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Abstract: We obtain BGG-type formulas for transfer matrices of irreducible finite-
dimensional representations of the classical Lie algebras g, whose highest weight is a
multiple of a fundamental one and which can be lifted to the representations over the Yan-
gian Y (g). These transfer matrices are expressed in terms of transfer matrices of certain
infinite-dimensional highest weight representations (such as parabolic Verma modules
and their generalizations) in the auxiliary space. We further factorise the correspond-
ing infinite-dimensional transfer matrices into the products of two Baxter Q-operators,
arising from our previous study Frassek et al. (Adv. Math. 401:108283, 2022), Frassek
and Tsymbaliuk (Commun. Math. Phys. 392:545-619, 2022) of the degenerate Lax
matrices. Our approach is crucially based on the new BGG-type resolutions of the finite-
dimensional g-modules, which naturally arise geometrically as the restricted duals of
the Cousin complexes of relative local cohomology groups of ample line bundles on the
partial flag variety G/ P stratified by B_-orbits.
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1. Introduction

1.1. Summary. The main results of the present paper are:

e The construction of new BGG-type resolutions of finite-dimensional g-modules
by infinite-dimensional highest weight modules such as parabolic Verma and their
“W-translations”. These resolutions admit an elegant geometric interpretation via
the Cousin complexes of relative local cohomology, similar to the parabolic BGG
resolutions of [L]. The crucial difference from the latter setup, however, is that our
modules are also defined when the “dominant integral” condition is lifted, and become
generically irreducible in this setting.

e The explicit expression of the finite-dimensional transfer matrices 7; ;(x) (with i
as in (1.22) and ¢ € N) via the infinite-dimensional transfer matrices. This allows to
analytically continue 7; ;(x) from ¢ € N to the entire complex plane ¢ € C and study
its #-symmetries.
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e The extra symmetry of the rational ABC D-type R-matrices in the first fundamen-
tal representations gives rise to explicit realizations of the aforementioned infinite-
dimensional irreducible highest weight g-representations in the Fock spaces of os-
cillator algebras. This also immediately extends the action of g on these modules to
that of the Yangian Y (g).

e The factorisation of the above infinite-dimensional transfer matrices into two com-
muting Baxter Q-operators, which arise by realizing the corresponding non-degenerate
Lax matrices as fusion of two degenerate Lax matrices. While the latter can be recov-
ered as renormalized limits of the former, they also can be viewed as “W -translations”
of the single one arising from the antidominantly shifted Yangians Y_,, (g) following
our earlier work [FPT,FT].

1.2. Overview of type A. For gl -type rational spin chains, both 7- and Q-operators
can be built within the framework of the quantum inverse scattering method [Fad] from
appropriate solutions of the RTT relation

Ri2(z —w)L1(2)La(w) = La(w)L1(2)R12(z — w) (L.1)

involving the rational R-matrix

n n
R(@) =z, +P, I, = Z eii ®ejj, P= Z eij ®eji, (1.2)
ij=1 ij=1
where (e;j),, = 55‘85 is the standard basis of gl,,, satisfying the quantum Yang—Baxter

equation:
Ri2(z — w)R13(2) Roz(w) = Ro3(w)R13(2) Ri2(z — w). (1.3)

More precisely, the operators T(z), Q(z) € End(C")®V (with N being the length of the
spin chain) are then defined as traces in the auxiliary space of the monodromy matrices
(followed by a twist)
M) =L(z)®- - Q L(z) (1.4)
N

built from the Lax matrices L(z), i.e. solutions of (1.1), with the product ® denoting the
tensor product in the quantum space and the usual multiplication in the auxiliary space.
The key difference between T(z) and Q(z), however, is that the former correspond to
non-degenerate Lax matrices (with a non-degenerate coefficient of the leading z-power)
while the latter ones are built from the degenerate Lax matrices.

Using the obvious invariance of the R-matrix (1.2) under the action of GL,;:
[R(z),G®G]=0 VG eGL,, (1.5)

one can multiply the non-degenerate Lax matrix L(z) by a z-independent G € GL, to
bring the coefficient of its leading z-power to the identity matrix I,,. Such Lax matrices
are governed by the RTT Yangian Y™ (gl,) (the explicit identification of which with
the Drinfeld Yangian Y (gl,,) was carried out in [BK]). Here, Y™ (gl,,) is the associative
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algebra generated by {ti(;) }; ;1 j<n subject to the defining relation (1.1), where L(z) has

been replaced by T'(z) € End(C") ® Ym(g[n)[[z_l]]:

n
T =Y e ®nij(z) with ;) =6+ 127" (1.6)

i,j=1 r=1

In particular, any Y™ (gl,)-representation V gives rise to the gl,-type End(V)-valued
Lax matrix.

The special feature of type A is the presence of the evaluation homomorphism to the
universal enveloping algebra of gl

ev: Y™ (gl,) — U(gl,) given by t}j’) 8 Eji. (1.7)

In particular, given any gl,-module o : gl, — End(V), the matrix

L(z) =z, + Z?,j:l e;jo (Ej;), with Ej; denoting the generators of gl,,, is an End(V)-
valued Lax matrix, i.e. satisfies (1.1). Conversely any such Lax matrix endows V with
a gl -action, since ev of (1.7) admits a right inverse:

t: U(gl,) < Y™(gl,) givenby E;; t](.;). (1.8)

In contrast, the Q-operators are known to arise from degenerate Lax matrices. As has
been recently realized in [FPT] (cf. [CGY] for an interpretation via the 4d Chern—Simons
theory), under certain antidominance condition, the corresponding Lax matrices are
governed by the antidominantly shifted RTT Yangians Yf; (gl,,). The identification of
the latter with the shifted Drinfeld Yangian Y_, (g[,,) defined as in [BFN, Appendix B]
goes through the Gauss decomposition of the generating matrix 7'(z) as in the non-
shifted case [BK], see [FPT, Theorem 2.54]. Using the G L,-invariance (1.5) one can
further obtain other degenerate Lax matrices which do not admit a Gauss decomposition
(and thus are no longer directly related to the shifted Drinfeld Yangians).

According to [BFLMS], see also [Ts1,KLT], there is a whole family of 2" Q-operators
Q;(z), labelled by all subsets I C {1, 2, ..., n}. However, all of those can be expressed
through n fundamental ones {Q; (z)}?_,, due to so-called QQ-relations:

Aji - Quuinj(@Qr(2) = Quui(z — DQruj @ +3) — Quujz — HQrLiz + ).
(1.9)

Ti—T

Tit;
ets have been suppressed for the one element sets. The two key components in the proof
of (1.9) are: the fusion of the corresponding Lax matrices and the Desnanot—Jacobi—
Dodgson—Sylvester theorem from linear algebra. In particular, fusing all n fundamental
Q-operators, one obtains the transfer matrix T (z) associated with the non-degenerate
linear Lax matrix corresponding to a gl,, Verma module:

where the scalar factor A j ; = depends only on the twist parameters and the brack-

n - T3(2) = Quz + 2D Qa(z +245) - Qulz +4y,), (1.10)

.....

where A € C” is the highest weight of the Verma module, 1} are the components of
. . . —1 n-3 1—

the shifted weight A’ = (A}, ..., A,) = A+ p with p = (%5, %52, ..., 5%), and

Ay = [izicjen Dij-
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Finally, for a dominant integral gl,-weight A, the finite-dimensional transfer matrix
T,.(z) can be expressed as an alternating sum of the infinite-dimensional T; (z), due to
so-called BGG-relations:

@)=Y (=D'Ti,., Q. (1.11)

oeS,

Combining (1.11) with (1.10), one finally gets the determinant formula for type A
transfer matrices:

(1.12)

,,,,,

‘ I<i,j<n

1.3. BGG resolutions. Formula (1.11) follows directly from the famous Bernstein—
Gelfand—Gelfand resolution [BGG] of the finite-dimensional g-module L; by means
of the infinite-dimensional Verma modules M,,:

I(w)=2 I(w)=1
0— My, — - — @ My 5 — EB My 5 — My, — L, — 0. (1.13)

weW weW

Here, W is the Weyl group of g, equipped with the length function [: W — Zx¢ as
an abstract Coxeter group. Furthermore, we use the dot action of W on the space of
weights, defined via:

w-A=wAh+p)—p YweW, reh*, (1.14)

with the weight p € h* defined in the standard way:
p=3> a (1.15)

where A* denotes the set of positive roots of g. The resolution (1.13) involves the total
of |W| Verma modules and has a length equal to |A*|, with the leftmost nontrivial term
corresponding to

wo = the longest element of W. (1.16)

The BGG resolution (1.13) can be thought of as a categorification of the Weyl character
formula (expressing the character of the finite-dimensional g-module L; via those of
Verma modules M), ):

w(A+p)—p
¢ = (=)@ chy, . (1.17)

weW

chr, = ) (D' g

weWw (XEA+(1 _eia)

the character limit of (1.13). For A = 0, the formula (1.17) recovers the Weyl denominator
formula:

Z(—l)l(“’)ew(p)_p = ]_[ (1—e™). (1.18)

weW aeAt
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1.4. Generalization to other classical types. Letus now consider the rational spin chains
of types B;, Cy, D,. The corresponding rational R-matrices R(z) were first discovered
in [ZZ] and take the following form (we use the conventions in mathematics literature,
related to the original formulas of [ZZ] via similarity transformations):

R(z) = z2(z + )k + (z + )P — zQ (1.19)
withk =r+ 1 forspy.,k =r—1= % — 1 forsoy, k =r — % —K_q for 507,41,
where K = 2r for sp,, and so,, while K = 2r + 1 for 507,41, and the linear operators
P, Q € End(CX) defined by:

K K
P=>ej®cji, Q=Y e€icje;j@epy, (1.20)
i,j=1 i,j=1
where
i"=K+1—i for 1<i<K (1.21)
ande) = --- =ex = lforsox whilee] = --- =€, =1, €41 = -+ = €2, = —1
for sp,,.

Similarly to type A, the non-degenerate Lax matrices L(z) of types BC D with the
coefficient of the leading z-power equal to Ik are governed by the corresponding extended
RTT Yangians X" (g) (whose explicitrelation to the Drinfeld Yangian Y (g) was obtained
quite recently in [JLM, GRW]).

However, the key difference from type A is in the absence of the evaluation homomor-
phism (1.7). In particular, the action of g on L, in general cannot be extended to that
of Y (g), cf. (1.8). Nonetheless, extending the earlier works [SW,Re], a certain fam-
ily of linear and quadratic oscillator-type non-degenerate Lax matrices £(z) is known
[Fr,FT,KK]. These £(z) depend on a parameter ¢+ € C and give rise to an action of
X™(g) on the parabolic Verma g-modules. That way we also obtain an action of Y (g)
on L, for the fundamental weights w; classified in (1.22) and all ¢ € N.

Given a simple Lie algebra g of rank r, one may ask for which indicesi € {1,...,r}do
the finite-dimensional irreducible g-modules L;,, (where w; denotes the i-th fundamen-
tal weight of g) admit a compatible (through the embedding U (g) — Y (g), cf. (1.8))
action of Y (g) for all + € N. In the classical ABC D types, the answer to this question
has been provided long ago in [KR, §2]:

i=1,...,r for A,

. i=1 for B,
{lfzfr‘gmL,wi extendstoY(g)mLtinteN}: ] .
I=r for C,
i=1,r—1,r for D,
(1.22)

Let us emphasize that the above Lax matrix approach provides a
constructive existence proof for all these cases. Furthermore, we note that the corre-
sponding values of the index i can be characterized by either of the following two
equivalent conditions:
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e the label of the vertex i in the Dynkin diagram of g is equal to 1
e the i-th fundamental coweight ,” is minuscule (minuscule weight of the Langlands

dual gh)

It has been recently shown in [CGY, Appendix B] by cohomological arguments that
these conditions indeed guarantee the positive answer to the above question in all types.
This also adds Lax matrices in the exceptional types Eg, E7, but we presently do not
have explicit formulas for those.

Yet another obstacle to generalize the results of Sect. 1.2 to other types is that even if
L, extends to a module over Y (g), it may not be the case for the Verma modules M, .
featuring in the BGG resolution (1.13). However, as explained above, the Lax matrix
approach does provide a natural Y (g)-action on the corresponding parabolic Verma
modules. We shall now discuss new BGG-type resolutions of L; which involve only
those parabolic Verma modules and their “W -translations”.

1.5. New BGG-type resolutions. To state the main results of this subsection, let us first
introduce some more notation. Consider the root decomposition g = h @ @, Ceq.
Let {a;};_; C A™ be the positive simple roots of g. Given a subset S C {1, ..., r}, one
defines the standard parabolic Lie algebra ps C g via:

ps=bh® ) Cea ® @ Cey with A} =A"NEP Zay. (1.23)

acA*t OtEAE ieS
Let us note that py;,. ) = g, while py coincides with the Borel subalgebra b = h @

P, ca+ Ceqy. It is well-known that all parabolic subalgebras p satisfying b € p C g are
necessarily of that form. Such pg further decomposes into the semidirect product:

ps =[x u with lzhea@«:ea@@ce,a and

aEAY aeA}
u= P Ce. (1.24)
of the semisimple part [ (the Levi subalgebra) and the nilpotent part u (the nilpotent
radical). Then
Ar= AU (—AY) with A7 = A§ (1.25)

is the root system of [, and the subgroup W of W generated by the simple reflections
{sa;}jes is the Weyl group of [. In analogy with (1.15), we also define

pr=1 Z a. (1.26)

aeAT

The finite-dimensional irreducible [-modules are indexed by the dominant integral weights
of [:

Pr={reb*|r(hy;) eN V) € S}. (1.27)
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For A € P, let L i be the corresponding [-module. One makes it into a pg-module by
letting the nilpotent radical u C pg act trivially. Then, the parabolic Verma module
M?S is defined via:

MP* =Indj (L)) = U(9) ®upy) Lj. (1.28)

Let Pg be the set of dominant integral weights of g (apply (1.27) to S = {1,...,r}),
and define

Pi = {1 e Pf|ilha) =0 Vje S}, (1.29)
that is, Pg+/[ is the set of dominant integral weights A of g such that dim(LR) =1.

Let us now state our key mathematical construction: for any parabolic p C g and
A€ P;'/[ (1.29), the irreducible finite-dimensional g-module L, admits the following
truncated BGG resolution:

I(w)=2 L(w)=1
0—> My, , = — @ M, — @ M, , — M, — L, — 0 (1.30)
we'w we'w
with each term admitting further a resolution by the usual Verma modules:

1(v)=2 l(v)=1
0= Mywys— = E Muws > @ Muvs — Mys — M, , — 0.

veW; veWp
(1.31)
Here, 'W is defined via:
‘W ={we W|wA}) C A} (1.32)
According to [Kos, §5.13], the set LW can be equivalently described as:
‘'w = {shortest representatives of the left cosets W/ W}, (1.33)
and each element w € W admits a unique factorisation:
w="ww; with wie W, 'we'Ww. (1.34)

In particular, the longest elements LOw e 'W and wy,0 € Wi featuringin (1.30) and (1.31)
arise from the decomposition (1.34) applied to the longest element wg € W of (1.16):

wo = "Ow wyp. (1.35)

The above modules {M;, , }, cty are defined as explicit quotients of the Verma modules
My, 5

L =My /M (1.36)

with M Zjn)% being the g-submodule of My, ., generated by the singular vectors of weights

Sw@) (WA +p)) —p, «€A]. (1.37)
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Here, s,,(«) denotes a reflection in the positive root w(a), see (1.32), while the ex-
istence (note that uniqueness is standard) of such singular vectors is guaranteed by
(W +p), w(@) = (p, @) € Zo.

One can think of (1.30, 1.31) as a categorification of the following character equality
expressing the character of the finite-dimensional g-module L, via those of the modules
(M), ,},cf. (1.17):

—_1lw) pw@+p)—p
chy, = 3 (=) e = > D ehy, . (138)
we'Ww HaeA*\w(Af)(l e welw

Main Theorem 1. For A € PgJ'/[, the irreducible finite-dimensional g-module L) has a
finite length resolution (1.30), with each term admitting a finite length resolution (1.31)
by Verma modules.

The resolutions (1.30, 1.31) are reminiscent of the well-known Lepowsky’s parabolic
BGG resolutions [L] of any irreducible finite-dimensional g-module L, by parabolic
Verma modules {M E Yue Py

[(w)=2 l(w)=1
0> P M, > P M), > M —>L,—0 (1.39)
weW! weW!
with each term admitting further a resolution by the usual Verma modules:
I(v)=2 I(v)=1
0— My gwa—> - — @ Myy o — @ My — My .5 — MEM — 0.

veW; veW
(1.40)
Here, the indexing subset W' of W is defined as:
W'={we W|AT Cw(A"))
= {shortest representatives of the right cosets Wi\ W}. (1.41)

Notethat W' = {w~! | w € 'W}and eachelementw € W admits a unique factorisation:

w=ww"' with w(e Wi, w'e wh (1.42)
While the BGG resolution (1.13) and consequently the Lepowsky-BGG resolution (1.39)
were originally constructed algebraically, we are presently not aware of the algebraic
construction of (1.30): the key difficulty is that non-simple reflections are involved in
the definition of M, . Instead, we shall construct (1.30) by interpreting its restricted
dual as a Cousin complex of relative local cohomology groups of the corresponding
line bundle on the partial flag variety X = G/P stratified by B_-orbits. Here, B C P
are the Borel and parabolic subgroups of the Lie group G with Lie(B) = b, Lie(P) =
p, Lie(G) = g, and B_ is the opposite Borel subgroup of G. A similar geometric
interpretation of (1.13) goes back to [Ke,Br], while the analogous treatment of the
parabolic BGG resolutions (1.39) was presented in [MR] by considering instead the
complete flag variety Y = G/B stratified by P-orbits. However, let us point out that
[MR] was not self-contained as it used some algebraic properties established in [L] (and
also contained two substantial inaccuracies which we fix in our Remark 2.60).
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1.6. BGG-relations for transfer matrices of classical types. Despite the aforementioned
similarity between our resolution (1.30) and the Lepowsky-BGG resolution (1.39), they
have several major differences. First of all, the latter is constructed for any choice of the
parabolic subalgebra p C g independent of A € Pg+ and consists only of the parabolic

Verma modules { M E Yue Pt (though dim(LL) > | in general). But an even more striking

difference is the fact that our modules M, , admit an analytic continuation in A to the
domain

Py ={r€b*[A(hy;) =0 Vj € S}. (1.43)

Indeed, one may apply the construction (1.36, 1.37) forany A € Py to define g-modules
M, , of the highest weight w - 1, see (1.14). Furthermore, the resulting highest-weight
g-modules {M ,}, 1y are generically irreducible for A € Pg( (in particular, they are
irreducible for A € —Pg/[ C Py as follows from the classical description [J,S] of the
weights of singular vectors in the Verma modules.

We note that the module M; = M, coincides with the parabolic Verma module M. i
and all other modules {M/ ,},ctw can be thought of as “W-translations” of

M; = Mf, as follows from (1.38). In the particular case A = rw; with the label of
vertex i equal to 1 (equivalent to (1.22) in the classical types, see Sect. 1.4), the cor-

responding parabolic Verma g-modules M,’i;j """ NIt e C, can be extended to the
modules over Y (g), cf. [CGY, Appendix B], and so should all other M;um,-' Thus,
our resolution (1.30) can be actually regarded as a resolution of Y (g)-modules, giving
rise to the desired BGG — relation expressing the finite-dimensional transfer matrix

Ti:1(z) = Tt,,, (2) via:

()= ) (=D Ty, (). VieN, (1.44)

we'W
cf. (1.11). The length N = 0 case of (1.44) recovers back the character formula (1.38).

To make this even more feasible in the classical types, let us recall that in each case
of (1.22), the resulting action of the Yangian Y (g) on the parabolic Verma module

M,paﬁs """ N g given by an explicit oscillator-type Lax matrix, as has been emphasized
in Sect. 1.4. Utilizing further the Weyl group symmetry of the rational R-matrices
(1.2, 1.19) combined with the appropriate particle-hole automorphisms of the corre-
sponding oscillator algebra .4 (in order for our g-modules to be in the category O of
[BGG]) one obtains a family of Lax matrices parametrized by the same set 'W. This
gives rise to ¥ (g)-modules {M ,, },,cty explicitly realized in the Fock representation
F of the algebras A. As g-modules, they have the same characters as {M;), ., },, <1y and
furthermore the Fock vacuum |0) € F is a highest weight vector of the highest weight
w - tw;. Thus, if M;, ., is irreducible, then My, >~ M,,,, and the corresponding
transfer matrices Tuf,,wl. () = TME.tw, (z) and TM&;-W,- (z) coincide. Combining this with
the above observation that M, are generically irreducible for # € C and the fact
that both transfer matrices depend continuously on the parameter ¢ € C, we obtain the

uniform equality of the corresponding transfer matrices:

Ty i@ =Ty, () YteCowe'W, (1.45)
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even though for w # id the g-modules M, and M; . may be non-isomorphic at
some ¢ € N (that are exactly the values featurlng in (1. 30)) The equality (1.45) allows

us to recast (1.44) as:

Main Theorem 2. For a classical rank r Lie algebra g, 1 <i <rasin(1.22),t € N,
we have:

T =Y (DT @. (1.46)

we'W

expressing the finite-dimensional transfer matrix T; ;(z) as an alternating sum of the
infinite-dimensional transfer matrices T, w tw; (2) 0f the Y (g)-modules M} explicitly
realized in the Fock A-module F.

