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Abstract

We present a formula for trigonometric orthosymplectic R-matrices associated with
any parity sequence and establish their factorization into the ordered product of g-
exponents parametrized by positive roots in the corresponding reduced root systems.
The latter is crucially based on the construction of orthogonal bases of the positive
subalgebra through g-bracketings and combinatorics of dominant Lyndon words, as
developed in Clark et al. (Quantum Topol 7(3):553-638, 2016). We further evaluate the
affine orthosymplectic R-matrices, establishing their intertwining property as well as
matching them with those obtained through the Yang—Baxterization technique of Ge
et al. (Int J Mod Phys A 6(21):3735-3779, 1991). This reproduces the celebrated
formulas of Jimbo (Commun Math Phys 102(4):537-547, 1986) for classical BCD
types and the formula of Mehta et al. (J Phys A 39(1):17-26, 2006) for the standard
parity sequence.
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1 Introduction
1.1 Summary

For classical Lie algebras g, the quantum groups U ;“ (g) firstimplicitly appeared in the
work of Faddeev’s school on the quantum inverse scattering method, see, e.g., [11]. In
this RLL realization, the algebra generators are encoded by two square matrices L*
subject to the famous RLL relations:

tr+ _ pErd tr— _ p—g+
RLYLF = LFLYR, RL{L; =L;L{R

(and some additional relations to kill the center), where R is a solution of the Yang—
Baxter equation
R12R13R23 = Ro3R13R12. (1.1

This is a natural analogue of the matrix realization of classical Lie algebras, and it
manifestly exhibits the Hopf algebra structure, with the coproduct A, antipode S, and
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counit € given by:
AL =L LT, sSLH=wLH"!, eH) =1

The uniform definition of quantum groups U, (?J (g) for any Kac—Moody Lie algebra g
was provided independently by Drinfeld [9] and Jimbo [21] and is usually referred to as
the Drinfeld—Jimbo realization. In this presentation, the generators e;, f;, kl.jEl = g*thi
are labeled by simple roots «; of g, while the Hopf algebra structure is given for-
mally by the assignment on the generators. In A-type, the corresponding isomorphism
U ;“ (gl,) = U (]]DJ (gl,,) and subsequently its sl,,-counterpart were constructed in [8, §2]
by considering the Gauss decomposition of the generator matrices L*.

The next important class of Kac-Moody Lie algebras is the so-called affine Lie
algebras g, which admits a similar Chevalley—Serre-type presentation associated with
extended Dynkin diagrams. It is well known that they are central extensions of the
corresponding loop algebra Lg = g ® C[t, t~']:

0—->C-c—>g— Lg— 0.

The aforementioned construction of [11] was extended to the loop setup of Lg in [12]
by crucially replacing the R-matrices satisfying (1.1) with parameter-dependent R-
matrices R(z) satisfying

R12(2) R13(zw) Rz (w) = Roz(w) Ri3(zw) R12(2), (1.2)

the so-called Yang—Baxter equation (with a spectral parameter). The generators of
these algebras U ;“(L g) are now encoded by two square matrices L*(z) subject to
analogous RLL relations

R(z/w)LT (2) Ly (w) = Ly (w)LE (2)R(z/w),
R(z/w)LT (2)L; (w) = Ly (w)L] (2)R(z/w).

Finally, this was generalized to g in [38], thus producing U;"(g) by incorporating
the central charge. For classical g, this construction is an exact affine analogue of the
construction from [11].

There is yet another realization [10] of quantum affine groups Uy (g), which is
usually referred to as the new Drinfeld realization (a.k.a. current realization). The
isomorphism U, (§) ~ U’ (§) was stated in [10] without a proof, while the complete
details appeared a decade later in the work of Beck and Damiani. In A-type, the cor-
responding isomorphism U, rtt(g[ ) = U, (g ) and subsequently its 5[ -counterpart
were first constructed in [8] by con51der1ng the Gauss decomposition of the generator
matrices L¥(z), similar to the finite type. For affinizations of other classical Lie alge-
bras, such isomorphisms were first discovered in [18] and were revised more recently
in [24, 25].

The above results also admit rational counterparts, with quantum loop/affine groups
replaced by the Yangians th (g) (in the J-realization), first introduced in [9]. The
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representation theory of these algebras has been developed using their alternative (new)
Drinfeld realization Yy (g) proposed in [10], though it should be noted that the Hopf
algebra structure is much more involved in this presentation. One can also adapt [11,
12] to define Yr?t(g) in the RTT realization. In this presentation, the algebra generators
are encoded by a square matrix 7 (u) subject to a single RTT relation (together with
an extra central reduction)

R(u —v)T1 ()2 (v) = 2()T1 ) R(u — v)
where the R-matrix R(u) is again a solution of the Yang—Baxter equation
Ri2(u)R13(u + v)Ro3(v) = Rp3(v)Ri3(u + v)Rio(u).

For classical series, the relevant R-matrices R(u) are the Yang’s matrix in type A,
and the Zamolodchikov—Zamolodchikov’s matrix in types BC D. The Hopf algebra
structure on such Y"(g) is especially simple, with the coproduct A, antipode S, and
counit € given explicitly by

ATw)=Tw) @Tw), STw)=T"u), eT@w)=L

These features make the RTT realization to be well suited both for the representation
theory as well as the study of corresponding integrable systems. An explicit isomor-
phism Y;L“(g) ~ Yp(g) is again constructed using the Gauss decomposition of the
generator matrix 7 (u). For A-type, this was carried out in [4]; for BC D-types, it was
carried a decade later in [23], while a less explicit isomorphism in general types was
established in [40]. Finally, we note that the RTT realization of the (antidominantly)
shifted Yangians Y, (g) from [3] was recently obtained in [13, 14] for classical g, thus
significantly simplifying some of their basic structures as well as producing integrable
systems on the corresponding quantized Coulomb branches of 3d A/ = 4 quiver gauge
theories.

The theory of quantum groups and Yangians associated with Lie superalgebras is
still far from a full development. While the Drinfeld—Jimbo realization of quantum
finite and affine supergroups was proposed two decades ago in [42, 43], there is no
uniform (new) Drinfeld realization of such algebras in affine types, besides for A-
type. A novel feature of Lie superalgebras is that they admit several non-isomorphic
Dynkin diagrams. The isomorphism of the Lie superalgebras corresponding to differ-
ent Dynkin diagrams of the same finite/affine type was established in [27, Appendix].
Upgrading the latter to the isomorphism of quantum finite/affine superalgebras associ-
ated with different Dynkin diagrams is a highly nontrivial technical task that constitutes
one of the major results of [43]. The renewed interest in quantum supergroups over the
last decade is often motivated by intriguing predictions in string theory. In particular,
the recent work [41] established a certain duality between U, (0sp(2m + 1]2n)) and
U_4(0sp(2n + 1|2m)) generalizing a conjecture of [32].

Likewise, there is no J or new Drinfeld realizations of super-Yangians. The cases
studied mostly up to date involve rather the RTT realization. The general linear RTT
Yangians Y;" (gl(n|m)) and the orthosymplectic RTT Yangians Y}" (osp(N [2m)) first
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appeared in [34] and [1], respectively, using the super-analogues of the Yang’s and
Zamolodchikov—Zamolodchikov’s rational R-matrices. In the above classical types,
the underlying R-matrices posses natural symmetries, which yield isomorphisms
of Yr?t(g) associated with different Dynkin diagrams. In the recent work [15], the
new Drinfeld realization of orthosymplectic super-Yangian Yy (osp(V)) was finally
obtained for any Dynkin diagram, generalizing the one of [33] for the case of the
distinguished Dynkin diagram (we note that the orthosymplectic type simultaneously
resembles all three classical types B, C, D). The key idea of [15] was to derive all the
defining relations (including the higher order Serre relations) from the RTT relations
by performing the Gauss decomposition of the generating matrix, thus generalizing
the derivation of the new Drinfeld realization of Y. gt(g[(n |m)) from [36, 39].

In this note, we evaluate finite and affine R-matrices associated with the orthosym-
plectic Lie algebras and any Dynkin diagram. In analogy with the aforementioned
orthosymplectic super-Yangian case, in the sequel note [19], we shall derive the new
Drinfeld realization of the orthosymplectic quantum affine algebras, thus generalizing
the BC D-types of [24, 25]. While for the distinguished Dynkin diagram, the corre-
sponding R-matrices were presented almost 20 years ago in [31] (also cf. [16]), we
hope that the present work also adds more in understanding the origin of these for-
mulas. Our presentation follows closely [29], the recent joint work of I. Martin and
the second author. To this end, we first evaluate the finite orthosymplectic R-matrices,
also presenting their factorization into “local g-exponents”. While the latter resem-
bles the classical factorization of finite R-matrices for (non-super) quantum groups
U[]IDJ (g) (see [26]), our proof is quite different as it relies on the combinatorial shuf-
fle approach. We then apply the Yang—Baxterization technique of [17] to get several
potential candidates for the affine R(z), and finally choose the correct one that inter-
twines the tensor product of two evaluation modules. We note that a combination
of the present work and [29, 30] allows to evaluate finite and affine R-matrices for
two-parameter orthosymplectic quantum groups and subsequently derive their new
Drinfeld presentation.

1.2 Outline

The structure of the present paper is the following:

e In Sect.2, we recall the basic conventions on superalgebras as well as definitions
of orthosymplectic Lie superalgebras osp(V) and their Drinfeld—Jimbo-type quanti-
zations Uy (0sp(V)).

e In Sect.3, we explicitly construct the first fundamental representation V of
U, (0sp(V)), see Proposition 3.1. We further present three highest weight vectors
w1, wa2, w3 in V. ® V, see Proposition 3.2 (and Sect. B.2), such that w; and w; and
yet another vector w3 or w3 (or actually w3 unless n = m) generate the entire tensor
square V ® V under the U, (osp(V))-action.

e In Sect. 4, we evaluate the universal intertwiner ﬁvv from Proposition 4.3 on the first
fundamental U, (0sp(V))-representation from Proposition 3.1, see Theorem 4.6. This
generalizes the formula of [31] for the standard parity sequence. Our proof is quite
different though, as we directly verify the intertwining property, see Proposition 4.8
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(and Sect. 4.3 for its proof), and match the action on the generating three vectors from
Proposition 3.2, see Propositions 4.9 and 4.11.

e In Sect. 5, we present an alternative proof of the formula for Ry y from Theorem 4.6
by factorizing it into the “local” operators parametrized by the positive roots of the
reduced root system ®. To do so, we use a combinatorial construction of orthogonal
PBW bases of the positive subalgebra of U, (0sp(V)) developed in [7], see Proposi-
tion 5.6. While the setup of [7] slightly differs from ours (in that they use a different
pairing, coproduct, and a twisted product), we relate the two explicitly, thus obtaining
dual bases of the positive and negative subalgebras of U, (osp(V)) with respect to the
bialgebra pairing (4.3), see Theorem 5.16. This implies the factorization formula of
Theorem 5.18, cf. Remark 5.19, thus providing a conceptual origin of (4.13) from
Theorem 4.6.

e In Sect.6, we extend the first fundamental U, (0sp(V))-module from Proposi-
tion 3.1 to evaluation modules over the orthosymplectic quantum affine supergroup
U, (05p(V)) and its reduced version U, ,; (05p(V)) in Propositions 6.1-6.2. The main
result of this section is Theorem 6.3, which evaluates the universal intertwiner of
U, (0sp(V)) on the tensor product of two such representations, generalizing the orthog-
onal and symplectic types due to [22]. According to [22], this produces a solution
of the Yang—Baxter relation with a spectral parameter, cf. (6.11). While the proof
of Theorem 6.3 is straightforward (see Sect. 6.4), we derived the formula from its
finite counterpart (Theorem 4.6) through the Yang—Baxterization technique of [17],
cf. Proposition 6.8.

e In Appendix A, we present a similar treatment for A-type quantum finite and affine
supergroups and derive the corresponding finite and affine R-matrices in Theorems A.3
and A.18, respectively. In Sect. A.6, we also present a factorization formula for the
corresponding finite R-matrix, which seems to be missing in the literature. We also
emphasize that the affine R-matrix can be obtained from the finite one through the
Yang—Baxterization of [17], up to a prefactor.

e In Appendix B, we present a direct tedious verification of the “generating” property
of V ® V by the two highest weight vectors in type A and three vectors in orthosym-
plectic type (which can be chosen to be the highest weight vectors unless n = m),
cf. Propositions A.2(b) and 3.2(b,c). Our analysis emphasizes an importance of the
special case n = m, when V ® V is not semisimple.

2 Orthosymplectic Lie superalgebras and quantum groups

In this section, we recall the definition of orthosymplectic Lie superalgebras and
associated quantum groups, following [6].

2.1 Setup and notations
Fix nonnegative integers m,n so that n is even, and set N = m + n as well as

s = L%J We shall assume that N > 2. We equip the index set I = {1,2,..., N}
with an involution ’ via:
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i»i'=N+1-i.
Consider a superspace V = C™" with a homogeneous C-basis {vy, va, ..., vy} such
that each v; is either even (i.e., v; € Vg) or odd (i.e., v; € V7), the dimensions are

dim(Vy) = m, dim(V{) = n, and the vectors v;, vy have the same parity for any i € I
(in particular, vy is even for odd N). The latter condition means that

i=1i, 2.1)
where for i € I, we define its Zz-parityzT € 7o via:

0 if v;iseven
1 if vjisodd ~

The choice of Z;-parity of the basis vectors can be encoded by the parity sequence

yv = (vil.... .l = (1,....5) € (0. 1)
We also choose a sequence vy = (¥, U2, ..., Uy) of £1’s satisfying
1 if i=0
9; = e (2.2)
=0y if i=1

(we do not assume that ©; = 1 fori < s). Under the conventions (—1)6 =1,(-D'=
—1, we get

92 =1 and &0y = (—1)' forany i€l

Any superalgebra A = Ay @ Aj can be equipped with a natural Lie superalgebra
structure via: /
[x,x'] = ad, (x") = xx’ — (=D)FIIxx (2.3)

defined for homogeneous x,x" € A with |x[, |x'| denoting their Z,-grading, and
extended linearly. Given two superspaces A = Ay @ A7 and B = By @ By, their
tensor product A ® B is also a superspace with (A ® B)g = (A5 ® By) @ (A7 ® By)
and (A ® B){ = (A5 ® Bj) ® (A] ® Bp). Furthermore, if A and B are superalgebras,
then A ® B is made into a superalgebra, called the graded tensor product of the
superalgebras A and B, via the following multiplication:

x®NE ®yY) =DM © (5y)

(2.4)
for any homogeneous x,x’ € A, y,y’ € B.

We will use only the graded tensor products of superalgebras, unless stated otherwise.
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2.2 Orthosymplectic Lie superalgebras

Consider the set gl(V) of all linear endomorphisms of V. Using the basis
{vi, v2, ..., vn} of V, we can identify gl(V) with the set of all N x N matrices.
It can be made into a Lie superalgebra, called the general linear Lie superalgebra, by
defining the Z,-grading

|Eij| =i+ ]
and consequently with the Lie superbracket given by (cf. (2.3))

(Eij. Eap) = 8ja Eip — 8pi (—1)TD@D g

where we use the basis {E; j}f\f i=1 of elementary matrices with 1 at the (i, j)-entry
and 0 elsewhere. '

Consider a bilinear form Bg: V x V — C defined by the anti-diagonal matrix
(cf. (2.2))

N
G = Z '191‘ Ei’i‘
i=1

The orthosymplectic Lie superalgebra osp(V) associated with the bilinear form Bg
is the Lie subalgebra of gl(V) consisting of all matrices X = Zi’j xijEij € gl(V)
preserving Bg, i.e., satisfying

X*'G+GX =0

where the supertransposition of X is defined via

N
XSt = Z (=)D E . (2.5)
i,j=1

Thus, osp(V) is spanned by the elements
Xij = Eij — (=) D9,9,E; Y1 <ij<N. (2.6)

We note that X j/; = —(=1)it+Ny, ¥ - X;j. The following elements form a basis of
osp(V):
{(Xijli+j<N+1}Uu{Xy|i=11<i=<s}
We choose the Cartan subalgebra h of osp(V) to consist of all diagonal matrices.
Thus, b has a basis {X;;};_,. Consider the linear functionals {esr}ﬁv=1 on gl(V) defined
by &, (Zi,j xijEij) = x,,. Their restrictions to b satisfy

gily = —&ply foranyi, esy1ly =0 forodd N. 2.7
Therefore, {¢;};_, give rise to a basis of b* that is dual to the basis {Xii}j_, of b.
The computation [X;;, Xap] = (64 — €)(Xii)Xap shows that X, is a root vec-

tor corresponding to the root ¢, — €. Hence, we get the root space decomposition
osp(V) = bh @ P, cq 05p(V), with the root system
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O={es—ep|a+b<N+1 a#blU{2,|a=1} (2.8)

We further have a decomposition ® = ®5 U @7 into even and odd roots. We also
choose the following polarization of ®:

dt ={ea—ep|a<b<dlU{2¢,|a=1, ac<s}, 29
O =lea—ep|b<a<bluf2e,|a=1d <s} '
Let ® = Cf>() U CTDI be the reduced root system of osp(V), that is:
P={yed|iy¢d}, g=dnP; &;=>N°;. (2.10)

2.3 Chevalley-Serre-type presentation

Consider the non-degenerate supertrace bilinear form (-, -): 0sp(V) x osp(V) — C
defined by
(X,Y) = 3sTr(XY).

Its restriction to the Cartan subalgebra b of osp(V) is non-degenerate, thus giving
rise to an identification h =~ bh* via &; < (=DiX;; and inducing a bilinear form
(-,): b* x h* — C such that

(e 6j) = 8;j(—1) forany 1<i,j<s. 2.11)

We also recall that an odd root o € @7 is called isotropic if (o, o) = 0.
Following the choice of the polarization (2.9) of the root system (2.8), the simple
roots and the corresponding root vectors can be written as follows:

e Case 1: m is odd.

o =¢& — &y for 1 <i <y,

e, = Xi,i-i-l for 1 <i <y,

- . (2.12)
fi = (—l)lXH.]J for 1 <1<y,
hi =lei. fil = (=)' X; — (~1)  Xiy1 41 for 1<i<s.
e Case2: misevenands = 0.
& — &ixl if 1<i<s
o = )
! Es—1 — Es+1 =SS,1+8S if i=s
Xii if 1<i
o = { Bl M SE=S (2.13)
Xe—1541 if i=s

e DX it 1<i<s
S T X B i=s '
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(=D Xii = (=DF X141 if 1<i<s
D X = DT Xy O i=s

hi = e, fi] = {
e Case3:misevenands = 1.

’

g —¢g4 if 1<i<s
o = e
2¢ey if i=s

’

Xi,i+1 if 1<i<s
€ = e
Egsp1 if i=s

- (2.14)
f— (—])IX,'_HJ' if 1<i<s
YT 2B if i=s
DX — (=D X if 1<i
hi = [e;,f] = (=D'Xi;i — (=D i+1,i+1 1 ‘ _l<S.
—2X s if i=s
Define the symmetrized Cartan matrix (a; j)f’ i=1 of osp(V) via
ajj = (Ol,',()lj). (215)

Then, the above elements {e;, f;, h;};_, are easily seen to satisfy the Chevalley-type
relations:

[h,’, hj] =0, [h,’, ej] = aj;e;, [hl’, fj] = —aijfj, [e,-,fj] = (Sl'jh,'. (2.16)

In fact, the Lie superalgebra osp(V) admits a generators-and-relations presenta-
tion, which is a special case of [44, Main Theorem]. Explicitly, it is generated by
{ei. fi, hi}i_,, with the Z,-grading

0 if o € dp

- , |hi|=0, 2.17
1 if Ol,‘GCDI | l| ( )

le;| = Ifil =

while the defining relations are (2.16) together with the standard Serre relations and
the higher order Serre relations. As we shall not need the explicit form of the Serre
relations, we rather refer the interested reader to [44, §3.2.1] for the exact formulas.

Remark 2.1 We note that our choice of the generators is a rescaled version of those used
in [43, 44], as we use the symmetrized Cartan matrix instead of the non-symmetrized
one in (2.16).

2.4 Orthosymplectic quantum groups

The orthosymplectic quantum supergroup U, (osp(V)) is a natural quantization of the
universal enveloping superalgebra U (osp(V)). Explicitly, U, (osp(V)) is a (C(qil/ 2.
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superalgebra generated by {¢;, f;, g/ z}le , with the Z,-grading as in (2.17), subject

to the following analogues of (2.16):

[q"/2, q"i2 =0, ¢*hil2gFhi2 =, (2.18)
q"Pejg™h? =g e;, g P fiqT = g7, (2.19)
q 1 _q 1
lei, fil=0ij—————, (2.20)
q—49

as well as the standard and the higher order q-Serre relations, which the interested
reader may find in [42, Proposition 10.4.1], cf. [7, Proposition 2.7].

Remark 2.2 We note that our choice of the denominator ¢ — ¢~! in (2.20) follows
conventions of [43], and thus may differ from some other literature by a mere rescaling

of fj’s.

Consider a lattice P = @;_, Ze;, a root lattice Q = @;_, Ze; contained in P
via (2.12)-(2.14), and set Q1 = @;_, Z>oe;. The algebra U, (0sp(V)) is naturally
graded by Q (thus also by P) via:

deg(ei) = o, deg(fi) = —aj, deg(qg™/?) =0 V1<i<s. (2.21)

For elements a, b € U, (0sp(V)) homogeneous with respect to the Z,-grading and
(2.21), we set:
la, bl = ab — (—1)lallblgdeg(@).dee®)) p (2.22)

Moreover, the following formulas endow U, (osp(V)) with a Hopf superalgebra
structure:

Ale)) =q"? @ e+ e @ g7/,
A =q"?® fi+ fi @ q M2, (2.23)
A(q:thi/Z) _ q:thi/Z ®q:|:h,-/2’
the counit
€le) =0, e(fi)=0, e(g’? =1,

and the antipode
S(ei) = —q~“"er, S(fi) =—q"fi. S = g™,

Following [20], we also define a superalgebra homomorphism A” : Ug(osp(V)) —
U, (0sp(V)®? via

ANe)=q¢"®@e+e®1, NN(f)=10 fi+fivwg™",

A (gFhi12y = gFhil? @ g il 2.24)
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Remark 2.3 We prefer to follow the notations from physics literature as we use ¢+
instead of the more common generators K l.il and use the coproduct (2.23) more often
than (2.24).

3 Column-vector representations
3.1 First fundamental representations

Henceforth, we shall use the following convention ¢g? for a diagonal matrix D =
diag(dy, ...,dn):
qD = C]dlEll + - +quENN-

We shall also identify End(V) with the set of N x N matrices using the basis
{vi,..., vy} of V.

Proposition 3.1 The following defines a representation ¢ : Uy (0sp(V)) — End(V):

+h; /2 +h; /2

olei) =e;, o(fi) =«ifi, oqg )=¢q for 1<i<s, 3.D

where {e;,f;, h;};_, denote the action of Chevalley-type generators of osp(V)
from (2.12) to (2.14), and

g+q~"
Ki = 2 .
1 otherwise

if miseven,s =1, andi =

Proof We need to show that the operators (3.1) satisfy the defining relations (2.18)-
(2.20) together with the standard and the higher order g-Serre relations. The
relations (2.18) are obvious as all h; are diagonal in the basis {vy, ..., vy}. For the
first relation of (2.19), we note that its left-hand side is the conjugation of e; by the
diagonal matrix ¢"/2. Hence, it suffices to compare ¢%//2 to the ratios of the eigen-
values of qhi /2 on the vectors e vq and v, (assuming the former is nonzero), which
follows from the second equality of (2.16). The second relation of (2.19) is checked
analogously. Finally, the relation (2.20) follows from (2.16), since h; is diagonal with
{0, £1, 42} on diagonal (with 42 appearing only when m is even, 5 = 1, and i = s)
and

(@"—a)/g—q ) =r for ref0,£l). (3.2)

To verify the g-Serre relations, let us equip V' with a natural P-grading (with P as
above) viadeg(v;) = ¢ forall 1 < j <N, where we follow (2.7) fors < j < N.Evok-
ing the P-grading (2.21) of U, (0sp(V)), we see that the assignment (3.1) preserves
this P-grading:
iy 1<j<N.

