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Abstract

We construct Lax matrices of superoscillator type that are solutions of the RT T-relation
for the rational orthosymplectic R-matrix, generalizing orthogonal and symplectic
oscillator type Lax matrices previously constructed by the authors in Frassek (Nuclear
Phys B, 2020), Frassek and Tsymbaliuk (Commun Math Phys 392 (2):545-619,2022),
Frassek et al. (Commun Math Phys 400 (1):1-82, 2023). We further establish factori-
sation formulas among the presented solutions.
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1 Introduction
1.1 Summary

The study of supersymmetric solutions to the Yang—Baxter equation goes back to the
works of Kulish and Sklyanin in the early 80’s, see e.g. [25], who introduced the R-
matrix that generates the supersymmetric Yangian of gl(n|m), see [30]. As common
for Lie superalgebras, the underlying vector space is equipped with a Z;-grading to
incorporate bosonic and fermionic degrees of freedom. Similarly to the purely bosonic
case, there exists an evaluation map ev: Y (gl(n|m)) — U (gl(n|m)) from the Yangian
of gl(n|m) into the universal enveloping algebra of the Lie superalgebra gl(n|m), see
[22, 30], which facilitates the study of the spectrum of supersymmetric spin chains. In
particular, the algebraic Bethe ansatz for a large class of representations in the quantum
space and the construction of the corresponding transfer matrices are well-understood,
see [22]. The same is true for the functional relations (7'-systems and Q Q-systems)
among such transfer matrices and Q-operators, see [26, 31-33] as well as [24] for an
overview.

The construction of the Q-operators has been carried out more recently in [13]
employing certain degenerate Lax matrices of superoscillator type (see also [23] for a
different approach). The Lax matrices for Q-operators in the trigonometric case were
obtained in [7] for n + m = 3 and in [34, 35] for arbitrary n, m. The degenerate
solutions of the Yang—Baxter equation with a rational (resp. trigonometric) R-matrix
arise naturally by taking certain limits of the evaluation representation of the Yangian
(resp. quantum affine algebra) in the parabolic Verma modules of the underlying Lie
algebra, realized in terms of superoscillator algebras. The crucial difference between
the solutions that arise from the ordinary Yangian and the degenerate solutions is
that the coefficients of the leading power of the spectral parameter are not of full
rank in degenerate case. Therefore, this class of solutions does not arise through the
ordinary Yangian, but is rather related to the so-called (RTT antidominantly) shifted
Yangians, as has been recently realized in [15] (cf. [8] for an interpretation via the 4d
Chern-Simons theory). The latter are usually defined in terms of Drinfeld’s current
realization, see e.g. [3, Appendix B], and the identification with the aforementioned
RTT ones goes through the Gauss decomposition of the generating matrix 7' (x) as
in the ordinary case [5], see [15, Theorem 2.54]. For the bosonic case of gl(n), the
degenerate Lax matrices that are linear in the spectral parameter were constructed in
[14], while the reconstruction of degenerate Lax matrices at any order of the spectral
parameter has been achieved in [15] using the results of [3]. Using the S(n)-invariance
of the rational R-matrix of gl,, one can further obtain other degenerate Lax matrices
which do not admit a Gauss decomposition (and thus are no longer directly related to
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the shifted Yangians). Thus, the transfer matrices are constructed from representations
of the ordinary Yangian, while the Q-operators are constructed from representations of
the shifted Yangian, cf. [20] and references therein. We note that this approach allows
to deduce functional relations among transfer matrices and Q-operators directly from
the Yang—Baxter equation using certain factorisation properties of the Lax matrices
combined with the BGG-type resolutions for the underlying Lie algebras, see [4, 6,
12].

The situation changes drastically for the Yangians of the orthosymplectic Lie super-
algebras osp (N |2m) which unify the bosonic cases in BC D-types, thatis, Yangians of
orthogonal soy and symplectic sp,,, Lie algebras. Similarly to BC D-type, the evalua-
tion map no longer exists and representations of the orthosymplectic Lie superalgebra
cannot be always lifted to representations of the corresponding Yangian. The R-matrix
in the defining vector representation was obtained in [1], generalizing the BC D-type
R-matrix of [37], but other solutions of the Yang—Baxter relation or the RTT-relation
(for the Lax matrix) are scarce, see [11, 21] and references therein. The algebraic Bethe
ansatz has been obtained for spin chains in the defining vector representation in [19],
but little is known about other representations as well as the underlying functional
relations. A glimpse towards the latter appeared in the study [2] of the AdS/CFT-
correspondence in relation to the quantum spectral curve for Ad S4/C F T3, but remain
to be confirmed from the first principles. Further results for more general Lie superal-
gebras were recently obtained in [36]. The full understanding of the Q Q-system may
yield new methods of solving Bethe equations similar to the method developed in [29]
for gl(n|m).

In this paper, we enlarge the class of representations of the orthosymplectic (shifted)
Yangians by introducing several Lax matrices of superoscillator type, which can be
used to construct transfer matrices and Q-operators. We anticipate the BGG-type
functional relations among those, generalizing our recent BC D-type results of [12].

Finally, let us note that there has been an increased mathematical interest in the the-
ory of quantum supergroups. In the context of orthosymplectic Yangians of osp (N |2m)
specifically, their Drinfeld realizations were established recently in [28] and [27] for
the cases N = 1 and N > 3 with the standard parity, respectively. In the sequel paper
[17], we present uniform Drinfeld realizations of orthosymplectic Yangians for any
N, m and, most importantly, any parity sequence.

1.2 Outline

The structure of the present paper is the following:

e In Sect. 2, we recall the key results of [13] on gl(n|m)-type Lax matrices that serve
as motivation and prototype for our new constructions in the orthosymplectic type.

e In Sect. 3, we set the notation for the orthosymplectic R-matrix and the corresponding
Lax matrices, as well as discuss the invariance of this R-matrix that is needed for our
latter results.

e In Sect. 4, we construct some linear superoscillator Lax matrices of orthosymplectic
type. First, we construct a degenerate linear Lax matrix in Theorem 4.11. Fusing two
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of those, we then construct a non-degenerate linear Lax matrix in Proposition 4.55,
whose normalized limits recover back the degenerate Lax matrices, see Remark 4.60.
In the special cases m = 0 or n = 0, we recover the corresponding orthogonal and
symplectic Lax matrices of [9, 12, 16], respectively.

e In Sect. 5, we investigate some quadratic orthosymplectic Lax matrices of superoscil-
lator type. First, fusing two degenerate linear Lax matrices from Sect. 4, we construct
a Lax matrix of size (N + 2m) x (N 4 2m) for even N in Theorem 5.44. We call this
matrix degenerate quadratic Lax as its diagonal is ~ (x2, x, ..., x, 1) with respect
to the spectral parameter x. A further degeneration of this matrix, depending only in
N +2m —2 pairs of superoscillators, is obtained in Proposition 5.52. A similar formula
provides an orthosymplectic Lax matrix for odd N, see Conjecture 5.64. Finally, fusing
two degenerate quadratic Lax matrices we derive explicit non-degenerate quadratic
orthosymplectic Lax matrices in Proposition 5.80 and Theorem 5.85, whose normal-
ized limits recover back the degenerate quadratic Lax matrices, see Remark 5.90.

e In Appendix A, we present explicit formulas (A.1, A.2) and (A.4, A.5, A.6) for the
twists needed to define both the transfer matrices and the Q-operators, as mentioned
in the Introduction above.

While the constructions of Sects. 4-5 are presented for the specific parity sequences (3.4)
or (5.58), similar Lax matrices exist for other parity sequences as well, according to
Remarks 3.16, 4.62, 5.89.

2 General linear Lax matrices

The first results on superoscillator type Lax matrices for Q-operators and their fac-
torisation formulas were presented in [13] for the rational R-matrices of gl(n|m)-type.
The Lax matrices for the trigonometric case were obtained in [7] for n +m = 3 and
in [34, 35] for arbitrary n, m. In this section, we briefly recall the results of [13] that
are relevant to the rest of the paper.