We refer the reader to our Theorems 4.37, 5.41, 6.46, 7.43 for a case-by-case treatment
presented in the way that highlights the combinatorial description of 'W (1.32, 1.33) in
each case of (1.22).

w-tw;

In type D, this establishes the key assumption from [FFK] (the joint work of the first-
named author with G. Ferrando and V. Kazakov) essential for the study of the entire
Q Q-system in loc.cit.

Let us note that the BGG-relation (1.46) allows to analytically continue the transfer
matrices 7; ;(z) of the finite-dimensional representations L;.,, t € N, to the entire
complex plane ¢ € C. With this in mind, we establish the 7-symmetries of the resulting
family of endomorphisms 7; ;(z), see Propositions 5.59, 6.52, 7.58, by crucially utilizing
the Q Q-factorisation which we discuss next.

1.7. Factorisations. The infinite-dimensional transfer matrices T ,,, (z) factorise into
products of Q-operators. This factorisation can be traced back to the factorisation of
oscillator-type Lax matrices used to construct the transfer matrices. In the case of U, (5 ),

such factorisation formula was initially proposed in [BLZ], see also [KT]. Here, the Lax
matrix entering the definition of the infinite-dimensional transfer matrix factorises into
the product of two degenerate Lax matrices that are used to construct Baxter Q-operators.
The degenerate Lax matrices employed in the factorisation are solutions of (1.1) with
degenerate coefficients of the leading term, which are no longer related to quantum
groups. They have a long history, going back to [IK,KSS]. The relation to Q-operators
is discussed for U, (sl2) and Y (sl2) in [AF,BLZ,RW,Kor, BLMS], and for higher rank
cases in [BHK,BT,BGKNR,BFLMS, Ts3], while cases beyond A-type were first found
in [Fr,CGY,FT].

By now, the role of the degenerate Lax matrices, arising from the shifted Yangians and
viewed as certain normalized limits of the non-degenerate ones (as some of the represen-
tation labels tend to infinity), is well understood. However the actual factorisation that
relates Lax matrices of different kinds remains yet to be understood. For a discussion
of A-type we refer the reader to [FP] (which also indicates an intriguing relation to the
cluster structures). For completeness of our exposition, we also refer the reader to the
slightly different approach [DM1,DM2,DM3] going back to [GP].

Letus summarize the third main result of this paper that factorises the infinite-dimensional

transfer matrices 7, ,, (z) from the previous subsection into the product of two commut-

ing Q-operators (in type D, this was first observed in [Fr, FFK], while an interpretation of
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this factorisation in terms of the 4d Chern—Simons theory for general types has appeared
very recently in [CGY, §16]):

Main Theorem 3. For a classical rank r Lie algebra g, anindex 1 <i < r asin (1.22),
a scalar t € C, and the element w € "W as in (1.32, 1.33) for the standard parabolic
P\ we have:

Tt @ = ey 0+ Q1 10, (D) Q4 1, (2D (1.47)
+
w,tw;
Q-operators Qiy,wi (z) arising in a similar fashion to TJ’,w’_
degenerate Lax matrices.

arising as a trace of the z-independent twist and the
(z) but rather from the

with the scalar factor ch

We refer the reader to our formulas (8.29, 8.79, 8.98, 9.24) for a case-by-case treatment
presented in the way that highlights the aforementioned combinatorial description of the
set 'W in each case.

Combining our Main Theorems 2 and 3, we thus obtain expressions for the finite-
dimensional transfer matrices 7; ;(z) (with the index i from (1.22) and ¢ € N) in terms
of the above Q-operators, see Propositions 8.38, 8.81, 8.100, 9.26.

1.8. Transfer matrices from the universal R-matrix. We conclude our Introduction with
a more general, but less explicit, construction of the transfer matrices of rational spin
chains (trigonometric version of which is much better understood by now). Let g be
a semisimple Lie algebra with a non-degenerate invariant form (-, -) and Yj(g) de-
note the Drinfeld Yangian, which is a Hopf C[/]-algebra deforming the current algebra
Yr=0(g) =~ U(glu]). As the specializations Yp—,(g) =~ Yr=p(g) are canonically isomor-
phic for a, b € C*, we shall omit h-dependence by rather considering Y (g) = Yx=1(g).
The latter is a Hopf algebra with a coproduct

A:Y(g) — Y(g) ®Y(g), (1.48)

and admits a one-parameter group of Hopf algebra automorphisms {z, },ec, quantizing
the shift automorphisms {7, },ec of U (g[u]) given by XuF — X(u+a)* for X € gand
k € N, which may be further viewed (upon replacing a € C with a formal variable z) as
an algebra homomorphism

T Y(g) = Y(@)lz]. (1.49)

Let Q4 € g ® g be the Casimir tensor corresponding to (-, -), and A°P be the opposite
coproduct.

Theorem [D, Theorem 3]. There is a unique formal series

R@ =1+ Rz eY@® Y@l (1.50)
k=1

satisfying the following relations:
intertwining identity: (id ® ;) A°P(y) = R(z)_1 -(d®1)A(y)-R(z) Yy eY(g),

cabling identity: (id ® A)(R(z)) = R12(2)R13(2).
(1.51)
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It also satisfies the quantum Yang—Baxter Eq. (1.3) and is called the universal R-matrix.
Moreover, R(2) also satisfies the following identities:

R =1+Q5-27'+0E™?), R@ ™ =Ra(-2),
(ta ® 1) R(2) = R(z+b — a). (1.52)

For any two representations p" : ¥ (g) — End(V) and p" : Y (g) — End(W), consider
the evaluation of R(z):

RVW(z) = (p¥ @ p")(R(2)) € End(V) ® End(W)[[z~']]. (1.53)

For W = V, RV () is thus a solution of the quantum Yang—Baxter Eq. (1.3). For
irreducible finite-dimensional V and W, RVW(z) is actually a rational function in z, up
to an overall (possibly divergent) power series f(z), see [D, Theorem 4] (cf. [GRW,
Theorem 3.10] for more details). This way one recovers the rational R-matrices (1.2)
and (1.19). Indeed, for g = sl, and V = C”, we have RV (z) = f(z)R(z) with R(z)
as in (1.2), according to [D, Example 1]. Likewise, for g = sok, spk and V = C", we
have RVY (z) = f(z)R(z) with R(z) as in (1.19), due to [GRW, Proposition 3.13].

For any Y (g)-module W and a group-like element x in an appropriate completion of
Y (g), consider

Twx(2) = (id @ trw) (1 ® x)R(2)) (1.54)

whenever the latter is well-defined. The above properties of the universal R-matrix R(z)
imply:

Twiows x(2) = Twy 2 (@) + Twy 2 (2), Twiews.x(2) = Twy x(2) - Tw, x(2).  (1.55)
For a Y(g)-module W and a € C, we set W(a) = t(W). If further 7,(x) = x,
then (1.52) implies:

Twa.x@) =Twx(z+a) YaeC. (1.56)

Combining (1.55, 1.56), we get the commutativity of the resulting universal transfer
matrices:

Tw, x(z+a) - Tw, x(2+b) = Tw, x(z+b) - Tw, x(z+a) Ya,beC. (1.57)

Thus, for every finite-dimensional representation p" : Y (g) — End(V) we obtain a
commuting family of endomorphisms of V, defined by extracting the coefficients of the
power series

Tw(z) = p" (Tw.x(2)) € End(V)[[z 1], (1.58)

as we vary the auxiliary representation W (we suppress x in Ty (z) for simplicity of
notation).

The explicit constructions of the present paper should arise as particular examples of
this general setup with V = (C")®N for g = gl,, (resp. V = (CK)®N for g = sok, spk),
the Y (g)-modules W being isomorphic to the modules {M;, ;) @s g-modules with i
from (1.22), and finally x = exp(h) fora general Cartanelement/ € ) C g(equivalently,

x =189 5 with € being a basis of ).
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1.9. Outline of the paper. The structure of the present paper is as follows. In Sect. 2,
we construct (by using a geometric approach) the novel BGG-type resolutions (1.30)
and (1.31) on which the functional relations presented in this article are based on. The
reader interested only in the functional relations can start in Sect. 3 where we recall
the well studied case of A-type and the standard BGG resolution. In Sect. 4, we apply
the new BGG-type resolutions to type A recovering functional relations that follow
from the standard BGG resolution. Sections 5, 6 and 7 are dedicated to the functional
relations obtained from the BGG-type resolutions for type BC D. The factorisation of the
corresponding infinite-dimensional transfer matrices is then discussed in Sects. 8 and 9.
Finally, we mention some generalizations (to be presented elsewhere) of our work in
Sect. 10.

2. Truncated BGG Resolutions as Cousin Complexes

In this section, we construct both resolutions (1.30) and (1.31) by interpreting their
“restricted dual” as Cousin complexes of relative local cohomology groups, in the spirit
of [Ke,Br,MR,Ku].

2.1. Cohomology with relative support and Cousin complexes. Let X be a topological
space and Z C X be a closed subset. Consider the functor I'z sending a sheaf F of
abelian groups on X to the module ker(I'(X,F) — I'(X — Z,F)). Let

F = H ’Z(X , F) denote the i-th right derived functor of I'z(X, —), the i-th coho-
mology group of F with support on a closed subset Z. This construction admits the
following relative version. Suppose that A and B are two closed subsets of X such that
B C A. Consider the functor I'4 /g which sends a sheaf F of abelian groups on X to

the module coker(I'g(X, F) — Ta(X, F)). Let F +> H} (X, F) denote the i-th
right derived functor! of I'y /B(X, =), the i-th cohomology group of 7 with relative
support (A, B). We note that H', (X, F) = H', sp(X. F) and Hi(X,F) = H (X, F).

Lemma 2.1 [Ke]. The functor H 2 /B (X, —) satisfies the following properties:
(a) There is a long exact sequence
- — Hy(X, F) — H\(X, F) — H;;/B(X, F)— HFN (X, F) — --- (2.2)
(b) Every inclusion of closed subsets C C B induces a natural morphism
Hi (X, F) - Hj p(X, F) 2.3)
functorial with respect to A and B, and a morphism of the corresponding exact

sequences (2.2).
(c) There is an “excision” isomorphism:

Hyp(X, F) —> Hj, 5 (X\B, F) (2.4)
functorial with respect to A and B (here, A\ B denotes the complement of B in A).

1 The issues with coker not being left exact are carefully resolved by Kempf in the beginning of [Ke, §7].



Transfer Matrices of Rational Spin Chains 15

We will also need the following simple corollary of Lemma 2.1 and the above defi-
nitions:

Lemma 2.5. For any two disjoint closed subsets Z1 and Z, of X there exist isomor-
phisms:

HY (X, F) — HY (X\Zs, Flx\z,) (2.6)
and
HY ., (X, F)— H, (X, F) ® H}, (X, F) 2.7)
functorial with respect to Z1 and Z,.

Let now X be a smooth algebraic variety. Let Ox be the structure sheaf and Dy
be the sheaf of algebraic differential operators of finite order on X. We also define
D =TI'(X, Dx), the algebra of global differential operators on X. The crucial obser-
vation is that the above constructions remain true in the D-module theoretic setting:
Lemma 2.8 [Br, §2]. For a coherent sheaf F of left Dx -modules, all cohomology groups
H /B (X, F) carry the natural D-action. Moreover, all maps in Lemmas 2.1 and 2.5 are
D-equivariant.

Suppose now that X is a G-variety. Then, there is an evident Lie algebra homomor-
phism g — D (the target endowed with the commutator bracket). It obviously induces a
g-action on H} / (X, F). However, whenever considering H 3 /B (X, F) as a g-module,
we will be interested not literally in this g-action, but in the one twisted by the Chevalley
involution ¢ of g determined by:

¢: hi—> —h, eyt+>e_y, Yheh acA. 2.9)

Let us now recall the key tool of Cousin complexes (our exposition closely follows that of
[MR, §3]). Suppose that X 1is a topological space equipped with a
(not necessarily exhaustive) filtration

2y S Zp1 S-S ZpCX (210)

of closed subsets, and let £ be a sheaf of abelian groups on X. Picking a flabby resolution
&* of £ and considering the mapping cones C; = C(I'z,, (X, E%) — I'z; (X, E°)),
whose cohomology are naturally isomorphic to the relative cohomology H 2}_ JZini (X, ),

one can constructa double complex C, o with exactrows and whose j-th columnis C;[j],
the j-th cone C; shifted by degree j. Then, on the one hand, the exactness of rows implies
that the cohomology of the total complex Tot(C, ) is isomorphic to the cohomology
of 'z, (X, %), ie. to H}O (X, &). On the other hand, the vertical cohomology of this

double complex C, o is H Z; Zja (X, &), as noted above, and the horizontal differential
in the k-th row gives rise to the so-called k-th Cousin complex:
C: Hyyz (X, 6) — HyY (X, 8) — Hyl 7, (X, 6) — - (2.11)

Therefore, by applying the vertical spectral sequence of the double complex C, o, We
obtain:?

Theorem 2.12 [MR]. If all except the k-th Cousin complexes are zero, then we have:
H*(Cx) = Hy (X, E). (2.13)

2 While the Cousin complexes were introduced by Grothendieck and were first applied in the above con-
text in [Ke], we choose to follow the exposition of [MR] for its simplicity.
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2.2. The geometry of partial flag varieties. In what follows, we shall freely use the
notation of Sect. 1.5. In particular, let G be a connected algebraic group with Lie(G) = g
and H C B C P be the Cartan torus, the Borel, and parabolic subgroups of G with
the corresponding Lie algebras Lie(H) = 0, Lie(B) = b, Lie(P) = p. Consider the
corresponding partial flag variety

X =G/P. (2.14)

Let B_ C G be the opposite Borel subgroup of B containing H, and U_ C B_ be its
unipotent radical, so that Lie(U_) = @, o+ Ce—q and Lie(B_) = h @ Lie(U_). Then,
B_ naturally acts on X, giving rise to the stratification of X by B_-orbits
(see e.g. [Ku, §7.21]):

X = I_l Xw, Xyw=B_wP/P=U_wP/P, codimy(Xy,)=1[I(w). (2.15)
we'w

Here, the indexing set ' W consists of the shortest length representatives of the left cosets
W/ Wy, precisely as in (1.33), and X, is an affine space of dimension equal to /(w), the
length of w € 'W.

Following the setup of Sect. 1.5,letA € Pg I be a dominant integral weight of g vanishing

on the coroot lattice of the Levi subalgebra [ C p. Let L_; be the one-dimensional
P-representation corresponding to the weight —X, and £, be the corresponding G-
equivariant line bundle on X:

L, =GxpL_,. (2.16)

For any subset Y of a topological space X, we use Y and 3(Y) to denote its closure and
boundary. Since X, is locally closed (as an orbit of an algebraic group), we have:

Xu = Xu\d(Xw). (2.17)

All g-modules we consider in this paper do belong to the category O of [BGG]. In
particular, every such module V has the weight space decomposition with all components
being finite-dimensional:

V=@Vl Vil= {v €V |h() = v(h)v Vh € h}. (2.18)

veh*

In this setup, one may define the restricted dual module V¥ C V*: as a vector space

VY = @ V], (2.19)

veh*

while the g-action is the restriction of the natural one on V* twisted by the Chevalley
involution ¢ of (2.9). This defines an involutive antiautoequivalence ® of the category O:

P: Vi VY. (2.20)
For the finite-dimensional g-modules, we have:

Ly ~L,, Vie Py (2.21)



Transfer Matrices of Rational Spin Chains 17

Theorem 2.22. There exists a finite length exact sequence of g-modules of the form:

l(v)=2 l(v)=1
. .
0= Muwgr = = O Muns = @ Mo — My — H") (X, L3)" — 0.
veW; veW;

(2.23)

Proof. Using ® of (2.20) it suffices to prove that there exists an exact sequence of
g-modules of the form:
Iw)=1 1(v)=2
1(w) 5
0— HW X. L) = My, — P M), — P My, — > My, 0.

Xu/d(Xw) w
veW; veW;
(2.24)
To this end, consider the complete flag variety
Y =G/B, (2.25)
and let 7 : ¥ — X denote the natural projection:
n:G/B— G/P. (2.26)

Note that Y admits a natural Bruhat decomposition by B_-orbits, cf. (2.15):

Y=|]Y. Yi.=B_uB/B=U_uB/B. codimy(¥,)=I(u). (227)
ueWw

For any w € 'w, define Qw C Y via:

0, =71 Y (B_wP), (2.28)
which is naturally stratified by B_-orbits:
Oy =n"'B_wP)= |_| Yo (2.29)
veW;

Let us also note the following useful equality:
l(wv) = l(w) +1(v) forany we'W, ve W. (2.30)

Let L_; be the one-dimensional B-representation corresponding to the weight —A,
and £, be the corresponding G-equivariant line bundle on Y:

Ly =G xpL_;. (2.31)
Similarly to [MR], for any w € "W consider
Uy =Y\3(Qu) = Y\t~ (3(Xy)) (2.32)

(the second equality is due to 7 being proper), so that Q,, is closed in U,,. Note that U,,
is naturally stratified by B_-orbits, which gives rise to the following filtration Z, of U,,
by closed subsets:

Zi =QuNZ wih Z; = || v (2.33)

ueW
L(u)>1(w)+i
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We note that Zy = Q,,, and according to (2.29, 2.30) we have:

ZNZin = || Y Z0\Zin= |] Yw (2.34)
ueW:l(u)=l(w)+i veW:l(v)=i

We shall now apply the results of Sect. 2.1 to U, equipped with the filtration (2.33)
and the sheaf 7 = L,|y,. We claim that Theorem 2.12 applies in this setting, and
furthermore the corresponding Cousin complex, which calculates H 20 Uy, F),provides
the desired exact sequence (2.24).

Indeed, according to [Ku, Proposition 9.3.7], for any u € W we have:

H%/a(n)(G/B’ £ = é)wuv.)\ i)fthfrvji:eOdimY(YM) - ' 2.35)
Combining this with (2.34) and Lemma 2.5, we obtain:
l(v)=i
Hy Y (U, F) = H\S (Un\Zis1, L£2) ~ D My, (2.36)
veW;
and
Héi/ZM(Uw, F)y=0 for k#i+Il(w). (2.37)
Remark 2.38. We note that Lemma 2.5 does apply, due to:
M) Z\Zin= LI  Yuws
veW;:l(v)=i

(2) forevery cell Y, C Z;\Z;41, we have 9(Y,,) € 9(Qy) U Z;41, so that
Up\Zis1 = Y\O(Qu) U Zis1) = Vu\((Vy, N 3(Qw)) U (Vi N Zis1)),

where V,, = Y\9(Y},),and V, N 3(Qy), Vi, N Z;41 are closed subsets of V,, disjoint
from Y.

Thus, all Cousin complexes C of (2.11) vanish for k # [(w), while the terms of Cy ()
precisely coincide with the terms of the exact sequence (2.24). Applying Theorem 2.12,
we therefore get Hi(Cl(w)) = legl(w)(Uw, F).

Hence, it remains to prove that:

M HCiw)) = Hé(ow)(Uw, F) coincides with the g-module

Nuw() = Hy"), (X L3) (239)

D) H' (Cigwy) = Hy' ™ Uy, F) vanishes for i # 0.
Both results follow immediately from a B-version of Theorem 2.51 below, the exci-
sion isomorphism

Hk

Yw/a(xw)(X’ L)) = H§w((G/P)\3(Xw)» L),

cf. (2.17), and the following two lemmas:

Lemma 2.40 [GS, p. 286]. R%7.(£)) = L and R™°n,.(L;) = 0.
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Lemma 2.41 [GR, Exposé 5, Lemme 3.2]. Let f: X — X' be an arbitrary morphism,
S C X' be a closed subset, and F be a sheaf of abelian groups on X. Then, there is a
spectral sequence:

HE (X' RTLF) = Y (X, F).

Therefore, the /(w)-th Cousin complex Cj,, realizes the exact sequence (2.24) of
g-modules, which produces the exact sequence (2.23) upon a further application of the
antiautoequivalence ® of (2.20). |

Let us now recall the highest weight g-modules M, ; = M, .;L/M;ir_lf for w € 'W,

defined by the formulas (1.36, 1.37) in the Introduction. They admit the following geo-
metric interpretation:

Lemma 2.42. For any w € "W, we have the isomorphism of g-modules:

M), , ~ Ny(W)". (2.43)

Proof. This follows from the following fragment of (2.23) using the notation (2.39):

I(w)=1
@ Myy .y = My — Nw()\)v — 0.
veW

Combining Theorem 2.22 and Lemma 2.42, we immediately obtain:
Corollary 2.44. All g-modules {M, , },,cty admit resolutions (1.31) by Verma modules.

As a direct corollary of (1.31), we obtain the character formula for the g-modules
M, ., cf. (1.38):

Lemma 2.45. For w € "W, we have:

eWO+p)—p
(2.46)

chy, = .
M [aeanwian (1—e)

Proof. The existence of the resolution (1.31) implies the following equality of charac-
ters:

ZveW (_1)l(v)ewv(k+p)fp
[

I—[aeA’f(l —e™%)
(=1)! W w(p)=p)

Ch}ul’l%}L = Z (_l)l(v) ChMu,'wA =
veW

— WOtP)—p 2ovew,

[aear( —e™)
> vew (=)@ ewlp)—p1)
!

