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1. Introduction
1.1. Summary

Let G be a complex reductive group and let (C,dz) be a complex projective line P!
with a marked point z = oo, also equipped with a section dz of the canonical line bundle
K¢ whose only singularity is a second order pole at z = co. Let (-, ) be the Killing form
on the Lie algebra g of G.

To the data (G,C,(-,-),dz) one can associate in the standard way an (infinite-
dimensional) Poisson-Lie group G1(C) of G-valued rational functions on C' with fixed
value 1 at oco. By the formal series expansion at z = oo there is a natural inclu-
sion G1(C) < G1[[z7!]], where G1[[z7!]] are G-valued power series in z~' with the
constant term 1. The group Gi[[z7!]] is the Poisson-Lie group whose Poisson struc-
ture is constructed in the standard way from the Lie bialgebra defined by the Manin
triple (g((271)), g[2], 2 'g[[z7']]) and the residue pairing §_(-,-)dz. The quantization of
the Poisson-Lie group G1[[z71]] produces the Hopf algebra called the Drinfeld Yangian
Y(g).
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Let A™ be a cone of dominant coweights in the coweight lattice A of G. A formal linear
combination of points of C' with coefficients in A™ will be called a A™-valued divisor D
on C.

The symplectic leaves MM p in the Poisson-Lie group G1(C) are classified by AT-valued
divisors D = ) _p1 Ag[x] trivial at infinity [36,12], i.e. with Aoe = 0. Namely, for a
given D, the symplectic leaf Mp C G1(C) consists of those elements in G1(C) that are
regular away from supp(D), the support of D, while having a singularity of the form
G[[22)]27 = G[[22]] in a neighborhood of each 2 € supp(D), where z, is a local coordinate
near z vanishing at z and A\, € AT is the coefficient of D at z.

The symplectic leaves Mp of G1(C) are interesting in many aspects. A symplectic
leaf M p can be identified with (I):

(1) a moduli space of G-multiplicative Higgs fields trivially framed at z = oo [12]

(2) a moduli space of G .-monopoles on C x S! regular at infinity and with Dirac singu-
larities whose projection on C' is encoded by the AT-valued divisor D, where G, is
the compact group associated to the complex reductive group G [7,6]

(3) a Coulomb branch of N' = 2 (ultraviolet fixed point) UV conformal quiver gauge
theory on R3 x S! if G is of ADE type and the ADE quiver is the Dynkin diagram
of g [7]

(4) a phase space of an algebraic integrable system known in the quantum field theory
literature as the Seiberg-Witten integrable system of N' = 2 ADE UV conformal
quiver gauge theory [32]

(5) a classical limit of the GKLO-modules of Y (g) constructed by Gerasimov, Kharchev,
Lebedev and Oblezin [21]

Let pt = Moo = D|oo denote the coefficient of the divisor D at infinity. In the construc-
tions of the above list it was assumed that p vanishes. In the constructions (1) and (2),
the restriction p = 0 translates to the regularity either of the Higgs field at co € P! or
to the regularity of the monopole configuration on the infinity of R? x S'. In the points
(3) and (4), for G of a simple ADE type, i encodes the UV S-function of an N' = 2
supersymmetric quiver gauge theory, and consequently, the restriction p = 0 translates
to the condition that the UV S-function of the quiver theory vanishes (cf. [32]).

It is natural to explore what happens with the constructions listed above when the
restriction g = 0 is lifted. The natural generalizations for not necessarily vanishing
are (II):

(1) a moduli space of G-multiplicative Higgs fields with the framed singularity z* at
z = o0 of the coweight p

(2) a moduli space of G.-monopoles on C' x S with a charge u at infinity and with
Dirac singularities whose projection on C is encoded by the A*-valued divisor D

(3) a Coulomb branch of A" = 2 UV quiver gauge theory on R3 x St if G is of ADE type
and the ADE quiver is the Dynkin diagram of g [32] with the UV B-function —u
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(4) a phase space of the Seiberg-Witten algebraic integrable system of N' = 2 supersym-
metric ADE quiver gauge theory with the UV S-function —p

(5) a classical limit of the analogues of the GKLO-modules [21] but for a shifted Yangian
Y_u(g) [27,3]

In this paper, we put further details on the construction (5) focusing on G = GL,,
and antidominantly shifted Yangians, which in our notations are recorded as Y_,(gl,,)
with u € AT. A generalization to other classical BCD types has been carried out in the
follow-up paper [20].

From the perspective of Coulomb branches of the N' = 2 supersymmetric ADE quiver
gauge theories I (3) and IT (3) there is a natural procedure to obtain the asymptotically
free ADE quiver gauge theory with the non-zero UV S-function —p with g € A* from a
UV conformal ADE quiver gauge theory with the vanishing UV S-function g = 0. This
procedure involves:

(I) starting from the UV conformal ADE quiver gauge theory, with S-function given by
— > vy + > wuw, = 0 where U(v;) is the gauge group factor of the ADE quiver
theory attached to the node i, the w; is the number of fundamental multiplets
attached to the node i, and their masses are x; 1, ... Z; w;;

(IT) and then switching off some of those fundamental multiplet fields from the La-
grangian. The switching off effect of a quantum field in the QFT can be achieved
by sending the mass prescribed to that field in the perturbative Lagrangian to the
infinity: in this way the quantum excitation of that field requires infinite energy,
and therefore the correlation functions of a QFT in which some quantum fields
are ascribed infinite masses are equivalent (after renormalization) to the correlation
functions of the QFT where those fields have been deleted from the Lagrangian.

Therefore we can expect to recover the Coulomb branches and integrable systems associ-
ated to N' = 2 supersymmetric asymptotically free ADE quiver gauge theories by taking
a limit of a suitable UV conformal theory where some of the masses = (corresponding to
the points of the divisor in our geometrical presentation) are sent to infinity, see [32,41].
Indeed, we show explicitly in Section 2.4.2 that our construction satisfies this “normal-
ized limit” property, expected from the physics of N'= 2 ADE quiver gauge theories as
described above.

Generalizing [8,4], we present the isomorphism between the Drinfeld and RTT real-
izations of Y_,,(gl,,) and both as a consequence and a tool to prove this isomorphism we
construct GL,, Lax matrices T (z) with prescribed singularities at D for any A*-valued
divisor D (with an additional property that the sum of the coefficients ) _p1 A, is in
the coroot lattice of G).

While in the paper we implicitly assume % = 1 (for simplicity of our exposition) and
explicitly present only the quantum case, our construction can be naturally generalized
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to the C[h]-setup: both (antidominantly) shifted Drinfeld and shifted RTT Yangians
of gl,, become associative algebras over C[h], i appears in the commutation relations
between the canonical coordinates on Mp as [p; ., e%<] = 03,70y sheds s, and the rational
Lax matrices Tp(z) obviously generalize to keep track of A. Then, the classical limit
is recovered in the usual way by sending 7 — 0 and replacing %[, -] by the Poisson
bracket {-,-}.

We conjecture that the classical limit of our construction describes the full family of
symplectic leaves in the Poisson-Lie group obtained as the classical limit of the shifted
Yangian Y_,,(g), and for each A*-valued divisor D on C' we obtain Darboux coordinates
on the symplectic leaf MM p. We leave out for a future work the precise details as well
as the details of the construction of the moduli space of multiplicative Higgs fields with
a singularity at the framing point and moduli space of singular monopoles on R? x S*
(cf. [13,28] for the relevant constructions of singular monopoles and Kobayashi-Hitchin
correspondence in that context).

The Lax matrices Tp(z) can be used to construct explicitly classical commuting
Hamiltonians of the corresponding completely integrable systems on 9tp as well as their
quantizations. The classical commuting Hamiltonians are obtained as the coefficients of
the spectral curve

n

det(y = 9oTp(2)) = >y (=1)'tras (92T (2) ) (L.1)

=0

Here, g is a regular semi-simple element of G that defines the coupling constants of
the respective integrable system or encodes the gauge couplings of the respective quiver
gauge theory in case when 91p is interpreted as a Coulomb branch [32]. For a general G,
the classical complete integrability can be established from the abstract cameral curve
construction following [10].

In the quantum case, using that the homomorphism ¥p of Theorem 2.35 factors
through the quantized Coulomb branch, see [3, Theorem B.18], the construction of Bethe
subalgebras (see [29, §1.14] or the original paper [31]) that uses a quantum version of the
spectral curve gives rise to a family of Bethe commutative subalgebras in the quantized
Coulomb branches. We note that existence of such a construction was suggested to one
of the authors and Michael Finkelberg by Boris Feigin in 2017. The pre-quantized Hamil-
tonians are represented in the algebra of difference operators with rational coefficients on
functions of p. .. We do not discuss in this paper the actual quantization (the choice of
a polarization, the Hilbert space structure, or analytic properties of the wave-functions).

For example, the i = n term in the spectral curve (1.1), the det of the Lax matrix, after
a quantization is replaced by the quantum determinant and is given by the formula (2.39):

adet Tp(2) =[] ] -+ @G—1n)~ O

i=1z€P1\{co}

The Bethe ansatz for these quantum integrable systems was constructed in [33].
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The origin of the canonical coordinates (p, ¢.) of the present work goes back to the
work of Atiyah-Hitchin on the moduli space of monopoles on R?, [1], that identified such
moduli space with the moduli space of based rational maps from C = P! to the flag
variety G/B.

For example, for G = SLy the flag variety G/B is P!, and the based rational maps
from C to G/B are simply rational functions f(z) vanishing at z = oo. Given a coset

representative of a based rational map from C to G/B in the form (égzg gg%), the

respective rational function is f(z) = B(z)/A(z). For the divisor D consisting only of a
singularity at co € P!, the coordinates p. are the locations of zeros of A(z) (i.e. poles
of f(z)), while the coordinates e?* are the values of B(z) at these zeros. Such canonical
coordinates in the space of rational functions also appeared in the work of Sklyanin on
separation of variables. Furthermore, Jarvis in his work on monopoles on R3, [25,26],
constructed a lift of a based rational map from C to G/B to a rational map from C
to G. The classical limit of the formulas for the rational Lax matrices Tp(z) presented
in this work for G = GL,, could be seen as a canonical realization of Jarvis’s lift of
a based rational map from C to G/B to a rational map from C to G, equipped with
canonical (px, g« )-coordinates induced from the Atiyah-Hitchin construction for the based
rational maps to G/B. We provide some more details in Remark 2.98, while referring
the interested reader to [3, 2(xi, xii, xiii)] for a more detailed discussion.

In the second part of the paper we proceed to the trigonometric case by taking
C=P!'=C*U{0}U{co} equipped with a section dz/z of the canonical bundle K¢
that has order one poles at 0 and oo. Given the Borel decomposition of g, the section of
K¢, and the Killing form on g, one obtains in the usual way the Lie bialgebra structure
on the loop algebra Lg with the trigonometric r-matrix and the corresponding Poisson-
Lie loop group. The quantization of this Poisson-Lie group gives rise to the quantum
loop algebra U, (Lg) (also known as the quantum affine algebra with the trivial central
charge).

Similar to the rational case, to each AT-valued divisor D on C we associate a module
of a shifted counterpart of U,(Lg) in a construction analogous to [21,22]. However, in
the trigonometric case there are two special framing points 0 and co on C. We denote
the coefficients of D at these framing points by u= = A\g = D|g and p* = Aso = D|wo,
respectively. Then, for any A*-valued divisor D on C (with an additional property that
the sum of the coefficients ) _p1 A, lies in the coroot lattice of G), we construct a
homomorphism from the shifted quantum affine algebra U_,,+ _,-(Lg) to the algebra
of v-difference operators (see Remark 3.31 and [18]), and using an isomorphism between
the Drinfeld and the RTT realizations of U_,+ _,,~
present explicitly the corresponding G L,, trigonometric Lax matrices Tp(z).

(Lgl,), n™ € AT, we construct and

Conjecturally, the classical limit of our construction describes the full family of sym-
plectic leaves in the (—p™, —p™)-shifted Poisson-Lie loop group obtained as the classical
limit of the shifted quantum affine algebra U_,+ _,-(Lg), where (u*,u~) are the
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coweights encoding the prescribed singularities at co and 0. Conjecturally, each symplec-
tic leaf Mp is isomorphic as a symplectic variety to the moduli space of multiplicative
Higgs bundles on (P!, dz/z) with Borel framing at 0 and oo and with prescribed singu-
larities on D. We leave out the precise definitions and details of this construction for a
future work.

A subset of GL,, rational Lax matrices constructed in [15] are known to be the build-
ing blocks for the transfer matrices of non-compact spin chains and Baxter QQ-operators,
see [2,11] (cf. [37] for a discussion of the trigonometric case). The matrix elements of
those Lax matrices are realized as polynomials in the Heisenberg algebra generators
in analogy to the free field realization. The Fock vacuum vector serves as the highest
weight state and the trace in the transfer matrix construction is taken over the entire
Fock space. As discussed in Section 2.7, the realization studied in this paper is closely
related to the Gelfand-Tsetlin bases which are not necessarily constrained to represen-
tations of the highest/lowest weight type. In order to describe the modules that arise
from the free field realization one has to impose additional conditions on the corre-
sponding Gelfand-Tsetlin patterns. Consequently, we expect that the transfer matrices
can be defined in terms of the Lax matrices presented in this article by introducing the
appropriate trace over the Gelfand-Tsetlin oscillator realization. In addition to the con-
struction of transfer matrices from Lax matrices linear in the spectral parameter, this
approach should allow for the construction of the commuting family of operators with
Lax matrices of higher degree in the spectral parameter. We leave the precise details of
this construction as well as generalizations to Lie algebras beyond A-type for a future
work.

Historically, the shifted Yangians Y, (g) were first introduced for g = gl,, and dominant
shifts v in [5], where their certain quotients were identified with type A finite W-algebras,
the latter being natural quantizations of type A Slodowy slices. This construction was
further generalized to any semisimple g but still dominant v € AT in [27], where it
was shown that their GKLO-type quotients (called truncated shifted Yangians) quantize
slices in the affine Grassmannians. The generalization to arbitrary shifts v € A was finally
carried out in [3, Appendix B], where it was conjectured that their truncations quantize
generalized slices in the affine Grassmannians introduced in [3]. The latter result was
recently established in [39].

In contrast to the aforementioned original approach, we consider exactly the opposite
case, with antidominant shifts, in the current paper (note that any shifted Yangian
Y, (g) may be embedded into the antidominantly shifted one Y_,(g), 1 € AT, via the
shift homomorphisms of [14]). The main technical benefit is the RTT realization of
those Y_,,(gl,,) (respectively U_,+ _,-(Lgl,)), and as a result a conceptual explanation
of the coproduct homomorphisms of [14] (respectively of [18]). Also, we note that the
antidominant case allows to access interesting algebraic integrable systems that appear
on the Coulomb branches of four-dimensional supersymmetric N’ = 2 ADE quiver gauge
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theories of the asymptotically free type [32]; a typical representative of such an integrable
system is a closed Toda chain.

1.2. Outline of the paper

e In Section 2.1, we introduce the shifted Drinfeld Yangians of gl,, the algebras
Y,(gl,), where p € A is a coweight of gl,. These algebras depend only on the
associated coweight p € A of sl,, up to an isomorphism, see Lemma 2.17. They
also contain the shifted Yangians of sl, (introduced in [3]) via the natural embed-
ding ¢, Yi(sl,) — Y,(gl,,) of Proposition 2.19 (generalizing the classical embedding
Y (sl,,) — Y(gl,,)). Moreover, we have the isomorphism Y,,(gl,,) ~ ZY,(gl,,) ®c Yu(sl,)
with ZY),(gl,,) denoting the center of Y,,(gl,,), see Corollary 2.24, Lemma 2.26 (general-
izing [29, Theorem 1.8.2] in the unshifted case p = 0).

In Section 2.2, we introduce the key notion of A-valued divisors on P!, AT -valued
outside {oo} € P, see (2.28), (2.29). For each such divisor D satisfying an auxiliary
condition (2.30) (which encodes that the sum of all the coefficients of the divisor D
lies in the coroot lattice), we construct in Theorem 2.35 an algebra homomorphism
Up:Y_,(gl,) = A, where i = D| is the coefficient of D at oo and the target A is the
algebra of difference operators (2.32), see Remark 2.33. This construction generalizes the
A, _-case of [3, Theorem B.15] as the composition ¥po¢_,: Y_;(sl,) — A is precisely
the homomorphism ®* 5 of [3, Theorem B.15] (where A is the sum of all coefficients of
D outside o).

In Section 2.3, we introduce the (antidominantly) shifted RTT Yangians of gl,,, the
algebras th:(g[n) with u € AT being a dominant coweight of gl,,. They are defined via
the RTT relation (2.41) and the Gauss decomposition (2.43), (2.44). We construct the
epimorphisms Y_,: Y, (gl,) = Y*'!(gl,,) for any o € A*, see Theorem 2.52. The main
result of this section (the proof of which is established in Section 2.4.3), Theorem 2.54,
is that T_,, are actually algebra isomorphisms for any p € AT (generalizing [8,4] in the
unshifted case p = 0 as well as [18] in the smallest rank case n = 2, see Remark 2.55).

In Section 2.4, we construct n x n rational Lax matrices Tp(z) (with coefficients in
A((271))) for each A*-valued divisor D on P! satisfying (2.30). They are explicitly de-
fined via (2.63), (2.64) combined with (2.58), (2.60), (2.62), while arising naturally as
the image of the n x n matrix T'(z) (encoding all the generators of Y*'/(gl,)) under
the composition ¥p o T:t: Y_rt/f(g[n) — A, assuming Theorem 2.54 has been estab-
lished, see (2.56), (2.57). As Theorem 2.54 is well-known for ;4 = 0 and any Lax matrix
Tp(z) is a normalized limit of Tx(z) with D|s = 0, see Proposition 2.75 and Corol-
lary 2.78, we immediately derive the RTT relation (2.41) for all matrices Tp(z), see
Proposition 2.79 (hence, the terminology “rational Lax matrices”). Combining the latter
with the key result of [40], see Theorem 2.80, we finally prove Theorem 2.54 in Sec-
tion 2.4.3. We note that similar arguments may be used to prove the triviality of the
centers of shifted Yangians Y, (g) for any coweight of a semisimple Lie algebra g, see Re-
mark 2.81. The key property of the rational Lax matrices Tp(z) is their regularity (up
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to a rational factor (2.66)), see Theorem 2.67 (the proof of which is based on a certain
cancelation of poles reminiscent to the one appearing in the work on g¢-characters [16]
and gg-characters [30], see Remark 2.72). Finally, we derive simplified explicit formulas
for all rational Lax matrices Tpp(z) which are linear in z, see Theorem 2.90. In the small-
est rank n = 2 case, those recover the well-known 2 x 2 elementary Lax matrices for the
Toda chain, the DST chain, and the Heisenberg magnet, see Remark 2.96. We conclude
Section 2.4 with Remark 2.98, which is three-fold: comparing the complete monodromy
matrix (2.99) of the Toda chain for GLy to the degree N rational 2 x 2 Lax matrix T (2)
with D = Nafoo], identifying the phase spaces of the corresponding classical integrable
systems with the SU(2)-monopoles of topological charge N, and generalizing the latter to
SU(2)-monopoles of topological charge N with singularities, thus providing more details
to our discussion of Section 1.1.

In Section 2.5, we evaluate explicitly some linear (in z) rational Lax matrices Tp(z)
and compare them to the linear rational Lax matrices constructed by the first two authors
in [15] (actually, we treat all the explicit “building blocks” of [15], the fusion of which
provides the entire family of the rational Lax matrices L z () of [15]).

In Section 2.6, we construct coproduct homomorphisms on antidominantly shifted

Yangians. We start by constructing homomorphisms A™ Y™ (gl,) —
Y (gl,) @ YU (gl,) defined via A™, — (T(2)) = T(z) ® T(2) for any p1,pue € AT,

see Proposition 2.136. Evoking the key isomorphism Y_,(gl,) =~ Y*i(gl,) of The-

—ps - Y,M,M(g[n) —
Y_,. (gl,) ® Y_,,(gl,), and we compute the images of the generators in Proposi-

orem 2.54, this naturally gives rise to homomorphisms A_,

tion 2.143. The latter, in turn, gives rise to homomorphisms A_,, _,,: Y_,, _,,(sl,) —
Y_, (slp)®Y_,,(sl,) for any dominant sl,,-coweights v, s € AT, see Proposition 2.146,
thus providing a conceptual and elementary proof of A, _;-case of [14, Theorem 4.8].
Finally, we note that A, ,, with v1,1s € —A™ actually give rise to homomorphisms
Ayt Yorsun(sly) = Yy, (1) ® Yy, (sl,) for any vy, v € A, due to [14, Theorem 4.12],
see Remark 2.150.

In Section 2.7, for any Young diagram A of size |A| = n, we show that the

homomorphism Y'*(gl,) — A determined by the rational Lax matrix Tp(z) with

D= Zf‘il WA, 2] — wo[oo] is equal (up to a gauge transformation) to a composition
of the evaluation homomorphism év: Y **(gl,,) — U(gl,,) (2.173) and the homomorphism
U(gl,) — A determined by the type X parabolic Gelfand-Tsetlin formulas (which arise
naturally from the gl -action in the Gelfand-Tsetlin basis of the type A parabolic Verma
module, see (2.166)—(2.168)), see Proposition 2.175. We note that likewise choosing an-
other standard bases of type A parabolic Verma modules over gl,, gives rise to all linear
rational Lax matrices of [15] with p = 0 (cf. [36]), see Remark 2.176.

e In Section 3.1, we introduce the shifted Drinfeld quantum affine algebras of gl,,,
the algebras U,+ ,-(Lgl,), where pt,u~ € A are coweights of gl,,. These alge-
bras depend only on the associated coweights p*,n~ € A of sl,, up to an iso-
morphism, see Lemma 3.13. They also contain the simply-connected versions of the
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shifted quantum affine algebras of sl, (introduced in [18]) via the natural embed-
ding ¢+ - : Ugﬁrﬁ_ (Lsly) < U+ - (Lgl,,), while their centrally enlarged counterparts

l'ﬁ#_ (Lgl,,) of (3.15) contain the adjoint versions of the shifted quantum affine alge-
bras of sl,, via ¢+ - : Uf—ﬂ,ﬁ— (Lsly,) — Ul/ﬁ,u‘ (Lgl,,), see Proposition 3.16 (generalizing
the classical embedding U, (Lsl,) — U,(Lgl,) of quantum loop algebras). Finally, we
establish the decomposition U/, _(Lgl,) ~ Z ®c(v) Ugﬂ,ﬂ,(len), see Lemma 3.22,
where Z Cc U L o (Lgl,) is an explicit central subalgebra (which conjecturally coincides
with the center of U/, ,_(Lgl,), see Remark 3.24).

