o [[eil,r1 s eiz,rz])»l 5 ei3,r3])\.2a T, ei,,,rp])»p_l s

(2.12)
fﬁ(r) =1 [[fi],rl ’ fiz,rg])qa fi3,r3])~2a T fip,rp])\p,p

In particular, ey, (r) = ¢; , and fy, (r) = f; ,. We note that eg (), fg(r) degenerate to
the corresponding root generators eg @ t", fg @ t” of sl,[t, 1 =sl, ®c C[t, 1]
as v — 1, hence, the terminology.

Remark 2.13 The following particular choice featuresmanifestly in [17](cf. Remark 4.4):

eaj+aj+1+~»-+oz,- (V) = [ te [[ej,rs ej+1,0]vv ej+2,0]vs R ei,O]v,

(2.14)
fotj+aj+1+~~~+ot,~ (r) = [ o [[fj,rv fj+l,0]v’ fj+2,()]vv Tt fi,O]v-

Let H denote the set of all functions #: AT x Z — N with finite support. The
monomials

— <~
en =[] e f= [ O, VheH
(B.r)eAtXZ (B.r)eAt XZ

(2.15)

will be called the ordered PBWD monomials of U, (Lsl,) and U (Lsl,). Here, the
arrows — and <«— over the product signs refer to the total order (2.11) and its opposite,
respectively.

Our first main result establishes the PBWD property of U, (Lsl,) and U~ (Lsl,)
(cf. [28]):

Theorem 2.16 (a) The ordered PBWD monomials {ep}neny form a C(v)-basis of
U, (Lsly).
(b) The ordered PBWD monomials { fy}nen form a C(v)-basis of U (Lsl,).

The proof of Theorem 2.16 is presented in Sect. 3.2 and is based on the shuffle
approach.
Y, ifr=0
v, ifr <0
(lﬂi,o)_l = 1//;0. Let Hp denote the set of all functions g: I x Z — Z with finite
support and such that g(i, 7) > 0 for r # 0. The monomials (note that the order of
the products is irrelevant, due to (2.1))

Let us relabel the Cartan generators via y; , = { , so that

ve = [] yi . Vg e Hy (2.17)
(i,r)elxZ

will be called the PBWD monomials of U,?(Ls[n).
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According to Proposition 2.9(b), the PBWD monomials {/¢}¢en, form a C(v)-
basis of U,? (Lsl,;). Combining this with Theorem 2.16 and Proposition 2.9(a), we
finally get:

Theorem 2.18 The elements
{fie W en, 1 hs € H o € Ho
form a C(v)-basis of the quantum loop algebra U, (Lsl,).

2.3 Integral form i1, (Ls[,) and its PBWD bases

Following the above notations, define eg(r) € U, (Lsl,) and f;g (r) € U, (Lsl,) via

eg(r) == (v — v_l)eﬁ(r), fg(r) = - v_l)f,g(r), VY (B.r) e AT x 7. (2.19)

We also define ¢j,, fh via the formula (2.15) but using eg(r), fﬂ(r) instead of
eg(r), fp(r). Finally, we define integral forms L[ (Lsl,) and 45 (Lsl,) as the

C[v, v~']-subalgebras of U; (Lsl,) and U, (Lsl,) generated by {’Eﬁ(r)}lrgeezA+ and

{ f;; (r)}/’erAJr, respectively.

We note that the above definition of $ (Lsl,,), i, (Lsl,) depends on all the choices
(1)—(3) made when defining eg (r), fg(r) in(2.12). Our nextresult establishes that they
are actually independent of these choices and posses PBWD bases analogous to those

of Theorem 2.16.

Theorem 2.20 (a) The subalgebras A\ (Lsl,) and 345 (Lsl,) are independent of all
our choices.

(b) The ordered PBWD monomials {€},c g form a basis of the free C[v, v~ 1-module
U (Lsly). ~

(¢) The ordered PBWD monomials { fn}he form a basis of the free Clv, v -module
U5 (Lsly).

The proof of Theorem 2.20 is presented in Sect. 3.4 and is based on the shuffle
approach.

We also define an integral form il?,(Ls[n) as the C[v, v! ]-subalgebra of U,(,) (Lsl,)
generated by {wf Ly }‘l? S\I Due to Proposition 2.9(b), the PBWD monomials {{/¢}¢e

of (2.17) form a basis of the free C[v, v~']-module ilg (Lsly).

Definition 2.21 The integral form 4, (Lsl,) is defined as the Clv, v’l]-subalgebra of

Uy (Lsl,) generated by {€5(r), ﬁ(r)}j;fA+ Uy 1.

Remark 2.22 Due to Theorem 2.20(a), the algebra i1, (Lsl,) itself is independent ofany
choices (made in the definition (2.12, 2.19) of the PBWD basis elements €g (r), fg(r)).

The following result is proved in [17, Theorem 3.24] (cf. Theorem 2.18):
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Theorem 2.23 [17] For the particular choice (2.14) of eg(r), fg(r) in (2.19), the
elements

{ﬁ, “Yng - €, Ihf,h+€H,h0€Ho}

form a basis of the free C|v, v_l]-module Uy (Lsly).

In view of Theorem 2.20, this gives rise to the triangular decomposition of
Uy (Lsly):

Corollary 2.24 The multiplication map
m: 85 (Lsly) ®cpy.p-1) U9 (L) ®cpy -1 Uy (Lsly) —> Uy (Lsl,)

is an isomorphism of the free C[v, v—'1-modules.
Combining this Corollary with Theorem 2.20, we finally obtain:

Theorem 2.25 For any choices (1)—(3) made prior to (2.12), the elements
{7ty @, 1 by € H o € Ho

form a basis of the free Clv, v~ -module $4,(Lsl,).

Remark 2.26 All results of this Sect. also hold when C[v, v™'] is replaced with
Zv, v

We conclude this section with a remark discussing the gl,,-counterpart of i, (Lsl,):

Remark 2.27 (a) It is often more convenient to work with the quantum loop alge-
bra of gl,, denoted by U,(Lgl,), which roughly speaking is obtained from
Uy (Lsl,) by adding a Cartan current. Its integral form 4, (Lgl,) is defined sim-
ilarly to 4(,(Lsl,) of Definition 2.21, and admits a triangular decomposition
Uy (Lgl,) = U5 (Lg[,,)®C[v,v71]ﬂ8(Lg[n)®C[v,v71]ﬂj (Lgl,),cf. Corollary 2.24.
Here, 45 (Lgl,) ~ U5 (Lsl,), 8 (Lgl,) ~ 4> (Lsl,), 40(Lgl,) D LO(Lsl,).

(b) The proof of Theorem 2.23 presented in [17] crucially utilizes the
identification of f,(Lgl,) and the RTT integral form UJ'(Lgl,) of [15]
(see [17, §3.2, Proposition 3.11]) under the C(v)-algebra isomorphism
Uy(Lgl,) =~ U (Lgl,) ®cpy.p-17 C(v) of [9].

(c) We note that the integral form 4, (Lgl,,) provides a quantization of the thick slice
W of [16, §4.8], see [17, Remark 3.26]. More precisely, we have

Uy (Lgl,) /(v — 1)
r=0 <k<n
~ C[ k] / (o1 101 o1 01-112521, ) - 2.28)

1<j,i<n
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3 Shuffle algebra realizations of U} (Ls(,) and (7 (Ls(p)

In this section, we establish the shuffle algebra realizations of U, (Lsl,) and U (Lsl,)
[hence, the independence of the latter from all choices made, Theorem 2.20(a)], and
use those to prove Theorems 2.16(a) and 2.20(b). As the assignment ¢; , +— fi,
(i € 1,r € Z) givesrise to a C(v)-algebra anti-isomorphism U, (Lsl,) — U (Lsl,)
(resp. a C[v, v~ !]-algebra anti-isomorphism > (Lsl,) — U5 (Lsl,)) that maps the
ordered PBWD monomials of the source to the ordered PBWD monomials of the
target (up to a sign and an integer power of v), both Theorems 2.16(b) and 2.20(c)
follow as well.

3.1 Shuffle algebra ™

We follow the notations of [ 16, Appendix I(ii)] (cf. [3 11).2 Let = denote the symmet-
ric group in k elements, and set X, k,_;):=2k XX Xg,_, for ki, ..., k,_1eN.

Consider an N’-graded C(v)-vector space S = b S,(cn), where

k=(ki,...ky—1)eNT
SEZI) ko)) consists of Xx-symmetric rational functions in the variables {x; , } ,1 Eflr =ki
We fix an I x I matrix of rational functions (¢; j(z))i jer € Mat;y;(C(v)(z)) via

Cij . J .
gij(z) = Z_;’T] Let us now introduce the bilinear shuffle product = on S™: given

FeS” and G €S\, define FxG € S}, via

1

(FxG) (X115 o s XL Ry 4€15 -5 X1, 1s e s X1 iy g = o

i'el >k

1<r<k; k./<r’§k»r+€‘/
x Sym,,, | F (a5 ™) 6 (i =) - TT TT G G /i

iel rﬁk,‘

3.1

Here, k! = []
defined via

icr ki!, while the symmetrization of f € C({x;i1,..., Xim;}ier) is

Symy (F)Uxixs - Xim;Yier) = Z F ((Xioi1ys - - s Xioy(m) Yied ) -

(o1 ym,o'n—])ezﬂ

This endows S with a structure of an associative unital algebra with the unit

We will be interested only in the subspace of S™ defined by the pole and wheel
conditions:

2 These are trigonometric counterparts of the elliptic shuffle algebras of Feigin—Odesskii [12—-14].



35 Page120f48 A. Tsymbaliuk

e We say that F e S\" satisfies the pole conditions if

f(xl,la e 7xl’l71,kn_|)

= —2 ' <kit1
T2 <k (i = Xig1)

. where f € C)[{xF}, 5= 1%, 3.2)

iel

e Wesay that F € S,((") satisfies the wheel conditions,? if

F({x; }) =0once x; ,, = VXjte s = vzxi,r2 for some €,i,ry,r2,s, (3.3)

where e € {£1}, i,i+eel, 1 <ri #r <k, 1 <5 <kite.

Let S ,E”) C S,((") denote the subspace of all elements F satisfying these two conditions
and set B

s = Ps”

keN/!

It is straightforward to check that the subspace S” C S is x-closed. The shuffle
algebra (S OR *) is related to U, (Lsl,) via the following construction:*

Proposition 3.4 The assignment e; , — x; | (i € I,r € Z) gives rise to an injective
C(v)-algebra homomorphism V : U, (Lsl,) — MK

Proof The assignment e; , > xl.”l is compatible with relations (2.2, 2.7), hence, it
gives rise to a C(v)-algebra homomorphism W : U, (Lsl,) — S™  due to Proposi-
tion 2.9(b).

The injectivity of W follows from the general arguments based on the existence
of a non-degenerate pairing on the source and a pairing on the target compatible
with the former one via W. This is explained in details in [31, Lemma 2.20, Proposi-
tion 2.30, Proposition 3.8]. O

The next result follows from its much harder counterpart [31, Theorem 1.1], but
we will provide its alternative simpler proof> below, see Remark 3.25:

Theorem 3.5 W: U; (Lsl,) = S of Proposition 3.4 is a C(v)-algebra isomor-
phism.

Before we proceed to the proofs of Theorem 2.16(a) and Theorem 3.5, let us intro-
duce the key tool in our study of the shuffle algebra, the so-called specialization maps.
For a positive root 8 = aj + oj11 + -+ - + o, define j(B) := j,i(B) := i, and
let [B] denote the integer interval [j(B); i (B8)]. Consider a collection of the intervals

3 Following [12—14] the role of the wheel conditions is exactly to replace complicated Serre relations.
4 In the formal setup (when working over C[[/]] rather than over C(v)), this goes back to [10, Corollary 1.4].