[acar (=)

where p is defined in (1.15), py is defined in (1.26), and the last two equalities follow
from:

— WGP —p

, (2.47)

v) =A, v(p) —p=v(p) —pi, YveW, Lre Py, (2.48)
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Applying the Weyl denominator formula (1.18) for [:
o= Wertromr = TT (1 =€) (2.49)

veW; aeA}
and noting w(AY) € A*, due to (1.32), we get precisely the character formula (2.46). O
Remark 2.50. The corresponding formula for chy, ) goes back to [Ke, Lemma 12.8].
The next result is the key point of the further discussion:

Theorem 2.51. For any w € 'W, we have:

H%w/a(xw)(x’ £;) =0 forany i 1I(w). (2.52)

Proof. Itis adirect consequence of the local purity theorems (see [AL, Proposition 4.1]).
O

2.3. Derivation of the truncated BGG resolutions. Let A € P;/ ; be a dominant integral

weight of g vanishing on the coroot lattice of [, see (1.29). Now we are ready to derive
both resolutions (1.30, 1.31) of the Introduction, cf. Main Theorem 1.

Theorem 2.53. For ) € Pg*'/[, the irreducible finite-dimensional g-module L) has a

finite length resolution (1.30), with each term admitting a finite length resolution (1.31)
by Verma modules.

Proof. We will prove the dualized version of the desired statement, just as in our proof
of Theorem 2.22. Let us consider the sheaf 7 = £, and the following filtration of X by
closed subsets:

Z: = |_| Xop. (2.54)
weW:l(w)>i

We claim that Theorem 2.12 applies in this setup and gives rise to the following exact
sequence of g-modules:

l(w)=1 l(w)=2
0= LY - M) - @ )" - P M, )" — = My, )" — 0.(2.55)

welW we'w

Indeed, all Cousin complexes Cy of (2.11) vanish for k& # 0, due to Theorem 2.51
and Lemma 2.5:

_ . w=j i
HyY, (X.F)=Hy{, (X\Zp.F) = @ HE . (X.L;)=0. (2.56)

ZjlZjn Z\Zjn Xuw/3(Xw)
we'Ww
Therefore, Theorem 2.12 applies, and we get:
H'(Co) = Hy(X, F) = H (X, F). (2.57)

According to the parabolic version of the Borel-Weil-Bott theorem [Kos, Theorem 6.4],
combined with our conventions of all geometric g-actions being twisted by the Chevalley
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involution ¢ of (2.9) that also enters our definition (2.19, 2.20) of the restricted dual
g-module, we have (cf. (2.21)):

LY ~L, for i =0

H(X,F)=H (X, L) ~ )
(X, F) (X, L) 0 for i %0

(2.58)

On the other hand, the j-th term of Cy is computed using Lemmas 2.5 and 2.42 similarly
to (2.56):

_ l(w)=j L) l(w)=j
J _ w ~ _ / \%
Hy 7., (X.F) = D Hy "y X £3) = P Y. 259
we!'W we'W
Combining (2.57, 2.58, 2.59), we see that the Cousin complex Cy realizes the exact
sequence (2.55).
Applying the antiautoequivalence ® of (2.20) to (2.55) produces the resolution (1.30),
while the resolutions (1.31) were constructed in Corollary 2.44. This completes our proof
of the theorem. |

Remark 2.60. Our argument above has been strongly influenced by [MR], where the
Lepowsky parabolic BGG resolution (1.39) was interpreted via the Cousin complex on
the complete flag variety ¥ = G/B stratified by P-orbits. Nevertheless, there are two
subtle points in [MR]:

(1) Foru € W, let Z, denote the B-orbit BuB/B C Y. It is stated in [MR, after (3.2)]
that:

M. if k =codimy(Z,)

Hk G/B, L;) = u-d w 2.61
Zu/a(zu)( / ») {O otherwise ( )

This (as well as A # 0 case at [Br, p. 55]) is wrong, as we rather have:

Lemma 2.62.
MY if k= codimy(Z,)

H*(\) := HE G/B, L;) = | uwor Y (263
u () Zu/B(Zu)( / 2 {O otherwise ( )

Proof. When u = wy, this statement is well-known (cf. [Be, Claim 2.4.2]). One can
show that the general case holds along the lines of [Br, Proposition 7]. Indeed, let
wou~! = Sop et San_ g be a reduced decomposition, where N = [(wg) = |A*].
Then, similarly to the argument in [Br, Lemma 4], it is easy to see that we still have a
sequence of the following g-module epimorphisms:

(A — H]

Seg Sy ) ¥

HY (W) = H°

wo Sary Sy Sapy ) 4

@) == HG L G = HO ),
SUN ] (u)

where c¢(1#) = codimy(Z,) = N — [(u). Thus, the argument of [Br] still applies and we

get:

MV

HWGO) =M o A

Vv _
oy gy Sy A

On the other hand, the vanishing result in (2.63) is just the B-case of Theorem 2.51. O
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(2) The use of HY(—, £, ® K) in [MR] is wrong.

However, both of the above inaccuracies can be easily fixed by replacing £, ® KC with
L, and considering the stratification of Y by P_-orbits, where P_ C G is the opposite
parabolic subgroup.

Remark 2.64. (a) It is instructive to point out that the results of [MR] provide the answer
to [Ku, Open Problem 9.3.19]. The only difference is that loc.cit. treats the case of
an arbitrary Kac—-Moody algebra. Nonetheless, the results of [MR], as well as ours,
admit natural generalizations to such infinite-dimensional setup through the usual
stratification by Schubert varieties.

(b) We also note that the other possible way to generalize our results is by considering an
arbitrary dominant integral weight A € P, not necessarily vanishing on the coroot
lattice of . In this case, one obtains (exactly as above) the resolutions of the form (1.30)
and (1.31) with ;. being replaced by R%7,.(£;) (note that R*O7, (L) = 0, according
to [GS]). However, the corresponding infinite-dimensional g-modules (realized as

Hly(w/)a(x )(X, RO7m.(L£;))Y) are not defined for A ¢ PJ in this case, in contrast to

such a key feature of our modules M, , of (1.36) as discussed in Sect. 1.6.

3. Standard BGG

In this section, we recall the standard relation between the transfer matrices of A-type
spin chains corresponding to finite-dimensional and infinite-dimensional (dual Verma)
gl,-modules provided via oscillator Lax matrices, as summarized in the Introduction.
This exposition is mostly to motivate the key constructions and results of the upcoming
sections. We also provide an overview of the factorisation and the determinant formulas
in this setup, as mentioned in the Introduction.

3.1. Oscillator realization in type A (Verma). For any n € Zx2, let A denote the oscil-

lator algebra generated by @ pairs of oscillators {(a; ;, a; j)}1<i<j<n subject to the

standard defining relations:

[ai Ace] =858}, [ajian] =0, [, 8. =0, 3.1)

so that
A=Clay. 5i,j)1§i<j§n /G (3.2)
Fix A = (A, ..., A;) € C". Following [DM1, §2] (going back to [GN]), let us consider

the gl,,-type A[x]-valued Lax matrix (i.e. a solution of the RTT relation (1.1) with the
R-matrix of (1.2)):

L,(x)=U"'x+D)U (3.3)
defined through the matrices:
1 —ayp--- —ap, Al 0 0

0 .- 0 1 a1 0 Ayp-1 Ap—n+l
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with
n
aj;=—aj; + ) A (3.5)
k=j+1
Writing (3.3) in the form
n
L) =xI,+ Y eijéji. (3.6)

i,j=1

we note that the RTT relation (1.1) implies that {&;;}} j=1 satisfy the gl,, commutation
relations:

[Eij, Exe] = 51}&'( — 8h&k;. (3.7

Let us consider the standard Fock module F of A, generated by the Fock vacuum
|0) € F satisfying

aj[0)=0, 1<i<j<n (3.8)

Thus, F has a basis obtained by the action of the pairwise commuting creation operators
on |0):

N _mi N nn—1)

iy =[] a'5'10), Vi =(mii<icjzn €N 7 . (3.9)

I<i<j=<n

We shall use (] to denote the dual basis of F*, so that
(k1 x i) = (k1(X 1)) (3.10)
denotes the (IIQ), |m))-matrix coefficient of any linear operator X acting on the Fock

space F.
By straightforward computation, we find:

Ei =i+ Waix— Y da, 1<i<n, (3.11)
k<i k>i
Ej=—aji+) aajr 1<i<j<n (3.12)
k<i

Hence, the Fock vacuum |0) is a highest weight state of the resulting gl,,-action:
&jil0)=0, 1<i<j<n, (3.13)
with the highest weight A, that is:
&il0y = 4;10), 1<i <n. (3.14)

We can now identify the resulting gl,,-modules F with those featuring in the Introduction:
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Lemma 3.15. There is a gl,,-module isomorphism:
F~ M, (3.16)
identifying F with the restricted dual (2.19) of the highest weight Verma module M.

Proof. Since the restricted dual F¥ has the same highest weight and the character as
M, , it suffices to prove that it is also a highest weight gl, -module, i.e. generated by its
highest weight vector (0. To this end, we note that the formula (3.12) implies that (/]
is in fact a non-zero multiple of

(gikz)ml,z . (gikn)ml.n (553)"123 . (g;n)"un . ((c/':_lﬁ)mn—l.n (O|

nn—1
2

- ) . .
foranym = (m; j)1<i<j<n € N , where 5;; € End(F*) is the dual of the &; j-action
onF. O

Combining this with the determinant formula of [J] and the isomorphism (2.21), we
obtain:

Corollary 3.17. (a) The Fock space F is irreducible as a gl,,-module if and only if
Mi—hjdi—j+Zo0, V1<i<j<n. (3.18)

(b) The Fock vacuum |0) generates an irreducible finite-dimensional gl,,-module L, if
and only if

AeP+={ueC"|ui—u,~+1ENV1§i<n}. (3.19)

3.2. Transfer matrices. Recall the notion of transfer matrices {Tw (x)}weRep (gl,)» aS
discussed in Sect. 1.8. In particular, we shall consider the following explicit infinite-
dimensional transfer matrices:

Tro =t [[f5 Li @ @ Lik). (3.20)
i=1 N

Here, we use the N-fold tensor product and the trace is taken over the entire Fock
space (3.9, 3.10):

w(X) =Y (m|X|m). (3.21)
n
Remark 3.22. The twist parameters 7; € C lift the degeneracies in the spectrum, i.e.
break the sl,, invariance of the transfer matrix, and regularize the infinite-dimensional
trace.

For a dominant integral A € P*, see (3.19), we also consider the finite-dimensional
transfer matrices 7; (x) corresponding to the modules L in the auxiliary space: those are
defined similarly to (3.20), but with the trace taken over the finite-dimensional submodule
L, of F, see Corollary 3.17(b).

Recall the dot action (1.14) of S, on C", cf. (1.11):

oh=cl+p)—p, p=(5 52, B e (3.23)

Then, according to [BFLMS,DM3], while for low ranks it goes back to [BLZ,BHK],
we have:
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Theorem 3.24. For A € P*, we have:

Ty (x) = Z (=D'OTF, (x). (3.25)

oS,

As recalled in Sect. 1.3, the formula (3.25) is a consequence of the BGG resolution of
the finite-dimensional gl,-module L, by means of the infinite-dimensional dual Verma
gl,-modules:

l(o)=1 [(0)=2
0— Ly — M — EB My, — @ MY, == M

Ot L= 43—, hg+n—1) > 05

o€eSs, o€eS,

(3.26)

cf. (2.19, 2.55). We note that the character limit of (3.25), corresponding to its special
case with N = 0 (zero length of the spin chain), recovers the classical Weyl character
formula:

e A+p)—p

_ _1\l(o) _
chy, = Y (=1) Mo e =

oes,

Z (-l chyy (3.27)

oeS,

where A* denotes the set of positive roots of g = sl,,. In particular, identifying simple
roots with ; = €; — €;4 in the standard way, we get A* = {¢; — €j}1<i<j<n and (3.23)
agrees with (1.15).

Remark 3.28. For the physics’ reader, let us explain how (3.27) fits into the rest of our
notation. Consider a general Cartan element 7 = ) i, x;ef € h C gl, (here, one can

think of x; € C or as a formal parameter), and let 7; = ¢*i. Then, " and [T, rig” agree
and the formula (3.27) reads:

(@ +p)—p,h)

cth(eh) =try, 1_[ _L,igii _ Z (_1)1(0)

=
1<i<n geS, 1_[i<j(1 - #)
=Y (D@ chyy (e (3.29)
o€eS,
with
h Eii A 1
ChM)\L/(e ):trMX 1_[ Ti = 1_[ Ti 1_[ I_—E’ (330)
1<i<n 1<i<n I<i<j<n T

where the left-hand sides denote the traces of " (invertible diagonal element of GL,)
on L;, M.
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3.3. Factorisation. The factorisation formula for the transfer matrices 7' (x) of the
restricted dual of Verma modules, cf. (2.19) and Lemma 3.15, was proven in [BFLMS]. It
was further combined with the BGG-relation (3.25) to derive the determinant expression
for the finite-dimensional transfer matrices 75 (x). We review these constructions in the
present subsection.

Following [BFLMS, (1.16)], let us consider the following gl,-type .A[x]-valued Lax
matrices:

1 a;

1 a; i1

i—1 = n = = =
Li() = | ay;i - ai—1; X+ 25,87 — D0 @i jaji Ajjer oo Aip
—j41,i 1

—a, 1
(3.31)

with 1 < i < n and the oscillators {a; ;, a; ;};+; subject to the standard commutation
relations (3.1).
The following factorisation formula has been shown in [BFLMS, Appendix B]:

Li(x+€)Ly(x +£2) -+ Ly(x +£,) = SL,.(x)GS™!, (3.32)
where £ (x) is the Lax matrix of (3.3) and the shifted weights {Zi}?zl are defined via:
Li=x—i+1, 1<i<n. (3.33)

Here, the similarity transformation S = S,, - - - Sy is defined via:

i—1

i—1
Si = exXp Z ?_lji — Z ﬁkiﬁkj aji |, (3.34)
j=1 k=j+1

while the matrix G reads:
-1

I —ay; -+ —a,

G=|: " T . 3.35
0 - 1 —a,, 1 ( )
0 -« 0 1

As explained below, the factorisation formula (3.32) can be lifted to the level of trans-
fer matrices. To this end, let us first define single-index Q-operators
{Qi ()}, C End(C")®N via:

i) =Tip, (LW & @ L)), (3.36)
N

where we use the normalized trace tr p, defined through:

tr(D; X)
tr(D;)

trp, (X) = (3.37)
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cf. (3.21). The twist D; in (3.36) acts only on the Fock space and is defined via:
aé ﬁa
-L-l. JLet] -L'j et
D; = — - . 3.38
) ) 039
1<j<i i<j<n

We note that the action of this twist on the Fock module is uniquely determined (up to
a scalar function) by the following condition:

DL;(x)D™' =D 'L;(x)D;, (3.39)
with
D = diag(ty, ..., ). (3.40)

The relation (3.39) ensures the commutativity of Q; (x) defined via (3.36) and the transfer
matrix 7(1,0,...,0)(y) of the defining fundamental representation in the auxiliary space,
see Remark 3.67(b).

Next, we consider the N-fold tensor product on the matrix space of the factorisation
formula (3.32). Taking the normalized traces of each of the resulting monodromies
Li(x+¢€;)®---® Li(x +£;) on the left-hand side of the corresponding relation yields a
product of the Q-operators. On the right-hand side, we recover the transfer matrix 7, (x)
multiplied by the inverse of the character

enf = [T "= T] = [I ,l.ii,j =11« TI _1;1_1 (3.41)

1<i<n I<i<sn  l<i<j=<n -

l<i<n  l<i<j<n Yj i

Remark 3.42. The above computation requires a few steps. First, let us note the following
relation among the twists of the Q-operators and the transfer matrices:

n c . Tj 7aj,-5,-j
[o =TT« T1 (_) . (3.43)
i=1 1<i<n 1<j<i<n

Second, we note that apart from its diagonal the matrix G in (3.35) only contains creation
operators which do not contribute to the trace. Finally, we need the commutativity (3.59)
established below.

Thus, we finally obtain the factorisation formula for T)f (x), cf (1.10):
T;F(x) =chy - Q1(x +£1) Qa(x +£2) - -+ @ (x + £p). (3.44)
Combining (3.44) with the BGG-relation (3.25) and evoking the Vandermonde determi-

nant:

[T (5'-7")=det|s " , (3.45)

i 4 1<i,j<n

I<i<j<n
we get the determinant formula for 7; (x) in type A, cf. (1.12):
Theorem 3.46. For . € P*, we have:
¢
det ‘ 2 0i(x +£,-)H1 N
To(x) = — SRES (3.47)
det 7,77
1<i,j<n
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Remark 3.48. The partonic Lax matrices L; (x) of [BFLMS, (1.16)] are related to ours
(3.31) via:

Li(x) = Li (x — 51) (3.49)

upon the following identification of the oscillators {b; i+ Piji<izj<n of loc.cit. with
ours:

2_1,',]' for i<j —ﬁj,,‘ for i<j

ij =

N . (3.50)
aj; for i>j a; for i>j

o
bi,j—

To continue this comparison, we note that the Q-operators {Q; (x)}” | of [BFLMS]
slightly differ from ours. Explicitly, to simplify the functional relations an extra factor
7" has been introduced in [BFLMS, (4.23)], so that the Q-operators of [BFLMS] are
related to ours (3.36) via:

Q) =10 (x—"5). (3.51)
Here, the exponential twist parameters of [BFLMS] are related to our conventions simply
through

1, =%, 1<a<n. (3.52)

Likewise, the 7-operators T; (x) and T (x) of [BFLMS, (4.15, 4.16)] are related to ours
via:

T =[]+ 7@, T.w=[]5" L. (3.53)

i=1

thus differing by an overall factor []/_ 1 7;*. However, we note that the constraint

> ®q = 0 was imposed in [BFLMS, (4.4)], thus translating into [[7_, & = 1,
see (3.52). Finally, our determinant formula (3.47) is equivalent to the determinant for-
mula of [BFLMS, (5.10)], see (1.12):

Aq,..ny - Ta(x) = det ‘ , (3.54)
o 1<i,j<n
where
nooa T — T
A —d tH —j+1 ]+1 . T _ i j
(L) = €€ I<ij<n 1<i,j<n l_! i 1<1:[< [Tt
i= <i<j<n .
(3.55)
and
, n—1 n+1—2i i
Ay =4 + > =)L,-+T, 1<i<n, (3.56)

cf. [BFLMS, (3.19, 5.3)]. Indeed, identifying our twist parameters t, with the ®, of
[BFLMS] via (3.52), we get precisely the formulas of [BFLMS], due to:

\/5 _ f zlsm< ‘Db> (3.57)
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Remark 3.58. An essential step used in the derivation of (3.44) is the following commu-
tativity:

[s, ﬁDi] —o. (3.59)
i=1

As the proof of this result was missing in [BFLMS], we provide the corresponding argu-
ment below. To this end, it is more convenient to switch to the oscillators (b;,;, b; i)
of [BFLMS], related to our (a; j,a;;);»; via (3.50). With this choice of conventions,
the twist D; of (3.38) reads:

T bjj"ﬁ
D; = l_[ <_/) , (3.60)

T
j#E

so that the product of twists in (3.59) simplifies to:

n n
[1p:=T]=". (3.61)
i=1 i=l
where N; are defined via:
Ny = 3" (b]biy —bibyi). (3.62)
J#
Likewise, the similarity transformation S; of (3.34) reads:
Si=exp| Y bibl+ > bibubl |, (3.63)
1<j<i 1<j<k<i
which can be further simplified to:
si= [T exo[vp};] TT exp[b]bin]]. (3.64)
1<j<i 1<j<k<i

since the oscillators bi,. in (3.63) always have one of e equal to i, while the b, o’s never
have. Therefore, to prove (3.59) it suffices to verify that:
[Ni.bjbj,1=0. [Ni,b]bsb},1=0 (3.65)

forany 1 <i <mand1 < ¢ < m < k < n. These equalities follow immediately
from the fact that [N;, —] acts on a given state by counting the number of creation and
annihilation operators via:

3 [(#bjl. — #bij) — (b, - #bji)]. (3.66)
oy

Remark 3.67. We conclude with the commutativity of {7)"(x)}recr, {T(X)}uecp+,
{Qi()}i_-
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(a) The commutativity
[T (x), T (»)]1=0, i,ueC" (3.68)

is a direct consequence of their realization through the universal R-matrix as outlined
in Sect. 1.8. To this end, we also would like to point out that an explicit form of
the R-matrix intertwining the monodromies of these infinite-dimensional transfer
matrices was obtained in [DM2, (2.28)]. By a direct application of Theorem 3.24 (or,
alternatively, the construction of Sect. 1.8), we also get:

[Ty (0), D1 =0, [T,(x), T,(N]=0, 2eC", p,veP’. (3.69)
(b) The commutativity of the above transfer matrices with all single-index Q-operators:
(77 (), Qi1 =0, [Tp(x), Qi(M1=0, 1<i<nareC', pepP’, (3.70)

follows from the R-matrix of [FLMS, (2.15)] intertwining the monodromies of all
non-degenerate Lax matrices and the degenerate one of (3.31). Nonetheless, let us
present a self-contained proof of

[0ix), Ta,0,..,00)] =0, 1=<i=<n, (3.71)

in order to emphasize the role of the relation (3.39), as promised after (3.40). To
this end, combining the RTT relation (1.1) for L;(x) of (3.31) with the identity
R(X)R(—x) = (1 — x)I,,, we obtain:

Li(x =y) ® Li(x)R(y) = R(y)Li(x) ® Li(x — y). (3.72)
Building further the monodromy matrices

Mi(x) =Li(x) ® - ® Li(x), Ma(y) =Ra1(y)---Ran(y),  (3.73)
N

we end up with the following equation:
Li(x = y)Mi(x)Ma(y) = Ma(y)M; (x)Li(x — ), (3.74)

where L; (x — y) acts nontrivially on the auxiliary spaces of these two monodromies:
the monodromy M; built from the oscillators and the monodromy M,, of the funda-
mental transfer matrix with an n-dimensional auxiliary space denoted by a. Multiply-
ing (3.74) by the twists D; and D on the left and taking the trace, we end up precisely
with (3.71) (we should note that to move both twists past L; (x) in the left-hand side
of (3.74), we use the commutativity [D; D, L;(x)] = 0 of (3.39)).