In Section 3.2, we introduce A-valued divisors on P, AT -valued outside {0,00} € P!,
see (3.26), (3.27). For each such D satisfying an auxiliary condition (3.28) (which en-
codes that the sum of all the coefficients of the divisor D lies in the coroot lattice), we
construct in Theorem 3.33 an algebra homomorphism ¥p: U_,+ _,-(Lgl,) — «Z}’ram
where put = Dl and pu~ = p|o are the coefficients of D at oo and 0, while
the target A
This construction generalizes the A,_j-case of [18, Theorem 7.1] as the composition
Up oty UM o (Lsh) = 4
@iﬁ+77ﬁ,: Ui%+7,ﬂ—(L5[n) — A, . of [18, Theorem 7.1] (where X is the sum of all
coefficients of D outside 0, 00), see Remark 3.36.

f.c is the algebra of wv-difference operators (3.30), see Remark 3.31.

f.ac €ssentially coincides with the homomorphism

In Section 3.3, we introduce the (antidominantly) shifted RTT quantum affine
algebras of gl,, the algebras Uitfﬁ,_u, (Lgl,) with p*,u= € AT being dominant
coweights of gl,. They are defined via the RTT relation (3.40), the Gauss decompo-
sition (3.42), (3.43), and an additional invertibility condition (3.44). We construct the
epimorphisms Y_,+ _,-: U_,+ _,-(Lgl,) — Uit:ﬁ,_u_ (Lgl,) for any pu*,u~ € AT,
similar to [9, Main Theorem]|, see Theorem 3.49. Modulo a trigonometric counterpart
of [40, Theorem 12], see Conjecture 3.75, we establish in Theorem 3.51 that Y_,+ _,-
are actually isomorphisms for any pu*,u~ € AT (generalizing [9] in the unshifted case
pt =p~ =0 and [18] in the rank n = 2 case, see Remark 3.52).

In Section 3.4, we construct n X n trigonometric Lax matrices Tp(z) (with coefficients
in Av (2)) for each A*-valued divisor D on P! satisfying (3.28). They are explicitly defined
via (3.64), (3.65) combined with (3.56), (3.58), (3.60), while arising naturally as the image
of the n x n matrices T%(z) (encoding all the generators of Uitltﬁ,_#, (Lgl,,)) under the

composition ¥p o T:jﬁ’_w: Uit/3+,_u, (Lgl,) — AR,., assuming Theorem 3.51 has
been established, see (3.53), (3.54). As Theorem 3.51 is well-known for p* = =~ =0
and any Lax matrix Tp(z) is a normalized limit of Tp(z) with D|o, = 0 = Do, see
Propositions 3.70, 3.71 and Corollary 3.73, we immediately derive the RT'T relation (3.40)
for all matrices Tp(z), see Proposition 3.74 (hence, the terminology “trigonometric Lax
matrices”). Combining the latter with the conjectural trigonometric generalization of [40,
Theorem 12], see Conjecture 3.75, we finally prove Theorem 3.51 in Section 3.4.3. The key
property of the trigonometric Lax matrices Th(z) is their regularity (up to a rational
factor (3.67)), see Theorem 3.68. Similar to Theorem 2.67, we also derive simplified
explicit formulas for all trigonometric Lax matrices Tp(z) which are linear in z, see
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Theorem 3.77. These formulas may be related to the v-deformed parabolic Gelfand-
Tsetlin formulas in spirit of Proposition 2.175, see Remark 3.81. Noticing that all linear
trigonometric Lax matrices Tp(z) are of the form z - T+ — T~ with TT, T~ being 2-
independent matrices, we find a criteria on the matrices TF,7~ so that 2Tt — T~
satisfies the trigonometric RTT relation (3.82), see Proposition 3.85. Finally, we explain
how the trigonometric Lax matrices T*mg(z) of Section 3.4.1 may be degenerated into
the rational Lax matrices T'*'(z) of Section 2.4.1, see Proposition 3.94.

In Section 3.5, we apply Theorem 3.77 to evaluate explicitly all linear trigonometric
Lax matrices Tp(z) for n = 2, thus generalizing the three Lax matrices of [18], see
Remark 3.104.

In Section 3.6, we construct coproduct homomorphisms on antidominantly shifted
quantum affine algebras. We start by constructing algebra homomorphisms (see Propo-
sition 3.106)

AT . Um;r

—uf—ur,—ud,—py T —u

—pd —py —py —uT 7y

defined via AT,

—uf—ui—ud,—ps

Evoking the key isomorphism U_

(T*(2)) = T*(2) @ T*(2) for any pf, py, p3, ppy € AT
(Lgt,) = U™, _,(Lgl,) of Theorem 3.51,

pr—p= —p-

this gives rise to

A Ut oty -y (L00) — Ul o (Lol @ Uy o (Lal).

—pf—py—nd —ns
The latter, in turn, gives rise to algebra homomorphisms

. SC SC SC
Af”i‘—,*l’l_7*’/;—7*”2_ : U—l/f—l/;,—uf—ug (LS[n) - U—uf,—yf <L5[n) ® U—l/;r,—ll; (L5[n>
for any dominant sl,-coweights v;", v7, 15", v € AT, see Proposition 3.113, thus recov-
ering and providing a more conceptual and simpler proof of [18, Theorem 10.16]. The

latter give rise to homomorphisms

A+ L U (Lsly) — USS(Lsl,) @ U5 (Lsl,)

vt +1,4 - -
Vi,V sVg Vg I 2 2 IR 2 2 2 12

for any sl,,—coweights v;", vy, vs, vy € A, due to [18, Theorem 10.20], see Remark 3.115.
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2. Rational Lax matrices
2.1. Shifted Drinfeld Yangians of gl,,

Consider the lattice AY = @7_,Ze; associated with the standard module of gl,,, so
that o := ¢ — €/, (1 < i < n) are the standard simple positive roots of sl,. Let
A = @%_,Ze; be the dual lattice so that €/ (e;) = d; ;. We will also need its alternative
Z-basis: A = @'} Zw; with w; := — > i—iy1€- For p € A, define d = {d;}}_, € Z" and
b={b} € Z"! via

dj = 6}/(#)7 bi = CYZ\-/(/J,) = d, — di+1. (21)

Fix a gl,—coweight p© € A. Define the shifted Drinfeld Yangian of gl,, de-

noted by Y,(gl,), to be the associative C-algebra generated by {El(r T)};z;n

{Dgsi),ﬁggi)}ifgfizfdi with the following defining relations (for all admissible

0,75 8, t):

r—+d;
d; ~(r— r s
D" =1, 3" DDV = —4,4, [DI”, D] =0, (2.2)
t=d;
r+s—1—dijt1
B0 =5, Y DD, 23
tzfdi
r—1
D) B = (855410 — 6:5) Y DIV ESTTTY, (2.4)
t=d;
r—1
[DET)7FJ'(S)] = (0ij — dij+1) Fj(HSitil)Dz(t)a (2:5)
t=d;
[El(r)’E.Z( s) ZE(t)E.(r—i-a t—1) ZE(t)E(r+s t— 1) (26)
= t=1
s—1 r—1
[Fi(r)7 Fi(S)] = Z Fz'(Hs_t_l)Fz‘(t) - Z Fz‘(r+s_t_1)Fz‘(t)v (2.7)
t=1 t=1
r+1 s r s+1 r s
(B, B - (B, BT = ~EVER), (28)
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[FCD, B - (B0, ) = B p0), (2.9)
(B, B = 0if [i - j| > 1, (2.10)
[ED F) = 0 [i - j] > 1, (2.11)
B B B+ [BY, (B, BV = 0 i j =1, (2.12)
[F S B+ (R R B = 0 i — g = 1. (2.13)

Remark 2.14. (a) For p = 0, this definition recovers the Drinfeld Yangian of gl,,, see [8]
and [4, Theorem 5.2] (to be more precise, multiplying E(T) F(T) D(r) Dlm by (—1)"
the relations (2.2)—(2.13) transform into the defining relations (5.7-5.20) of [4], cf. Re-
mark 2.51). We note that the conventions r > 1 instead of » > 0 are in charge of
perceiving the Yangian as a QFSHA (quantum formal series Hopf algebra) which is re-
lated to a more standard viewpoint of it as a QUEA (quantum universal enveloping
algebra) via the so-called Drinfeld-Gavarini quantum duality principle.

(b) Similar to [4, Remark 5.3], the relations (2.6) and (2.7) are equivalent to the relations

(B ED - (B ECY) = BV ED 4+ EWED, (2.15)

7

[FUHD FE] (B0 D) = pO RS — FO R, (2.16)

Let A = ®"'Zw; be the coweight lattice of sl,,, where {w;}"~}' are the standard
fundamental cowelghts of sl,,. There is a natural Z-linear projection A — A, — [i,
defined via:

af (i) =a)f (u) for1<i<n-—1.
Equivalently, we have @wy =0 and @w; = w; for 1 <i<n— 1.

The algebra Y,,(gl,,) depends only on the associated sl,,—coweight [, up to an isomor-

phism:

Lemma 2.17. For gl,, —coweights u1, p2 € A such that iy = jig in A, the assignment
EM o g™ g0 L g0 pld L pleime/m=np2) 56 HGite (m—p2) (2.18)

gives rise to a C-algebra isomorphism Y, (gl,,) ==Y, (gl,).

Proof. The assignment (2.18) is clearly compatible with the defining relations (2.2)-

(2.13), thus, it gives rise to a C-algebra homomorphism Y, (gl,,) = Y,,,(gl,,). Switching

the roles of p; and pg, we obtain the inverse homomorphism Y, (gl,,) — Y, (g,,). Hence,
the result. O
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We define the generating series of the above generators as follows:

Ei(z) := ZEI-(T),Z_T, Fi(z) := ZFZ-(T)Z_T,

r>1 r>1
D;(z) := Z Dgr)z_r, Di(z) := Z ﬁgr)z_r = —D;(2)"".
TZdL TZ—di

The algebras Y,,(gl,) slightly generalize the shifted (Drinfeld) Yangians of sy, de-
noted by Y, (sl,,) in [3, Definition B.2], where v € A is an sl,—coweight. Recall that

the latter is an associative C-algebra generated by { EET), FZ(-T) , Hgsi) 71"22;;2_[)" with the

defining relations of [3, Definition B.1] and Hgfb"’) =1, where b; := o (v). We define the
generating series

Ei(z) := Z EET)Z_T, Fi(z) := Z Fz(-r)z_r, H(z) := Z Hz(»r)z_r.

r>1 r>1 r>—b;

The explicit relation between the shifted Drinfeld Yangians of sl,, and gl,, is as follows:
Proposition 2.19. For any u € A, there exists a C-algebra embedding
b Yﬁ(s[n) — YH(QIn)a (2'20)

uniquely determined by

2 2
(2.21)

Ei(2) s E; (z + %) CFi(2) > P (z+ %) Hi(2) > — D (z+ 3) Dis <z+ f) .

Remark 2.22. For p = 0, this recovers the classical embedding Y (sl,,) — Y(gl,) of
Yangians.

Proof of Proposition 2.19. As in the y = 0 case (see Remark 2.22), it is straightforward
to see that the assignment (2.21) is compatible with the defining relations of Yj(sl,),
giving rise to a C-algebra homomorphism ¢,,: Y;(sl,,) = Y, (gl,,). It remains to establish
the injectivity of ¢,.

To this end, we first note that the coefficients of the series

Clz)=z""""" 4 3" Coz*:=Dy(2)Da(z+1)- Dp(z+n—1) (2.23)
s>di+...4+dy,

are in the center of Y),(gl,,), due to the defining relations (2.2), (2.4), (2.5), cf. [4, Theo-
rem 7.2].
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Second, given an abstract polynomial algebra B = C[{Df”}’{;‘é’n], define the ele-
ments {Cs}ssd,+..+d, and {Dgsi)}igi”’;l*di of B, respectively via the formula (2.23)
and

Di(z) =z 37 DYVa" = Di2) ' Dinal2),
s>di1—d;
where we set D;(z) := z~% + D rsd, Dgr)z_r. It is clear that {Dgsi)}‘;gi’ﬁl*di u
{Cs}s>dy+...+d, provide an alternative collection of generators of the polynomial algebra
B, so that we have:

B~ Cl{Cs}isdr .4, ®c CUDS P4,

Applying this in our setup, we get the decomposition Y, (gl,,) ~ Z ®c Y, (gl,,), where
Z is a C-subalgebra generated by {Cs}ssd,+...+4, and Y,; (gl,,) is the C-subalgebra gener-
ated by {Eim, Fi(T), Dgsi)}qzif;>di+lidi. Furthermore, the defining relations (2.3)—(2.5)
are equivalent to the subalgebra Z being central (as explained above) and the com-
mutation relations between Dgs) and EJ(-T), F j(r) exactly matching those of Yj(sl,)
through (2.21). Thus, ¢, is injective. O

The above proof implies the shifted version of the decomposition from [29, Theo-
rem 1.8.2]:

Corollary 2.24. There is a C-algebra isomorphism

Yu(gl,) =~ C{Cs}s>di+.. +d,] ©c Ya(sln). (2.25)

In particular, Yj(sl,,) may be realized both as a subalgebra of Y, (gl,,) via (2.20) and as
a quotient algebra of Y,,(gl,,) by the central ideal (Cs — bs)s>dy+...+d, for any collection
of bs € C.

The following result provides a shifted version of the remaining part of [29, Theo-
rem 1.8.2]:

Lemma 2.26. (a) The center of the shifted Yangian Y, (sl,) is trivial for any shift v € A.
(b) The center of the shifted Yangian Y, (gl,) coincides with C[{Cs}s>a,+...+d,] for any
uwe A

As we will not use Lemma 2.26 in the rest of this paper, we will only sketch the
proof of part (a) in Remark 2.81, crucially using the result of [40] discussed below.
Part (b) follows immediately from (a), the decomposition (2.25), and the centrality of
C established above.
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2.2. Homomorphism ¥p

In this section, we generalize [3, Theorem B.15] for the type A,_; Dynkin diagram
with arrows pointing ¢ — i+ 1 for 1 <14 < n—2 by replacing Y (sl,,) from Theorem B.15
of [3] with Y}, (gl,).

Remark 2.27. While similar generalizations exist for all orientations of A, _; Dynkin
diagram, for the purposes of this paper it suffices to consider only the above orientation,
see Remark 2.73.

A gl,,—coweight A € A will be called dominant, which we denote by A € AT, if the
corresponding sl,,—coweight ) is dominant (denoted by A € A*), that is ) (\) € N for
1 <i<n-—1. Thus, Z?;Ol ¢;w; is dominant iff ¢; € N for 1 <i<n — 1.

A A-valued divisor D on P!, A*-valued outside {oo} € P!, is a formal sum

D= Y vl + uloc) (2.28)
1<s<N
. . 1 ifig#0 . ]
with NV € N, 0 < i, <n,zs € C, v = ,and p € A. We will write
+1 ifiz=0

= Dl|oo. If u € AT, we call D a At-valued divisor on P!. It will be convenient to

present
D= > Alz]+ploc] with A, € AT, (2.29)

z€P\{oo}

related to (2.28) via A, 1= Y75 2y Vs, Set X 1= SN vemi, € AT Let {a}" T C A
be the simple coroots of sl,,, that is a; = €; — €;11. Following [3], we make the following

Assumption: A+ py=a1a1+...+ap_104,_1 with a; € N. (2.30)
Remark 2.31. (2.30) is equivalent to 37, €/ (A + u) = 0 and Z;Zl e/(A+p) €N for
1<i1<n.
Consider the associative C-algebra
A= Cpip, €57 (piy — pis +m) HIEIZIS0 (2:32)

with the defining relations

[e:‘:‘h,r,pj,s] — :':5i7j57_’seiqi,r7 [DirsDj.s) = 0 = [e¥r, ebie], etdiroFair — 1,
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Remark 2.33. This algebra A can be represented in the algebra of difference operators
r<a;

with rational coefficients on functions of {pi’r}EKn by taking eT%r to be a difference

operator Dziﬁ that acts as

(D’frl\lj)(le’ AR 7pi,’r'7 AR 7pn—1,an71) = \P(pl,17 AR )pi,’l‘ :IZ 17 AR 7pn—1,an,1)-
For0<i<m—1land1<j<n-—1, we define

is=1

Zi(z) := H (z —z5)" = H (z —2) Q=)

1<s<N 2P\ {00}
(2.34)
S#T
Pj(z) = H z=pjr)s Pie(2) = H (z —pjs),
1<s<a;
where o := —¢y. We also define

ag:=0, a,:=0, Py(2):=1, Py(z):=1.

The following result generalizes A,,_1-case of [3, Theorem B.15] stated for semisimple
Lie algebras g (preceded by [21] for the trivial shift and by [27] for dominant shifts):

Theorem 2.35. Let D be as above and pn = D|oo. There is a unique C-algebra homomor-
phism,

Up: Yo, (gl,) — A (2.36)

such that

a;

Pz 1, T 1 Zz 1,7 .
) — 1(ps )Zi(pi )eqM’
(z = pir) Pir(pir)

r=1

'LJrl pz r + 1) —qi
e Tir, 2.37
Z pz r ) i, (pz,r) ( )

Di(2) = 5" HZ & [I G-—a) @

0<k<z Pii(z 1) zeP1\{oo}

Remark 2.38. Consider a decomposition A :Zzliii N Wi, and assign zs:=x4 — % eC

to the s-th summand. Identifying A of (2 32) with A of [5 §B (ii)] (with z; of [3] specialized

to complex numbers) via pl r 4 Wi+ 5 and e*%r 5 ufl the (restriction) composition

Z’I’"

Y a(shy) —5 Y ,(gl,) 22y A'is just the homomorphism @iﬁ of [3, Theorem B.15].

Proof of Theorem 2.35. First, we need to verify that under the above assignment (2.37),

d;

the image of D;(z) is of the form z% + (lower order terms in z). Let deg; denote the
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leading power of z in the image of D;(z) (clearly the coefficient of 248 equals 1). Then,
indeed we have

degi = A;— Q51— Z 62/()\95) = ai—ai_l—eiv(k) = ai—ai_l—(ai—ai_l—e;/(u)) = dl
z€P1\{co}

Evoking the decomposition (2.25), it suffices to prove that the restrictions of the
assignment (2.37) to the subalgebras Y_;(sl,) and C[{Cs}ss_(4,+...44,)] determine al-
gebra homomorphisms, whose images commute. The former is clear for the restriction to
Y_;(sl,), due to Theorem B.15 of [3] combined with Remark 2.38 above. On the other
hand, we have

n N n—1
:H (z+i—-1—-1x) —e HH (z—zs + k)Y (2.39)
i=LePii{oc} a=1 k=i

Thus, the restriction of Wp to the polynomial algebra C[{Cs}s>_(4,+...+a,)] defines

an algebra homomorphism, whose image is central in 4. This completes our proof of
Theorem 2.35. O

2.3. Antidominantly shifted RTT Yangians of gl,,
Consider the rational R-matrix Ry.i(z) = zId + P, where P = Z” 1B @ By €

(End C™)®2 is the permutation operator. It satisfies the Yang-Baxter equation with a
spectral parameter:

Rrat;lZ(u)Rrat;13 ('LL + U)Rrat;QS ('U) = Rrat;23 (U)Rrat;13(u + U>Rrat;12(u)~ (240)
Fix u € AT. Define the (antidominantly) shifted RTT Yangian of gl,,, denoted by
th;(g[ ), to be the associative C-algebra generated by {t(r) “{E%]QL subject to the fol-
lowing two families of relations:
e The first family of relations may be encoded by a single RTT relation

Riat(z — )Ty (2)To(w) = To(w)T1 (2) Reat (2 — w), (2.41)

where T'(z) € Y™ (gl,,)[[2, 2 ']] ©®c End C™ is defined via
Zt” ® By with t(2) =Y #727" (2.42)

Thus, (2.41) is an equality in Y**(gl,,)[[z, 2", w,w™"]] ®c (End C")®?
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o The second family of relations encodes the fact that T'(z) admits the Gauss decom-
position:

T(z) = F(z)-G(z) - E(z), (2.43)

where F(z),G(z), E(z) € Y*(gl,)((27!)) ®c End C™ are of the form

—u

ZE” + Zf]l J“ G(Z) = Zgz(z) ® Eii,

1<j

ZE11+ZEZ] Zj)

i<j

with the matrix coefficients having the following expansions in z:

eij(2) =Y ez, =0 ) =2+ Y g (2.44)

r>1 r>1 r>1—d;
>1 >1—d;
where {ezj 5f]1 }I<i<jgn U {gz i1< i<n - Yrtt(g[ )

Remark 2.45. (a) For u = 0, the second famlly of relations (2.43), (2.44) is equivalent to
the relations tl(»;) =0 for 7 < 0 and t = ;5. Thus, Y{*(gl,) is the RTT Yangian of
gl,, of [17].

(b) Likewise, (2.44) is equivalent to a certain family of algebraic relations on tg),
which can be best understood in terms of the quasi-determinants (as defined by
I. Gelfand and V. Retakh in [24]) following [4, (5.2-5.4)]. In particular, we have
T(z) € Y™ (gl,)((z~")) ©c End C". For example, (2.44) for i = 1 are equivalent to:

tg;dl) =1 and tﬁ? =0 for r < —dy, tgg-) =0= tg»q) forr < —dj,1 <j<n.

(c) If u ¢ AT, then the above two families of relations are contradictive and thus the
algebra Ym(g[ ) is trivial, see Remark 2.50

(d) If py, po € AT satisfy iy = jig € A, that is, po = p1 + cwg with ¢ € Z, then the as-
signment T'(z) — 2°T'(z) gives rise to a C-algebra isomorphism Y% (gl,,) = Y% (gl,,),
cf. Lemma 2.17.

Lemma 2.46. For any 1 <i < j <n andr > 1, we have the following identities:

r 1 1 1 r
el = [elV) ey el e ]

r r 1 1) 1
fj(i) =[[ [fz(-i-)l z7f(+)2 1+1] af](_l,j—z} f](,]) 1]

Proof. The proof is analogous to that of [4, (5.5)] (see also [19, Corollary 2.23]). O

(2.47)

(s5) }TZI,Sj >1—d;

Corollary 2.48. The algebra Y™'(gl,,) is generated by {el ZH,fJr1 095 HZitmi<jon

J
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The following result is proved completely analogously to [4, Lemmas 5.4, 5.5, 5.7

Lemma 2.49. The following identities hold:
(a) [9i(2), gj(w)] = 0;

(b) (z —w)[gi(2), €jj+1(w)] = (85 — di j+1)gi(2)(€,5+1(2) — €j 541 (w));

(¢) (z = w)[gi(2), fi+1,5(w)] = ( i1 — 00,5) (fi41,5(2) = fir1,5(w))gi(2);

(d) [ei,i+1(2), fi+1,5(w)] =0 if i # j;

() (z = w)leiir1(2), firri(w)] = gi(w) " gir1(w) = gi(2) " giy1(2);

(f) (z = w)leiis1(2), eiip1(w)] = =(eiir1(2) = €iip1(w))?;

(9) (z — w)leiit1(2), eirriv2(w)] = —eiip1(2)€it1ira(w) + €iip1(w)eir1ipa(w) —
e i+2(W) + €ii42(2);

(h) [€ii+1(2), €541 (w)] = 0 if [i — j| > 1;

(i) leii+1(21)s [eqiv1(22), €541 ()] 4 [€5,i41(22), [€,i41(21), €541 (w)]] = 0 4f [i — j| = 1;
() (2 = w)[fir1,i(2), fisr,i(w)] = (fir1,(2) = figr,i(w))?;

(k) (z — 0)[fi+1,:(2), firzir1()] = firoir1(w)fit1,(2) — firzip1(w) firr,i(w) +
Jivoi(w) = fir,i(2);

() [fi+1,6(2), fj+1,5(w)] = 0 if [i — j| > 1;

(m) [fi+1,i(21); [fir1,i(22)s fi41,5 W)+ fir1,i(22), [fir1,i(21), fi41,5(w)]] = 0 if [i—j| = 1.