5 One of the benefits of our proof is that it will be directly generalized to establish the isomorphisms of
Theorems 4.10 and 5.18 below, for which no analogue of [31, Theorem 1.1] is known at the moment.
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{[B1} pea+ each taken with a multiplicity dg € N and ordered with respect to the total

order (2.10) on A (the order inside each group is irrelevant). Let d € N denote

the collection {dg}gcp+. Define £ = (¢1, ..., €,—1) € N/, the N’-degree ofd, via
>t =) dgp. (3.6)
iel BeA+

Let us now define the specialization map

1,1=<s=<dg

Spear 174 (€X)

¢a: " — CO){y;i)

We split the variables {x; ,} ll eflr <t
intervals, and specialize those in the sth copy of [8] to v—/ ) . VBuso o v B) .y
in the natural order (the variable x;, is specialized to v~'yg ). Then, for
F= FOLL - Tntity ) € Sé”)

1=r'<tiy)
H l_[1<r</ (xfyfixi-#l,r’)

cializatlon of f. We note that ¢4 (F) is independent of our splitting of the variables

into Y pea+ dp groups corresponding to the above

, we define ¢4 (F) as the corresponding spe-

1<r<¢; . . . dg
{xir};o; " into groups and is symmetric in {yg s},_, for any 8.
The key properties of the specialization maps ¢4 and their relevance to W(ey),
the images of the ordered PBWD monomials in the shuffle algebra, are discussed in
Lemmas 3.16, 3.17, 3.21 below. We conclude this section with an explicit example of
the specialization maps:
E . Xy 1x§ 1451 (n) I
xample 3.8 Consider F = s, (2.1 =300 € S,Z where ¢ = (1,1,1,0,...,0) e N
and a, b, ¢ € Z. Let us compute the images of F under all possible spec:1a11zat1on

maps:

(a) If d encodes a single positive root f = a1 + az + a3, then ¢4 (F) is a Laurent
polynomial in a single variable yg 1 and equals
U7 O TRV L C VRIS

(b) If d encodes two positive roots 1 = ay, B2 = a + a3, then ¢4 (F) is a Laurent
polynomial in two variables V1,1 Ypo,1 and equals

@ g D 2y D03y )"

(c) If d encodes two positive roots 1 = a1 + a2, f2 = a3, then ¢4 (F) is a Laurent
polynomial in two variables V1,1 Vg1 and equals

@ g D 2y Dy )

(d) If d encodes three positive roots 1 = «ay, B2 = a2, B3 = a3, then ¢y (F) is a
Laurent polynomials in three variables yg, 1, yg,,1, ¥g;,1 and equals

@ g D 2y Dy 1)C
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3.2 Proof of Theorem 2.16(a)

Our proof of Theorem 2.16(a) will proceed in two steps: first, we shall establish the

linear independence6 of the ordered PBWD monomials in Sect. 3.2.2, and then we will

verify that they linearly span the entire algebra U, (Lsl,) in Sect. 3.2.3 (we note that

the order of these two steps is usually opposite in the proofs of PBW-type theorems).
We start by establishing Theorem 2.16(a) for n = 2 in Sect. 3.2.1.

3.2.1 Proof of Theorem 2.16(a) forn = 2

For k € N, set [k], := ”vk__”fk and [k]y! := [1]y - - - [k]y. We start from the following

v
simple computationin §® (as I = {1}, we shall denote the variables x| , simply by x,):

Lemma3.9 Foranyk > 1 andr € Z, the kth power of x" € Sl(z) equals

k(k—1)
Tewx =02 . ceex)”
X x o okx v 2 [kl (xpexp). (3.10)

k times
Proof The proof is by induction on k, the base case k = 1 being trivial. Applying the

induction assumption to the (k — 1)-st power of x”, the proof of (3.10) boils down to
the verification of

k  s#p 2
SOTT 22— . 3.11)
p=11<s<k Xs = Xp

The left-hand side of (3.11) is a rational function in {x p}l;zl of degree 0 and is easily
checked to have no poles, hence, must be a constant. To evaluate this constant, let
x;x — oo: the last summand (corresponding to p = k) tends to v—2*~D  while
the sum of the first k — 1 summands (corresponding to 1 < p < k — 1) tends to
1+v72+ ..+ v 2*=2 by the induction assumption, thus, resulting in 1 + v=2 +
v 4 2D o vl_k[k]v as claimed. O

Theorem 2.16(a) for n = 2 is equivalent to the following result:

Lemma 3.12 Forany total order <X onZ, the ordered monomials {e,, e, - - - ey, }le\i"ﬁrk

Sform a C(v)-basis of U, (Lsly).

Proof Forry = - =iy < Tig1 = =+ = Tk, < *0 0 < Thyfofkgog+1 = ©0 =
Tky4-tke» SELK 1= k1 + - - -+ k¢ and choose o € ¥y sothatry () < -+ < ry(k). Then
X%+ - - xx"* is a symmetric Laurent polynomial of the form

])Lm(ro(l),...,ro'(k))(x] LEREA xk) + Z vi/ml/(xl LA xk)

6 As pointed out in the introduction, the linear independence can be deduced from the general arguments
based on the flatness of the deformation and the PBW property of U (s[, [¢, ¢ -1 1). However, the specialization
maps of (3.7) and formulas (3.18, 3.19) will be used below to prove that {ej, };,c g span U, (Lsl;). We will
use the same approach for two-parameter quantum loop algebra, for which the general arguments do not
apply.
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where
® My, (X1, ..., x) (With sy < .-+ < s¢) are the monomial symmetric polyno-
mials (that is, the sums of all monomials xil - ~x,t{" as (11, ..., ty) ranges over all
distinct permutations of (si, ..., st)),
e thesumisoverr’ = (r] < --- <r;) € 7k distinct from (ro(1)s - - -+ To(ky) and
satisfying

Foy <1y <rp <rem aswellas rj +---+r,=ri+-+rg,

o the coefficients v,» are Laurent polynomials in v, that is, v € C[v, v’l],
o the coefficient v, is explicitly given by

v =[] (u—k”(kz”_”[k,,],,!>, (3.13)

I<p=t
due to Lemma 3.9.
Therefore, the shuffle products {x”!%x"2% - - - %x"* }215\{'5”‘ form a C(v)-basis of
S@ _ since {ms,,...s)(X1s ..o, Xi)}s <. <s, form a C(v)-basis of (C[{x;,“}’;:l]zk and

S,Ez) i~ (C[{xfl}’;,:l]zk as vector spaces. This completes our proof of Lemma 3.12,
due to the injectivity of W. O

3.2.2 Linear independence of e, and two properties of the specialization maps

nn—1)

For an ordered PBWD monomial e, (h € H), define its degree deg(e;,) = deg(h) € N
asacollectionof dg := Y, ., h(B,r) € N(B € A™) ordered with respect to the total

order (2.10) on A*. We consider the anti-lexicographical order on Nn(nZ_ . :

{dg)gen+ < {dglpen+ iff Iy € Atsitd, > d,anddg =dg VB < y.
In what follows, we shall need an explicit formula for W (eg(r)):

Lemma3.14 For1 < j <i <nandr € 7, we have

PXj1, s Xi1)

W (oot (1) = (1 — 027
s ' (i1 —xjp1,0) (o1 — xi1)

where p(xj 1, ...,X; 1) is a degree r +1 — j monomial, up to a sign and an integer
power of v.

Proof Straightforward computation. O
Example 3.15 p(x; 1, ..., xi,l)zx;jlxjﬂ,lo --xj—1,1 for the particular choice (2.14).

Our proof of the linear independence of {e;, } <y is crucially based on the following
two key properties of the specialization maps introduced in (3.7):
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Lemma3.16 If deg(h) < d and N!-degrees of d and deg(h) coincide, then
¢a (Y (epn)) = 0.

Proof The condition deg(h) < d guarantees that ¢4-specialization of any summand
of the symmetrization appearing in W(e;,) contains among all the ¢-factors at least

one factor of the form ¢; ;41 (v) = 0, hence, it is zero. The result follows. O

.. . deg(h)=d . .
Lemma3.17 The specializations {pq(V(en))},cy are linearly independent
over C(v).

Proof Consider the image W(ep) € S,E") (here, k is the N’-degree of d = deg(h)).
It is a sum of k! terms, but most of them specialize to zero under @, as in the proof
of Lemma 3.16. The summands which do not specialize to zero are parametrized
by T4 = [[gca+ Zay- More precisely, given (0g)gea+ € X4, the associated
summand corresponds to the case when for all B € AT and 1 < s < dpg,
the (Zﬂ, <B dg + s)th factor of the corresponding term of W(ey) is evaluated at

v‘j(ﬂ)yﬂ’gﬁ(s), cee v_i(ﬂ)yﬁ,gﬁ(s). The image of this summand under ¢4 equals
(o)
[ Gss-T1Gs-1105
B<p p B

(up to a common sign and an integer power of v), where

l<s'<dy j=j’ j=j'+1
) 2
G,B,/S’ = 1_[ l_[ (y;‘},s -0 Yﬂ’,s’) : l_[ (yﬁ,s -0 yﬁ/,s’)
l<s=dg \jelBl.j'€lp'] JElBLj €lB']
lfs’fdﬁ/
x H p.s — ypr.) IE=i®Pp1ep,
1<s=<dg
Gp=(1- v2)dﬂ(i(ﬂ)—j(l3)) . 1_[ (Vp.s — vaﬂ,s/)i(ﬁ)—j(ﬂ) (3.18)
1<s#s'<dg
i(B)—j(B)
< TT s ’
1<s<dg

dg -2
G _ rp(h.s) YB,op(s) — V" "VB.op(s))
g = | | .

y )
B.op(s) YB.op(s) — YB.op(s))

s=1 s<s’

Here, the collection {rg(h, 1), ..., rg(h, dg)} is obtained by listing every r € Z with
multiplicity (B, r) > 0 with respect to the total order <g on Z, see Sect. 2.2. We also
1, if condition holds

use the standard delta function notation: S¢ondition = ) o .
0, if condition fails
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Note that the factors {Ggpglg<p U {Gg}g in (3.18) are independent of
(0g)gen+ € Xg4. Therefore, the specialization ¢4 (W (e,)) has the following form:

B<B'
paWen=c- [| Gop-[[ G 1| X 65" | with cecx. v
B.B'eAT BeAt peAt \opeZay
(3.19)
For any B € AT, we note that the sum Zgﬁez a5 G;U’S ! coincides (up to a

factor of C*) with the value of the shuffle element x"#"- Dy ... xx"8(rdp) ¢ S‘(Ji)

(in the shuffle algebra S®1) evaluated at {yﬁ,s}fﬁ: .- The latter elements are linearly
independent, due to Lemma 3.12.

Thus, (3.19) together with the above observation complete our proof of Lemma 3.17.

O

Now we can complete our proof of the linear independence of the ordered
PBWD monomials {ep, };c . Assume the contrary, that a nontrivial linear combination
Zhe # chep, vanishes in U, (Lsl,) (here, all but finitely many of ¢;, are zero, but at
least one of them is non-zero). Define d := max{deg(h)|c, # 0}. Applying the spe-
cialization map ¢g to )", cnW(ey) = 0, we get Zgzglghhg chopa(Y(ep)) = 0 by
Lemma 3.16. Furthermore, we get ¢, = 0 for all 7 € H of degree deg(h) = d, due to
Lemma 3.17. This contradicts our choice of d.

Remark 3.20 The machinery of the specialization maps ¢4 that was used in the above
proof is of its own interest (cf. [11, (1.4)] and [31, (4.24)]).

3.2.3 Spanning property of e, and dominance property of the specialization maps

Let M C S™ be the C(v)-span of {¥(ep)}pen. For k € NI, let T be a

finite set consisting of all degree vectors d = {dglgea+ € N**7" such that
> peat dpB =D ic; kiai. We order Ty with respect to the anti-lexicographical order

n(n—1) . ..
on N~ 2. In particular, the minimal element d

min = {dg}pea+ € Tj is characterized
by dg = 0 for all non-simple roots g € A™.