(c) Finally, to establish the commutativity among the Q-operators Q; (x), itis convenient
to realize them as the normalized limits of the transfer matrices ;' (x) in which some
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of the representation labels tend to infinity. On the level of the corresponding Lax
matrices, the relevant limit is:

Jlim diag(t™', ..., 17, =D)L, r.0)(x)diag(l,..., 1, —1)
d ~—— e — —— R
n—1 n—1 n—1
| | |
,1 -
| Uy 0 Unt | =Apo | [ T 10
An_ll—x+n—1 0 : 1 0 i—l
|
In—l I U__l An—l
| n—l / -1
= -—————= Fm——————————— =SL,(x —n+1)S™",

Ay 1Up i x—n+l +An—lAn—l

where A, 1 = (An1,....8.,-1), Ay_1 = (@1,,....8, 1,7, U; denotes the
upper-lefti x i block of the matrix U = U, from (3.4), and L}, (x) is the gl,,-type Lax
matrix obtained from L, (x) of (3.31) by relabelling a; , — a,  and a, x — ax,
for 1 < k < n. Here, the similarity transformation S is defined via:

k—1
S=S8u_1---S1, Sg=exp [ﬁkn Zamﬁik} : (3.75)

i=1

This implies [Q,(x), O, (y)] = 0 and combining this with the action of the Weyl
group, we obtain:

[Qi(x), Qi(M] =0, 1<i=<n. (3.76)
Finally, the proof of

[Qi(x), Qj(N]=0, l=i#j=n, (3.77)

follows immediately from the factorisation of the X-operators from [BFLMS, §4-5],
see (8.46).

4. A-type: Rectangular

Let us now consider A-type Lax matrices corresponding to rectangular representations,
i.e. those whose highest weight is a multiple of a fundamental weight. These play a
special role because their transfer matrices are related by the Hirota equation [KNS].
But also, as we will see below, they will be relevant to our approach to the study of
transfer matrices in other classical types.

4.1. Oscillator realization in type A (parabolic Verma). For any n € Zs, and
1 <a < n—1,let A denote the oscillator algebra generated by a(n — a) pairs of
a<j<n

oscillators {(a;;, a; )}, 2 2,

subject to the defining relations (3.1):

A=Claj;, ﬁ,,jxl:;" /6. @.1)
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Following [BFLMS], let us consider the gl,,-type A[x]-valued Lax matrix (depending
ont € C):
_ | _ _
x+0)I, —AA |l —A({t+a—AA)
Lo(x) = [======——= A —- 4.2)
—A I (x —a)l,—, +AA
[

with the blocks A € Mat, (n—a)(A) and A € Mat,_4)xq (A) encoding all the generators
via:

) aj 41 --- Ay Ag411 * " Agtla
A=+ oA=L ] 43)
5a,a+1 T ﬁa,n A1 " A
Writing (4.2) in the form
n
Lox)=xI,+ Y eijéji, (4.4)

i,j=1
we note that {&; j}ﬁ j=1 satisfy the gl,, commutation relations (3.7), as a consequence of
the RTT relation (1.1).

As before, let F denote the Fock module of A, generated by the Fock vacuum |0) € F
satisfying:

a;;/0)=0, 1<i<a<j=<n. 4.5)
Then, the Fock vacuum |0) is a highest weight state of the resulting gl,,-action:
Eij|0) =0, 1<i<j<n, (4.6)
with the highest weight A = tw, = (¢,...,1,0,...,0), thatis:
~——— — —
a n—a
Ekk|0) = 18k<ql0), 1<k <n. 4.7

We can now identify the resulting gl,,-modules F with those featuring in the Introduction:

Lemma 4.8. There is a gl,,-module isomorphism:
F o () @9)

identifying F with the restricted dual (2.19) of the parabolic Verma module (1.28).

Proof. Since the restricted dual F¥ has the same highest weight and the character as

Mfaﬁ; """ "N it suffices to prove that it is also a highest weight g, -module, i.e. generated

by its highest weight vector (0|. To this end, we note that (1] is in fact a non-zero

multiple of the image of (0| under the order-independent product l—[(f;j;" (8;‘/.)’"#1 for

any m = (m;,j)i<i<a<j<n € Ne¢("=@) ' cf  the proof of Lemma 3.15. O

Combining this with the determinant formula of [J] and the isomorphism (2.21), we
obtain:

Corollary 4.10. (a) Fort ¢ Zso_,, the gl,,-module F is irreducible (thus, it is generated
by the Fock vacuum |0)).

(b) For t € N, the Fock vacuum |0) generates an irreducible finite-dimensional
gl,-module L;,.
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4.2. More oscillator realizations in type A via underlying symmetries. Since the
R-matrix (1.2) is invariant, cf. (1.5), with respect to the natural action of the symmetric
group S, (via the standard embedding S, < GL,), we can generate more solutions to
the RTT relation (1.1) from the Lax matrix (4.2) above by simultaneously permuting its
rows and columns. We shall further apply the (unique) particle-hole automorphism of
A to insure that the Fock vacuum |0) € F remains to be a gl,, highest weight state. To
this end, consider the indexing set

Saz{lg{l,...,n}|#1=a}. 4.11)

Then, we construct the following explicit gl,-type A[x]-valued Lax matrices:

n
L=l .Zl eijfli. VIeS,. (4.12)
1,j=

L10) = BiLaB; |

with the similarity matrix B; and the particle-hole transformation (denoted p.h.) de-
scribed below.
Let J = I denote the complement of the subset /:

J=1={l,...,n]\I, (4.13)

and let us order the elements of / and J in the increasing order:

I =iy, in,...,04}, 1<ij<ip<---<iy<n,
i, 2o fa) ttRE e (4.14)
]:{]l’]Z»---a]n—a}, I<ji<jp<: < jp—a=<n.
We consider the following permutation o; of the set {1, ..., n}:
] for 1 <c¢<
a1(c) = {l? or t=o=a (4.15)
Je—a for a<c<n

Remark 4.16. Consider the natural transitive action of the symmetric group S, on the set
S, (4.11). Then, the stabilizerof {1, . .., a} € S, is the subgroup S, X S,—, C S, of those
permutations that map {1,...,a} — {1,...,a}land{a+1,...,n} — {a+1,..., 1}
This gives rise to a set bijection

72 80/(Sa X Sp—q) —> Sa 4.17)
satisfying the property o; € 7 ~!(I) with o; defined in (4.15). Furthermore, o; can be
characterized as the shortest representative of the corresponding left coset 7 ! (1), and
its length is given by:

l(a,):#{(k,ﬁ)elxl_|k>£}. (4.18)

Then, we define B; in (4.12) as the permutation matrix corresponding to o7 € S;:
n
B = eoii- (4.19)
i=1

We note that its inverse coincides with its transpose: B;l =Bl =" i)
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To determine the particle-hole transformation used in (4.12) so as to preserve the gl
highest weight state condition, let us check where the a. .-generators from the lower-left
block of (4.2) are moved to under the conjugation by the matrix Bj of (4.19). Explicitly,
the oscillator —a;; (i <a < j) is located above the main diagonal of B; L, ()c)BI_1 if
and only if o7(j) < oy(i), due to the equality

BiLy(x)B; ! = (La(x))ji, 1<i, j<n. (4.20)
L J o101 () /

Therefore, we consider the following particle-hole automorphism of A in (4.12):

a j—~ —a;;, a;j;—~a; for 1<i<a<j=<n suchthato;(j) <o;(@).
4.21)

The resulting matrix elements {5l-lj }l'-f j=1C A of (4.12) still satisfy the gl,, commuta-
tion relations (3.7), as follows from the RTT relation (1.1). This makes the Fock module
F into a gl,,-module, denoted by Ml+,z' The Fock vacuum [0) € M1+,z is easily seen to be
a gl,, highest weight state:

gh0y=0, 1<i<j=<n (4.22)

To compute its highest weight, we note that

B L xBil> =x+t — a;ia;;, 1<i<a,
( 1B Z v e
a<j<n
(BitaB!) =x—a+ ) auay
or(j),or(j) 1<
<i<a
=X+ Z ﬁ,-jaji, a < ] <n, (4.23)
1<i<a

which after implementing the particle-hole transformation (4.21) gives:
& |0) = (1+#la < j Snlo1() <)), 1=i<a,
o0 = (= #1 =i =alo/() <o )10}, a<j=n (@424
Evoking (4.15) and the particular ordering (4.14), we find:
#[a <j<nlo) < a,(i)} —oi(i)—i, 1<i<a,
—#{lsiialdl(j)<01(i)}=01(j)—j, a<j=n, (4.25)
so that:
&l10y = (501_.(k)5ar +k— a,—‘(k)) 0), 1<k<n. (4.26)
Hence, the highest weight of the Fock vacuum |0) € M ;'J is precisely

oy - twlls
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see (1.14), or equivalently:

(t+#{j ¢1]j<k}|0) for kel

I —
Ewl0) = (—#{ielli>kp)|0) for k¢l

4.27)

Thus, the highest weight of |0) e M;“J is the same as the highest weight of our key

modules M [, 1 -ty introduced in (1.36), with respect to the standard parabolic subalgebra
ps C gl, corresponding to S = {1, ..., n — 1}\{a}. Furthermore, the module M(/,I <ty
has the same character as M}, (according to Lemma 2.45) and is irreducible for ¢ ¢ Z

(as follows from [J]). Therefore, we obtain:

Proposition 4.28. For any I € S, and t ¢ 7, we have gl,-module isomorphisms:

’ \
M,, ,twa) .

+ o~ /
M, =M,

=~
o] lwg —

(4.29)

Remark 4.30. Letus point out the key difference between Proposition 4.28 and Lemma4.8:

(@) For I = {1,...,a} € S,, we actually have MZ[ ~ (M[,I .twa)v for any ¢t € C, due
to Lemma 4.8.

(b) Likewise, for l = {n —a+1,...,n} € S,, we have M;t ~ M(/TI 1w, Torany 1 € C.

(c) Forother I € §,, M ;' , is not isomorphic to either of M, ., or (M, )" atcertain

t € Z (but is expected to be isomorphic to one of the twisted Verma modules in the

sense of [AL]).

Remark 4.31. (a) The Weyl group W of the Levi subalgebra [ of pg is S; X Sp—4 C Sp.

(b) We indeed have o; € 'W in the notation (1.32, 1.33), due to Remark 4.16.

(c) For any other permutation o’ € o07(S; X S;—4), conjugating L,(x) with
B; = Y"1, es'(i),; and applying the corresponding particle-hole transformation will
produce an isomorphic gl,-module.

Evoking the above bijection S, 2 [ < o € 'w, see (4.15) and Remarks 4.16,
4.31(b), we define:

My, = (M,

oy -lwg

)", VieC. (4.32)
Then, Proposition 4.28 can be recast as the isomorphism of the following gl,,-modules:
M7, ~M),, VieC\L (4.33)

For I € §,, we also define its length [ (I) as the length of the corresponding o; € S,
see (4.18):

I =l =#{(k, &) e I x I |k >¢}. (4.34)
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4.3. Type A transfer matrices. Recall the notion of transfer matrices {Tw (x)}werep ¥ (g1,,)>
as discussed in Sect. 1.8. In particular, we shall consider the following explicit infinite-
dimensional transfer matrices:

n 1
T =u[r L)@@ Lix), VIeS, teC. (439

i=1 N

corresponding to M7 ,. For t € N, we also consider the finite-dimensional transfer
matrices T ;(x) correspondlng to the modules L, in the auxiliary space: those are
defined similarly to (4.35), but with the trace taken over the finite-dimensional submodule
Liw, of My > see Corollary 4.10(b).

Using the notation (4.32, 4.34), let us recast the resolution (2.55), dual to (1.30), as
follows:

(D=1 (=2
0— Ltwu - M{\q,...,a},t - @ Mlv,t - @ M;/z_> - M{\;zfa+l ..... nyt 0
1eS, 1€S,
(4.36)

for any t+ € N. Combining this with (4.33) and the fact that the transfer matrices (4.35)
depend continuously on t € C (as so do the Lax matrices L£;(x)), we obtain the key
result of this section:

Theorem 4.37. For 1 <a <nandt € N, we have:
o) = Y (=D'D T (). (4.38)
1€S,

teN

The character limit of (4.38) expresses the character of the gl,,-modules {L;q, }} <a<n

defined as
‘ &
chy s = chy(t1,..., 1) ==1tr,,, | | T, (4.39)

that is the length N = 0 case of 7, ;(x), via:

z+#{£¢1\£<k} —#{ke]\k>€}
) er] HZ¢I 4

hey = Y (=D
Ha,t Z ¢ <_w) k<t <_%)

1eS, kel ¢l kel ¢l

(4.40)

with the I’s summand in the right-hand side of (4.40) equal to the character of M} 700 Up
to a sign.

Let us note right away that formulas (4.38) and (4.40) allow to analytically continue
the transfer matrices 7, ;(x) and their particular length N = 0 case ch, ; of (4.39) from
the discrete set ¢ € N to the entire complex plane ¢ € C.

Remark 4.41. For the physics’ reader who skipped Sect. 2, let us present a concise proof

of (4.40). We shall identify the set A*™ of positive roots of g = gl, with
A = {e —€j]l <i < j < n},sothat p = (%,"7_3,...,1%”) in the basis
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{€;}7_, and the Weyl group W gets identified with W ~ S, (acting by permutations on
the basis {¢; }l’.’ 1)- According to the Weyl character formula, we have:

chr,,, = D (=D

oeS,

e’ (twa+p)—p
[Ticicjen =€)
Following Remark 4.31, let us consider the parabolic subalgebra p(;,... »—1)\(a) C g With

the Levi subalgebra [ >~ gl, & gl,_, and the Weyl group Wy ~ S, x S,—, C S,. We
can rewrite (4.42) as:

(4.42)

O Ttwa+p)—p

— _ oD
chr,, = D, D (=D Mod-e (4.43)

oceW/WiteW,
where 0 € W is a representative of 0 € W/ W (the inner sum is independent of

the choice of o). The key step is to simplify the inner sum of (4.43) using the Weyl
denominator formula for [:

Y (=)@t = TT (1 —e®), (4.44)

TeW; aeAT

where AT = {€;—€;}1<i<j<aU{€i—€j}a<i<j<n C A" denotesthe setof positive roots of
l-a n—a-1

[andPIZ%ZaeA?‘a:(%"“’T’ 2 ""7M%)'Asr(p)_p:t(p[)_p[
for T € Wy, we get:

eTtwatp)—p el®a

(4.45)

Z (_1)1(7) = -
Mo e

TeW; 1<i<a

(1 —eimer)y

Therefore, the inner sum of (4.43) corresponding to the trivial left coset Wi € W /W,
gives rise to the I = {1, ..., a}’s term of (4.40). Likewise, we claim that any /’s term
of (4.40) precisely arises from the inner sum of (4.43) corresponding to the left coset
oy Wy with o7 € S, of (4.14, 4.15), which amounts to the proof of (4.47) below. To this
end, let us apply o7 to both sides of (4.44):

i<j i<j
Z (_l)l(fflf)efflf(p)—/? — (_1)1(01)801(/))—0 1_[ (1 — eS¢ l_[ (1 —ei7c). (4.46)
Tew, ijel i el

Combining this with the straightforward formula

or(p) —p=Y #UE It <kl — Y #kellk>te,
kel e¢l

we obtain the desired equality:

01T (twa+p)—p

— 1l
Z( ) l_[i<,-(1—e€-f*€")

TeW,

I ]‘[kel p(tHHEETIE<k})er nwl o Hlkellk>tle

[Tect e (1 = e <) [Tk ogr (1 — =)
This completes our direct proof of (4.40), due to the bijection 7w of (4.17), see Remark 4.16

(cf. Remark 3.28 for more details as for perceiving ch, ; of (4.39) as a specialization of
ch Liw, )

= (=1 (4.47)
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5. Resolutions for Transfer Matrices of C-type

In this section, we generalize the key constructions and results of Sect. 4 to C-type.

5.1. Oscillator realization in type C (parabolic Verma). Let A denote the oscillator

algebra generated by @ pairs of oscillators {(a;;, a; j/)}1<i<j<r Withr € Z>1, cf.

notation (1.21), subject to the standard defining relations:

laj i 8 0] =885, laj;,ari]l =0, [, &¢]=0, (5.1)
so that
A=<c<aj/,,-,ﬁ,-,j/> o /(5.1). (5.2)
I=i<j=r

Following [FT, p. 593], see also [KK, §6.2], let us consider the C,-type A[x]-valued
Lax matrix:

Lx) = mm e — . (5.3)
—A I (x—t—r— DI, +AA
1

depending on ¢ € C, with the blocks A A € Mat, ., (A) encoding all the generators
via:

a,,  ocoary a VS BRI PSS R -
= a, ajy : a_| ay,_
A= 2 l-,2 , A= r—1 ' r—1 , (54)
Q1 A1 - : ay 1 a :
a, A1, cccoAp, a; ay e a1
where the anti-diagonal terms {a;, a;}7_, are defined via:
ﬁl' = 22_11",‘/, a; = a,'/’i. (55)

Remark 5.6. The Lax matrix (5.3) is the specialization of the one from [FT, (3.51)] at
X1 =t, xo=—t—r—1.

Writing (5.3) in the form

2r
L) =xDy+ Y eijFji. (5.7)

i,j=1

we note that the RTT relation (1.1) implies that {F;; }[2’1.: | satisfy the sp,, commutation
relations:

[Fij. Feed = 8] Fie — 8 Foj — €iej 8y Fyre — 8] Frar)s Fij = —€i€j Fpir, (5.8)
with {ei},.z; | defined as in the Introduction:

€eg=---=¢ =1 and €4 = - =€y = —1. (5.9
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As before, let F denote the Fock module of A, generated by the Fock vacuum |0) € F
satisfying:

a;;/0)=0, 1<i<j=<r (5.10)

Then, the Fock vacuum |0) is a highest weight state of the resulting sp,,-action:

Fijl0y =0, 1<i<j<2r, (5.11)
with the highest weight A = tw, = (¢, ..., 1), that is:
— ——
r
Fiil0)y =1]0), 1<i<r. (5.12)

The latter is a consequence of the following explicit formulas forany 1 <i <r:

r i—1
Fi =t—2a;ay — Y Apap; — Y arap,
k=i+1 k=1
i—1 r
.7:,'/1'/ =—t—-r—1+ 2ai/iﬁii/ + Za,-rkék,-/ + Z ay;a; = —Fii. (513)
k=1 k=i+1

Similarly to Lemma 4.8, we can identify the resulting sp,,-modules F as follows:

Lemma 5.14. There is an sp,,-module isomorphism:
\2
Fa (i) (5.15)

identifying F with the restricted dual (2.19) of the parabolic Verma module (1.28).

Combining this with the determinant formula of [J] and the isomorphism (2.21), we
obtain:

Corollary 5.16. (a) For t ¢ %Zzg,zr, the sp,,.-module F is irreducible (thus, it is
generated by the Fock vacuum |0)).

(b) For t € N, the Fock vacuum |0) generates an irreducible finite-dimensional
spy,-module Ly, .