Remark 2.50. If d; < d;41 for some 1 < i < n, then the right-hand side of the identity
in Lemma 2.49(e) contains monomials zdit1=di and wdi+1—9%  while all monomials in
the left-hand side have negative degrees. Thus, the defining relations of Ym(g[ ) are
contradictive unless p is dominant (see [18, Remark 11.14] for the trigonometric sls-
counterpart of this conclusion).

Remark 2.51. The right-hand sides in all identities of Lemma 2.49 have opposite signs to
those of [4, §5], due to a different choice of the R-matrix R(z) = zId — P = —Ryat(—2)
in [4].

Comparing the identities of Lemma 2.49 with the defining relations (2.2)—(2.13) of
Y_,.(gl,) and evoking Corollary 2.48, we immediately obtain:

Theorem 2.52. For any u € AT, there is a unique C-algebra epimorphism
Yo Yo,u(gl,) — Y2 (al,)
defined by
Ei(z) = €;i41(2), Fi(2) = fit1,:(2), Dj(z) — g;(2). (2.53)
Our first main result (the proof of which is postponed till Section 2.4.3) is

Theorem 2.54. Y_,: Y_,(gl,) == Y2 (gl,,) is a C-algebra isomorphism for any pu € A™.
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Remark 2.55. (a) For p = 0 and any n, the isomorphism Yo: Y (gl, ) == Y"*(gl,) of
Theorem 2.54 was stated in [8], but was properly established only in [4, Theorem 5.2].
(b) For n = 2 and p € AT, a long straightforward verification shows (see [18, Re-
mark 11.17]) that the assignment

tu(z) — Dl(Z), tgz(z) — Fl(Z)Dl(Z)El(Z) + DQ(Z),
t12(z) = D1(2)E1(2), t21(z) = Fi(2)D1(z2),

gives rise to an algebra homomorphism Y% (gl,) — Y, (gly) (the trigonometric sl,-
counterpart of this result has been properly established in [18, Theorem 11.11]), which
is clearly the inverse of T_,,. Thus, Theorem 2.54 for n = 2 is essentially due to [18].

2.4. Rational Lax matrices via antidominantly shifted Yangians of gl,,

In this section, we construct n x n rational Laz matrices Tp(z) (with coefficients
in A((271))) for each A*-valued divisor D on P! satisfying (2.30). They are explicitly
defined via (2.63), (2.64) combined with (2.58), (2.60), (2.62). We note that these long
formulas arise naturally as the image of T'(z) € Y**!(gl,)((27")) ®c End C" under the
composition ¥p o T:i: Y'(gl,) — A, assuming Theorem 2.54 has been established,
see (2.56), (2.57). As the name indicates, these Tp(z) satisfy the RTT relation (2.41),
which is derived in Proposition 2.79. Combining the latter with the results of [40], see
Theorem 2.80, we finally prove Theorem 2.54 in Section 2.4.3. We also establish the
regularity (up to a rational factor (2.66)) of Tp(z) in Theorem 2.67, and find simplified
explicit formulas for those Tp(z) which are linear in z in Theorem 2.90.

2.4.1. Construction of Tp(z) and their regularity

Consider a AT-valued divisor D on P!, see (2.28), satisfying the assumption (2.30).
Note that g := D], € AT. Assuming the validity of Theorem 2.54, let us compose
Up: Y_,(gl,) = A of (2.36) with T:}L: Y (gl,) = Y_,(gl,) to obtain an algebra
homomorphism

©p =Vpo Y ,: Y (gl,) — A (2.56)

Such a homomorphism is uniquely determined by T (z) € A((271)) ®c End C™ defined
via

Tp(z) := ©p(T(2)) = Op(F(2)) - Op(G(2)) - Op(E(2)). (2.57)

Let us compute explicitly the images of the matrices F'(z), G(z), E(z) under © p, which

shall provide an explicit formula for the matrix Tp(z) via (2.57).
Combining T:L(gi(z)) = D,;(z) with the formula for ¥ (D;(z)), we obtain:

©p(gi(2)) = % H Zp(2) = __P) H (z—a)" ) (2.58)

0<k<i Pioi(z—1) zeP1\{oo}
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Combining T:}L(ei’iJ’,l(Z)) = E;(z) with the formula for ¥p(E;(z)), we obtain:

NP (piy — V) Zi(pin) o
Ople;ir1(2)) = — : L edir, 2.59
D( s +1( )) Tzz:l (Z — pi,r)Pi,r(pi,T) ( )
Ase;j(z) = [egl_)ljj, e [eg_l‘_)l,i_m, eii+1(2)] -+ -] due to (2.47), we thus get (cf. [19, (2.29)]):
Op(ei(z)) =

_ o j—2 _ J-l ,
- Z Pic1(pirs —1) Hk:jii]jk,m (Prt1rign — 1) . H Z1(Phry) - ek Gy |
1<r;i<a; (2 = piir.) ITi=i Prri (Pr.r) k=i

1<r;_1<aj-1

(2.60)
Combining T:L(fiH’i(z)) = F;(z) with the formula for ¥ p(F;(z)), we obtain:
= Pii1(piy +1) o

Op(fir1:(2)) = : e dir, 2.61

D(f +1, ( )) ; (Z — Dir — I)Pi,r(pi,r) ( )

As f5i(2) = [ [firri(2)s fithaa)s s £15-1] due to (2.47), we thus get (cf. [19, (2.30)]):
Op(fji(2)) =

i—1
Z Pj(pjfl,rj_l + ].) Hi:ifﬁfkm (pkfl,rk,l + 1) e Zi;i . (262)
1<r;<a; (Z — Pir; — 1) ?c:i P, (pk',rk)

1<r;_1<a; 1

While the above derivation of the formulas (2.58), (2.60), (2.62) is based on yet un-
proved Theorem 2.54, we shall use their explicit right-hand sides from now on, without
any direct referral to Theorem 2.54. More precisely, let us define A((z71))-valued n x n
diagonal matrix Gp(z), an upper-triangular matrix Fp(z), and a lower-triangular ma-
trix Fp(z), whose matrix coefficients g (z), el (2), ff(z) are given by the right-hand
sides of (2.58), (2.60), (2.62) expanded in z~!, respectively. Thus, we amend (2.57) and
define

Tp(z) := Fp(2)Gp(2)Ep(z), (2.63)
so that the matrix coefficients of Tp(z) are given by

min{a,f}
To(2)ap = p, [2:(2)-9P(2) ela(2) (2.64)
i=1

s
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for any 1 < «, 8 < n, where the three factors in the right-hand side of (2.64) are deter-
mined via (2.62), (2.58), (2.60), respectively, with the conventions f£,(z) =1 = eg,ﬁ (2).

Remark 2.65. We note that Tp(z) is singular at « € C if and only if A, # 0. As Fp(z) and
Ep(z) are regular in the neighborhood of x, while Gp(z) = (regular part) - (z — z) =,
we see that in the classical limit Th(z) represents a GL,-multiplicative Higgs field on

P! with a framing at oo € P! (rational type) and with prescribed singularities on D,
cf. [12].

We shall also need the following normalized rational Lax matrices:

Tp(z
Th(z) = le((z)) (2.66)
with the normalization factor determined via (2.34):
1 - iﬁo (z— ) " = H (Z_x)—ag(xz)
Zy(2) 1<s<N ° 2€P1\ {00} .
The first main result of this section establishes the regularity of these matrices:
Theorem 2.67. We have Tp(z) € Alz] ®c End C™.
Proof. In view of (2.64), it suffices to prove for any 1 < «, 8 < n that
e D D D . L
700) ; foi(2) - gi (2) - e; 5(2) is polynomial in 2, (2.68)

where the factors in the right-hand side are determined via (2.62), (2.58), (2.60), respec-
tively.
The i-th summand in (2.68) is explicitly given by

Zo(2)7"- ai(?) g7 (z) - efﬁ(@ =
_ Z Pi+1,Ti+1 (pi,m + 1) e Paflﬂ‘afl (pa72,ra,2 + 1)Pa(pa7177‘a71 + 1)
(Z — DPi,ry — 1)Pi,7‘i (pi77'i) e Pa—lﬂ‘afl (pa—lf"afl)

1<r;<a;
1<ra_1<aa_1
Pi(2)
Pi1(z—1)

X E_Qi.ri “itl,ri T da—1rg

5 Z Pi_l(pi75i - 1)Pi,8i (pi+1,8i+1 - 1) e P5—2>8£72 (p3—1,8ﬁ71 - 1)
1<s;<a (Z - pi75i)]D’ini (pi,sqt) T P5—175571 (pﬁ_lvsﬂ—l)
ISS[)‘—.IHSGB—l

% Zi(pi,si) . Zﬁfl(pﬁfl,sg_l) . eQi‘si +Qi+1,si+1+...+q5—1,8ﬁ,1 .
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Moving e~ %77 79a-lra—1 to the rightmost side, we rewrite the right-hand side of
(2.69) as
1<s;<a;
1<sg-1<ag—1
> e ) I I L It et S L LT S LR
1<r;<a;

1<ra-1<aa-1
. SiyeeySB— . . . . . .
The coefficient Q,.""7°~1(z) is a rational function in z with simple poles at:

o {14+pic1s|1<s<aj1}ifr # s
o {1+pi1s|l1<s<ai1}U{l+pis}ifri=s;.

Thus, the only (at most simple) poles of (2.68) are at {1+p; |1 <i<min{e, 8}, 1<r<a;}.
The following straightforward result actually shows that the residues at these points van-
ish:

Lemma 2.70. For any 1 < ¢ < min{a, 8},1 < r < a;, and any admissible collection of
indices Ti41, ..., Ta—1,Si+1,---,58—1, we have the equality

Resemtip,,, QU0 (2)d2) + Resaorgy,, (QUEIINITH()d2) = 0. (271)
Proof of Lemma 2.70. Applying the explicit formula (2.69), we find
Qpithr el () e i rin

= - € .

A —qit1,ry PiJrl(Z) Pi(pi‘H’SiJrl — 1>
2= Pi+l,rip1 — 1 Pl(z - 1) Z = Pitl,si11

and

::i:i::ii:i (2)67‘Ii+1‘ri+1 = il Pi+1v7”i+1 (pi,r + 1)
(2 = iy = 1)Pir(piyr)

" Pi(2)Pi—1(pir — 1) Pip(Pig1,5000 — 1) Zi(pir)
P 1(z = 1)(z = pir) Pir(pi,r)

e Tir i1,y

. eqi,r,

where A is a common (2, pit1,r,,, )-independent factor (its explicit form is irrelevant for
us). Hence,

ifﬂ::?ij (Z) —A. Pi+1,7"i+1 (Z) . Zl(Z) . Pi(pi+173i+1 -1+ 5T'i+173'i+1)
‘Piﬂ“(z - 1)(2 — Digr — 1) z _pi+175i+1 - 57“1:+1,87‘,+1

and
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T8it1,-,88—1 (Z) —A. Pi+177’i+1 (pi,r + 1) . Pim(z)
TyTid 1wy Tor— -
B ' P (pir) Pii(z—1)
‘Pifl(pi,T)Piﬂ“(pi+178i+1 -1+ 57‘i+175i+1)
Pi,r(piﬂ‘ + 1)(2 _pi,r - 1)

Zi(pir +1).
Therefore, the corresponding residues are given by

Res._14p,, (Qrilri21 (2)d2) =
Pi+1,n-+1 (pi,r + 1)
Pi,r(pi,v")

A- . Zi(pi,r + 1) : (_Pz’,’r(piJrl,sHl -1+ 6Ti+1,8i+1)) )

Res.—14p,,, (Qruiilinl(z)dz) =

A. Pi+1,T1‘,+1 (pi,r + 1) . -Pi,r(pi,r + 1) . }Di—l(pi,T)]Di,T(pi+1,Si+1 -1+ 6"”7’,+175i+1)

Pi,'r(pi,r) Pifl(pi,r) Pi,r(pi,r + 1)
X Zi(pir + 1),

thus summing up to zero and implying (2.71). O
This completes our proof of (2.68) and, hence, of Theorem 2.67. O

Remark 2.72. We note that a similar cancelation of poles appeared in the work on ¢-
characters [16] and gg-characters [30].

Remark 2.73. Similar to [3, Theorem B.15], one can generalize Theorem 2.35 by con-
structing the homomorphisms ¥p: Y_,(gl,) — A for any orientation of A,_; Dynkin
diagram (so that Upor_,, = ®* 5 as in Remark 2.38, while the images of D;(z) are given

by the same formulas as in (2.37)). However, extending A to its localization Ay, by the
Z

Tﬁeai,8§a1+1 ’

are compositions of the one from (2.36) with algebra automorphisms of Aj,e. Thus, the

multiplicative set generated by {p; , — pi+1,s + m} all such homomorphisms

resulting rational Lax matrices are equivalent to Tp(z) constructed above via algebra
automorphisms of Aj,c, cf. Remark 2.27.

2.4.2. Normalized limit description and the RTT relation for Tp(z)
Consider a AT-valued divisor D = 3> v, [2.] + pu[oo]. As 2y — oo, we obtain

another AT-valued divisor D’ = 252—11 Vs Wi, [Ts])+ (u+yNTiy ) [00]. We will relate T/ (2)
to Tp(z).
Ifiy = 0, then
TD/(Z) = (Z — IN)i’YNTD(Z), (274)

due to Fp(z) = Fp/(2), Ep(z) = Ep/(2),Gp(z) = (z — zn) "V Gps(2) and (2.63).
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Let us now consider the case 1 < iy < n—1 (note that vy = 1), so that (—xy)%iv =
diag(1°~, (—z 3" )" ™) is the diagonal n x n matrix with the first iy diagonal entries

equal to 1 and the remaining n — iy entries equal to —a:;,l.

Proposition 2.75. The xn — oo limit of Tp(2) - (—zn)T'~N equals Tp/(z).

Proof. According to (2.63), Tp(z) = Fp(2)Gp(2)Ep(z) and Tp/(z) = Fp/(2)Gp/(z) X
Ep/(z) with the three factors determined explicitly via (2.62), (2.58), (2.60). Hence,
Tp(z) - (—xn)@~ has the following Gauss decomposition:

Tp(2) (—an)®~ = Fp(2)-(Gp(2)(—an)®~) - ((—an) "~ Ep(2)(—an) ™) . (2.76)

The leftmost factor in the right-hand side of (2.76) does not depend on {z} ; and

coincides with Fp/(2). As Gp(2) = (2 —an)”“'~vGp/(2) and limg 00 =52 =1, it is

clear that the xy — oo limit of the diagonal factor Gp(z)(—zn )T~ in (2.76) coincides

with G p/(z). Finally, the matrix coefficients of the upper-triangular factor in (2.76) are
((—zn) ®inEp(2)(—2N)T'N )a,3 = 635(2) - (—zn)e<in<s and their zy — oo limits
exactly coincide with efilﬂ(z), the matrix coefficients of Ep/(z).

This completes our proof of Proposition 2.75. O

Corollary 2.77. Tp/(z) is a normalized limit of Tp(z).

For D as above, we can pick a AT-valued divisor D = Z?:EM Vs, [Ts], SO
that {xs}i+N]\il are some points on P\{co} while Ziv:}\,ﬂ/il vVsw;, = p. Note that
oo ¢ supp(D), i.e. D]y = 0.

Corollary 2.78. For any AT -valued divisor D on P satisfying (2.50), the matriz Tp(z)
of (2.64) is a normalized limit of Tp(2) with a At -valued divisor D satisfying D|so = 0.

Evoking Remark 2.55(a), we see that the original definition of T5(z) via (2.56), (2.57)
is valid. Hence, T5(z) defined via (2.64) indeed satisfies the RTT relation (2.41). As a
multiplication by diagonal z-independent matrices preserves (2.41), we obtain the main
result of this section:

Proposition 2.79. For any AT -valued divisor D on P satisfying the assumption (2.30),
the matriz Tp(z) defined via (2.63), (2.64) is Lax, i.e. it satisfies the RTT relation (2.41).

2.4.8. Proof of Theorem 2.5

Due to Proposition 2.79 and the Gauss decomposition (2.63), (2.64) of Tp(z) with
the factors defined via (2.58), (2.60), (2.62), we see that Th(z) indeed gives rise to
the algebra homomorphism Op: Y_rt/f (gl,,) — A, whose composition with the epimor-
phism T_,: Y_,(gl,) — Y%(gl,) of Theorem 2.52 coincides with ¥p of (2.36). Thus,
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for 4 € AT and any At-valued divisor D on P!, satisfying (2.30) and D|, = p, the
homomorphism ¥p does factor through Y_,,.

This observation immediately implies the injectivity of Y_,, due to the following re-
cent result of Alex Weekes (actually, we need its gl,,-counterpart that follows from (2.25)
and (2.39)):

Theorem 2.80 (//0]). For any coweight v of a semisimple Lie algebra g, the intersection
, of [3, Theorem B.15] is zero: ), Ker(®},) =0,
where A ranges through all dominant coweights of g such that A +v = Y. a;o; with

of kernels of the homomorphisms ®*

a; € N, «a; being simple coroots of g, and points {z;} of [3] specialized to arbitrary
complex parameters.

This completes our proof of Theorem 2.54.

Remark 2.81. (A. Weekes) Using similar arguments, one can show that the center of the
shifted Yangian Y, (g) is trivial (thus implying Lemma 2.26(a)) for any coweight v of
a semisimple Lie algebra g. Indeed, due to Theorem 2.80, it suffices to show that the
®2-images have no nonconstant central elements. Assuming z is central, one can show it
is a symmetric rational function in p, . (as Im(®}) contains all symmetric polynomials
in ps.), and then show that it is actually p. ,-independent (using the commutativity
with the images of F;(2), F;(2)).

The above argument can also be used to identify the image of the central series
C(z) (2.23) under the isomorphism Y_,, with the quantum determinant qdetT(z) of
Y*t(gl,,) defined via:

qdetT(Z) = Z( 1) o )tl [,(1)(Z—|—’I’L 1)t2 0(2)(Z+n 2) by 1,0(n— 1)(Z+1)tn,o(n)(z)'

€Sy

(2.82)

Proposition 2.83. For any u € AT, the series (2.23) and (2.82) are related via
T_,(C(2)) = qdet T'(z). (2.84)
Proof. According to (the gl -counterpart of) Theorem 2.80 and (2.39), it suffices to

verify:
N n—1

qdet Tp(z H H z—xs+ k)7 (2.85)

for any AT-valued divisor D = Z . Vs@i, [s] + ploc] on P with x5 € C, as in (2.28),
satisfying the assumption (2.30) and D|s, = p. According to [4, Theorem 8.6], the
equality (2.84) holds for p = 0, and consequently the equality (2.85) holds for those D
such that D|s = 0.
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Next, using the notations of Section 2.4.2, we note that the validity of (2.85) for D
implies the one for D’ as follows from the following equalities:

qdet Tp(2) = lim qdet (TD(Z).(_zN)va) _

T N —>00

N n-1 N—-1n-1
1 — s . (— - (n—in) = _ s
BN 111 (e R | (S

s=1 k=i,

Therefore, the validity of (2.85) for any D follows from its special case D|s = 0 (estab-
lished above) combined with Corollary 2.78. O

Combining this result with Lemma 2.26(b), we obtain:

Corollary 2.86. For any u € A1, the center of the shifted RTT Yangian thlf(g[n) 18
a polynomial algebra in the coefficients of the quantum determinant qdetT(z) defined
via (2.82).

2.4.4. Linear rational Lax matrices

In this section, we will obtain simplified explicit formulas for all Tp(2) that are linear
in z.

First, let us note that elements of AT may be encoded by weakly decreasing sequences
A of n integers Ay > --- > A,, which we call pseudo Young diagrams with n rows (in
mathematical literature, they are also called signatures of length n, following Hermann
Weyl). Explicitly, such a pseudo Young diagram XA = (Aq,---,A,) encodes a dominant
coweight A € AT via

A= — Z An—it1€6; = Apwo + Z (An—i = An—ig1)@mi- (2.87)

1<i<n 1<i<n—1

We denote |A] :=>"" | A;. If A,, > 0, then A is a standard Young diagram of length < n.
Fix a pair of pseudo Young diagrams A, pt. Then, A+ is of the form A\+u = Z?;ll a; oy
for some a; € C iff |A| + || = 0. Let us establish the key properties of a; in the latter

case:

Lemma 2.88. (a) a; = —>7_, , (Aj +p;) forany 1 <i<n—1.
(b) a; €N foranyl<i<n-—1.
(c) a; —aj_1=—XAp_jy1 — My i1 for any 1 < j <n, where we set ag := 0, a, := 0.

Proof. (c) Follows from the equality

Yo(aj—aj)g = Y awi=Atp= > (“An_ji1— B ji1)Es

1<j<n 1<i<n—1 1<j<n

(a) Follows by summing the equalities of part (c) for j =1,...,14.
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(b) As =, —p,, > —Apo1 — yy_q = ... = —A1 — pq, we have an obvious inequality

S (A~ ) = A (<A — ) = ZH(AL+ ) = 0. Hence, a; € N by
part (a). O

Thus, AT-valued divisors on P! satisfying (2.30) and without summands {—w[2]}.cc
may be encoded by pairs (A, ) of a Young diagram A of length < n and a pseudo Young
diagram p with n rows and of total size |A|+|p| = 0, together with a collection of points
x = {z;}, of C (so that z; is assigned to the i-th column of X). Explicitly, given X, u, z
as above, we set D = D(A,z, u) := f‘:ll @yt [Ti] + ploc], where Al is the height of
the i-th column of A.

Due to (2.74), we shall assume that D does not contain summands {+wg[x]}.ec-
Thus, A, = 0so that Zy(z) = 1, and Tp(z) = Tp(z) is polynomial in z by Theorem 2.67.
Moreover, Tp(z)11 = gP(z) is a polynomial in z of degree a; = —(\, +p,,) = —p,, > 0.
Hence, we have —p,, < 1 for linear Lax matrices Tp(z). If p,, = 0, then X\; = p; = 0 for
all 7, since |A| + || =0, and so Tp(z) = Tp(z) = I, the identity matrix. Therefore, it
remains to treat the case when A, = 0 and p,, = —1, which constitutes the key result
of this section.