Fix n, m > 0 and consider a superspace V = V5 @ Vi with a C-basis vy, ..., Vi
such that each v; is either even (that is, v; € Vj) or odd (that is, v; € Vi) and
dim(Vy) = n,dim(Vy) = m. For 1 <i < n + m, we define [i| := |v;| € Z;. We

define the parity sequence associated to V via
Ty = (il Vagml) € {0117 @D

For a superalgebra A and homogeneous elements a, a’ € A, their supercommutator
is defined as ,
la,a']l =ad — (=D g'q (2.2)

where |a| denotes the Z>-grading of a. Given two superspaces A = Ay ® A7 and
B = Bj @ Bj, their tensor product A ® B is also a superspace with (A ® B)j =
Aj® B ® A ® By and (A ® B)] = Aj ® B] @ A7 ® By. Furthermore, if A and B
are superalgebras, then A ® B is also a superalgebra, called the graded tensor product
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of A and B, with the multiplication defined by
(@a®@b)(d @) = (—DP (aa"y @ (bb) (2.3)

for any homogeneous elements a € Ay, a’ € Ay, b € By, b’ € Byyy.
LetP: V®V — V ®V be the permutation operator defined by

n—+m )
P=>Y (-DVle;®eji, (24)

i,j=1
whose action is explicitly given by:
P(v;®v) = (=D'ly; @v;. (2.5)

Consider the corresponding rational R-matrix (of general linear type, or super A-type
for short):
R(x) =R'(x) =xId + P, (2.6)

which satisfies the famous Yang-Baxter equation (with a spectral parameter):

Rio(x)R1i3(x + y)Ro3(y) = Ro3(y)Ri3(x + y)Ri2(x) . 2.7

For any superalgebra A, an even matrix L(x) = LY (x) = (L;; (x))l’.’jzl € EndV ®

Allx, x~ 1] is called an (A-valued) Lax matrix if it satisfies the corresponding RTT-
relation with R(x) of (2.6)

Rio(x — y)L1(x)L2(y) = La(y)L1(x)Ri2(x — y), (2.8)

viewed as an equality in EndV ® EndV ® A[[x, y, x~!, y~!]]. Coefficient-wise, the
equation (2.8) is equivalent to (see [18]) the well-known system of equations for all
1<i,j,k,t <n+m:

(_1)|i||j|+\i||k|+|j||k|(

[Li (), Lie)] = LigMLie) = Ly Lie()) . (2.9)

Remark2.10 (a) Here, we identify the matrix (L;; (x))?ji’l with
Z:’JJFZI (=Dl @ L;j(x). Evoking (2.3), the extra sign (—1)!Il/1*1/l ensures
that the product of matrices is calculated as usual. The above “even” condition means

that Z-grading of all coefficients of L;;(x) is |i| + | j|.

(b) The data of a Lax matrix LV (x) = (L;; (x));{j’:'ll with L;; (x) € 8 +x 1 A[[x ']
for all i, j is equivalent to an algebra homomorphism Y™ (gl(V)) — A from an RTT

super Yangian of gl(V).

(c) Unless we want to emphasize the dependence on Yy, the superscript V will be
ignored.
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Remark 2.11 Let V be another superspace with a C-basis vy, e V+m such that each
V; is even or odd and dim(Vy) = dim(Vj), dim(V;) = dim(Vj). Pick a permutation
o € S(n + m) such that v; € V and V,(;) € V have the same Z,-grading for all
1 <i < n + m, and define a superspace isomorphism J,: V — V via Vi = Vo (i)
The corresponding R-matrices (2.6) are related via

R'(0) = (o ® I RV(0) o ® 1) " (2.12)

Asaresult, if LY (x) = (Li;(x))] 1, is asolution of (2.8), then LV(x) =T, LY (x));!

is a solution of (2.8) for V used instead of V. In other words, having constructed some
Lax matrices, a natural S(n 4+ m)-symmetry allows for analogous Lax matrices for all
parity sequences (2.1).

Among other Lax matrices, the following family {LY (x)}Z:g’ was constructed
in [13]%:

L) =LY(x) = | ——————= Ao (2.13)
-K | Idn+m7u

with _ _ _
§lav1 Etav2 o Elngm
I_( _ gZ,a—'i-l SZ,a—'&Q e %—2,n—'&-m (214)
éa,a-i—l éa,a+2 e éa,n+m
and
(=DM (—D‘j'saﬂ,z e (=Dllg
_pil _nhl (=1l
K = ( ) $a+2,l ( ) é:a+2,2 . ( ) é:a+2,a (215)
(_1)|1|§n+m,] (_1)‘2|‘§n+m,2 te (_1)|a|§n+nz,a
Here, (&}, £k¢) are superoscillators with Z,-grading |&jl = li] +1j| and |Exe| =
|k| + |£| that obey the following commutation relations:
(&, Exel = 8iedjk, L&, Eal =0,  [Eke, il =0 (2.16)
forany 1 < j, k < a < i, < n + m, with the supercommutator [—, —] defined

in (2.2).

It was further noticed in [13] that for any 0 < a < n + m, one has a total of
("';m) Lax matrices analogous to (2.13), see [13, (2.12)] onwards, corresponding to
the number of choices to distribute a spectral parameters x on the main diagonal of

! It is obtained from the linear canonical L-operator of [13, (2.20)] for the trivial representation of the
additional generators of gl(p|g) in loc.cit., i.e. setting E,; + 0, and an appropriate shift of the spectral
parameter x.
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the Lax matrix of size n 4+ m. Evoking the invariance of the R-matrix (2.6) under
the symmetric group S(n + m), see (2.12), these Lax matrices can be obtained by
permuting rows and columns of the one in (2.13), see Remark 2.11. The following
family of such Lax matrices will be relevant to us in the following:

|
_ Y Id, | K
L) =Ly(y) = [===f=========-]. (2.17)
K I yidyym—a + KK

Letus first explain how these Lax matrices are related to those in (2.13). To this end,
let V be the superspace with a basis {v; }l”ilm whose parity sequence (2.1) is opposite

to that of V, that is
Vil = Vatm+1-il  V1<i<n+m. (2.18)

The corresponding rational R-matrices are related via (2.12) witho (i) = n+m+1—1,
so that

0 o0 1

: 0
Jo =Jngm = . (2.19)

0 . ..

1 0 0
Then, as noted in Remark 2.11, the matrix iZ +m—q(2) obtained from (2.17) through
LYoo = Tugm Ly 0T, (2.20)

is Lax and has opposite Z,-grading to that of I:Z (x), i.e. the underlying vector super-
spaces have opposite parity sequences. Using the notation a = n 4+ m — a and
i"=n+m+1—1i, wefind that

o
v XIdc_t + QQ I Q
o= |- S (2.21)
Q | Idn+m—a
with _ _ _
Satv. 1 Saryy 0 Saviya
Q- S(a+?)’,1/ E(a+?)’,2' %_(Zz+.2)’,ﬁ’ 2.22)
§(n+m)f,1’ §(n+m)',2’ s §(n+m)’ﬁ/
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and
D@ gy oy (DI gy Gy (DI gy gy
Q- (D@ ey Gy (D@ gy Gy oo (=D gy oy
D@ g @ty D@ g gy DO g gy
(2.23)

Applying further the particle-hole transformation
B> =DV g (—DVE; Yisj<a<isntm, (224

we obtain the Lax matrix of (2.13) defined on the vector space V with the opposite
grading, i.e. ) )
LY(x) = LY@l po. - (2.25)

It thus follows that LY(x) of (2.13) and LY(x) of (2.17) satisfy the same RTT-
relation (2.8).

Remark 2.26 The Lax matrix (2.17) is obtained through a particle-hole transforma-
tion (2.24) from that of [13, (3.4)] for I = {1,...,a},J ={a+1,...,n + m}, the
trivial representation of the additional copy of gl(p|g), and an appropriate shift of the
spectral parameter, cf. Footnote 1.

Let us now consider two copies of mutually supercommuting superoscillators

{(Si[jr], éj[:]) }?;jé’;+m, where the superscript r = 1, 2 indicates whether they appear
in LZ’[I](x) or ZZ’[ZJ (y), respectively. The subsequent factorisation was considered
in [13, §3.1]:

' - - |
'K /! /
i xId, — K{K] } (v — g +K{K]) K] 1d, I K,
Ly (0L () = | ———————— Q| | ——- o=
_Kll l yldn4m—a + K/IK/I 0 | Idptm—a
(2.27)

where , _
K=K -K,, K]=Kj,
K=K +K;, K,=Kp,

and the subscript r = 1, 2 denotes the corresponding family of oscillators. As noted

in [13, §3.1], the generators (2.28) are related to those in (2.13)—(2.17) through a
similarity transformation:

(2.28)

K =S,K.S;', K =SKS,! (=12 (2.29)
with
a<j=<n+m
Se=exp| g}j”sﬁ] . (2.30)
1<i<a
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We note that all the summands in the exponent above are bosonic? and pairwise
supercommute.

Remark 2.31 It immediately follows from (2.29), but can be also directly checked
from (2.28), that the entries of the matrices K., K. encode mutually supercommuting
pairs of superoscillators.

It follows that for any x1, x, € C, the matrix

_ | _ _
v (x +x)ld, — Ki K } (2 = xDIdg + K K) K
Exl,xz(-x) :£X1,x2(‘x) =] T —————777"777— -
—-K I (x +x)Idypm—a + KKy
(2.32)
is a solution to the RTT-relation (2.8), hence, is Lax. Moreover, it arises through the
fusion

_ 2
LYW+ x) LY (x4 x2) = Sa LY, , (x) - s.' (233
0 | Idn+m—a

with the similarity transformation S, of (2.30).