5.2. More oscillator realizations in type C via underlying symmetries. Consider the
following endomorphisms of C>:

J#
Bi=e¢;y —eyi+ Z (ejj +ej/j/), 1<ic<r, (5.17)

I<j=r

along with their order-independent products:

Bi = [] Bj» =i .... ;) € {£1}. (5.18)
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Remark 5.19. For 1 <i < r, we have:

e if w =1 e if pui=1
Bﬁ(e[) _ { i i i i

—ey if pi=-1" Biter) = e if pu=-1
Since the R-matrix (1.19) is invariant under such transformations, cf. (1.5):
[R(x), By ® Bj] =0, Vu e {£l}), (5.20)
we can generate more solutions to the RTT relation (1.1) from the Lax matrix (5.3) via:
2r R
Li(x) = B,;E(x)B;:l =xhy+ Y e,-jﬁ’tj., Vi e {£1). (5.21)

j
i,j=1

We shall further apply the following particle-hole automorphism of A (denoted p.h.):
a; > —ay;, ay;r—a ; for 1 <i=<j<r suchthat u; =—1.(5.22)

Thus, we obtain the following explicit C,-type A[x]-valued Lax matrices:

Lix) = ﬁﬁ(x)‘ph = BiLwB;'| |
2r

=l + Y e Fl. Viie (1) (5.23)
ij=1

The resulting matrix elements {}'l.’;}l.zrjz , of A satisfy the sp,, commutation relations

(5.8), due to the RTT relation (1.1). This makes the Fock module F into an sp,,-module,
denoted by le;. .- We furthermore note that the particular choice of the particle-hole

transformation (5.22) is uniquely made to insure that the Fock vacuum |0) € M;Z .
remains to be an sp,, highest weight state:

FE0)=0, 1<i<j<or (5.24)
To compute its highest weight, we note that:
. Az . —1
diag (.7-"“) = diag (BﬁfBﬁ )
= (W1Fits oo e Frrs —r Frrs oo oy —1F11) (5.25)

due to (5.13), which after implementing the particle-hole transformation (5.22) gives:

i
FH0) = i <t+(r—i+1)8m +Z§Mk> 0), 1<i<r (5.26)
k=1

Thus, the Fock vacuum |0) € M/:;, , Is an sp,, highest weight state whose weight is given
by (5.26).
We shall now compare the above modules M;; ;s with those from the Introduction. To

this end, let us consider the parabolic pg C sp,, correspondingto S = {1, ...,r—1},see
Sect. 1.5. The Weyl group of sp,, canbe identified with W =~ (Z/27)" xS, >~ {£1} % S,,
so that elements of W are indexed by pairs (ji, o) with i € {1} and o € S,. The
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Weyl group of the Levi subalgebra [ ~ gl is W; =~ S, consisting of the elements
((+1,...,+41),0)5es5, C W. Thus, we have a set bijection

T W/ W — (£1Y, (5.27)
cf. (4.17). Given any i € {£1}", we define the permutation oj € Sy via:

#Hl<k=<ilw=1} it =1

—1,.
- = , 5.28
% D= —#l <k<ilpg=—1) if = —1 (5.28)
and further consider w; € W =~ {£1}" x S, defined via:
wj = (i, 0j). (5.29)

Itis clear that wj; € 71 (11), see (5.27). Furthermore, it can be characterized as follows:

Lemma 5.30. wj; is the shortest representative of the left coset x~ (@), for any
e {1}

Proof. This follows from the standard combinatorial description of the length function
on the Weyl group of any Lie algebra g:
I(w) = #[a € A*|w(a) € —A+] (5.31)

for any w € W, where A* denotes the set of positive roots of g (cf. Remark 5.45). O
Corollary 5.32. 'W = {wiliexny-

Combining now the formula (5.26) with the definition of wj; € W, see (5.28, 5.29),
we conclude that the highest weight of the Fock vacuum |0) € Mli; , coincides with the
introduced in (1.36), see Corollary 5.32.

has the same character as Mli; , (according to Lemma 2.45) and

highest weight of our key modules M/,
l/v i twy
is irreducible for r ¢ %Z (as follows from [J]). Therefore, similarly to Proposition 4.28,
we obtain:

i twy
Furthermore, M

Proposition 5.33. Forany i € {£1) andt ¢ %Z, we have sp,,.-module isomorphisms:

it — Pwgtor — wj; - twy

Vv
ME o~ M ~ (M’ ) . (5.34)
Remark 5.35. Let us point out the key difference between Proposition 5.33 and
Lemma 5.14:

(a) For it = (+1,...,+1), we actually have Mli;t ~ (M), )Y for any t € C, due to

i ctwy
Lemma 5.14.
ikewise, for @ = (—1,..., —1), we have M¥ ~ M, . foranyt € C.
(b) Likewise, for ;i = (—1 1) h M;t M{U“ to, T y C
(c) For other i € {£1}", M7 | is not isomorphic to either of My, ., or (M, ;)" at

certain ¢ € 7Z (but is expected to be isomorphic to one of the twisted Verma modules
in the sense of [AL]).
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Evoking the above bijection {1} 3 ji <> wj; € 'W of Corollary 5.32, let us define:

My, = (M) . VieC. (5.36)

wp “twy
Then, Proposition 5.33 can be recast as the isomorphism of the following sp,,-modules:

M, ~ My, VYteC\iZ (5.37)

For i € {£1}", we also define its length I(j1) as the length of the corresponding
element w; € W. Using formula (5.31) and the explicit description of the set A* of
positive roots of sp,,., we find:

r

(@) = 1wp) =Y (r —i+1)s,,. (5.38)

i=1

Our choice of notation is due to 1(ji) # [(/1), the latter being used for the length of
(,id) € W.

5.3. Type Ctransfer matrices. Recall the notion of transfer matrices {Tw (X)}weRep ¥ (sp,)»
as discussed in Sect. 1.8. In particular, we shall consider the following explicit infinite-
dimensional transfer matrices:

r il
T =tu]] ff“ Li(x)® @ L(x), (5.39)

i=1

N

corresponding to M/i;, ;- For € N, the finite-dimensional transfer matrices 7, ; (x) cor-
responding to the modules L,,, in the auxiliary space are defined similarly to (5.39),
but with the trace taken over the finite-dimensional submodule L,,, of M (J; 1...41).10 S€€
Corollary 5.16(b).

Using the notation (5.36, 5.38), let us recast the resolution (2.55), dual to (1.30), as
follows:

IG)=1 I(1)=2

..........

pelx1y pefE1)”
(5.40)

for any r € N. Combining this with (5.37) and the fact that the transfer matrices (5.39)
depend continuously on ¢ € C (as so do the Lax matrices £;(x)), we obtain the key
result of this section:

Theorem 5.41. Fort € N, we have:

Tu@) = Y (DO T ). (5.42)

RE{EL)
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The character limit of (5.42) expresses the character of the sp,,-modules {L;), }reN
defined as

r
chyy = chy(tr, ... 5) =y, [ (5.43)
i=1

that is the length N = 0O case of 7;.;(x), via:

Hr i ([+(r—i+1)5;i +Z§c:1 6;]()

R T

chy, = Z (—plw Li=1% (5.44)
A=t st 1Y [lzizjzr (1 B ﬁ)

v

with the /1’s summand in the right-hand side of (5.44) equal to the character of M;; ;> up
to a sign.

Remark 5.45. For the physics’ reader who skipped Sect. 2, let us present a concise
proof of (5.44). Let us identify the set A™ of positive roots of g = sp,, with AT =
{e; — 6j}1§i<j§r U{e; +€j}1§i§j§r, sothat p = (r,r — 1, ...,2, 1) in the basis {Ei};zl
and the Weyl group W gets identified with W =~ (Z/27)" x S, >~ {£1}" x §,. According
to the Weyl character formula, we have:

chr,, = Y (=D

(ft,0)e{E1} xS,

o([1.0) (twr+p)—p
[leicjer(l =D [[1qicje, (1 — e

(5.46)

Following §5.2, let us consider the parabolic subalgebra p(;, . ,—1; C g whose Levi
subalgebra is [ > gl, and the Weyl group is W; >~ S, = {((+1, ..., +1),0)}ses, C W.
We can rewrite (5.46) as:

e(1.0) (twr+p)—p

chr,,, = (=) — .
tor Z Z H1§i<j§r(1 — e€i €l)n1§i§j§r(1 — e € e,)

ne{xl} o€s,
5.47)

The key step is to simplify the inner sum of (5.47) using the Weyl denominator formula
for [:

Z(_l)l(a)eu(m)—m — l—[ (1 —e79), (5.48)

oES, aeAT

where AT = {€; — €;}1<i<j<, C AT consists of positive roots of [, p; = % ZaeA? o=
r

(=L ). Aso(p) —p =o(p1) — prand o(w;) = w, forany o € §,, we get:
3 1y et n)—p _ iz .
oes, [eicjsr =" Dlicicjcr =797 Tligicjo (-9
Thus, the inner sum of (5.47) indexed by ji = (+1, ..., +1) gives rise to the correspond-

ing summand of (5.44). We claim that the same holds for any i € {2=1}", which amounts
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to the proof of (5.50) below. To this end, let us apply it = (i, 1) € W to both sides of
the equality (5.48):

3 (=) 0=p = (1) @eie=r T (1= ebsese). (5.49)

oES, I<i<j=r

‘We note that

1 —efi—€i if wi=1, pj=1

1 — eli€i—Hi€i — 1 —e 7€ if =1, pj=-1
—efiCi(1 — i) if = —1, Mj =—1
_e€i+€j(1_e—€j—€i) lf i :—1, szl

as well as

i) = p =D (i = DO+ 1 =ieg, (~DIP = (DZ=%0 i) = Gpr, ).
i=l1

Thus, we obtain the desired equality:
e(0)(twr+p)—p

Z (— 1)l
[Teicjer@ =€ D ]igicjer (I =797

o€eS,

i (t+(r—i+1)8;[, w0 5;k)ei

_ (_1)|(,1) H?:] €
[Tizicjzr (1 —erimici=e)

This completes our direct proof of the character formula (5.44) (see Remark 3.28 for
more details in regards to perceiving ch,, of (5.43) as a specialization of chr,,, ).

(5.50)

We note that the formula (5.44) allows to analytically continue the character ch, ;

of (5.43) from the discrete set t € N to the entire complex plane r € C. With this
convention in mind, we have:

Lemma 5.51. (a) ch,, = (—1)"2" ch,_,_i_ foranyt € C.
() ch =0forre -3, -3.....-25L - %}

Proof. (a) Forany ji = (1, ..., /) € {£1} and ¢ € C, define fi € {£1}" and7 € C
via:

fo= (it i) i=—fi, T=—-r—1—1t. (5.52)
Then, the obvious equality Y _,(r — i + D@, + 8;) = @ implies:
G + 1) = "5, Vi e (£1). (5.53)

Let ch:i , denote the fi-th summand in the right-hand side of (5.44) without a sign,
see (8.80):

i (=148 + 54 87, )

.

[Ti= T;
—1_—Hiltj

Hlsisjsr (1 -4 T )

Ch:i,z = (5.54)
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Then, we have the symmetry of (5.54) with respect to (5.52):

+ ot
Chﬂ,l = Ch/i,l_ (555)
as follows from the equality
i (z =i+, +30, S;k) = i (z‘+ (r—i+ D3 + Y% 3/;]().
This implies the desired equality:
chy= Y (D@ ch?
peft1)
- (=" 3 (=)@ ch . = "5 ch, ;. (5.56)
ety ’

by matching the ji-th summand in ch,, with the ﬁ—th summand in ch, ; for every
e {1},

(b) To prove (b), we shall rather use the Weyl character formula (5.46), which implies
thatch, ; = 0if and only if one can split elements of the Weyl group W =~ {£1}" x S,
into pairs (w, w’) so that:

(=D!® = (=)' and w(tw, + p) = W' (tw, + p) (5.57)

with p = (r,...,1) and w, = (1,...,1). Let us indicate such splittings for the
desired values of ¢:
o setw = w((+1, NS P T ...,+1),id) iff = —(r+1—k)with1 < k < r;
————— ————
k=1 r—k
o set w = w<(+1,...,+1,—1,+1,...,+1,—1,+1...,+1),(k m)) with
—

k—1 m—k—1 r—m
(k m) € S, denoting the transposition exchanging k and m, if t = —(r +1 —
withl <k <m<r.
By Remark 5.45, note that (5.44) and (5.46) provide the same analytic continuations
of (5.43). O

k
=)

Remark 5.58. Following the above proof, we actually get ch, ; = 0 only for
2 3 2r—1 2r
IS { _i’_i""’_T’_T}'

In a completely similar way, the formula (5.42) allows to analytically continue the
transfer matrices 7, ;(x) of the finite-dimensional representations L, ,! € N, to the
entire complex plane + € C. With this convention in mind, we have the following
generalization of Lemma 5.51(a):

Proposition 5.59. T,.,(x) = (—1)"7 " T, _,_j_,(x) forany 1 € C.

Proof. This follows from the factorisation (8.79) of each infinite-dimensional transfer
matrix TI{ ,(x) into the product of Q-operators that allows to recast Theorem 5.41 in the
form of Proposition 8.81:

Tu() = Y (=D'® ch? - 0px+1)05(x +1), (5.60)
SES
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with ﬁ,t_ as in (5.52) and chEt as in (5.54), see (8.80). Similarly to our proof of
Lemma 5.51(a), we claim that any ji-th summand in the right-hand side of (5.60) for

T, (x) coincides with the fi-th summand in the corresponding expression for 7} 7(x),
. rr+1)
up to an overall sign (—1) bl

- _ = r(r+l) _
(—D' cht - Qx +0) Q5 (x +1) = ()P cht ;- Q3 (x +1) Qs (x +1).
(5.61)

The latter is a consequence of (5.53, 5.55) combined with the essential property of the
Q-operators:

[Q7(x), Q7 (1] =0, (5.62)

that follows from the natural commutativity of the transfer matrices, [Tﬁr (%), Tg »]1=0,

combined with the realization of the Q-operators as renormalized limits of the transfer
matrices, cf. (8.59). |

We also expect the natural generalization of Lemma 5.51(b) to hold: 7, ;(x) = O for

2 3 2r
te{_i’_j""’_T}'

6. Resolutions for Transfer Matrices of D-type: Spinorial Representations

In this section, we present a natural counterpart of the results from Sect. 5 for D-type.

6.1. Oscillator realization in type D (parabolic Verma). Let A denote the oscillator
algebra generated by r(VT_l) pairs of oscillators {(a;/ ;, a; j)}1<i<j<r With r > 2, cf.

notation (1.21), subject to the defining relations (5.1):
A:C(a,-/,i, ai,j/) /(5.1). 6.1)
l<i<j<r

Following [Fr, (5.4)] and similarly to (5.3), let us consider the D,-type A[x]-valued Lax
matrix:

(x +0)I, — AA : —AQt+r —1—AA)
Lx)y=|-——-"""""-"d+——— — — , (6.2)

depending on t € C, with the blocks A, A € Mat, ., (A) encoding all the generators
via:

a0 oay 0 ay o a0
A _ : 0 _51’2/ A — 0 —ay 1
ﬁr—l,r’ 0 ay | 0
0 _ﬁrfl,r’ e _ﬁl,r’ O _32,,1 . _ar,’l

(6.3)
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Writing (6.2) in the form
2r
L) =xDy+ Y eijFji, (6.4)
i,j=1

we note that the RTT relation (1.1) implies that {F;; }l.zrj:1 satisfy the s0,, commutation
relations:

[Fij. Fiel = 8] Fie — 8¢ Fij — 04 Fyre + 8] Furr Fij = —Fpir. (6.5)

As before, let F denote the Fock module of A, generated by the Fock vacuum |0) € F
satisfying:

a;;0)=0, 1<i<j<r (6.6)

Then, the Fock vacuum |0) is a highest weight state of the resulting so0,-action:

Fijl0) =0, 1<i<j<2rn (6.7)
with the highest weight A = 2tw, = (¢, ..., t), that is:
—— —
r
Fiil0) =1]0), 1<i=<r (6.83)

The latter is a consequence of the following explicit formulas forany 1 <i <r:

r i—1
Fii=t— Y Apap— Y aaik,
k=i+1 k=1
i—1 r
Fir=—t—r+1+Y apdy + Y aidpy = —Fii. (6.9)
k=1 k=i+1

Similarly to Lemmas 4.8, 5.14, we can identify the resulting so02,-modules F as follows:

Lemma 6.10. There is an s0,,-module isomorphism:

F e (s MqY 6.11)

2tw,

Combining this with the determinant formula of [J] and the isomorphism (2.21), we
obtain:

Corollary 6.12.(a) Fort ¢ %Zzzpzr, the s0y,-module F is irreducible (thus, it is gen-
erated by the Fock vacuum |0)).

(b) For t € %N, the Fock vacuum |0) generates an irreducible finite-dimensional
502,-module Loy, .
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6.2. More oscillator realizations in type D via underlying symmetries. Similarly to the
C-type case, let us consider the following endomorphisms of C?':

J#
Bi = e+ ey + Z (ejj+ej/j/), 1<i<r, (6.13)
I<j=r
along with their order-independent products:

nj=—

1
By = [] By, ii=(u1,....m) € (£1Y. (6.14)

I=j=r

Remark 6.15. For 1 <i < r, we have:

o= {0 T e = T
Since the R-matrix (1.19) is invariant under such transformations, cf. (1.5):
[R(x), B; ® Bl =0, Viie (1), (6.16)
we can generate more solutions to the RTT relation (1.1) from the Lax matrix (6.2) via:
2r )
Li(x) = BQL(X)B;:‘ = xhy + Z eijFly, Vi€ {(£1}. (6.17)
i,j=1

Here, we apply the following particle-hole automorphism of A (denoted p.h.), cf. (5.22):
a; s> —ay;, aj;a; ; for 1 <i<j<r suchthat p; =—1,(6.18)

uniquely chosen to insure that the Fock vacuum |0) remains to be an soy, highest weight
state:

FE0) =0, 1<i<j<or (6.19)

The resulting matrix elements {]—'l.’;}%’j:l of A satisfy the s02, commutation relations

(6.5), due to the RTT relation (1.1). This makes the Fock module F into an s0,,-module,
denoted by M/i;. ;- The corresponding highest weight of |0) is computed similarly to

C-type, see (5.26):

i
FH0) = w (r +(r—i—1)5, + Za;k) 0), 1<i=<r (6.20)
k=1
Let us note that for the particular choice ;i = (+1,...,+1, —1), the particle-hole
transformation (6.18) is the identity, and the resulting s0,,-module Mliz , can be read off
the Lax matrix

L_(x)=L1,...,+1,-n(x), (6.21)
—

which is obtained from the Lax matrix £4(x) = L(x) of (6.2) by permuting its r-th and
(r + 1)-st rows and columns. We also have the following counterparts of Lemma 6.10
and Corollary 6.12:
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Lemma 6.22. There is an s02,--module isomorphism:

..... +1,—1),r — 2twr—1

v
M(++] ~ (Mp“ AAAAA r72,r‘,~> . (6.23)
———

yenes

(b) For t € %N, the Fock vacuum |0) generates an irreducible finite-dimensional
509,.-module Ly, .

For i = (i1, ..., 1r) € {£1}", we define its sign |ji| € {£1} via:
=1 (6.25)

We call i € {&1}" even (resp. odd) if |ji| = 1 (resp. |ji| = —1), and denote the sets of
such by

(1), = [evenﬁe{:l:l}’], (+1) = {oddﬂe {:I:l}’}. (6.26)

Fort € %N, let L,jE denote the following irreducible finite-dimensional s0,-modules:
LY = Low,, L7 =Lye, (6.27)

which can be uniformly written as L,jE = Ly, ,+ with the weights ™ defined via:
ot =w, o =ow_i. (6.28)

Let us now generalize Lemmas 6.10, 6.22 by comparing the above modules

{M* }7ci+11r tothose from the Introduction. To this end, we shall consider two parabolic
PRSI ESY

subalgebras pg+ C 507, with

St={1,...,r=2,r—=1}, S™={1,...,r=2,r}. (6.29)

The Weyl group of s0,, can be identified with W ~ (Z/2Z) ! x S, ~ {£1}, < S,
cf. (6.26), so that elements of W are indexed by pairs (i, o) witho € S, and i € {1}
that are even (|ji| = 1).

The Weyl group of the Levi subalgebra [* ~ gl, of pg+ is Wi+ =~ S, which con-

sists of the elements ((+1,...,+1),0),c5, C W. Equivalently, Wi+ is the stabilizer of
(+1, ..., +1) for the natural transitive action of W on the set {£1}’. Thus, we have a set
bijection

e W Wi — (&1}, (6.30)

cf. (5.27). For any ji € {1}, we define wj; € W =~ {1}, x S, via:
wi = (i, 07), (6.31)

with o; € §, asin (5.28). The element wj; € 7 ! (/1) can be characterized similarly to
Lemma 5.30:

I:em?lal }6;32. wy is the shortest representative of the left coset my Y, for any
n e {£1}].

Corollary 6.33. "W = {wiliep1y,-
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Likewise, the Weyl group of the Levi subalgebra [T ~ gl of pg- is W|- =~ S,, which

consists of the elements ((+1,...,+1, =1,+1,...,+1, =1),0),¢c5, C W with —1’s at
the 7-th and o (r)-th spots (and there are no —1’s at all if » = o (7)). Equivalently, W;- is
the stabilizer of (+1, ..., +1, —1) for the natural transitive action of W on the set {£1}"_.