3.3)
Referring to the explicit form of all g-Serre relations, left-hand sides of which are
presented in [42, Definition 4.2.1], one can easily see that all of them, besides (v), are

deg(o(x)v;) = deg(x) +deg(v;) forany x €le;, fi,q
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homogeneous whose degrees are not in the set {¢; —¢; |1 < i, j < N}. Hence, they
act trivially on the superspace V.
It remains to verify only the cubic g-Serre relation (cf. notation (2.22))

les, les—1, es—20N — [es—1. [es. es—2NN =0 (3.4)

arising from [42, Definition 4.2.1(v)], which occurs only when yy = (x, ..., %, 1, 0)
and N > 6 is even. Evoking the above P-grading, we note that the left-hand side
of (3.4) has degree ;2 + a1 + a; = &2 + &;—1 and hence acts trivially on v;
for j ¢ {(s — 1)/, (s — 2)'}. Tt is straightforward to check that it also acts trivially on
the basis vectors v(_1y and v;_oy. o

3.2 Tensor square of the first fundamental representation

Recall that a vector w in a U, (0sp(V'))-module W is called highest weight vector of
weight w if

ei(w) =0 and ¢"?(w)=g"M"/Pw forall 1<i<s.

Proposition 3.2 (a) The following are highest weight vectors in U, (0sp(V))-module
Vev:

w; = v Q v,

T T
wy = v @ vy — (—DIIFgED ) @ uy,

N (3.5)
w3 = Zci -V ® vy,
i=1

where the coefficients c;’s in w3 are determined by c1 = 1 and the following relations:

_1a@ _1ya+1
Ca+1 = 61( DA =02 Valay1-cq for 1 <a <y, 3.6)

ey = (_1)a+aT1 . q(71)5/2+(71)a+1/2 “VaPat1 - Cayry for 1 <a <,

as well as one of the following

Cs+1 = q(_l)s/z'ﬂsﬁs—s—l Cs, Cs42 = (_1)E+S+l 'q(_l)x/z'l?sﬁs+l “Cs+1 for odd m,

B 3.7)
Copl = q(_l)s/2+(_l)j_]/2 051041 -Cs—1 forevenm ands =0, (3.8)
Cs+1 = —q(*])?'2 Sy = —cfz ¢y forevenm ands = 1. 3.9)

(b) Forn % m, the Uy (0sp(V))-module V®V is generated by these vectors wi, wa, w3
of (3.5).

(c) For any n and m, the Uy (osp(V))-module V ® V is generated by the vectors
wi, Wy, W3 = v ® vy, as well as by the vectors wy, wy, W3 = vy Q vJ.
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Proof (a) Let us show that the vectors wy, wy, w3 are indeed highest weight vectors
for the action 0®? of U, (0sp(V)) on V ® V. First, we note that they are eigenvectors
with respect to {qhi/z}lez

Q®2(qh,-/2)w1 _ q281(h,-/2)w1’ Q®2(qhi/2)w2 — q(81+82)(h[/2)w2,

0®2(q"* w3 = ws.

It remains to verify that wp, wy, w3 are annihilated by all Q®2(ei). The equality
0%%(ej)(w1) = 0 follows from o(e;)(vy) = 0. Likewise, 0®%(¢;)(w2) = 0 for
i > 1 follows from g(e;)v; = o(e))va = 0. Meanwhile, combining o(ej)vs = vy,

o(en)vy =0, o(g"/ v, = q(_l)l/zvl, and (2.23), we also get:

0% (en w2 = (0(g""*) ® 0(e1)) (v1 ® v2)
o )
— (=)' #D4ED (0(e)) ® 0(g M) (12 ® v1)
= (DT g2 ([T =) Ly gy =0,

where the sign (—1)'1*2) in the beginning of the second line is due to the conven-
tions (2.4).

It remains to verify Q®2(ea)w3 = 0 for all a. First, let us consider the case 1 <
a < s. Then:

Q®2(ea)w3 =(0(ea) ® Q(q_ha/z))(ca—H “Va+1 @ Vg+1y +Ca - Vg @ va)
+((@" ™ ® 0(€a))(Cat1y * Viat1y ® Vas1 + Ca - Va ® Vy')

_(—1)a+t
=Ca+1-4 AR Vg & V(a+1y
—Cy - q—(—l)a/Z . (_I)E(E+a+l)l9al9a+1 . v(a+1)/ ® Vg
ar1(G4as] _patt
+ (D@D ey gV vy @ v,

_ (_1)E(ﬁ+a+1) “cq q(—l)a/2 . (—1)E(E+a+l)l9al9a+l ‘U, ® Via+1)»

with the first signs in the last two lines due to the conventions (2.4). Evoking both
defining relations (3.6), we see that the right-hand side above vanishes, and so
Q®2(ea)w3 =0forl <a<s.

To evaluate Q®2(es)w3, we have to consider three separate cases:

e Case 1: m is odd. In this case, we likewise have:

Q®2(es)w3 =(0(e5) ® Q(qihdz))(cﬁ-l S Vsl @ Vs1 + Cs42 - V542 @ Us)
+ (Q(qhx/z) ® Q(es))(cs+1 CUs+] @ Vg1 + 65 - V5 @ vs‘+2)
=Cs41 " Vs ® Vg1 — Cs42 - qi(il)x/z . (_I)EGJFSJFI)ﬂSﬂSJrI c Vg1 ® Vg

F (=)D e ®
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— (= 1)SOEHTD 0 g D2 (SO Dy vy ® g,

with the first signs in the last two lines due to the conventions (2.4). Evoking both
defining relations (3.7), we see that the right-hand side above vanishes, and so
02 (eg)w3 = 0. i
e Case 2: m is even and 5 = 0. In this case, we obtain:
®2 _ —hs /2 . N
07" (es)w3 = (o(es) ® 0(q ))(‘s«H Vs QUs +C542 - V542 ® Usfl)
+(2(@" /) ® oles)) (cs - vs ® Vst + Co—1 - Vs—1 ® Vg42)
=Cs+1 " ‘1_(_1)?/2 cUg—1 ® v
(=11 TIG=145
—Cs42°4 =b /2.(_1)_v 16s 1+s)'19_v—119s+1 s Vs Q@ us
+ (‘UE(ﬁJrf) cCy - (1(71)?/2 s Vs Qug_

e o =T —_——
— (=IO g CEDTT2 IO IR Ly 9 ® g

Evoking (3.6, 3.8), we see that the right-hand side above vanishes, and so
0®*(es)ws = 0. )

e Case 3: m is even and 5 = 1. In this case, we again get the desired vanishing
by (3.9):

0% (es)ws = (0(q™"*) ® 0(e))(cs - vs ® vyy1)

+ (o(es) ® 0(q ™" /*)) (cs41 - Vs41 ® y)

=cs~q_l~vs®vs+cs+1-q~vs®vs=0.

(b) Part (b) is established in Propositions B.2(b,d), B.3(b,e), and B.4(b,e) from

Appendix B.
(c) Part (c) is established in Propositions B.2(b—d), B.3(c—e), and B.4(c—e) from
Appendix B. O

Remark 3.3 Reversing the above calculations, we see that the only highest weight
vectors in Uy (osp(V))-module V ® V of weights 2¢1, &1 + &2, 0 are multiples of
w1, w2, w3, respectively.

4 R-matrices

4.1 Universal construction

We first recall the general construction of a U, (osp(V))-module isomorphism
W1 ® Wy — W, ® W arising through the universal R-matrix, following the treatment
of [20, §7] in the non-super setup. First of all, for any superspaces A and B, we define

the graded permutation operator T = t4 g via

T:AQB > B®A, x®yr (—D*My @ x for homogeneous x € A, y € B.
“4.1)
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We note that if both A, B are superalgebras, then t of (4.1) is a superalgebra homo-
morphism. In particular, we can now define opposite coproducts A° and A”-°P, which
are superalgebra homomorphisms, via:

AP(x) =ToA(x), AVP(x)=10A (x) Vx e U,(osp(V)), 4.2)

cf. (2.23, 2.24). Henceforth, we shall only work with zype 1 P-graded U, (osp(V))-
modules W, i.e.,

W= Winl with Winl= {w e W|g"2w) = g2y v1<is< s} .
HneprP

For any such U (0sp(V))-modules Wy, W>, we define a linear map f: Wi ® Wy —
W1 ® W, via

fwr @wy) =¢~ "W .wy @wy forany w; € Wi[v], wy € Walul.

Let U;(osp(V)) and Uq’ (0sp(V)) be the subalgebras of U, (osp(V)) generated
by {e;};_, and { fi}}_,, respectively. We also define U~ (0sp(V)) and U (osp(V)) as
subalgebras of U, (0sp(V)) generated by {e;, cﬁhi/z}f‘:1 and { f;, qihi/z}f.:l, respec-
tively. The basic property of all quantum (super)groups is that they are Drinfeld doubles
with respect to a bialgebra pairing, which presently relies on the following result (gen-
eralizing [20, Propositions 6.12, 6.18] to the super setup):

Proposition 4.1 There exists a unique bilinear bialgebra pairing
()2 Uz (osp(V)) x Uz (osp(V)) —> C(g™'/%), 4.3)
which satisfies the following structural properties
WY 0y =0y, A @)y, (xx)y =T PE)x@x), 4.4

forany x,x" € Uz (0sp(V)), y,y" € Uz (0sp(V)) with the pairing in the right-hand
sides defined by

x@x', y®y)s = (=D M(x, y),(x,y); for any Zy—homogeneous x, x', y, ¥/,
and is given on the generators by (forany 1 <i, j <s):

(fir g™ =0, (g%, ¢)); =0,

Ty filles] 4.5
Sij (=1)lities ("2, g%, = gl (45)

(fi.ej)s = ,

g '—q

The pairing (4.3) is non-degenerate.
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Remark 4.2 The non-degeneracy of (4.3) easily follows from the non-degeneracy of its
restriction to U, 7 (osp(V)) x U, (j (0sp(V)). We note that the latter is a highly nontrivial
result and is actually the main result of [42], where the g-Serre relations were precisely
derived to satisfy this property.

Recall the P-grading on U, (0sp(V)), hence on all the subalgebras above, cf. (2.21).

We note that the graded components U G (osp(V))y and U, ; (osp(V)),, are all finite-
dimensional. Furthermore, in accordance with (4.4, 4.5), the pairing (4.3) is graded:

(v, x); =0 for yeU; (0sp(V))y, x € U (0sp(V)), with p+v #0.

Let us pick dual bases {x/'}, {y/'} of U (0sp(V)),., U; (0sp(V))_,, with respect
to (4.3), and set

O=14+Y 0, with ©,=>) x'®y". (4.6)

n>0 i
The following is proved completely analogously to [20, Theorem 7.3]:
Proposition 4.3 For any U, (0sp(V))-modules Wy and W, as above, the map
Ry,w,=10f 000 f12: W @ W, — W, @ W, 4.7
is an isomorphism of U, (0sp(V))-modules.
Remark 4.4 Completely analogously to [20, Theorem 7.3], one verifies that
A P()OF =0 fA (x) Vx e U,(osp(V)).

Comparing the defining formulas of A’ from (2.24) to those of A from (2.23), it is
easy to see that

Ay = FPA@ R AP = FPAR@) 2 Vx € Uyglosp(V)).
Combining the above two equalities, we obtain:
AP@) FPOfY? = FIPOF2AR) Y € Uglosp(V)),

which together with 7 (x (w1 ® w2)) = A% (x)(r(w; ® wy)) forall x € U, (osp(V)),
wi € Wi, wy € W, establishes Proposition 4.3.

Let Rw,,w, = T 0 IQWI,WZ = fl/Z o® o fl/2: Wi ® W - Wi ® Wa. Given

U, (0sp(V))-modules Wy, W,, W3 as above, we define the following three endomor-
phisms of W; @ W @ Ws:

Ri2 = Rw,,w, ® Idw,;, Ry3 =Idw, ® Rwy,wy, Ri3=1d®1)R12(Id ® 7).
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We likewise define linear operators Rlz, I§23, ng. Then, analogously to [20], we have:

R12R13R23 = R3Ri3R12: Wi @ W @ W3 — W @ Wa ® W3,

A A 4.8)
R12R23R12 = Ry3R12R3: Wi @ Wo @ W3 — W3 @ Wo ® Wy

In particular, we obtain a whole family of solutions of the quantum Yang-Baxter
equation:
Ri2R13R»3 = R)3R13R1p e End(W Q@ W ® W). 4.9)

Corollary 4.5 For any U, (osp(V))-module W as above, Ryw satisfies (4.9).

4.2 Explicit R-matrices

Let

P=§ZO‘_%Z°‘ (4.10)

aEQg ae®?
be the Weyl vector of the root system @, which is the graded half-sum of all positive
roots. Due to [6, Proposition 1.33], we have

(0, i) = y(@i, ) V1<i<s. (4.11)

In accordance with (4.1), we consider the graded permutation operator
tyy: V@V — Ve Vdefinedviat(v;®v;) = (—1)'/ v;®u; forany 1 <i, j < N,
which is explicitly given by

N
Tyy = Z -D'E;; ® Eji.
ij=1

We are now ready to state our first main result:

Theorem 4.6 The U, (osp(V))-module isomorphism ﬁvv: VRV-=->VRYV from

Proposition 4.3 and its inverse Ié;%, for the Uy (0sp(V))-module V constructed in
Proposition 3.1 are given by

Iév\/ =tyy o Ry and Ié;‘l/ =1tyy o R 4.12)
with the following explicit operators
N -
Ro=T+(q"?=¢"») (~1)E; ® (q_(gi’si)/ini - q(si’si)/ZEi’i’>
izj o 4.13)
+@7 = YD Ey @ (Bji — (DI D09,9 05D Eyy )
i<j
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and

N
Ro=1+(q"*—¢7") Y (~)'Ei ® (61(5"’5")/2151':’ - qf(ei’s")/in’i')
i=l - (4.14)
+@—-qH) (VE;® (Eji - (—1)NH)l9il9jq(p’8"78-")Ei’j’>~
i>j
Remark 4.7 Evoking Remark 4.4, we can also recover the formula for the operator R

definedvia R = ®o f and its inverse R~!, corresponding to the usual coproduct A/,
as follows:

N -
R=F""oRyo J'V2 =142 = ") Y~ E;i ® (472 Ey; — g0,y )
i=1

+@ =9 Z(—l)jEij ® (Eji — (—l)j(H'j)19,'19_/~q(p’£i_g-l')q_(s"’g")ﬂq(s!"8-/)/2El~/j/),
i<j
Rl = Tof_l/zoRooofl/zor
N -
=1+ @2 =g 1/? Z(—l)lEii ® (q(gi’si)/ini — q*(sivgi)/in/i,)
i=l
+@-q7hH Z(—l)jEij ) (Eji — (=1)J Dy, ﬂjq—(pw?[ _5_/)q*(9ivgi)/2q(5_j»£_/)/2Ei,j,)_

i<j

To prove Theorem 4.6, we first establish some properties of Ry and R, defined
in (4.13) and (4.14). By abuse of notation, we shall often denote (0 ® 0)(A(x))
simply by A(x)! or 0®2(x). We start with a straightforward result, the proof of which
is postponed till the end of this section:

Proposition 4.8 For any element x € U,(osp(V)), the following equalities hold
(cf. (4.2)):
RoA(x) = AP(x)Ry and RsA(x) = A®(x)Ro. (4.15)

Next, we evaluate the action of tyy Rg, Tyy R oOn the generating vectors from
Proposition 3.2.

Proposition 4.9 (a) The highestweight vectors w1, wy, w3 are eigenvectors of tyy o Ry
. 0 0 0
TyvRo: wir> py-wy, wyb> Wy w2, w3 U3 w3
with the eigenvalues given explicitly by:
—(-D'g W= —(=)lgY | W =g (4.16)

(b) The action of tyy o Ry on w3 = v ® vy is given by tyyRo(w3)
= (=DTg™D" s

! We note that a similar convention was already used in our Remark 4.4 above.
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Proof (a) We evaluate each eigenvalue separately.

° ,u?. For w1 = v; ® vy, the direct computation shows that

_ T (11 ARy
Ro(w) =v1 ®@ vy + (¢ 2 —¢"H(=D'g TV Py 0v =¢ TV v @0y

The above equality implies the desired formula

— (_1\, —(=D"
vy Ro(w1) = (=1) ¢ v ® V.

e u).Forwy = v; ®v) — (=124 =D ) @ ), the direct computation shows

that
I _
Ro(wn) = v1 @ vy = (=D T2V (13 @01 4+ (07! = ) (=DAEL ® Ea) v @ )

1043 (DT _ Tl
=v®v— (D' @+ (g - H=DTY v @

_pl. TT42) (-1
=qV 2 @ — (—DIIFDGED @ vy

The above equality implies the desired formula

T T 13 (—pL Tl
tyvRow2) = —(=D'g vy @ v+ (=DM 2 @ = —(=D'gTD .
° M(3)~ For w3 = ZZNZI ¢; - v; @ v;r, we note that Ty y Rg(w3) is also a linear combi-
nation of {v; ® v,-/}lN: |- Furthermore, the intertwining property of Proposition 4.8
shows that

Alea)(tvy Ro(w3)) = tvy Ro(Aea)ws) = vy Ro(0® (es)ws) = 0
V1<a<s.

Combining this with Remark 3.3, we see that this forces 7y y Ry(w3) to be a scalar
multiple of w3. Therefore, to find ,ug, it is enough to compare the coefficients of
the term v; ® vys. To this end, we note that

Rows) = Y ci-vj®uvy— (g2 =q"%) Y (—=1)q i 2e; (Eji @ Eyry) (v @ vy)

1<i<N I<i<N
i’
+@ =) Y (=Diei - (B ® Eypn)(v; @ vyr)
i'<i
@ =) Y (D) g PEITE Y 9,0 - (Eji ® E jrin)(v; @ vyr)
j<i
= Y qv@u—@ =g 3 (—1)igEiE2 gy @y
1<i<N 1<i<N
+@ " =Y D v @ =@ =) Y (=D TY9;v @ .
i’<s j<i
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In particular, the coefficient of vy ® v in Ry(w3) equals
(1= @2 =g DT 0 ) e = gy,

and therefore, the coefficient of v; ® vy in Tyy Ro(w3) is (—I)Tq(’l)lcl/. The

latter implies 113 = (—l)Tq(_l)Tclr /c1. As ¢ = 1, to deduce the last formula of
(4.16), it suffices to show:

cy = (—I)Tq_(_l)lqm_”_l. (417)

The proof of (4.17) is straightforward and is based on (3.6)—(3.9). Indeed, multi-
plying

1)a+mq(—1)”+(—1)”“

Ca'/Ca = (— 'C(u+])//C(a+1) for 1 <a<s,

due to (3.6), we find

T45 (DT )220 ()T 2 1)F
cpfer = (=) gEDHEDP 2t DT DT e

Combining this with Z,N= | (=1)' = m — n and the explicit formula

(=¥ 5+ gD if s odd

cyfcs = 3 (=1 if misevenands =

’

1ol

(—1)36](_1)3'2 if misevenands = 1

due to (3.6)—(3.9), we obtain the uniform formula for ¢y//c; = ¢y from (4.17).

(b) For w3 = v; ® vy, the direct computation shows that

- _ T T T
Ro(@3) =vi ®@ vy — (¢ 2 =g (=11 vy @ vy = ¢ vy @ vy

The above equality implies the desired formula

vy Ro(3) = (—1)1g ™ vy @ vy = (—1)1g " s
This completes the proof of the proposition. O
By completely analogous computations, we get the following result:

Proposition 4.10 (a) The highest weight vectors wi, wa, w3 are eigenvectors of
Tyy © Roo

. oo oo o0
TyvRoo: Wi > Uy -wy, w2k (y c W2, W3 > U3 - W3
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with the eigenvalues given explicitly by:

T T T T
p = (=0'g" =1/}, p=—(=0'g" " =1/ud,
us® =g " =148,
(b) The action of tyy o Re on W3 = vy ® vy is given by tyyRoo(3) =
(—D)Tg=D" - i,
Let us now evaluate the action of ﬁvv on wi, wa, w3, and W3:

Proposition 4.11 (a) The highest weight vectors w1, wy, w3 are eigenvectors of Ryy
from (4.7)
Ryy: wi+— Awy, wr b= Awy, w3+ Azws

with the eigenvalues given explicitly by:

T T T T
=Dl O =kl = )Y =1, =g =4S @18)

(b) The action ofﬁvv on w3 = v| @ vy is given by Ryy (i3) = (—1)Tq(71)l - W3.

Proof (a) The intertwining property of Ryy from Proposition 4.3 together with
RemAark 3.3 implies that all three vectors w1, wa, and w3 are indeed eigenvectors
for Ryy. We shall now evaluate each eigenvalue separately.

e ). For w; = v; ® vy, the direct computation shows that

£ - T ——pT
tyy fw) = ¢ Vryy v @) = (=D'g T wy,

which implies the desired formula for A1 (as ®(v] ® v1) = v1 ® v1).

e Aj. The eigenvalue X, of the Ii’vv-action onwy; =v; QU — (—1)1(“‘2) -q(_l)l .
v2 ® vy equals the coefficient of v; ® vy in Iévv(wz). The latter appears only
from applying tyy f to the above multiple of vy ® v (thus implying the desired
formula for X;):

TVVJ?( — (=1 '61(71)1 ‘v ® Vi)
= (DI gV = @y @) = —(=11g D v @ .

e A3. The eigenvalue A3 of the Iévv—action on w3 = v; @ vy + 21N:2 ci v ® vy
equals the coefficient of vi @vy in Ry (w3). The latter appears only from applying
tyy f to the above multiple of v’ ® vy (thus implying the desired formula for A3):

fvvf(clf (1 ® 1)) = crg” Yy (v ® vy)

T (11 4.17 P
= (=D ey v @ vy B gy @y

@ Springer



Orthosymplectic R-matrices Page230f97 55

(b) For w3 = v ® vy, the direct computation shows that

~ B ) - T
tyy f(i3) = ¢y (v @ vp) = (= D'gT vy @ vy,

which implies the desired formula as ®(v; ® vy/) = v| ® v/ = Ws. O
Combining the Propositions above, we can now immediately derive our main result:

Proof of Theorem 4.6 Combining the intertwining property (4.15) with the equality
A (x) = Ty 0 A(x) o Tyy € End(V ®@ V), (4.19)
we obtain

(tvvRo) 0 A(x) = vy 0 A%(x) 0 Ry = (tyy 0 A%(x) 0 Ty, 1)) o (zyv © Ro)
= A(x) o (tyv Rop),

sothat tyy o Rp: V® V — V ® V is a U, (0sp(V))-module morphism. In fact,
since Ry specializes to the identity map I at ¢ = 1, it is generically a vector space
isomorphism, so that Tyy o Ry is a U, (0sp(V))-module isomorphism. Likewise is
the operator ﬁvv, which acts on the generating vectors wy, wy, w3 (or the generating
highest weight vectors wi, wo, w3 unless n = m) of V ® V in the same way as
Tyy o Ry, due to Propositions 4.9 and 4.11. This implies Iévv = tyy o Ry.