Remark 2.34 Similarly to [12, §8], we note that we can vice versa obtain the degen-
erate linear matrices LZ(x) and I:X (x) of (2.13, 2.17) from the non-degenerate linear
Lax matrix L}C/l’ x, (X) of (2.32) via the renormalized limit procedures (which clearly
preserve the property of being Lax):

LY(x) = lim {L‘({,(x)-diag(l,...,l;;,...,%)],
—00 ’ N e’
. 1 1 ‘ ”*’"\;“ (2.35)
Lox) = tlggo [dlag( e \_]’ P ! ) ’ C”O(X)] Ejro &y Gty
a n+m—a

3 Orthosymplectic Lax matrices

In this section, we set the notation for the orthosymplectic R-matrix and the corre-
sponding Lax matrices, as well as discuss the invariance of this R-matrix that will be
instrumental later on.

3.1 Orthosymplectic setup

Fix N,m > 0, and consider the set I := {1,2,..., N 4+ 2m} equipped with an
involution ’:
i"=N+2m+1—i. 3.1

2 Elements of a superalgebra are called “bosonic” or “fermionic™ if their Z,-degree is 0 or 1, respectively.
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Let V be a superspace with a Zp-homogeneous basis vy, ..., Uy42, such that
dim(Vg) = N, dim(Vy) =2m, (3.2)
and the grading is Z,-symmetric in the following sense:
vil =lvy] VY1<i<N+2m. (3.3)

For the major part of our constructions (except for Sects. 5.3-5.4), we shall assume
that N is even: N = 2n. In this case, we pick the following specific Z;-grading of V:

forl <i<n
forn+1<i<n+2m (3.4)
forn+2m+1<i <2n+2m

Il
G
Il
Ol =1 Ol

which corresponds to the following parity sequence, cf. (2.1):

Tvz((),...,6,I,...,I,(),...,()). (3.5)
e e N e e’

n 2m n

Similarly to (2.4), we consider the permutation operator P: V@ V — V@ V

defined by
N+2m

P= Y (-Dilej@eji. (3.6)

i,j=1

We also consider the operator Q: V @ V — V ® V defined by

N+2m
Q=Y DM96;e;@eirj. 3.7)
i j=1
Here, the sequence 0 = 0y = (01, ..., On+2m) of £1’s is determined uniquely by the
conditions
O = (=D"0i,  O<iuymy =1, (3.8)
so that
9=9V=(1,...,1,—1,...,—1,1,...,1) (3.9)
— — —
n—+m m n

for the specific Z,-grading (3.4). Explicitly, the action of Q is given by:
0 ifb#£d
Qua ® vp) = { 2" 0, v ® vy iftb=da . a>n+m . (3.10)
(—Dll SN2 g0 @ vy ifb=a',a<n+m
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We also introduce a constant « via:

N
K=7—m—1=n—m—1. (3.11)

Consider the rational R-matrix (a super-version of the one considered in [37]):
R(x) = RV(x) =x(x +«)Id+ (x +x)P —xQ, (3.12)

which satisfies the Yang—Baxter equation with a spectral parameter (2.7) according
to [1].

For any superalgebra A, an even matrix L(x) = LY (x) = (Lij (x))N+2’"

ij=1 €
EndV ® A[[x, x~!]] will be called an (orthosymplectic) Lax matrix if it satisfies
the RTT-relation (2.8) with R(x) of (3.12). Coefficient-wise, this is equivalent to the
following system of relations (see [1]):

(=D IER L TTK] (

[Lij(x), LeeOWN] = Lyj(y)Lie(x) — Lyj (x)Li((y))

N+2m

1 b

+lilljl+

+m ((Ski/ pX_; ij(X)Lp/[(y)(—l)M i1 IJHp\Qigp
N+2m

8 3 Lig (0 Lip () (= DKl g, |
p=1

(3.13)
Remark 3.14 The data of a Lax matrix (L;; (x)){*f;fj{" with L;; (x) € &;+x 1 A[[x 1]

is equivalent to an algebra homomorphism X™ (0sp(V)) — A from an RTT extended
orthosymplectic Yangian.

Remark 3.15 We recover orthogonal and symplectic types as special cases of the above
setup:

e Form = 0,wehave® = (1,...,1) and |i| =O0foralll <i <2n, so that R(x)
— —

2n
of (3.12) coincides with the D,,-type rational R-matrix of [1_2, (1.19)].
e Forn =0,wehaved =(1,...,1,—1,...,—Dand |i|] =1forall 1 <i < 2m,
—— ——

m m
so that our R(—x) of (3.12) coincides with the C,,-type rational R-matrix of
[12, (1.19)].

Remark 3.16 Let V be another superspace with a C-basis 1, ..., Dyyom satisfy-
ing (3.2, 3.3). Pick a permutation o € S(n + m) such that v; € V and 05 € 1%
have the same Z;-grading for all 1 <i <n +m, and extenditto o € S(N + 2m) via
o(i’) = o(i). Define a superspace isomorphism Jo : V <> V via v; +> U6 (i) The
corresponding R-matrices (3.12) are related via

RVx) =0, ®I,) R (x)(J, T, . (3.17)
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As a result, if LY (x) = (L;; (x))f\f;f{" is a Lax matrix corresponding to the fixed
parity Yy, then Lv(x) = .TULV(x).T;I is a Lax matrix corresponding to the parity
T‘~,, cf. Remark 2.11.

3.2 Symmetries of the orthosymplectic R-matrix

In this section, we establish the invariance of the R-matrix (3.12) under certain graded
permutation matrices that will be used in the later constructions. The proofs are based
on direct computations of the commutators of the corresponding operators with P, Q
of (3.6, 3.7). To this end, let us recall the explicit formulas for the action of P and Q,
cf. (2.5, 3.10):

P:v@uj > (=D, @,
N+2m

Q: v vy > (—1)'1‘91‘ Z 0jvj QUj, VUV QUi > 0.
Jj=1

(3.18)

Henceforth, J, will denote the r x r matrix with “1” on the antidiagonal, cf. (2.19).

Lemma 3.19 The R-matrix (3.12) commutes with the tensor product of two matrices

Jg=|-———4——— (3.20)

that is, [R(x),Jg ® Jg] = 0.

Proof The tensor product of the matrices Jp acts explicitly via

Jo ®Jo: v @) > (—1)Pimmtamtimniam @y (3.21)

We thus have:
PJo®Jp): v; ®vj > (_1)\i/l|j/|+5i>n+2m+5j>n+2m v ® vy, (3.22)
(J9 Q JQ)P: v; ® Uj — (_1)‘il|j|+6j>n+2m+8i>n+2m vj/ ® v, (323)

so that [P, Jp ® Jg] = 0 since |¢| = || for all «.
To check the invariance of Q, we first note that

QUe®Jp) (vi®v)=0=0s ®J)Q(v; ®v;) for ; #i'.
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It thus remains to compare the images of v; ® vy under both Q (Jy ® Jg) and
(Jo ®Jp) Q:

N+2m
Qs ®Jp): v; @ vy > (— DI 1T Biniang, 3™ 90, @ vy, (324)
Jj=1
_ N+2m
Jo ®J0) Q: v @ vy > (=116 Y~ (=)= mmb; vy @ ;. (3.25)
j=1

The right-hand sides of (3.24, 3.25) coincide due to the first equality in (3.8) and the
identity

(_1)8[>n+2m+5,'/>n+2m — (_1)5i>z1+2m+515n — _(_I)M

that follows immediately from (3.4). This verifies [Q, Jy ® Jg] = 0.
As Jp ® Jg commutes with both P and Q, so it does with the R-matrix (3.12). 0O

Lemma 3.26 The R-matrix (3.12) commutes with the tensor product of two matrices

0 0 1
J=1 0|Idysom—>|O (3.27)
1 0 0

that is, [R(x),J ®J] = 0.

Proof The tensor product of the matrices J acts explicitly via

- - - i iti=1 1
I®J:vi®Qu;— vy ®vs with § = ’ ) 3.28
e U i ifi=2,...,2 (3:28)
We thus have:
PI®J): v ®v; > (=D v ®v;, (3.29)
(T@I)P:v;®@v; = (=D @, (3.30)

so that [P, T ® J] = 0 since 7] = |¢] for all ¢.
To check the invariance of Q, we first note that

QI®N)wi®v) =0=(T®1Q; ®v,) for j#i
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It thus remains to compare the images of v; ® v;» under both Q(j ® j) and (j ® T)Q:

N N+2m

Q&) vi@uvy > (=DVe: > 00, @), (3.31)
j=1
_ N+2m

(e0)Q:vi®vy > (=Do; Y 0; v; ® Vs, (3.32)
j=1

and the two images coincides as 0: = 0; (which uses that |v;| = 0).
As J ® J commutes with both P and Q, so it does with the R-matrix (3.12). O

Lemma 3.33 The R-matrix (3.12) commutes with the tensor product of two matrices

il o 1 o o
. 0 0 [Guiw|O 0 | —Jus
jo=|-—f-———d————- ———| with Gyoyy = [——a—ZT
OfJigmor1 O 0 Jmi 0
of o : 0o |-1

o (3.34)
that is, [R(x). Jp ® Jg] = 0.