Remark 2.89. If [A|+|u| = 0,A, =0, u,, = —1, then Aand p = (pq +1,...,u,+1) form
a pair of Young diagrams of total size |A| + || = n. In that setup, an alternative con-
struction of rational Lax matrices Ly . (%) was recently proposed in [15]. In Section 2.5,
we shall compare all explicit Lax matrices Ly , ;(2) of [15] to the corresponding Lax ma-
trices Tp(z). However, we do not have an interpretation of the “fusion procedure” of [15]
(used to construct all Ly , (z) from the aforementioned explicit “building blocks”) in
the present approach.

Theorem 2.90. Following the above notations, assume further that A,, = 0 and p,, = —1.
Define m := max{i|p, ;.1 = —1} and m’ := max{i|p,_,,, <0}
(a) The rational Lax matriz Tp(z) is explicitly determined as follows:

(1) The matriz coefficients on the main diagonal are:

24 30 (i + 1) = 20 Pir + 2 pepiyfooy & (M) if i <m
Tp(2)i =141 if m<i<m.
0 if 1>m'
(2.91)
(I1) The matriz coefficients above the main diagonal are:

TD(Z)ij =0 Zf m <1<, (292)
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Tp(2)ij =

j—2 i—1
B S S ) SLEEENET YRR SO
Hj*1P ( ) E\Pk,ri
1<ri<a; k=i L k,ri\Dk,ry,

1<r;_ 1<aJ 1

ift <mandi<j.

(2.93)
(III) The matriz coefficients below the main diagonal are:
TD(Z)]'Z' =0 Zf m <1 <j, (294)
TD(Z)jZ' _ Z P; (pj 1,rj—1 + 1) Hk i+1 Plc,rk (pkfl,rkq + 1) e Zi;i Qe
1<ri<a; k::i Pk,rk (pk,rk)
1<r;_ 1<aJ 1
ifi<m andi < j.
(2.95)

(b) Tp(z) = Tp(z) is polynomial of degree 1 in z, and the coefficient of = equals >~ | Ej;.

Proof. (a) Combining the explicit formulas (2.64), (2.66) for the matrix coefficients
Tp(2)a,s with their polynomiality of Theorem 2.67, we may immediately determine

all of them explicitly. The latter is based on the following observations:

e The leading power of z in e; ( ) given by the right-hand side of (2.60) expanded in

271 equals —1, while the coefﬁment of 27! is exactly the right-hand side of (2.93)
for any i < j.
The leading power of z in ( ) given by the right-hand side of (2.62) expanded in
271 equals —1, while the coefﬁment of 27! is exactly the right-hand side of (2.95)
for any 7 < j.
The leading power of z in Zy(2) " *gP(2) = gP(2) expanded in 271, cf. (2.58), equals

ai —ai—1 + (6] =€ )N) = (“Ancitt — Byi1) + (A0 + Ansig1) = =By i1,

due to Lemma 2.88(c) and the assumption A, = 0. By the definition of m and m/,
we note that —p,, ;. is negative if i > m/, is zero if m < i < m/, and equals
1 if ¢ < m, while the corresponding coefficient of z7#»-i+1 equals 1. Finally, for
i < m, the coefficient of 2% in Zy(2)"1gP (2) equals Y7 (pic1,r + 1) — oot i +
PP\ (oo} & (Aa).

Part (b) follows immediately from part (a). O

Remark 2.96. Applying Theorem 2.90 for n = 2, we obtain three 2 x 2 rational Lax

matrices
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z—p —ef z—=p —(p—x1)e? z—p —(p—21)(p—x2)e? (2.97)
e 1 0 ’ e 1 1 ’ e? z4p+l—xz1—2a2 )’ ’

corresponding to A = (0,0) and g = (1,-1), A = (1,0) and g = (0,—1), A = (2,0)
and p = (—1,—1), respectively (as a; = 1, we relabeled p;1,q; by p,q). These are the
well-known 2 x 2 elementary Lax matrices for the Toda chain, the DST chain, and the
Heisenberg magnet.

Remark 2.98. At this point, it is instructive to discuss higher z-degree Lax matrices
for n = 2. Fix a positive integer N and let Ay denote the algebra A of (2.32) with
n = 2,a; = N. To simplify our notations, we shall denote the generators {p1 ,, etar v
simply by {p,,e* "}V .

_ _ plr
Let L.(z) = =T Pr € ,1 <r < N, be the 2 x 2 elementary Lax matrices for
e Ir 0

the Toda chain, and consider the complete monodromy matriz

Tr(2) i= Ly(2) - Ln(2) = (‘é}figg g%g%) . (2.99)

Note that the matrix coefficients Ay (z), By (%), Cn(2), Dn(2) are polynomials in z with
coefficients in the algebra .A?N of degrees NN — 1, N — 1, N — 2, respectively. For any
€ € C, the coefficients in powers of z of the linear combination Ay (z)+ eDy(z) pairwise
commute and coincide with Hamiltonians of the quantum closed Toda system of G Ly,
due to [38].

Following Remark 2.96 and our construction (2.56), (2.57) of rational Lax ma-
trices Ty(z), we note that local Lax matrices L,(z) encode the homomorphisms
VUoloo)t Yoaulgly) — Ap of (2.36), where o := oy = —wg + 2w is a simple coroot of sly.
Furthermore, evoking the coproduct homomorphisms of Propositions 2.136 and 2.143 be-
low, we see that the complete monodromy matrix T (z) of (2.99) encodes the homomor-
phism Y_ no(gly) — .A?N obtained as a composition of the iterated coproduct homomor-
phism Y_ x4 (gly) = Y_o(gly)®Y and the homomorphism \PS[JZO]: Yo o(gly)®N — AN,

On the other hand, consider the rational Lax matrix Tp(z) for the AT-valued divi-
sor D = Nafoo] on PL. According to Theorem 2.67, the matrix coefficients of Tp(z)
are polynomials in z with coefficients in the algebra Apy. Moreover, evoking formu-
las (2.58), (2.60), (2.62), we find:

r=1 Pr(pr) r=1 Pr(pr)
1 Pr(z)
L E e I DI e 1 AT A
Prs(2) 4s—ar
Z Pr,s(pr)Pr,s(ps)(pr 7ps)(ps — Pr — 1)6 ’

1<r#s<N
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where

N sFET t#r,s
P(z) == H(Z—pr), Pr(z) == H (z2=ps), Prs(z):= H (z = pe),
r=1 1<s<N 1<t<N

cf. (2.34). Due to the RTT relation (2.41) for Tp(z), the coefficients in powers of z
of the linear combination Th(z)11 + €T p(z)22 pairwise commute and define a quantum

integrable system. These commuting Hamiltonians can be constructed by applying (1.1)

to the Lax matrix Tp(z) with goo = (é 2) , where € is known as the coupling constant.

The classical limits of the above two quantum integrable systems coincide and recover
the well-known Atiyah-Hitchin integrable system, see [1] (we note that the identification
of the corresponding quantum integrable systems was established in [14, Theorem 6.12]).
Its phase space ZV, known as the space of SU(2)-monopoles of topological charge N,
consists of degree N based rational maps from P! to the flag variety B of SLo (note that
B ~ P). Explicitly, ZV consists of pairs of relatively prime polynomials of degrees N
and N — 1 (and the former is monic):

ZN:{(A(Z) =2N4a12N 14 +an, B(z) = by 2N 14 ... +bx)|ged(A(z2),B(2)) = 1}.

To see ZN as the classical limit of the above quantum integrable systems, recall an
important embedding ZV < SL(2,C|z]) taking (A(z),B(2)) to a unique matrix (known

as the scattering matriz of the SU(2)-monopole) (égig g%z%) such that degC(z) <

N —1 > degD(z) (such C(z), D(z) exist due to the Euclidean algorithm). Identifying Z~
with its image in SL(2,C[z]), we note that the matrix multiplication gives rise to the
multiplication homomorphisms

ZN x ZN' _ ZN+N

From that perspective, the classical limit of the p,-generators appearing in Tp(z) are
the roots of A(z), while the classical limit of e?--generators are the values of —B(z) at
these roots.

In the smallest rank n = 2 case, our construction of Th(z) is a generalization
of the above one as we may add some points xz; € C to the support of D. Given
k < 2N and a collection of points z = {z;}¥_, on C, consider the A*-valued divisor
D = Zle wi|z;] + (Na — kwi)[oo]. The phase space Z,Jxx of the classical limit of
the quantum integrable system determined by Tp(z) is known as the space of SU (2)-
monopoles of topological charge N with singularity k. Similar to Z%, it may be identified
with a closed subvariety of Mat(2, C[z]) consisting of
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_ (Alz) B(2)
M(z) = (C(z) D(z)) such that
k
Alz) =2 +a1zV . +ay, degB(2) < N >degC(z), det M(z)=]](z— ).

Let us note that the condition k£ < 2N guarantees that the matrix multiplication gives
rise to the multiplication homomorphisms (closely related to [3, §2(vi)] and [14, §5.9])

N N’ N4N'
Zk:,& X Zk/’zl — Zk—‘:c’,gu;"
2.5. Examples and comparison to the rational Laz matrices of [15]

In this section, we consider some examples of the Lax matrices T p(z) of Theorem 2.90
and compare them to the corresponding Lax matrices L , ;i (2) (cf. Remark 2.89) of [15].

o Ezample 1: A= (0"), p = (1,072 —1).
Then a; = ... =ay_1 =1 and D = D(A, 0, ) = (w1 + @p_1 — @o)[o0]. To simplify
our notations, let us relabel {p; 1,911~ by {p;, e*% "' Due to Theorem 2.90, we

have:

Tp(z) =
Z—p1 —elt _eN1tq2 ... _eittdn-2 _oqit..tgn-1
(p1+1—prle @ 1 0 e 0 0
(p2+1—p3le - 0 1 cee 0 0
(Pn—o+1—pp_1)e "2 0 1 0
e T T dn 0 0 0 0

(2.100)
Let us compare this Lax matrix Tp(z) to the Lax matrix Ly (z) of [15, (4.7)] with
n=(2,1""20) = p + (1), cf. Remark 2.89, given by

0 0 .- 0 —e—dnn
0 1 0 —prn
Lap(z) =] Do :
0 0 e 1 —Pn—1,n
eln.n qn,2 *°° A4nn—-1 Z —Pnn —4n2P2n —--- —qnn—-1Pn—1n

(2.101)
Conjugating (2.101) by the permutation matrix Y., F; ,—;+1 (which clearly preserves
the RTT relation (2.41)), and making the canonical transformation (preserving commu-

tation relations)
—eqi

dnn—i = y  Pn—in = _pie_qiv efnm = _eqﬂ,—17 Pnn = Pn-1 for1 <i< Tl—2,
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we obtain the following rational Lax matrix:

z2—=Pn-1—(P1—1)—... = (Pp—2—1) —eP ... —edn-2 _ein-1
ple*(h 1 ce 0 0
Laal(2) = s SRR s
Pr_oe"dn—2 0 .- 1 0
e—dn-1 0o - 0 0
(2.102)

Thus Tp(z) of (2.100) and z)‘ﬁ(z) of (2.102) coincide upon the canonical transfor-
mation:

QG =q+...+q, Pi=pi—DPit1+1l, Ppo1=pp1 for1l<i<n-21<j<n-1

o Ezample 2: X = (0*"),p = (1", (=1)"),n = 2r.
Then D = D(X, 0, u) = (2w, — wp)[oc] and the coefficients {a;}} =" are given by:

ap=1,a=2, ... , a0 1=r—1, a,=r, arp1=r—1, ..., azg 2=2, ag,1 =1

According to Theorem 2.90, Tp(z) is a block matrix of the form

Tp(z) = (ZI'I; F [0(> : (2.103)

where F, K, K are z-independent r x r matrices, and I, is the identity r x r matrix.
The first simple property of the matrices F, K, K is:

Lemma 2.104. (a) The matriz elements {K;;} ;_ of the matriz K pairwise commute.
(b) The matriz elements {f(ij};’j:l of the matriz K pairwise commute.

(¢) The matriz elements of K commute with the matriz elements of K, that is
[Kij, Kol = 0.

(d) The matriz elements {Fi;}; ;_y of the matriz F' satisfy the following commutation
relations:

(Fijs Kie) = 056 Ki0,  [Fijy Kiel = —00,iKyj,  [Fijs Frel = 056 F50 — 60,iFgj.  (2.105)

Proof. It is a direct consequence of the RTT relation (2.41) for Tp(z) and the
ansatz (2.103). O

A much deeper relation between K and K is established in the following result:
Theorem 2.106. We have K - K = —1,.

Proof. Due to (2.93), (2.95), it suffices to prove the following equality:
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r r+vy—2
Z Z Pa—l(pa,m - 1) k=« Pk,rk (pk+1,rk+1 - 1) cedorateF eyt 1y
r+vy—1 P ( )
y=1 1<ro<aq k=a k,ri \Pk,ry.
1<riyy_1<aryy—1
r+v—1
Z P"+’Y(pl’+"/—178r+~, T+ 1) Hk—ﬁJrl Py Sk (pk—l,sk71 + 1) %
r+'y 1
1<sp<ag Py s (Pr.s),)

1<Sr4~r—1<arqr—1

e e T T I Loy = 5, 5 (2.107)

forany 1 < a,8 <r.

To evaluate the sum in the left-hand side of (2.107), we first move %7 Ty Loy
to the right of p, ,-terms, then simplify e?-~e~%s ~» 1 oncer, = s,, and finally group to-
gether the summands which have the common e?++-factor. For each such group, pick the
maximal k (if such exists) such that e?:* does appear. If k exists, then 1 < k < 2r—2 as
asr—1 = 1, while k does not exist if and only if « = fand r, = s, foreach a < ¢ < r4~y—1.

The equality (2.107) follows from the following result:

Proposition 2.108. Pick any of the above groups and consider the associated k (if it
exists).

(a) If r < k < 2r — 2, then the sum of terms in the corresponding group is zero.

(b) If 1 < k <, then the sum of terms in the corresponding group is zero.

(c) If k does not exist, then the sum of terms in the corresponding group equals 1.

Proof of Proposition 2.108. (a) Fix any admissible collections rq, ..., and sg,..., sk
with 7, # sg. Then, the terms in the corresponding group are parametrized by k4+1—r <
v < r and all admissible collections rg41 = Sg41,--+3Tr4y—1 = Sr4y—1. lgnoring the
common factor, the total sum of terms in this group equals Z;:k 41— Sy, where each
summand is given by

S’Y L Z Py, (pk+1,rk+1 —1)-- Pr+’)’727rr+'y—2(pr+')’71>rr+'y—l —1)

= X
Pk+177'k+1 (pk+177'k+1) e Pr+’)’—177”r+w71 (pf+’Y—177“r+wf1)

1§7'k+‘1“§ak+1
1<ripy—1<aryy—1
Brtt s Prose + D Prt 2 (Prttrign) - Py (P = 1m0, 1) (2.109)
Pk+1,7"k+1 (pk+1,7"k+1 - 1) to Pr+’y_1,r,+7,1 (p"""y_l’r'*W*l o 1)

It remains to prove Z;:k +1-r Sy = 0. For the latter, we need the following simple
result:

Lemma 2.110. Fizx r <1 <2r—1 and 1 <r;_1 # s;—1 < a;—1. Then, we have

14y Mol 1 =0 (2.111)
1<r;<a; Pl sT1 (pl "'l) 1 +pl71,81—1 _pl,’rl ’
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14 Z Py, Ti—1 pl Neln 1) . 1 — B_l’rlfl(pl_l’mfl _ 1) (2112)

1<m<a -Pl Tl (Pl m) plfl,rl,1 - pl,rl B Pl(plfl,rl,l)

Proof of Lemma 2.110. Recall that a; = 2r—I, a;—1 = 2r—[+1. Without loss of generality,
we may assume that r;_; = 2r— [+ 1 and ;1 = 2r — [. To simplify the formulas below,
let us relabel {p;;}27" by {c;}2" and {p;_1.: 75" by {b; 12", respectively.

Then, the left-hand side of (2. 111) becomes

2r—1
(

. CZ'—].—bl)-'-(ci—].—bgr,l,l)
LD D oy s PR 3 (i -

i=1 —Civ1)

C2r7l)'

This is a symmetric rational function in {ci}?!ll without poles (as symmetric functions
may not have simple poles at ¢; = ¢; with i # j), hence, it is polynomial in {e:}2!. How-
ever, being of degree < 0, this polynomial must be a constant (depending on {b; }25"*1).
To determine the latter, let ¢; — oo, in which case the sum tends to 0. This completes
our proof of (2.111).

Likewise, the left-hand side of (2.112) becomes

! '—1—b1) (Ci—l—bgr,l) 1

1+ . .
Z —c1)- (e —cim1)(ci — cip1) -+ (ci — car—1)  bar—i41 — €

2rl

This is a symmetric rational function in {¢; };;" with the only poles (which are at most

R({b }2r T {e}ih
L (bar—i41—ci)

for some polynomial R of total degree deg(R) < 2r — I. Due to (2. 111) R must be
divisible by Hfrzl(bgr 1+1—1—0;), and thus, for degree reasons, we have R({b;}, {c;}) =
t-H?r 1l(bgr 1+1—1—0;) with ¢ € C. Letting bg,_;+1 — 00, we find ¢t = 1. This completes
our proof of (2.112). O

simple) at ¢; = bor—41 (1 < ¢ < 2r —1). Hence7 it is of the form

Applying (2.112) to simplify S,—1 + Sy, we find

PT Tl_l"’Prfr_ rfr__]-
S, 148 = Z kvk(karl, ket ) 2r—3,12, 3(]72 2,r2r—2 )X

P, e Py -
virizan, et Pretren) o Porzia o (P22, )

1<rg—2<asg—2

Pk+1,7“k+1 (pk,sk + 1)Pk+217"k,+2 (pk+1qu+1) T P2r*2,7“2r—2 (p2r737r2r—3)

Pk+1,’l"k+1 (pk‘+1,’l"k+1 - 1) tee P2r73,1“2,_3 (p2r73,r2r_3 - 1)

Applying (2.112) once again, we can now simplify the sum of the above expression and
Sy—a. Proceeding in the same way and applying (2.112) at each step, we eventually get

oS-+ Y 5 Pry Dettri — 1) ! 0,

k41—r<y<r Tht1 Pt Prttire) 1+ Prose = Pt

due to (2.111) as ry # si. This completes our proof of Proposition 2.108(a).
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(b) The proof of Proposition 2.108(b) is completely analogous to the above proof of
part (a) and is crucially based both on Lemma 2.110 and its following counterpart:

Lemma 2.113. Fiz 1 <l <rand 1 <71 # s_1 < a;_1. Then, we have

P, -1 Ty 1 1
5 P (P —1) —0, (2.114)
1<ri<a Py, (p1r,) Lt pivsioy = Pun
Z Plfl,nfl(pl,m - 1) . 1 — Pl*l’rlfl(plil’”*l _ 1) (2 115)
P, (pir,) Di—1,m_1 — Pl P(pr-1,r_,)

1<r;<a,

Proof. The proof is similar to that of (2.111), (2.112); we leave details to the interested
reader. O

(¢) The proof of Proposition 2.108(c) is completely analogous to the above proofs
of parts (a,b) and is crucially based both on Lemmas 2.110, 2.113 and their following
counterpart:

Lemma 2.116. Fix 1 <l <rand1 <r;_1 <a;_1. Then, we have

Z P1w (e —1) =0 (2.117)
1<r;<a; Plﬂ”z (pl,rl) ’
Pi(prr, —1
P (2.118)

1<rm<a ‘Pl""'l (plﬂ”l)

Proof. The proof is similar to that of (2.111), (2.112); we leave details to the interested
reader. O

This completes our proof of Proposition 2.108. 0O

As Proposition 2.108 implies the equality (2.107), the proof of Theorem 2.106 is com-
pleted. O

It is instructive to compare this Lax matrix Tp(z) to the Lax matrix Ly p(z) of [15,
(4.2)] with g = (2",0") = p + (1), cf. Remark 2.89. Conjugating the latter by the

permutation matrix <? {)r) , we obtain the following rational Lax matrix
r

7 I-F K
Lau(z) = <Z K 0) ; (2.119)
where KK = — 1, and K encodes all the q .-variables via [15, (4.4)].

o Ezample 3: X = (0>F%), u = (1",0%,(=1)"),n = 2r +s with r,s > 0.
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Then D = D(X, 0, ) = (@, + wr1s — @o)[oc] and the coefficients {a;}7-}" are given
by:

ap =1, ..., a1 =r—1, ¢y =41 =... = Qs =T, GQrpst1 =r—1, ..., A2r4s—1 = 1.

According to Theorem 2.90, Tp(z) is a block matrix of the form

2I, - F Q K
Tp(z) = —If {)s 8 ; (2.120)

where F' = (Fy;); i1, K = (K”);J LK = (kij);] 1 are r X r matrices, P = (P)Eif;

. . 1<
is an s X r matrix, Q = (Qﬂ)1<3<s is an r x s matrix, and all of them are z-independent.

The first simple property of the matrices P, Q, K, K is:

Lemma 2.121. (a) The matriz elements {K”};] e {PZJ}EE; pairwise commute.

(b) The matriz elements {K;;}: j=1UY {Qiih; 1<Z<S pagrwise commute.
(¢) We have [Kij, Kyl = 0, [Pij, Kie) = 0, [Qji, Kie) = 0, [Pij, Qo] = 6i x50
(d) The matriz elements {Fi;}; ;_y of the matriz F' satisfy (2.105) as well as:

[Fij, Que] = 05,k Qie,  [Fijy Pre] = —00,iPrj-

Proof. These results follow from the RTT relation (2.41) for Tp(z) and the ansatz
(2.120). O

Similar to Theorem 2.106, there is also a much deeper relation between K and K:
Theorem 2.122. We have K - K = —1,.

Proof. The proof of Theorem 2.122 is completely analogous to the above proof of
Theorem 2.106. The only extra technical result needed is the following counterpart of
Lemma 2.113:

Lemma 2.123. Forr <l <r+sand 1 <11 # s;—1 < aj—1, both (2.114), (2.115) hold.
We leave details to the interested reader. 0O

It is instructive to compare the Lax matrix Tp(2) of (2.120) to the Lax matrix Ly (%)
of [15, (4.7)] with o = (2",1%,0") = p+ (1™), cf. Remark 2.89. Conjugating the latter by

0 0 I,
the permutation matrix ( 0 I, O ) , we obtain the following rational Lax matrix
I, 0 0
_ xI,—F Q K
Lypz)= -P I 0], (2.124)
K 0 0
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where KK = —I, and the matrices K, Q encode all the q. .-variables via [15, (4.4, 4.8)].