Lemma3.21 Let F € S,E") andd € Ty If oy (F) = 0 foralld’ € Ty suchthatd’ > d,
then there exists an element Fg € M such that ¢q4(F) = ¢a(Fy) and ¢y (Fz) = 0 for
alld > d. B

Proof Consider the following total order on the set {(8, s)| € AT, 1 <5 < dg}:
B,s)<B,sHifft B<p orp=p,s<s". (3.22)

First, we note that the wheel conditions (3.3) for F' guarantee that ¢4 (F') (which is
a Laurent polynomial in {yg s}) vanishes up to appropriate orders under the following
specializations:
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(i) yps = v 2yp .y for (B,s) < (B,s),
(i) yps = v2yp .y for (B,s) < (B, s)).

The orders of vanishing are computed similarly to [11,31]. Explicitly, let us view
the specialization appearing in the definition of ¢4 as a step-by-step specialization in
each interval [B], ordered first in the non-increasing length order, while the intervals
of the same length are ordered in the non-decreasing order of j(B8). As we special-
ize the variables in the sth interval (1 < s < > BeA+ dg), we count only those
wheel conditions that arise from the non-specialized yet variables. A straightforward
case-by-case verification” shows that the corresponding orders of vanishing under
the specializations (i) and (ii) equal #{(j, j') € [B] x [B'1lj = j'} — 8p,p and
#{(j, j") € [B x [B'1lj = j’ + 1}, respectively.
Second, we claim that ¢4 (F) vanishes under the following specializations:

(iii) yg,s = yp ¢ for (B,s) < (B',s) suchthat j(B) < j(B")andi(B) +1 € [B'].

Indeed, if j(B) < j(B’) and i(B) + 1 € [B'], there are positive roots y, ¥’ € AT such
that j(y) = j(B),i(y) = i(B"), j(y) = j(B"),i(y") = i(B). Consider the degree
vector d’ € Ty given by d}, = dy + 84,y + 8a, ' — 8u,p — 8a,p'- Then, d’ > d and thus
¢ (F) = 0. The result follows.

~ Combining the above vanishing conditions for ¢q(F), we see that it is divisible
exactly by the product [[5_g Gp p - [[5 Gp of (3.18). Therefore, we have

p<p'
¢a(F) = | Gpp - [] Gs-G (3.23)
B.BeAt BeAt

for some symmetric Laurent polynomial

G e COllyp o™ = @ ColyEe 1% (3.24)
BeAt

Combining (3.23, 3.24) with formula (3.19) and the discussion after it, we see that
there is a (unique) linear combination Fy = 266‘%1({]1) =d cn V¥ (ep) with ¢, € C(v) such
that ¢4(F) = ¢4(Fg), due to Lemma 3.12. The equality ¢, (Fy) = 0 ford' > d is
due to Lemma 3.16. -

This completes our proof of Lemma 3.21. O

Using Lemma above, we can now show that any shuffle element F € §, ,E") belongs

to M N S,E"). Let d,,, and d ;. denote the maximal and the minimal elements of
Ty, respectively. The condition of Lemma 3.21 is vacuous for d = d,,.. Therefore,

Lemma 3.21 applies. Applying it iteratively, we eventually find an element FeM

7 This can be checked by treating each of the following cases separately: j = j/ =i =i', j = j' =i < i/,
j=j <i=ij=j<i<i,j<j<i<ij<j<i=ij<j<i<i,
j=i<j=ij=i<j <ij<j =i=ij<j =i<i,j<i<j <i, where we set

J=JB) =i =) i = i(B).
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such that ¢4 (F) = ¢>d(F ) foralld € Ty. In the particular case of d = d
F = F, cf. Example 3.8(d). Hence, F € M.

Invoking the injectivity of W (Proposition 3.4), we thus see that {e,},en span
U, (Lsl,). Combining this with the linear independence of {ej},cp established in
Sect. 3.2.2 completes our proof of Theorem 2.16(a). We note that the result of Theo-
rem 2.16(b) follows as well, as explained in the beginning of Sect. 3.

this yields

Zmin>

Remark 3.25 The above argument also implies the surjectivity of W. Combining this
with the injectivity of W, established in Proposition 3.4, we obtain a new proof of
Theorem 3.5.

Remark 3.26 We note that the above argument actually provides a much bigger class
of the PBWD bases for U, (Lsl,), with the PBWD basis elements given rather in the
shuffle form.

Remark 3.27 In [31], the shuffle realization of the quantum toroidal algebra U, 3 (g.;'[n)
(which is an associative C(v, v)-algebra with v, v being two independent formal vari-

ables) was established by studying the crucial slope < w subalgebras. In particular,
combining the proofs of Proposition 3.9 and Lemma 3.14 of loc.cit., one obtains the
PBWD basis of U, 3 (g[ ) with the PBWD basis elements given explicitly in the shuffle
realization, see elements E “/; 0 of [31, (3.46)]. This gives rise to the PBWD basis of

U, (Lsl,) by viewing the latter as a “vertical” subalgebra of U, 3 (E.l.[n)- The correspond-
ing PBWD basis elements are given by w1 = v?)i-J POt i 1) )

. _ ' (=X j4+1,1) (=1, 1—%x,1) 7>
[T- Jx%(afﬁl)kww*m with 1 < j <i < n and

where p(xj Ireees Xi1) =

H € — j+IZ Aswe fix 1 < j <i < n and let u run over Z, the degree
of p varies over Z multiplicity-free. Comparing this to Lemma 3 14, we see that the
corresponding PBWD basis of U, (Lsl,,) is reminiscent to a particular one of Theo-
rem 2.16(a), but it should be stressed right away that the former utilizes a total order
on AT x Z that is different from (2.11) used in (2.15).

3.3 Integral form G

For k € N/, set k| := Z:-:]l k;. Consider a C[v, v~!]-submodule G(n) C S(n)
consisting of those F € S ,i") for which the numerator f in (3.2) is of the form:

fe@—v O Clo, v i S = (328)

iel

Then &™) ;= &P @,((") is clearly a C[v, v~']-subalgebra of S,
keN!

Remark 3.29 1f one wishes to work with forms defined over Z[v, v—'], formula (3.28)
should be replaced accordingly. To this end, we note that the shuffle product FxG of
(3.1) still makes sense as k,l o -Sym(. .. ) may be written simply as a sum over so-called
(k, £)-shuffles, since F and G are symmetric. We leave details to the interested reader.
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Moreover, W (L (Lsl,)) C S&™, due to Lemma 3.14. The key goal of this section
is to explicitly describe the image W (U (Lsl,)).

Example 3.30 Consider F(x,x2) = (v — v")2(x1x2)" € &% with r € Z. Then,
we have [2], - F € WU (Lsh)), but F ¢ W, (Lsly)), as follows from Lem-
mas 3.46, 3.48 below.

)
such that

1<s<

Y gea+dpB = Y s kicti, consider ¢d(F) e Clv *1][{ }ﬂemf‘]ﬁd of (3.7).
First, we note that ¢4 (F) is divisible by

Ag = —v H, (3.31)

Second, following the first part of the proof of Lemma 3.21, ¢4 (F) is also divisible
by

Bi = 1_[ (yﬁ,s - ”_2y,3/,s/)#{(j’j YEIBIXIB N j=j"} =g g
B.9)<(8.5") (3.32)
X 1_[ (y,B,S — vzyﬂ’,s/)#{(j’j YelBIx[B1j=/j"+1}
(B.5)<(B'.s")

due to the wheel conditions (3.3), where we use the total order (3.22) on the set

1 .. . e
{(B, )} ﬂgl‘f Combining these observations, we define the reduced specialization

map

1<s<d, R . _ ¢a(F)

via @q(F):

Sm -1
¢a: 6" — Clo, v My ) yons 174 a(F) = By

(3.33)

Let us introduce another type of specialization maps. Given a collection of positive

r<tg ne=t)

integers ¢ = {tg, ’};leeM (g € N), define a degree vector d = {dglgea+ € N 2

lg
viadg := Zr:l tg,r. Let us now define the vertical specialization map

o Clo v HEN ) on 1% — Clo o L0 ] (334

For each B € AT, we split the variables {ylg,s}fi | into £g groups of size

tgr each (1 < r < () and specialize the variables in the rth group to

1<s<d
v2z5,, v 25,0 %2, ..., v %25, Forany K € Clv, v’]][{y }ﬂ?Mﬁ 1%,

we define @, (K) as the corresponding specialization of K. We note that @ (K) is

independent of our splitting of the variables {yﬁ,s}fil into groups.
Finally, we shall combine (3.33) and (3.34) to obtain the key tool in the study of

n(n 1)

the integral form W (U3 (Lsl,)) of S™. Given k € N/, d = {dg}gcp+ € N 7 and
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. .. . 1<r<t¢
a collection of positive integers t = {tg ,} ﬁ;rAjr # such that

L
D dgB=) ki and Y 15, =dg, (3.35)
r=1

BeA+t iel

we define the cross specialization map

I<r=<tg

pent 1 via Yg,(F):=m(pa(F)). (3.36)

)

Yo &Y — Clv, v "l{z5 )

Definition 3.37 F e S\ is integral if F € &\ and Y, (F) is divisible by

]_[;ir;f’s [78,r]v! (the product of v-factorials) for all possible d and ¢ satisfying (3.35).

Example 3.38 In the simplest case n = 2, a symmetric Laurent polynomial
F e S is integral if and only if it has the form F = (v — v~ )% . F with
F e Clv, v '[{x;F"} _ 1% satisfying the following divisibility condition:

F 2z, v %z, ..., v kg v 2z, .., v 2k 7,y is divisible by [kiTo! - - - [ke]y!

(3.39)

for any decomposition k = kj + - - - 4 k¢ into a sum of positive integers.

Let 6,((”) C é,((") denote the C[v, v~ !]-submodule of all integral elements and set

The following is the key result of this section:

Theorem 3.40 The C(v)-algebra isomorphism W: U, (Lsl,) — S of
Theorem 3.5 gives rise to a Clv, v’l]—algebra isomorphism W : 43 (Lsl,) — &M,

The proof of Theorem 3.40 is presented in Sect. 3.4.

Corollary 3.41 (a) ™ is a Clv, v—']-subalgebra of S™.
(b) Theorem 2.20(a) holds, that is, the subalgebra 47 (Lsl,) is independent of all the
choices.

The following two properties of the integral form G are crucially used in [17]:

Proposition 3.42 (a) Fix 1 < £ < n and consider the linear map L/(I s . g
given by

ke
[Ta-xh-F ({x,-,,}lf’fk") for FeS™ keN,

iel

1 ki) .
0P (15 =)
r=1

(3.43)
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Then
Fe6" « (F)ec™. (3.44)

(b) Foranyk € N anda collectiong,-({xi,,}fizl) € Clv, v_l][{xfrl}fle]xki Vi el),
consider

-1 ) -1 ki
v v_l)@ . H,"l:1 Hlfr;ér’fk,- (X — V77X 1) H,"l:1 gi({xir )

n—2 yyl=<r'<kiti
1_[1':1 nlfi’fkil+ (xi,r _xi+l,r’)

F=
(3.45)
Then, F is integral, i.e. F € G,((").

Proof (a) Obvious from the above definition of the integral form G,

(b) The presence of the factor ]_[::11 [Ti<rzrr <y Geir — v=2x; /) in F of (3.45) guaran-
tees that forany degree vectord = {dg}gca+ satisfying Y g p+ dpB = i kicti,
the reduced specialization ¢4(F) of (3.33) is divisible by
]—[ﬂeA+ I <ss'<dy (vg,s— v’zy,g,xr). Thus, the further specialization @, (¢4 (F)) =
Y4, (F) vanishes if at least one of tg ,’s is greater than 1. Meanwhile, the divisibil-
ity condition of Definition 3.37 is vacuous in the remaining case when all 75 , = 1.