Proof AsJy =11y, the result follows immediately from the previous two lemmas.
O

Lemma3.35 For N = 0O, the R-matrix (3.12) commutes with the tensor product of

two matrices |
Id,, 1 O

g = [-——+———- (3.36)
0 | —1d,

I
that is, [R(x),Idg ® Idy] = 0.
Proof For N = 0, the 6 of (3.9) are given by 6; = (—1)%>m, so that
Idg ®Idg:vi®vjr—>9i9jv,-®vj. (3.37)

The commutativity [P, Idy ® Idyg] = 0 follows immediately from

P(Idg ® Idg): v; ® vj > (—DI71g;6; v; ® v, (3.38)
(Idg ® Idg) P: v; @ v; > (= 1D)Ilg;0,v; @ v; . (3.39)
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Similarly, for the operator Q we have:

2m
QUdy ®1dg): vi ® vy > (—Dlg; Ze, v ®vjr, (3.40)
j=1
. 2m
(Idy ® Idg) Q: v @ vy > (=16 > "0, v; @ vy (3.41)

J=1

and the two images coincide as 6, = —6, for all ¢. This implies [Q, Idy ® Idg] = 0.
As Idg ® Idg commutes with both P and Q, so it does with the R-matrix (3.12). O

bie;ir + cieyr; + dje;yi) with either a;, d; € {£1} and b; = ¢; = 0 (for which we set
y; = a;d;) or b;, ¢; € {£1} and a; = d; = 0 (for which we set y; := (—1)"‘b,~c,~),
and such that y; are the same forall 1 <i <n + m.

Remark 3.42 (a) More generally, the R-matrix (3.12) commutes with Z:’J“lm (ajeij +

(b) According to Remark 3.16, using some other permutation matrices (J, from loc.cit.)
will rather produce orthosymplectic Lax matrices for other Z;-gradings of V, see
Remarks 4.62 and 5.89.

4 Linear orthosymplectic Lax matrices

In this section, we construct some linear orthosymplectic Lax matrices of superoscil-
lator type.

4.1 Degenerate linear orthosymplectic Lax matrices

In this subsection, we construct a degenerate linear orthosymplectic Lax matrix for the
parity sequence (3.5). To this end, let us consider first bosonic pairs of superoscillators:

{(aij,ﬁ,-i) n+2m+1<i<2n42m—1,1<j<n—1,i+] s2n+2m},

“.1)

{(bij» bji)

nd+m+1<i<n+2m,n+1<j<n+m, i+j§2n+2m—|—1},
4.2)

with [a;;| = |a;;| = |i| +1j] = 0, [b;j| = |bj;| = |i| +1,j| = 0, and the only nonzero
supercommutators

[aij,a;;] = a;a;; —aja; =1, [by,bjil=bybj —b;bj=1. (43)
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In addition, we also consider fermionic pairs of superoscillators
{@j &o|n+m+t<isntom 1<)<n|
with [¢;;| = |¢j;i| = il +|j| = 1 and the only nonzero supercommutators

[eij, €jil = ¢ijcji +¢jicij = 1.

4.4

4.5)

We encode the above bosonic and fermionic generators by the corresponding three

pairs of matrices:

aj p+om+1 a1 2n4+2m—1 0
- : 0 —a _
A= 1,2n4+2m—1 ,
Ap—1 . n+2m+1 0
0 =, 1 n42m+1 —a1 n12m41
A omt1,1 Ay 2mt1n—1 0
: 0 —a _
A= n+2m-+1,n—1
A, 2m—1,1 0
0 —a42m—1,1 —Q42m+1,1

(4.6)

4.7

that are (skew-symmetric along the antidiagonal) n x n matrices encoding (4.1),

bn+1,n+m+1

=-]]
I

butm—1n4m+1 2bpm—1,n4m+2
2bntmntm+1 Bagm—1.n4+m+1

b tmitnt1

br2m—1,n41 Ppt2m—1,n42
bn+2m,n+l bn+2m71 n+l1

that are (symmetric along the antidiagonal) m

éLn—&-m—i—l e él,n+2m

C: : t.. s C:

én,n+m+l e én,n+2m

by tmttntm—1

bn+m+2,n+m—1 bn+m+1,n+m—1

bn+1,n+2m—l 2bn+1,n+2m

2Bn+2,n+2m71 Bn+l,n+2m71 (4 8)

bn+l n+m+1

by tmt1,n+tm

4.9)
bn+m+1,n+l

X m matrices encoding (4.2),

Cntm+1,1 " Cuntm+1,n
: (4.10)

Cn4+2m,1 Cn+2m,n

that are n x m and m x n matrices encoding (4.4).
Now we are ready to present the main result of this subsection:
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Theorem 4.11 The following is a solution to the RTT-relation (2.8) with the R-
matrix (3.12):

L) =|-m—mmmmmmb e (4.12)
K [ Iduym
with |
_ cl A Ci -B
K=[--t-————-] and K=[-—4-————- : (4.13)
B | —1.C'T, A1, CT,

Here, t denotes the standard (bosonic) transpose, J, is the n x n matrix with “1” on
the antidiagonal, and the matrices A, A, B, B, C, C are as in (4.6)—(4.10).

Proof The proofis straightforward and is analogous to that for C- and D-types, directly
verifying the commutation relations using Lemma 4.24 below. In the first step, we
insert the relations (4.25) and (4.26) into (3.13) and split the resulting equations into
4 x 4 block structure according to the block structure of the Lax matrices (4.12).
The supercommutator on the left-hand side of (3.13) indicates that the right-hand
side is symmetric under the combined exchange of i <> k, j <> £ and x <> y when
multiplied by the factor —(—1){{I+DUKIFIED This symmetry also holds for both terms
individually on the right-hand side. For the first term, proportional to (x — y)~!, the
symmetry follows from the relation

Lij(y)Lig(x) — Lig(x)Lj(y) = Lij(x)Lig(y) — Lig(y) Lij(x) . (4.14)

For the second term, proportional to (x — y 4 «)~!, the symmetry is less obvious. It
follows by noting that

1 : —plelil
3 L)Ly () (=17, + i—lﬁ Y LpeLy (0 (=1IPlg,
p p

X—y+«k
K(x+y-+«)
=8;p0 4.15
T =y ¥ 00 —x+x) “.15)
and
——— > LiyWLip(=D"lg 4 DT > Lip@Lip (=D I7lg,
X -yt kp ip 14 Voxtu s ip P P

K(x+y+k)

=y 100 —x+x)

(4.16)

These equations are verified using Lemma 4.24. Thus, the 4 x 4 = 16 equations arising
from the block structure are reduced to 10 equations. In the following, we verify the
remaining commutation relations.

We start with the “diagonal terms” where the indices are chosen such that the
commutator on the left-hand side is among the elements of the Lax matrices within
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the same block. In this case, the second term on the right-hand side always vanishes
because of the Kronecker deltas. Further, unless we are considering the upper left
block the first term on the right-hand side has to vanish as the entries of the Lax matrix
will not depend on the spectral parameter. The case with 1 < i, j,k, ¢ < n-+m
follows from the following equality:

[(KK);j, (KK)ge] = (= DIIVFIIRFIE (5, (KK)e — 8;0(KK)j) . (4.17)
This equality follows in turn from

Kotm—it1, i Kinamotrr — (=D TR, o Kngm—isrj =
(—1)|j|5i€8jk _(_1)\ilIJ'I-i-IjI(gH,{(gjZ (4.18)
for 1 <i, j, k,€ <n+ m,orequivalently (written in terms of the Lax matrix)
[L)irj LOke ] = (=D g8, — (—1)l16;48 4. (4.19)

This leaves us with 6 equations to verify. The case
1 e
[Lij (). Liw ()] = E(—1)|1H1|+|l”k|+‘mk‘<ij(y)Li£’(x) — Liy@)Lie ()

1 N il ik .
- or KQ/.(_1)\J|+IZII [+1711 \5” ;Lkpf(y)L,'p(x)(—l)lpH—“Hp‘ep

(4.20)
with 1 <1i, j, k,£ <n+ m is reduced to proving

[(KK);j, K ngm—e411 =
(=R S K e+ (DS K i 4221

Similarly, the case
1 T .
[Lij (x). Live(y)] = E(—1>"”J'+““k'+“”k'(Lk/ JOILie() = Ly (O Lie (1))

m(—l)ulﬂi‘m@ﬁki D Lpj@)Ly (=7,
p
(4.22)
with 1 <1i, j, k, £ < n + m is reduced to proving