Similar arguments also show that Ty y o R 18 a Uy (05p(V'))-module isomorphism.
Since the operators Tyy o Rso and Ié; ‘1/ act in the same way on the generating vectors
wy, wy, w3 (or the generating highest weight vectors w1, wy, w3 unless n = m) of
V ® V, due to Propositions 4.10 and 4.11, we obtain the desired equality va =
Tyy © Reo. O

Remark 4.12 The above proof of Theorems 4.6 is quite elementary, but it does require
knowing the correct formulas for Ryy in the first place. In Sect.5, we provide the
conceptual origin of these formulas by factorizing them into an ordered product of
“local” operators.

4.3 Proof of the intertwining property

In this separate subsection, we sketch (presenting the key formulas) the proof of
Proposition 4.8.

We start with the intertwining property of Rs.. To make the computations more
manageable, it is helpful to break the operator Ry, from (4.14) into I and the following
four pieces:

Ri=@"=q7'" > (- 'q@ 2 E; ® Ey,
I<i<N

Ry=—(q"?—q7"?) Y (~1)ig " PE; @ Eyy,
1<i<N
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Ry=(q—q " Z(—l)fEij ® Eji,

i>j
Ry=—(qg—q") Z(_l)?jq(p’si_gj)ﬂiﬁjEij ® Eyjr,
i>j
sothat Roo =1+ Ry + Ry + R3 + Ry.
o Proof of RooA(ey) = A% (ey)Roo for 1 <a < s.
Recall the explicit formula A(e,) = qh“/ 2Qes+ e, ® q_h“/ 2 as well as

i#a,a’ a+1,(a+1) _
_1)@ _(_1\ya+1
o(g" /) = q""* = > Ei+q" V" ?Ew+q" " PEat1at

1<i<N

_(—1)® _yait
+4q b /zEa’a’ + 6]( b /ZE(a+l)’,(a+l)"
By direct computation, we get:

RiA(eq) =(¢"* - q‘1/2>{<71)5q(‘““ -Eqa ® Eq.qt1

T Z(ZaarT) (—]atl
_ (_1)a+1(_1)a(a+a+l)q( 1)) Byl E(a+l)’,(a+l)/ ® E(a+1)/,a’

+(_l)a‘ Ea,a+1 ® Eqq
_ (_1)a+1(_1)5(5+a+1)19a19“+1 ’E(a+1)/,a’ ® E(a+l)/,(a+l)/}’
_ T (—patl
A®(e)Ry =(q"* —¢ 1/2){<—1>““q< D Eggt,at1 ® Eqat
= 1@
_ (_l)aa—Hq( 1) BaVgt1  Egyg ® E(a+l)’,a’
_netl g E —(—)@atlyy | E E
+ (=1 a,a+1 ® Eqi1qa41 — (=1) aVat1 - Eqyrya ® Eg o (>
_ ARty
RyA(ed) =— (¢ =g ”2){(*”“4 Y Eyy ® Eqatt
T S(AAATT) —(—1)a+L
_ (_1)a+1(_1)a(a+a+l)q (=1 Y441 Eqtl.a+1 ® E(aJr])/,a/
+ (—1)5, Eqar1 ® Eyryr — (_1)a+1(_1)E(E+a+])l9dl9a+1 . E(a+1)/,a/ ® Eqi1,a+1 },
_ TTT —(—pyatl
A%P(eg)Ry =—(¢'* —¢q 1/2>{<—1>“+1q O Bty @ty ® Eaat
T (1@
—(—l)a'H_lq (—1) ﬂgﬁa+1'Eaa®E(a+l)’,a’
_netl g E — @ty E E
+(=1) a,a+1® (a+1),(a+1) (=1 aVa+1 (a+l)’,a’® aa (s

R3A(ea) =(q —q ") l YD - (Eajg™ ) @ Ejayy

j<a

= Y D )Ty 5y (B gy 4™ ® By
Jj<(a+1)
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+ Z(_I)E(_l)(ﬁ+i)(ﬁ+a+l) X Ei,a-H ® (Eaiq—ha/Z)

i>a

— Z (_l)a(_l)i@ﬂlﬂ)ﬂaﬂa—t—l'Eia’®(E(a+1)f.it]7ha/2) ’
i>(a+1)

A%P(e)R3 =(q —q ) { D (=1 (= D)@retbirath . (=2 E; 1) @ Eui

i>a+1
=Y DD @Dy, (g P Eig) ® sy
i>a’
+ > (=D Eyj ® (@™ Ejat1)
Jj<a+1

= DD EDT D9 By, ® (" E )

j<a
Also note that the difference R3A(e;) — A°P(e,)R3 can be simplified as follows:

Rs(Beg) = A% (en)Rs = (¢ ™02 — g~V VB, @ By
— = T _1yatl, _(—_1yatT
+ (= D*@ D9, (q( DR gm D /2>E(a+1>',(a+1)’ ® Eqa+1y.a
_patl. _(—1yat+l
+ (q( DA =D /Z)Ea+l,a+l ® Eq.a+1

_ (—1)F@tathy o (q<—1>ﬁ.3/2 _ q—(—wﬁ/z) Eva ® Eyity.a-
To compute the last two terms involving Ry, let us first note that (4.11) implies:

(fa = €at1.a — £as1) _ (DT + (=11
2 - 2 '

(0, eq — €at1) =

Using this equality, one derives the following formulas:

Ridea) = —(q =g~ ") 1 Y (=D (=)7q P 0g= V2030, - Eiy ® Ei

i>a’
— D D @ g s g = Ry @ Eig
i>a+1
+ ) (D )T (=) g V29, By @ B
i>a

ia a . _1ya+t
= D (DTt CUT 0, - i ® Eitasi
i>(a+1)
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=—(q— q‘1>{ — (=) V2 Eyy ® Eq a1

at+1 F(d4a+1) —(—1)at!
+ (=D (=@t D g =Dy 90 Eagtasn ® E(a+1)’,a’}
as well as

A®(e)Ry=—(q—q~ ") { =Y (=D g Dg= Vo, 19 - Eyj @ Erry

j<a
_— _— o aiT
+ ) (DT DT TPt g STy 49 By, ® Eap
j<(a+1y
a1 P _1yatl
+ Z (_1)a+qu(/>,€a+1 ej)q( 1) /2l9a+179j “Eqj ® Eqt1y, jr
Jj<a+1

- Z(_l)aj(—l)aaﬂqf(p‘s"“f)q(*l)a/zﬁﬁl19/‘ “E@+1y,j ® Eqjr

j<a’

_ T (Tt
=—(@q—q l){ — (=D g E ity @ty ® Eaatt

+ (=)= 29,901 Eaw ® Bty a }
Combining the above eight formulas, using the obvious equalities

("7 =g (=) = g2 gV (g g (1) = gD =g

and collecting similar terms, we finally obtain:

4
> (Reten) = AP (e Re) = —Alea) + A (eo). (4.20)
k=1

This establishes the claimed intertwining property RocA(e,) = A°(e;)Roo for
1<a<s.

o Proof of RooA(ey) = A°P(e5)Roo.

As before, there are three cases to consider: odd m, even m with s = 0, and even m
withs = 1. The computations are very similar to those used above to establish (4.20)
fora < s. Thus, we shall only present the relevant changes in the third case (m is even
and 5 = 1) that differs the most.

RiA(ey) = (¢'* - qf'“){(—l)fqr(*‘”/2 Eg ® Egy + (=1)’q V2 E L @ By }
A% ()R = (q'% - q—'/2){(_1>?q<—1>“3/2 Egy ® Egy + (=1)’q V"2 By ® Eyy }

Ry A(es)

—(g'? - q‘”2>{<—1fq“‘”"‘3/2 Eyy ® Egy + (=1q"V2 gy ® E}

@ Springer



Orthosymplectic R-matrices Page270f97 55

A®(e)Ry = —(¢"? — q‘”2>{<—1>fq‘<‘”"'3/2 CEg ® Egy + (=1)'q V2 By ® E}
R3A(e)) = (@ —q™ ) ‘ Y =1 (Eyq" ) @ Ejy + Y (1) Eiy ® (Es,«q“v”)} :
Jj<s i>s

A®(e)R3 = (g —q ") [Z(l)f- @ PEN®Ei+ Y (=) Ey® <q“f/2Ejy>} :
i>s' Jj<s’

For the last two terms, we note that (4.11) implies:

(p, 26;) = —(ZSS’;SS) = (D2,

so that we get:
R4A(€S) — _(q _ q—l) {Z(_l)iS(_l)Sq(p,Si-Fé‘s)q_(—l)Sﬁiﬂs . Eis’ ® Ei,s,
i>s’

+Z(_1)i§q(p’€i_£'r)q(_1)sﬂi V- Eiy @ Ejrg

i>s

=1 -qg "V Euy @ E,y
as well as

AP(es)Ry=—(q —q ") 1Y (=1)" g5 g~ w0, E; © Eyj

j<s

+ 3 D (=1t 0 By @ Byl

j<s’

=(1—q V) Ey® Egy.
Assembling all the terms, we thus obtain:
RiA(es) — A%P(e)Ry = (q<—1>?‘2 - q<—1>?’) (Egs — Eyy) ® Egy
+ (1 - q*(*l)i)  Eyy ® (Ess — Egyr),
RaA(es) = A%(e) Ry = (¢ = g="2) (B — Egy) @ Eyy
+ (a5 1) By @ (Bys — Eg),
RA(es) = A%(e) Ry = (¢ ™2 = 1) - (Egs = Egy) ® Ei,

ReA(es) = AP(e) Ry = —(1 =g~ V"2) - (B = Eg) ® Eyyr
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Collecting the similar terms together, we finally get:

> (Rebten) = AP (e)R) = = (@ =g M) @ ey e ® (¢ =g
k=1
=— A(es) + A% (ey).

This establishes the claimed intertwining property RooA(es) = A% (e;) Roo.

e Proof of ROOA(qha/Z) = AOP(qhﬂ/z)RC>O forl <a <s.

Since o(g"a/?) = ¢Ma/2 is a diagonal matrix, we can write o(g"e/%) = gha/2

diag(ty, ..., t/). Furthermore, we note that t;t;; = 1 for all i. Therefore, A(g"</?) =
AP (gha/?) = qha/2 ® qha/2 commutes with all the terms of the form E;; ® Ej;,
Eii®Ei, Eii®Ey, Eij®Ej;,and E;; ® E;j». This implies the desired intertwining
property for g'/2.

e Proof of Reo A(fy) = A°P(fy)Roo for 1 < a <.

We first recall some basic properties of the supertransposition (2.5). For any
XQ®Y eEnd(V)®2, let (X ®Y)™ = X' @Y and (X ® Y)*2 = X ® Y™ denote the
supertransposition applied to the first and the second component, respectively. Then,
we have:

(Xy)st — (_1)|X||Y\YStht

as well as
(xo ' @¥))™"™ = (HXHMDIX YDy g yryuse(x g yyuse

for any homogeneous X, X', Y, Y’ € End(V).
We note that (¢"/2)t = ¢"i/2 and (e;)" is always a nonzero scalar multiple of f;,
due to formulas (2.12)—(2.14). Furthermore, (4.14) also implies

Rec = Tvv 0 (Ree)™ ™2 0 7/, (4.21)

Thus, applying st; o st; to the equation RooA(e,) = A°P(e;) Roo and evoking (4.19),
we obtain
A(fa)(Roo)Stlst2 = (Roo)Stlst2 AOp(fa)-

Conjugating this equality by tyy and evoking (4.21), we get the desired intertwining
property
RooA(fa) = AOP(fa)Roo~

This completes the proof of the second equality of (4.15).

The intertwining property RoA(x) = A°P(x) Ry is actually directly implied by the
one for R, which we just proved. To this end, let us first note the following equality:
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Tyy o Ry o ‘C‘;\l/

=1+ =" 3 D Ei @ (47 E - g By )
I<i<N
+@7 =YV Ey @ (Eji = (1D oi,q= 000 )
i>]

= Rool . (4.22)

q9—>q-

As the notation suggests, Rooly,, -1 is the C(g)-valued N 2 x N? matrix obtained
from R by applying to all matrix coefficients the C-algebra automorphism

o0:C(q) > C(q) determined by ¢ q_l. (4.23)
We claim that the assignment
01 egt> qy far> fa, qT/r s qThal2 g g7 (4.24)

gives rise to a C-algebra involution o : U, (0sp(V)) — U, (0sp(V)). To prove this,
we note that relations (2.18)—(2.20) are clearly preserved by (4.24), as well as the
ideal of Uq+ (0sp(V)) (respectively of Uq_ (0sp(V))) generated by all Serre rela-

tions in {e;} (respectively {f;}) as follows from [43, Lemma 6.3.1]%. We also define
A%, (AP)7 1 Uy(osp(V)) — Uy (osp(V)) ® Uy (0sp(V)) via
A°=(0®0c)oAoc ', (AP’ =(®0c)oAPoc . (4.25)

Then, applying ¢ to all matrix coefficients in the equality Roo 0 A(x) = A°P(x) o R
and using the obvious equality p o 0 = ¢ o p, we obtain

Roolgrsg-1 0 A%(0(x)) = (A®)7 (0/(x)) © Roolgrrg-t VX € Uy(osp(V)). (4.26)

However, direct computation of A% on the generators ey, fu, g™/ (1 < a < s)
shows that
A% =A%, (AP) = A. (4.27)

Combining (4.22, 4.26, 4.27) with (4.19), we obtain
Roo A(o(x)) = A®(a(x)) o Ry Yx € Uy(osp(V)).

As o is invertible, this implies RyA(x) = A°P(x)Ry for any x, thus establishing
Proposition 4.8.

2 We note that some of the individual higher order Serre relations of [42] are actually not preserved
under (4.24).
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5 Factorization of finite R-matrices
In this section, we present the factorization formula for ® and use it to re-derive the
formulas for Ry y from Theorem 4.6. To this end, we use a combinatorial construction

of orthogonal dual bases of U, q“‘ (osp(V))and U 7 (0sp(V)), based on the combinatorics
of dominant Lyndon words.

5.1 Shuffle superalgebra

Let F be the free C(g)-superalgebra generated by the finite alphabet I = {1, 2, ..., s},
and let W be the set of words in /, i.e., the monoid generated by /. Thus, F has a basis
consisting of finite length words [ij ...i4] = iji2...i4, where iy, ..., iz € I. Note
that Fis Q% x Z;-graded via

deg([i1...ig) = a; +-+ay, € O, p(lit...ig)) = lej| + -+ |ey,| € Za,

cf. (2.17). Following [7, §3.1], we define the g-quantum shuffle product ¢: F x F — F
inductively via

(xi)o (yj) = (x 0 (y)))i+(=D)PEIPWg=WeDap) (xj)oy)j, Pox = xoff = x,

foralli, j € I and x, y € F homogeneous with respect to the O x Z;-grading. By
iterating this definition, one obtains (a correction of [7, (3.4)]):

[i1 .- ia) O liattiat2 - -iasp] = D €ab(@lig-1(1)ig-12) - - g1 (@)
o

where
Cap(0) = l—[ ((_1)p<eik>p(ei,>q—<aikm,))
k<a<l,
ok)<ao(l)
and the sum runs over all (a, b)-shuffles of {1,2,...,a + b}, i.e., the permutations

o € Sgypsuchthato(l) <o(2) <---<o(@)ando(@a+1) <--- <o(a+b).
The g-shuffle algebra provides a combinatorial model for U;‘ (osp(V)) via [7,
Corollary 3.4]:

Proposition 5.1 There is a unique superalgebra embedding V : U;‘(osp(V)) — F
with W(e;) = [i].

LetU =W (U ;‘ (0sp(V))) be the image of this embedding, so that
W: Uf(osp(V)) = U.

@ Springer



Orthosymplectic R-matrices Page310f97 55

5.2 Combinatorics of words

From now on, we fix an order < on the alphabet /, which induces a lexicographical
order on the monoid W. For a nonzero x € F, its leading term, denoted max(x), is a
word w € W such that

x:Ztu~u with 7, € C(g) and 1, # 0.

u<w

Following the terminology of [7, §4.1], we call a word w € W dominant if it appears as
a leading term of some element from U, and let W denote the subset of all dominant
words in W.

Remark 5.2 Itturns out that W™ can be used to construct various bases of U ;r (osp(V)).
For example, the set {e,, = e;...e;,|w = [i1...iq] € WT} is a basis of
U ; (0sp(V)), according to [7, Proposition 4.1]. However, we shall rather work with
more sophisticated Lyndon bases below.

A word w = [iy .. .i4] is called Lyndon if it is smaller than any of its proper right
factors:
w < [ig...ig] V1<k<d.

We use L to denote the set of all Lyndon words. It is well known that any word w
admits a unique canonical factorization (see [28, Proposition 5.1.5]) as a product of
non-increasing Lyndon words:

w=4Lly... by, L1 >=lr>--->L, Ly,...,0€L. (5.1
Furthermore, any Lyndon word £ € L admits a unique costandard factorization £ =
£14> such that £1, £» # @, £1 € L is the longest possible, in which case also £» € L
(see [28, Proposition 5.1.3]).

LetL™ = WTNL be the set of all dominant Lyndon words. We also recall the reduced
root system ® from (2.10). The following result is proved in [7, Theorem 4.8]:

Proposition 5.3 (a) The map € — deg({) defines a bijection1: LT —=> o+,

(b) Aword w € W is dominant if and only if its canonical factorization is of the form
w=~Lly.. by, L1 =>ly>--->Uy, Li,ly,.... 0 € L (5.2)

where £, appears only once if deg(€,) is an isotropic odd root (see Subsection 2.3).

We note that the above bijection 1 gives rise to a lexicographical ordering on ®7:
o< f l_l(o() < 1_1(,3) lexicographically. (5.3)
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5.3 Lyndon basis

For x, y € F homogeneous with respect to Q7 x Z-grading, their g-commutator is
defined as
[x,y]ly = xy — (_I)P(X)[’(y)q(deg(X),ng(y‘))yx, (5.4)

cf. (2.22). Following [7, §4.3], we define the g-bracketing [£] € F of a Lyndon word
£ e L via:

o [l]=tiflel,
o [¢] =[[£1], [€2]]y if £ = £1£; is the costandard factorization of £.

Evoking the canonical factorization (5.1), we define the g-bracketing of any word
w e W via:
[w] = [€1][€2]. .. [€k].

According to [7, Proposition 4.10], the set {[w] lw e W} is a basis for F. Finally, we
alsodefine E: (F, -) — (F, ¢) as the algebra homomorphism given by E([ij . ..i4]) =
i1 ©---<oigq. Then, we have the following equivalent description of dominant words,
see [7, Lemma 4.11]:

Lemma 5.4 A word w € W is dominant if and only if it cannot be expressed modulo
ker(E) as a linear combination of words v > w.

For any dominant word w € W, we define
Ry = E([w]).
For any homogeneous x, y € F, we introduce x ¢, -1 y similarly to (5.4):

X0y 1y =x0y—(— 1)PP() g (deg(x).deg(y))y, o,

This formula implies that if £ € L* has a costandard factorization £ = £;¢5, then
R =Ry o 7.9~ Ry,. According to [7, Proposition 4.13], the set { wlw € W+} 1s a
basis for U, referred to as the Lyndon basis of U. Evoking Proposition 5.3, it has the
form:

(5.5)

k€Zzo, £1,... €LY, €1> >0y,
{RZIQ...QR&( >0, €1 k 1>> 0 }

Lp1>Lp>Lpy if deg([p)eéi is isotropic |
5.4 Explicit computations

In this subsection, we specify explicitly the set L of dominant Lyndon words, the
lexicographical order (5.3) on ®*, and the map ®* — &+ x &+ which assigns to a
root y € ot a pair of roots &« = 1(¢1), B = 1(£2), where £ = £1£; is the costandard
factorization of £ = 17!(y), see Proposition 5.3. To this end, we choose a specific
ordering 1 < 2 < --- < s on the alphabet I, as in [7, §6].

e Case 1: m is odd. In this case, according to [7, Proposition 6.5]:
Lr={li...j1[1<i<j<s}ulli...ss...j1|1<i<j<s] (5.6)
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This results in the following lexicographical order on the reduced root system:

ol <oy <---<optctoy <oyt ag—1 4 20
<o+ + 201+ 20 <o <o +H2000+ -+ 20, <ap < ... (5.7)

<] <O F+oy <o+ 20 < ag.

Lety;j = oj+--+ajforl <i < j <s,andletf;; = oj+- - -+a; 1 +2a;+ - -+20
for 1 <i < j < s. Then, the aforementioned assignment y — («, §) is explicitly
given by:

— for the roots y = y;; withi < j, we have (a, B) = (yi,j—1, @;);
— for the roots y = B;; with 1 <i < s, we have («, B) = (Vis, ®s);
— for the roots y = B;; withi < j < s, we have (a, B) = (Bi,j+1, ).

e Case 2: m is even and 5 = 0. In this case, according to [7, Proposition 6.12]:

Lh={li...jl|1<i<j<s—1}U{li...s = 2s]|1 =i <s—-2}
U{li...s=2ss—D...jl|1<i<j<s—1}
U{li...s =2 —Di...s=2s][1<i<s—Tlandp([i...(s — D)) =1}

(5.8)

This results in the following lexicographical order on the reduced root system:

ap <aptay <<t F o Fos— <2014+ 200 Fog1 F o

<ap+-togptog <o+t <op e+ as3 + 2052 g1+
<-o-<apt2m+--+ 20 0t a oy <o <o <052

<oy oy <202+ A1 T 0 <A+ 0 < A2+ U] T oy < Ao < Ay,

(5.9)

where the underlined 2¢; + - - - 4+ 2052 + ag—1 + oy means that it is omitted unless
pli...(s — 1)])=T.Letyij =0 +---toajforl <i<j<sBis=0+ -+
g2 + oy, ,3,',5;1 =o; +- -+ o, andﬁnally ,3,']' =+ —i—()(j,] —I—Zaj + - -_+
2052 +ag_1 +ag fori < j < s —1(;; is omitted unless p([i ... (s — D]) = 1).
Then, the aforementioned assignment y +— («, B) is explicitly given by:

for the roots y = y;; withi < j, we have («, B) = (yi,j—1, @j);
— for the roots y = ;s withi < s — 2, we have (o, B) = (Vi.s—2, %)
for the roots y = B;; withi < j < s, we have (o, B) = (Bi,j+1,@j);
for the underlined roots y = f;;, we have («, B) = (Vi s—1, Bis)-

e Case 3: m is even and 5 = 1. In this case, according to [7, Proposition 6.9]:

Lr={li...jl|1<i<j<stu{li...s—Dsts—D...j1[1<i<j<s]
U{li...¢s=Di...s = Ds]|1 <i <sand p([i ... (s — D]) = 0}.
(5.10)
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This results in the following lexicographical order on the reduced root system:

o <artar<---<artcccotag <2014+ 2051 oy <o+ F o
<ar+-tag o +20 1 tay < <oy +20p 4+ -+ 2051 + o

<oy << <201 Fay <o+ o < ag,

(5.11)

where the underlined 2«; + --- + 2a5—; + @y means it is omitted unless
pli...s = D)) = 0. Lety; = a;+--+ajforl <i < j < s and
Bij=oi+--+aj 1 +20;+---+2a; 1 +oagforl <i < j<s (B isomitted
unless p([i ... (s — 1)]) = 0). Then, the aforementioned assignment y +— («a, f) is
explicitly given by:

— for the roots y = y;; withi < j, we have (a, B) = (yi,j-1, @;);

— for the roots y = B; s—1 with 1 <i < s — 1, we have («, B) = (Vis, ¥5—1);

— for the roots y = B;; withi < j < s — 1, we have (o, B) = (Bi j+1, )3

— for the underlined roots y = B;; with 1 <i < s, we have (o, B) = (Vi s—1, Vis)-

5.5 Symmetric pairing
In this subsection, we shall endow Uq"' (0sp(V))®? with a standard rwisted multipli-

cation:
(@®b)(c®d) = (~1)"lg~ @D ) @ (ba)

fora,b,c,d € U(;r(osp(V)) homogeneous with respect to the QO x Z-grading. Fol-
lowing [7, §2.2], we equip U;(osp(V)) with a twisted coproduct A™ : U;(osp(V)) —
U (0sp(V))®? defined by

Alw(ei)=€i®1+1®€i Viel.