Therefore, F € G,((n) as claimed. O

3.4 Proofs of Theorem 2.20(b) and Theorem 3.40

We note that both Theorem 2.20(b) and Theorem 3.40 follow from the following two
results:
(I) Forany k> 1, {ﬁp}’;:l C AT, {rp}’]g:1 C Z, we have W (Sg, (r1) - - - 25, (rx)) € G,
(I) Any element F € &™ may be written as a C[v, v~']-linear combination of
{W(en)}hen-

The proof of (I) is straightforward and will be easily deduced from our definition of
&™) while the proof of (IT) will follow from Lemma 3.21 and the validity of (II) for
n = 2, see Lemma 3.48.

We start by establishing both (I) and (II) for » = 2 in Sect. 3.4.1.

3.4.1 n = 2 case

For n = 2, the description of the integral form &™ < S is the simplest, see
Example 3.38. Set ¢, := (v — v e, € U, (Lslp) for r € Z. The following result
establishes (I) for n = 2:

Lemma3.46 Foranyk > landri,...,rx € Z, we have W(&,, ---¢y) € 6’,((2).

Proof Pick any decomposition k = kj + - - - + k¢ with all k,, > 1. We claim that as

.. . _ 1<r<k .
we specialize the variables x, ..., x; to {v 2y, i< p< EP , the image of any summand
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of the symmetrization appearing in W(e,, ---e,) € S,Ez) is divisible by the product
]_[f,: 1[kp1y! of v-factorials.

To this end, let us fix 1 < p < £ and consider the relative position of the variables
v2z,,v7%z,, ..., v %z, If there is an index 1 < r < k, such that v=20FDz, is
placed to the left of v=2'z p» then the above specialization of the corresponding ¢ -factor

v—2(r+l)zp7v—2.v—2rzp 72(V+1)
v—Z(r-H)Zp_v—Zer

all 1 <r < kp, then the total contribution of the specializations of the corresponding
¢ -factors equals

equals = 0. However, if v=2"z, stays to the left of v z, for

—2r -2, =25
v Zp — U v z _kp(kp—l)
[ - L =v 7 [kpl! (3.47)
vz, — vz

1<r<s<k,

Combining this over all 1 < p < ¢, we see that ]_[f,:l [kp]y! indeed divides the above
specialization of W (e,, - - - ;). This completes our proof of Lemma 3.46. O

For simplicity of the exposition, we will assume now that the total order < on Z is
the usual one <. The following result establishes (II) for n = 2:

Lemma 3.48 Any symmetric Laurent polynomial F € C[v, v_l][{xljfl}';:l]zk satisfy-

ing the divisibility condition (3.39) may be written as a C[v, v~ ']-linear combination
of {W(en)then.

Proof We may assume that F is homogeneous of the total degree N. Let Vy denote
the set of all ordered k-tuples of integers r = (r1,r2,...,7%),r1 < --- < rg, such
that r1 + - -- + rx = N. This set is totally ordered with respect to the lexicographical
order:

/

pandrg =ri Vs > p.

r<r iff Il <p<kstr,<r

Let us present F as a linear combination of the monomial symmetric polynomials:

F(x1,...,x¢) = Z wrmy(x1, ..., x;) with u, € Clo, v 1.
reVy
Pick the maximal element r,, = (r1, ..., r¢) of the finite set

Vn(F) :={r € Vy|u, # 0}
and consider a decomposition k = ki + - - - 4+ k¢ such that
= =Tk < Tkl = =Fhthky <+ < Fhydodhy_+1 = =+ = Ik

.= . C 1<s<k
Evaluating F at the corresponding specialization {v~2°z p}é;é[ , we see that the
coefficient of the lexicographically largest monomial in the variables {z p}fy=1 equals
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Mr,...» up to an integer power of v. Therefore, the divisibility condition (3.39) implies:
Mo ¢ g, 0, (3.49)
Hp:l [kp]v'

Set F©O .= F and define FV € C[v, v_l][{xlfl}';:]]zk via

FO o= FO Y kpkp=D/2__ HFma gy 0y (3.50)
7 : 1 k
Hp:l[kp]v~

We note that F(1 satisfies (3.39), due to (3.49) and Lemma 3.46. Applying the same
argument to 1 in place of F = F(©, we obtain F? also satisfying (3.39). Proceed-
ing further, we thus construct a sequence of symmetric Laurent polynomials { F®)},cy
satisfying (3.39).

According to our proof of Lemma 3.12, especially formula (3.13), the sequence
L,(ﬁ?dx € Vy of the maximal elements of Vy (F©) strictly decreases. Meanwhile, the
sequence of the minimal powers of any variable in F*) is a non-decreasing sequence.
Hence, F®) = 0 for some s € N.

This completes our proof of Lemma 3.48. O

3.4.2 General case

Let us now generalize the arguments of Sect. 3.4.1 to prove (I) and (II) for any
n > 2. The proof of the former is quite similar (though is more elaborate) to that
of Lemma 3.46:

Lemma 3.51 W(eg, (r1) --ep, (rm)) e&"™ foranym=>1, {,BP}'[;’ZICA+, {rp};":1 cZ.

Proof Define k € N/ via ;c; kiwi = 3, Bp, SO that F := W@, (r1) -5, m)) € S
First, we note that F is divisible by (v — v~ D&l due to Lemma 3.14. Therefore,

F e éf{").
It remains to show that Y4, (F) satisfies the divisibility condition of Definition 3.37
forany d = {dg}gea+ € N">" and a collection of positive integers f = {tg, S}E‘ffﬁ

satisfying (3.35). To this end, recall that the cross specialization Yy ;(F') is computed
in three steps:

— first, we specialize x, ,-variables in f of (3.2) to v7-mu1tiples of y, «-variables as
in (3.7);

— second, we divide that specialization by the product of appropriate powers of
(v — v_l) and linear terms in y, .-variables arising via the wheel conditions, see
(3.31, 3.32) and (3.33);

— finally, we specialize y, -variables to v?-multiples of z4 «-variables as in (3.34).

FixpeAtandl <s <¢ - and consider those x.. . that eventually got specialized to

. . 1 ;
v’z ,s- Without loss of generality, we may assume those are {x; ,} j(fg)itf Zi(p)- We may
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also assume that x; , was specialized to v! vg,r under the first specialization (3.7),
while yg , was specialized to v’zrzﬁ,s under the second specialization (3.34), for any
JB) <i<iB), 1 <r=<tgs.

For j(8) < i < i(B) and 1 < r # r’ < tgs, consider the relative posi-
tion of the variables x; ., x; ,/, Xj41,. AS X; r, X; ,» cannot enter the same function
W (e,(x)), xi r is placed either to the left of x; . or to the right. In the former case,
we gain the factor ¢; ; (x; ,/x; ), which upon the specialization ¢y contributes the
factor (yg,, — v’2yﬂ’rr). Likewise, if x;11, is placed to the left of x; ,, we gain
the factor ¢; 41, (x;41, /i ), which upon the specialization ¢4 contributes the factor
g,r — v’zy/g,r/) as well. In the remaining case, when x; ,- is to the left of x; , while
Xi1, 1s not, we gain the factor ¢; ; 1(x; ,/x;4+1, ), which upon the specialization ¢¢
specializes to 0. As i ranges from j(8) uptoi(B) — 1, we thus gain the (i (8) — j(B))th
power of (yg , — v? vg,r). Note that this power exactly coincides with the power of
g,r — v’zy,g,,/) in By of (3.32), by which we divide ¢4(F) to define the reduced
specialization ¢4 (F) of (3.33).

However, we have not used yet the ¢-factors &jg).i(g) (Xi(g).r /Xi(g),r) TOT Xi(p).r
placed to the left of x;(g) .. If there is 1 < r < g s such that x;(g) 41 is placed to the
left of x;(g),r, then &;py,i(p) (Xi(g),r+1/Xi(p),r) sSpecializes to zero upon (3.34). In the
remaining case, when each x;g), stays to the left of x;(g),,+1, the total contribution
of the specializations of the corresponding ¢-factors equals v~/ 6.s—1D/ 2[t,g,s],,! as
in formula (3.47).

This completes our proof of Lemma 3.51. O

Let M C S™ be the C[v, v—"']-span of {¥(&})}nex. Generalizing Lemma 3.21,
we have:

Lemma3.52 Let F € 6" andd € Ty. If o, (F) = Oforalld’ € Ty suchthatd' > d,

then there exists an element Fy € M such that Qa(F) = ¢a(Fy) and ¢y (Fy) =0 for
alld > d. -

Proof The proof of this lemma is completely analogous to the one of Lemma 3.21.
More precisely, combining formulas (3.23, 3.24) and the condition F € 6,(6") together
with formula (3.19) and the discussion following it, the result follows from its n = 2
counterpart. The latter has been already taken care of in Lemma 3.48. O

Combining Lemmas 3.51, 3.52 with the argument following our proof of
Lemma 3.21 completes our proof of both Theorems 2.20(b) and 3.40. We note that
the result of Theorem 2.20(c) follows as well, as explained in the beginning of Sect. 3.

4 Generalizations to Uy, ,, (Lslp)

The two-parameter quantum loop algebra Uy, 4, (Lsl,) was introduced in [22]® as
a generalization of U, (Lsl,) (one recovers the latter from the former by setting
v = v, ' = v and identifying some Cartan elements, see [22, Remark 3.3(4)]).
The key results of [22] are:

8 To be more precise, this recovers the algebra of loc.cit. with the trivial central charges.
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1) the Drinfeld-Jimbo type realization of Uy, y, (Ls[ ), see [22, Theorem 3.12];
2) the PBW basis of its subalgebras (Lsl,), Us  (Lsl,), see
[22, Theorem 3.11].

vl v2 vy,02

However, the latter result ([22, Theorem 3.11]) is stated without any glimpse of a
proof.
The primary goal of this section is to generalize Theorem 2.16 to the case of
Uy, v, (Lsly), thus proving [22, Theorem 3.11]. Along the way, we also generalize
Theorem 3.5 by providing the shuffle realization of U, ,, (Lsl,), which is of inde-
pendent interest. The latter is used to construct the PBWD bases for the integral form
of U, . (Lsl,), generalizing Theorem 2.20.

V1,02

4.1 Two-parameter quantum loop algebra U; ,va (Lslp)

For the purpose of this section, it suffices to work only with the subalgebra
(Lsl,) of Uy, v, (Lsl,). Let v, v2 be two independent formal variables and set
(C(vl/2 1/2) Following [22, Definition 3.1], define U , (Lsl,) to be the

vy,02
: EGIZ with the following defining relations:

v1 v
associative K-algebra generated by {e; ,}

(z— (. )i, DY Pw)ei (e (w) = (G, idz — (G, i) (d, )™)Y 2w)ej(w)ei (2)
4.1)

as well as Serre relations:

ei(z)ej(w) = ej(w)e;(z) if ¢;j =0,
lei(z1), [ei(z2), €it1(w)]v, v, + [€i(22), [€i(z1), €ir1 (W) ]y, ]y, =0, 4.2)
lei(z1), [ei(z2), e,-f](w)],,z—l] -1 + [ei(z2), [ei(z1), ei—1(w)], '

wheree; (z) = ),z e,z and (i, j) € Kisdefinedvia (i, j) := v’ AR v21,1+1 v,

4.2 PBWD bases of U,, ,, (Lslp)

We shall follow the notations of Sect. 2.2, except that now
Aty dpo1) € {vy, vz}P’]. Similarly to (2.12), we define the PBWD basis ele-

ments eﬂ(r) € le vz(Ls[,,) via
eﬁ(r) = [ t [[eil,n s eiz,rz])q s ei3,r3])\25 Tty eip,rp]kp_] .
—
The monomials e; := Il eg (M"B1) (h e H) will be called the ordered
(B.r)eA+XZ

PBWD monomials of Uy, ,,, (Lsl,). Here, the arrow over the product sign refers to the
total order (2.11).

Our first main result establishes the PBWD property of U, . (Lsl,):

v,V
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Theorem 4.3 The ordered PBWD monomials {ep } e g form a K-basis of U, (Lsl,).

V1,02

The proof of Theorem 4.3 is outlined in Sect. 4.5 and is based on the shuffle
approach.