[(KK)ij, Knsm—kt1,e] =

_ (_])\il\j\+|i|\k|+|j|\k|5i€ Kitm—k+1,j — (—I)UHHIHHU‘SM Kotm—jt1,6 - (4.23)

Both equations (4.21) and (4.23) can be derived directly from (4.18).
The case with i, j/, k', ¢ for 1 < i, j,k,€ < n+ m is verified using (4.19) and
Lemma 4.24, while the remaining three equations follow directly from Lemma 4.24.
This completes our proof of the theorem. O
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Lemma 4.24 For the matrix L(x) of (4.12), we have the following matrix equalities:

|
= =y + ) n+mK | X + ) In4m

0; Y (=DIPlo, L)L ye(y) = [ —————==—=- dmmm—
P Yn+m 0
it
(4.25)
and
( YKJ : J
. xX—y+« y
0; Z(_l)\P|+\lllp|9p Ly (WLip(x) = | == —————— T.T.J_._nim_- . (4.26)

» C+Ohim O]
. N

Proof Let us verify (4.25). For the lower right block, we use that

(=DM, Ly (x) + (=DV'0;L;i(x) =0 for n+m+1<i,j<2n+2m,

4.27)

which can be shown using the equality

Kjnpmoivt = —(=DI"WIK; ym_jyr for 1<ij<n+m. (428
For the upper right block, we use that
n+m
(_1)|./||f|+\1\9j9€ Lej(x)+ Z 9}.(_1)UHP|+\/|+|PIQP Ly ()L pe(y) = (x + )8 ¢
p=1

(4.29)

forany 1 < j, £ < n + m. The proof of this follows from the equality

n+m ) ) )
— Z(_l)\Jle-i-l]l-HPl Ksm—pt1, Kp ntm—t1 — (_1)|J||45|+|@|(KK)ZJ. =k 8¢
p=1

(4.30)

for any 1 < j, £ < n + m. For the lower left block, we use the relation

n+m )
Liec() +0; > (=DVIPIg, L) Lye(y) = y8je  for 1< j.e<n+m
p=1

(4.31)

based on

n—+m
(KK) e + Z(_])UHP\ Ky nim—jtr1Kugm—pr1,e =0 for 1<j,£<n-+m,
p=1

(4.32)

@ Springer



49  Page200f39 R. Frassek, A. Tsymbaliuk

which follows from (4.28). Finally, for the upper left block, we note that

n—+m ) ) n—+m ) )
D OIIPHIIL s O Lye(y) + Y (~DIIPEIPIL s Ly (v) =
p=1 p=1
—(@ =y +OKnsm 1.6 (433)

for any 1 < j, £ < n + m. This relation is equivalent to

n—+m ) ) n+m ) )
Z(—l)”””'“”(KK)ijn+m—p+1,z + Z(_1)|J||P\+|j|+|17| Ktm—pt1,j (KK) pe
p=1 p=1

= —k Kppm—j+1.0- (4.34)

Due to the symmetry
(—DVIEHIHOK, i1 = —Kugm—jire for 1<j6<n+m, (435

the relation (4.34) can be easily verified using (4.30).
The proof of (4.26) is completely analogous; we leave details to the interested
reader. m|

Remark 4.36 In particular, we recover orthogonal and symplectic degenerate linear
Lax matrices:

e For m = 0, we recover precisely the D,-type Lax matrix of [16, (2.231)], con-
structed first in [9, (4.3)].
e Forn =0, we get

_.d, +BB | B Id, | 0
L(—x): ———————— JI-——— =—LFKT(X) —_—— s (437)
B | 1dy, 0 i —Id,,
where L g7 (x) is the Cy,-type Lax matrix of [12, (8.55)], discovered first in [16,
(3.50)]. We note that the constant matrix above is Idg of (3.36) and hence it can
be dropped out of the RTT-relation due to the invariance [R(x), Idy ® Idy] = 0
established in Lemma 3.35.

4.2 Non-degenerate linear Lax matrix through the fusion of two degenerate
Similarly to the gl(n|m)-case of Sect. 2, one can fuse two degenerate orthosymplectic
Lax matrices to obtain a non-degenerate linear one. The main result of this subsection
is Proposition 4.55.

Evoking the Lax matrix L(x) of (4.12), we define

Lo(x) = JoL(x)J}" (4.38)
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with Jy as in (3.20):

Jp=-———4—=], J'=[-—-4———= . (4.39)
Jn+2m I 0 =J, I 0

Due to the invariance [R(x), Jo ® Jo] = 0 of the orthosymplectic R-matrix (3.12),
established in Lemma 3.19, the matrix Ly (x) in (4.38) is a solution to the same RTT-
relation (2.8), hence, is a Lax matrix.

Remark 4.40 In contrast to (2.20), Z,-gradings of the Lax matrices Lg(x) and L(x)
coincide.

Explicitly, we have:

|
_ Idnim | K’
Ly(y) = [-==—d=————-———— (4.41)
K’ | yId,ym + KIK?
with
| _
., ¢ 17],Bl, 0 c 1 J,Al,
K'=|-———- j————- and K' =|-———-— }— ————— (4.42)
—J,AJ, 1 1,Cly T Bl | -1,,Cl,

| 1

We further apply the fermionic particle-hole transformation
Cl‘jl—>éji, Eji|—>c,~j for 1<j<n,n+m+1=<i<n+2m, (443)
as well as the bosonic particle-hole transformation

aijr—>—ﬁj,-, ﬁji|—>aij for 1<j<n—-1,n4+2m+1<i<2n+2m-—j, (444)

b;j > (148;;)bji, bjj > — bjj for n+l1<j<n+m<i<2n+2m+1—j.

L+ 8;j
(4.45)
This yields the following Lax matrix:
| _
- - Idn+m I K
Ly)=Lolpn. = | ====q===—=—==~ (4.46)

| _
K | yldy +KK

with K, K precisely as in (4.13).

Remark 4.47 In particular, we recover orthogonal and symplectic degenerate linear
Lax matrices:
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e For m = 0, we recover precisely the D,-type Lax matrix L _)(x) of [12,
(8.84)] (after swapping indices in the generators, i.e. a;; > a;;, aj; > a;;).
e Forn =0, we get

| _
i Id,, | B d, | 0 )
L(—x) = ———JI- ———————— =|-———F———= | Lpg,r(x), (448)

B | —xId,, — BB 0 } —1dy,
i

where L (x) is the Cy-type Lax matrix equivalent to L, . —)(x) of [12,

(8.56)] (after swapping indices and redistributing factor 2,1i.e. b;; — (1+3;;)bj;,

b ji > ﬁl_),- 7)- We note that the constant matrix above is Idg of (3.36) and hence
Ji

itcan be dropped out of the RT T-relation due to the invariance [ R (x), Idg ®Idg] = 0
established in Lemma 3.35.

Let us now consider two copies of mutually supercommuting superoscillators
labelled by the extra superscript i = 1, 2, which will be now encoded by the cor-
responding matrices A, A;,B;,B;, C;, C;, hence also, the subscript in K;, K;. We
consider the following two orthosymplectic Lax matrices:

_ I
xldpm — KK I K
FAETRO R ikl W
-Ki 1 Idntm
| ' (4.49)
Idn4m I KZ
7 [2] _ |
L“y=\--—-—-—- -
K> l yidyym + KoKo
of (4.12, 4.46) with
o _ |
_ Gl A C 1 -B;
Ki=|--o-----—| ad K=[|-—"=—===[. @50
Bi | _JmCtJn Ai | Jnci‘]m
|

The Lax matrices in (4.49) obey the following factorisation formula, cf. (2.27,2.28):

LML)

_ | _ _ | _
xIdyym — Kl] Kl] I ((y —0)Idy4m + K/] K/l) K; Idy4m : K/2
=\ 7" r————"T - =" N P A
_K/l I yldy4m + K/l K/l 0 I Idn4m
4.51)

where we set B _
/ /
1:K1_K2’ 1:K1,

Ké:ﬁz-i—f(], K/2=K2.
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Moreover, similarly to (2.29, 2.30), the transformation (4.52) can be expressed through
a similarity transformation in the superoscillator space:

K =SKiS™!, K =8SKS! (=12 (4.53)

with
1112 [1 1112
S =exp § alJal2l § :b bl +§ elilel? | (4.54)

where the indices i, j take all possible values as given in (4.43)—(4.45). We note that
all the summands in the exponent above are bosonic and pairwise supercommute.
We thus obtain the key result of this subsection:

Proposition 4.55 (a) For any x1, x» € C, the matrix

|
I
N I——————————————_———‘
I
I

(4.56)
is a solution to the RTT-relation (2.8) with the R-matrix (3.12), hence, is a Lax matrix.