Furthermore, we have the following result of [7, Proposition 2.4]:

Proposition 5.5 There exists a unique non-degenerate symmetric bilinear pairing
¢ )™ U (0sp(V)) x Uf (0sp(V)) — C(q)
satisfying
(LD =1, (e,ep)™ =8, (x, yy)™ = (A% (x), y ® yH™
foranyi,jclandx,y,y € U;‘(osp(V)), where
o @y @Y = () YO
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Evoking the isomorphism U; (0sp(V)) >~ U, see Proposition 5.1, we shall use the
same notation for the symmetric bilinear pairing on U satisfying similar properties:

¢, IO™:UxU— C(g).

5.6 Pairing of Lyndon basis

We shall now summarize the key results of [7, §5-6] in the form relevant to us. For
any w € W™, consider its canonical factorization w = wjw> ... w, into dominant
Lyndon words (5.2) and define

Ry =Ry, © Ry, 0---0Ry,.

The following orthogonality result is established in [7, Theorem 5.7] (we note that
while the authors work with E,, in [7], they are just multiples of R,,, as follows from [7,

§61):

Proposition 5.6 Let £, w € WT. Then (ﬁg, Ew)tw = 0 unless £ = w. Moreover, if
=010 ) with £y > £y > -+ > Lq is the canonical factorization of € into
dominant Lyndon words, then:

d
(Re, RO™ =[] (Ctrm - (Re,, Re)™)™) (5.12)

t=1
with
Pl ((_1)p(e>q—<deg<£>,deg<e>))k

1_[ — (—=1)P® g—(deg(?),deg(£))
= (=g

Cep= forany € eL™, p e Zxso.

The explicit computation of the pairings (R, R¢)™ for £ € L™ has been carried
out in [7, §6], while for £ € I, we trivially have (R, R¢)" = 1 by Proposition 5.5.
Thus, we shall summarize these formulas for words £ of length > 1 in three lemmas
below (also correcting several typos from [7]). Following [7, (3.13)], we shall use the
following notation for & = o, + -+ +a;, € O

P(@) =) le,llei| and N(@) = (ai,. ). (5.13)

p<t p<t

As in Subsection 5.4, we shall work with a specific ordering 1 <2 < --- < s on the
alphabet /.

Lemma5.7 Let m be odd. Evoking the description of L™ from (5.6), we have:
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o I[fl=1i...j]lwithl <i < j <s, then

Jj—1
(Re. R)™ = [ [l awsr) - (g — g1y~ - gV 0e2d),
k=i

o I[fl=1[i...ss...7]1withl <i < j <s, then

j=2
(Re, RO™ = (=D)PVV [T, ang) - (g — g~ H» 77T gD,
k=i

Lemma 5.8 Let m be even and s = 0. Evoking the description of L from (5.8), we

have:
o Ift=1li...jlwithl <i < j<s—1,then

j—1
(Re, R)™ = [ [l awr1) - (g — g~ 1)/~ gV 0eD,
k=i

e I[fl=1I[i...(s=2)s]withl <i <s—2, then

s—=2
(Re. R)™ = [ [ cxg1) - (g — g~y - gNee),
k=i

e [fl=[i...5—2)s(s—1)...jlwithl <i < j<s—1,then

j—1
(Re, Re)™ = — [ [(en, awg) - (g — g~ y» 1777 gN(eed),
k=i

° IfE=[i...(s—1)i...(s—2)s]with151'§s—1andp([i...(s—1)])=1,

then '
(Re, RO™ = —(q — g H»7272(g? — ¢7?%) - gNWee),

Lemma5.9 Let m be even and's = 1. Evoking the description of Lt from (5.10), we

have:
e Ift=1li...jlwithl <i < j<s—1,then

Jj—1
(R, R)™ = H(ak, 1) - (g — g1y gV,
k=i
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o Ifl=1[i...s]withl <i <s —1, then

1s71 o -
(Re, R)™ = 3 [ Jx arsn) - @ —q) " (g* —q7%) - gV 2.
k=i

e [fl=1[i...s...7lwithl <i < j<s—1,then

j—1
(Re. R)™ = [ J(ex- ewrn) - (g —q~ > 17177 (q> — g 72) - gV 020,
k=i

e Ifl=[i...(s—Di...(s—Dslwithl <i<s—1andp(i...(s—1]) =0,
then

Remark 5.10 We warn the reader that [7, §6] contains various small errors in the con-
stants featuring in their elements Rj, Ej, El* and, respectively, in the pairing (Ej, Ej).
In particular:

e the second bullet of Lemma 5.7 corrects a sign error in [7, Corollary 6.7(2)] for
the dominant Lyndon wordi= (i, ..., M, M, ..., j+ 1),

o the last two bullets of Lemma 5.8 correct a sign error in [7, Corollary 6.14(2)] for
i=G,.. M2, M,M—1,...,j+)andi=(G,.... M—1,i,.... M-2, M),

e the last three bullets of Lemma 5.9 correct various errors in [7, Corollary 6.11(2)],
by adding the missing factors g — g2, or (g — ¢ ~")~!, or a power of g.

5.7 Comparison of pairings
In this subsection, we establish the exact relation between the bialgebra pairing
()7 UZ(osp(V)) x Uz (osp(V)) —> C(g™"/*)
from Proposition 4.1 and the symmetric pairing
()™ U (0sp(V)) x U f (0sp(V)) — C(q)
from Proposition 5.5. To this end, we first define a new pairing

(-} UZ (0sp(V)) x U7 (0sp(V)) —> C(g*/*) via

5.14
{y, x} = (=P (4(y), x), G149

cf. (5.13), where w: Uy (0sp(V)) — Uy (osp(V)) is the C(g)-superalgebra automor-
phism mapping

ei—> (=Dl i firs e, ¢ T2 viel. (5.15)
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We note that
AJ’Op(a)(x)) =(w® a))(AJ (x)) Vx € Uy(osp(V)). (5.16)
Combining Proposition 4.1 with (5.16), one can easily check the following properties:

(LY =1, {ej,ej} =8ij/(a™ " — @), {g"/? q"i1%) = qi/4,
{ei, q"1"*}y = {¢"/?, e;} =0,
by, xb= ey, A W) (v xxt ={A (), x ®x)

foranyi, j € I, x,x',y,y" € U7 (0sp(V)), where we set

ey, x®x} ={y, x}{y x}.

Proposition 5.11 Forany x,y € U(;r (0sp(V)) homogeneous with respect to the Q x
Z»-grading, the following equality holds cf. (4.23, 4.24):

03 =6 ((00), 0 ()™) /(g™ = geE, (5.17)

where ht(-) is the height function defined via ht(kiot1 + - - - + ksog) = k1 + - - - + ks.

Proof We shall first evaluate explicitly both (y,x)™ and {y, x} for the case when
x =ej ---ej,and y = ¢ - - e;, are monomials. For degree reasons, we obviously
have (y, x)™ = 0 = {y, x} unless d = d’; hence, we shall assume now thatd = d’.
Direct computation then shows that

t
(ei, - eigyejy - ej)™

w
= (en @+ @eig (AT D(ey) - (A™) V(e

tw
—
= (e,.l ®--®e. Y. [] <1®<a<k)—1> ®ej ® 1®<n—a(k>>))

oeSy 1<k=<d

a(k)y>a(l) tw
= (eil ®---Qeiy, Z l_[ ((_1)\61;Hej,\q—(a.iwaf[))ej.f]“) ® -® ejo’](d))
o€ESy k<l
o(k)>o(l)
— Z l_[ ((_1)\€jk|\€j1 \q—(“ik-“/'l)) -(eiy ejg,l(]))tw e (eigs ej{,—l(d))tw
oeSy k<l
o(k)=>o(l)
=3 7] ((_me,-kne_,»,wq-w,-k.a,-n) it Sty (5.18)
oeSy k<l

where (A™)#=D . Uq"‘(osp(V)) — U;‘(oﬁp(V))@’ is the map obtained by applying
coproduct A" iteratively n — 1 times, the definition of which is well defined by
coassociativity. Also, the arrow — over the product sign implies that the multiplication
is done in the increasing order of the index.
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Analogously, we obtain

{ei, - -eig ejy - -ejy)

={en @ @er (AN V) ANV

= [en ®-®e. Y. [] ((qh/k)ea(a(k)—l) ®e¢; ® 1®<na<k>>>}

oeSy 1<k=<d

o(k)y>o(l)

h;
= ®eld Z l_[ (( 1)|€,k“€” q(a/k /1)> ® (eja—l(l) l_[ q Jk)}
oESy k<l 1<i=<d o(k)>1
ok)y>o(l)
. e : A h
= Z l—[ <(—1)|8/kH‘/;'q(”‘/k“u)). I_I {eizwe./},—lu) 1_[ q /k}
oeSy k<l I<i<d o(k)>1
o(k)y>o(l)
=Y T (Enfwlealg@nen) s b, @ 0™ (5.19)
0ESy k<l

where the map (A7) D qu(osp(V)) — qu(osp(V))@” is defined similarly to
(AtW)(n—l) .

Comparing the above two formulas (5.18) and (5.19), we obtain the validity
of (5.17) in the case when both x and y are monomials. The generalization to the
C(g)-linear combinations of monomials is now a consequence of our definitions (4.23)
and (4.24). This completes the proof. O

Combining Proposition 5.11 and formula (5.14), we thus obtain:

Corollary 5.12 For any x € U;‘(osp(V)) and y € U, (0sp(V)) homogeneous with
respect to the Q X Zo-grading, the following equality holds:

(y, %)y = (=P et ~6<(U(w_1(y)), a(x))‘w>/(q—1 _ g)tideg()

5.8 Factorization formula

For y € ®*, we define the (quantum) root vectors ey, fy via
ey =€, fo = fi,
while for y € 1\ {;}i_;, we set
ey = eqep — (_1)\€alleﬂ\q(a,ﬁ)

fy = fpfo = (~D)IlIolg= @R £, £y,

egey,
pla (5.20)

with the roots «, € ®T defined via o = 1(¢1) and B = 1(¢»), where £ = €15 is
the costandard factorization of the dominant Lyndon word ¢ = 17! (), see Proposi-
tion 5.3.

The explicit formulas for the pairing ( f;,, e, ) are derived in the following lemmas:
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Lemma 5.13 For odd m, we have:

o Ify =g —¢jwithl <i < j<s+1,then

(fyoey)s = (=) g~ — gL,

o Ify =¢;i+ejwithl <i < j <s,then

(Fyrep)s = (=i H=T =1 —g)~!,

Lemma 5.14 For even m ands = 0, we have:

o Ify =¢; —¢gjwithl <i < j <s,then

(Fyrep)s = (=i H (g7 =)L,

o Ify =¢i+ejwithl <i < j<s,then

(Fyrep)s = (=D H=T g7t — gy,

° 1fy=28,-with1Sigs—landfzi,then

6]_2 _ 6]2

(fy»ey)l = m

Lemma 5.15 For even m and's = 1, we have:

o Ify =¢;i —¢gjwithl <i < j<s,then

(fy.ey)s = (—1)itHi @'-9 "

o Ify =¢i+ejwithl <i < j<s,then

2 2
iteri—1 49 T —4
(fyrep)s = (=D T 2,
vy (7' —¢)?
oIf)/:28iwith15i§s—1and7:1,then
(¢ —g%)?
(fy.ep)i=——%.
vy G '—q)?

Proof of Lemmas 5.13-5.15 According to (5.13), we have:

P(a+p) = P(a) + P(B) + lealleg| and
N(a+B) = N(@) + N(B) + (ea, ep).
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Combining these equalities with formulas (5.15, 5.20), one easily verifies the formula
o~ (fy) = DM DI (D)PPGTN e, vy e T (5.22)

by an induction on the height ht(y). Combining this result with Corollary 5.12, we
obtain:

(fyvep)s = (DMO 1)V 5 (o). o)) /g~ = ",
(5.23)
To evaluate the pairing (o (ey,), o (e;,))'™, we recall the C(g)-linear endomorphism
T of U;(osp(V)) from [7, Proposition 2.2(1)] defined by

Tei)=e Viel and Tixy) =T(y)Tx) Vx,ye Uf(osp(V)).
Arguing by an induction on ht(y) again, let us now prove the following formula:
o(ey) = (=DM —)PWG=N) . Tle,) forany y e dT. (5.24)

This equality is clear when ht(y) = 1. For any root y with ht(y) > 1, we consider
the pair of roots «, B € ®+ satisfying ey = [leq, egll, cf. (2.22) and (5.20). Since
ht(e), ht(8) < ht(y), we may assume by the induction hypothesis that (5.24) holds
for the roots « and S, so that:

o(ey) = o(eq)a(eg) — (—=)alleslg=@B) 5 (eg)o(eq)
= (_l)ht(V)*Z(_1)P(a)+P(ﬂ)q7N(a)fN(ﬂ)

. (7'(6,36(1) _ (_l)leal\fﬁlq—(%ﬁ) _T(eaeﬂ)>

(5.21) _ _
=) (M= PDy N . Tie,).

This proves the induction step and hence completes the proof of (5.24).
Furthermore, the direct formula (5.18) shows that

(T(x), TN™ = (x, ™ (5.25)

for any monomials x = e;; ---¢;,,y = ej, --- €js and hence, (5.25) holds for any
X,y € U;r(osp(V)), as 7is C(qg)-linear. Combining (5.23)—(5.25), we finally obtain:

(fyrep)s = (DO DN 5 (e e)™) /@™ =M. (5.26)

In view of this equality, Lemmas 5.13-5.15 are just direct consequences of Lem-
mas 5.7-5.9. O

We are now ready to construct dual bases of U(;t(osp(V)) with respect to the
bialgebra pairing (4.3) (which relies on the orthogonality result of Proposition 5.6,
proved in [7, Theorem 5.7]):

@ Springer



55 Page42of 97 K.Hong, A. Tsymbaliuk

Theorem 5.16 (a) The ordered products

«—
m m, >0 m my, >0
Hey Lo . and l_[ 4 G ed s i

v my <1 if yedj is isotropic my <1 if yed is isotropic
yed+ yed+

are bases for U, ;‘ (0sp(V)) and U, 7 (0sp(V)), respectively. Henceforth, the arrow <
over the product signs refers to the total order (5.3) on &7, thus ordering the elements
of ®T in decreasing order.

(b) The bialgebra pairing (4.3) is orthogonal with respect to these bases. More explic-
itly, we have:

[T TT e | = nmemm o TT (b 7 67000)
yedt yedt 7 yedt
(5.27)
and

(fy €5 =(— DT 5 (Con) - (fy ek (5.28)

where

ﬁ 1— ((_1)\€y|q—(7/,)’))’

1 — (=Dlerlg=»)

C)/,k = lel(y),k =
t=1

cf. Proposition 5.6.

Remark 5.17 This result is known in classical BC D-types where it follows from
Lusztig’s orthogonal bases (see [20, §8.30]) associated with the reduced decompo-
sition of the longest element wy € W that matches (see [35]) the lexicographical
convex order (5.3) on the set of positive roots ®*. In this context, Lusztig’s root vec-
tors (defined via the braid group action) match the above g-commutator construction
of (5.20), up to constants computed explicitly in [5, Theorem 4.2].

Proof (a) First, we note thate,, = y-l (R—1 (y)) forall y € ®*. Therefore, the preim-

age of the Lyndon basis (5.5) of U under the isomorphism W : U;(osp(V)) U
provides (up to rescaling) the claimed basis of U; (0sp(V)). Evoking (5.22), the
result for U 7 (0sp(V)) can be carried out from that for U ; (0sp(V)) through the iso-
morphism w: U, (osp(V)) — U(;r(osp(V)) of (5.15).

(b) Let us first compute ( f}’,‘, e;‘, ) 7. Following the above proof of Lemmas 5.13-5.15,
we obtain:

(e = (COPEN) (M= Cplerl (1) PO g=N ) (g1 gy=hn)f
& (@) aten)™)
— (71)P(ky) . ((,l)h[()/)—l(,1)|€y|(,1)P(V)qN(}/)(q—1 _ q)—ht(}/)>k & ((e/;’ e)/i)lw) .

(5.29)
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But evoking (5.12), we note that
k
(e} €)™ = (R 1 RE1 ()™ = Crigyn - (R Riig)™)
k
=Gy ((ey,e)™)". (5.30)

Combining the above two formulas with (5.26), we get:

(f5. b))y = (=DPEI(DFPO . 5(C ) - (fy. )

KD ) X
4 'J(Cy,k)'(fyvey)j,

=(=1 (2

which establishes (5.28).
The proof of (5.27) is analogous. To this end, we first note:

( ﬁ T e”’V) = (—nP(Zymr). ( 1 ((,1)ht(w—l(,l)w(,l)qu—mww—l q)mm)”y)
J

yedt yedt . yedt
- tw
a((a(l_[ ny) (l_[ey )) ).
yedt yedt
Moreover, according to Proposition 5.6, we have:

tw

1_[ e 1_[ = l_[ (6nV’mV “Cym, - ((ey, ey)tw)my)

yed+ yed+ yed+

(we note that the products in the left-hand side are taken in increasing order!), so that:

tw tw
— — 5.25) — -
ny my (5.2 y ny
o 1_[ e  |.o 1_[ ey = | 7o 1_[ e, |, 7o 1_[ ey
yedt yed+ yedt yed+
tw

= 1_[ (To (ey))", 1_[ (To (e )™

yedt yedt
. tw
(524 ny. my bt =1 1y PO =N )"
2 H [T ] 1 (om@-inreg-vm)
yed+ yed+ yedt
= l_[ <8ny,my . Cy,my . q72myN(V) : ((e]/a ey)tw)my)
yed+

(5. 30) _ m m

l_[ ("V my 2myN(y) (eyy»eyy)tw>'

yed+
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Combining the formulas above with (5.29), we get:

( II V2 II egy) ::(_J)P(E:mey). ]‘[ ( n,m, - (=P fy” e?V)J)
J

yedt yedt yedt

= (_I)Zy<y/ mymy/\eylley/l . ]_[ ( ny,my (fy 8;1y)J> .

yed+
This completes the proof of formula (5.27) and hence also of the theorem. O
As an immediate corollary, we obtain the following factorization formula:

Theorem 5.18 The operator ® of (4.6) can be factorized as follows:

O = ]—[ Z(fyk—ek)y i (5.31)
yed+ \k=0 Y’ 7Y 4

We note that f)f = e)’j =0ify € <f>¥r is isotropic and k > 2, according to [7,
Corollary 5.2].

Remark 5.19 One can express ® in an even more compact form. Recall the notion of
a g-exponent:

Zk

€XPq (z) = (k_)q!’

k>0

where (k)q! = (k)q ... (1)q with (k)q = 1 q . We thus have:

¢ ® f) D T (e, ® fi)F ey ® f,
S A S 14 4 _ &y O Jy
Z (fk, ek)] - Z ke 1)‘ey| B equy ((f)/v e)/)./) ’

k=0 =0 (—=1) &(Cyp) - (fye)

where g, = (=1)¢lg""¥)_ Therefore, the factorization formula (5.31) simplifies to

«— e ®f
o= u)
l_[ equy <(fys ey)]

yedt
5.9 R-matrix computation

We shall now use the factorization formula (5.31) to compute the actionof ® on V® V
and then re-derive Ry y. Throughout this subsection, we will use the more convenient

notation
ke f) _
0, = Z—ky forany y € &%, (5.32)
=0 (fk. e
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so that equation (5.31) becomes

Forany 1l <i, j < N,wealsodefine the following g-deformation of the elements (2.6)
of osp(V):

eij = Eij _ (_1)i(i+j)q—(p,8i—Ej)q(é?i761‘)/2(](8,‘,8,‘)/20[.ﬁjEj,l.,’
fij — Eji _ (_1)7(;+7)q(075i—5j)q—(9iasi)/zq—(gjvgj)/zﬁiﬁjEi,j,_

5.9.1 Factorized formula for odd m

We start by evaluating the action of the root vectors {e,,, fy}y€é+ of (5.20) on the
Uy (0sp(V))-module V from Proposition 3.1:

Lemma5.20 (a) Fory =¢&; —¢j with1 <i < j <5 + 1, we have:

o(ey) =eij, o(fy) = (=D 16y
(b) Fory =¢; +¢ejwithl <i < j <s, we have:

N

ote) =901 - [ (= (~DFEFD) ey,
k=j

N

o(fy) = (=D T T (= (DFFIEED)
k=j

Proof The proof is done by a straightforward induction. To this end, we proceed by
an increasing induction on j fory = ¢ —¢; with1 <i < j < s + 1, and then by a
decreasing inductionon j fory =& +¢; with1 <i < j <s. O

Combining the result above with Lemma 5.13 and formula (5.28), we obtain:

Lemma 5.21 The operators ®,, of (5.32) act on the Uy (0sp(V))-module V@ V as
follows:

o Ify=¢i—¢jwithi < j<i'and j # s+ 1, then
Oy =1—(-1)/(g—q7") e, ®fi.
o I[fy =¢ withl <i <s, then

0y =1-(q—q ") e 1 Ofi 541+ (q —q_l)<1 - (—1)iq_(8i’8i)) “Eiir @ Ejr;.
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Evoking the explicit order (5.7) on ®*, one immediately obtains the factorization
formula
O =0;0,_1--0 (5.33)

with

O = Opteg Ophe, 05 Ofy g - - O forany 1<i <s.

—€i+1

Therefore, it is essential to evaluate each such factor, which is the subject of the next
result:

Lemmab5.22 Forl <i <s, we have:

O =1-@—q") Y (=DVe;®f;+q—q g™ (¢ = (1)) B ® Eyy.

i<j<i’
Proof First, we note that O, 4, ; commutes with O, ¢, fork # j, J', so that

N

O = Opiteipy - Ogi1,06Og; e, - O gy = Op 1_[ (®8i+8j ®8:‘—€j)'
j=i+1

According to Lemma 5.21, fori < j <, we have:

®8i+8j®8,'—8j =I- (_1)j(q - 6171) . (eij ®fij +eij’ ®fij’)
+ (=g —q7")q""*) - Eiv ® Eii.