Remark 4.4 We note that the PBWD basis elements introduced in [22, (3.14)] are

€ajtajpitto; () == [ [lejr, €jt+1.0lvy, €j42,0lvy5 - 5 €i0lv;- 4.5)

In this particular case, Theorem 4.3 recovers [22, Theorem 3.11] provided without a
proof.

Remark 4.6 The entire two-parameter quantum loop algebra Uy, v, (Lsl,) admits a
triangular decomposition, cf. Proposition 2.9(a). Hence, an analogue of Theorem 2.18
holds for Uy, v, (Lsl,) as well, thus providing a family of PBWD K-bases for
Uy, v, (Ls1y).

4.3 Integral form 11;1 ,v, (Lsly) and its PBWD bases

For (B,r) € AT x Z, we define e3(r) € Uy, o, (Lsly) via
~ 12, ~1,2 1 212
e (r) == (0,707 =020} Peg ().

We also define ¢, € U, ., (Lsl,) via (2.15) but using eg(r) instead of eg(r). Finally,
(Lsl,) as the (C[vl/2 1/2, vl_l/2 1/2] subalgebra of

V1,02
we define integral form 4,
Uy, v, (Lsly) generated by {eﬁ(r)TﬂEN

The following counterpart of Theorem 2.20 provides a much stronger version of
Theorem 4.3:

Theorem 4.7 (a) The subalgebra 31, . (Lsly) is independent of all our choices.
12 12 —1/2 —1/2

(b) Elements {en}tnen form a basis of the free C [v,/", v, ", v, "7, v, ""]-module
(Lsly).

V1,02

vl v2

The proof of Theorem 4.7 follows easily from the one of Theorem 4.3 presented
below in the same way as we deduced the proof of Theorem 2.20 in Sect. 3.4 from
that of Theorem 2.16.

Remark 4.8 We note that it is often more convenient to work with the two-parameter
quantum loop algebra Uy, 4, (Lgl,), cf. Remark 2.27(a). Its integral form 4, 4, (Lgl,)
is defined analogously to 4L, (Lgl,). Following the arguments of [ 17, Proposition 3.11],
Uy, v, (Lgl,) is identified with the RTT integral form (! , (Lgl,) under the K-
algebra isomorphism Uy, v, (Lgl,) =~ il‘,:,tlt v, (LaL,) ®C[v:/2!v;/z’vl—]/z’vz—l/z] K of [24],

cf. Remark 2.27(b). Thus, the analogue of [17, Theorem 3.24] provides a family of
PBWD bases for U, 4, (Lgl,), cf. Theorems 2.23, 2.25.
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4.4 Shuffle algebra S

Define the shuffle algebra (S, ) analogously to (S®, ) with the following modi-
fications:

(1) all vector spaces are now defined over K (rather than over C(v));
(2) (&i,j(2)i,jer € Matyy;(K(z)), used in the shuffle product (3.1), are now chosen
as:

— i— — B'i — i
z—v /%0y e - v oy )" WUENTS z—v/%0; ' e
Gj@=\—7—""— _— —_— ;
z—1 z—1 z—1

(3) the wheel conditions (3.3) for F are replaced with

172 —1/2 —1
F({xi;}) =0 once Xiorp =V Uy Xites = V1V Xipp

for some € € {£1}, i, r1 #ra, s

The following result is analogous to Proposition 3.4 (recovering the latter by setting
-1
vy =v, =)

Proposition 4.9 The assignment e; , — x; | (i € I,r € 7Z) gives rise to an injective

K-algebra homomorphism ¥ : U, (Lsl,) — S,

V1,02
Our proof of Theorem 4.3 below implies the counterpart of Theorem 3.5, see
Remark 4.11:

Theorem4.10 V: U, , (Lsl,) — S of Proposition 4.9 is a K-algebra isomor-
phism.

4.5 Proof of Theorem 4.3

The proof of Theorem 4.3 is completely analogous to our proof of Theorem 2.16(a)
and is based on the embedding W : U, 0 (Lsl,) < S™ of Proposition 4.9. Indeed,
the linear independence of {e;,},cx is deduced exactly as in Sect 3.2.2 with the only

1<s<d
ﬂESAﬁ 1%¢ of (3.7) by

replacing v~/ with (vl/ )~'. Then, the results of Lemmas 3.16 and 3.17 still
hold, thus implying the hnear independence of {e;},cy. Meanwhile, the fact that
{en}hen span le » (Lsly,) is deduced using the arguments of Sect. 3.2.3. To be more
precise, Lemma 3.21 still holds and its iterative application immediately implies that
any shuffle element F € S belongs to the K-span of {W(e;)}nen-

modification of the specialization maps g : S( LN K[{ }
2 —1)2

Remark 4.11 Combining the last statement in the above proof of Theorem 4.3 with
the injectivity of W (Proposition 4.9), we obtain a proof of Theorem 4.10.
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5 Generalizations to U, (Ls[(m|n))

The quantum loop superalgebra U,,(Ls[(m|n))9 was introduced in [36], both in
the Drinfeld—Jimbo and the new Drinfeld realizations, see [36, Theorem 8.5.1] for
an identification of those. The representation theory of these algebras was par-
tially studied in [37] by crucially utilizing a weak version of the PBW theorem for
U, (Lsl(m|n)), [37, Theorem 3.12]. Inspired by [22], the author also conjectured the
PBW theorem for U, (Lsl(m|n)), see [37, Remark 3.13(2)].

The primary goal of this section is to generalize Theorem 2.16 to the case of
U, (Lsl(m|n)), thus proving the conjecture of [37]. Along the way, we also general-
ize Theorem 3.5 by providing the shuffle realization of U, (Lsl(m|n)), which is of
independent interest. The latter is used to construct the PBWD bases for the integral
form of U, (Lsl(m|n)), generalizing Theorem 2.20.

Remark 5.1 (a) We should stress right away that in the exposition below we do choose
a distinguished Dynkin diagram with a single simple positive root of odd degree.
The generalization of all our results to an arbitrary Dynkin diagram is carried out
in [33], cf. Sect. 8.2.

(b) The shuffle algebras associated to quantum loop superalgebras seem to be new
in the literature as they involve both symmetric and skew-symmetric functions
(“bosons” and “fermions”).

5.1 Quantum loop superalgebra U: (Lsl(m|n))

For the purpose of this section, it suffices to work only with the subalgebra
U, (Lsl(m|n)) of Uy(Lsl(m|n)). Let I = {1,...,m + n — 1} from now on.
Consider a free Z-module EB;.":JFI"ZE,- with the bilinear form (-, -) determined by
(ei,€j) = (—1)‘3">m8,~.,~. Let v be a formal variable and define {v;}je; C {v, v ™1}
via v; := v %) Fori, j € I, set cij i= (o, o) witho; 1= €; — €j41.

Following [36] (cf. [37, Theorem 3.3]), define U, (Lsl(m|n)) to be the
associative C(v)-superalgebra generated by {e; ,} GEIZ with the Z,-grading
lemr| = 1,leir|=0 (i # m,r € Z), and subject to the following defining rela-
tions:

(z — v w)e; (2)ej(w) = (v z = w)e; (we; (2) if &j # 0, (5.2)

[e,- (Z), ej(w)J =0if Eij = 0,

53
lei (z1). [ei (22). € W)],—1 1o + [e; (z2). [ (21), € (w)]y—11y = O if &; = 1 and i # m, ©3)

9 To be more precise, one actually needs to use the classical Lie superalgebra A(m — 1, n — 1) in place of
sl(m|n), which do coincide when m # n. However, we shall ignore this difference, since we will be working
only with the positive subalgebras and those are isomorphic: U, (Lsl(m|n)) >~ Uy (LA(m — 1,n — 1)).
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as well as quartic Serre relations:

[[lem—1(w), em(z1)]y-1, em+1(@)]v, em(22)]
+[[[em—1(w), em (ZZ)]v—l vemyp1(W)]y, en(z1)]1 =0, 5.4)

where ¢;(z) = ), <7 ¢€irz_ " and we use the super-bracket notations:
[a,b]; :=ab — (—D""lx . ba,  [a,b] :=][a,b]

for Z;-homogeneous elements a, b (we set (—1)6 := 1 and (—1)I = —1).

5.2 PBWD bases of U, (Ls/(m|n))

Let AT ={aj +ajp1+ -+ &i}i<j<i<min. For B € AT, define its parity |B| € Z
via

1Bl = {1’ ifm < LF] (5.5)

0, ifmé¢[B]

We shall follow the notations of Sect. 2.2. In particular, we define the PBWD basis
elements eg(r) € U, (Lsl(m|n)) via (2.12), but with [, -] denoting the super-bracket.

Let H denote the set of all functions #: At x Z — N with finite support and such
that h(B,r) < 1if || = 1. The monomials

—
e = ]‘[ e P VheH (5.6)
(B,r)eAT XZ

will be called the ordered PBWD monomials of U, (Lsl(m|n)). Here, the arrow over
the product sign refers to the total order (2.11), as before.
Our first main result establishes the PBWD property of U, (Lsl(m|n)):

Theorem 5.7 The ordered PBWD monomials {ey,};,c g forma C(v)-basis of U, (Lsl(m|n)).

The proof of Theorem 5.7 is presented in Sect. 5.5 and is based on the shuffle
approach.

Remark 5.8 We note that the PBWD basis elements introduced in [37, (3.12)] are

Cajtajit+ta; () = [ [lejr, ej1,0lv415 €420l -+ €i0ly,. (5.9)
In this particular case, Theorem 5.7 recovers the conjecture of [37, Remark 3.13(2)].

Remark 5.10 The entire quantum loop superalgebra U, (Ls[(m|n)) admits a triangular
decomposition as in Proposition 2.9, see [37, Theorem 3.3]. Hence, an analogue of
Theorem 2.18 holds for U, (Lsl(m|n)) as well, thus providing a family of PBWD
C(v)-bases for Uy (Lsl(m|n)).
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5.3 Integral form u,? (Lsl(m|n)) and its PBWD bases

Following (2.19), for any (8, r) € AT x Z, we define eg(r) € Uy (Lsl(m|n)) via

ep(r) = (v — v Heg(r).

We also define ¢, via (5.6) but using eg (r) instead of eg(r). Finally, let £ (Ls[(m|n))
denote the C[v, v~']-subalgebra of U, (Lsl(m|n)) generated by {eg (r)}/’fEZAJr.
The following counterpart of Theorem 2.20 provides a much stronger version of

Theorem 5.7:

Theorem 5.11 (a) The subalgebra 3\ (Lsl(m|n)) is independent of all our choices.
(b) The elements {€}},, 7 form a basis of the free C[v, v~ -module U3 (Lsl(m|n)).

The proof of Theorem 5.11 follows easily from the one of Theorem 5.7 presented
below in the same way as we deduced the proof of Theorem 2.20 in Sect. 3.4 from
that of Theorem 2.16.

Remark 5.12 We note that it is often more convenient to work with the
quantum loop superalgebra U, (Lgl(m|n)), cf. Remark 2.27(a). Its integral form
Uy (Lgl(m|n)) is defined analogously to Ll,(Lgl,). Following the arguments of [17,
Proposition 3.11], 4, (Lgl(m|n)) is identified with the RTT integral form
UM (Lgl(m|n)), [39, Definition 3.1], under the C(v)-algebra isomorphism
Uy(Lgl(m|n)) >~ U (Lgl(m|n)) ®c[v,v-1] C(v), cf. Remark 2.27(b). Hence, the ana-
logue of [17, Theorem 3.24] provides a family of PBWD bases for i, (Lgl(m|n)),
cf. Theorems 2.23, 2.25.