(b) The Lax matrix from (a) is a fusion of two degenerate Lax matrices in (4.49)
through:

LG+ x) P (x +x0) =S Loy oy (1) | ———=d——Z—- s~ (4.57)

with the similarity transformation S of (4.54).

Remark 4.58 Similarly to Remarks 4.36 and 4.47, we note that the orthosymplectic
Lax matrix Ly, x, (x) of (4.56) generalizes the authors’ previous work for orthogonal
and symplectic types:

e For m = 0, we recover precisely the D,-type Lax matrix of [12, (6.2)] when
setting x; =tand xp = —t —n + 1.

e Forn = 0, setting x; = —f and xo =t + m + 1, we recover the C,,-type Lax
matrix Lrgr(—x) of [12, (5.3)]:

_ _
(x —t)ld,, + BB I B ((21‘ +m + DId,,, — BB)

»C)q:—t,xzzt+m+l(x) =-l---——- T—————————————= - —-
B I x+t+m+ Dld, — BB

=—Lrgr(—=x).
(4.59)
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Remark 4.60 Similarly to Remark 2.34 and generalizing [12, §8], we can vice versa
obtain the matrices L(x) and L(x) of (4.12, 4.46) from the non-degenerate linear
Lax matrix Ly, x,(x) of (4.56) via the renormalized limit procedures (which clearly
preserve the property of being Lax):

L(x) = lim {co,t(x)-diag(l,...,l;%,...,%)],
t—0o0 ——
n+m n+m
] ] 1 4.61)
L) = li {d' (-,...,-;1,...,1).5 H ) .
() = lim - jdiag( ; Lo V) Lol K—>—K,K—-K
n+m n+m

Remark 4.62 According to Remark 3.16, the Lax matrix L(x) from Theorem 4.11
and the Lax matrix Ly, y, (x) from Proposition 4.55(a) give rise to the corresponding
degenerate and non-degenerate linear Lax matrices for all Z;-gradings of V.

5 Quadratic orthosymplectic Lax matrices

In this section, we investigate some quadratic superoscillator orthosymplectic Lax
matrices.

5.1 From linear to quadratic Lax matrices

In this subsection, we consider a factorisation formula different from the one presented
in Sect. 4.2 that allows to derive a degenerate quadratic Lax matrix, see Theorem 5.44.

Consider the Lax matrix of (4.12) written in the block form with blocks on the
diagonal of size | x I,(n+m—1)x (n4+m—1),(n+m—1) x (n+m — 1), and
1 x 1, respectively;

|
X — VvV —vK° | v 0
_KOV XIdn+m—l - KOKO + Jn+m—1‘_7[VlG,:_]1,m I Ko _Jn+m—l‘_7/
LEx) = |————q—— e e ——
—v —-K° | 1diino 0
|
0 -G, |0 1
I
_ 5.1
Here, we expressed K, K of (4.13) via
i v o
K= - , 5.2)
K° —Jn+m_1V
with |
01 =Ju—
Gnfl,m =|---d-———- (53)
I.'. 0o
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as in (3.34), and used the (n + m — 1)-dimensional vectors
V= (Clatmt1 - Clnt2m Alns2mtl = AL2n42m—1) » (5.4

t
V= (Cotmtll - Cog2m1 Bnt2m i1l ** BMnp2m—1,1) - (5.5

Finally, the submatrices K°, K° of K, K appearing in (5.2) read as follows:

(5.6)
where the block matrices A°, A° and C°, C° encode the bosonic and fermionic super-
oscillators via

a 4 om+l e a2 2n42m—2 0
- : 0 —a _
A= 2,2nl+2m 2| (5.7)
Ap—1,n+2m+1 0
0 —ap—1,n+2m+1 e —a2 n4+2m+1
A 2m11,2 e A 2mt1,n—1 0
: 0 —a _
A° — n+2n.1+l,n 1 i (5.8)
A2, 2m-2,2 0 :
0 —Q2n4+2m-2,2 e —Ap42m+1,2
E2,n-i—m—§—l e E2,n—§—2m Cn4+m+1,2 *** Cntm+1,n
C° = : T ., C°= : : . (5.9

Crntm+1 ** Cunt2m Cnto2m,2 " Cn42m,n

while the block matrices B, B encoding the bosonic superoscillators are precisely as
in (4.8, 4.9).
To construct the degenerate quadratic Lax matrix, we define

Lo(x) =JoL(x)J;" (5.10)
with Jp as in (3.34):
|
il o | o 0 il o 1 o 0
I
0l 0 1Guim]| O 0 0 1 Jpome1 | O
jg =|-——}F—-——— .JI-._.__’__ -1, j;l - |--r-—- JI- ————— .
0| Jigm-1, O 0 0(G, 11 O 0
|
0 0 i 0 -1 0 0 i 0 ~1
(5.11)

@ Springer



49  Page 26 of 39 R. Frassek, A. Tsymbaliuk

as G;t—l,m = G;_ll,m. The matrix f,g(x) in (5.10) is again a solution to the RTT-
relation (2.8) with the R-matrix (3.12), hence, is a Lax matrix. This follows from the
invariance [R(x), Jo ® Jg] = 0 of the orthosymplectic R-matrix (3.12), established in

Lemma 3.33.
We rename the fermionic superoscillators

cit—>¢r, Cit>c¢yp for n+m+1<i<n+2m (5.12)
and also rename the bosonic superoscillators
a;] — —a;, ajj—~> —ayy  for n4+2m+1<i<2n+2m-—1. (5.13)

We further apply the following particle-hole transformation of the remaining super-
oscillators:

¢j—~>¢Cji, ¢C;—¢; for 2<j<n,n+m+1=<i<n+2m, (5.14)
a;; — —aj;, aj; — a;; for 2<j<n—1,n+2m+1<i <2n+2m—j,
(5.15)

bijl—>(1+5ij/)l_)ji, bj; b;jj for n+l<j<n+m<i=<2n+2m+1-j.

(5.16)
Applying the above operations (5.12)—(5.16) to (5.19) yields the following Lax matrix:

I _
y—ww | W] wK® 0
| _
. N —W Id 1 K° 0
L) =LoWMlph. = | —————+ i ———————— = —
—K°w | K° | yld +K°K° + G~ 'w'w'] | G~'w
0 0| wJ 1
(5.17)
with
W= (a12 a1y Clutrl * Clugm ) » (5.18)
W:(az’l ..o €1 ...c’1+m’1)[ , (519)

and the (n +m — 1) x (n +m — 1) matrices Id, J, G defined via:
Id = Idn+m—l ’ I = Jn—&-m—l s G= Gn—l,m . (520)

Similarly to (2.27) and (4.51), let us factorise the product of the Lax matrices in
(5.1) and (5.17). As before, we shall use the subscript i = 1, 2 to distinguish between
the superoscillators and the corresponding matrices (using i = 1 in the context of
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L(x),i = 2 in the context of I:(y)). One has the following factorisation:

1ot o |o
R 0|1d! (K3y
LW LPy) =L@y | b2 L (5.21)
OO0 ! Id 0
010 I 0 1
where B B B
(KS)’ =Kj +K7, (Kg)’ =KJ, (5.22)
and L/ (x, y) is further factorised as
1 i %ﬁ’M(ﬁ’)’ Xy 0 0 ! 0 0
Voen=|, yiom—a | M@ 0 | Loy |o - Mviam-2 | 0
o o | 0 0 1 %(u’)’Mu’ —)'m 1
(5.23)
with |
0 | -J
M=|-——17—d——-1]. (5.24)
G0

Let us now describe 0, w’, and £'(x, y) featuring in (5.23). The first two are defined
via ,
i=(Wv), u= (VVV,) : (5.25)

where the vectors ¥/, v/ and w’, W’ are given by (cf. (5.4, 5.5, 5.6, 5.18, 5.19))

</

V=v-wKS, V=v, (5.26)

w=w+Kjv, wW=w. (5.27)
The matrix £'(x, y) in the middle factor of the factorisation (5.23) reads (cf. (4.56))

_ | _ _
xId — (K$) (K})’ } ((y —x)Id + (K)'(KD)') (K?)'
Lxy)= |- e (5.28)
—(K?) : yld + (K9)'(K})'

where i i
(K =K —KS+vw -G 'wviG™', (K =KS. (5.29)
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Remark 5.30 In the derivation of (5.23), we used the following two equalities:
@)Y =v —JKGW, W) =w +VGKSJ, (5.31)
where V' and w’ are given by (5.26) and (5.27), respectively. To verify (5.31), we use
WV = —vG'W',  wiv=—vG'w, (5.32)
as well as
VGTIKSv=0=wK{G'W and WIWK}) =0=(K{v)'Jv, (5.33)
where we take into account the Z;-grading of the superoscillators. It also follows from
(5.33) that
avM@) =aM@)’, W) Mu' = (u)’ Mu (5.34)

with

i=(Wv), u= (VVV) . (5.35)

Let us also note that the first and third terms in the right-hand side of the factorisation
(5.23) can be written as exponential expansions that truncate after the second term,
cf. [9, (3.2)].