Combining the two formulas above, we obtain:

O =1-(g-q7) Y (~Vey&fy+@—aH(1- g )Ey©Ey
i<j<i’
s -
+@-q") Y (~1)g"* Ey & Ey;. (5.34)
j=itl

The last sum can be simplified using (4.11) as follows:
N _ N
(@—q™") Y (=D)ig"2D) = " (g€t — g Eiei))g @D
j=i+1 j=i+l1
N
_ Z (q—@j,l,s,q)q(zp,s,;l) _ q—(ej,s,»)q@wﬂ) = g~ g Qo) _

j=i+1
(5.35)
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Combining formulas (5.34, 5.35), we get

O =1-(—q") Y ~Diej@f;+@—q g @D (@00 — 1)) B @ By,

i<j<i’
which completes the proof. O

The result above together with the factorization (5.33) finally allows us to
evaluate ©:

Proposition 5.23 The action of the operator © on the Uy (0sp(V))-module V ® V is
given by

O=1-(@q-q" ), (DE;
l<i<j=l (5.36)
® (q(fissj)Eji _ (_1)7(7+7)19i19jq(,0,8i—Sj)q—(si,Si)/2q—(8j,8j)/2Ei,j,)_

Proof We shall prove formula (5.36) by induction on s. The base case s = 1 follows
from the direct evaluation of ® = ®; in Lemma 5.22 and (4.11). As per the induction
step, let us consider the subspace V° of V spanned by the vectors {v; }o<;<2/; we shall
likewise use the symbol ° to denote any object corresponding to V° instead of V.
Then, we have an algebra homomorphism ¢: U, (0sp(V°)) — U, (0sp(V)) mapping
each generator {e;, f;, g*hi/ 2}‘;:2 in Uy (osp(V°)) to the same-named generator in
U, (0sp(V)). Furthermore, let 0°: U, (0s5p(V°)) — End(V°) and 0: U, (0sp(V)) —
End(V) be the representations of the corresponding algebras, as defined in Proposi-
tion 3.1. It is clear that the representation ¢ o ¢ of U, (osp(V°)) on V preserves V°,
and its restriction onto V° coincides with ¢°. Moreso, the generators {e;, f;}i_, act
trivially on v{ and vy. Likewise, the bialgebra pairings from Proposition 4.1 are related
via

(.2)5 = (). 1(x)); forany x € U7 (0sp(V). y € U (0sp(V)),

which follows from the defining properties. Therefore, combining the observations
above with the induction hypothesis, we see that the canonical tensor of U, (05p(V °))
associated with o equals

@ =I1-(g—q "
Y VEje (q(s,',sﬂEji _ (=D, z?jqwo’s"‘E-f)q’“i‘Si)/zq_(g-f’”)/in/j’)

l<i<j<l

where p° denotes the Weyl vector corresponding to U, (0sp(V °)), cf. (4.10). Though
the Weyl vectors p and p° are different, the equality (p°, ;) = %(ai, o) = (p, a;)
still holds for all 2 <i < s, cf. (4.11), so that (p°, y) = (p, y) for any root y in the
root system ®° of U, (osp(V°)). Thus:

©°=I-(q-qhH
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Z (—l)jEij ® (q(gi’ej)Eji _ (_l)j(i+j)ﬁiﬁjq(P-Si*«?,‘)q—(si,Si)/2q*(8j’€j)/2Ei,j,).
l<i<j<l

(5.37)

Combining this formula with ® = ©°®; due to (5.33), we finally obtain:

©=0°-(g—q " Y {(D"Ei®Eq

l<a<l’

_ (,I)Taq—(P,Sl—Sa)q(al«81)/2(](511,50)/2191,19“, “Eqgy ® Eq

+ (_I)TEu’l’ ® Eyg — (_I)Taq(ﬂ,sl—Sa)q—(81,81)/2q—(5a’3u)/20] V- E1q ® El’a/}

+(g—q7Hg~ T (gC) — D) Ey @ By
—(q- q*])z Z (_1)T(T+E)q*(/7~,€1*€a)q(81v€1)/2q*(€a38a)/219119a “Eg ® Egn

2<a<s

i—1
CETEDY ( (—D“q(/’“a’)
2

1<i<l’ \a=

(—DH cplig=eerten ge1.e0/2 =i e /2 9. . Eyy ® Ejy. (5.38)

The coefficient of each term in this formula coincides with the one from the right-hand
side of (5.36), except possibly only for the coefficients of {E;/;y ® E;j1}<i<1. Letus
treat the latter ones:

e Case 1:2<i<s+1.
First, we note that a computation analogous to (5.35) gives

i—1
(g — q—l) Z(_])Eq(/}lsa) — q—(81,81)q(,0,261) _ q—(si—l,Ei—l)q(,O,%z—l)' (5.39)
a=2

Therefore, the coefficient of E;/;» ® E;1 in the right-hand side of (5.38) equals:
(q— qfl)(_l)Tqu*(qul*81')‘](81~51)/2q(5i»8i)/2ﬁ1,19i,

i—1 o o
- q—1)2< Z(_l)aqm,zsa))(_l)m(_1)1 Py=(.e1en) gleren/2 (e e 2, 5,
a=2

=(q— q—l)(_l)T;q—(Pu’?l—Sf)q(El’51)/2q(8iv8[)/2171,19i,

i—1
x (1 + q*(ﬂvzgi)q*(si-si) (g — qfl) Z(—l)ﬁq(p’%“))
a=2

@.11),65.39) (q - q—l)(_l)T;q(Pqé‘l—gi)q—(El~81)/2q—(8iv€[)/2l91,19i,’

which coincides with the coefficient of E;/;» ® E;1 in the right-hand side of (5.36).

e Case2:s' <i <?2.
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Similar to the previous case, we have:

—1
(q _q—l) Z(—I)Et](p’zga) — (q—(slael)q(/)»zal) _ q—(ai—lasi—l)q(ﬂ,zgi—l)) +(q— q—l).

a=2
(5.40)

Indeed, this formula is obvious for i = s’ = s + 2, while fori > s’, it follows
from

i—1 s
(q — 6]_1) Z (_l)aq(plsa) =(q— q—l) Z (q(gavaa) _ q—(&z,&a))q—(pl@a)

a=s+2 a=i'+1
s
“1D 3 (q%em,ea+1)qf(p,2ea+1)_qf(ea,sa)qf(p,zsa)>
a=i'"+1

q_(8s+l 78x+1)q_(pa28S+l) _ q_(si’+1sgi’+1)q_(ps25i’+1)

@D 1— q*(5i—1s5i—l)q(/0s25i—l).

Therefore, the coefficient of E;/y ® E;; in the right-hand side of (5.38) equals:
(g — qfl)(_1)T7q*(/’q51*Si)q(slq51)/2q(5iv8i)/2191,19i,
l_l 7.5 T75
+(q— q_1)2< Z(—l)aq(p’zs")>(—l)1+’ (_1)1 lq—(ﬂ»3|+5i)q(8] ,8|)/2q—(<‘7i’5i)/219] 0,

a=2

—(qg—q H2 1)1l —(.erte) g (e1.60)/2 4= (e, 8:)/2191,791,,
=(q—q" )( 1)11 —(p,€1 51) (e1, 5‘1)/2 (¢i-€i)/2 By

i—1
« <1 — (g — g g~ e2e) g eine) 4 = (p.280) p—(ein) L (g — g1y Z(_])ﬁq(/)lea)>
a=2

(4'“)':(5'40) (q—gq —1)( 1)11 (p,e 51) —(e1, 81)/2 (£i~3i)/2,91,19i,’ (5.41)

which coincides with the coefficient of E;/;» ® E;1 in the right-hand side of (5.36).

This completes the proof of the induction step, thus establishing formula (5.36). O

Finally, we can re-derive our formula (4.13) for Ryy = tyv oRyy = 12600 f1/2
from above result. Since the action of f1/> on V ® V is given by

FVr=3 a0 PE ® Ejj. (5:42)
ij

the explicit formula (5.36) for ® implies

Ryy = f?e@0 f1/?

=Y q I E; QE;
i
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+@ ™ = Y VG (Eji — (1T D00,40 00 Ey )

i<j

N -
=1+ @72 =g ) YD B @ (g7 Ey - 0Py )
i=1
+@ 7 = YD By @ (Eji — (DI D9,0,0 050 Ey ),

i<j

which precisely recovers R( from (4.13). This provides an alternative proof of Theo-
rem 4.6.

5.9.2 Factorized formula for even m

Similar to Lemma 5.20, we start by evaluating the action of the root vectors
{ey, fy}yecb+ of (5.20) on the U, (0sp(V))-module V from Proposition 3.1:

Lemma 5.24 Ifs = 0, then the action of the root generators is as follows.

(a) Fory = ¢ —¢jwithl <i < j <s, we have:
oley) =eij. o(fy) = (=176
(b) Fory =¢; +¢jwithl <i < j <s, we have:

s [ —
ole) = =00 [ (= (~DFEFD) ey,

k=j

o(fy) = —(=DF Ty [T (= (~DFTEED) g,
k=j

(c) Fory =2g with1 <i <s and i = 1, we have:

o(ey) = g~ P (1 + g 00 - Eirr,
o(fy) = —q* (1 + ¢*) 0,95 - Ep;.

Lemma5.25 Ifs = 1, then the action of the root generators is as follows.

(a) Fory =& —¢ejwithl <i < j <s, we have:

oley) =eij. o(fy) = (=1t H=T.f

(b) Fory =¢; +¢ejwithl <i < j <s, we have:

s [ —
oley) = =9;9, - [ (= (~DFED) ey,

k=j
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0y = 1T T, g 47 - T (= )P EED) gy
k=j

(c) Fory =2¢ with1 <i < sandi = 1, we have

o(ey) = q~ P (1 + g )00, - Einr,
o(fy) = —q (A +qH09 - (@ +q7") - Epi.

Combining the results above with Lemmas 5.14-5.15, we obtain the following
counterpart of Lemma 5.21 which can be written in a uniform way (independent of
the parity of 5 = |vg]):

Lemma 5.26 The operators ®,, of (5.32) act on the Uy (0sp(V))-module V. ® V as
follows:

o Ify =¢i—¢jwithi < j <1, then
©, =1- (=g —q7" e, ®f;.
o Ify =2¢; withl <i <sandi = 1, then
O, =1+@—a (a7 = (=D'g™) - B ® Eun.

We note that the way we wrote the last formula above allows to define ©,,, = 1
when i = 0. With this extension of the notation ®»; to all indices 7, let us define

O =Ogqe,;  Ofiae, 026,04, -+ - O forany 1 <i <s.

—E&i+1
Evoking the explicit orders (5.9, 5.11) on ®*, one immediately obtains the factoriza-
tion

0O =0;0,_---05. (5.43)

The following result is an analogue of Lemma 5.22:

Lemmab5.27 Forl <i <s, we have

O =1-@—q™) Y (~DVe; ®f;+@—q g™ (¢ = (1)) B ® Eui.

i<j<i’

Proof Arguing exactly as in the proof of Lemma 5.22, we obtain the following ana-
logue of (5.34):

Oi=l-(g—g7) Y (-Deyafy+@-a (a7 = ~Dig™ )i @ Ey

i<j<i’

s
+@—qa ) Y (D" Ey @ Eyy.
j=it1
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The last sum can be simplified similar to (5.35) as follows:

N N
(q—q7") Y (=1Iq%) = 37 (gt —qT g B
j=i+l j=i+1
— q—(ai ,Ei)q(Zp,Si) _ q—(ss,ss)q(Qp,Ss).
Thus, the claimed formula for ®; follows from the two equalities above and the identity

(2p, &5) — (g5, 85) = —1. (5.44)

The latter is a simple consequence of (4.11):

e if s = 1, then oy = 2¢; and so 2p, &) = %(Zp,as) = %(as,as) = -2 =
(8s»8s)__ 1;
o ifs =0,theny_| =¢&,_1 — &, 05 = &5_1 + &5, SO that

2p. &) = 5(2p. as) — 2p.as-1)) = 3 (e, 0t5) = (ets—1. 1))
=0=(g,6&) — 1.

This establishes (5.44) and thus completes the proof of the lemma. O

Combining this result with the factorization (5.43), we can finally evaluate ®:

Proposition 5.28 The action of the operator ® on the U, (osp(V))-module V @ V is
given by

©=1-(@-q"
x Z (_1)7Eij ® (q(fz.sj)Eji _ (_1)7(;+7)191,ﬁjq(l)-ff[*Sj)q*(ﬁi»er)/Zq*(sjvej)/zEl_/j,)‘

1<i<j<l
Let us note right away that the formula above is identical to (5.36).

Proof The proof of this result is completely analogous to that of Proposition 5.23
and proceeds by induction on s. The base case s = 1 follows from the evaluation of
® = O in Lemma 5.27.

As per the induction step, we obtain precisely formula (5.38) expressing ® through
®°, the latter been given by the same formula (5.37), due to the observation preceding
the proof. The rest of the proof proceeds without any changes. O

Analogously to odd m, we can use the result above to re-derive formula (4.13) for
Ryvy. Indeed, since the formula in Proposition 5.28 is identical to (5.36), the same
computation can be applied without any changes, thus providing an alternative proof
of Theorem 4.6 in that case.

@ Springer



Orthosymplectic R-matrices Page530f97 55

6 R-matrices with a spectral parameter
6.1 Orthosymplectic quantum affine groups

Let 6 be the highest root of osp (V') with respect to the fixed polarization of (2.9), and
let {k;}?_, be the corresponding coefficients in the decomposition 6 = Y 7_; kic;.
Explicitly, we have:

_Jei+e if Ju|=0

| 2e if Juil=1"

We define the lattice P = Z8 ® P = 75 ® P;_, Ze;, with P introduced right
before (2.21). Then, o1, ..., a; as well as ag = § — 0 can be viewed as elements
of P. We extend the bilinear pairing (-, -) on P, defined via (2.11), to that on P by
setting (8, 8) = (8, &) = (&;,68) = 0 for all i. We define the symmetrized extended
Cartan matrix of osp(V) as (a; j)f’ =0 witha;; = (@;, ;). Itextends the Cartan matrix
of (2.15) through agp = (0, 0) and ag; = ajo = — (0, ;) for 1 <i <.

The orthosymplectic quantum affine supergroup U, (osp(V)) is a C(q
superalgebra generated by {e;, fi, qihi/z}fzo U {y*!, D*!}, with the Z,-grading

£1/2)

0 if 9 € @; 0 if a; € ®j;
: 0 lel=1fil=1. . %50

- , . for 1 <i <sy,
1 if 0 e @ 1 if a; € ®

leol = | fol = {

yE = D = by =0 for 0<i<s,
subject to the following defining relations:

D*'.DF' =1, [D,¢"*1=0, De;D™' =¢q%e;, DD =q7 fi, (6.1)

N
yEL Tl =1,y =¢M/2. H(qhi/z)ki, y — central element, (6.2)

i=1

the counterpart of (2.18)—(2.20) but now with0 <i,j <s:

[q"/%.q"1P =0, g 2qThI2 =1, 63)
qhi/2ejq—hi/2 anij/Zej’ qhi/zqu—h,-/Z Zq_aij/2fj» (64)
q i —q i
lei, f1] = 81—, ©6.5)
q9—49

together with the standard and the higher order q-Serre relations, which the inter-
ested reader may find in [43, relations (QS4, QS5), cf. Theorem 6.8.2]. We note that
U, (0s5p(V)) is equipped with a Hopf superalgebra structure, with the coproduct A,
the counit ¢, and the antipode S defined on the generators {e;, f;, g*"i/ z}fzo by the
same formulas as in the end of Subsection 2.4, while also

AD)=D®D, S(D)=D"', eD) =1,
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A =y®y, S =y" e =1

Itis often more convenient to work with a version of U, (05p(V)) without the degree
generators D*!. Explicitly, U, é (05p(V)) is the C(gT!/?)-superalgebra generated by

{ei, fi, qihi/z}fzo U {y*!}), with the same Z,-grading, the same defining relations
excluding (6.1), and the same Hopf structure.

6.2 Evaluation modules and affine R-matrices

Proposition 6.1 For any u € C* and a,b € C* specified below, the U, (osp(V))-

action o on 'V from Proposition 3.1 can be extended to a U [; (0sp(V))-action QZ’b on
V(u) =V by setting

0%t (x) = o(x) forall x € {e;, fi,q"/?y_,

and defining the action of the remaining generators ey, fo, g="/2, y*! via (6.6) or
(6.7) below:

e Casel: |vj| = 1.

0%t (eo) = au - Eyvy, 0%P(fo) =bu~" - Eyy,

(6.6)
ol (@) = N, oty =1
with parameters a, b subject to ab = —(q + g h.
e Case2: |vi| =0.
a,b _ a,b _ —1
0, (eo) =au-Xoi, 0, (fo) =bu"" - X2,
6.7)

NI 12
Qltj,b(qihoﬂ) — q¥(( D' X11+(=1) X22)/2’ Qlul»b(),il) =1

with parameters a, b subject to ab = (—1)5.

Proof We need to show that the operators defined above satisfy the defining rela-
tions (6.2)—(6.5) together with all g-Serre relations. This verification is straightforward
and proceeds similar to our proof of Proposition 3.1.

e Case 1: |vy| = 1.

The second relation of (6.2) is verified by direct calculations, treating three cases

as before: m is odd, m is even and 5 = 0, or m is even and 5 = 1. The rela-
tions (6.3, 6.4) then immediately follow from their validity for i, j # 0, due to
Proposition 3.1. It remains to verify (6.5) for i = 0 or j = 0. The relations

[Qﬁ’b(eo),Q‘ul’b(fi)] =0 = [Q;”z(ﬁfo),gﬁ’b(e,-)] for i # 0 are obvious, since all

four operators o (eo)oii”(fi). € (/e (eo). 0" (foaii” (e ol (eneir” (fo)
act by 0. Finally, we have:

2X11 —2X11

—9q

06" (e0), 0" ()] = (¢ + ¢ )(En — Evy) = =

1
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b _
0P (g") — o ()
qg—q~!

e Case 2: |vy| = 0.

The verification of (6.2)—(6.4) is similar to that in Case 1. We also note that
[of" (e0). 0" (f)] = 0 and [0 (fo). 0’ (e)] = O for i # 0, 1 by the same reason
as in Case 1. Finally, we have:

[0 (e0). € (f)] = aul X1, X211 = 0,
[0 (fo). @i (en)] = bu™ ' [X12, X12] = 0

as well as

ab, n a,b, —h
. ; (g") - g4 (g™)
06 0. € ()] = ~(=D X1y = (~1) 2oy = HD O K,

where we used (3.2) in the last equality.

The verification of g-Serre relations proceeds as in our proof of Proposition 3.1.
To this end, we note that the algebra U é (05p(V)) is P-graded via (2.21) combined
with deg(eg) = —6, deg(fo) = 0, deg(g™/?) = deg(y*!) = 0, and the above
assignment preserves this P-grading, cf. (3.3). Referring to the explicit form of all
g-Serre relations, left-hand sides of which are presented in [43, (QS4, QS5)], one can
easily see that all of them, besides the cases (7, 8, 11), are homogeneous whose degrees
are not in the set {&; —¢; |1 <1i, j < N}. Hence, they act trivially on the superspace
V. We shall now directly check the cases (7, 8, 11) of [43, (QS4)], while [43, (QS5)]
are analogous.

e Serre relation [43, (QS4)(8)]. The corresponding relation reads (cf. notation (2.22))

[[le;, e N, Mej, ex I, Lej, eIl = Mlej, e, [ej, e T, [ej, exl

and it only occurs for 0sp(V) = 0sp(4|2) in either of the following two cases:

(1) Parity sequence yy = (i, (:) (:)) andindicesi =0, j =1, k=2, =3;
(2) Parity sequence yy = (0,0, 1) and indicesi =3, j =2,k =0,/ = 1.

In case (1), both sides of this equality (LHS and RHS) have P-degrees equal to
€1 — &2 and thus act trivially on v, for p ¢ {2, 1'}. By direct calculations, we find:
LHS(v2) = au¥y - vi = RHS(vp) as well as LHS(vy/) = q’lau -vy = RHS(vy/). In
case (2), both sides of this equality (LHS and RHS) have P-degrees equal to 3 — &3
and thus act trivially on v, for p ¢ {3, 2'}. By direct calculations, we find: LHS (v3) =
Zq_lam?_o, - v = RHS(v3) as well as LHS(vy) = —2qau - vy = RHS(vy). This
completes our verification of [43, (QS4)(8)].

e Serre relation [43, (QS4)(11)]. The corresponding relation reads
[Mex. ;1. [lek, e;1, [lex, e;1, e 111
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= (1 — [2]p) ek, e;]1, lek Lek, Lej, e: TN11, ;1]

and it only occurs for osp(V) = o0sp(3|2) with the parity sequence yy = (1,0) and
i =0,j =1,k = 2. Both sides of this equality (LHS and RHS) have P-degrees
equal to &1 and thus act trivially on v, for p ¢ {3, 1'}. By direct calculations, we
find: LHS(»3) = (1 — ¢~ ! 4+ ¢ )aud; - vi = RHS(v3) as well as LHS(vy/) =
(1 — g+ ¢*au - v3 = RHS(vy). This completes our verification of [43, (QS4)(11)].

e Serre relation [43, (QS4)(7)]. The corresponding relation reads
(=Dl [, )1 Mes, T el = (=D 1 [y, )1 [Ter, exll, e

whenever (o, oj) # 0, (i, k) # 0, (e, k) # 0, (0, o) +(ei, ) +(ej, o) = 0,
and |o; ||ocj |+ |ei [|og | + et j [k | = 1. We can further assume that {i, j, k} = {0, 1, 2}.
The above parity condition implies that 0 = €1+, )] = g1 —&z,and |v1| =0, |v2| =
1. Due to the symmetry j <> k of the above relation, there are three cases to consider:

1) i=0j=1k=2;
2 i=2j=0k=1;
@) i=1j=0k=2.

Incase (1), both sides of this equality (LHS and RHS) have P-degrees equal to —g> —&3
and thus act trivially on v, for p ¢ {2, 3}. By direct calculations, we find: LHS(v2) =
(1 4+ ¢>aud»93 - vy = RHS(v2) and LHS(v3) = —(—=DWI(1 + ¢ 2)au - vy =
RHS(v3). In case (2), both sides of this equality (LHS and RHS) have P-degrees equal
to —&7 — &3 and thus act trivially on v, for p ¢ {2, 3}. By direct calculations, we find:
LHS(v3) = —au,93 - vy = RHS(v2) and LHS(v3) = (—1)!"lau - vy = RHS(v3).
In case (3), both sides of this equality (LHS and RHS) have P-degrees equal to
—&7 — €3 and thus act trivially on v, for p ¢ {2, 3}. By direct calculations, we find:
LHS(v2) = (14+¢%)aud293-vy = RHS(v2) and LHS(13) = —(—DIBI(1+¢ ) au-
vy = RHS(v3). This completes our verification of [43, (QS4)(7)]. O

These evaluation U, (0sp(V))-modules 0" can be naturally upgraded to
Uq(Es\p(V))-modules:

Proposition 6.2 Let u be an indeterminate and redefine V(u) via V(u) = V Q¢
Clu, u="1. Then, the formulas defining QZ’b on the generators from Proposition 6.1
together with

P (DEYv@uh) =g veut YveV.keZ

give rise to the same-named action Qz’b of Uy (EEE(V)) on 'V (u).

Let U;‘(E@(V)) and Uq_(ﬁ(V)) be the subalgebras of U,(osp(V)) gen-
erated by {e;}}_, and {f;};_,, respectively. We also define U7 (osp(V)) and
Uqf(ﬁ(V)) as subalgebras of U, (0sp(V)) generated by {e;, g/, y£!, DY _
and {f;, ¢*"/2, =1, DF1}E_ . We likewise define the subalgebras Uq’+(o/s$(V)),
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Uy~ @3B(V)), Uy™(@8p(V)), and Uy=(@8p(V)) of U,(@sp(V)). We note that

UqZ (0sp(V)), Uqf (0sp(V)), U;’E(E@(V)), U;’S(E@(V)) are actually Hopf subalge-
bras, and moreover,

U, @sp(V)) = U, T (@p(V)), Uy (05p(V)) = U, ~(0sp(V)).  (6.8)
Finally, similar to Proposition 4.1, one has bilinear pairings

()7 UZ(@8p(V)) x U7 (08p(V)) —> C(g'"*),

b S (6.9)

() Uy=@sp(V)) x U, (@sp(V)) —> C(g'/H).
The restrictions of both pairings to U,;’_(o/s\p(V)) X U(;’Jr(o/s?(V)) coincide, cf. (6.8),
and are non-degenerate by [42, 43], cf. Remark 4.2. However, the second pairing
in (6.9) is degenerate as y — 1 is in its kernel. On the other hand (which is the key
reason to add the generators D*!), the first pairing in (6.9) is non-degenerate and
hence allows to realize U, (05p(V)) as a Drinfeld double of its Hopf subalgebras
Uz (0sp(V)) and U7 (0sp(V)) with respect to the pairing above.