Thus, we have a set bijection

T_: W/ W — {£1}", (6.34)
cf. (6.30). For any i € {1}, we define wj; € W =~ {£1}}, % S, via:

wi = (i, o), (6.35)

withoj; € S, asin(5.28) and i e {£1}"; obtained from i by replacing the first u; = —1
(with minimal i) by +1. The above element wj; € -t (11) can be characterized similarly
to Lemma 6.32:

Lemma 6.36. wj; is the shortest representative of the left coset - (), for any
i€ {1},

Corollary 6.37. " W = {wj}iex1y -

Combining now the formula (6.20) with the definition of wj; € W, see (6.31, 6.35),
we conclude that the highest weight of the Fock vacuum |0) € M/i; , coincides with the

highest weight of our key modules M I’D il introduced in (1.36), see Corollaries 6.33,
i
6.37 (here, we set ™! = @¥). Furthermore, M;}_ 1ol has the same character as M;; ;
w" s

(according to Lemma 2.45) and is irreducible for ¢ ¢ %Z (as follows from [J]). Therefore,
similarly to Propositions 4.28 and 5.33, we obtain:

Proposition 6.38. Forany i € {1} andt ¢ %Z, we have 502,-module isomorphisms:

ME o~ M ~ (M’ )v. (6.39)

m,t wﬁ-tw‘m - w,;»tw'm

Remark 6.40. Let us point out the key difference between Proposition 6.38 and Lem-
mas 6.10, 6.22:
(a) For i = (+1,...,+1, &£1), we actually have Mgt ~ (M;r .[wi)v forany r € C,
’ i
due to Lemmas 6.10, 6.22.

(b) Likewise, for ji = (=1, ..., —1, F1), we have M};t ~ M;u« for any ¢t € C.
, i

! Vv
| Or (Mwﬁ i)

tolitl

(c) For other 1 € {£1}, M}; , is not isomorphic to either of M;}Q il
s _ n’

atsome f € %Z (but we expect it to be isomorphic to a twisted Verma module in the
sense of [AL]).

Evoking the above bijections {1}, 3 i <> wj; € "W of Corollaries 6.33 and 6.37,
let us define:

My, = (M, u) . vieC. 6.41)

wj; - 1ol
Then, Proposition 6.38 can be recast as the isomorphism of the following s0,,-modules:

Mi ~My, VieC\iZ (6.42)
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For i € {£1}", we also define its length |(fi) as the length of the corresponding
element w; € W. Using formula (5.31) and the explicit description of the set A* of
positive roots of s05,, we find:

() = Lwp) = ) _(r = )dy,, (6.43)

i=1

cf. (5.38). We note that I(j1) differs from the lengths of (i, id), (i, id) € W denoted by
I(j), L(i1).

6.3. Type D transfer matrices. Recall the notion of transfer matrices { Tw (x)}weRep ¥ (s 02, )
as discussed in Sect. 1.8. In particular, we shall consider the following explicit infinite-
dimensional transfer matrices:

r fﬁ
Ti =]t i) @ ® L), (6.44)

i=1

N

corresponding to M;Z .- Fort e %N, we also consider the finite-dimensional transfer

matrices T,jE (x) corresponding to the modules L,ﬂE (6.27) in the auxiliary space: those
are defined similarly to (6.44), but with the trace taken over the finite-dimensional sub-
modules L,jE of M(++1,...,+1,i1),t’ see Corollaries 6.12(b), 6.24(b).

Using the notation (6.41, 6.43), let us recast the resolution (2.55), dual to (1.30), as

follows:

I(f)=1 I(i)=2
0— Lft — M(vl,..,,l,il),z — @ M}L/,z — @ M;{,t — .- — 0(6.45)
(1Y, RefE1Y,

foranyr € %N. Combining this with (6.42) and the fact that the transfer matrices (6.44)
depend continuously on ¢ € C (as so do the Lax matrices £j(x)), we obtain the key
result of this section:

Theorem 6.46. Fort € %N, we have:

TEx) = Y (D' 7 (). (6.47)
Re{E1YL
The character limit of (6.47) expresses the character of the so,,-modules {L,i} relN
defined as

r (Lt 1L ED)
ch =ch(ry,.... 1) = try ]_[ T , (6.48)

i=1
that is the length N = 0 case of Tti (x), via:
o i (=i =18 + Xk )
N . 4T
ch?: — Z (_1)|(;,L) i=1"%
- - 1
A=t ) €L [Ti<icjr <1 - r’—“f>

ity

(6.49)
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with the ji’s summand in the right-hand side of (6.49) equal to the character of Mli; ;> up
to a sign.

Remark 6.50. The character formula (6.49) can be derived directly from the Weyl charac-
ter and Weyl denominator formulas, as in Remark 5.45; we leave details to the interested
reader.

We note that the formula (6.49) allows to analytically continue the characters c:h,jE

of (6.48) from the discrete set t € %N to the entire complex plane ¢+ € C. With this
convention in mind, we obtain:

Lemma 6.51. (a) ch’™ = (—l)r(rz_l) ch*CD" foranyt € C.

—r+l—t
+ 1 _2 2r—4 _ 2r=3
by chi =0forref -1 -3, .. -2zt 23l
Proof. The proof is completely analogous to that of Lemma 5.51 with the following two
changes. In part (a), we should rather use 7 = —r + 1 — ¢ instead of (5.52), and note
that for i € {1}, of (6.26) we have i = —pi € {1}y In part (b) for ch?, the
splitting of elements of W into the pairs satisfying (5.57) is performed following only
the second rule in our proof of Lemma 5.51(b). |

In a completely similar way, the formula (6.47) allows to analytically continue the
transfer matrices T,jE (x) of the finite-dimensional representations L;JE, t e %N, to the
entire complex plane + € C. With this convention in mind, we have the following

generalization of Lemma 6.51(a):

Proposition 6.52. T (x) = (—h“TrECY

—r+l—t

(x) foranyt € C.

Proof. The proof is completely analogous to that of Proposition 5.59 and follows from
the proof of Lemma 6.51(a) combined with the factorisation (8.98) of the transfer ma-
trices Tg ,(x) into the product of two commuting Q-operators, cf. Proposition 8.100.

|

We expect the natural generalization of Lemma 6.51(b) to hold: T,i (x) = 0 for
te { — %, —%, e, — Zr 7 3 } This was first observed in [FFK] for small length and rank.

7. Resolutions for Transfer Matrices of BD-types: First Fundamental
Representations

In this section, we apply similar ideas to treat the remaining case of (1.22): i = 1 for
B D-types.

7.1. Oscillator realization in types BD (parabolic Verma). For K > 5, let A denote
the oscillator algebra generated by K — 2 pairs of oscillators {(a;, a;)};<; <1/, cf. nota-
tion (1.21) so that 1’ = K, subject to the standard defining relations:

[ai,ﬁj]=5ij, [a;,a;]=0, [a;,a;]=0, (7.1)
so that

A= (C<al- , 5">1<,-<1/ / .. (1.2)
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Following [Fr, (5.36, 5.38)] and [FT, (2.243), §4.3], let us consider the quadratic non-
degenerate A[x]-valued Lax matrices of sok-type (i.e. of types D, or B, withr = |K/2]
for K even or odd, respectively), depending on x1, x2 € C:

Ll w | —dwik oW L —w | —dwig oW

Lxn@® =] o Ik_» _JK—ZWT “ D) - | Ik_» JK_ZWT

o o 1 ol o |
(7.3)

with J; being the anti-diagonal k£ x k-matrix and the middle factor explicitly given by:

Dy xy (X)
= x)x—x — K +2) 0 0
= —w(x —xj) (r —xpDx —x2)lk_» 0 ,
—3w Ik oW Wik —x) | G- —xn-5+2)

while the row-vector w € Mat;, (k—2)(A) and the column-vector w € Mat_2)x1(A)
encode all the generators via:

D, —type: w=(az,...,a,a/,...,ay),

W= (ar,...,a,a,,...,a), (7.4)
B, —type: W= (a,...,a,,a4,a/,...,ay),

W= (az,...,ar,ar+1,arr,...,az/)T. (7.5)

Following [FT, Remark 4.37], we also consider
LX) = Ly (x +¢) = x%Ik + XMy, + Gy (7.6)
with the shift ¢ of the spectral parameter given by:

X1+x—1

c )
2

(7.7)
and x12 = x1 — x7 (note that the right-hand side of (7.6) depends only on the difference
of x1, x2).

It is straightforward to see that the linear term M,,, in (7.6) is given by:

—X12 — % +1—ww M2 0
My, = - W — Jkow! wilk_, —1 M
X2 = w ww K—2W W JK 2 K-2 [23] )
0 WTJK_2 X12+§ —1+ww

(7.8)
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with

Wik_oW! wl Ik _, (7.9)

Il —

My = ()C12+§ —2+V_VW)V_V—
Minay — K = T 1 =T
[23] = — <x12 + 3= 2+ WW) Jk_ow' + EWJK,QW - W, (7.10)
while the free term G, in (7.6) is expressed via the linear term M,,, as follows:
Gy, = sMZ, + 3 (K= M, + 1(K=3 = x{))I 7.11
X12 2 x12+4( ) X12+4( x12) K- (7.11)

As a direct consequence of the RTT relation (1.1), we can identify the generators of
sok through:

Fij = (Ml_t_§)ji. (7.12)

In particular, we have:
K—1
Fii=t-— Zﬁkak, Fii = a;a; —apay for 1<i<r (7.13)
k=2

As before, let F denote the Fock module of .4, generated by the Fock vacuum |0) € F
satisfying:
2;)0)=0, 1<i<1. (7.14)

Then, the Fock vacuum |0) is obviously a highest weight state of the resulting sok-action:

Fijlo)y =0, 1<i<j=<K, (7.15)
with the highest weight A = rw; = (¢, 0, ..., 0), that is:
———
r—1
Fiil0) =18/10), 1<i<r (7.16)

Completely similarly to Lemmas 4.8, 5.14, 6.10, 6.22, we have:

Lemma 7.17. There is an sog-module isomorphism:

F o (M ”)v. (7.18)

tw

Completely similarly to Corollaries 4.10, 5.16, 6.12, 6.24, we thus get:

Corollary 7.19.(a) Fort ¢ 4 — K+ %N, the sok-module F is irreducible.
(b) For t € N, the Fock vacuum |0) generates an irreducible finite-dimensional
sok-module Liq,,.
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7.2. More oscillator realizations in types BD via underlying symmetries. Consider the
following 2r endomorphisms of cK:

Z,K=1 ejj for k=1
j £k, k'
ék _ el texl ey +epy + Z{fﬂ}, ejj for 1<k=<r (7.20)
elk+€k1+€1’k’+€k/1’+Z{fj’<1/ ejj for r' <k <V
Z,K:1 ejj’ for k=1
Since the R-matrix (1.19) is invariant under such transformations, cf. (1.5):
[R(x), B® ék] —0, Vkefl,....rfu{r, ... 1}, (7.21)

we can generate more solutions to the RTT relation (1.1) from the Lax matrix (7.6) via:

Li(x) = ByL ﬁ(x)ék—“ L Vke{l,....,riU{r, ..., 1'}. (1.22)
2 p.h.

xpp=1—t—
Here, we apply the following particle-hole automorphism of A (denoted p.h.):

aj—~ —a;, ajr>a; for 1 <j<k if 1<k<r,
- - b s 4t e ’ (7.23)
aj—~ —a;, aj—>a; for K <j<1 if r<k=<T,
uniquely chosen to insure that the Fock vacuum |0) remains to be an sok highest weight
state.
The resulting sok generators are read off the linear term of (7.22) in the spectral
parameter:

ng:(éle_t_Kék“ ) . kefl,...,rpufr, ... 1)L (7.24)
2 /i

p-h

This makes the Fock module F into an sok-module, denoted by M,tt. Forl <i <r,
we get: '

((r +k— D)8k — 3,-<k)|0> for 1<k<r

FH10) = , : (7.25)
((—t —k+2)8K — 5i<k,)|0> for r' <k <1
thus the corresponding highest weight of |0) € M,:[ is:
(-1,...,—1,t+k—1,0,...,0) for 1 <k<r,
— ——
k—1 r—k / / (7.26)
(-1,...,=1,—t—k+2,0,...,0) for r <k<1.
— e’ N—
k'—1 r—k

We shall now compare the above modules M ,:’ ;'8 with those from the Introduction.
To this end, let us consider the parabolic ps C sok correspondingto S = {2, ..., r} with
r= L%J, see Sect. 1.5. The Weyl group of sok can be identified with W >~ {£1}" % S,
for K = 2r+ 1 or W ~ {1}, x S, for K = 2r, cf. (6.26). The Weyl group of
the Levi subalgebra [ ~ sox_» @ gl; is Wy ~ {£1}) ! x S,_; for K = 2r + 1 or
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W ~ {1}, x S,_; for K = 2r, consisting of those (ji, o) € W such that u; = +1
and o (1) = 1. Equivalently, W is the stabilizer of 1 for the natural transitive action of
the Weyl group W on the set {1...,r} U {r’, ..., 1’}. Thus, we have a set bijection

T W/ W —{1,...,rbu{r,... 1}, (7.27)

cf. (4.17, 5.27, 6.30, 6.34). For any 1 < k < r, we define the permutation o} € S, as
ok of (4.15):

o) =k, @ =1, ..., 00k =k—1, optk+1)=k+1, ...,00(r) =1,
(7.28)

and further consider w; € W given by:
we = ((+, .4 0p), 1=k <r (7.29)

The element wy € 7~ (k) can be characterized similarly to Lemmas 5.30, 6.32, 6.36:

Lemma 7.30. wy is the shortest representative of the left coset w~'(k), for any
1<k<r.

Likewise, for 1 < k < r, we also define wy € W via:
wy = (uk),or), 1<k=r, (7.31)

with oy € S, asin (7.28) and p(k) € {£1}" having —1 components only at the:

(1) k-thspot, if K =2r +1;
(2) k-th and r-th spots, if K = 2r and k < r;
(3) (r — 1)-th and r-th spots, if K = 2r and k = r.

Then, similarly to Lemma 7.30, we have the following characterization of such elements:

Lemma 7.32. wy is the shortest representative of the left coset mw~'(k), for any
r<k<l.

Combining Lemmas 7.30 and 7.32 with the set bijection (7.27) and (1.33), we get:
Corollary 7.33. 'W = {wk (k ell,....r U, ..., 1’}}.

Combining now the formula (7.26) with the definition of wy € W, see (7.29, 7.31),
we conclude that the highest weight of the Fock vacuum [0) € M ,:’ , coincides with the
highest weight of our key modules M, . - 1o, INtroduced in (1.36), see Corollary 7.33, for
anyk € {1,...,r}U{r/,..., I'}. Furthermore, M{Uk 1, has the same character as M,;t
(according to Lemma 2.45) and is irreducible for ¢ ¢ Z (as follows from [J]). Therefore,
similarly to Propositions 4.28, 5.33, 6.38, we obtain:

Proposition 7.34. For k € {1,...,r}U{r’,..., 1"} and t ¢ Z, we have sog-module
isomorphisms:

M, ~ M, ~ (M,

Wk - tw] — Wi - twq

). (7.35)

Remark 7.36. Let us point out the key difference between Proposition 7.34 and
Lemma 7.17:
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(a) For k = 1, we actually have M,:t ~ (M! )Y for any t € C, due to Lemma 7.17.

Wk - tw]
(b) Likewise, for k = 1', we have M}’ , ~ M, ., foranyt e C.
(c) For other values of k, M, is not isomorphic: to either of M,,, .,,, or (My, ., )" at

certain ¢ € Z (but is expected to be isomorphic to one of the twisted Verma modules
in the sense of [AL]).

Evoking the above bijection {1,...,r} U {r',..., 1’} 3 k <> w; € 'W of Corol-
lary 7.33, we define:

M, = (M,

Wy - twy

)", VreC. (7.37)
Then, Proposition 7.34 can be recast as the isomorphism of the following sok-modules:
ME, ~M{,, VteC\L (7.38)

For the key results of the following subsection, let us record the lengths of the above
elements:

k—1 for 1<k<r

k—2 for ¥ <k<1" (7.39)

I(wg) =

which follows from (5.31) and the explicit description of the set A* of positive roots
of sok.

7.3. Ty)pe BD transfer matrices. Recall the notion of transfer matrices
{Tw (x)}weRep v (sok)» as discussed in Sect. 1.8. In particular, we shall consider the fol-
lowing explicit infinite-dimensional transfer matrices:

r k
T =u]] Tl-]:ii Li(x)® - ® Lr(x), (7.40)
i=1 N

corresponding to M,:')t. For t+ € N, we also consider the finite-dimensional transfer
matrices 77 ;(x) corresponding to the modules L,,, in the auxiliary space: they are
defined similarly to (7.40), but with the trace taken over the finite-dimensional submodule
Li, of let, see Corollary 7.19(b).

Using the notation (7.37) and the formula (7.39), let us recast the resolution (2.55),

dual to (1.30):

Dy —type: 0 — Lty — MI/J T Mrvfl,t — M,\f, @Mr\f.’t — M(vrfl)/,t R M;é,r — 0,
(7.41)

By —type: 0= Liwy = My — = MLy — MYy — My — Mj_ = My =0,

(7.42)

for any t € N. Combining them with (7.38) and the fact that the transfer matrices (7.40)
depend continuously on t € C (as so do the Lax matrices L(x)), we obtain the key
result of this section:
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Theorem 7.43. (a) Fort € N, we have the following equality of D,-type transfer matri-
ces:

r r
Tii(x) =Y (=D + Y S (=DFTE ). (7.44)
k=1 k=1
(b) Fort € N, we have the following equality of B,-type transfer matrices:

r

Tio(x) = (DT ) + Y (DT (). (7.45)

k=1 k=1
The character limit of (7.44) expresses the character of the soy,-modules {L;4, };eN
defined as

,
chy; =chi (tr,.... 7)==t ]_[ 7, (7.46)

that is the length N = 0 case of 77 ;(x), via:

r T -1 oo _L,t+k 1
chi, =Y (=1 ‘ Lol k 1
k=1 H]<l<k ( ) Hk<€<r ( - E) l—ll;ﬁk (1 - ﬁ)

-1 1 _k+l—2r—
+Xr:(_1)k—1 R LA
1
k=1 H1§Z<k (1 - %) Hk<£§r (1 - z_ﬁ) HZ;H( (1 - kal)
(7.47)

Likewise, the character limit of (7.45) expresses the character of the s07,41-modules
{Lta)l }IEN

,
chi; =chi (1, ..., 7)== trg,, l_[ rl.]:”, (7.48)

that is the length N = O case of 77 (x), via:

=1 t+k—1
T T 1Tk

i >H1<Z<k ( )Hk<£<r ( - %) Hé#k <l - Tkl_fl>
k=1 (1 - %) [Ti<ek (1 - %) Hk<£§r (1 - %) [Tese (1 - ﬁ)
(7.49)

,
chi =Y (=D
k=1 (1

Here, the k-th summand in the first (resp. second) sums in the right-hand side of (7.47)
and (7.49) is equal to the character of M,: , (resp. M,:r, ;)> up to a sign.
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Remark 7.50. For the physics’ reader who skipped Sect. 2, let us present a concise
proof of (7.49) (the proof of (7.47) is completely analogous). Let us identify the set
A* of positive roots of g = 502,41 With AT = {¢; £ €;}1<i<j< U {}/_,, so that
o= (r— %, r— %, cee %) and the Weyl group W is W >~ (Z/27)" x S, >~ {1} % §,.
According to the Weyl character formula, we have:

e (L0 tw1+p)—p
[Taicjor (=)A= ™) i (0 — e—€)
(7.51)

chi= ) (D

(it,0)e{£1} XS,

Following §7.2, let us consider the parabolic subalgebra p(> .} C g whose Levi sub-
algebra is [ ~ s0p,_; @ gl; and the Weyl group is Wy ~ {#1}"~! x S,_; consist-
ing of (1,0) € {1} x S, = W such that u; = 1 and o (1) = 1. The assign-
ment W > (it,0) — (u1,0(1)) € {£1} x {1,...,r} gives rise to a set bijection
m: W/W, = {£1} x {1,...,r}, cf. (7.27). For any (u, k) € {£1} x {1,...,r}, we
consider (i, 1, ..., 1), 0%) € w~ (i, k) withoy € S, asin (7.28). We canrewrite (7.51)
as:

(= 1)1 (:9),047) o ((1,9),04T) (t01+p)—p

chi, = Z Z €j—€; —€i—€\TT" —€)’
: (k) e{E1 x{1,....r} (5,7)eW, Mhcicjer@=e7DU =™ D[ (1 — ™)

(7.52)

where (11, V) € {#1)}" is obtained by attaching i € {£1} on the left to v € {1} 1.
The key step is to simplify the inner sum of (7.52) using the Weyl denominator formula
for [:

Z (_l)l(ﬁ,r)e(ﬁ,r)(m)—p[ — l_[ (1 —e™9), (7.53)

v,7)eW; aeAT

where AT = (& £ €j}o<i<j< U {€}/_, C A" consists of positive roots of [, py =
3 weara=0r =3, 1. As B, 0)(p) — p = 3, (o) = pi, (5, D(@1) = 0
for any (v, 7) € Wy C W, we get:

eV D tor+p)—p

Z (_l)l(lj,f)
[leicjer(l =71 — e~ [ (1 —e4)

@,1)eW,

etel

T A= DT e DA e =)

(7.54)

Thus, the inner sum of (7.52) indexed by (u, k) = (1, 1) givesrise to the k = 1 summand
of the first sum in (7.49). Likewise, we claim that the inner sum of (7.52) indexed by
(u, k) with u = 1 (resp. u = —1) precisely recovers the k-th summand of the first (resp.
second) sum in (7.49), which amounts to the proof of (7.56) below (and its © = —1
counterpart). To prove this claim for u = 1, letus apply ((+1, ..., +1), ox) € W to both
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sides of the equality (7.53):

3 (D OD D (D0

(@, 0)eW
i#k i, j#k
— (_1)1(0k)eak(;0)_)0 1_[ (1 _ e—é,') 1_[ (1 _ ee-"_e")(l _ e_ej_ei)'
1<i<r I<i<j<r
(7.55)
Combining this with the formulas
or(p) —p=(k—Dex —(e1+---+e€—1), llox) =k—1, or(w) = e,
we obtain the desired equality:
Z (_l)l((l,ﬁ),akr) e((LV),ox D) (tw1+p)—p _
6w iy (L= e DA —e T D[ (=)
—€1 ... p—€k—1 p(t+k—=D)ex
(=Dt — - ° ¢ = (7.56)
(I —e ) [T (A —e%<) [Tpmgyy (1 — em ) [[}Z, ., (1 — ek —<t)
The proof of the above claim for u = —1 is completely analogous with the only differ-
ence that:

((_1’ +1’ cee 7+1)’0k)(p) —p= (k - Zr)ek - (61 +-- +6k71)7
(1,41, ..., +1), op)(w1) = —¢.