5.4 Shuffle algebra s

Consider an N/-graded C(v)-vector space S""I") = @ S,((mln), where SEZLI'”) ko in1)
kENI a0 W ey m-+n—
consists of rational functions in the variables {x; ,} ll érfk"

that is

which are supersymmetric,

(1) symmetric in {x,-,r}l:"= | forevery i # m;
(2) skew-symmetric in {xm,r}f’; 1

We also fix an / x [ matrix of rational functions (; ;(2))i, jer € Matyx1(C(v)(2))
via

z— v G
;i,j(Z) = ZT (5.13)

This allows us to endow S with a structure of an associative unital algebra with
the shuffle product defined via (3.1), but a supersymmetrization SSym in place of the
symmetrization Sym. Here, the supersymmetrization of f € C({x; 1, ..., Xi g }ier) is
defined via
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SSymy ()({xi 1. - Xis;liel) = Z sgn(om) | ({Xi o5 (1ys - - -+ Xi o (s) Jied ) -

(015000 Omtn—1)EXs

As before, we will be interested only in the subspace of S defined by the pole
and wheel conditions (but now there are two kinds of the latter one):

e We say that F € S,({mln) satisfies the pole conditions if

f(xl,la LRI xm+n71,km+,,_1)

- +n—2 7' <ki+1 ’
H:n:ln HrfkiH— (xi,r _xi+1,r’)

(5.14)

where f € (C(v)[{)cl.j[rl}il ESI’Sk"] is a supersymmetric Laurent polynomial, that is,

symmetric in {xi,,}f": | for every i # m and skew-symmetric in {xnl,,}f’; I
e We say that F € S{"" satisfies the first kind wheel conditions if

F({xi }) =0 once Xi, = viXijes = VjXir, (5.15)

forsome e € {£1},i € I\{m}, | <ri #r <k, | <s <kite.
o We say that F € S satisfies the second kind wheel conditions if

-1
F({xi;}) =0 once xp_15="0Xmr =Xpsly =V Xmp (5.16)

forsome | <rjy #rp <kp, 1 <s <kp_1, 1 <5 <kpyi.

Let S,Em‘") C S,((m‘") denote the subspace of all elements F satisfying these three
conditions. We define

(mn) . _ (m|n)
s = st
keN!

It is straightforward to check that ") < S0 is x-closed. Similar to Proposi-
tion 3.4, the shuffle algebra (S(”””), *) is related to U, (Lsl(m|n)) via:

Proposition 5.17 The assignment e;  — x; | (i € I, r € 7Z) gives rise to an injective
C(v)-algebra homomorphism \V : U, (Lsl(m|n)) — smin)

Our proof of Theorem 5.7 below implies the counterpart of Theorem 3.5, see
Remark 5.26:

Theorem 5.18 W: U, (Lsl(m|n)) —> S"™IM of Proposition 5.17 is an algebra iso-
morphism.
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5.5 Proof of Theorem 5.7

The proof of Theorem 5.7 is similar to our proof of Theorem 2.16(a) and is based on
the embedding W: U, (Lsl(m|n)) = S™") of Proposition 5.17. Thus, we will only
outline the proof, highlighting the key changes.

We start by establishing Theorem 5.7 in the simplest case m = n = 1:

Lemma 5.19 Forany total order < onZ, the ordered monomials {e,, e, - - - ey, }ZS\{'{”‘

Sform a C(v)-basis of U, (Lsl(1]1)).

Proof This follows from the C(v)-algebra isomorphism UV ~ @D, Ak, where A
denotes the vector space of skew-symmetric Laurent polynomials in k variables, while
the algebra structure on the direct sum arises via the standard skew-symmetrization
maps Ay @ Ay = Agge. O

Letusnow treat the general case of m, n. Givenadegree vectord = {dg}gea+ € N At ,
define ¢ € N via > peat+ dpB = D ics Lici. The specialization map

1<s=<dg

ba: Sémlﬂ) — C(v)[{y,e v}ﬁeA+ |

is defined similar to (3.7), but with the only change that the variable x; » in the sth
copy of the interval [B] is specialized to v"y,g s if i < m and to v'—2" vgs ifi > m.
We note that ¢4 (F) is a supersymmetric Laurent polynomial, that is, symmetric in
{y,g,s}f’s:l if || = 0 and skew-symmetric in {yﬂ,s}fﬁzl if |8] = 1.

Thus defined specialization maps ¢, still satisfy Lemmas 3.16 and 3.17 (with H
used in place of H in the formulation of the latter), hence, the linear independence of
{en},c g as follows from the argument presented right after our proof of Lemma 3.17.

Furthermore, for any 4 € H withdeg(h) = d, we have the following generalization
of the formulas (3.18, 3.19) from our proof of Lemma 3.17:

B<p

paWeny=c- [] Gop- [1Gs [T | D G| 520

B.BeAT BeATt BeAT UpEEdﬂ
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with ¢ € C* - vZ, where

1§s’§dﬁ/
_ _ _ , + ’
GIB,‘B/ — l_[ (yﬂ,s —v zyﬁ/,s’)v (ﬂsﬂ) . (}’ﬁ,s _ Uz)’ﬂ/,s/)v (ﬂaﬂ)
1§S§d5
1§s’§dﬂ/
x l_[ (Vs — ypr.5) 1 80=i®%pricip Fomelpidmerp'y
1<s<dg
Gy = (1= BO—IO T (s — 0Py ) OIP)

1<s#s'<dg (5.21)

i(B)—Jj(B)
< T1 YB.s ’
1<s=<dg

yﬂ,nﬁ(s)—"_zyﬁ.aﬂm .
———F— ifm>i
ns<s/ J’fi,rr/g(s>_)’,3,a/3(s’) s m l(ﬂ)

= (0p) rg(h,s) _ 2
G = 1_[ y . Yﬂ,dﬂ(s) v yﬂ,a/g(s’) . . .
B B.op(s) e
L 17pes [, TEREESTEE ifm < j(B)
sgn(og), ifm € [B]

d

Here, the collection {rg(h, 1), ...,7rg(h,dpg)} is defined exactly as after (3.18) (that
is, listing every r € Z with multiplicity #(8, r) > 0 with respect to the total order <g
on Z), while the powers v* (8, 8') are given by the following explicit formulas:

v (B, B =1, J) € BIx [BNlj = j <m} +

oy e (5.22)
#H(j, ) Bl xB1lj=Jj +1>m}

and

vEB, B =#(j, j) e Bl x[B1lj=j > m}+

. P (5.23)
#HG, ) elBIx[Bllj=j+1=<m}

For any B € AT, we note that the sum ) Gg’ﬂ ) coincides (up to a factor of

o0pELy
C*) with the value of the shuffle element x"8 "D . . . xx"8(":d8) yiewed as an element
of

(1) the shuffle algebra S?0 if m > i(B),
(2) the shuffle algebra SO2) if m < j(B),
(3) the shuffle algebra SV if m € [B],

evaluated at {yg, S}fi 1- The latter elements are linearly independent, due to Lem-
mas 3.12, 5.19.

Remark 5.24 The above reduction to the rank 1 cases (tha_t is, m + n = 2) together
with Lemma 5.19 explains why H had to be replaced by H in the current setting.
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The fact that {e; },, . g span U (Lsl(m|n)) follows from the validity of Lemma 3.21
in the current setting. Let us now prove the latter using the same ideas and notations
as before.

First, we note that the wheel conditions (5.15, 5.16) for F' guarantee that ¢4 (F)
(which is a Laurent polynomial in {yg s}) vanishes up to appropriate orders under the
following specializations:

() yps = v 2yp .y for (B,s) < (B, s,
(i) yps = vy .y for (B,s) < (B, 5)).

A straightforward case-by-case verification shows that these orders of vanishing
exactly equal the corresponding powers of yg s — v? yg s and yg s — v? Yp',s' appear-
ing in Gﬂ,ﬂ/ (if B < B") or Gg (if B = B) of (5.21). In the former case, those are
explicitly given by (5.22, 5.23).

Remark 5.25 We should point out right away that the computation of the corresponding
orders requires an extra argument in the case when 8 = B’ and m € [B]. Recall that
the way we counted these orders in the proof of Lemma 3.21 was by realizing the
specialization ¢y as a step-by-step specialization in each interval in the specified
order. A priori, we can choose another order of the intervals or even another way
to perform this specialization. Let us now illustrate how our argument should be
modified in the particular case 8 = B’,m € [B]. Note that if we first specialize
the variables in the interval [B] to the corresponding v-multiples of yg s, then the
wheel conditions contribute i(8) — j(B) to the order of vanishing at yg ; = 2 YB.s'
and i(B) — j(B) — 1 to the order of vanishing at yg, = v_zyﬁgs/. If instead we
first specialize the variables in the interval [S] to the corresponding v-multiples of
¥g,s’» then the wheel conditions contribute i (8) — j(8) — 1 to the order of vanishing at
Vg5 = vzylg,s/ andi(B)— j(B) to the order of vanishing at yg ; = v’zy,g’sr. Thus, none
of these two specializations provides the desired orders of vanishing simultaneously
for yg s = v? yg,s and yg s = v2 yg,s'- However, picking the maximal of the orders
separately for yg ; = vzyﬁ,s/ and yg s = v_Zyﬂ,s/, we recover i (8) — j(B) for both of
them, so that they equal the corresponding powers of yg ¢ — vzyﬁ,s/ and yg s — v_zyﬁ,s/
appearing in G,g of (5.21).

Second, we claim that ¢4 (F) vanishes under the following specializations:

(iii) yp,s = yp s for (B,s) < (B',s") such that j(B) < j(B") andi(B) + 1 € [B'].

Indeed, if j(B) < j(B") andi(B) + 1 € [B'], there are positive roots y, ¥’ € A such
that j(y) = j(B).i(y) = i(B". j(y") = j(B".i(y") = i(B). Consider the degree
vectord’ € Ty given by d,, = dy + 84,y + 84,y — 80, — 8a,p- Then, d’ > d and thus
¢ (F) = 0. The result follows.

Finally, we also note that the skew-symmetry of the elements of S"") with respect
to the variables {x;, .} implies that ¢4 (F) vanishes under the following specializations:

(iv) yp.s = yp s forall B < B’ (and any s, s") such that [8] > m € [B].
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Combining the above vanishing conditions for ¢4(F), we see that it is divisible
exactly by the product ] B<p’ G g8 11 8 G g of (5.21). Therefore, we have

Bt
¢a(F) = [[ Gpp - [] Gs-G
B.BeAT BeAt

where G is a supersymmetric Laurent polynomial in { Vg,s} SIS0 hat is:

Be A* ’

(D) Gis symmetric in {ylg,s}fi1 if |B] = 0,
() Gis skew-symmetric in {yg s }f‘il if || = 1.
Combining this observation with formulas (5.20, 5.21) and the discussion following
them, we obtain a proof of Lemma 3.21 in the current setting, due to Lemmas 3.12,5.19.

Following the arguments from the end of Sect. 3.2.3, we see that {W(en)},c
linearly span S®™) . Invoking the injectivity of W (Proposition 5.17), this implies that
{en},eq span Uy (Lsl(m|n)). This completes our proof of Theorem 5.7.

Remark 5.26 The above argument also provides a proof of Theorem 5.18.

6 Generalizations to the Yangian Y}, (slp)

The PBWD bases for the Yangian Yj(g) of any semisimple Lie algebra g have been
constructed 25 years ago in [28]'%. Note that while the Yangian deforms the universal
enveloping of the loop algebra, that is Y5 (g)/(R) =~ U (g[t]), there is a canonical con-
struction of the Drinfeld—Gavarini dual (Hopf) subalgebra Y,%(g) C Yx(g) such that
Y/ (g)/(h) is a commutative C-algebra, see [17, Appendix A] and the original refer-
ences [8,18]. The PBWD bases for the Drinfeld—Gavarini dual Y. 7/1 (g) were constructed
in [17, Theorem A.7], following [18].

As just mentioned, the PBWD results (cf. Theorems 2.16, 2.18, 2.20, 2.25) are
known both for Y5, (g) and Y} (g) for an arbitrary semisimple g. Thus, the key objective
of this section is to provide the shuffle realizations of Yj(sl,) and Y}’,L(sln) similar to
those of Theorems 3.5, 3.40. For the latter purpose, it suffices to consider only the
subalgebras Y, (sl,), Y}~ (sl,) >~ Y7 (sl,).