The above discussion yields the universal R-matrix for U, (0s5p(V)), which induces
intertwiners V. @ W — W ® V for suitable U, (0sp(V))-modules V, W, akin to
Subsection 4.1. In order to not overburden the exposition, we choose to skip the
detailed presentation on this standard but rather technical discussion. Instead, we shall
now proceed directly to the main goal of this paper—the evaluation of such intertwiners
when V = QZ’b and W = Qﬁ’b are the above evaluation modules. In this context, we
are looking for U, (05p(V))-module intertwiners R(u/ v) satisfying

R@u/v) 0 (0% ® 0%")(x) = (0% ® 0%")(x) o R(u/v) (6.10)

for all x € U, (0sp(V)) (equivalently, for all x € U/ (0sp(V)) in the context of
U ; (05p(V))-modules). In fact, the space of such solutions is one-dimensional due to

the irreducibility of the tensor product QZ’h ®Q‘j’b (which still holds when viewing them
as U é (0sp(V))-modules as long as u, v are generic), in contrast to Proposition 3.2. As

an immediate corollary, see [22, Proposition 3], the operator R(u/v) = t o ﬁ(u /v)
satisfies the Yang—Baxter relation with a spectral parameter:

Rip(w/w)Ri3(u/w)Ro3(u/v) = Roz(u/v)Riz(u/w)Rix(v/w),

. . . . . . 6.11)
Rip(v/w)Ro3(u/w)Ri2(u/v) = Rpz(u/v)Riz(u/w)Roz(v/w).

We shall now present the explicit formula for such R(z), which is the main result
of this note:

Theorem 6.3 For any u, v, set z = u/v. For U, (05p(V))-modules Qﬁ’b, Qﬁ’b from
Proposition 6.2 (with the specified value of ab), the operator R(z) = 1 o R(z) satis-
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fies (6.10), where

R(z) = (z — ¢ " ?)x

N
I+ (q'? =g~ Z(_l)iEii ® (q(si’si)/ini - q_(si’si)/in’i’>

i=1

+ (@ =g YD Ey @ (Eji = (<17 0,0,9 0 Ey )

i>j
L z— q—m+n+2
+q-qgH——1
z—1
N
—(g—q Hg"TE (=199, B @ By (6.12)
i,j=1

Combining this result with the preceding paragraph, we conclude that R(z) coin-
cides, up to a prefactor, with the action of the universal R-matrix, and thus, R(z)
of (6.12) does satisfy (6.11).

Remark 6.4 We note that rescaling R(z) of (6.12) by the factor Wﬁ and further

specializing at z = 0 and oo, we recover our finite R-matrices Ry and R, from (4.13)
and (4.14), respectively.

Remark 6.5 We note that rescaling R(z) of (6.12) by W, setting ¢ =

e~ 2, 7 = eh“, and further taking the limit 7 — 0 recovers the rational R-matrix

of [15, (3.4)] (first considered in [1] for the standard parity sequence) used to define
the orthosymplectic super-Yangian Y (osp(V)):

i R(z)
B | 7 — g2

q:efﬁ/Z,Z:eﬁu }
T 1 N ==
=t e i,z_:l(_l)l“’“’f  Eij ® Eyjr.

Remark 6.6 For the standard parity sequence yy = (i, ..., 1,0, ...,()), the exact
relation between our formula (6.12) and the R-matrix R™MPOLI(7) of [31] is given by:

_ 1 _ ,—m+n+2
Rz = 4274 )Z(Z_ = ) RIMDGLI({ /).

We note that the change of the spectral parameter z = u/v +— v/u = 1/z above is
simply due to the order of the tensorands V (1) and V (v).

The proof of Theorem 6.3 is straightforward and crucially relies on the expression
of R(z) from (6.12) through Ry, R~ of (4.13, 4.14), which is a special case of the
Yang—Baxterization from [17].
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6.3 Yang-Baxterization

In this subsection, we express R(z) via Ro and R through the Yang—Baxterization
procedure of [17]. This formal procedure produces R(2) satisfying (6.11) from R sat-
isfying (4.8) when the latter has at most 3 eigenvalues. In our setup, the R-matrices
Iévv =R = Tyv Ro have only eigenvalues A1, A2, A3, in accordance with Proposi-
tion 4.11 combined with Appendix B.2.3 In that setup, the Yang—Baxterization of [17,
(3.29), (3.31)] produces the following two solutions to (6.11):

. . A%
RV =z — DR 4 (142 4 2 2 ) s Mg
(2) 12(z ) + + + + i Z i (z )

and
p(2) 5—1 A2 1 N
R7() =nz@z= DR + 1+—+—+ S)A- ;G- DR
3

provided that R satisfies the additional relations of [17, (3.27)] (cf. correction [17,
(A.9)]), which, in particular, hold whenever R is a representation of a Birman—Wenzl
algebra.

Remark 6.7 For our purpose, we shall not really need to verify these additional rela-
tions, since according to Theorem 6.3, the constructed R(z) do manifestly satisfy the
relation (6.11).

Proposition 6.8 The affine R-matrix (6.12) coincides (up to T and a rational function

in z) with the Yang—Baxterization of Ryy = T o Ro, cf. (4.12). To be more specific,
for R(z) =10 R(2):

. . A2 A
Az —DR(z) = rz(z — l)R;{, + (1 + — + Ly —) d— " (z—DRyy

A3 A2A3 A2A3
. (6.13)
if lvil =1 and
~ A1 MM %)
G@=DRE) = hz@—DRy)+(1 + ottt ZI——(z—l)va (6.14)
3 3

if lvi| = 0, with A1, A2, A3 precisely as in (4.18).

3 According to Propositions B.2, B.3, B.4 and Proposition 4.11, R yv acts with two eigenvalues A1, A7 on
the codimension 1 submodule WH@W ~ of V®V, where W, W are Ug (0sp(V))-submodules generated

by wy, wy, respectively. Finally, Iévv acts on the 1-dimensional quotient space V ® V /(W @ W) via
multiplication by A3 = ¢ ~"~1, due to (B.3, B.8, B.19) and Proposition 4.11(b).
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Proof By straightforward tedious computations, based on (4.13, 4.14, 6.12), one ver-
ifies that

A@E—=DR(E@) =Arz(z— DR + |1+ M + M + )\% al (z—DR
— = — —_— —_— _— T — —— —
1 ¢ e > A2 A3 A2A3 ¢ A2A3 ¢ 0

. (6.15)
if [v;] = 1 and

M A A 1

MEZ—DR@) =r¢zz— DR+ |14+ —+ —+ =)zt — —(—1)Ro (6.16)
A2 A3 A3 A3

if [vg] = 0. Composing with T on the left, and using (4.12), we obtain (6.13, 6.14). O

6.4 Proof of the main result

Due to Proposition 6.8 and Theorem 4.6, it only remains to verify (6.10) for x = ¢g
and x = fj. We shall now present the direct verification for x = ¢g, while x = fj can
be treated analogously to the finite case using the supertransposition (2.5). Since both
sides of (6.10) for x = ¢p depend linearly on a, without loss of generality, we shall
now assume thata = 1.

For the latter purpose, let us first evaluate (p, €1). Since

2'5‘1 :(81 _82)+(82—83)+"'+(82/—81/)

201 + -+ - 4+ 20 if mis odd
=120+ +205 0+ 0oy_1 +a; if misevenands =0,
201 + -+ -+ 2051 + oy if misevenands = 1
a direct application of (4.11) implies that
DT+ (D224 (=12 if mis odd

2(0,e) =3 (=D + (D224 -+ (=D 24 (=1  if misevenands =0

=D+ (=DZ 24+ (=11 24+ (=1)" -3 if misevenands =1
=—(=D)' =14 @m—n).

Thus, we have the following uniform formula:
(p.e1) =3(m—n—1-(=D". (6.17)
e Case 1: |vy| = 1.
Since 0%(g"0/?) is a diagonal matrix, we shall write it as o%’(g"/?) =

diag(ty, ..., tyr). We shall also use the same decomposition Roc = I+ R; + Ry +
R3 + R4 as in Subsection 4.3. By direct computation, we get:

RiA(eo) = (¢7' — 1)(61_1E1’1’ ®vEy +ukin ®qu'1’>,
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AP(eg)R = (¢ — 1)(61_1E11 QvEy +uEy ®qE11),
RyA(eg) = —(1 — 61)(611511 QvEy +uE; ® q_lEn),
AP(eg)Ry = —(1 — 61)<qu/1' ®vEy +ukyy ®q_lEl/1’>,

RiA(eo) =(q—q~") Y (=D/(t;Ev; ®vEjD) +(q—q )g "Eyy ®vEyy),
1<j=N

APe)R3 = (q—q") Y (=D& En ®vEr) +(q—q (g En®@vEn),

1<i<N

RyA(e)) =—(g—q™") D (=D)'9iv1g" ™V (gEn @ vEin)

1<i<N
—(q@—q )GEn ®vE),
AP Rs=—(g—q™") Y (=D)I9y9;4P D (GEy; ® vEy )
1<j<N
— (¢ — 4 Y@Evy ® vE).

Assembling all the terms (and using (6.17) for the last two equalities), we get:

Aleo) — A%(e0) = (g —q v+ (Eif — Ev) ® Eyy — (@ —q Du - Eyy @ (En — Epy),
RiA(eo) — A®(e)Ry = (7' — g 2 v (Eni — Evy) ® Evy + (g — Du - Eyy @ (Eny — Epy),
RaA(eo) — A (eg)Ra = (¢ — q)v - (E11 — Evy) ® Epy + (1 — ¢ Du- Evy ® (Eni — Evy),
R3A(eq) — A% (eq)Rs = —(1 — g~ 2)v - (E11 — Eyy) ® Epy
+q—g e Y DG E®E i+ g e Y ¢ En® B,

1<j=N 1<i<N
RyA(e) — A% (eg)Ry = —(g> — Dv - (Eyy — Eyy) ® Evrg
—(g—q Y g IR N ()91 - En @ Eiy

I<i<N

+ (g —g Dy . g2 Z (71)71?1/1?”7("‘5/') “Eyvj®Eyj.
I=j=N

Collecting the terms together, we obtain:

ROOA(eo) — AOp(eo)Roo
~(q—q g PR N (1) 90 - B © iy

1<i<N

g =g Do MTRRN (1) 009q ) Evy @ Evy
I<j<N

+@—q v Y DY Ey ®Ej

l<j=N
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+@-q¢ v Y ' E1®Eyp. (6.18)
1<i<N

Though one can evaluate RyA(eg) — A°(ep) Rp in a similar way, we shall rather
present a simple derivation of the resulting formula by utilizing the automorphism o
of U, (0sp(V)) from (4.24). To this end, we note that o can be extended to a C-algebra
automorphism of U, (05p(V)) by assigning

o1 ey e, for> fo, g2 gTho20 E L T pELL DTL

Then, equalities (4.27) still hold, cf. (4.25). Therefore, applying o of (4.23) to all
matrix coefficients in the equality (6.18), conjugating with 7, and using (4.27) together
with (4.22), we get:
Ro(tA%P(e)t ") — (rA(e0)r™ R0
= —(g—q H-q" Y () tig - En © Ein

1<i<N
+(q—q g Y (=) g P Evp @ Evy
1<j<N
+ (CI _q_l)U . Z t;l . E]l ®E1/j
1<j<N
+@—q Y- Y (=Dt Eyi ® Ein. (6.19)
1<i<N

We also note the following equality of endomorphisms of V (v) ® V (u):
0’ ® Qﬁ’b)(A(x)) ot = (0" ® QZ"’)(AOP(x)) forany x € U,(osp(V)).
Hence, switching the roles of the spectral variables u and v in (6.19), we obtain:

RoA(eo) — A (eo)Ro
=g =g g 30 (Divng " B @ Ei

1<i<N
+(q—q g N (=) g0 v @ Evy
1<j<N
+ (g —qil)u . Z t;l “Ej1 ® Eyj
I<j=<N
+@—q Hu- Y (D't Eyi ® Ein. (6.20)
1<i<N
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Combining (6.18) and (6.20) with formula (6.15) and the equality

TA(e0)—AP(e0) = (v—u) Y (=Dt Ey;®Ej+—u) Yt En®Ey;,
I<j=N I<i<N

we ultimately get the desired result:
R(z)A(eo) — A% (eg)R(z) = 0.

e Case 2: |vy| = 0.
We use the same notations as above. By direct computation, we obtain:

RiA(eo) = (¢'* — qfl/z){(—l)iq(fl)iv “Eyy ® Eyy — (—1)T61(7])T192v -Eyy ® Epa
+(=1)2u - Ey1 ® Eyy — (—1)'0ou - E1n ® Ew},
A%(eg)Ry = (¢'* - 9_1/2){(—1)Tq(_1)TU “Enn @ Eyy — (—1)561(_1)519211 “En®En
+ (=D Eyy @ Eri — (—1)200u - E1n ® Ezz},
RyA(eg) = —(g'/* - ‘1_1/2){(_1)74_(_1)71) “En®Ey — (—1)Tq_(_1)T192U “E11 ® En
+ (=12 Ey1 ® Eny — (—1)'0ou - E1n ® En},
A% (eq)Ry = —(q'* — 5171/2){(—1)2]7(71)]71) “Evy ® Eyy — (—1)547(71)51721) “Eyy ® Ern

+ (=D Eyy @ By — (=1)02u - E;n ® E2’2'},
R3A(e0) = (g —q ")
{ Z (_1)7tjv “Ey; ® Ejy — (—l)iq(_l)z/zv - Eyy @ Eoy
1<j=<N

. -
—(=D'¢TV P Eyy @ Evi = )0 (=D otju- Ev; ® Ej
1<j=N
T

B -
+(=D'g"V 290 Epy @ Evg + (=1D)'g ™ ”/zu.Em®Ez'v},

_ 37— _nr
AP(e0)R3 = (g —¢q 1){ Z (—1)2’ti W Ej ® Eyi —q " ?v.E| ® Ey

1<i<N

L o
= > Dt v En ® Evi +q70 Py Enp ® Ery

1<i<N
7 12 - T
+ (=D 2900 En @ Evy — (=D'q" "V 20u - Ey ® E12}7
_ 2 N (=DV2  —(n—n—
R4A(e0) = —(q —q ‘>{ D (=D gD gDy B @ Eiy
1<i<N

_nr 5 (12
— gV P9 En® By — (=1)2¢" V20 En @ By
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N (=D 2 —(m—n—
_ Z ﬂiﬁzq(p’s’)q =D /2q (m—n 2)/2U'Eil ® Ein

1<i=N
0 T
+q TV o En @ Evp+q Y Poqu - Eyy ®E12},
_ 27 —(p.ei)  —(=DV/2  —(m—n—
A (e)Ry = —(q — g ‘)~{ Yo (DM qm gD gDy L By @ By
I<j=N
T
—q "V v Evy @ By

N (=D —n—n—
_ Z ﬁjq—(/)-é‘/)q( b} /2q (m—n 2)/2U'E2’j®El’j’
I<j=N

T oz T
+qV 20 Eyy @ Evi +q V290 Eyy @ Epy — g~ /2u-E1/1®E2/1’}7

where we used (4.11, 6.17) in the last two equalities. Combining the above eight
formulas, we get:

RooA(e0) — A (e0) Rog
=@—q¢ " Y (Dt Ey;®E)

1Zj=N
—@—q - Y (Dt Er®Ep
1Zj=N
—@ =g 3 DN En® By
1<i<N
+(q—q How- Z (—D*'t7" - Ein ® Eyj
1<i<N
~(q—=q D g " o Y (1) 20ig" "2 En ® Eyy
1<i<N
+(q—q D g "o Y0 0ig P En @ B
1<i<N
+ g =g D g TR T (D0 0T By @ By
1<j<N
—(q—q " g "I N 9 PG By @ By,
1Zj=N

Evoking the paragraph after (6.18), we immediately obtain (similar to Case 1):

RoA(eg) — A% (eg)Ro

=—(@q—-q Hu- Yy (DYt Ej®Ey;
1<j<N
+(g—q Hu- Y (DY Ep®Ey,
I<j<N
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+@—g Hu- Y (Dt Ex ® Eny

1<i<N
—(q—q - Z (=Dt - Evi ® Eiy
1<i<N
+q—q ) g Pou Y 0ig" g B ® B
1<i<N
—(q—q " q" PP Y ()20 g B @ Ey
1<i<N
—q—q g Pu Y 9q7 0" By @ Evy
I<j=N
+ (q _ qfl) . q<min72)/2M . Z (_l)zjﬁjqf(p,sj)qfl/z . El’j ® E2’j’-
1<j<N

Likewise, we also obtain:

TA(e0) = A®(e)t = (v —w) -} Y (“DIGE; ®@Ej— Y (=D 0tEr; @ Ep
I<j=N I1<j=<N

- Y DR EN®Exi+ Y.~ 200t En ® Evy

1<i<N I<i<N

Combining the above three equalities with formula (6.16), we ultimately get the desired
result:
R(z)A(eg) — A% (e0)R(z) = 0.

This completes the proof of Theorem 6.3.
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A A-type counterpart

In this Appendix, we present an analogous (though simpler) derivation of both finite
and affine R-matrices associated with the first fundamental representation of A-type
quantum supergroups. While these R-matrices are well known to experts, type A
served as a prototype for our treatment of orthosymplectic type. We note that solu-
tions (A.19) of the Yang—Baxter equation with a spectral parameter go back to the
physics paper [37], thus preceding the development of quantum groups.

A.1 A-type Lie superalgebras

We shall follow the notations of Sect. 2.1 with the exception that we do not assume n
to be even and we do not assume (2.1). Recall the Lie superalgebra gl(V) of Sect.2.2.
The elements {E; j}fY j=1 form a basis of gl(V). We choose the Cartan subalgebra b
of gl(V) to consist of all diagonal matrices. Thus, {E,-i}fv:] is a basis of h and {ei}fv:]
is a dual basis of h*. The computation [E;;, Eqp] = (¢4 — €p)(E;;)Eqp shows that
E,p 1s a root vector corresponding to the root ¢, — &5. Hence, we get the root space
decomposition gl(V) = b & P, 9I(V)e with the root system

® = {eq —&p|a #b}. (A.1)

It decomposes ® = 5 U @7 into even and odd roots. We also choose the following
polarization:

¢>+:{8a—£b|a<b}, ¢‘7={8a—8b|a>b}. (A2)

We note that ® = @, cf. (2.10), and all odd roots are isotropic in the present setup.

Consider the non-degenerate supertrace bilinear form (-, -): gl(V) x gl(V) — C
defined by (X,Y) = sTr(XY). Its restriction to the Cartan subalgebra § of gl(V)
is non-degenerate, giving rise to an identification § >~ h* via &; < (—l)iEi,- and
inducing a bilinear form (-, -) on §* such that

(ei.€;) = 8;j(—1)! forany 1<i,j<N.

Following the above choice of polarization (A.2) of the root system (A.1), the simple

roots are o; = &; — &j4+1 (1 < i < N) and the corresponding root vectors are given
by:

ei=Eiit1, fi=D'Eipri, hi=DEi—(=D"Ej1;01 Y1<i<N.
(A.3)
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As before, we define the symmetrized Cartan matrix (a; j)zN j_:ll via a;j = (a;, aj).

Then, the above elements {e;, f;, hi}fv: _11 are easily seen to satisfy the Chevalley-type
relations:

[hi,h;1=0, [h;,e;]l=ajje;, [hi,fj]=—a;f;, [e;,fjl=265hi. (A4

Define a Lie subalgebra s[(V) of gl(V) via sl(V) = {x € gl(V)|sTr(X) = 0}.
For m = n, we note that the identity map I belongs to s[(V'). This basic A-type Lie
superalgebra sl(V) admits a generators-and-relations presentation, due to [44, Main
Theorem]. Explicitly, it is generated by {e;, f;, h,-}lN: 711 , with the Z,-grading

0 ife; € @

- , |hi|=0, AS
1 ifot,'GCDI | l| ( )

le;| = Ifil =

with the defining relations (A.4) as well as the following Serre relations:

[e;,e;1=0, [fi,f;1=0 if a; =0, (A.6)
le;.[e;,e;]1=0, [fi,[fi,fj]l=0 if j=i+1 and o; € dp, (A7)
[[[ei-1. €], ei1],e1=0, [[[fic1,fi],fi1].il=0 if o; € ;. (A.8)

A.2 A-type quantum supergroups

The A-type quantum supergroup U, (sl(V)) is a natural quantization of the universal
enveloping superalgebra U (sI(V)). Explicitly, U, (sI(V)) is a C(g*t" 2)-superalgebra
generated by {e;, fi, qihiﬂ}fv:_ll, with the Z,-grading as in (A.5), subject to the ana-
logues of (2.18)—(2.20):

[qh,'/2’ th/Z] =0, qihi/Zq:Fh,-/Z =1,

qhi/zejq—h;/z — qa[j/zej’ qh,‘/ijq—h;/z — q—a,‘j/z‘fj’

hi _ —h;

q 1 _q 1
ler, fi]=08;1——4
P g — g

as well as the following g-Serre relations (cf. [42, Proposition 10.4.1]):

|[ei,ej]]=0, [[fi,fj]]ZO if Ll,'j=0, (A.9)
[ei, lei.ej11 =0, [Lfi.0fi, f;11=0 if j=i+1l and o; € Dy, (A.10)
[Mlei-1, el eivrll, el =0, MMLfi-1, fill, firr Dl fil =0 if o € 7. (A.1D)

Here, we use the notation [[-, -] from (2.22), which relies on the natural Q-grading
of Uy (sl(V)) defined analogously to (2.21), see (A.12) below. Moreover, U, (sl[(V))
is equipped with a Hopf superalgebra structure via the same formulas as in Subsec-
tion 2.4.
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A.3 First fundamental representations

Using the notation of Sect. 3, we have the following analogue of Proposition 3.1:

Proposition A.1 The following defines a representation ¢: Uy (sl(V)) — End(V):

ole) =e;, o(f)=fi, 0@/ =¢™"? for 1<i <N,

where {e;, f;, hi}lN:_ll denote the action of Chevalley-type generators of sl(V) given
by (A.3).

The proof of this result is analogous (but simpler) to that of Proposition 3.1. In
particular, all g-Serre relations hold for degree reasons. Here, we note that both the
algebra U, (sl(V)) and the vector space V have compatible (cf. (3.3)) grading by
P = EBlNzl Zg; via (foranya < N,i < N):

deg(eq) = €4 — €at1.  deg(fa) = —a + £at1. deg(q"/?) =0, deg(v) = &;.
(A.12)

A.4 Tensor square of the first fundamental representation

The following result is an A-type analogue of Proposition 3.2:
Proposition A.2 (a) The following are highest weight vectors in Uy (sl(V'))-module
Vev:

TILr T
wi=v1 v, wr=v Qv — (=D Ly, @y, (A.13)

(b) The U, (sl(V))-representation V. ® V is generated by these vectors wi, wy
of (A.13).