Finally, we note that there is a similarity transformation in the superoscillator space
such that

(K$) =SK;S™, (K5 =SK5S™!, (K§) =SK5S™!, (K9 =SK587!,

w=Sws!' V=8 W=SwS', v=Svw'.
(5.36)
Here, S is given explicitly by
S =S,S;3 (5.37)
with B
S3 = exp (—wKjv) (5.38)
and
2 11 [2
S, = exp Zaﬂ a”+Zb]l i +Zc5,l 2 (5.39)

where the indices i, j take all possible values as they appear in (5.6). It is obvious
that the summands in the exponents of (5.38) and (5.39), respectively, are bosonic and
pairwise commute (however, S, and S3 do not commute!).
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Remark 5.40 The equalities in (5.36) are verified by direct computations. Let us only
evaluate the transformation of K7 under S; (the rest of computations being much
simpler), cf. (5.29):

S3(KD)ij83 " = (Kp)ij — WKiv(K})ij + (K§);;wKfv
= (KD)ij — Wk (KDeeve (KS)ij + (K)ij Wi (KS)keve
= (KD)ij — Wi (R]ieve (K)ij + (=)=, (15); (R eeve
= (K})ij +viw; — (G™'W);(v'G™);,
541

where we summed over all possible &, £. The last equality above follows from (4.18)
which yields

(— 1)(\n+m—i+1 [+1j+1Dk+1 ‘V_Vk (K?)ij (K(f)kkvé

- = - 7 1 i 1 —
= Wi (KDkeve(KD)ij + viwj — (= DIttt G, v

(5.42)
with
G Wi = (=D, (G = (=D
(5.43)
We thus obtain the key result of this subsection:
Theorem 5.44 (a) For any x1, xp € C, the matrix
Lxl X2 (x) =
1 i %ﬁMﬁ’ (x 2D +x12) 0 0 ! 0 0
—u ldN+277172 0
0 | ldnsoms | Mt 0 Lrn® [0
0 0 | 0 0 1 %u' Mu —u'M 1
(5.45)
with
_ _ w
u_(wv) and u_<v), (5.46)

cf. (5.4, 5.5, 5.18, 5.19), and Ly, x,(x) being the linear osp(2n — 2|2m) type Lax
matrix of (4.56):

o _ _
(r +ap)1d — K{K{ | (2 —x)1d + K7K7) Ky
Loyny@) = [—mm e - ————————— [ (547)
Ki | Gl KK

cf. (5.28) is a solution to the RTT-relation (2.8) with the R-matrix (3.12), hence, is a
Lax matrix.
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(b) The Lax matrix from (a) is a fusion of two degenerate Lax matrices through:

1loiolo

" - 0]1d } KS |0 »

L™ (x +x1) L (x + x2) =SLy, x, (x) g S (5.48)
0ojo11d|o
0|0 } 0|1

with the Lax matrices L(x), i(x) of (5.1, 5.17) and the similarity transformation S of
(5.37)—(5.39).

Remark 5.49 For m = 0, we recover precisely the D,-type Lax matrix of [9, (5.24,
5.25)] when setting x| = s, xp = —s —n + 2.

5.2 Degenerate quadratic Lax matrices: even N case

Dropping the index 1 in the oscillators of (5.4, 5.5, 5.18, 5.19), we consider the vectors

t
u= (32 e A Cpyl 0 Cppm Cudbml 0 Cud2m Ap2m+1 0 A2p42m—1 )
(5.50)
and
U= (a - 8 Cup1 - Cogm Comt1 - Cog2m Augomtl -+ Bpgom—1)
(5.51)

cf. (5.46)sothata; =a;1,¢; =c¢;1,a; =a;j ,and¢; = ¢y ;.
As an immediate corollary of Theorem 5.44, we obtain the following result:

Proposition 5.52 The matrix

1
1 u EﬁMﬁ’ x(x—k+1) 0 0 ! 0 0
—u Idyiom—2 | O
L(x) = _ 0 xIdyom— 0
0| Wyomo | MW N2

1
0 0 ~u'Mu —u'M 1

0 0 1 2

(5.53)
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with u of (5.50), u of (5.51), M of (5.24), is a solution to the RTT-relation (2.8) with
the R-matrix (3.12), hence is a Lax matrix. It can be explicitly written as

1 1 1
x(x —k+1) —xou+ ZﬁMﬁ’u’Mu X — 5ﬁMﬁ’u’A/l EﬁMﬁ’
1

L(x) = —xu+ 5Mﬁ’u’Mu xldyyomn — Mi'0'M | Mid'

1 t t

—u' Mu —uM 1

2

(5.54)

Proof According to Theorem 5.44, the matrix Ly, y,(x) of (5.45) is a solution to the
RTT-relation (2.8) with the R-matrix (3.12). The superoscillators used in u and u pair-
wise supercommute with the ones used in the construction of L, , (x). Furthermore,
the coefficients of the latter generate an orthosymplectic subalgebra. To prove that the
matrix L(x) in (5.53) is a solution to the same RTT-relation, we consider the trivial
representation of the aforementioned orthosymplectic subalgebra. It is obtained from
the action of the Lax matrix Ly, x,(x) on the Fock vacuum |0) (in the Fock module
for the superoscillator algebra generated by the entries of K°, K° from (5.6) so that
K°|0) = 0), and further fixing x = x; —«x + 1 withk = n —m — 1 as'in (3.11).
Using the simple equalities

K°K°|0) = (x — DId|0), K°K°K°|0) = (x — 1) K°|0), (5.55)

we find
L) xy=x;—«+1(X)]0) = (x + x1)Idy42m-2]0) . (5.56)

Specializing further x; = 0, we conclude that (5.54) is indeed an orthosymplectic Lax
matrix. O

Remark 5.57 For m = 0, we recover precisely the D, -type Lax matrix of [9, (4.12)].

5.3 Degenerate quadratic Lax matrices: odd N case

In this subsection, we consider the case N = 2n + 1. In this setup, the operators
P, Q are defined as in (3.6, 3.7), where we choose the following Z,-grading of the
superspace V':

forl <i<n

forn+1<i<n+m

fori=n+m+1 . (5.58)
forn+m+2<i<n+2m+1
forn+2m+2<i<2n+2m+1

li] == |vi| =

Ol = O =l O
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This Z,-grading corresponds to the parity sequence

Tvz(6,...,(),T,...,T,O,T,...,T,O,...,O) (5.59)
—— S—— — ~———

n m m n

and the following choice of 6;’s:

9=9V=(1,...,1,—1,...,—1,1,...,1). (5.60)
——— ——— —, —
n+m+1 m n

In this case, we upgrade (5.50, 5.51) by adding extra bosonic superoscillators:

t
u= (32 <o 8y Cptl ct Cupm Apdmtl Cutm42 - - - Cpt2m+1 And2m2 a2n+2m) , (561)

u= (32 8 Cupl 0 Cndom Appmtl Cpm42 0 Cnt2m+1 An2m42 ﬁ2n+2m) .
(5.62)
We also modify (5.24) by introducing the following (N + 2m — 2) x (N + 2m — 2)
matrix: | |
0O | 0 | -=J
= 0 —-110 . .
M a1 (5.63)

Conjecture 5.64 The matrix L(x) given by (5.53, 5.54) with u of (5.61), u of (5.62),
M of (5.63) is a solution to the RTT-relation (2.8) with the R-matrix (3.12), hence, is
a Lax matrix.

Remark 5.65 (a) This has been confirmed for n, m < 2, but a general proof is currently
missing.

(b) For m = 0, we recover precisely the B, -type Lax matrix of [12, (9.1)].

5.4 Non-degenerate quadratic Lax matrix through the factorisation

In this subsection, we present a factorisation formula for quadratic Lax matrices that
yields a non-degenerate quadratic orthosymplectic Lax matrix of superoscillator type.
We uniformly treat both cases of even and odd N, assuming the validity of Conjec-
ture 5.64.