6.1 Algebras Y, (sl) and Y (sln)

Let I = {1,...,n — 1}, (cij)i,jer be the Cartan matrix of sl,, and & be a formal
variable. Following [7], define the positive subalgebra of the Yangian of sl,,, denoted by
Y, (sly), to be the associative C[h]-algebra generated by {e;, ,}’ c; with the following
deﬁnmg relations:

Cijﬁ
leirv1ejs]—leir,ejsi1] = — (eirejs + ejseir) (6.1)

10 See [17, Appendix B] for a correction of a gap in the proof of [28].
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as well as Serre relations:

leiroejs] = 0if ¢ij =0, . (6.2)
[eiris [€irss €51+ i i, ejsll = 0if ¢;; = 1.

Let {ai}l’f:_ll and AT be as in Sect. 2.2. For any (8, r) € AT x N, we choose:

(1) a decomposition B = «;; + -+ + «;, such that [--- [eml , eaiz], e ,eaip] is a
non-zero root vector eg of sl, (here, ey, denotes the standard Chevalley generator
of sl,,);

(2) adecompositionr =7y + -+ 71, withr, € N.

Then, we define the PBWD basis elements eg(r) € Yh> (sl,) via

eﬁ(r) = [ o [[eil,rl s eiz,rg]v ei3,r3]a Tt é'[p’rp]. (63)

Let H* denote the set of all functions #: AT x N — N with finite support. The
monomials

N
ep = ]_[ eg(r)"BD - Vhe HT (6.4)
(B.r)eAT xN

will be called the ordered PBWD monomials of Y, (sl,). Here, the arrow over the
product sign refers to the total order on A* x N obtained as the restriction of the order
(2.11).

The following is due to [28] (cf. [17, Theorem B.3]):

Theorem 6.5 ([28]) The elements {en}pcy+ form a basis of the free C[h]-module
Y7 (sly).
h n

Remark 6.6 This result actually holds for any total order on A" x N used in (6.4),
see [28].

Forany 8 € At and r € N, define ¢g(r) € Y, (sl,) via
eg(r) = h-eg(r). 6.7)

For h € HT, we also define ¢, via the formula (6.4) but using €g(r) instead of eg(r).
Finally, define an integral form Y7 (sl,,) as the C[A]-subalgebra of Y;~ (sl,) generated

by {5 (M} ..
The folﬁ)wing result is proved in [17, Theorem A.7]:

Theorem 6.8 ([17]) (a) The subalgebra Y, (sl,) is independent of all our choices
(1)~(2) made when defining eg(r) in (6.3) and hence eg(r) in (6.7).

(b) The ordered PBWD monomials {e},},c g+ form a basis of the free C[h]-module
Y7 (slp).
h n
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6.2 Rational shuffle algebra W™ and its integral form 25"

Define the shuffle algebra (W, x) analogously to the shuffle algebra (S, %) of
Sect. 3.1 with the following modifications:

(1) all rational functions are defined over C[#A];
(2) the rational functions (¢; ;(2));,jer € Matyx;(C[R](z)) are chosen via

C,’jﬁ.

Gij2) =1+ 2

(3) shuffle product x is defined via (3.1), but & i/ (x; ,/x;7,) are replaced with
it (Xir — Xt ) )
(4) the pole conditions (3.2) for F € Wk(") are replaced with

Fxun, oo Xn—14,,)

F= n—2 ypr' <ki+1
Hi:l I—[rf_k,- (xi,r - xi+1,r/)

, where f e C[Al[{x;,}/==F1%; (6.9)

iel
(5) the wheel conditions (3.3) for F € W,g") are replaced with

h
F({xi;}) =0 once Xirg = Xites T E =Xir+ h (6.10)

for some € € {1}, i, r| #r, s.

The rational shuffle algebra (W), x) is related to Y (sl,) via the following con-
struction:

Proposition 6.11 The assignment e; , +—> xi”l (i € I,r € N) gives rise to a C[h]-
algebra homomorphism \V : Yh> (sl,) > W,

The next result is straightforward, cf. Lemma 3.14:

Lemma6.12 For1 < j <i <nandr € N, we have

p(xj1, ..., Xi1)
(xj1—Xjp1,0) - (xien —xi1)

W (ajta;y+to; (1) =R
where p(xj1,...,x;,1) € ClAllx; 1, ..., x; 1] is a degree r monomial, up to a sign.
Example 6.13 For the particular choice

ea,-+aj+1+-~+a,' (r) = [ te [ej,ra €j+],()], ) 6‘[)()]

of the PBWD basis elements (see [17, §2]), we have p(x; 1,...,x;1) = (— l)i_f'xfyl.
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Let us adapt our key tool, the specialization maps, to this setting. Given a degree
vector d = {dglgea+ € NA", define £ e N/ via ZﬁeAJr dgB = ) ey lici. The
specialization map

Gz W — ClRIlyp.)gons 1% (6.14)

is defined similar to (3.7), but with the only chglnge that the variable x; , in the sth
copy of the interval [B] is specialized to yg ; — %
Then, arguing exactly as in Sect. 3.2.2, we get:

Proposition 6.15 The elements {\V (ey)} e+ are linearly independent.
Combining this with Theorem 6.5, we obtain:
Proposition 6.16 W: Y, (sl,) — W is an injective C[h]-algebra homomorphism.

However, in contrast to Theorem 3.5, the embedding W: Y. ﬁ> (sly) — W ig
not an isomorphism. The description of its image is similar to Theorem 3.40, but is
significantly simpler.

Definition 6.17 F € W is good if ¢4(F) is divisible by hXpeat GBI fo
any degree vector d = {dg}gep+ € NA" such that Yy a+ dpB = 3 ;) kici.

Example 6.18 In the simplest case n = 2, any element F € Wk(") (k € N') is good.

Let Wk(") C W,S") denote the C[A]-submodule of all good elements and set

o (n)
W = Pw
keN!

Lemma6.19 W (Y (sl,)) € W™,

Proof Let F = W(ej, -+ eiy.ry) € W\ and choose d = {dg}gea+ € N*" such

that ZﬂeA+ dgB =) ;e kit For any B eAtand1 <s < dg, consider ¢-factors
+Dh

between those pairs of x .-variables that are specialized to yg ; — %, Vg5 —
with j(B) < € < i(B) in the definition of the specialization map (6.14). Each of them
contributes a multiple of 7 into ¢4 (F) and there are exactly 3 BeA+ dg(i(B) — j(B))

of such pairs. Hence, F € Wk("). O
The following is the key result of this section:

Theorem 6.20 The C[h]-algebra embedding V: Y (sl,) < W of Proposi-
tion 6.16 gives rise to a C[h]-algebra isomorphism W : Y (sl,) — w,

In view of Example 6.18, this theorem for n = 2 is equivalent to the following
result:
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Lemma 6.21 Any symmetric polynomial F € (C[h][{xp}];:l]zk may be written as a
Clh]-linear combination of {¥ (en)}peH+-

The proof of Lemma 6.21 is completely analogous to those of Lemmas 3.12, 3.48,
and crucially relies on the following simple computation (cf. Lemma 3.9):

Lemma6.22 Forany k > 1 andr € N, the kth power of x" € Wl(z) equals

Texx = k- coox)”
X e oxx k! - (xp---xp). (6.23)

k times

Proof The proof is by induction in k and boils down to the verification of the equality

k  s#p
—Xxp+h
SO BT ok (6.24)
p=liss<k 5 %P
which is proved similarly to (3.11). O

The proof of Theorem 6.20 for n > 2 is completely analogous to those of Theo-
rems 2.16, 2.20 and crucially utilizes its n = 2 case, established in Lemma 6.21. We
refer the interested reader to [33, Proof of Theorem 3.30] for more details.

Definition 6.25 F € W,f") is integral if F is divisible by Ak,

Remark 6.26 We note that any integral shuffle element is obviously good, cf. Defini-
tion 6.17.

Let QH,E") C Wk(") denote the C[/]-submodule of all integral elements and set

(n) ._ (n)
W = Py
keN!

The following is our second key result of this section:

Theorem 6.27 The  C[h]-algebra  isomorphism — W: Y (sl;) —> W of
Theorem 6.20 gives rise to a C[h]-algebra isomorphism V: Yj, (sl,) — 25,

The proof of Theorem 6.27 is completely analogous to that of Theorem 3.40, but
is much simpler. In particular, adapting Lemma 3.51 to the current setting, the key
combinatorial computation from its proof is not needed, while Lemma 3.52 is adapted
without any changes. We refer the interested reader to [33, Proof of Theorem 3.9] for
more details.

Remark 6.28 Let us note right away that the key simplification in the proof of The-
orem 6.27 (comparing to that of Theorem 3.40) and in the definition of the integral
elements of Definition 6.25 (comparing to those of Definition 3.37) is due to the
following rank 1 computations:

(1) AfGxy -+ xp)" € W(Y7 (s) Yk, r € N, due to Lemma 6.22;

2) (v — v H kT 1 -+ xp)" € WS (Lsh)) Vk e N, r € Z, due to Lemma 3.9;
3) (= v H¥(xy - xp)" ¢ WS (Lsl)) ¥ k > 1,7 € Z, due to Lemma 3.46.
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7 Generalizations to the super Yangian Y;,(s[(m|n))

The super Yangian Y5 (gl(m|n)) of the Lie superalgebra gl(m|n) was first introduced
in [30], following the RTT formalism of [15]. Its finite-dimensional representations
were classified in [40]. Around the same time, the super Yangian Y (A(m, n)) of the
classical Lie superalgebra A(m, n) in the new Drinfeld presentation was introduced
in [32]. As shown in loc. cit., these super Yangians posses most of the properties the
usual Yangians have (including the PBWD bases). The explicit relation between the
super Yangians of [30,32] was established in [19].

The primary goal of this section is to generalize Theorem 6.20 to the case of
Y, (sl(m|n)) (we note that Y;~ (sl(m|n)) = Y, (gl(m|n)) = Y7 (A(m — 1,n — 1))).
The resulting shuffle algebra W) is a mixture of the shuffle algebra S from
Sect. 5.4 and the rational shuffle algebra W from Sect. 6.2. We also generalize
Theorem 6.27 to the case of Y;L (sl(m|n)).

7.1 Algebras Y;(s[(mln)) and Y;(ﬁ[(mln))

Let I ={1,...,m+n — 1}, (¢ij)i jer be defined as in Sect. 5.1, and & be a formal
variable. Following [19,32] (see Remark 7.4 for a correction of the defining relations
in [32, Definition 2]), define Y} (sl(m|n)) to be the associative C[h]-superalgebra
generated by {e,-,r};g\r with the Z,-grading |e,, | = 1, lei | = 0 #m,r € N), and
subject to the following defining relations:

Cij e
leirs1.ejs] —leir €541l = % (eirejs +ejseir) if ¢ #0, (7.1
e, eis]=0if ¢;; =0,
[ L,r ./,S] L] . . . (7.2)
leir» [€irys €j 511+ [€iry, leir.ejs]1 =0if ¢;; = 1 and i # m,

as well as quartic Serre relations:

[[emfl,s» em,rl]s [gm-',-l,s’v em,rz]] + [[emfl,s’ gm,rz]s [em-',-l,s/a em,n]] =0, (7.3)

where as before, we use the super-bracket [a,b] = ab — (—1)'“‘”’| - ba for
Z»-homogeneous a, b.

Remark 7.4 (a) The first relation of (7.2) implies the validity of the second one fori =
m = j &+ 1, which is also listed among the defining relations of [32, Definition 2].

(b) The wrong defining relation [[e;,—1,s, €m,r I, [€m+t1.5'5 €m,rn 1] = 0 of [32, Defini-
tion 2] should be replaced with the above relation (7.3).