Proof (a) Let us show that the vectors w; and w; are indeed highest weight vectors for
the action Q®2 of U, (sI(V)) on V®YV . First, we note that these vectors are eigenvectors
with respect to g"i/?:

0®2(g" 2y, = g2 1MV 0®2(ghi 2y, = gt i/ v < < N

It remains to verify that w; and w, are annihilated by all 0®?(¢;). The equality
0®%(e;)(wy) = 0 follows from p(e;)(v)) = 0. Likewise, 0®(¢;)(w2) = 0 for
i > 1 follows from p(e;)vy = o(e;)va = 0. Meanwhile, combining o(ej)vs = vy,

o(envi =0, 0(¢""*)vy = q(’l)T/zvl, and (2.23), we also get:

0% (enwa2 = (0(g""*) ® 0(e1)) (v1 ® v2)
B )
— (=)' (e @ 0(g M) (12 @ 1)
_ ((_1)(T+§)T ) q(—l)T/z _ (_I)T(T+§)q(—1)T ) q—(—l)T/Z) v ® vy = 0.
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(b) Part (b) is established in Proposition B.1 from Appendix B. O

A.5 Explicit finite R-matrices

Let p be the Weyl vector of ®, defined by the same formula (4.10). We note
that it still satisfies (4.11). We also define the U,(s[(V))-module isomorphism
Ryv:V@VVRV precisely as in Proposition 4.3. The following is an A-type
counterpart of Theorem 4.6:

Theorem A3 The U, (sl(V))-module isomorphism Iévv VRV -S5VRVandits
inverse 1%;%/ forthe Uy (sl(V))-module V constructed in Proposition A.1 are given by

IéVV =1yy o Rp and Ié;{/ =1tyy o Reo (A.14)

with the following explicit operators

Ro=1+(q '~ 1/2>Z< g P @Ei+(q 7 —q) Y () Ej®E;;.

i<j

(A.15)

Roo = 1+(q'?— *”)Z( Dig O PE @ Eii+(q—q™") Y (—~D Ej ®Ej;.
i>j

(A.16)

Remark A.4 We note that all the summands in (A.15, A.16) already featured
in (4.13, 4.14).

Remark A.5 In analogy to Remark 4.7, let us also present here the formula for the
operator R = ® o f and its inverse R~!, corresponding to the usual coproduct A’
of (2.24), as follows:

R:j?il/zoRQo]?Al/2

N
=1+ "2 =4 Y (='¢ P, © Ey
i=l1
+@ " =) ) (-1 E;j ® Eji = Ro,
i<j

Rilzroffl/zoRooofl/zor

N
=1+ = g7 Y1 e @ By
i=1

+@-q" Z(_l)jEij ® Eji.

i<j
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The proof is analogous to that of Theorem 4.6 and follows from the next four
Propositions.

Proposition A.6 For any element x € U,(sl(V)), the following equalities hold
(cf (4.2)):
RoA(x) = A®(x)Ry and RooA(x) = AP(x)Ro.

Proof We shall only verify RoA(x) = A°P(x)Ry when x = e, (the proof for
the other generators x = g¥"«/2, f, as well as for R instead of R, is completely
analogous to our treatment in the proof of Proposition 4.8). Since qha /2 is a diagonal
matrix, we shall write it as ¢"+/2 = diag(ty, ..., ty). By direct computation, we get:

RooAleq) = (0 ® 0)(Aleq))
+ (q(il)a - l){q(l)“ﬂ : Eaa ® Ea,a—H + qi(il)ﬁ/z . Ea,a+l ® Eaa}

+(@—q D) (1t Eqj ® Ejasi

j<a

+(q—g HD (DI DEDEADE B ® Ea,

i>a

A°P(es)Ro = (0 ® 0)(A(ey))

_patt —1yett
+ (6]( D 1){6]( DANAE Eot1,a+1 ® Eqat1

_(_1yatl
+q D72, Eiar1 ® Ea-H,a-H}

+(q—g"H D (=D (=@t B @ By
i>a+1

+@—q") D (1t Ej®Ejap.
j<a+1

Combining these two formulas with

(0 ® 0)(A(ea) — A% (eq))

=(q"" - q‘”%{((—l)“EW ~ (D Eqt1.011) ® Eaan
- Ea,a+1 ® ((_l)ﬁEaa - (_1)a+1Ea+l,a+l)}v

we obtain the desired equality RooA(ey) — AP(e)Roo =0 foralll <a < N. 0O

Next, we evaluate the eigenvalues of T Ry, T Rxo, ﬁvv on the highest weight vectors
from (A.13).
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Proposition A.7 The highest weight vectors wy and wy from (A.13) are eigenvectors

of tyy o Ry with the eigenvalues /L(l) = (—1)Tq_(_l)I and [,Lg = —(—I)Tq(_l)T,
respectively (cf. (4.16)).

Proposition A.8 The highest weight vectors wy and wy are eigenvectors of tyy o Reo
with the eigenvalues u§° = (—l)lq(_])1 = 1/,u,(1) and u3° = —(—l)lq_(_l)1 =
1/ ug, respectively.

Proposition A.9 The highest weight vectors wy and w; are eigenvectors of Ryv with

the eigenvalues Ay = (—I)Tq_(_l)T = ,u(l) and Ay = —(—I)Tq[(_l)I = /Lg, respec-
tively (cf. (4.18)).

The above three results are proved completely analogously to
Propositions 4.9-4.11.

A.6 Factorization of finite R-matrices

For the order | < 2 < --- < N — 1 on the alphabet I = {1,2,..., N — 1}, the
dominant Lyndon words were computed in [7, Proposition 6.1]:

Lr={li...jlI1<i<j<N-1}.

This results in the following lexicographical order on the (reduced) root system:
o] < ooy < - <ot HFon—] <o < s <OaAN—2 < AN 2FHON—] < ON-—1.
Letyijj =oa; +---+ajforl <i < j < N —1.Then, the assignment y — («, B)
corresponding to the costandard factorization of Lyndon words is explicitly given by
Vij = (Vi,j—lv Olj) fori < ]

The following is the counterpart of Lemmas 5.7-5.9, which has been carried out
in [7, §6.1].
LemmaA.10 Forl =1[i...jlwithl <i < j < N — 1, we have:

j—1
(Re, R)™ = [ [(ew. awr1) - (q — g~ 1)/~ - gV 0eD.

k=i

Combining this lemma with (5.26), we obtain the following counterpart of Lemmas
5.13-5.15:

LemmaAll Ify =¢ —¢;withl <i < j < N, then
(froep)g = (=D @ -7l
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The rest of this subsection proceeds completely analogously to Subsection 5.9;
hence, we shall only state the results (skipping identical proofs). First, we compute
the action of the root vectors:

LemmaA.l2 Fory =¢ —¢jwithl <i < j < N, we have:

oley) = Eij. o(fy) = (=D Ej.
Combining the above two lemmas, we obtain:

LemmaA.13 The operators ©, of (5.32) act on the Uy(sl(V))-module V ® V as
follows:

One; =1—(~1)(g—q ") E;®Ej; V1<i<j<N.

For any 1 < i < N — 1, we now evaluate explicitly the product ®; =
®8f—81v e ®5i

—Eit1"

LemmaA.14 For1 <i < N — 1, we have:

N
O =1-(@—-q¢") Y (- E;®E.
j=itl

Combining the above result with the factorization ® = Oy_; --- 0, we finally
get:

Proposition A.15 The action of the operator ® on the U, (sl(V))-module V ® V is
given by

O=1-(g—q ")) (~1VE; ®Ej. (A.17)

i<j
Combining the above formula with (5.42), we obtain

Ryy =tyyoRyy = f12 000 f1/2

=Y g E; ®E;j+(q - )Y (- E;j ® Ejj
i,j i<j

N _ —
=1+~ "2 =) Y D' O PE @ B+ (g7 = @) ) (D Eij ® Eji.
i=1

i<j

which precisely recovers Rg from (A.15). This provides an alternative proof of The-
orem A.3.
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A.7 Explicit affine R-matrices

Letd =¢e; —ey = a1 + - - - + an—1 be the highest root of s[(V) with respect to the
polarization (A.2). Define the symmetrized extended Cartan matrix (a; ]) —0 of s[(V)

as in Subsection 6.1. The A-type quantum affine supergroup, denoted by U, (5 V),
is a C(q*!/?)-superalgebra generated by {e;, fi, g*"/2)N ;1 U {y*!, Dil}, with the
Z,-grading

_ (_) .f s
yE = 1D = | =0, Jeil=1fi1=1- " PN gor 0<i <N,
1 if «; isodd

where « is a root of the same parity as 6, subject to the analogues of (6.1)—(6.5):

D' DT =1, [D,¢"/*1=0, De;D™'=¢%e;, DfiD™'=q % f;,
yEL TSy = gl 2 g2
[qh,‘/z, qh//Z] — O, qihi/zqq:h,-/Z — ]’
qh,‘/zejq—h,'/z — qa,'j/zej’ qh,'/ijq—h;/z — q—ll,'_,'/z‘fj’
hi —h;

q" —q
lei, fi]=8;j ————
PR g — gt

y — central element,

together with the g-Serre relations specified in (A.9)—(A.11), whereas the indices i -1
are now understood modulo N, and the following relations if mn = 2:

lej, Mek, Lej, Lek, e; M = [ex, Le;, Lek, [ej, e; T,

(A.18)
Lfj> Ufe, U5 Wfe, FiD0DD = LS, TS5, Ufk, LfF5. £ D00,

with {7, j, k} = {0, 1, 2}, a; being even, and « j, oy being odd. The Hopf superalgebra
structure on U, (5I(V)) is given by the same formulas as in Subsection 6.1. Similarly
to the last paragraph of Subsection 6.1, we also define the superalgebra U (5 (V)) by

ignoring the degree generators D*!.

Proposition A.16 For any u € C* and a,b € C* satisfying ab =_ (—l)ﬁ, the
U, (sl(V))-action g on V from Proposition A.1 can be extended to a U, (; (sl(V))-action

fo'b on V(u) =V by setting

QZ’b(x) =o(x) forall x € {e, f;, qrjth"/z}f\/:]1

and defining the action of the remaining generators eq, fo, ¢g="/%, y*! as follows:

oi(e0) = au- En1, 0l"(fo) =bu"" - Exy,
00b (g E0/2) = GFEDTEN=CDVENm/2 - pab( El)
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Proof The proof is analogous (though much simpler) to that of Proposition 6.1. We
extend the P-grading (A.12) on U, (s[(V)) to thaton Ul; (sl(V)) viadeg(eg) = ey —¢1,
deg(fo) = e1—en, and deg(g™"0/?) = deg(y*!) = 0. With respect to this grading, all
g-Serre relations except for (A.18) hold for degree reasons. Meanwhile, the remaining
relation (A.18), which occurs only if mn = 2, is straightforwardly verified in the basis
vectors vy, vy, vy of V. O

We also note the following analogue of Proposition 6.2:

PropositionA.17 Let u be an indeterminate and redefine V(u) via
V() = V ®c Clu, u™"]. Then, the formulas defining QZ’b on the generators from
Proposition A.16 together with

PO euh) =g veut YveV. ke

give rise to the same-named action Q,‘j’b of Uy (?[(V)) on 'V (u).
We shall now present the explicit formula for R(z), cf. Theorem 6.3:

Theorem A.18 For any u, v, set z = u/v. For U, (;[(V))-modules QZ’b, Qg’b from

Proposition A.17 (with ab = (—1)ﬁ), the operator Ié(z) = 1t o R(2) satisfies (6.10),
where

R(z) = (z - 1){1+ @' =g Y (~DqE By @ By

1<i<N

+(q —q”)Z(—l)-’EU@Eﬂ} +@-q (A.19)

i>j

Similarly to the observation made after Theorem 6.3, we conclude that R (z) coin-
cides, up to a prefactor, with the action of the universal R-matrix, and thus R(z)
of (A.19) does satisfy (6.11).

Remark A.19 We note that rescaling R(z) of (A.19) by ——, setting g = ¢ /2, 7 =

=1
e/ and further taking the limit 2 — 0 recovers the rational R-matrix (super-analogue
of the Yang’s R-matrix):

0|z —1 u

lim { R@

T
g=e—N/2 ¢l } =1--.

The proof of Theorem A.18 is straightforward and crucially relies on the expression
of R(z) from (A.19) through Ry, R~ of (A.15, A.16), which is a special case of the
Yang—Baxterization from [17]. Recall that the R-matrix Iévv - R = Tyy Ro has
two distinct eigenvalues A1 and X, in accordance with Propositions A.2, A.7, A.9.
In that setup, the Yang—Baxterization of [17, (3.15)] produces the following solution
to (6.11): R(z) = A; 'R 4 zA R~
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Proposition A.20 The affine R-matrix R(z) of (A.19) coincides (up to t and a scalar
multiple) with the Yang—Baxterization of Ryy = t o Ro. To be more specific, for
R(z) =10 R(2): . . A

MR@) =2 "Ryy + 20 Ry (A.20)

with A1, A precisely as in Proposition A.9.

Proof By straightforward computation, based on (A.15, A.16, A.19), one verifies that
MR(@) = 25" Ro + M1 Rec. (A21)

Composing with 7 on the left, and using (A.14), we obtain (A.20). O

Remark A.21 Due to (A.21), one recovers Ry, R of (A.15, A.16) as renormalized
limits of R(z):
Ry = —R(2)|;=0, Roo = lim {R(z)/z}.
—>00

A.8 Proof of the main result in A-type

Due to Proposition A.20 and Theorem A.3, it only remains to verify (6.10) for x = e
and x = fp. We shall now present the direct verification for x = eg, while x = fy
can be treated analogously to the finite case. We shall also assume that a = 1, as in
the orthosymplectic case.

Since 0%%(¢"0/?) is a diagonal matrix, we shall write it as o%’(g"/?) =
diag(ty, ..., ty). By direct computation, we get:

N _nN (1N
RooA(eg) = Aleg) + (gD —1)[61( D52 Eny ® Eyt +4~ D /ZW'EN]®ENN]

_ 5 _ N (N
+@-qh > (=Dt ENj®Ej1—(g—q DN gD 2y By © En.
1<j<N

T T T
A% (eg)Roo = A% (ep) + (1 — 1)[!1(71) v En®@Eyi+¢ Y uEn @ E]I]

B T TWTT _ - T
+a@-q7h Y NN By @ By — (g — a7 D)D" 2o By @ By

I<i<N

Collecting the terms together, we thus obtain:

RooA(e0) — AP(e)Roo = (g —q v+ Y (=)t - Ey; ® Ejy
1<j<N

—(q—q v Y (VN By @ By

I<i<N

Evoking the paragraph after (6.18), we immediately obtain:

RoA(eo) = A®(e))Ro = (g —¢ - Y (=1)/t; - En; ® Ejy
I<j=N
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—(g—q Hu- Y (VNI B @ B,

I<i<N
Combining the above two equalities with formula (A.21), we get the desired result:

R(z)A(eo) — A% (e0)R(z) = 0.

B Generating vectors for tensor square
B.1 Two vectors in A-type

We first define the following elements ulj]E imV@Vforl <i<j<N:

T T T e i
M;"; =vl®vj+(_1)l(_1)l]q ( 1) q (Ehej)vj®vl"

_ - T _ T (e, X
u; =vi @vj— (=D'(=1"g" g7y @ ;.

In particular, we note that ul‘t = 0iffi # 1 and u;; = 0iff i = 1. We define subspaces
W= of V ® V to be spanned by the corresponding (nonzero) vectors:

T}) :
1).

Proposition B.1 (a) The subspaces W+ and W~ are U, (sL(V))-subrepresentations of
VeVv.

W"‘:Span({u;ﬂlfi<J'§N}U{ui+i|lT
(B.1)

RIN

W= = Span ({u; |1 =i < j = NYU{uz |7

ii

(b) The Uy (sl(V))-representation V ® V decomposes as a direct sum of these sub-
representations
VeVwrew .

(c) Wt and W™ are irreducible U, (sl(V))-representations generated by the corre-
sponding highest weight vectors w1 and w» of (A.13), respectively.

Proof (a) We first verify that W™ is stable under the U, (sl(V))-action via direct
computations. The generators {e,, fy }i\’z—ll act on the above vectors u;; as follows:

e Case 1: ul‘t fori = 1.

7o\ ! -1
(1 +4q¢ D 2) Q®2(ea)u;§ = 8441 q" V% "(er,aJrl’

— ,T. -1 _ — _ B
D7 (14+a7C2) 0P = 8 - ()TN
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e Case 2: uj; fori < j.

Q®2(ea)u?]_' =8qy1,i - u;j + a1, Jj- (_1)i(ﬁ+a+1) : q(aa,e,-)/Z ui

i,a’

(_1)6Q®2(fa)u:’]_' — 5ai A q(8a+l,8j)/2 . + + (Sa/ ( l)l(a+a+1) l a+1’

where we recall that u;L] =0ifj # 1.

This shows that W is stable under the action of {e, fa} 1 . As each u ij is homoge-
neous of degree ¢; +¢; withrespect to the P-grading defined by deg(v, ®up) = e4+¢p
forall 1 < a,b < N, cf. (A.12), we also have Q®2(qh“/2)ui“; = gEite)tha)/2 u;;
This establishes part (a) for W+.

The proof of (a) for W~ is analogous (the above formulas hold with each u:b
replaced by u ).

(b) It is enough to show that the vectors entering (B.1) form a basis for V ® V. As
there are precisely N> = dim(V ® V) of such vectors, it suffices to show their linear
independence. Moreover, since each such vector is homogeneous with respect to the
above P-grading, it suffices to verify the linear independence in each weight spaces,
which can be easily seen.

(c)Let us first prove the “generating” property of W . To this end, it sufﬁces to show
that each u - 18 contained in the U, (sI(V))-submodule generated by u” (a nonzero

scalar multlple of wy), which can be done by acting with the generators {f, } a:l
iteratively on ufrl . According to the explicit formulas in part (a): 0®2(f i—1.-- 21 )uT]
is a nonzero scalar multiple of u‘f and further 0®>(fi_1... f» fl)ui"j is a nonzero
scalar multiple of u . This shows that indeed W+ = U, (5[( V)wi.

The proof of the 1rreduc31b111ty of W is similar. Since any nonzero submodule of
V ® V has a weight space decomposition, it is enough to show that for any nonzero
P-homogeneous element w € W, i.e., a nonzero scalar multiple of some ut we can
obtain a nonzero scalar multiple of w by acting with the generators {ea} 1 1terat1ve1y
on w. Due to the explicit formulas in part (a), we have: Q®2(€162 ... 6:—1)M,J is a
nonzero scalar multiple of uT] ,and Q®2 (erex...ej 1)14?']. is a nonzero scalar multiple
of wy. This establishes (c) for W . The proof of (c) for W™ is analogous. O

B.2 Three vectors in orthosymplectic type

Motivated by Subsection B.1, we shall now present a similar analysis for the structure
of Uy (0sp(V))-representation V ® V. To this end, we consider three cases separately:
m is odd m is even and 5 = 0, m is even and 5 = 1. Besides lengthier calculations,
the orthosymplectic setup is considerably harder due to the higher dimensional degree
0 component of this tensor square. In particular, our presentation emphasizes in full
details the importance of the special case n = m when V ® V is not semisimple.
We note that it is this major difference that forced us to work with the vectors w3, W3
instead of the highest weight vector w3 in Sect. 4.
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B.2.1 Generating property for odd m

We first define the following elements ulj; mVVforl <i < j < N and
G, j))#G6+1,s+ 1)

v ®vj + (—) (=) Tg=D =iy, @ v for j #1i’
ut = ’Ui ® vy + (=) H gD =Gy, g vi] — (= 1)iHH g Ceren/2g—(eisn i4n)/2
ij
T — (DT (5 o
Vit [vi+l ® vty + (DTG ey gy @ Ui+1} for j =i’
and
v ®v; — (=D (=1 TgD g=Eey; @ u; for j #1'
uj; = {Ui ® vy — (_l)T‘HTq(*])Tq*(Ehei)vi, ® Ui] — (_1)17'+mq*(5’-<‘fz)/2q*(6i+|-<‘fi+1)/2
ToTT (DT (e o
D41 {Ui+l ® vit1y — (—DIHHGED gy, @ vi+1} for j=1i'

In particular, we note that u% = 0iffi # Tandu;; = 0iffi = 1. We define subspaces
W= of V ® V to be spanned by the corresponding (nonzero) vectors:

=T1}).

~1}).

~.

W = span ({ufi [ 1 =i < j = NyU{ut|i s+ 1,
(B.2)

~.

W_=Span({u,»_j|1§i<j§N}U{ui‘l.|i7és+1,

We also consider a one-dimensional subspace W3 = Span(w3) of V ® V, cf. (3.5).

Proposition B.2 (a) The subspaces W, W~ , W3 are U, (0sp(V))-subrepresentations
of VV.

(b) The U, (0sp(V))-representation V ® V decomposes as a direct sum of these sub-
representations
VeVwrtew oW

(¢) Both W3 = v1 ® vy and W3 = v’ ® v1 do not belong to W & W, while
Wy — (—DlgED g mtlg e wr o wo. (B.3)

(d) W, W=, W3 are irreducible Uy (0sp(V))-representations generated by the cor-
responding highest weight vectors wi, wa, and w3 of (3.5), respectively.

Proof (a) Let us first show that W is stable under the U, (0sp(V))-action through
direct but rather tedious computations. The action of the generators {f;}},_, on the
+

above vectors u; y is summarized in the following formulas (split into five cases):

e Case 1: uf fori =1.

(1447 2) T 2

Sai - (—1)5@’““)61(_1) /2. M;_,a-i-l = Sa+1),i OaPar1q ™" /2. ”?Z:H)',a"
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o+ . . . .
° Case2.ul.jforz <jandi+4+j#N,N+1

(=D (fa)us

(£a+],é‘j)/2 . M+ + 8aj . (_1);(5+m) ‘u

=8ai - q a+1,j ia+1
a+1(a+a+1 —(€as8j)/2
- 8(cz+1)’,i : (_1)a+ @tat )ﬁaﬁa+lq (Ea-e)/2 . I/t;/j
_ 5(a+l)’,j . (_l)(i+a+l)(ﬁ+a+l),{}aﬁa+l . u;‘;/’

where we recall that uj] =0if j # 1.
e Case 3: u;; fori < jandi+ j = N.

(_I)EQ®2(fa)u?:(i+1)/ — _80i . (_1)E+a+1§aﬁa+lq(€a,€a)/2 . M+/

aa’”
L+ . .o . .
° Case4.uijforl <j,i+j=N+1landi #s.

(—=D7®2(fo)u,
asca 2 as€a 2
_8‘415aa+1 (€asEa)/ (1“1‘61 (6a-Ea) ) a+1a
—Saiat - (D) T qT a2yt

_(8a+1 a‘9a+1)/2 . u+

- 6t/l-i-l,i : ﬁaﬂa—i-]q atl.a'"

e Case5: ujj for (i, j) = (s, s').

(=D (fa)ug
—Sm{( e 5 gles m/z<1+q_( H! 2)}“f+1,y

—8g,5-1" ﬁs—lﬁsq_(ss’%)/z ' u::(s—l)"

The above computations show that W is stable under the action of { fa¥s_,- To
check that W is also stable under the action of {eq};_,» we consider a vector space
isomorphism

¢: V==V givenby v+ cyvy forall 1 <i <N, (B.4)

where the coefficients ¢;’s are determined by c; = 1 and the following relations:

Capt = —(=D)FFetIHaatly 9.1 cq for 1<a<s,

Co = (=79, 9,01 a1y for 1 <a<s.
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In particular, we note that
(—1)cycy = (=Dlcjcy Y1<a<N. (B.5)
Evoking w from (5.15), it is straightforward to check that

o(x)v = (¢~ o 0(@(x)) 0 P)(v) (B.6)

holds for any v = v; and x € {eq, fu, ¢/} _,. Thus (B.6) holds for all v € V,
x € Uy(osp(V)). Itis also easy to check (verifying on the generators) that A“ = AP,
cf. (4.25, 4.27), where

A’ =(w®w)oAow L.

Furthermore, we note that W+ are invariant under t 0¢p®? due to the following equality:

(tvv o (@ ® P))) = (=D Tevcy -,

Combining all these results, we finally obtain:

0% (e = Aeauf; = (%97 0 A%@(e0) 0 52) (1)
= (~ DTl <(¢®2)‘1 o A%(fa) 0 "’@2) ()

@19 jya+atT | ((TW o) o A(fa) o (tyy o ¢>®2>) @),
(B.7)

which proves that W is stable under the action of {¢, }° _, . Finally, each ”,+ ishomoge-
neous of degree ¢; +¢; withrespect to the P-grading defined by deg(v, ® vp) = £4+¢€p
forall 1 <a,b < N, so that Q®2(qh”/2)u?; = qiteNha/2 . ul‘; This completes the
proof of part (a) for W+.