Remark 2.125. We note that K, K of (2.124) coincide with K, K of (2.119), while K, K
of (2.120) are not the same as K, K of (2.103).

o Ezample 4: A= (1,0" 1), p = (0""1,-1),2 = {z1}.

The corresponding divisor is D = DA, {z1},u) = wn_1]21] + (w1 — @o)[00] with
1 € C. This example is similar to the above Example 1 since the coefficients a; are the
same: a1 = ... = an—1 = 1. To simplify our notations, let us relabel {p; 1, eiqivl}?:_ll by
{pi, eiql'}?z_ll. Due to Theorem 2.90, the matrix Tp(z) equals:

To(z) =
z—p1 —e?t ... —efit-tdn—2 —(pn—1 — Il)eq1+...+qn71
(p1+1—pyle ® 1 - 0 0
(Pnoz+1—pp_i)e B2 0 ... 1 0
e~ T = —Gn—1 0 .- 0 1
(2.126)

Let us compare this Lax matrix Tp(z) to the rational Lax matrix Ly ., z(2) of [15,
(3.1)] with g = (1"71,0) = p + (1"), cf. Remark 2.89. Conjugating the latter by the
permutation matrix Z?:l E; n—i+1, we obtain the following rational Lax matrix:

Z2—=T1 —9n1P1in —--- —Ann-1Pn-1n Ann-1 - dn,2 dn,1
—Pn—1n 1 A 0 0
L>‘7w17ﬁ(z) = : . . E E
—P2n 0 A 1 0
—Pin 0 . 0 1
(2.127)

Thus Tp(z) of (2.126) and ZA)Il)ﬁ(z) of (2.127) coincide upon the canonical trans-
formation:

Ann-1 = _e<h, sy Qpa = _eLI1+~~+qn72, Qn1 = _(pn71 _ x1)6Q1+...+qn717
Pn—1,n = (p2 —P1— 1)6—611’ -y P2n = (pnfl — Pn—-2 — 1)6—(11—4..—qn727

pl,n — _efihf»--*qn—l_

o Ezample 5: X = (1"71,0),u = (0, (=1)" 1),z = {z1}.

The corresponding divisor is D = DA, {z1},u) = wi[z1] + (wn-1 — @o)[o0] with
x1 € C. This example is similar to the previous one as a; = ... = a,—1 = 1, and we
shall still relabel {pi71,eiqivl}?:_11 by {pi,eiq’?}?:_f. Due to Theorem 2.90, the matrix
coefficients of Tp(z) are:
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zZ—=p1 ifi=1
Tp(2)i =R 24pic1—pi+l—a ifl<i<n,
1 ifi=n
_ — i )etrttai—1 ifl=i<9
To(a)y =4 P17 . (2.128)
—(pi— 1 —pi_q)etit a1 if 1 <i<j

pj—1+1—pjle %=1 ifi<j<n
To(2)ji = (,j., _ 2 e
e diT T dn— ifi<j=mn

The following is straightforward:
Lemma 2.129. For any 1 <i,j < n—1, we have Tp(2)ij = 0; j(2—21)+Tp(2)in TD(2)n;

Let us compare this Lax matrix Tp(z) to the rational Lax matrix Ly ., p(2) of [15,
(3.1)] with g = (1,0"1) = p+(1"), cf. Remark 2.89. Conjugating the latter by the per-
mutation matrix Fia+...+ E,_1,+ Ey 1, we obtain the rational Lax matrix z&xhﬁ(z)
with the following matrix coefficients:

Ly a(2)ij = 00j(z — 1) — dir11p1g41 if 1 <45 <m,

Lk,xl,ﬂ(z)in = qi+1,1, Z)\,achﬁ(z)ni = —P1,i+1, z)\,wl,ﬁ,(z)nn =1 if1<i<n.
(2.130)

Thus Tp(z) of (2.128) and z,\’mhﬁ(z) of (2.130) coincide upon the canonical trans-
formation:

Q2,1 = (xl —p1)€q1+”'+q"_l,C1371 — (p1 —pa + 1)€q2+~~»+qn—l,. .
qn,1 = (pn—2 — Pn-1+ 1)61111—1’

p1’2 — _6_q1_---_q”—1’ p173 — _6_(]2_<~~_‘1nfl7 RV pl,’ﬂ — _e_anl.

o Ezample 6: X = (1",0°),u = (05, (-1)"),z = {z1},n =r+s with r,s > 0.
This example naturally generalizes Example 4 (r = 1 case) and Example 5(s=1
case) above. The corresponding divisor is D = D(A, {z1}, ) = ws[x1] + (@, — @o)[o0]
with z1 € C. According to Theorem 2.90, Tp(z) is a block matrix of the form

To(z) = (ZI'_}F g) : (2.131)

where F' = (Fj;); ;_; is an r xr matrix, P = (P”)}iz; is an s x r matrix, Q = (Q;i)1 /!

is an r x s matrix, and all of them are z-independent.
The first simple property of the matrices P, @ is:
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Lemma 2.132. (a) The matrix elemem‘s {Pw}}?i?! pairwise commute.

(b) The matriz elements {Qﬂ 1<2<s pairwise commute.

(¢) The commutation relation between the matriz elements of P, Q is [Pi;, Qex) = 0;,10;,¢-
(d) The matriz elements {Fij};,jzl of the matriz F satisfy the following commutation
relations:

[Fij, Qre) = 0j,6Qies  [Fij, Pre) = —00,iPrj, [Fij, Fre] = 051 Fi¢ — 60,iFrej-

Proof. These results follow from the RTT relation (2.41) for Tp(z) and the ansatz
(2.131). O

A much deeper relation between P, (), and F is established in the following result:
Theorem 2.133. We have F = x11, + QP.

Proof. The proof of Theorem 2.133 is completely analogous to the above proof of The-
orem 2.106. We leave details to the interested reader. 0O

Let us compare this Lax matrix Tp(z) to the rational Lax matrix Ly ,, p(2) of [15,
(3.1)] with g = (15,0") = p + (1), cf. Remark 2.89. Conjugating the latter by the
permutation matrix 2221 Eisri + 2?21 E.4i:, we obtain the following rational Lax
matrix

Encale) = (7RO ). (2,131

where P = (pzsﬂ)}gg and Q = (gs4;, 1,)1<J< encode all the variables p. ., Qx « of [15].

1<i<s
Thus Tp(z) of (2.131) and thﬁ( ) of (2.134) coincide upon the canonical trans-
formation:

stji = TD(2)jrti> Pistj = —TD(2)r+ijs
with Tp(2);jr+: and Tp(2)rys,; evaluated via (2.93) and (2.95), respectively.
2.6. Coproduct homomorphisms for shifted Yangians
One of the crucial benefits of the RTT realization is that it immediately endows the
Yangian of gl,, with the Hopf algebra structure, in particular, the coproduct homomor-
phism

AT YT (gL ) — Y (gl) @ Y (gl,), T(z) = T(2) @ T(2). (2.135)

The main observation of this section is that (2.135) naturally admits a shifted version:
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Proposition 2.136. For any i, po € AT, there is a unique C-algebra homomorphism

AT et Yo (ah) — YT (al,) ® YT (al,)
defined by
AM L (T(2) = T(2) @ T(2). (2.137)

Proof. We need to prove that T(z) ® T'(z), the n x n matrix with values in the algebra
(VX8 (gl,) @Y™ (gl,))((27")), satisfies the defining relations of Y™*! _ (gl,). The first
of those, the RTT relation (2.41), follows immediately from the fact that both factors
T(z) satisfy it. Let us now deduce the second relation, the particular form of the Gauss
decomposition (2.43), (2.44), from w1, po € AT and the corresponding relations for both
factors T'(2).

We start from the following simple observation. Let C be an associative algebra and
f(r) (r) }r>1

VIR l] 1<i<j<n?
triangular matrix F(z) = >, By + >, f5:(2) ® Ej; with f5(2) = 30,5, f](:) " and an
upper-triangular matrix E(z) = >, Fy; + EKj eij(2) ® E;; with e;;(z) = Zrzl el(»;)z_”.
Then, the product E(z) - F(z) admits a Gauss decomposition

consider a collection of its elements { which are encoded via a lower-

E(z) “F(2) = F(2) - G(2) - E(z), (2.138)
ZEzz+Z ]u Zgz ®En; ZE“—i_Ze” ®E7,gz

i<j i<j

with the matrix coefficients having the following expansions in z:

ez] Ze(r) - 7__ Zf(T - —_ _1+Zg(7’) -7

r>1 r>1 r>1
for some elements {fj(:)7 *l;)};i;qgn U {gg”}%gn of C.
Moreover, if 2% = dlag( L. ,zd") with dy > --- > d,,, then
IR ZE“ +Y i) @ B with Tu(z) = Y fe T =24 ()
1<j r>1
(2.139)
and
(2497 E(2)2% = ZE“ + Zew with ¢;;(z) = ZNO) =% (2)
1<J r>1
(2.140)
for some elements {fj(: ,~” }qz}an of C.
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Finally, let us consider the Gauss decompositions of both factors T'(z):

T(z)®1= F(l)(z)G(l)(z)E(l)(z) = F(l)(z)D(l)(z)z“lE(l)(z)7
1T(z) = F(z)(z)G(z)(z)E(Q)(z) = F(z)(z)z“2D(2)(z)E(2) (2),

where zHe = diag(zdga),~-~ ,zdgla)),D(“)(z) = 2 MG (2) with dga) = €/ (pa) and
a =1,2. To obtain the Gauss decomposition of

T()®T(z) = F(l)(z)D(l)(z)z‘“E(l)(z)F(2)(z)z“2D(2)(z)E(2) (2),

we apply the above general observation with C = Y™!i (gl,,)®Y™"" (gl,) and eZ(-;-) = eE?@l,
f](.:) =1® fj(:) to get the Gauss decomposition of E™M (2)F(?)(z) first. As conjugating by
D(“)(z) does not change the leading z-modes, matrix coefficients appearing in the Gauss
decomposition of T'(z) ® T(z) have the desired form, due to (2.139), (2.140).

This completes our proof of Proposition 2.136. 0O
The following basic property of AL is straightforward:

*,%

Corollary 2.141. For any 1, e, p3 € AT, the following diagram is commutative:

Ar—“’L s — L r T
Y—rtﬁfl —H2—H3 (g[n) M Y—Zﬂl (g[n) ® Y—tﬁf2—ll3 (g[n)
S a—| [raeas, .,
VI (0h) © YT () Y7 (g,) © Y7 (g1,) © Y7 (al,)
—H1,H2

Evoking the key isomorphisms Y_,,: Y_,(gl,) =~ Y*"!(gl,,) of Theorem 2.54 for y =
1, M2, m1 + w2, we conclude that Arf:mf“z gives rise to the C-algebra homomorphism

Ay —pnt Yopy—pa (81,) — Yoy (gl,) © Yo, (al,)- (2.142)

Proposition 2.143. For any u1, pue € AT, the above C-algebra homomorphism (2.142)
Azt Yoy =i (91,) — Yoy, (l,) @ Yo, (gl,,)
is uniquely determined by specifying the image of the central series C(z) of (2.23) via
C(z) — C(2) ® C(z), (2.144)

and the following formulas (for any 1 <i<n—1,1<j<n):
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Fs F 91 for 1 <r<a)(u),
e AR B R
B =10 B for 1 <r<ay (),

(o) (u2)+1) (o) (u2)+1) | (1)

E! 1® E EM g1
o e thEeL (2.145)

(=€) (u2)+1)

€ (p1+pz)+1) —e; (p1)+1)

Dl — D! ©1+1® D) ,
D; & b2 +2) Dj(—e}(m)+ o141 ®D< o (ha)+2)
(=€) (u1)+1) (=€ (12)+1) 1 (
D; e D, : +Z€J‘ )<>®F)
YVeAt

where the last sum is taken over the set AT = {a)+...+a) 1|1 < a < b<n} of positive
roots of sl,,, and the root generators {Eslv), Fw(i)}wveAJr are defined via (cf. (2.47)):

=[BM,, - [EDLED]- -,

1
e o

o ooy

1 1 1
Fudivap, = b (B FRA) o R

Vv
ay +"'+°‘b—1

Proof. Since Y. (gl,,) is generated (as an algebra) by the coefficients of the cen-

—H1— 2
tral series C'(z) and the elements {EZ-(I),FZ-(U,DJ(__EJ (p1+p2)+1) D( & (u1tuz)+2) 122},

as follows from Corollary 2.24, it suffices to show that (2.142) satlsﬁes the above formu-
las (2.144) and (2.145).

Using the standard arguments (see [29, Corollary 1.6.10] or [4, Lemma 8.1] and the
references therein), we have A™ _ (qdetT(z)) = qdetT(z) ® qdet T'(z). Combining
this formula with YZ (qdet T(z)) = C(z) of Proposition 2.83, we obtain the desired
formula (2.144).

Following our notations from the above proof of Proposition 2.136, we note that

~ 1) _ gD ()

T A A i
@ _ (@ ) _ 2

R R

Thus, following the proof of Proposition 2.136, we immediately get

(T) ) = (T) ®1 for1<r<a)(m),

rtt
A 41,1 z+1 i

—H1,—

r « +1 a 1)+1
AT z(+1§#1 ) *fz'(+1,§# : )®1+1®fz+1w

o (S
(f

Arff“’ (el H_1) =1® 65?4-1 for 1 <r < a)(u2),
e

)y g g ool D () gy

rtt
A 1,0+1

—H1,— zz+1 zz+1

which give rise to the first four formulas of (2.145) by evoking the construction of T_,,.
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To deduce the last two formulas of (2.145), it remains to use obvious equalities

g =0, g” =3 e ) - e = D alal+ ey @ f)

J>i 1<i 1<a<b<n

This completes our proof of Proposition 2.143. O
Proposition 2.143 provides a conceptual and elementary proof of [14, Theorem 4.8]:
Proposition 2.146. (a) For any vy,vy € At there is a unique C-algebra homomorphism
Ay Yoy (sl,) — Yo, (sl,) @ Y_,, (sl,,) (2.147)

such that the following diagram is commutative

Apy,-g
Y*ﬂl*f&(ﬁ[n) — Yfﬁ1(5[n)®yfﬁ2(5[n)

L—u1—u2l lL*m@L*m (2148)

Apy,—po

Y—Ml—ﬂz (g[n) Y—Ml (g[n) ® Y—Mz (g[n)

for any py, pa € AT
(b) The homomorphism A_,, _,, is uniquely determined by the following formulas:
Fl(-r) — FZ(-T) ®1 forl<r<a(v),
Fga;/(yl)"rl) . Fl(_aiv(w)ﬂ) 9l+1® |:l(_1)7
E(r) —~1® E(T) for 1 <r < o) (v2),
(o (v2)+1) (af (v2)+1) )
E; —~ 1QE,; +E 7 ®1, (2.149)

HEQX(V1+V2)+1) a) (v1)+1) 91+1® H(a (V2)+1)’

»—>Hz(
(

R 012)+2) | @l (4D g g g g (el e+

Hgai (v1)+1) ® HE% (v2)+1) Z OZi(’Yv)Eglv) ® F(1

YV
YVeAt
1 1 1 1 1 1 1 1
where E;X)+~~-+az¥_1:: [Eéjl, X [EfH)l, 51)} -] and F;v)+ oy T [ [Fé )| ngl] . 7Fz(;31]-

Proof. Follows immediately from the formulas (2.145) of Proposition 2.143 combined
with the defining formulas (2.21) for the embedding ¢, : Y_jz(sl,) — Y_,(gl,,) of Propo-
sition 2.19. O

Remark 2.150. Due to [14, Theorem 4.12], A_,, _,, with v,v5 € AT give rise to al-
gebra homomorphisms A,, ,,: Y,, 1., (sl,) = Y, (sl,) ® Y., (sl,,) for any sl,—coweights
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V1,Vy € A. However, we note that A,, ,, (v1,v2 € A) are not coassociative, in contrast
to Corollary 2.141.

Remark 2.151. We note that [35, §2.4] contains an attempt to construct the simplest
coproduct homomorphism Y, (slz) — Y_q /2(sl2) ® Y_,/2(sl2) from Proposition 2.146.

2.7. Relation to Gelfand-Tsetlin bases of parabolic Verma modules of gl,,

Evoking the setup of Section 2.4.4, assume p = ((—1)™) while X is a Young diagram
of size n and length < n, i.e. |A\| = n and X\,, = 0, and consider the corresponding A*-
valued divisor on P1: D = 221 L @iy [k] — wo[oc] with zj, € C (note that iy =n — A}).
In this section, we show that the homomorphism ©p: Y2 (gl,) — A of (2.56) may be
viewed (up to a gauge transformation) as a composition of the evaluation homomorphism
ev: Y2(gl,) — U(gl,) and the homomorphism U (gl,,) — A determined by the parabolic
Gelfand-Tsetlin formulas.

Let us recall the explicit formulas for the matrix coefficients Tp(z)ii, Tp(%)i i+1,
Tp(2)i+1,; of Theorem 2.90 (note that Tp(z) = Tp(z) in the present setup):

ai—1 a;
Tp(z)ii=z+ Z(pi—l,r +1) — me - Z Ty, (2.152)

r=1 r=1 Kiip<i—1

al 1 p —1—pi )
T 1—1,8 .
T z i+l = Z s;ér : H (pi,T’ - Ik) : eq‘b’r, (2153)
r=1 1< s<a; (p’b T pi,s) Kip=i
L+1 1 .
2)it1,i = Z S#p” F1-pinis) o (2.154)
r=1 1<s<a, (Piyr — Pis)

Consider the following factor

<a;
H Hf<Z T (Piyr — Piv1,s + 1) H H Hk:ikgiﬂ D(pir —zk + 1)

H Hgﬁj s<a; (pi,s - pi,r) ’
(2.155)
where I'(-) denotes the classical Gamma function. Then, Ad(S) is a well-defined auto-

S =

morphism of A, which shall be referred to as the gauge transformation with respect to S.
Applying Ad(S) to Tp(z) partially described by the formulas (2.152), (2.153), (2.154),
we obtain

ai—1 a;
AdS)Tp(2)ii =2+ Y (picrr+1) =Y pir — Y, @k (2.156)
r=1 r=1 i <i—1
i i1
a;ta;— Dir — Pit+1,s ]
AA(S)To =) = Do 1) et Per 2Pl T oy
r=1 Hl<~;<a7 (Pir — 1 —pis) ki <i

(2.157)



R. Frassek et al. / Advances in Mathematics 401 (2022) 108283 47

Ad(S)TD (Z)i+1,i

= i(_l)ai+a171—1 H:i:_ll (piﬂ" — pi—l,s) 1 —qir (2158)

e i
Hiéggai (i +1 = Pis) puip<ig Pir — Tk +1

We also consider the factor

n—1 a;
— H H ((_1)>\n—i+1p7‘,,r _e—i%,r) , (2159)
=1 r=1

so that Ad(U) is a well-defined automorphism of A which maps
Dir > i+, €07 (_1))\n7'i+1eqi,7‘.

Applying this automorphism to (2.156), (2.157), (2.158), we obtain

Qi—1

Ad(US)Tp(2)ii = 2 + sz L — prﬂ (a1 —a)) — > an,  (2.160)
ki <i—1
- pa 7 s — Pi,r + 1
Ad(US)Tp(2)iig1 = 3 _(—1)" HS# (Pit1,s — P ) H (05 = pir — i) - €%,
r=1 H1<5<al (pl s pl T =+ 1) i, <1
(2.161)
i—1,s i, 1 1 .
Ad(US)TD H—l i Z H;ﬂ} Pi-1,s — D5, ) H s ‘Iz,r’
1<s<ab(p1 s — Diyr — 1) kip<i—1 Tk — Pigr —1— 1
(2.162)

where 8; ;= a;—1 +a;41 + 1+ Xy + Ap—i1- Evoking a; —a;—1 =1 — Ajp_;41, We see
that f3; is odd. Thus, the formulas (2.160), (2.161), (2.162) may be written as follows:

i—1

(US)TD _Z+2pz 1,r — szr+l n— z+1_1 Z T, (2163)

kip<i—1

s pz s — DPir +1
Ad(US)Tp(2)ii41 = ZHS Sl ) II @x—pir—i)-e®r, (2.164)
1<.s<a1 (p1 s — DPiyr + 1) ki <i

Di-1,s — Dir — 1 1 o
Ad (US)TD ’L+1'l Z H;&: 1—1,s 7,7 ) H —16 Gi,r
1<s<a, (pl s —Pir — ]-) Krig<i—1 Tk —Pigr — 1 —

(2.165)

Let us now relate formulas (2.163), (2.164), (2.165) to the parabolic Gelfand-Tsetlin
formulas. Let p C gl,, be a parabolic subalgebra with the Levi factor [ ~ gly: ®gly; & - &
g[)‘;l embedded block-diagonally into gl,,. For y = (y1,...,ya,) € CA1, et Cy be the
1-dimensional p-module obtained as a pull-back (along the natural projection p —» I)
of the 1-dimensional -module with glkg—factor acting via y;tr. We also assume that
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yi —y; ¢ Z for i # j. Consider the parabolic Verma module M, := Indg["(C
It has a distinguished basis {{x}, called the Gelfand-Tsetlin basis, parametrlzed by
A = (Aij)i1<j<i<n subject to the following conditions:
(8) Apxt4tal 40 = Ya for 1 <a <A
(1) A =iy €N
( ) if Azy +17j+1 € 7, then actually Ai,j — Ai+17j+1 € N.
Note that the conditions (b,c) imply Ajx = ya if X} ...+ AL, <k <AL 4. 4 AL -
(n —i). We call such coordinates (i, k) frozen. For 1 < i < n—1,let J; C {1,---,i}
denote the set of non-frozen coordinates among {(i,*)}. It is easy to see that |J;| = a;.
SetlijZZAij—j-i-l

Then, the classical Gelfand-Tsetlin formulas [34] (corresponding to the case [ ~ glf™)
give rise to the parabolic Gelfand-Tsetlin formulas for the action of gl, in the basis &,
of My:

EBiaa) =D bk — D licwe + >, (Wh—i)+(G-1)| &, (2.166)

keJ; ke€Ji—1 a:Al>n—i+1
[nes  Givim —lik) ,
Eiiv1(€a) = — 0 - R IT h—tix—i=1)-&rss,., (2167)
kes; Llmer\{k}y\tim = bk a:Xt>n—i
Hm (lic1,m — lik) 1
Eir1,i(én) = Sl T I ———— &, (2168

k€T Momesovgry im = i) a:AE>n—it1 Yo = lik =1

where 3/, := yo — (AL + ... + AL) + (n + 1) and A + §; ;. is obtained from A by adding
+1 to its (4, k)-th entry (if A £ ; does not satisfy (b) or (c), then the corresponding
coefficient in front of x5, , in (2.167) or (2.168), respectively, is actually zero).