The factorisation is analogous to that for the linear case from Sect. 4.2. As before,
we first introduce another solution to the same RTT-relation via a proper conjugation
of the degenerate Lax matrix L(x) from Proposition 5.52 or Conjecture 5.64. To this
end, recall the matrix J of (3.27):

0 0 1
J=| 0| ldysomoa|O |. (5.66)
1 0 0
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The R-matrix (3.12) commutes with J ®J: for even N this is proved in Lemma 3.26,
while for odd N the argument is the same. Thus, we get another solution to the same
RTT-relation (2.8) via

L(x)=JLx)J ! =JLw)]. (5.67)

We further apply the particle-hole transformation
a; — a;, a; — —a;r, (5.68)
¢ — 91'(_31'/ s (_:,‘ = Qici/ s (5.69)

to obtain the following Lax matrix:

L) =Ll

— 1_ _l‘
1 u —uMu
2

1
= u yldy yom_2 +ull yMiu' + EuﬁMﬁ’

1 1
—u'Mu | yu'M + Eu’Muﬁ yOy —k+ 1) +ya' MMa' + ZutMuﬁMﬁl

(5.70)

Similarly to (2.27,4.51,5.21), let us factorise the product of the Lax matrices L (x)

=2
and L (y) from (5.54) and (5.70), with two families of superoscillators encoded by
(uy, uy) and (uy, uy), respectively. Explicitly, one obtains the following factorisation:

LYWL () = & (x, ) H’ (5.71)
with
1 T faj M@y 1 —i laj M)
CEN =10 [ tvsana | M@ [T PE 0| Tdysans | —M@)
0 0 1 0 0 1
(5.72)
where
x(x —k+1) 0 0
D'(x,y) = —xu) xyldyom—2 0 ,
Tap'Muy | —y@)'M | y(y—k+1)
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M is given by (5.24) for N = 2n or by (5.63) for N = 2n + 1, and

| |
1
1w S UM ()
| |
H=|""Trr——"7 _|————_/—7—' . (5.73)
0 } Idntom—2 } M ()
ol o | 1
Here, we introduced the following notation:
ll/l =u —uy, l_l/l = ﬁ] N (5.74)
and
1'1’2 =iy +u, u/2 =u, (5.75)

cf. (2.28). Furthermore, we used the following simple properties:
l_lel_ltl = ﬁ]Ml_ltz, llthU2 =u’2Mu1 . (5.76)

Finally, we note that there is a similarity transformation in the superoscillator space
such that
i =SS!, u=SuS!' (=12). (5.77)

cf. (2.29, 2.30). For even N = 2n, it reads

2n+2m—1
S = exp |:Za[1]a + Z c[1] [2] Z [1] [2]+ Z 51[”31[2]] .

i=n+1 i=n+m+1 i=n+2m+1
(5.78)

while for odd N = 2n + 1, we have

n n+m n+2m+1
— 5[11,12] <1021 S[1] [2] —[1] [2] s11,12]
S =exp {Zai o+ Y gl A, el ) @ + Z a8 }

i=2 i=n+1 i=n+m+2 i=n+2m+2
(5.79)
We thus obtain the key result of this subsection:
Proposition 5.80 For any x1, x, € C, the matrix
1 u Ju M 1 —iy Juy M
Lae@ =1 0| Idysomo | Ml “Duxm) | 0 | ldyyoma | —Mi,
0 0 1 0 0 1
(5.81)
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with
x+xpDx4+x —c+1) 0 0
Dy .xp () = —(x +xpuy x +xp)(x +x)dy 40,2 0
%UiMul —(x +xui M (x+x)(x+x3—k+1)

is a solution to the RTT-relation (2.8) with the R-matrix (3.12), hence, is a Lax matrix.
Furthermore, it obeys the factorisation formula

LG+ )L (x + x0) = SLy 1 (x)HS™! (5.82)

with L(y) of (5.54), ﬁ(y) of (5.70), S of (5.78, 5.79), and H given by

I I
| _ [ S
1 up | s Mu,
| 12
H=|""r———77 P (5.83)
0 I Idy4om—2 | Mu,
ol o | 1
Remark 5.84 For m = 0, we recover the soy-type Lax matrix £_, _,(x) of

[12, (7.3)].

5.5 Full non-degenerate quadratic Lax matrix through the factorisation

For even N = 2n, the constructions from the previous subsection admit straightfor-
ward generalizations when replacing L(x) with Ly, ., (x) of (5.45):

Theorem 5.85 For N = 2n and any x1, x2, y1, y2 € C, the matrix

L xa, 1,y (X) =

1 i Tay M 1 —i Tay M)
0 | Mdopsom—2 | Mu] “Dxixyin@® o | dapgomoa | —Mi]
0 0 1 0 0 1
(5.86)
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with

Dy ,x2,y1,y2 (%)

G +yD+y—k+1) 0 0
- —Lxy 0+ yDuy (x +y2) Ly 0 (x +y1) 0
Jul Muy —(x + y)ui M x+y)@E+y—k+1)

and Ly, x,(x) being the linear osp(2n—2|2m) type Lax matrix of (5.47), is a solution to
the RTT-relation (2.8) with the R-matrix (3.12). Furthermore, it obeys the factorisation
formula

LU+ yDDP (x4 32) = SLyy xpyyoyn () HS ™! (5.87)

X1,X2

with i(x) of (5.70), H of (5.83), and Ly, x,(x) of (5.45).

Remark 5.88 For m = 0, we recover the D,-type Lax matrix £, ;(x) of [9, (5.36,
5.37)], depending on the extra parameters X1, X», when setting x; = s, xp = —s—n-+2,
Y1 = —X1, y2 = —X2.

Remark 5.89 According to Remark 3.16, the Lax matrix Ly, ,,(x) from Theo-
rem 5.44(a), the Lax matrix L(x) from Proposition 5.52, and its generalization for
odd N from Conjecture 5.64 give rise to the corresponding degenerate quadratic Lax
matrices for any other Z,-grading satisfying |v;| = 0. Likewise, the Lax matrices
Ly, x, (x) from Proposition 5.80 and Ly, »,,y.y,(x) from Theorem 5.85 give rise to
the corresponding non-degenerate quadratic Lax matrices for all Z;-gradings of V.

Remark 5.90 Similarly to Remarks 2.34, 4.60, we can obtain the degenerate Lax
matrices (5.53) and (5.70) from the non-degenerate Lax matrix (5.81) through the
renormalized limit procedure:

L(x +x1) = lim {Exl,m(x)~diag(1,x2_l,...,xz_l,xz_z)} o,
X2 —>00 _ uj—>u,uj—>u
N+2m—2
f,(x +x2) = lim [diag(xl_z,xl_l, .. .,xl_l, 1) .£x1,x2(x)} ) .
X1—=>00 « ) uj—>—u,uj—>—u
N+2m—2

(5.91)
Analogously, for even N = 2n, the degenerate Lax matrices (5.45) and (5.70) can be
obtained as the renormalized limits of the full non-degenerate quadratic Lax matrix
L1 x2,y1.y, (x) from (5.86).

Appendix A Twists for transfer matrices and Q-operators

In analogy to BCD-type spin chain transfer matrices, see [12, (8.69,9.19)], the diagonal
twists D for the finite-dimensional transfer matrices should be of the following form:
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e For N =2n
D = di -~ T 1) (A1
=diag (Ti, - Tns Tntls oo o s Tndms Tngems -+ o5 Tygds Tn s oo es T (A.1)

e For N =2n+1

-1 —1

. -1 —1
D=d1ag<r1,...,rn,r,,+1,...,tn+m,1,rn+m,...,rn+l,tn veen T

(A2)

On the other hand, the twist Dys used to construct Q-operators from the mon-
odromy matrices
Mx)=Lx)® ---® L(x)

N®

of degenerate Lax matrices L(x) is determined through the following invariance con-
dition:
DL(x)D™ ' = D L(x)Dosc , (A.3)

0sc

cf. [12, (8.68, 9.18)]. Here, the twist D of (A.1, A.2) acts only on the matrix space,
while the twist Do acts only on the oscillator space. We thus derive the following
explicit formulas:

e For N = 2n and the linear Lax matrix of (4.12), Dogc is given by

B n  n+m _
Dosc = ( I1 (r[tj)_éii’a/‘/i) ( I1 (r[‘rj)_bi/’b/'/i) (l_[ I1 (‘[,'r_/-)_cii’cj’i)

I<i<j<n n+l1<i<j<n+m i=1 j=n+1

(A.4)
which is a mixture of the corresponding D-type and C-type formulas [12, (8.66,
8.90)]
e For N = 2n and the quadratic Lax matrix of (5.53, 5.54), Do is given by

n+m

n a:a:4a _ywntm 64 G n 3:9:—a.3 CiCi—0C
Do — T—Zj:z(a_,a‘,jtaj/aj/) Zj:"“(c_,c,+cj/c,-«) ( Tajaj—ajrajz) ( 1—[ chcf —¢yey
osc = Tj j J

Jj=2 Jj=n+1

(AS)

which is an analogue of [12, (9.16)]

e For N = 2n + 1 and the quadratic Lax matrix of Conjecture 5.64, D, is alike
given by

Dosc =
_a _yn 3.a.44a _yntm e eiG N z.a._3 n+m  gs..._g
. Byt 1~ (248 ra )= 00 @i+ ¢, (l—lr‘f‘ﬁ‘f “j’aj’)( LISy
J

Jj=2 Jj=n+1

(A.6)
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