This completes our direct proof of the character formula (7.49) (see Remark 3.28 for
more details in regards to perceiving chy; of (7.48) as a specialization of chz,, ).

Let us note that the formulas (7.47, 7.49) allow to analytically continue the character
chy; of (7.46, 7.48), from the discrete set ¢ € N to the entire complex plane ¢ € C. With
these conventions in mind and similarly to Lemmas 5.51, 6.51, we obtain:

Lemma 7.57. (a) ch; ; = (—DK chy ok foranyt € C.
(b)chy =0fort e {—1,-2,...,3 —K}L

In a completely similar way, the formulas (7.44, 7.45) allow to analytically continue
the transfer matrices 77 ;(x) of the finite-dimensional representations L, ,t € N, to
the entire complex plane ¢+ € C. With this convention in mind, we have the following
generalization of Lemma 7.57(a):

Proposition 7.58. T ;(x) = (—l)KTLZ_K_,(x)for anyt € C.

Proof. The proof is completely analogous to that of Proposition 5.59 and follows from
the proof of Lemma 7.57(a) combined with the factorisation (9.24) of the transfer matri-
ces kat (x), TJC) ,(x) into the product of two commuting Q-operators, cf.
Proposition 9.26. O

We also expect the natural generalization of Lemma 7.57(b) to hold: 77 ;(x) = O for
t € {—1,-2,...,3 — K}. For D-type, this was first observed in [FFK] for small length
and rank.
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8. Factorisation for Linear ACD-types

In this section, we demonstrate the factorisation of the infinite-dimensional transfer
matrices (4.35, 5.39, 6.44) into the products of two Baxter Q-operators arising from
degenerate Lax matrices (which are renormalized limits of the former), linear in the
spectral parameter. The factorisation formula is universal for all three types AC D, and
we present it in full detail for the case of A-type.

8.1. General two-term linear factorisation. Consider the following two n X n matrices
written in the block form as:

_ I |
XIa — A1A1 I A1 _ Ia I

Lo(x) = | —=————~ A L) = |-~ , (8.1
_Al | In—a A2 I

with a x (n — a) upper-right blocks Ay, Ay and (n — a) x a lower-left blocks A1, Aj.
Then, their product can be factorised as follows:

- _ _ |
_ xlg — AJAL T (y —x + AJA]) A} L |
Lix)Ly(y) = | -——————— - - —I— ——1, 82
I
i

where
A/1 =A| — Ay, A/2 =A,,

— - - - - 8.3
/2=A2+A1, A/]=A1. ( )

We note that the right-hand side of (8.2) is independent of A’2.

8.2. Two-term factorisation in A-type. Let A denote the oscillator algebra generated by
n(n — 1) pairs of oscillators {(a; ;, ; j)}1<ixj<n sSubject to (3.1). For any subset / € S,
see our notation (4.11), recall the permutation o; of the set {1, ..., n} defined in (4.15)
and the corresponding permutation matrix B; of (4.19). We define:

Li(x) = B/Ly,..ay(x)B]" " (8.4)
where
xI, —AA Il A
Lj,. .ap(x) = | -————— A==
-A | Infu
[ | [
I,! A xIp 1 0O I, 1 0O
=-—A—) =+ [+ (8.5)
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with

A1 Bt ) Aa+l 7 B
A= ¢ s A= ] (8.6)
a - a a - a

n,1 n,a a,a+1 "~ “a,n

as in (4.3), and the particle-hole transformation (denoted p.h.) in (8.4) is chosen as
follows:

aj,j > o, (j),01()  Aj,i > —Ag(i),0r(j) 1 01()) <o),

_ _ ) ) . (8.7)
aj,j > Aoy(i),01()>  Aji T Aoy(jogiy Af 0r1(j) > o7().

Let us note that the matrix L, (x) of (8.4) depends only on the oscillators (a; j,a; ;) € A

withi € I and j € I = {1,...,n}\1, see (4.13), and can be further factorised similarly
to (8.5) as:
jel
Li(x) = In+Z(ﬁ,~j8i<j+aj,-8,->j)e,-j xZeii+Zejj
iel iel jel
jel
x| In+ Z (aij8j<i —ajidj=i) eji
iel

Remark 8.8. We note that the particle-hole (8.7) differs from (4.21) in two aspects:
(1) a different sign change, (2) relabelling of the oscillator indices to indicate the row
and column of their position.

Let us now apply the general factorisation from Sect. 8.1 to the following choice
of (8.1):

Lo(x) =Ly (), La(y) = Lgs1,..n) () (8.9)

.....

This fixes A; and A} of (8.1) as A and A of (8.6), while A, and A, are explicitly given
by:

Al q+1 *** Ag,a+l ﬁa+1,l e én,l
Ay = oo . Ay = oo ] (8.10)

Al - A ﬁa+1,a s Qpa

We note that these two matrices L, (x) and L, (y) involve non-intersecting sets of os-
cillators from the algebra A, hence, they mutually commute, while the only nontrivial
commutators are:

[aj;,a;;]=1. (8.11)

Thus, the transformation (8.3) in this case is in fact induced by the similarity transfor-
mation:

A} =SA;S7!, A, =SAS7,

_ _ i i (8.12)
A, =SA,S7!, A =SA;S7!,
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with

a<j<n

S=exp| Y ajaj|, (8.13)

1<i<a

where we note that all the summands in (8.13) pairwise commute.
Combining the factorisation formula (8.2) with the similarity transformation (8.12),
we obtain:

Lii,..a)(x + D) Ligs1,.ny(x — @) = SL(x)GS™, (8.14)
where
I : A
2
G= _iJI.___. , (8.15)
0| Lia

S is given by (8.13), and £, (x) is precisely the gl,-type Lax matrix of (4.2).

Vice versa, the matrices Ly .. q)(x) and Lg41,... ) (x) can be obtained from the Lax
matrix L, (x) of (4.2) via the renormalized limit procedures (which clearly preserve the
property of being Lax):

.....

Li...q(x) = lim {ﬁa(x—t)-diag(l,...,1;—1,...,—1)},
e t—00 —— 4 !
‘ n—a (8.16)
Ligst...(x) = lim {diag(l,...,l;1,...,1)-ca(x+a)} .
T t—00 ! ! N e’ a;j>—aj;,a;j—>—aj;

a n—a

Remark 8.17. This implies that all the matrices {L;(x)};cs, of (8.4) are in fact Lax,
that is, they satisfy the RTT relation (1.1), which is crucial for the entire analysis of the
present section.

Conjugating the factorisation formula (8.14) by B of (4.19), thus utilizing the Weyl
group action, and further performing the particle-hole transformations in both sets of
oscillators, we obtain:

Li(x+0Lj(x —a) = S;L;(x)G;S; ! (8.18)

with the similarity transformation S; and the matrix G; specified in (8.23) and (8.22)
below, and the gl,,-type Lax matrix £/, (x) obtained from £ (x) of (4.12) through the sign
change and relabelling of the oscillator indices precisely as in Remark 8.8. The factorisa-
tion (8.18) above follows when performing the particle-hole transformation (8.7) for the
oscillators contained in Ly1, .4 (x + 1), see (8.4), and further undoing the particle-hole
transformation for the creation/annihilation oscillators contained in Lig41,... 4y (x — a)
that get mapped below/above the main diagonal:

aj; > —a5.(),0;()s Ai,j P> Ao (j)opy I o1(j) < or(i),

- _ ) . . (8.19)
aj; > Ag,(j)0rG)r  Ai,j P> Aoy(i)or () I or(j) > o7(),
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with the permutation o of the set {1,...,n} as in (4.15). More precisely, the latter
particle-hole (denoted p.h.) is chosen so that the following equality holds:

Li(x) = BrLigs1,..ny(0)B; ', (8.20)

where we note the following natural compatibility between B; and Bj:

n =B VIES,. 8.21)

yenes

The remaining ingredients in (8.18) can be written as:

jel
G = B[GB;1 ‘T =1I,+ Z (ﬁji5i<j - aij8i>j>eij, (8.22)
P iel
and Sy is obtained from S of (8.13) by performing both particle-hole transformations
p.h., p.h.
jel
S[ = exXp Z(ﬁijaij8i<j —ajiﬁji8i>j) . (8.23)

iel

Following [BFLMS], let us now define the
Q-operators {Q(x)}/es, C End(C")®V via:

/() =Tp, (LI ® L)), (8.24)
N

that is, as the normalized trace ED, , defined as in (3.37), of the N-fold tensor product
of Ly (x) from (8.4). The twist Dy in (8.24) acts only on the Fock space and is defined

via:
i<j . ﬁijaj,- i>] . ajiﬁij
o= T (2)7 11 (%) (8.25)
T; Tj

iel, jel iel, jel

which can be further expressed via {Eili}f‘: | of (4.12) as (cf. formulas (4.23, 4.24)):

n
b =TT+ [ (8.26)
i=1

iel
We note that the action of this twist on the Fock module is uniquely determined (up to
a scalar function) by the same condition as in (3.39):

DL;(x)D™' =D;'L;(x)Dy, (8.27)

with D = diag(zy, ..., t,) of (3.40). This ensures the commutativity of Q(x) and the
transfer matrix 7(1,0,...,0y() of the defining fundamental representation in the auxiliary
space, cf. Remark 3.67.
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Remark 8.28. Fora = 1 and I = {i}, the Lax matrix (8.4) coincides with L; (x) of (3.31)
and the twist (8.25) coincides with (3.38), hence, the above Q-operator (8.24) recovers
Qi(x) of (3.36).

Building the monodromy matrices (by considering the N-fold tensor product on the
matrix space) from (8.18), taking the normalized trace, and evoking the relation (8.26),
the factorisation formula (8.18) implies the following factorisation formula for the trans-
fer matrices T,ft (x) of (4.35):

T/, (x) =chj, - Qr(x + 1) Q;(x —a) (8.29)
with
n i jei -1 Sinjr
Ch}"t =tr 1_[ rigii = 1_[ z’it 1—[ (7;-)_—-5-1—[’ (8.30)
i=1 iel  iel ! J

cf. the factorisation formula (3.44), the character formula (4.40), and the details of
Remark 3.42.

Remark 8.31. Let us stress right away that the transfer matrices constructed from £, (x)
and £ (x) via (4.35) do coincide, as the sign change and the relabelling of oscillators
(see Remark 8.8) do not affect the trace.

Remark 8.32. An essential step used in our derivation of (8.29) is the following commu-
tativity:

[S;. D/ D7l =0, (8.33)

cf. (3.59). Clearly, it suffices to verify (8.33) for I = {1, ..., a}. To this end, we note
that:

a<j=n rj ajjaji+a;;aj; N N
D{l ..... a}D{a+l,..4,n} = l_[ <_) = 1_[ T," 1_[ Tjj (834)

1<i<a Ti
with
Ni=— Y (ajaj+aja;), Nj= > (ajaj;+aj;a;), (839
a<j<n l<i<a
while the similarity transformation S; is given by (8.13):

a<j<n

S{l ,,,,, a} = l—[ eXp [ﬁi./a,‘j] . (8.36)

I<i<a
Thus, the desired commutativity (8.33) follows from the obvious equalities
[Ni, ageage] =0, [Nj, ageag] =0, (8.37)
foranyl <i <a<j<nandl <k <a <{ <n,cf. (3.65, 3.60).

Combining the factorisation formula (8.29) with Theorem 4.37, we get (see (4.34)
and (8.30)):
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Proposition 8.38. Forany 1 <a <n andt € N, we have:

Toi(x) = Y (=" chj, - Q1(x +1)Qj(x — a). (8.39)

1S,

Remark 8.40. (a) Such formula first appeared in [BHK, (5.12)] for the n = 3 trigonomet-
ric case, while the general rational case goes back to [Ts1,Ts2]. However, our deriva-
tion of (8.39) from (4.38) has a benefit of not using the determinant formula (3.47)
that is absent in other types.

(b) Let us note that (8.39) is also a consequence of the determinant formula (3.47) and its
analogue expressing any Q-operator Q;(x) of (8.24) in terms of the single-indexed
Q-operators (3.36):

det |7, Qi (x — €+ 1)

k

1<k, l<a

Q1(x) =

, (8.41)
‘[_EH

det ‘ "

1<k, l<a

where I = {iy,...,i,} (the right-hand side of (8.41) is clearly independent of the
ordering of i.’s). To establish this formula, one has to consider a family of gl,-type
Lax matrices {IL; (x)};cq1,....n}» see [BFLMS, (2.20)], generalizing L, (x) of (8.4) by
letting their matrix coefficients to take values in the bigger algebra A ® U (gl [x].
Explicitly, we set Lj1,_o)(x) = L1, a)(x) + Z?,;’:l eij E ji with {Eji}?,j:1 being
the generators of gl,,, while all other IL; (x) are again obtained through the similarity
and particle-hole transformations precisely as in (8.4), thus resulting in:

L;(x) = L;(x)+ Z E o1y oty ii- (8.42)
i,jel
Generalizing 01(x) of  (8.24), one defines the X-operators

{XF e, MPES" € End(C™)®N via:

X2 =ty [T 80, (Liw e L), (843)
iel N

cf. [BFLMS, (4.13)]. Thus, X}r(x, M) is the normalized trace ffD, of (3.37) in the Fock
module F of A followed by the standard trace in the dual Verma module M,’ of gl
of the N-fold tensor product of IL; (x) with the twist D; defined in (8.25). Likewise,
for a dominant integral weight A of gl,, one defines X;(x, A) with the outer trace
taken over the finite-dimensional gl,-submodule L), of M,’. The latter construction
allows to recover back the Q-operators via:

Qr(x) = X1<x, (0,...,0)). (8.44)

Then, evoking the BGG resolution of the finite-dimensional gl,-module L, , we obtain
the following counterpart of Theorem 3.24 (cf. [BFLMS, (4.19)]):

Xi(x, ) =Y (=D'PXjx,0 ). (8.45)

o€S,
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On the other hand, arguing precisely as in our proof of (3.44), we obtain the following
counterpart of the latter (cf. [BFLMS, (5.7)]):

1 A —kt1
Xjen= [ ——= [ 57"~

I<k<tl<a ri( — T 1<k<a

Qi x+A)0i(x+Ar—=1)--- Qi (x+As —a+1), (8.46)

where I = {ij,..., i} € S;pand A = (A1,...,4,) € C% Combining (8.46)
with (8.45) and evoking the Vandermonde determinant, we obtain the following
analogue of Theorem 3.46:

det | 0 (x+ g — £+ 1)”
k 1<k,t<a
Xi(x,A) = . (8.47)
det ||z, ¢!
K 1<k,t<a
Specializing this formulaat X = (0, ..., 0) and evoking (8.44), we recover the desired
formula (8.41).

(c) Conversely, plugging the formula (8.41) into (8.39), we recover (by expanding the
corresponding n x n determinant with respect to the first @ columns) the determinant
formula (3.47) in the particular case of A = fw,, the multiples of fundamental weights.

For completeness of our exposition, let us conclude with the Q Q-relations in the
present conventions:

Lemma 8.48. For any two disjoint subsets I and {i, j} of {1, ..., n}, we have:
o4 L Ly _ U - L (x4l
QILI:LI](X+2)Q1(X 2)— T — 1 Ouix 2)Q1LI,/(X+2)
J U
Ti 1 1
- Qruj(x —3)Qui(x + 3).
‘L'j — T
Proof. Letl = {iy,...,iz}andsetiop = j, iz+1 = i. Then,the Q Q-relation stated above

follows immediately from the Desnanot—Jacobi—-Dodgson—Sylvester theorem applied to
1<t<a+2

the (a +2) x (a +2) matrix M = (rl.—“l 01 (x — €+ %)) with Q; (x) defined

. k 0<k=<a+1

in (3.36). |

Remark 8.49. Generalizing our earlier Remarks 3.48 and 8.28, we note that the Q-
operators Q; (x) of [BFLMS, (4.13, 4.20)] are related to ours from (8.24) via:

Q) =[] o (x - #) (8.50)
iel
where the twist parameters and the oscillators are identified via (3.52) and (3.50), respec-

tively. Here, the shift of the spectral parameter x by "_T”l arises when identifying our Lax

matrices (8.5) with those of [BFLMS, (2.20)], while the additional factor [ [;.; " is due
to the conventions of [BFLMS]. Thus, our Q Q-relations of Lemma 8.48 are equivalent
to the Q Q-relations of [BFLMS, (5.12)] (though the latter need to be corrected by a sign

as already seen from [BFLMS, (5.9)]), see (1.9):

TJT\/_Z_; - Quuinj ()Qr (x) = Quui(x — HQuuj(x + 3) — Quuj(x — HQuui (x + 3).

(8.51)
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Remark 8.52. Let us also note that the commutativity of the single-index Q-operators
{0 (x)}?:] , see Remark 3.67(c), is essential both to the derivation of the determinant
formulas (3.47, 8.41) as well as to the above proof of Lemma 8.48. Furthermore, com-
bining Remark 3.67 with the determinant expression (8.41), we conclude that all the
Q-operators {Q(x)|I < {1, ..., n}} commute among themselves as well as with the
transfer matrices T; (x) and Tj, ; (x) of Sect. 4.3.

8.3. Two-term factorisation in C-type. Inspired by (5.3), let us consider the particular
example of the general factorisation (8.2) applied in the case whenn = 2r,a = r, and
the r x r matrices A, Ay, Ay, Ay are explicitly given by:

L e R P, | ay y ap T ajy 2apy
P T VP S - : 2a; apy
Al = =Dr=t A=t | R = 22 12
ayjay; - : a1 28,1 -1y
ap | ay ce a, | 2ar,r’ a1, oAy
ap a1,/ 2a,, ay e ay) ar
Ay = : 24,y o1y A1 A, = : a2 a1 (8.53)
= ) - ’ :
ajy 2ayy - : a1 Aoty -1
2a; 1 a1y aj,” Ay A1 A

cf. (5.4), where the only nontrivial commutators of the above entries are:
[aj,,»,él-,j] =1, 1<i, j=< 2r. (8.54)

In this setup, both matrices L, (x) and L, (y) of (8.1) are actually C,-type Lax ma-
trices. In fact

o) = L) = |22 - (8.55)

.....

appeared in our recent work [FT, (3.50)]. On the other hand, the Lax matrix Z,(y)
can be obtained from (8.55) via the Weyl group action followed by a particle-hole
transformation:

L. = Le() = SLigcy ST
—_ P.H.
Ii’ I JrAlJr
= [ (8.56)
—J.A ], | yI — LA AT,
| P.H.
with the 2r x 2r similarity matrix S given by:
|
0o 1]
S=|-—-—+=——| =B¢-1,..-1), (8.57)
—J, I 0

I
cf. notation (5.18), and the fotal particle-hole transformation (denoted P.H.) given by:

i_ll"j/ = —a; j, ajy ;> ﬁj’,i forall 1<i< j<r. (8.58)
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Let us stress right away that both L, 4)(x) and L _y(x) can be obtained from
the Lax matrix £(x) of (5.3) via the renormalized limit procedures (preserving the
property of being Lax):

Lt () = lim {ﬁ(x—t)~diag(l ,,,,, TP —zi,)}
" —
" (8.59)

L0 = lim {diag(%,...,%;1,...,1)-E(x+t+r+l)HAH_A2 i
r

r

r

Remark 8.60. We note that the commutation relations (8.54) are invariant under the
transformation a;; — —a; ;, a; j — —a; ;, and that furthermore such transformations
do not affect the trace.