These formulas naturally give rise to the algebra homomorphism g: U(gl,,) — A with

E;;— Z Dik — Z Di—1,k + Z (yo — 1) + (i — 1), (2.169)

keJ; keJ;_1 a: Al >n—i+1

Eiip1—— Z qlknmek‘“(pwrlm ka) H (y/ —pixk—i—1)=
1,7 @ b B
i mesmim —pir) | G0

B e, Pit1m — pik +1)
2 Thcsy o+

H (v, — ik — 1) - eF, (2.170)

a: At >n—i

E+1 N Z e_qlkaeJI l(pz 1,m — Di, k) H 1
K3 7 .
kEJ; [nesi gy (Pim = pik) @Al >n—it1 Yo~ Pik

- (Picim —Pik— 1 1
HmEJPl( 1 k ) H e dik (2171)

kelJ; HmEJi\{k}(pi’m ~Pik — 1) a:Al>n—i+1 y ~Pik— i—1
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Remark 2.172. We note that the algebra A4 acts on the bigger space ]T/fy parametrized by
A = (A, j)i1<j<i<n satisfying only the condition (a) via p;r: &a — li7;§A, etdin: £y
§a+s, ,,- Meanwhile, the same formulas actually define the action of the subalgebra
Im(o) C A on M,, composing which with g recovers the action of U(gl,,) on M, de-
fined via (2.166), (2.167), (2.168). -

Consider the evaluation homomorphism ev: Y2 (gl, ) — U(gl,,) such that
T(Z)LZ =z (Ez,z + 1)7 T(Z)i,i+l — Ei,i—&-l, T(z)i+1,i — Ei+l,i~ (2173)

Remark 2.174. €V is a composition of the isomorphism Y2 (gl,,) = Y3 (gl,,) given by
T(z) — zT(z) of Remark 2.45(d), the evaluation homomorphism ev: YJ*(gl,,) — U(gl,,)
given by ¢;;(2) — &;; — Ei;z~1, and the isomorphism U(gl,,) = U(gl,,) determined by
Eir— By +1LE; ;41— —E;41.

The key result of this section is:

Proposition 2.175. The homomorphism Ad(US) o ©p: Y (gl,) — A (the gauge trans-
formation of ©p) coincides with the composition o o év: Y2 (gl,) — A, under the
identification x = y;, for 1 <k < Aq.

Proof. The proof immediately follows by comparing the formulas (2.163), (2.164), (2.165)
with the formulas (2.169), (2.170), (2.171) via (2.173) (as well as recalling that i, =
n — Aj, hence, for example >, . _; ;@ of (2.163) coincides with Dant>n—it1Ya
of (2.169)). O

Remark 2.176. Choosing a basis of a Lie subalgebra n_ C gl such that gl, ~p @& n_,
yields another standard basis of M, via the vector space isomorphisms M, ~ U(n_) =~
S(n_), which similar to Propositi_on 2.175 gives rise to the rational Lax matrices
Lz p=p(2) of [15, §3.2].

3. Trigonometric Lax matrices
In this section, we generalize previous results to the trigonometric case.
3.1. Shifted Drinfeld quantum affine algebras of gl,,

For a pair of gl,,—coweights u*, = € A, define d* = {d]i T, €z, br={pEntezn?
via,

dF = Grt), b = o) (iF) = dF — (3.1)

Then, we define the shifted Drinfeld quantum affine algebra of gl,,, denoted by
Uy+ u-(Lgl,), to be the associative C(v)-algebra generated by
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+ +
Z + + >d
{ 2,7 Z T ;§z<n U {wi,isiiﬂ (Sai,idii) }1<z<n

with the following defining relations (for all admissible ¢, j and €, €’ € {£}):

[05(2), 5 (w)] =0, wfida wfidi)’l = (¢ )

[E(2), Fy(w)] = (0= v~ ()( ()i (2) = (07 () e (2), (3:3)

> o ( = )6 Ej(w)g;(2), (3.4)

—1 . @;l,:id.i =1, (3.2)

—1z—vw vz —vlw
. Ly —ow\ " vz — v lw\ " .
iR = (") () B, 69)
vz — v lw\ % w 8id=1 =1y g\ 21t
BBy () = () (UZ ) 2 BwBC)
(3.6)
vl —vw\ Y (v — vl Z—w big1
Ronw = (L) (P (SE) T swne)
(3.7)

[Ei(21), [Ei(22), Ej(w)]o]u-1 + [Ei(22), [Ei(21), Ej(w)]p]y-1 = 0if [i —j| =1, (3.8)
[Fi(21), [Fi(22), Fj(w)]o]u—1 + [Fi(22), [Fi(21), Fj(w)]o|o-1 =0 if [i = j[=1,  (3.9)

where [a, ], := ab — = - ba and the generating series are defined as follows:

= ZEi,rZ_T, i( ZFz r2=", 901 Z ¥s, irZ:FT 6(z) = er'

rez reZ er;t rez
(3.10)
We will also need Drinfeld half-currents EX(z), F~(z) defined via

= ZEW.z*T, E (z) = — ZE@T.Z*T,

r>0 r<0
(3.11)
)= Z Fo.z7", F(2):=— ZFi)Tz_r,
r>0 r<0

so that E;(2) = Ej (2) — E; (2) and Fj(z) = F;t (2) — F, (2).
Remark 3.12. For p* = p= = 0, we have ono(Lg[n)/(goifogogo — 1) ~ U,(Lgl,)-the
standard quantum loop (the quantum affine with the trivial central charge) algebra of gl,,
as defined in [9, Definition 3.1]. More precisely, the generating series X; (z), X;" (2), kji(z)
of [9] correspond to Ej(2), F;(2), ] (2) of (3.10), respectively.
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Similarly to Lemma 2.17, the algebra U+ ,-(Lgl,) depends only on the associated
sl,—coweights @™, i~ € A, up to an isomorphism:

Lemma 3.13. For gl,, —coweights ui, iy, g, i € A such that if = if, iy = iy in A,
the assignment

ED BN, FD o FED, oF

+
ikt 7 Pikat gy (uF—ud) (3.14)

gives rise to a C(v)-algebra isomorphism U, + - (Lgl,) =>U, + -(Lgl,).

Let U). ,-(Lgl,) be the associative C(v)-algebra obtained from U+ ,-(Lgl,) by
formally adjoining n-th roots of its central elements o* := ¢ Lo ...
1,4df ¥'2,+d3
that is,

L’On,:i:df’

e (L) 2= Uy (Laly) [(05) 527, (07517 (3.15)

The algebras U //fr, . (Lgl,,) slightly generalize the shifted (Drinfeld) quantum affine al-
gebras of sl,, denoted by UJS (Lsly,) (the simply-connected version) and U,'j‘ﬂjy, (Lsly)
(the adjoint version) in [18, §5], where vt v~ € A are sl,—coweights. Recall that
the latter, the algebra Uffw,(Ls[n), is an associative C(v)-algebra generated by

+ +
{em,fm,wiisi, (ﬁ)ﬂ}’{fjn =75 With the defining relations [18, (U1-U10)], where

27

b = a) (v7). Define the generating series

ei(z) == Zemz_r, fi(z) == Zfi,rz_r7 i (2) = Z wiﬂ,tirZ:Fr'

reZ reZ Tsz;*:

The explicit relation between the shifted Drinfeld quantum affine algebras of sl,, and
gl,, is:

Proposition 3.16. For any pu™,u~ € A, there exists a C(v)-algebra embedding

vt - USRS (Lsly) = Uy - (Lgl,,), (3.17)
uniquely determined by
E;(v? Fi(v?
ez D) g o )
v v v v (3.18)

Ui (2) = (07 (0'2) e (v'e), o (ﬁidli ~-~<Pffidii)_l (),

Restricting to USS. . (Lsl,) C Ugﬂ’ﬁ, (Lsly,), this gives rise to a C(v)-algebra embedding

Lyt o= ;Lgr,ff (Lsl,) < U#Jr’#— (Lg[n). (3.19)
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Remark 3.20. For u* = = = 0, this recovers (an extension of) the classical embedding
Uy (Lsly,) — Uy(Lgl,) of quantum loop algebras.

Proof of Proposition 3.16. The proof is completely analogous to that of Proposi-
tion 2.19. O

Define the generating series

CHz) = Y,  CLz™ =0 (2)ps (v°2)- 9t (0> V2). (3.21)
s>di+..+di

The coefficients CT, are central elements of both U+ ,- (Lgl,) and U+ - (Lgl,), due
to the defining relations (3.2), (3.4), (3.5). We also note that Ci(di-s- vty = ot

1 T---an
The following result provides a trigonometric version of the decomposition (2.25):

Lemma 3.22. There is a C(v)-algebra isomorphism

(Lgl,) =~ CHOE o, ()Y ST @) UL 4o (Lsl,).  (3.23)

!
ptou~ sE>dE+..4df

In particular, U;ﬁvﬁ, (Lsl,) may be realized both as a subalgebra of U;,ﬁ e (Lgl,,)
via (3.17) as well as a quotient algebra of Ullﬁ - (Lgl,,) by the central ideal (C’Isi 7bisi’
() F/™ — (b)F1) with € € {+,—},5F > df +... +dF for any collection of bi[si eC

and b* € C*.

Remark 3.24. We expect that the trigonometric version of the key result of [40], see Theo-
rem 2.80 and Conjecture 3.75, holds. Then, the arguments similar to those of Remark 2.81
would yield the triviality of centers of the shifted quantum affine algebras Ujﬂ - (Lg)
for any coweights v, v~ of a semisimple Lie algebra g. Combined with (3.23) this would
imply that the center of U/, _(Lgl,) coincides with C[{Cigi, (gos)il/”}iiz;im_kd%]
for any put,pu~ € A.

3.2. Homomorphism U p

In this section, we generalize [18, Theorem 7.1] for the type A,,_; Dynkin diagram with
arrows pointing i — i+ 1,1 <4 < n — 2, by replacing U;ﬂ - (Lsly,) of [18, Theorem 7.1]
with U,,+ ,- (Lgl,).

Remark 3.25. While similar generalizations exist for all orientations of A, _; Dynkin
diagram, for the purposes of this paper it suffices to consider only the above equioriented
case, see Remarks 2.27, 2.73.
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A A-valued divisor D on P!, AT-valued outside {0, 00} € P!, is a formal sum

D= 3 vwilx]+ut[oo]+ (0] (3.26)
1<s<N

1 ifig #0
1 ifis=0
ut = Dl|s and u~ = Dlg. Note that if u*, 4~ € AT, then D is a AT-valued divisor on
P!. It will be convenient to present

with N € N, 0 <ig <n,xs € C*, v = { and pt, u” € A. We will write

D= > AN +pt[oo]+p[0] with A, € AT, (3.27)
x€P1\{0,00}

related to (3.26) via A== _ vswi,. Set A 1= SN yews, € AT Following [18], we
make the following

Assumption: AN+ put + " =ajoq +... Fap_10,_1 with a; € N. (3.28)
Consider the associative C[v, v~ !]-algebra

Av +1/2 m - —1\1<r#s<a;
A = (C<Dz‘j,[r1""’i,r/ (Wi —0™wi ) (1 0') 1>1§ifn,_mEZ,ZEZ\{O} (329)

with the defining relations

1/2 5605, 1/2 1/2  1/2
Djpw;'s =03 W "Dy s [Dig, Dys] = 0= [w; 7w/l

6T g,
£1 ¥l _ g _ o E1/2 F1/2
Di D;Fr_l_wi,r i,ro
We also define its C(v)-counterpart

Nzac = A QClw,v-1] C(v). (3.30)

Remark 3.31. The algebra A¥ can be represented in the algebra of wv-difference

. . . . ~ y1<r<a;

operators with rational coefficients on functions of {w;,},;Z;=," with the conven-

. ~ +1/2 : : B : :

tions Wlirl = Wi’r/ by taking Dfr1 to be a wv-difference operator Dﬁ acting via
L1y (o = = — W(F 15 v

(Di,r \V)(Wl,ly ey Wiy e aWn—l,an,l) = W(Wl,ly Lo, Wi pyen ;Wn—l,a",l)~

For0<i<m—1land1<j<n-—1, we define

—1

is=i vix, s v—ix ay (M)
Zi(z) = H (1— . ) = H <1— z) )

1<s<N x€PT\{0,00}

a; S#T

W;(z) == H (1 - %) ;o Wy (2) = H (1 - %) ,

r=1 1<s<a;

(3.32)
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where af = —¢y as before. We also define
ap:=0, a,:=0, Wy(z):=1, Wp(z):=1.

The following result generalizes A,,_i-case of [18, Theorem 7.1] stated for semisimple

Lie algebras g:

Theorem 3.33. Let D be as above and pu™ = D|oo,u~ = D|o. There is a unique C(v)-

algebra homomorphism

Up:U_p+ - (Lgl,) — Ay (3.34)
such that
Loy (u) TT w12 N5 (OWir ) _Zilwis) 1
Ei(z) — HWZ sz 1t 7;6 . Wi,r(Wz‘,r)WZ 1(v” W”)DM,
o1 s ~1/2 - v 2w, 1
Fi(z H Wirte® 2 ( p, : )Wi’r(wi’r)Wi-‘rl(vwi,r)Di,ra
+
12 T 10 + W; (v iz —k
HHW / H /u' s 'W H Zi(v k2| =
t=1 0<k<1 1
+

a;—1 -
T w2, e WTD e
| I w; tI |1 i1t | # Wi_1(v=i712) xe]P’l\{O,OO}( o

(3.35)

We write v(2)* for the expansion of a rational function v(z) in 2T, respectively.

Remark 3.36. Let A2 be the associative C(v)-algebra obtained from A%, by for-
mally adjoining n-th roots of v,xs, and ¥p: U’ , _ (Lgl,) — A;’rsft be the extended
homomorphism. Then, the (restriction) composition

Tv,ext

U (LS[ ) —> U/ ut —p— (Lg[n) \P—D> frac

S A U

coincides with the composition of the natural isomorphism

an _a-(Lsly )—>U0 - (Lsly)
and the homomorphism
(I)Au*—p, Uad at—p— (Lﬁ[ ) — Ag;c)(t

of [18, Theorem 7.1].
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Proof of Theorem 3.33. First, we need to verify that under the above assignment (3.35),
the images of ¢ (2) (resp. ; (z)) contain only powers of z which are < d; (resp. > —d; ),
and the corresponding coefficients of 24 (respectively of z=% ) are invertible. The claim
is clear for ¢ (z), while its validity for ¢; (2) follows from the equality

—ai+ a1+ € () + 6/ (N) = —¢/ (u7),

due to (3.28).

Evoking the decomposition (3.23), it suffices to prove that the restrictions of the as-
signment (3.35) to the subalgebras Uicliﬁ __(Lsl,) and C[{Cis}s>d:t+ ..4+q2] determine
algebra homomorphisms, whose images commute The former is clear for the restriction
to U2d (Lsl,,), due to Theorem 7.1 of [18] combined with Remark 3.36 above. On

—pat,—p-
the other hand, we have

n—1

@D<Ci<z>>:A~f[ 11 (1_1)*2@*1%)”* :Aﬁ ( %XS)%,

i=1xeP1\{0,00} s=1

>

=g

(3.37)
where A := H?:l(vQ(ifl)z)ﬁiv(#J’)_
Thus, the restriction of ¥p to the subalgebra C [{C’is}s>d1i+_“+d$} defines an algebra

homomorphism, whose image is central in .Afrdc This completes our proof of Theo-
rem 3.33. O

3.8. Antidominantly shifted RTT quantum affine algebras of gl,,

Consider the trigonometric R-matrix Ririg(2, w) = Riy,(2,w) given by

Riig(z,w) 1= (vz —v tw ZE”®E“+ z—w ZE“®E“+

i=1 i#j (3.38)
(’U — 'U_I)ZZEij [02] Eji + (’U — v_l)wz Eij & Eji7
i<J 1>

cf. [9, (3.7)]. It satisfies the Yang-Baxter equation with a spectral parameter:

Rtrig;lZ(ua U)Rtrig;13 (u, w)Rtrig;QS (U, w) = Rtrig;QS (U7 w)Rtrig;IB(uu w)Rtrig;IQ(ua U)~
(3.39)
Fix uT, u~ € AT. Define the (antidominantly) shifted RTT quantum affine algebra of
gl,,, denoted by Uit;t—;r (Lgl,,), to be the associative C(v)-algebra generated by

{ti[ir]}ﬁ%jgn {(g Z¢di) ! 1

subject to the following three families of relations:
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e The first family of relations may be encoded by a single RTT relation
Rurig (2, w)T1 (2)T5 (w) = T3 (w)T7 (2) Rixig (2, w) (3.40)

for any €, ¢ € {+,—}, where T*(z) € U™ - (Lgl,)[[z, 27 !]] ®c End C™ are de-
fined via

Zt 2)@ By with t5(2) = > 5 [£r]T" (3.41)
reZ

Thus, (3.40) is an equality in U™\, _ _(Lgl,)[[z,2~" w,w™']] ®c (End C")#? for

any €, €.
« The second family of relations encodes the fact that 7% (z) admits the Gauss decom-
position:
TE(2) = FE(2) - GF(2) - E*(2), (3.42)
where F*(2), G*(2), E*(2) € U™ - (Lal)((271) ®c End C™ are of the form
ZE”"_Z ]27 Gi(z) = ng(z)@E”,
1<j %
Z Ei + Z elj z]v
1<J

with the matrix coefficients having the following expansions in z:

=S e, () =3 e,

r>0 r<0

DZO FOr e ;) £ 5.45)
Z g:—rzir’ z Z gz,fr ?

r>—df r>—d;

+
Z F>—df
where {6” ’fj(zr)}’igz(jﬁn U {g isi i<z<n cur, —pt,—p— (Lg[n)

e The third family of relations is Just

- + - + -1,
Gizat " Uizar) = (9; ax) 1 iz = (8.44)

Remark 3.45. (a) For u* = pu~ = 0, the second family of relations (3.42), (3.43) is
equivalent to the relations t;; [r] = t;;[=r] = 0 for all 4,5 and 7 < 0 as well as t; [0] =
t;;[0l =0for 1 <i < j < n. In this case, adjoining the inverses of gfo, cf. (3.44), is
equivalent to adjoining the inverses of ¢5[0]. Thus, U3%(Lgl,,) is the RTT quantum loop

algebra of gl,, of [17], or more precisely, its extended version UL™**t(Lgl, ) of [23, (2.15)].
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(b) Likewise, (3.43) is equivalent to a certain family of algebraic relations on t;tj [r]. In
particular, T%(z) € Uty (7)) ®c EndC™. For example, (3.43) for i = 1 are
equivalent to:

thr] =0 for r < —df, t;[-r] =0 forr < —dy,
tE[r]:O for r < —df,j > 1, ty[-r]=0 forr < —dy,j>1,

tjﬁ[r] =0 forr < —df,j>1, th

[-r] =0 forr < —dy,j>1.

(¢) If i,y , g,y € AT satisfy i = fif and i; = fi; in A, that is, pud = puf i—c“'wo

and p;, = puj + ¢ wo with ¢™,¢” € Z, then the assignment T%(2) — 25 T%(z)

gives rise to a C(v)-algebra isomorphism Uit;+ e (Lgl,) = Uit;Jr . (Lgl,), cf.
10 1 2 2

Lemma 3.13.

Lemma 3.46. For any 1 <i < j <n andr € Z, we have the following identities:

ez(;) =(v—w

£ =t =) I [ F e oo £

—1)i—j+1[e(0)

J—=L3°

(0) e (0) (r) -

[ej—Z =157 9 1€i41,i420 Ciit1lv R T r

(3.47)

Proof. The proof is analogous to that of [19, Corollary 3.22]. O

Corollary 3.48. The algebra Ui“+ - (Lgl,) is generated by

+ +
{6(7") f(r) ( + )71}T€Z’51 >—d;
dyit19 i+1,ivgj,isji’ gjijdji 1<i<n,1<j<n"

The following result is a shifted version of [9, Main Theorem| and a trigonometric
version of our Theorem 2.52:

Theorem 3.49. For any p*, = € AT, there is a unique C(v)-algebra epimorphism
T—u*,—u* : U—u*,—u* (Lg[ ) Ur pt,—p— (Lg[n>
defined by

Ef(z )'_>€m+1( 2), F(2) = [ i11,:(2), @jt(z) ng[(z). (3.50)

Modulo a trigonometric counterpart of [40], see Conjecture 3.75, the following result
is proved in Section 3.4.3:

Theorem 3.51. Y_,+ _,—: U_,+ _,-
morphism for any p*,p= € AT.

(Lgl,) %Uﬁt}r’fﬂ_([/g[n) is a C(v)-algebra iso-
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Remark 3.52. (a) For u* = = = 0 and any n, the isomorphism Yo of Theorem 3.51
was established in [9, Main Theorem| (more precisely, Yoo is an isomorphism between
the extended versions of both algebras featuring in the Main Theorem of [9]).

(b) For n = 2 and pu*,u~ € AT, a long straightforward verification shows that the

assignment
t11(2) = 97 (2),  t(2) = Fi (2)07 (2) B7 (2) + 03 (2),
t(2) = 0 (2)EL (2),  151(2) = F (2)¢1 (2),

gives rise to a C(v)-algebra homomorphism U™, _ _(Lgly) — U_,+ _,-(Lgly) (the
sly-counterpart of which is due to [18, Theorem 11.11]), which is clearly the inverse of
Y_,+ _,-- Thus, Theorem 3.51 for n = 2 is essentially due to [18].

3.4. Trigonometric Lax matrices via antidominantly shifted quantum affine algebras of
gl,

In this section, we construct n x n trigonometric Lax matrices Tp(z) (with coefficients
in AY(z)) for each A*-valued divisor D on P! satisfying (3.28). They are explicitly defined
via (3.64), (3.65) combined with (3.56), (3.58), (3.60). We note that these formulas arise

naturally by considering the images of T*(z) € Uty - (Lgl,,)((2T))®c End C™ under

the composition ¥ p o T:}ﬁﬁ#, : Uitfﬁ,_“, (Lgl,,) — AP ., assuming Theorem 3.51 has
been established, see (3.53), (3.54) and Proposition 3.63. As the name indicates, (Tp(z))*
satisfy the RTT relation (3.40), which is derived in Proposition 3.74. Combining the
latter with the conjectured generalization of [40], see Conjecture 3.75, we finally prove
Theorem 3.51 in Section 3.4.3.

We also establish the regularity (up to a rational factor (3.67)) of Tp(z) in Theo-
rem 3.68, and find simplified explicit formulas for those Tp(z) which are linear in z in
Theorem 3.77. Finally, we show how to degenerate these trigonometric Lax matrices into

the rational Lax matrices of Section 2.4.1, see Proposition 3.94.