Let {oz,-}’.”;rl”_1 be as in Sect. 5.1 and A™ be as in Sect. 5.2. For 8 € AT, we define

1

its parity |B| € Z; via(5.5). We define the PBWD basis elements eg (r) € Yh> (sl(m|n))
via (6.3), but with [-, -] denoting the super-bracket.
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Let H* denote the set of all functions h: A* x N — N with finite support and
such that A(B, r) < 1if |B| = 1. The monomials

ey = 1_[ eg("ED - whe AT (7.5)
(B.r)eAT xN

will be called the ordered PBWD monomials of Y; (sl(m|n)). Analogously to [28],
we have:

Theorem 7.6 ([32]) The elements {ep},c g+ form a basis of the free C[h]-module
Yy (sl(m|n)).

For any (8, r) € AT x Z, define 25 (r) € Yy (sl(m|n)) via
eg(r) :=h-eg(r).

For h € H*, we also define &), via (7.5) but using ¢g(r) instead of eg(r). Finally, let
Y; (sl(m|n)) denote the C[h]-subalgebra of Y, (sl(m|n)) generated by {eg (r)}/’feli .
The following result is analogous to [17, Theorem A.7]:

Theorem 7.7 (a) The subalgebra Y;, (sl(m|n)) is independent of all our choices.
(b) The ordered PBWD monomials {ep}, g+ form a basis of the free C[h]-module
Y} (sl(m|n)).

7.2 Rational shuffle algebra W(™™ and its integral form 25"

Define the shuffle algebra (W) x) analogously to the shuffle algebra (S”"!") %) of
Sect. 5.4 with the following modifications:

(1) all rational functions are defined over C[#A];
(2) the rational functions (¢; j(2));,jes € Maty,;(C[R](z)) are chosen via
E,‘jh
Gij(@ =1+ 2_Z;
(3) the shuffle product x is defined via (3.1), but with the supersymmetrization SSym in
place of the symmetrization Sym and ¢; ; (x; , — x;s,,) in place of &; i/ (x; /X ;)3
(4) the pole conditions (5.14) for F € W™ are replaced with

f(x],]9 .. ,xnfl,k,,_1)

= , (7.8)
—2 ' <ki+1
1_[?:1 l_[rfk,-H— (xi,r _xi+1,r’)

where f € C[R][{x;, r}} S,r Sk"] is a supersymmetric polynomial, that is, symmetric
ki

in {xi,,}]f"zl for every i # m and skew-symmetric in {x,, ,},"



PBWD bases and shuffle algebra realizations... Page430f48 35

(5) the first kind wheel conditions (5.15) for F € W"" are replaced with
F({xi,r}) =0 once Xirg = Xite,s T h/z = Xi,r, + h (7.9)

for some € € {1}, i #m, r1 Zra, s;
(6) the second kind wheel conditions (5.16) for F € W™ are replaced with

F({xi,r}) =0 once xp-15= Xm,r; + h/2 = Xm+1,s' = Xm,r, — h/2 (7.10)

for some ry # rp, s, 5.

In view of Theorem 7.6, the rational shuffle algebra (W), «) is related to
Y (sl(m|n)) via the following construction (cf. Propositions 6.11, 6.16):

Proposition 7.11 The assignment e; , +— xj | (i € I,r € N) gives rise to a C[h]-
algebra embedding W : Y (sl(m|n)) — w i)

To describe the images of Y} (sl(m|n)) and its subalgebra Y;, (s[(m|n)) under the
embedding W, let us introduce the specialization maps in the current setting. Given a
degree vector d = {dg}gea+ € NA", define £ € N/ via Yy pr dpf = 3¢ licti.
The specialization map

= (mln 1=s=d
ba: W — ClAIlyp, o)

is defined similar to (6.14), but with the only change that the variable x; , in the sth
copy of the interval [B] is specialized to yg ; — % ifi <mandtoyg + w if
i >m.

Definition 7.12 (a) F € W™ is good if ¢, (F) is divisible by s2-sea+ 6 (H) =i (F)
for any degree vector d = {dg}gea+ € NA" suchthat Y g n+ dgf = 3¢ kicti.
(b) F e W™ is integral if F is divisible by hl¥!.

Remark 7.13 We note that any integral shuffle element F € Wk(mln) is obviously good.

Let W,fm‘”) C Wk(mln) and Qﬂ,((mln) C Wk(mln) denote the C[A]-submodules of all
good and integral elements, respectively, and set

. (mln) . (mln)
W= QY = G
keN! keN!

The following are the key results of this section:

Theorem 7.14 The C[hl-algebra embedding W : Y, (sl(m|n)) — Wi of Propo-
sition 7.11 gives rise to a C[h]-algebra isomorphism V: Y (sl(m|n)) —> wmin),
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Theorem 7.15 The C[h]-algebra isomorphism W : Y, (sl(m|n)) — W of Theo-
rem7.14 gives rise to a C[h]-algebra isomorphism ¥ : Y7, (sl(m|n)) — guymin)

Both Theorems 7.14, 7.15 are proved completely analogously to
Theorems 5.18, 6.20, 6.27. We refer the interested reader to [33, Proofs of Theo-
rems 3.9, 3.30] for more details.

8 Further directions

In this section, we briefly outline some of the related results that will be addressed
elsewhere.

8.1 Integral forms of Grojnowski and Chari-Pressley and their PBWD bases

We shall follow the notations of Sect. 2. Fori € I,r € Z, k € N, define the divided
power

k
el = Lo (8.1)

Following [20, §7.8], define the integral form U, (Lsl,) as the C[v, v_l]—subalgebra
of U, (Lsl,) generated by all the divided powers {el({? }f EEIZ’kEN. The main objective of
this section is to construct a family of PBWD bases for U, (Lsl,,) as well as to provide
its shuffle realization.

Recall the PBWD basis elements {eg (;')}/VSEEZA+ of (2.12), which do depend on all
the choices (1)—(3) made prior to their definition. For 8 € AT, r € Z, k € N, we

define the divided power

ep(r)*

(k) ._
eg(r)™ = kL]

8.2)

As a simple corollary of [29, Proof of Theorem 6.6], we obtain:
Lemma8.3 es(r)® e Uy (Lsl,) forany B € A*,r e Z, k e N.

The monomials

—

en = [ eV Vhen
(B,r)eAt XZ

will be called the ordered PBWD monomials of U, (Lsl,). Here, the arrow over the
product sign refers to the total order (2.11).
Our first main result of this Section establishes the PBWD property for U, (Lsl,,):
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Theorem 8.4 The elements {eplpen form a basis of the free Clv, v—'1-module
Uy (Lsly).

The proof of Theorem 8.4 is completely analogous to our proofs of Theo-
rems 2.16, 2.20 and is based on (as well as used in) the description of W (U, (Lsl,)),
viewed as a subspace of S For the latter purpose, let us adapt Definition 6.17 to the
current setting:

Definition 8.5 F € S,En) is good if it satisfies the following two properties:

F O Xn—1,k, )
1—[:1:—12 n:;}?“ (i r =X 41 07)
(ii) the specialization ¢4(F) of (3.7) is divisible by (v — p=1)2peat BEE=IB) for

any degree vector d = {dg}gea+ € NA" such that D pent dpB =D e kicti.

() F =

with f € Clo, v~ [ 5 =%,

Let S,((") cS ,E") denote the C[v, v—!]-submodule of all good elements and set

s™ = Psy”

keN/!

Lemma 8.6 W(U; (Lsl,)) < S™.

Proof As U; (Lsl,) is generated by eg(r) over C[v, v—1], it suffices to verify both

properties (i, ii) of Definition 8.5 for any shuffle element F' = \Il(el(f”r)] e elg;]Nr)N).
The validity of (i) for F follows from the equality W(e{)) = v="7" (x; --- x¢)", due
to Lemma 3.9. On the other hand, the validity of (ii) for F is established using the

arguments from our proof of Lemma 6.19. O

The second key result of this section provides a shuffle realization of U (Lsl,):

Theorem 8.7 The C(v)-algebra isomorphism WV : U, (Lsl,) — S™ of Theorem 3.5
gives rise to a C[v, v~']-algebra isomorphism W : Uy (Lsl,) = s,

Define U5 (Lsl,,) asthe C[v, v~ !]-subalgebra of U, (Lsl,) generated by the divided
powers fl(kr) = fl.’fr/[k],,! (i € I,r € Z,k e N). Finally, consider the C[v, v™']-
subalgebra Ug(Ls[n) of U,?(Ls[n) introduced in [5, §3], cf. [34, §2.3]. Following [5],

define the integral form U, (Lsl,) as the C[v, v_l]—subalgebra of Uy (Lsl,) generated
by U (Lsly,), Ug(Lﬁln), Uy (Lsly).

Remark 8.8 Identifying U, (Lsl,) with the Drinfeld—Jimbo quantum loop algebra
UPY(Lsl1,),see[7], the form U, (Lsl,) isidentified with the Lusztig form of UP (Ls1,,),
due to [5].

The following triangular decomposition of U, (Lsl,) is due to [5, Proposition 6.1]:
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Theorem 8.9 ([5]) The multiplication map
m: Uy (Lsly) ®cpy.y-1) US(Lsly) ®cpyp-17 Uy (Lsly) —> Uy(Lsly)

is an isomorphism of the free C[v, v~ ']-modules.

Combining Theorems 8.4 and 8.9, we obtain a family of PBWD bases for the form
Uy (Lsl,).

Remark 8.10 The results of Theorems 2.20, 3.40, 8.4, 8.7 were recently used in [34]
to establish the duality between the forms {7 (Ls(,) and U (Lsl,) (resp. t; (Lsl,)
and U; (Lsl,)) with respect to the new Drinfeld pairing. We refer the interested reader
to [34] for more details.

8.2 Generalizations to all Dynkin diagrams associated with s((m|n)

Recall that a novel feature of Lie superalgebras (in contrast to Lie algebras) is that
they admit several non-isomorphic Dynkin diagrams. Likewise, one may consider
various quantizations of universal enveloping superalgebras starting from different
Dynkin diagrams. The explicit isomorphism of such algebras associated to various
Dynkin diagrams of the same type is highly non-trivial: it has been established for
quantum finite/affine superalgebras in [36], but seems to be an open question for
general super Yangians. Furthermore, the positive subalgebras (those generated by
{ei r}) do essentially depend on the choice of a Dynkin diagram.

In the recent paper [33], we address the above question for the Lie superalgebra
A(m, n) as well as generalize the results of Sects. 5, 7 to all of its Dynkin diagrams.
Explicitly, given a superspace V = Vi @ Vj with a basis vy, ..., v, such that each v;
is either even (v; € Vp) or odd (v; € V7), one may define the quantum loop superalge-
bras Uy (Lgl(V)), Uy(Lsl(V)) as well as the super Yangians Y5 (gl(V)), Yr(sl(V)),
both in the RTT presentation of [15] and the new Drinfeld presentation of [7] (their
equivalence is established following the ideas of [9]). The corresponding positive sub-
algebras U (Lsl(V)) = U, (Lgl(V)) (resp. Y (s[(V)) = Y (gl(V))) are generated
by {e,;r}lTEEIZ (resp. {e,-,r}lfgw) subject to the defining relations [33, (4.2-4.5)] (resp.

[33, (2.58-2.60, 2.78)]) and with the Z,-grading |e; .| = |«;|, where

| 0, ifv; and v;;| have the same parity
ail =1 - .
! 1, otherwise

The construction of the PBWD bases for Uy (Lsl(V)), Y (sI(V)) and their inte-
gral forms U (Lsl(V)), Y, (sl(V)) is similar to Theorems 5.7, 5.11, 7.6, 7.7. The
corresponding ordered PBWD monomials are defined analogously to (5.6, 7.5) with
the indexing sets H, H™ defined as before, but using a different Z,-grading on A™:

lotj +ojr 4 - A ai] = o]+ ] 4 -+ ol
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The associated shuffle algebras S"), W) and their integral forms &), 20(") are
defined similar to §®1m) W nln) nln) gy@min) Their elements are supersymmetric
rational functions in {x. .}, thatis, symmetric in {x; .} if |o;;| = 0 and skew-symmetric
in {x; .} if o | = 1.
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