Then, the transformation (8.3) is again induced by the similarity transformation (8.12)
with

s=exp| > (1+6])ayay |, (8.61)

I<i<j<r

where we note that all the summands in (8.61) pairwise commute.
Combining the factorisation formula (8.2) with the similarity transformation (8.12),
we obtain:

L S(x—t—r—1)=SLx)GS™!, (8.62)

..........

where

G=[-Z122.], (8.63)

S is given by (8.61), and L(x) is precisely the C,-type Lax matrix of (5.3).
Following (8.24), let us now define the Q-operators Q. . 4+)(x),
Q... (x) € End(C*)®N via:

Q@) =Tn o (Lis @ @ @ Ly, () ) (8.64)
N
and
Oy =Tp_ (L0 ® &L @), (865
N

,,,,,

I<i<j=<r I<i<j=r



70 R. Frassek, I. Karpov, A. Tsymbaliuk

We note that the twist D4, ... +) can be further expressed via {F;;};_; of (5.7, 5.13) as:
o _F
Doy =[]7"7". (8.67)
i=1

Let us stress right away that the actions of the twists D 4 and D _y on the
corresponding Fock modules are uniquely determined (up to scalar functions) by the
following conditions:

(8.68)

with
D =diag (ri,..tr ), (8.69)

cf. (8.27). The relations (8.68) ensure the commutativity of Q4. +)(x)and Q@  _)(x)
defined via (8.65, 8.65) with the transfer matrix 7(1 o, ... 0)(y) of the defining fundamental
representation in the auxiliary space, see Remark 3.67(b).

Building the monodromy matrices (by considering the N-fold tensor product on the
matrix space) from (8.62), taking the normalized trace, and evoking the relation (8.67),
the factorisation formula (8.62) implies the following factorisation for the transfer ma-
trices T(TH (x) of (5.39):

..... +1),t

i QX+ D0 H(x —1—r—1) (870)

.....

r r
Fii 1
chiyy =[] =T]+ [] p—— (8.71)
o ~lo

i=1 I<i<j<r i Yy

In analogy with Sect. 8.2, the factorisation formula (8.2) can be conjugated by B
of (5.18) to provide an analogue of (8.18) with the index I € S, being replaced by
i1 € {£1}". To keep our presentation short, we shall generate the remaining Q-operators
directly from Q... 4+)(x) of (8.65) using the action of the Weyl group via:

,,,,,

{r,‘»—wfl |Mi=—1}-
(8.72)

To this end, we should stress right away that the action of the Weyl group on the
Q-operator Q(—, .. —y(x) of (8.65) generates the same Q-operators Qj; (x). More pre-
cisely, we have:

000 =(Bi® ®Bj) Q... oy(®) (Bi ® - ® By) '

where we use the notation of (5.52):
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The above claim, that is the operators (8.72) satisfy (8.73), follows from the equality:

(x) T Bil = BﬁL(Jr ,,,,, +)()C)Bl::1 a LA, (8.75)

ai]-n—>p,,-p,jal-j/

.....

that relates the Lax matrices from our definition of Q. +)(x). Here, P.H. stands
for undoing the total particle-hole (8.58). As mentioned in Remark 8.60, since only
powers of aa contribute to the trace, the resulting Q-operators are invariant under the
transformations a — —a, a — —a, and thus (8.75) indeed implies (8.73). According
to (8.56), the equality (8.75) is equivalent to:

1
(B,zB(—l ..... —1)>L(+ ..... +)(x)(B,zB(—1 ..... —1)) =B:Lx.,.. +)(X)B,1 Q) LA
aij”_)”’l'”’jéij’

(8.76)

To prove the latter (and thus establish (8.73)), we note that the endomorphisms (5.18)
satisfy:

.
B . 71)3513,3 =Zm (eii +eirir) (8.77)

cf. Remark 5.19. Thus, conjugating L, . 1)(x) by B(__l1 _I)B;Bﬁ (which is diag-
onal in the standard basis) and further applying the above change of oscillators leaves
+ () invariant:

.....

-1
r r
L, o) = (Z Wi (eii +ei’i/)> Ls,..5(x) (Z Wi (eii + ei’i’))
i i A

i=1 i=1
a /'_)N’l/“l’]

(8.78)

Evoking the action of Bj; on the Lax matrices £j; (x) and the behaviour of the twists,
as discussed in Sect. 5.2, we see that conjugating (8.62) with Bj; and subsequently in-
terchanging the twists, we obtain the following generalization of the factorisation (8.70)
forany i € {£1}":

T3 () =ch% - Qu(x+0Qr(x —1—r—1) o

with

g )

cht = trl_[t]:ﬁ = Hi:l “
wr P

R (8.80)
i=1 [li<i<j<r (1 - Ti_l‘cj ML'/)

cf. (5.26, 5.44, 5.54).
Combining the factorisation formula (8.79) with Theorem 5.41, we get (cf. (5.38)
and (8.80)):

Proposition 8.81. For any t € N, we have:

L) = Y (=D'®cht  Qp(xr+nQz(x —t—r—1). (8.82)

pe{E1y
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8.4. Two-term factorisation in D-type. Let us now discuss the straightforward D-type
version of the results from the previous subsection (going back to [Fr, §5.1]). Consider
the particular example of the general factorisation (8.2) applied in the case whenn = 2r,
a = r,and the r x r matrices A1, A1, Aa, A, are explicitly given by:

a1 e a0 a, - a0
0 —ay,_ < : 0 —a;y
Al — F.J 1 , A1 — i 1,2
32"1 0 : a,,,lﬁrf 0
0 —ayy - —ay, 0 —a_y, - —ay
aj, o a0 ay | a0
: 0  —a,_j, < : 0 —ay
A = Sl v 2.0 (8.83)
ajy 0 : a, | 0 - :
0 —ajpy - —ay 0 —ay,1 - —ay,

cf. (6.3), where the only nontrivial commutators of the above entries are given by (8.54).

In this setup, both matrices L,(x) and L, (y) of (8.1) are actually D,-type Lax
matrices. In fact, the Lax matrix L 4 (x) = L,(x), see (8.55), appeared first in
[Fr, §4.1], cf. [FT, (2.231)]. On the other hand, the Lax matrix L_ _ _)(y) = L, (y)
can be obtained from (8.55) via the Weyl group action (8.57) followed by the total
particle-hole transformation (8.58), exactly as in (8.56).

Similarly to (8.59), we note that both L, 1y(x) and L _)(x) can be obtained
from the Lax matrix £(x) of (6.2) via the renormalized limit procedures (preserving the
property of being Lax):

.....

L@ = lim {E(x —z)~diag(1,..., 1 —%—711)}
r

|

(8.84)

A>—As, A>—Aj ’

N

Li..._y(x)= lim {diag(%,..., ;1,...,1) L +t4r— 1)”
e t—00 ——
r r

Then, the transformation (8.3) is again induced by the similarity transformation (8.12)
with

S=exp Z i_lij/a,'j/ s (885)

I<i<j<r

where we note that all the summands in (8.85) pairwise commute.
Combining the factorisation formula (8.2) with the similarity transformation (8.12),
we obtain:

L+ Sx—t—r+1)=SLx)GS™!, (8.86)

..........

where
G=|--1-Z=_1, (8.87)

S is given by (8.85), and L(x) is precisely the D,-type Lax matrix of (6.2).
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Following (8.24, 8.65, 8.65), we define the Q-operators Q. . 4+)(x),
Q... (x) € End(C*)®N via:

Q@) =Ty (Lt @) ® & Lis,. () ) (8.88)
N
and
Q(...—x)=trp_ ,)<L(—,...,—)(X)®-~-®L(— ..... —)(X)>, (8.89)

N

_) defined in analogy with (8.25)—(8.27)

.....

Doy = [] (tiry) ™™ Doy = [T (@)™, 8.90)

I<i<j<r I<i<j<r

cf. (8.66). Similarly to C-type considered in the previous subsection, we note that the
actions of these twists on the Fock modules are uniquely determined (up to scalar func-
tions) by the condition (8.68). Crucially, the twist D, 4) can be further expressed via
{Fii}i_, of (6.4,6.9) as:

.....

Disoy =577 (8.91)

Building the monodromy matrices (by considering the N-fold tensor product on the
matrix space) from (8.86), taking the normalized trace, and evoking the relation (8.91),
the factorisation formula (8.86) implies the following factorisation for the transfer ma-
trices T(erl 11y, () of (6.44):

.....

,,,,,

with

r r
Fii 1
chi, .= trl_[‘rl. = ]_[r; ]_[ P (8.93)
i=l1 j

i=1 l<i<j<r l—1 ki

Similarly to our treatment of C-type in the previous subsection, we shall generate
the remaining Q-operators directly from Q... 4 (x) of (8.89) via:

,,,,,

0i(0) = (B ® - ® Bj) Qo....ty(®) (B ® - ® By) '

{r,-n—)rl._l \;L,-:—l}

(8.94)

As in type C, let us note the following key compatibility of this construction:

0;(0) = (Bi® - ®Bi) Q.. (x) (Bi ® - ® Bj) [t 1=t}

(8.95)
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The latter is a consequence of the following analogue of (8.75):
R -1 _ p. —1
BiL—,. . —(x) P.H.B[‘ = BﬂL(+ ,,,,, +)(X)Bﬁ (8.96)

(where P.H. stands for undoing the total particle-hole (8.58)), which follows from the
natural compatibility among the endomorphisms (6.14), cf. (8.77):

B(—_l1 BI;IB;_L = Ly,. (8.97)

Thus, similarly to C-type, the factorisation (8.92) admits the generalization for any
ERE=
Tl{t(x)=ch/§,[-Qﬁ(x+t)Qﬁ(x—t—r+1) (8.98)
with
. wi(t+r—i—D&, +30_ 87
+ o SR | (Y ( e MA)
chfw = trl_[ T =

1

—1_ =ik
i=1 [T<icj<r (1 —u T )

(8.99)

cf. (6.20) and (6.49).
Combining the factorisation formula (8.98) with Theorem 6.46, we get (cf. (6.26),
(6.43) and (8.99))):

Proposition 8.100. For any t € %N, we have:

TE@) = Y (=D'Pchf - Qi(x+nQz(x—t—r+1).  (8.101)
pe{£1)y

9. Factorisation for Quadratic BD-types

In this section, we factorise the infinite-dimensional quadratic B D-type transfer ma-
trices (7.40) into the products of two Baxter Q-operators arising from degenerate Lax
matrices, alike Sect. 8.

Consider the following two K x K matrices written in the block form as:

2ax (2 - v‘v]w]) w dwiwTwhowy | xwy = LerwTwly | —Lwowl
L) = —xwi + 3Iw] wi Jw, I —Jwlwly —wl
7%W{JW] wlTJ 1
9.1)
and
- lo 1T
1 w2 —3W2Jw,
1 W —yIwl — LwywoIw?
LK()’) = w2 yl+wowy yiw, 2W2W2 W)
—%wglwz —yWZTJ— %szsz\Tvz y2+y(2— % +w§v‘v2T) +%W{JW2V_V2J\7V5

(9.2)
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with I = Ix_», J = Jk_», while the length K — 2 rows w1, W, and columns w, w; are
given by:
S apK-1),

T —_ —
wi=(ax1,...,ak_1,1)" , W1 =(arp2,..

9.3)

T — - _
w2 =(aj2,...,a1k-1), W2=(a21,...,aK_1.1),

cf. (7.4, 7.5), where the only nontrivial commutators of the above entries are given
by (8.54).
Then, their product can be factorised as follows:

L (x—1+§+§)LK(x—g—§)= 1(0)G, 9.4)
where
1| W | —3whIwy)T
G=[ol1| @’ ©-5)
ofo 1

and £/ (x) is the sok-type Lax matrix obtained from L£;(x) of (7.22) by replacing
W > v'v/1 , W > w/l, with the following transformation in place:

W, =W — Wy, W, =Wy,
e 9.6)
Wy = W2 + Wi, W =W,
cf. (8.3). We note that the right-hand side of (9.4) is independent of w).
Actually, both Li(x) and Lk(y) of (9.1, 9.2) are sok-type Lax matrices. In fact,
the Lax matrix Li(x) appeared first in [Fr, §4.2], cf. [FT, (2.237) and §4.3]. On the
other hand, the Lax matrix Lk (y) can be obtained from (9.1) via the Weyl group action
followed by a particle-hole transformation:
Lk(x) = By L (x)B;,’ 9.7)
P.H
with the similarity matrix By = Ik, cf. (7.20), and the following particle-hole transfor-
mation PH.:
W| — —sz, W| — W2T. (9.8)
We also note that the transformation (9.6) is in fact induced by the similarity trans-
formation:

Wi=SwisT wh=Sws ©99)
Wy =Sw,S~!, W, =SwiS, '
with
K—1
S = exp Zz‘maw , (9.10)
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76
where all the summands in the right-hand side of (9.10) pairwise commute,

cf. (8.12, 8.13).
Thus, combining the factorisation formula (9.4) with the similarity transformation (9.9),
9.11)

we get:
Ly (x —l+5+ %) Lk (x —-5- %) =SL1(x)GS™,

where £ (x) is precisely the sok-type Lax matrix of (7.22), the matrix G is obtained
from (9.5) by replacing W), w) with w2, wy, and S is given by (9.10).
Remark 9.12. In type D, the factorisation formula (9.11) first appeared in [Fr, (5.30)].

Let us stress right away that both L{(x) and Lk(x) can be obtained from the Lax
matrix L£1(x) of (7.22) via the renormalized limit procedures (which clearly preserve

~ =

the property of being Lax):
. H t K . . 1 1
Ll(x)_hm H£1<x+1—E—Z)~d1ag(1,—7,...,— ,—2>H_ _ s
t—00 St Wi W], W W]
K-2
. (9.13)

bt = iy (b 1) e oo i)
- —_——— —W2, —w2
K-2

Following (8.24, 8.65, 8.65, 8.89, 8.89), we define the Q-operators

01(x), Ok(x) € End(CK)®V via:
01 =Tip (LW ®- 8 L)) 9.14)
N
and
k() = T (L) ® - ® Lk(x) ), 9.15)
N

cf. (3.37), with the twists D; and Dk defined in analogy with (8.25)—(8.27) via:

aj;a;;—a,;/a;/
[ ’

,

D, = tl_ Y5 arcan 1—[ z
i=2
(9.16)

5;1a1,~—5i/1a”/

-
K-1 =
— > = aglayg
=2 I |Ti

Dk =1
i=2

We note that the twist Dy can be further expressed via {F;;};_, of (7.12, 7.13) as:
9.17)

r
ot Fii
Dy =1 l_[ri .
i=l1

Similarly to (8.27) and (8.68), we should stress right away that the actions of the twists
D and Dy on the corresponding Fock modules are uniquely determined (up to scalars)
(9.18)

by the conditions:
DLi(x)D™" = D'Li(x)D1, DLk()D™" = Dy Lk(x) D,
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with D given by:

D, —type: D:diag(tl,...,tr,rr_l, y T 1),
9.19)
B, —type: D:diag(tl,...,t,,l,tfl,. T 1).

Building the monodromy matrices (by considering the N-fold tensor product on the
matrix space) from (9.11), taking the normalized trace, and evoking the relation (9.17),
the factorisation formula (9.11) implies the following factorisation formula for the trans-
fer matrices Tlft (x) of (7.40):

Tf,(x) = chi, - Ql(x—1+ + )QK<x—£—§) (9.20)

with the character ch} , = tr [];_; rf” given explicitly by:

1
D, —type: Chit = Tlt 1_[ ) N
1<t<r (1 - ﬁ) (1 - ;)
» | 9.21)
B,—type: chy, = ! l_[

1 1 '
(1=5) == (1-a8) (1= %)

Following Sect. 8, we define 2r Q-operators using the action of the operators By
in (7.20) as:

(ék®-~-®ék)Q1(x)(é*1®~..®z§*1) for 1<k<r

T T

0 (x) = (9.22)

(Beo-ob)oiwl, (5 eok') for ' <k=1

T T,

The compatibility condition for the Qk (x) defined asin (9.15) and the above Q-operators
follows by employing the natural relation satisfied by the endomorphisms of (7.20)
(cf. (8.97)):

By =ByBy, kell,....r;uf{r,.... 1L 9.23)

Acting with the endomorphisms Bi’s on (9.11) and subsequently interchanging the
twists, we get:

T (x) = chy, - Qk(x—1+ + )Qk’( —§—§),

T, (x) = chp - Op (x —-1+5+3 ) o ( . §) (9.24)

for any 1 < k < r. Here, the characters read

chkt—trl_[t ”, chk, :trl_[tif’!{,
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see (7.24, 7.25), and are explicitly given by:
g !

[Ti<e<k (1 - %) [Te<e=r (1 - %) [Tesk (1 - ﬁ)

D, —type: chz (=

—1 _k+1-2r—t
“Te—1%

-1
ol
Chz/t = T l : T 1 ’
[Ti<e< (1 - %) [le<e<r (1 - %) [Tesk (1 - ﬁ) 9.25)
—1 1 k-1 :
. + o O 1%
By—type: chy, = 1 - - B
(1 - 5) [Ti<e<k (1 - %) [e<e<r (1 - %) [Tk (1 - ﬁ)
e

+
Chk’,t -

(1 - %) [Ti<e<k (1 - %) [Me<e<r (1 - %) [ (1 - ﬁ)

cf. (7.25,7.26) and (7.47, 7.49).
Combining the factorisation formula (9.24) with Theorem 7.43, we arrive at the
following result:

Proposition 9.26. (a) In type D,, fort € N we have:

.
Tio(x) = Y (~D* ' chf, - O (x — 145+ %) O (x - %)
k=1

r (9.27)
St 0 (s 15+ 5) 0c (s~ 5 5).
k=1
(b) In type By, fort € N we have:
r
=30, (-1 B0 e 1)
- (9.28)

+i(—l)kch,‘;‘l-Qk/(x—1+§+§) Qk(x—§—§)-

k=1

In the case of B-type, these results are in agreement with the functional relations
found by Tsuboi in [Ts2,Ts4]. In the case of D-type, they appeared in [FFK]; see also
[ESV] where similar relations were derived from the ODE/IM correspondence [DDT].

10. Further Generalizations

One may wonder to which extent our key resolution (1.30) may be further utilized to
study spin chains.

Exceptional types

While the present paper covers all examples of g-resolutions (1.30) with A = fw;
which can be further viewed as resolutions of Y (g)-modules for g of classical types,
there are also three more examples for the case of exceptional g as follows from [CGY]
(corresponding to the vertices i of the Dynkin diagram of g with the label 1, see our
Sect. 1.4):
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e Eg-type: verticesi = 1,5
e [E5-type: verticesi = 1

Type Eg: According to (1.44), the transfer matrices 771 ,(x) and 75,(x) of the corre-
sponding finite-dimensional representations of the highest weights tw; and rws, respec-
tively, may be written as alternating sums of 27 transfer matrices associated to infinite-
dimensional representations M. Their highest weights are of the form tw + w,,(p) — p,
where o runs through the set of weights of L, or L., respectively, and w,, € Wg, are
the shortest elements in the Weyl group of Eg such that w,(w1) = @ or wy,(ws) = w,
respectively (note that the actions of Wg, on the sets of weights of L, and L, are
transitive, as both representations are minuscule, and furthermore the stabilizers of each
weight are isomorphic to Wp, = (Z./27)* % S5, the Weyl group of Ds).

Type E7: According to (1.44), the transfer matrices 77 ;(x) of the corresponding finite-
dimensional representations of the highest weight rw; may be written as alternating
sums of 56 transfer matrices associated to infinite-dimensional representations M. Their
highest weights are of the form tw+ w,,(p) — p, where w runs through the set of weights
of Ly, and w, € Wg, are the shortest elements in the Weyl group of E7 such that
wy,(w1) = o (note that W, acts transitively on the set of the weights of L,,, with a
stabilizer of each weight isomorphic to Wg).

It is an interesting problem to realize the aforementioned Y (g)-representations M,
through the corresponding explicit Lax matrices at generic values of 7 € C. To this end,
one should construct:

e two polynomial oscillator-type Lax matrices £ (x), L5(x) of size 27 x27 intype E¢

e one polynomial oscillator-type Lax matrix of size 56 x 56 in type E7

Not only those Lax matrices are presently unknown (see [CGY, §7.7] for their semi-
classical limit), but also explicit formulas for the corresponding R-matrices seem to be
missing in the literature.

More general weights

While in the present paper we only treated the examples with A being a multiple of a
fundamental weight from (1.22), thus being exactly in the framework of the weights
considered in [CGY], we should stress that there do exist other cases when the g-
module resolution (1.30) does become a resolution of Y (g)-modules. In particular, the
oscillator-type Lax matrices of [Fr, (5.24)] giverise to the explicit action of Y (s07,-) on the
s50p,-modules L, +me, a0d Lt g +0,_, for any ¢, € N.

Trigonometric version

The most interesting continuation of the current work, which shall be discussed else-
where, is the generalization of the present results to the trigonometric spin chains. To
this end, let us recall that the representation theory of the finite quantum group U, (g),
over the field C(g), is equivalent to that of the underlying Lie algebra g. In particular,
the description of the weights of singular vectors in the Verma modules over U, (g) is
precisely the same as for the Verma modules over g. Thus, the modules M, , of (1.36)
and our key resolutions (1.30) admit g-analogues. It would be interesting to construct
those in a self-contained way. For (g, i) as in (1.22), we therefore get resolutions over
the quantum loop algebra U, (Lg), giving rise to the trigonometric version of (1.44) that
provides a BGG-type formula for the transfer matrices of finite-dimensional U, (Lg)-
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representations L, (the length N = 0 case of which recovers an interesting identity on
the corresponding g-characters).

Supersymmetric version

In view of the increasing interest in the integrable structures of supersymmetric gauge
theories as well as recent studies of quantum affine superalgebras and Yangians asso-
ciated to Lie superalgebras, it is desirable to generalize the results of the present paper
to the rational (as well as trigonometric) spin chains of super-type. We plan to return to
this question in the follow-up work.
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