3.4.1. Construction of Tp(z) and their regularity
Consider a AT-valued divisor D on P!, see (3.26), satisfying the assumption (3.28).
Note that u* := D] € AT and p~ := D|p € A*. Composing ¥p: U_,+ _,-(Lgl,) —
AP, of (3.31) with the isomorphism Y_', _ U™, (Lgl,)=>U_.+ _,(Lgl,)
(assuming the validity of Theorem 3.51), we obtain an algebra homomorphism
Op=UpoY L, U™ (Lgl,) — AZ.... (3.53)

—pt,—p=
Such a homomorphism is uniquely determined by two matrices
T (2) € Auc((z71)) ®c End C"

defined via
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T (2) = Op(T*(2)) = Op(F*(2)) - Op(G*(2)) - Op(E*(2)). (3.54)

Remark 3.55. Actually T2 (2) € A¥((27!)) @c EndC", due to the formulas (3.56),
(3.58), (3.60).

Let us compute explicitly the images of the matrices F*(z), G*(2), E*(2) under Op,
which shall provide an explicit formula for the matrices T (2) via (3 54).
Combining T~ u+ . (95 (2)) = ¢ (2) with the formula for Wp (5 (2)), we obtain:

Op(g;(2) =

+
a; .
e = oty Wi(v iz . (3.56)
||W 1/2 || ith. S )Z(—ﬂ-l || (1—x/z)~c M)
Wi_l(’U Z)
t=1 x€P1\{0,00}

Combining T:;lt+,7;L7 (eiﬂ(z)) = E*(2) with the formula for ¥ p(EE(2)), we obtain:

i1 v\ £ B

Op(eiy (2 szt H Wz_11/2t z; ( vl\A_/Z;zW”(/l; )> Z@(W“;/)V\/lV:Eth('l:) WM)DZ‘_’:.

T (3.57)

As eb(z) = (v — v )i el el ek ()] o due to (3.47), we
thus get (cf. [19, (4.6)]):

aj—1 j—2 ay a;_1
Op(e(z) = (-1 H wi—ra [ T]wi/? H wi %
k=it=1
Z ((UiWi,m)_aiv(“Jr) e (Uj_1Wj_1,Tj71)_a;'/fl(“+) ) + .
1<ri<a; 1—v'wir, /2

1<7‘J 1<a] 1

_ | — _ j—1 j—1
Wifl(v 1Wi-,7“i) H?c:f Wkﬂ“k (’U 1Wk+1,rk+1) ; 7 Wi r; ; D—l
j—1 I | EWkrg ) » =~ | I :
[Tizi Wiy, (Wi, ) k=i Wi-lrjo1r 5

Combining T:;ll/ (le ;(2)) = F(2) with the formula for W (F*(2)), we obtain:

+ 1a7+1 ~1/2 1 iWiJrl('UWi,r)
On(f1,(2 Tt X (T ema,) Wy Do 39

— i—7 0 0 c
As fE(2) = (v =) I [fE L (2), fi&é,m}v,--~, O 1, due to (3.47), we thus

get (cf. [19, (4.7)]):

Op(f}i(2) = (-1 1vi 7 H [[wii”

k=i+1t=1
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3 1 W, (ows 1, ) T Wi, (Wit )
- - X
1—z/vi 2w, . -1

)
1<r;<a; [T5=i Wi, (Wi )
1<rj_1<a; 1

W p—
J—1rj—1
Yittries TT D, V. (3.60
Wir, H k, k} ( )

While the above derivation of the formulas (3.56), (3.58), (3.60) is based on yet un-
proved Theorem 3.51, we shall use their explicit right-hand sides from now on, without
any direct referral to Theorem 3.51. More precisely, let us define A% ((zF1))-valued n x n
diagonal matrix G% (z), an upper-triangular matrix E; (2), and a lower-triangular matrix
F3(z), whose matrix coefficients g (), eiij;D(z), fjj;;D(z) are given by the right-hand
sides of (3.56), (3.58), (3.60) expanded in zF!, respectively. Thus, we amend (3.54) and
define

T3 (2) := Fj5(2)GH(2)Ep(2), (3.61)
so that the matrix coefficients of T (2) are given by

min{a,B}

Z P2 670 () 6 (2) (3.62)

for any 1 < «, 8 < n, where the three factors in the right-hand side of (3.62) are deter-
mined via (3.60), (3.56), (3.58), respectively, with the conventions faia (z)=1= e%é)( ).

Proposition 3.63. The matriz coefficients of the matrices Tj(z) and Ty (2) are the ex-
pansions of the same rational functions in z~! and z, respectively.

Proof. This result follows immediately from the defining formula (3.62), since f;r ;Z»D (2)

and f;;D(z) (as well as ejﬁD( ) and e;;ﬁD(z), or g/ P (2) and g; P (2), respectively) are

expansions of the same rational functions in z~! and z. O

Thus, T5(2) = (Tp(z))* for an A (2)-valued n x n matrix Tp(z). Explicitly, Tp(z)
is defined via its Gauss decomposition

TD(Z) = FD(Z)GD(Z)ED(Z), (364)
so that the matrix coefficients of Tp(z) are given by

min{a,8}

Z FRi(2) - 9P (2) - elg(2) (3.65)
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for any 1 < «a, 8 < n, where the three factors in the right-hand side of (3.65) are the
rational functions of (3.60), (3.56), (3.58), respectively, with the conventions f2(z) =

1= eé’)ﬁ(z).

Remark 3.66. We note that Tp(z) is singular at x € C* if and only if Ax # 0. As Fp(2)
and Ep(z) are regular in the neighborhood of x, while Gp(z) = (regular part)-(z—x) =™,
we see that in the classical limit T(z) represents a GL,-multiplicative Higgs field on
P! with partial (Borel) framing at 0,00 € P! (trigonometric type) and with prescribed
singularities on D.

We shall also need the following normalized trigonometric Lax matrices:

L6 (A+uT)
Tp(z) == T(Z)TD(Z), (3.67)

with the normalization factor determined via (3.32):

He (uT) v, . =0 ve v
: =0 ] (rox) =26 ] —x) O,
0(2) 1<s<N x€P1\{0,00}

The first main result of this section establishes the regularity of these matrices:

Theorem 3.68. We have Tp(z) € A?[2] ®c End C™.

Proof. First, we claim that Tp(z) is regular at z = 0. Since f2,(z),el, (2) are clearly

regular at z = 0, it remains to show that %gl (z) is regular at z = 0 for any

1 < ¢ < n. However, the minimal power of z in (%g?( )~ equals

—aitai e () ) e () = e (1) — € () = (oY +...+al ) (1) > 0.

Hence, the rational function L(Z) gP (2) is indeed regular at z = 0 for any 1 < i < n.
The rest of the proof is completely analogous to our proof of Theorem 2.67. O

3.4.2. Normalized limit description and the RTT relation for Tp(z)

Consider a A*-valued divisor D = ZS 1 fyswzs [xs] + pt[oo] + 1 [0]. As xy — o0, we
obtain another A*-valued divisor D’ = Ziv 1 V5@, [Xs] + (W + Ny )[oo] + (0],
while as xy — 0, we obtain yet another AT-valued divisor D" = 22\7:11 YsTi, [Xs] +
ph[oo] 4+ (™ +vNwiy )[0]. We will now relate the corresponding matrices T (z), Tpr (2)
to Tp(z), defined via (3.64), (3.65).

If ixy =0, then

TD/(Z) = (Z — XN)_’YNTD(Z), Tpr (Z) = (1 — XN/Z)_’YNTD(Z), (369)
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due to the defining formula (3.64) and the equalities Fp(z) = Fp/(2) = Fpr (z), Ep(z) =
Epi(z) = Epi(2), Gp(z) = (2 = xn)"™WGp/(2) = (1 —xn/2)"VGpr(2).
Let us now consider the case 1 <iy <n —1 (note that vy = 1).

Proposition 3.70. The xy — 0 limit of Tp(z) equals Tp~(z).

Proof. We note that Fp(z) = Fp~(z) by (3.60), the xy — 0 limit of Gp(z) equals
Gpr(z) by (3.56), and the xy — 0 limit of Ep(z) equals Ep~(z) by (3.58). This implies
the result, due to the defining formulas (3.64), (3.65). O

To treat the case xy — 00, let us recall the notation (—xy)®in = diag(1¥, (—xx")" ™).
Proposition 3.71. The xy — oo limit of Tp(2) - (—xn)¥in equals Tp(2).
Proof. The proof is completely analogous to our proof of Proposition 2.75. O

Corollary 3.72. (a) Tpr(z) is a limit of Tp(2).
(b) Tp/(2) is a normalized limit of Tp(z).

For D as above, we can pick a AT-valued divisor D = Z?;M Vs, [Xs], so that
{Xs Si+NAﬁ1 are some points on P\{0, 00} while ZiV:+N]‘il vswi, = T + p~. Note that

0,00 ¢ supp(D), that is, D|s = 0 and D]y = 0.

Corollary 3.73. For any AT -valued divisor D on P satisfying (3.28), the matriz Tp(z)
is a normalized limit of Tx(2) with a A*-valued divisor D satisfying D|s =0 = D|o.

Evoking Remark 3.52(a), we see that the original definition of Tg(z) via (3.53), (3.54)
is valid. Hence, Tf)i (z) defined via (3.61), (3.62) indeed satisfies the RTT relation (3.40),
and so is T;5(#). As a multiplication by diagonal z-independent matrices preserves (3.40),
we obtain the main result of this section:

Proposition 3.74. For any A" -valued divisor D on P! satisfying the assumption (3.28),
the matriz Tp(z) defined via (3.64), (3.65) is Lax, i.e. it satisfies the RTT relation (3.40).

3.4.3. Proof of Theorem 3.51
Due to Proposition 3.74 and the Gauss decomposition (3.64), (3.65) of Tp(z) with the
factors defined via (3.56), (3.58), (3.60), we see that Tp(z) indeed gives rise to the algebra

homomorphism ©p: U™,  _(Lgl,) — AR,., given by T*(z) — (Tp(z))*, whose
composition with the epimorphism Y_ .+ - U_,+ - (Lgl,) — UY, _ _(Lgl,) of

Theorem 3.49 coincides with the homomorphism ¥p of (3.34). Thus, for u™,u~ € AT
and any At-valued divisor D on P! satisfying (3.28) and D|s = u™, D] = pu~, the
homomorphism ¥p factors through Y_,+ _,-.

The latter observation immediately implies the injectivity of T_,+ _,~ once the fol-

—p
lowing trigonometric counterpart of Theorem 2.80 is established:
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Conjecture 3.75. For any coweights u™,u~ € A, the intersection of kernels of the ho-
momorphisms Wp of (3.3/) is zero: (|, Ker(¥p) = 0, where D ranges through all
A-valued divisors on P, At -valued outside {0, 00} € P, satisfying (3.28) and such that
Dl = p*,Dlo=p~.

This completes our proof of Theorem 3.51 modulo Conjecture 3.75, left to a future
work.

83.4.4. Linear trigonometric Laz matrices

In this section, we will obtain simplified explicit formulas for all Tp(z) that are linear
in z.

Following Section 2.4.4, let us fix a triple of pseudo Young diagrams X, u*, u~. They
give rise to A\, uT, u~ € AT via (2.87). Then, A + p+ + p~ is of the form A+ p* +p~ =

Z:’;ll a;a; for some a; € C iff |A| + [pT| + || = 0. Moreover, due to Lemma 2.88,
we have:

Lemma 3.76. (a) a; = — Y7 . (Aj+p) +p;) forany 1 <i<n-—1.

(b) a; €N foranyl<i<n-—1.

(c) a; —aj—1 = —Ap_jq1 — u:;_jﬂ — Py jp1 for any 1 < j <n, where we set ag := 0,
a, = 0.

Thus, AT-valued divisors on P! satisfying (3.28) and without summands {—wg[x] }xec x
may be encoded by triples (A, u™, u7) of a Young diagram X of length < n and a pair
of pseudo Young diagrams pt, u~ with n rows and of total size |A| + |u™| + |u~| = 0,
together with a collection of points x = {x; ?:11 of C* (so that x; is assigned to the i-th
column of ). Explicitly, given X, u™, ™, x as above, we set

A1
D=DX\x,u",pu") = anﬁ\ﬁ [x;] + pT[oc] + 7 [0].
i=1

Due to (3.69), we can actually assume that D does not contain summands
{xwo[x|}xec- Thus, A, =0 = ., so that Zo(z) = 1,¢f (A +p~) = —A, — u,, =0, and
Tp(z) = Tp(z) is polynomial in z by Theorem 2.67. Moreover, Tp(2)1; = gP(2) is a

polynomial in z of degree €} (u") = —p;7 > 0. Thus, we have —p,b < 1 for linear Lax
matrices Tp(2). If it = 0, then \; = p = p; = 0forall4, and so Tp(z) = Tp(z) = I,.
Therefore, it remains to treat the case when X\, = 0, u,; = 0, u;7 = —1, which constitutes

the key result of this section.

Theorem 3.77. Following the above notations, assume further that A, =0, u, =0, uF=—1.
(a) The trigonometric Lax matriz T p(z) is explicitly determined as follows:
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(I) The matriz coefficients on the main diagonal are:

a; a;—1
-1/2 1/2
TD(Z)“ =z 5"‘:; i+17 = Hwivt H Wl_lvt +
t=1 t=1 7
a;—1 ivas is<t—1 (3 8)
12 12 (—vh)®
un i+1:0 H H Wi-1 t( szrl) H (=xs),
1<S§>\1
where iy :=mn — AL,
(II) The matriz coefficients above the main diagonal are:
aj—1 Jj—2 ap
1/2 ~1/2
To(ohs ==+t a0 [T T T
k=it=1
i —bf j—1 —-bi
Z (’U Wi,ri) PR (’U Wj—l,rj71) j o
j—1
1<ri<a; Hk:i Wiy, (Wi )
1<TJ 1<(1J 1
_ j—2 —
Wit (0™ wir,) TThzs Wi (07 Wi 1,m040) )
= H Zi (Wi ,) - H D;l, (3.79)
Hk:i Wi (Wkﬂ‘k) Wi—1rj1 -
for i < j, where the constants b} are deﬁned via bf ==t — iu’n—r—i-l'
(II1) The matrix coefficients below the main diagonal are:
J ag iNa; is<i—1
B il il —1/248,, _(—v)"
TD(Z)ji_(SH;,Hl,O(_l)Z It . H Wk,t m H (—XS)X
k=i—1t=1 1<s<N
j—1
Hk i1 Wi (0We—1 )W (oW1, 1) Wi,y
> g |
1<ri<a; Hk:i Wi . (Wkﬂ"k) Wi,r; k=i

1<TJ 1<a3 1

fori<j.
(b) Tp(z) = Tp(z) is polynomial of degree 1 in z.

Proof. (a) Combining the explicit formulas (3.65), (3.67) for the matrix coefficients
Tp(2)a,s with their polynomiality of Theorem 3.68, we may immediately determine all

of them explicitly. As 62* (2), f,f?* (2), 2 (z) are regular at z = oo (for the latter, note that
/(W) —1=—p} ., —1<0), each matrlx coefficient Tp(z)a,p is a linear polynomial
in z, due to Theorem 3.68.

The computation of the coefficients of 2! is based on the following observations:

+ The z — oo limit of e}(z) equals the right-hand side of (3.58) with .

l—v”wimi/z

disregarded.
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« The z — oo limit of f};(z) equals 0.

() —1/2 yrai—1  1/2

g
e The z — oo limit of #-= equals 5“: 1 T 1 Wiy 1 Wilh g

The computation of the coefficients of z° is based on the following observations:

e The z — 0 limit of eg(z) equals 0.
e The z — 0 limit of ﬁ () equals the right-hand side of (3.60) with W

disregarded.
e The z — 0 limit of g”(z) equals Oy

o <i—1
Hllgllgxl(_xs)‘

a; 1/2 ai,1W71/2 (—v%)i

o lli=1Wir Llli=1 Wic1 i Tomrnymt X

—it1

Part (b) follows immediately from part (a). O

Remark 3.81. In the particular case when = = (0™), u* = ((—1)"), and A is a Young
diagram of size n and length < n, the Lax matrices Tp(z) of Theorem 3.77 are closely
related to the v-deformed parabolic Gelfand-Tsetlin formulas (cf. [18, Proposition 12.8]),
thus providing a v-deformed version of Section 2.7.

We note that the trigonometric Lax matrices of Theorem 3.77 have the form
z-Tt —T~. Here, T is an upper-triangular and T~ is a lower-triangular z-independent
n X n matrices, with some of their diagonal entries being zero as prescribed by the pseudo
Young diagrams p*.

We conclude this section by deriving the conditions on a pair of n x n matrices T, T~
(with values in an associative algebra D) which are equivalent to T'(z) := z - T+ — T~

satisfying the trigonometric RTT relation
Riyig(z, w)T1 (2) To(w) = To(w) T (2) Ryyig (2, ). (3.82)

To this end, let us recall the (finite) trigonometric R-matrix R = R given by

| Z Ei; ® By + ZE“ QF Z E;®FE (3.83)

1<i<n i#£j 1>7
It satisfies the Yang-Baxter equation:
Ri2R13R23 = Ra3Ryi3Ryo. (3.84)
The final result of this section is:

Proposition 3.85. Matriz T(z) = 2T — T~ satisfies the trigonometric RTT rela-
tion (5.82) if and only if (T, T™) satisfy the following three finite trigonometric RTT
relations:
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RT{ TS =T TR, RT; Ty =T, Ty R, RI; T} =T, T R. (3.86)

Proof. Recall the following relation between the trigonometric R-matrices (3.38)
and (3.83):

Rtrig(sz) = (Z - U})R—‘r (’U - v_l)ZP7

where P =371, | Ei; ® Ej; as before. Thus, the relation (3.82) on T'(2) may be written
as

(z=w)R+ (v—v")2P) (I} — TV ) (wTy — Ty ) =

(3.87)
(wTy =Ty ) (2T =Ty ) ((z —w)R+ (v — v~ 1)zP) .

To prove the “only if” part, we compare the coefficients of z'w?, 2°w", z°w?, and z2w°

in (3.87) to recover the equalities RT, Ty = Ty T}V R, RT, Ty, = Ty, Ty R,RT; Ty =
Ty T7 R, and RT; Ty = Ty T; R, respectively, where R := R+ (v — v 1) P.

To prove the “if” part, we note that multiplying the last equality of (3.86) by R™*
both on the left and on the right, and conjugating further by the permutation operator
P, we get (PR™'P~Y)T;' Ty = T, T;H (PR™'P~1), which together with PR™'P~! = R
finally implies

RT} Ty =Ty T R. (3.88)

Combining this with (3.86) and R = R+ (v —v 1) P, the equality (3.87) is equivalent to
(v —v 2w (PTI Ty — TS T P) + (v — v Y)2(PTy Ty — Ty Ty P)—

(v — v Y 2w(PTy TyF — TP Ty P) + 2w(RT Ty — Ty TP R) = 0.

In the above left-hand side, the first two summands are clearly zero as PT; Ty = T, T P
and PT; T, =T, 1] P, while the sum of the latter two equals

2w ((R+ (v —v )P Ty — Ty TH(R+ (v — v ')P))

— 2w (RT Ty ~T; T R) =0,

due to (3.88).
This completes our proof of Proposition 3.85. O

Remark 3.89. The above proof is identical to the verification of the fact that the as-
signment T (z) — TF — 27T~ T (2) = T~ — 2T gives rise to the (evaluation)
homomorphism UL (Lgl,,) — UL (gl,,). In particular, if it was not for (3.42), (3.43), we
would get homomorphisms from shifted quantum affine algebras to the corresponding
contracted algebras of [37].
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3.4.5. From trigonometric Laxz matrices to rational Laz matrices

In this section, we explain how the trigonometric Lax matrices Tirie (z) of Section 3.4.1
may be degenerated into the rational Lax matrices T (z) of Section 2.4.1 (here, the
superscripts trig, rat are used to distinguish between the trigonometric and the rational
setups). Given a At-valued divisor D = N | Vs Wi, [xs] + puoo] + u~[0] on P! (with
xs € C*), we consider another AT-valued divisor D = Zg 1 Vs [xs) + (pt + ) [o0]
on P!

Let us make the following change of variables:

v el s e, xg e e (3.90)
Wy~ e(Pir=2) — Wi where Wy := pir — /2 as in Remark 2.38; (3.91)
D;, ~ —e %’ where s; = a; — aj41 = —e;/_H(/\ +ut 4+ 7). (3.92)

We also consider the diagonal z-independent matrix
ehTnT = diag(e™ ™, e % ... e %) with d; == ¢/ (uT +p7)=df +d; . (3.93)
The main result of this section is:

oy . trig - +_,,— o rat
Proposition 3.94. ll_r)r(l) (TD (2) e —H )—T[;I (2).

Proof. Recall the Gauss decomposition Tjy'8(2) = Fpr'8(2)G'58(2) ER8(2) of (3.64) with
all three factors determined explicitly via (3.56), (3.58), (3.60). Then, T (z).e#" 1~
has the following Gauss decomposition:

TS (2) - eht-nT Fis(z). (Ggig(z)e—ﬁ—u’) . (Elﬁﬂf Egig(z)e_“+_“7> . (3.95)
On the other hand, we also have the Gauss decomposition
rat _ rat rat rat

of (2.63) with all three factors determined explicitly via (2.58), (2.60), (2.62).

It remains to note that upon the above change of variables (3.90)-(3.92), the e — 0
limit of each of the three factors in (3.95) exactly coincides with the corresponding factor
n (3.96):

e For the diagonal factors, this immediately follows from

eUWi(vT'2) = Pi(x), € Wi (v Tz) = Pz - 1),
€—a¥(/\)zk(v—kz) — Zy(x)

as € — 0, combined with the equality



68 R. Frassek et al. / Advances in Mathematics 401 (2022) 108283

1—1
ai—ai 1+ Y af(N)—di=a;—ai 1 —€¢/(\) =/ (uT +p7)
k=0
=a;—ai1—¢ A+ pt +p7) =0;
o For the upper triangular factors, this follows from

eiakJerkﬂ"k (v71Wk+177’k+1) — Pk,Tk (pk+177’k+1 - 1)7

e_ak+1Wk,rk (Wkﬂﬂk) — Pk,rk (pkﬂ“k)’
€ 1

1 —viw; . /2 T I m
i, Pi,r;

Gfaiflwi_l(vflwimi) — Pi—l(pi,ri - 1)’

as € — 0, combined with the equality

Jj—1 Jj—1
G;—1 — aj—1+ Zaz()\) — ZSk +d; — dj =
k=i k=i
a1 —a; —aj_1+a;+ (6 —e ) A+pt+p7)=0;
e For the lower triangular factors, this follows from

eiakJerkJ‘k (ka—lﬂ'ka) — P’fﬂ'k (pk—lﬂ'k—l + 1)’

eiakJerkka (Wk77’k) - Pkﬂ’k (pk77’k)7
€ . -1
1—z/v" 2w, ,, T —pir —1

e W (w1, ) = Pi(pj-1r,_, + 1),

as € — 0, combined with the equality a; — a; + Zi;i s, = 0.
This completes our proof of Proposition 3.94. O
3.5. Siz explicit linear trigonometric Laz matrices for n = 2

In this section, we apply Theorem 3.77 to obtain explicitly all linear trigonometric
Lax matrices Tp(z) for the smallest rank n = 2, corresponding to a triple of pseudo

Young diagrams

A=(A1,0), pF = (pf, 1), p~ = (u7,0)
with A\q Zo,ufz—l,uf Z()and)\l—&—uf—kuf = 1.

We shall also compute their quantum determinant qdet Tp(z), defined via

qdet TD(Z) = TD(U22)11TD(2)22 — ’U_lTD(’UQZ)lgTD(Z)zl. (3.97)
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Note that a; = —(Ag +pg + py ) = 1 manifestly, due to Lemma 3.76(a). To simplify the

formulas below, we relabel Dlil7 Witl/Q by D*! w*!, respectively.

e Case Ay =0,puf = —1,u; =2.
We have

z-wl—ovw z-wD™!
TD(Z):( —ovwD Z-W )

and its quantum determinant is qdet Tp(z) = v?22.

e Case \; =0,uf =0,u; =1.
We have

z-wl—ow z-vlw1D-!

To(z) = ( —oWD 0 )

and its quantum determinant is qdet Tp(2) = z.

e Case Ay =0,uf =1,u; =0.
We have

z-wl—ovw z-v 2w 3D™!
To(z) = ( —vwD —vp 3wl )

and its quantum determinant is qdet Tp(z) = v—2.

o Case Ay =1,uf =—1,u; =1.

We have

o —ovwD Z-W

Th(z) = (z-w—l —ow z-w(l —v‘lil/VVQ)D_l)

and its quantum determinant is qdet Tp(2) = v?2(z — v~ 2xy).

e Case Ay = 1,uf =0,u; =0.
We have

z-wl—ow z-v MWl —vix /wW2)D™!L
Tp(z) = ( —oWD 573\7\,71)(11/ )

and its quantum determinant is qdet Tp(2) = z — v=2x;.

e Case \; =2, u7 = —1,u; =0.

(3.98)

(3.99)

(3.100)

(3.101)

(3.102)
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We have

- —vwD z-W— v W Iy xg
and its quantum determinant is qdet Tp(z) = v?(z — v~ 2x1)(z — v~ x2).
Remark 3.104. The first three Lax matrices (3.98), (3.99), (3.100) first appeared in [18]
(up to a normalization factor, they coincide with those of [18, (11.4, 11.6, 11.7)] having
qdet = 1).

3.6. Coproduct homomorphisms for shifted quantum affine algebras

A crucial benefit of the RTT realization is that it immediately endows the quan-
tum affine algebra of gl,, with the Hopf algebra structure, in particular, the coproduct
homomorphism

A" U (Lgl,) — Uy(Lgl,) ® Uy (Lgl,),  T%(2)— T*(2) @ T*(z). (3.105)

The main observation of this section is that (3.105) naturally admits a shifted version:

Proposition 3.106. For any ,uﬁ ugt € AT, there is a unique C(v)-algebra homomorphism

rtt . rtt rtt rtt
A —pui —py—nd—py U*#T*H;,*M I ; (Lal,) — U f.- (Lg[”) ® U*M?*ME(LQI”)
defined by
ATt (T*(2)) = TH(2) @ T*(2). (3.107)

e S i ,u,z, Mo

Proof. The proof is completely analogous to our proof of Proposition 2.136 with the only
minor update of the general observation we used in loc.cit. To be more precise, we either
need to add the generators e( ) 50 that e;;(2) = Zr>0 ez(;) ~" or to add the generators f( )

so that fji(2) = 32,50 fj(z) ~". In both cases, the product E(z)-F(z) still admits the Gauss
decomposition (2.138) with either &;;(z) = >, 5, ’g) " and f;(2) =3 fr -,

r>1"j1 or
&ij(2) = 2> eE;") “rand f(2) = X ,50 f;:)z " respectively. O

The following basic property of At _ _ is straightforward:

k% k%

Corollary 3.108. For any uf,uf,u;,uz_,ug,ug € AT, the following equality holds:

(Id ®Artt

7.“’25 Ho ,— 11«3’ M3

) Artt

=iy, —pd —pd —py —p3

(Artt . ® Id) Artt

—#1 . a—ﬂz s THa #27 My #277—#:?1—#;.
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Evoking the key isomorphisms Y_,+ _,-: U_,+ _,-(Lgl,) = U"" o+ _ (Lgl,,) of
Theorem 3.51 for (ut,u~) being either of the three pairs (ui,puy), (u3,p;) and

(uf + p3,puy + py ), we conclude that A“Zlﬂ P of (3.107) gives rise to the
C (v)-algebra homomorphism
T I S (Lgl,) — U_t+.- (Lg n)®U_, —uz (Lgl,,).
(3.109)
Since the algebra Ufu{rfu«jﬁuffﬂz’ (Lgl,,) is generated by
1<j<n
{Ei’o’ Fio, <‘0J Fey (nf+u3)’ (v JiﬂFejv(miJru?))A’ (pji,ﬂFeJV(miJruét)il}gKn (3.110)

and the coefficients of the central series C*(z) of (3.21), as follows from Lemma 3.22,

the homomorphism A _ wt s —ud is uniquely determined by the images of these
elements:
e the images of the finite set of the generators (3.110) under A_ - were

To—py—pd —ps
computed explicitly in [18, Appendices G, H], cf. [18, Theorems G. 16 G213]

e in a complete analogy to (2.144), the images of the central series C*(2) are given by

Afui“ﬁuffﬂé’ﬁug_ (Ci(z)) = Ci(z) ® Ci(z)- (3.111)

The proof of (3.111) follows from the standard formulas

AT (qdet T£(2)) = qdet T*(2) ® qdet T*(2)

_N1 s 7—H2 Y
combined with the trigonometric version of Proposition 2.83:

C:I:() Tl

—pt,—p=

(qdet T*(2)).

Here, the quantum determinant qdet T*(2) of Uitﬁ+ _(Lgl,) is defined via (cf. (3.97)
for the smallest rank n = 2 case):

qdetTi(Z) — ZS(_U)fé(a)tzll:’ " ( 2(n—1) Z)t2 o )( 2(n72)2)"'ti:fl,a(nfl)(UZZ)t?z:,a(n)(Z)'
oESH
(3.112)

Moreover, the homomorphisms (3.109) have natural sl,—counterparts:

Proposition 3.113. For any Vli, VQi e A*, there is a unique C(v)-algebra homomorphism

A + — - USC + + - - (Ls[n) — Uic,,+ - (Ls[n) ® UiCUJr T (Lﬁ[n)
2 1> 1 2 2

+
Vi,V TV, —Vp —Vy ,—

such that the following diagram is commutative
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A 4 4 =
sc “H1oTHy T He TR sc sc
Uit -t~y iz (L5M) Uty (L8tn) @ Uy o (Lsh)
o - -u;-u;l ltur,w;@w;w;
Uit st i =i (L80n) N Uyt —ur (LoL) @U_ iy iz (Laln)
—pl L —ny L —ug s —hg
(3.114)

for any pi, py,p3 sy € AT

Evoking the defining formulas (3.18) for the embedding ¢+ - : U, . (Lsl,) <
U_,+,—u-(Lgl,) of Proposition 3.16, one obtains explicit formulas for the
A_ it —pr —pif,—py -images of the finite generating set, following the proof of [18, The-
orem 10.13] presented in [18, Appendix G]. The resulting formulas coincide with the
explicit long formulas of [18, Theorem 10.16], thus providing a simpler and more con-

ceptual proof of [18, Theorem 10.16].

Remark 3.115. Due to [18, Theorem 10.20], A__+ + - with v, v € AT give

vy 7_V;7_V2 y TV
rise to algebra homomorphisms

sc ~(Lsl,) — U _(Lsl,) @ U5 _(Lsl,)
1

+ T vt +,F -
v,V Vs sVa S I T 2 1 2072

for any sl,,—coweights uli, VQi € A. However, we note that Avf
not coassociative, in contrast to Corollary 3.108.

+ + A
,uf,u;,y; (Vl » Vo € A) are

References

[1] M. Atiyah, N. Hitchin, The Geometry and Dynamics of Magnetic Monopoles, Princeton University
Press, Princeton, New Jersey, 1988.

[2] V. Bazhanov, R. Frassek, T. Lukowski, C. Meneghelli, M. Staudacher, Baxter Q-operators and
representations of Yangians, Nucl. Phys. B 850 (1) (2011) 148-174.

[3] A. Braverman, M. Finkelberg, H. Nakajima, Coulomb branches of 3d N' = 4 quiver gauge theories
and slices in the affine Grassmannian (with appendices by A. Braverman, M. Finkelberg, J. Kam-
nitzer, R. Kodera, H. Nakajima, B. Webster, A. Weekes), Adv. Theor. Math. Phys. 23 (1) (2019)
75-166.

[4] J. Brundan, A. Kleshchev, Parabolic presentations of the Yangian Y (gl,,), Commun. Math. Phys.
254 (1) (2005) 191-220.

[5] J. Brundan, A. Kleshchev, Shifted Yangians and finite W-algebras, Adv. Math. 200 (1) (2006)
136-195.

[6] B. Charbonneau, J. Hurtubise, Singular Hermitian-Einstein monopoles on the product of a circle
and a Riemann surface, Int. Math. Res. Not. (1) (2011) 175-216.

[7] S. Cherkis, A. Kapustin, Nahm transform for periodic monopoles and N = 2 super Yang-Mills
theory, Commun. Math. Phys. 218 (2) (2001) 333-371.

[8] V. Drinfeld, A new realization of Yangians and quantized affine algebras, Sov. Math. Dokl. 36 (2)
(1988) 212-216.

[9] J. Ding, I. Frenkel, Isomorphism of two realizations of quantum affine algebra Ug(gl(n)), Commun.
Math. Phys. 156 (2) (1993) 277-300.

[10] R. Donagi, D. Gaitsgory, The gerbe of Higgs bundles, Transform. Groups 7 (2) (2002) 109-153.

[11] S. Derkachov, A. Manashov, R-matrix and Baxter Q-operators for the noncompact SL(N,C) in-
variant spin chain, SIGMA 2 (2006), Paper No. 084.

[12] C. Elliott, V. Pestun, Multiplicative Hitchin systems and supersymmetric gauge theory, Sel. Math.
(N.S.) 25 (4) (2019), Paper No. 64.


http://refhub.elsevier.com/S0001-8708(22)00099-8/bib3CF4046014CBDFAA7EA8E6904AB04608s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib3CF4046014CBDFAA7EA8E6904AB04608s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibAE1FA1DA8257878083FF5CA636108CC9s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibAE1FA1DA8257878083FF5CA636108CC9s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib48B4E10E0396FB36B102697EBFC0E08Ds1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib48B4E10E0396FB36B102697EBFC0E08Ds1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib48B4E10E0396FB36B102697EBFC0E08Ds1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib48B4E10E0396FB36B102697EBFC0E08Ds1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib7E7EC59D1F4B21021577FF562DC3D48Bs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib7E7EC59D1F4B21021577FF562DC3D48Bs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibF002A91FD4FFFB6DB4E2BF804BD0E5DAs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibF002A91FD4FFFB6DB4E2BF804BD0E5DAs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibD88FC6EDF21EA464D35FF76288B84103s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibD88FC6EDF21EA464D35FF76288B84103s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibD5A5B3DD1CCB90D30360F0C068FD43FCs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibD5A5B3DD1CCB90D30360F0C068FD43FCs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib8277E0910D750195B448797616E091ADs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib8277E0910D750195B448797616E091ADs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibEFF7D5DBA32B4DA32D9A67A519434D3Fs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibEFF7D5DBA32B4DA32D9A67A519434D3Fs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib2F7E54FE9DE9DB73067F562BC22D6EAEs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib608E7DC116DE7157306012B4F0BE82ACs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib608E7DC116DE7157306012B4F0BE82ACs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib6AA1E040C8B4607538970731E4040ED6s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib6AA1E040C8B4607538970731E4040ED6s1

R. Frassek et al. / Advances in Mathematics 401 (2022) 108283 73

[13] L. Foscolo, Deformation theory of periodic monopoles (with singularities), Commun. Math. Phys.
341 (1) (2016) 351-390.

[14] M. Finkelberg, J. Kamnitzer, K. Pham, L. Rybnikov, A. Weekes, Comultiplication for shifted Yan-
gians and quantum open Toda lattice, Adv. Math. 327 (2018) 349-389.

[15] R. Frassek, V. Pestun, A family of GL, multiplicative Higgs bundles on rational base, SIGMA 15
(2019), Paper No. 031.

[16] E. Frenkel, N. Reshetikhin, The g-characters of representations of quantum affine algebras and
deformations of W-algebras, in: Recent Developments Quantum Affine Algebras and Related Top-
ics, Raleigh, NC, 1998, in: Contemp. Math., vol. 248, Amer. Math. Soc., Providence, RI, 1999,
pp. 163-205.

[17] L. Faddeev, N. Reshetikhin, L. Takhtadzhyan, Quantization of Lie groups and Lie algebras, (Rus-
sian), Algebra Anal. 1 (1) (1989) 178-206, translation in Leningr. Math. J. 1 (1) (1990) 193-225.

[18] M. Finkelberg, A. Tsymbaliuk, Multiplicative slices, relativistic Toda and shifted quantum affine
algebras, in: Representations and Nilpotent Orbits of Lie Algebraic Systems (Special Volume in
Honour of the 75th Birthday of Tony Joseph), in: Progress in Math., vol. 330, 2019, pp. 133-304.

[19] M. Finkelberg, A. Tsymbaliuk, Shifted quantum affine algebras: integral forms in type A, (with
appendices by A. Tsymbaliuk, A. Weekes), Arnold Math. J. 5 (2-3) (2019) 197-283.

[20] R. Frassek, A. Tsymbaliuk, Rational Lax matrices from antidominantly shifted extended Yangians:
BCD types, preprint, arXiv:2104.14518, to appear in Commun. Math. Phys. (2022), https://doi.
org/10.1007/s00220-022-04345-6.

[21] A. Gerasimov, S. Kharchev, D. Lebedev, S. Oblezin, On a class of representations of the Yangian
and moduli space of monopoles, Commun. Math. Phys. 260 (3) (2005) 511-525.

[22] A. Gerasimov, S. Kharchev, D. Lebedev, S. Oblezin, On a class of representations of quantum
groups, in: Noncommutative Geometry and Representation Theory in Mathematical Physics, in:
Contemp. Math., vol. 391, Amer. Math. Soc., Providence, RI, 2005, pp. 101-110.

[23] L. Gow, A. Molev, Representations of twisted ¢g-Yangians, Sel. Math. (N.S.) 16 (3) (2010) 439-499.

[24] 1. Gelfand, V. Retakh, Theory of noncommutative determinants, and characteristic functions of
graphs, (Russian), Funkc. Anal. Prilozh. 26 (4) (1992) 1-20, translation in Funct. Anal. Appl.
26 (4) (1992) 231-246.

[25] S. Jarvis, Euclidean monopoles and rational maps, Proc. Lond. Math. Soc. (3) 77 (1) (1998) 170-192.

[26] S. Jarvis, Construction of Euclidean monopoles, Proc. Lond. Math. Soc. (3) 77 (1) (1998) 193-214.

[27] J. Kamnitzer, B. Webster, A. Weekes, O. Yacobi, Yangians and quantizations of slices in the affine
Grassmannian, Algebra Number Theory 8 (4) (2014) 857-893.

[28] T. Mochizuki, Periodic Monopoles and Difference Modules, Lecture Notes in Mathematics, Springer
International Publishing, 2022.

[29] A. Molev, Yangians and Classical Lie Algebras, Mathematical Surveys and Monographs, vol. 143,
American Mathematical Society, Providence, RI, 2007.

[30] N. Nekrasov, BPS/CFT correspondence: instantons at crossroads and gauge origami, in: Proc. Sym-
pos. Pure Math., String-Math, 2015, vol. 96, Amer. Math. Soc., Providence, RI, 2017, pp. 183-245.

[31] M. Nazarov, G. Olshanski, Bethe subalgebras in twisted Yangians, Commun. Math. Phys. 178 (2)
(1996) 483-506.

[32] N. Nekrasov, V. Pestun, Seiberg-Witten geometry of four dimensional N = 2 quiver gauge theories,
preprint, arXiv:1211.2240.

[33] N. Nekrasov, V. Pestun, S. Shatashvili, Quantum geometry and quiver gauge theories, Commun.
Math. Phys. 357 (2) (2018) 519-567.

[34] M. Nazarov, V. Tarasov, Yangians and Gelfand-Zetlin bases, Publ. Res. Inst. Math. Sci. 30 (3)
(1994) 459-478.

[35] A. Rolph, A. Torrielli, Drinfeld basis for string-inspired Baxter operators, Phys. Rev. D 91 (2015)
066004.

[36] A. Shapiro, Poisson geometry of monic matrix polynomials, Int. Math. Res. Not. (17) (2016)
5427-5453.

[37] Z. Tsuboi, A note on g-oscillator realizations of Ug(gl(M|N)) for Baxter Q-operators, Nucl. Phys.
B 947 (2019) 114747.

[38] L. Takhtajan, L. Faddeev, The quantum method for the inverse problem and the XYZ Heisenberg
model, Russ. Math. Surv. 34 (5) (1979) 11-68.

[39] A. Weekes, Generators for Coulomb branches of quiver gauge theories, preprint, arXiv:1903.07734.

[40] A. Weekes, Multiplication of generalized slices is Poisson, in preparation. Private communication.

[41] E. Witten, Solutions of four-dimensional field theories via M theory, Nucl. Phys. B 500 (1997) 3-42.


http://refhub.elsevier.com/S0001-8708(22)00099-8/bibEED807024939B808083F0031A56E9872s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibEED807024939B808083F0031A56E9872s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib1DE5E4A67C73B1A72598D9F477D8B5C1s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib1DE5E4A67C73B1A72598D9F477D8B5C1s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib0666F0ACDEED38D4CD9084ADE1739498s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib0666F0ACDEED38D4CD9084ADE1739498s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib82A9E4D26595C87AB6E442391D8C5BBAs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib82A9E4D26595C87AB6E442391D8C5BBAs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib82A9E4D26595C87AB6E442391D8C5BBAs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib82A9E4D26595C87AB6E442391D8C5BBAs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib16146527AE8976A41BE672B2D8F1F6EAs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib16146527AE8976A41BE672B2D8F1F6EAs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibD877A9DE8F3D2D5E8720DF6A02B3FF11s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibD877A9DE8F3D2D5E8720DF6A02B3FF11s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibD877A9DE8F3D2D5E8720DF6A02B3FF11s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib6323FC22FA46F55F24C2D516802F8C35s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib6323FC22FA46F55F24C2D516802F8C35s1
https://doi.org/10.1007/s00220-022-04345-6
https://doi.org/10.1007/s00220-022-04345-6
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibBBABBB540FCBDE98A5BFC3AF4C597A27s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibBBABBB540FCBDE98A5BFC3AF4C597A27s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibAB49CB196AFA2FC732E6FFC91D339CA3s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibAB49CB196AFA2FC732E6FFC91D339CA3s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibAB49CB196AFA2FC732E6FFC91D339CA3s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib92073D2FE26E543CE222CC0FB0B7D7A0s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibD692BC40D83423D24D3A37582F58468Cs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibD692BC40D83423D24D3A37582F58468Cs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibD692BC40D83423D24D3A37582F58468Cs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib6CAEBA444797A281A0110E0C80AD5814s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib843ECA7556234D9C90EAE1FC0F1E2939s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib73BCD5DF05D5602BC596BCE9B7A5E9E5s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib73BCD5DF05D5602BC596BCE9B7A5E9E5s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib27C9D5187CD283F8D160EC1ED2B5AC89s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib27C9D5187CD283F8D160EC1ED2B5AC89s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib6F8F57715090DA2632453988D9A1501Bs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib6F8F57715090DA2632453988D9A1501Bs1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib7B8B965AD4BCA0E41AB51DE7B31363A1s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib7B8B965AD4BCA0E41AB51DE7B31363A1s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib7FA3B767C460B54A2BE4D49030B349C7s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib7FA3B767C460B54A2BE4D49030B349C7s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibCF3FC916339B02AD9C14ACA2425CCF53s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibCF3FC916339B02AD9C14ACA2425CCF53s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib53253ED09FE22FE66C8A4FF78619A636s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib53253ED09FE22FE66C8A4FF78619A636s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib25930E3036F13852CB0B29694BBAB611s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib25930E3036F13852CB0B29694BBAB611s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib822050D9AE3C47F54BEE71B85FCE1487s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib822050D9AE3C47F54BEE71B85FCE1487s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib03C7C0ACE395D80182DB07AE2C30F034s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib03C7C0ACE395D80182DB07AE2C30F034s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibFBADE9E36A3F36D3D676C1B808451DD7s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibFBADE9E36A3F36D3D676C1B808451DD7s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib114D6A415B3D04DB792CA7C0DA0C7A55s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib114D6A415B3D04DB792CA7C0DA0C7A55s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bibA95DCB8AEBB202EFEEDB10D5538EDEB9s1
http://refhub.elsevier.com/S0001-8708(22)00099-8/bib26F6BD393DF766642C4E6215573C6059s1

	Lax matrices from antidominantly shifted Yangians and quantum affine algebras: A-type
	1 Introduction
	1.1 Summary
	1.2 Outline of the paper
	1.3 Acknowledgments

	2 Rational Lax matrices
	2.1 Shifted Drinfeld Yangians of gln
	2.2 Homomorphism ΨD
	2.3 Antidominantly shifted RTT Yangians of gln
	2.4 Rational Lax matrices via antidominantly shifted Yangians of gln
	2.4.1 Construction of TD(z) and their regularity
	2.4.2 Normalized limit description and the RTT relation for TD(z)
	2.4.3 Proof of Theorem 2.54
	2.4.4 Linear rational Lax matrices

	2.5 Examples and comparison to the rational Lax matrices of [15]
	2.6 Coproduct homomorphisms for shifted Yangians
	2.7 Relation to Gelfand-Tsetlin bases of parabolic Verma modules of gln

	3 Trigonometric Lax matrices
	3.1 Shifted Drinfeld quantum affine algebras of gln
	3.2 Homomorphism ΨD
	3.3 Antidominantly shifted RTT quantum affine algebras of gln
	3.4 Trigonometric Lax matrices via antidominantly shifted quantum affine algebras of gln
	3.4.1 Construction of TD(z) and their regularity
	3.4.2 Normalized limit description and the RTT relation for TD(z)
	3.4.3 Proof of Theorem 3.51
	3.4.4 Linear trigonometric Lax matrices
	3.4.5 From trigonometric Lax matrices to rational Lax matrices

	3.5 Six explicit linear trigonometric Lax matrices for n=2
	3.6 Coproduct homomorphisms for shifted quantum affine algebras

	References