The proof of part (a) for W™ is completely analogous. Therefore, we shall only
present the explicit formulas for the action of the generators { f,}7_; on the vectors

uij:

o Case l:uj; fori # 1.

(1) 0
= 8ai - (—Daﬂm%l(_”?/2 Uy qr1 ~ Sat1yi 'ﬁaﬁaﬂq(_lm Uigp1y
e Case 2: i fori < jandi+4+j#N,N+1.
(=1 (fa)uj;
= Sy - gt N2 Wpiy )+ 8 (—1)i@tath -

i,a+1
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_ 8(a+1)’,i . (_1)a+1(E+a+1)ﬁaﬁa+1q—(€a,8j)/2 . M;,]
— S(as1y.j - (= DEFFD@ED Y 5y
where we recall that u =0 1f

° Case3.uljforz <]andl~|—]—N.

(=D (fadujiy 1y = =bai - (= DT TV y1q @t ug,,

aa

° Case4:ul._jfori<j,i+j:N+1andi7£s.

(=D7®*(fa)u;;
asca 2 as€a 2
= 84ibg 31 - (68)/(1+CI (58))a+1a

- 3cz,i+1 ' (_l)a_H_Eﬂaflﬂuq_(aail’gail)/z ’ u;+l,a’

—(&q41,€ 2
_ 861-‘1—1,[ . ﬁaﬁa-'rlq ( a+1 a+l)/ . ua+1’a/.

e Case 5: g for (i, j) = (s, 5").

(=D%®* (fa)ug,
_ 5as{( 1)A+3+1 —(&5,85)/2 + 55 L5 (8; es)/2(1 —i—q( ! 2)} Uiy

- 5a,s—l : 29s—lﬂsqi(&h&)/z . us_,(sfl)/’

where 87 45 equals 1 if T # 5 and is O otherwise.

To prove part (a) for W3, we recall that 0®%(e;)ws = 0, 0®%(¢"/*)w3 = w3 for
any 1 < i < s, as established in our proof of Proposition 3.2(a). The remaining
vanishing 0®2(fi)ws = 0 for I < i < s follow from 0®?(¢;)w3 = 0 via (B.7) and
(tvy 0 ¢®2)(w3) = (=) cicyr - ws, due to (B.5).

(b) It is enough to show that the vectors entering (B.2) together with w3 form a
basis for V ® V. As there are precisely N> = dim(V ® V') of such vectors, it suffices
to show their linear independence. Moreover, since each such vector is homogeneous
with respect to the above P-grading, it suffices to verify the linear independence in
each weight spaces. This is clear for nonzero weight spaces. Finally, for the zero
weight space the proof is done by straightforward computation, which is analogous to
the even m case treated in full details below, cf. Remark B.5.

(c) The proof of w3, W3 ¢ W@ W ™~ is completely analogous to that of part (b) with
w3 replaced by either w3 or w3. Meanwhile, the proof of (B.3) is completely analogous
to that of (B.8) below. Here, we shall only state the explicit linear dependence:

N
_ T (-1 ,—
Z (bjr”:/ +b;ugy) =01 vy — (—=D'gV gy @ vy
i=1
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where
T+i . )
bt = MQ—ZE{(A%)
' q+q!
(q(sl'sl)qzi;}(/”“k) _ (_I)Tq(sissi)_(amas)q— i;}(p,ak)) ’
I+ . .
b= CD O i

q+q7!
s—1 T s—1
<q7(61,61)q2k:,- () | (1)l gleien=(eses) = Y (p,Otk)>

forl <i <s.

(d) Let us first prove the “generating” property of W*. To this end, we need to
show that each uj]' is contained in the U, (0sp(V))-submodule generated by uﬁ (a
nonzero scalar multiple of wp), which can be done by acting with the generators
{fa};,_, iteratively on uﬁ:

oCasel:uiJ;fori—i—j<N+l.

According to the explicit formulas (Cases 1, 2) in part (a): 0®%(f i1 f2 fl)ui’1
is a nonzero scalar multiple of ufj for j <s+1, Q®2(fj/ . fs_lfs)uffyrl is
a nonzero scalar multiple of ui"J for j > s+ 1, and 0®%(fi_1 ... fzfl)ufj is a
nonzero scalar multiple of ujj'

e Case 2: uf; fori +j=N+1.
We note that 0®2( f,-)ui'(l. +1y is a nonzero scalar multiple of u;lr.,, due to Case 3
from (a).

e Case 3: uj; fori +j=N+2.
According to the explicit formula (Case 4) in part (a): 0%%( fl)uz'z, is a nonzero

¥

scalar multiple of u;, and 0®%( ﬁ)u;:] -1y is anonzero scalar multiple of u; i

for2 <i <s.

e Case 4: uf; fori +j > N +2.
According to the explicit formula (Case 2) in part (a):
Q®2(f,~_1 ... fj/+2fj/+1)u;5+1 j is a nonzero scalar multiple of ujj' fori <s+1
and likewise 0®%(f ... fs_lfs)u;l’/ is a nonzero scalar multiple of uj; for
i>s4+1. ‘

This proves that w generates the entire W under the action of U, (0sp(V)). The
proof of the irreducibility of W is similar. Since any nonzero submodule of V ® V
has a weight space decomposition, it is enough to show that for any nonzero P-
homogeneous element w € W, we can obtain a nonzero scalar multiple of w; by
acting with the generators {e,};_, iteratively on w (the corresponding formulas can
be deduced from those of part (a) through (B.7)):

. Casel:w:u;;fori—i—j <N +1.
First, we note that Q®2 (e1en... ei_1)u;; is a nonzero scalar multiple of uTj. For

j > s+ 1, we further note that Q®2(€s g 1... ej/)ufj is a nonzero scalar multiple
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+ . . . ®2 . + .
of Uiy Finally, we likewise note that o®“(eje; . .. e]_l)ulj is a nonzero scalar

multiple of u?‘l for j < s+ 1. This shows that we can get a nonzero multiple of
w1 by acting with e,;’s on w.

e Case 2: deg(w) = 0.
Since w3 is the unique (up to scaling) highest weight vectorin V ® V of degree zero
(see Remark 3.3) and w3 ¢ W according to part (b), we have w’ = Q®2(ea)w #0
for some 1 < a < s. Replacing w by w’, we thus reduced the setup to Case 1
treated above.

° Case3:w=u;;fori+j>N+1.
Fori > s+ 1, we first note that Q®2 (ese5_1 ... e,v)u;; is a nonzero scalar multiple

s+1.j and likewise 0®“(ejrejryy ... el,l)uij is a nonzero scalar multiple of
ul, fori < s+ 1. Thus, w' = uj,j € W7 and we reduced this setup to Case 2

treated above.

of u

This proves the irreducibility of W™, thus establishing part (d) for W+.
The proof of part (d) for W™ is completely analogous. O

B.2.2 Generating property for even m withs = 0

Similarly to the odd m case, we define the following elements u:—: inV ®V for
l<i<j=N:
- s T _(e: o
v ® v+ (D) T~y gy i) £
{vi®vy + (DM g=D =iy, o o] = ()G 2 Cig D2
S SRS BT e
u:; = -17iz7i+1[1)i+1 ®V(iy1y + (—=HiFIG=CD q(£’+1'5’+l)v(i+l)/ ® vi+1} ifjl=i#s
T3 TT T _ —Tas
[Ux—l ®v(s—l)’ +(_1>1+A71q*(*1) q (83’*1185—1)1)(‘?_1)/ ®vs_|]—(—l)”1+5

— Tas 1 .
q (Sx—l~8x—l)/2q*(851€.i)/2ﬁS71§S {vs, Qs + (=D)IT5g= (D gEses)y vs,} ifj/=i=s

and
- - T —(e:.e:
v ®v; — (=D (=DiigD gDy gy i) #i
{vi @ v - (—)HgD =iy, o v | = (DI Cen 2 Cig i)/
_ T (1 (e . o X
ui; = 'l?fﬁm{vm ® vy — (CDIHHGED gCi it Dy ®”i+l} ifj/=i#s.

R T - _
{Us—l ® V(1) — (~pls=lg=by (s“’l’g'r’l)v(sq)/ ® Us—l} — (=1

»q7(85*1’85*1)/2q7(55'€3')/21?:_] B {UJ/ ® vy — (—I)TJrEq(fl)1 g2y @ US/} ifj/=i=s

Again, we note that ujl' =0iffi * 1 and u; =0 iff i = 1. For convenience, let us
define

Uggy = {Us—l ® Vs—1y — (_l)s—l g .q_(szl,b“s—l)v(s_l)/ ® Us—l}

() TS gD/ 2 g —(ene 29 ..

{vs/ ® vy — (_l)y‘ q 'q(ax’gj)vs ® US/}.
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Th_en ul, = M:I’(kl), andu, = uyy if 1 =5,andu;, = ugyandu;, = Uy o1y
if 1 # 5. We define subspaces W* of V ® V to be spanned by the corresponding
(nonzero) vectors:

W = span ({uff |1 =i < j = N} U{uf [T =T}),
W™ =Span ({u; |1 =i < j = NyUfu; [T £T)).
We also consider a one-dimensional subspace W3 = Span(w3) of V ® V, cf. (3.5).

Proposition B.3 (a) The subspaces W, W=, W3 are Uy (0sp(V))-subrepresentations
of VV.

(b) For n # m, the U, (0sp(V))-representation V ® V decomposes into the direct sum
of those:
VeVWwWrew o Ws.

(c)Forn=m Wy CWTifl=0=5and W3 C W™ ifl=1%#5 and WHr @& W~
is a codimension 1 subspace of VQ V.

(d) Both 3 = v| ® vy and W3 = vyr @ v| do not belong to W+ @& W™, while
W3 — (—=D'gtD g s e W W (B.8)

(e) W, W=, W3 are U, (0sp(V))-representations generated by the corresponding
highest weight vectors w1, wa, w3. Moreover, these representations are irreducible if

n#m.

Proof (a) The proof is analogous to the odd m case, so we only present the key
difference in formulas. The action of the generators { f,}},_, on the above vectors uj;

is given by the exact same formula unless f, = f; or (i, j) = (s, s’). The action in
the remaining cases is given by:

e Case 1:uf; fori =Tand f, = f;.

(—1)ﬁ(1 + q—<—1>7-2>‘19®2(fs)u;

IO G2 ks 9, 0TV

=851 s,(s—1)"

° Case2:ulf;fori<j,i+j;éN—1,N+landfa=fS.

(—1 %2 (fou;
= Suriq Pk 1, (DT
— 5y - (—1)§(Sj+5)ﬁs—lﬁs’qi(gs_l’8j>/2 . ”?;71)/,,'
— 8 - (_1)(17+E)(m+§) D10y - M?,_(s—l)"

@ Springer



Orthosymplectic R-matrices Page850f97 55

° Case3:u;;fori<j,i+j=N—1andfa=fs.

(=D 02 (fuf oy = =851 - (1) T a2y

sSs

o Casediuf fori < j,i+j=N+1i%#sandf, = f.

(D" o® (fou,
—nip —(=nl2), +
= 1idrr ¢ (1+‘1 = )us/,(s—l)’

— Syt - (T 9 g ey

e Case 5: ul"j’ for (i, j) = (s, s") and f, # fs.

_ T (L.
(D7 faufy = dasrdrp - a T (14~ Nt
e Case 6: ul"jr for (i, j) = (s, s") and f, = f;.

(_1)571Q®2(fs)u;/ — 67 . q(&r,&r)/z(l + q*(é‘s,é‘x)'2>u:;‘(37l)/'

s—1s

We also have the following counterparts for the vectors Ujj-

o Case l:uj; fori #1and f, = f;.

(_1)ﬁ(1 + 61_(_1)7'2>_1Q®2(f5)ui;

=851, - (=TI GEDY2 - — 850 - Dy 109 V2

s—1,s" us,(s—l)"

° Case2:ul._jfori <j,i+j#N—1,N+1and f, = f.
(=D o®2 (fuy;

_ 8S—l,i . q—(ss,ej)/2 . u;] + Sx—l,j . (_l)i(s—l+§) . ui_s’

= 8y (ST g2

=8y - (=D 9
o Case3:u;; fori < j,i+j=N—1land f; = f;.
(D 0B (U] a0y = —Bmti - (— 10, 9gEre02 s

sS
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o Casediuy fori < j,i+j=N+1i#sand fo = f;.
(=D o® (fouy,,
Y _nl. —
— SS—I.,I'(ST;AST] 'C]( 1) /2(1 _,’_q( 1) Z)MS/’(S_I)/
_ 5571‘i+1 . (_1)STZ-FSTlﬂXizﬁSilq_(5x72ﬂ5S72)/2 . Li;

s (s—=1)"

e Case 5:u;; for (i, j) = (s,s") and f, # fs.
_ _ T o\
(—1)aQ®2(fa)”ss/ — Sa,s_18T7ésj . q ( 1) /2(1 +q( 1) 2)usy(s7])/.
e Case 6: Uy for (i, j) = (s,s’) and f, = f;.

(_1)571Q®2(fs)us_x/ = 15 q(&r,&r)/2<l + q*(&v,&v)'2>u;y(371)/'

We also have an analogue of the isomorphism ¢: V. — V from (B.4) satisfy-
ing (B.5, B.6) and consecutively (B.7), but the coefficients ¢;’s determining ¢ should
be rather chosen to satisfy:

(- 1)a+m+amlw

Cat+1 = a+1 " Cq for 1 <a<s-—1,
Cy = —(—l)aa'Hl?al?aJr] “Ca1y for 1 <a=<s-—1,
¢y === 9

This allows to show that W= is also stable under the action of {eadi_-
(b) Analogously to the odd m case, it is enough to show that the following set of
vectors

| 1<i<j<N, G # GO Uuf |[T=THu{ug; |7 # T} U ug) Ufws)

(B.9)
is linearly independent in each weight space, with the only nontrivial verification in
degree 0 € P. For convenience, we consider the following multiple of w3:

s—1
w; = q_2k=l(p’0‘k)ﬁl - w3

N
= Z i [qu,i;}(p,ak)vi ® vy + (=) qu;}(p,ak)vi, ® vi} )
i=1

Let us now assume that

s—1
> (b ui, + by ug) + bsugy = bws (B.10)
i=1
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for some constants bii, bs,b € C(g'/?). Comparing the coefficients of v, ® vy
in (B.10), we obtain:

e For v ® vy and vy ® vy, we have

bf + by = 91~ Ziaea) . p,
gV by = (1) g i e L,
e Forv; ® vy and vy @ v; with2 < i < s — 2, we have
(bF +b7) — (19, 9yq—Cimrei-D/2g=e/2 (ot 4 p ) = g™ Shei P
(—1)T+’7q*‘€f‘f)(q*H)T bt — gD by ) = (=0T, 0,
g i1 i) 2 62 (q—(—lﬁ b — g b))

() g i )
e For vy ® v(s—1y and v_1y ® vs—1, we have

(bF | 4+ b7, +bs) — (=1 2Ty 9, g e/ 2gEen)2
(b by o) = Ds1g” 0 b,
T — _ ) T N _

(_1)1+S lq (GS7176A*1)<q ( 1) b;‘r_l—q( 1) bv_1>

_ (_1)ﬁ g _q*(gs—lsgs—l) - by
_ (_1)T+ST2195_229S_1Q*(s.v—z,s.v—Z)/2q(€s—l»&—1)/2

—(=D! - - S—145
'(‘1 R NP A 'bs—z) = (=190 b,

e For vy ® vy and vy ® v, we have

_ (_I)Sjﬁ‘fﬂ“‘il ﬂsq_("?x*l ,8;71)/2q—(85,8;)/2

(b by = (=T g g b)) =, b,
e i T

T _pnr o, _ T+5  —
(q D' b:—_l _ q( D" bs_l 4 (_1)1+S -q (&5.85) | bs‘) = ﬁs . b.

Evoking (4.11), one can inductively deduce:

i
- s— - i—1
bf by = (=g i) | Sy i B0 | g,
j=1
s ) L SN G5 ) LI 45+, (si.60) Y520 (0,0
q b —q by = (—)ITH e g 2 (o),
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i
- i—1
S (=1 gz ®e | g, p (B.11)
j=1

forany 1 <i <s — 2, as well as the following four equalities:
s—1

D - s—2
bi b by = (—1) g [N (-1 g T H=i G0 Ny b, (B12)
j=1

_(—1 T EETY I T
gV b =g b~ (=Dl by

s—1

— (_])T+§+qu(&v—l,S.r—l)q(ﬁﬂx—l) Z(_l)quZ;i(Zp,ak) ﬁs—l . b, (B13)
j=1

b:_—l +b, — q2 by = _(_1)E+§q(ss—lves—l)/zq(&v,&v)/zﬁs_l b, (B.14)

(-7 T - 1 -
g b =g b+ (=D by =
_ (_1)T+ﬁq(€s—l,85—1)/261*(8.;,8.;)/2195_1 . b. (B.15)

Subtracting (B.14) from (B.12) and evoking (4.11) implies

s
—_— - s—1
1+ q2)bs — (_l)xflq(p,ol_;_ﬂ E (_l)]q*Zk:j(ngak) B_1b.
Jj=1

Likewise, subtracting (B.15) from (B.13) and further multiplying by (— I)Tq, we get

N
D - s—1
—(+ q2)bs — (_1)57161(/),04:—1) Z(_l)jqzk:j(zl)’ak) 9,_1b.

Jj=1
Adding the above two equations, we obtain:
s - s—1 s—1
D17 (T g X G ) p . (B.16)
j=1
However, similarly to (5.39), we have:
s—1 _ o1 s—1 1
(@ =g (=1 gZi=s @) = 3 (q(sf’gf" — q’(ef’€~f))q2*:f(2”’“k)
Jj=1 j=1
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s—1
.10 Z <q(8j,8j)q2fc;}(2/%ak) _ q(8j+1,8j+1)q22;}+1(2Pv“k))
=1

(61,61)612'2;]1(2/),0%) _

(&5,85)

=9 q

and therefore

s
- s—1 s—1
(g — q—l) E (_1)]6121{:1-(2/0,0%) _ q(gl,sl)qzkzl(ZPyak) _ q—(&v,&v)
Jj=1

— q*(gmgs) (q(*1)1'2+"'+(*1)§'2 — 1) = qi(é‘xvgx)(qmin —1). (B17)

Combining (B.17) and its version with ¢ replaced by ¢~ allows us to rewrite (B.16)

as:
m—n—1 _ ,—(m—n—1)
1 7_ +1)b=0.
q9—49

Since n # m, we get b = 0. Then, the equations (B.12)—(B.15) imply that bj_l =
b._, = by = 0, and analogously b;r =b; =0forall 1 <i <s — 2. This proves the
linear independence of (B.9).

(c) For n = m, iterating the argument from the above proof of part (b), we obtain
the following linear dependence

s—1
O (B + b uip) + bty = w§

i=1

where by = 0 and the coefficients {b?}f;ll satisfy the following relations (arising
from (B.11)):

i
- s—1 - i—1
b;r + blf — (_1)1191.‘]—&:,- (p.ox) E (_I)Jq—Zk;/(ZP»“k)
j=1
(_])lflgiq—Zi;}(p,ak)

_ : (c](s,v,s,v) _ q7<sl,sl>quj;ﬁ <2p,ak))

q—9q-
- s—1
_ g~ 2i—=1(0,0K) ; .
_ (=D'viq Z";l - (qw,-,a,-)qzz;ﬁ(p,ak)_q—<al,sl>q—2’k;‘1<p»ak>)
q—9q-
1) 9 g (€1.61)/24(85.85) /2 . i
_ &b ﬂl(i, — (Q(s,-,s,-)qzk:'l(p,ak) _q—<sl,al>q—2k:ﬁ(p,ak>)
and
=D 0
q b —q - b;
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i .
= (=), g e g XiZi (o) Z(_l)fqz’k;‘,(zp,ak)
j=1
(_ 1 )T+§+fﬁiq(€is5i)qzz;} (p,o)
= 1

(q(m,m)qZ};ﬂ Qp.e) _ qf(e,',e,‘)>
q9—q
(_1)T+§+;ﬁiq(5ia5i)q22;ll (p.otk)

: (q(m,el)qzi;‘l(p,am _ q—(si,an—z;;;'l (p,ak)>
q9—q-
(_1)T+§+fﬁiq(5ia5i)q—(51781)/2—(5&5:)/2

qg—q~!
<q<s1,sl>qz;;ll<p,ak> _ q7<e,~,e,~>quz;ﬁ<p,ak)) ,

derived in analogy with (B.17), where we used

— m—n—(e1.e1)— (. &)  (e1,€1) + (&5, &)
> (o) = 5 =- 5 :
k=1

Solving the above two equations, we obtain:

(=D, e _
b = o q_lz (q@],el)/zﬂex,esvz F (=g Enen/2 <sx,es>/2)
, (q(sl,el>+<e,-,s,-)qzi;‘] (o) _ q—zi;ll (p,ak))
P (q(sl,sl>+(s,-,s,-)q22;‘l(p,ak> _q—zi;‘l(p,ak)>7
S g—q!
po = (=D (q—<al,sl>/2+<ax,as>/2 _ (_1)T+§q<sl,sn/z—m,as)/Z)
i q2 _ q—2

) (q(ei,ei)qZ}};ll(p,ak) _ q*(51>€1)q*22;|1(:0,0‘k)>

— i (q(ei,éi)qZ};ll(p,ak) _ q*(81,€1)q*22;|1(/),01k)> )

This implies that w3 € W if 1 = sand w3 € W™ if 1 # 5. Furthermore, any solution
of (B.10) is clearly a multiple of the above one, which implies the codimension 1
property of WF oW~ CcV®V.

(d) The proof of w3, w3 ¢ W+ @ W™ is completely analogous to the above proof
of part (b), with a simpler computation when w3 in (B.9) is rather replaced by either
w3 Or W3.
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On the other hand, iterating the argument from the above proof of part (b), we
establish (B.8) by explicitly presenting the linear dependence:

s—1

_ Tac (1 a1\
Z(b:r”zt/ + b ug,) + bsutgy = v ® vy — (=g HED gr=my |, @ vy

where
I+ ) ,
pt = ED 0,
' q+q7!
(q(SI’Sl)qu;}(p,aw _ (_I)T-i-fq(s,-,s,-)q—z:i;} (p,ak)> ’
I+ . o
b = Mq—zk:i(p,ak),

q+q7!
<q7<sl,s.>qz‘;;}(p,ak>+(_1)T+Eq(si,ei)qf z;,!w,ak))

forl <i<s-—2,

T4s—1
bt = (=1 +s V1951 _ i;{(p,ak)
s— q +q—l
. <q(61,81)q(p,as—1) — (=) FSgEs-re- =P () _ 5T#§03—1ﬁs)) ,
T+s—1
b, = D 0 q—Z}i;ll(P,wk)
s— q +q—l
. <q*(8|,€1)q(p»a.r—|) + (_])1+§q(€x—1;&v—l)q*(Pyas—l)(l _ STgﬁs—lﬁs)>
and

T |
b= TV s o2 e 2y - Dk
’ q+q7! '

(e) The proof of part (e) is completely analogous to that of Proposition B.2(d). O

B.2.3 Generating property for even m withs = 1

Similarly to the previous cases, we define the following elements uljj inV ® V for
1<i<j<N:

0 ®vj + (~DI (=T g= D TEEDy gy i) i

+ [”f ® vy + (~)Hg= D =Ciey, g vil — (~ )T CeD 2y = Cip 1 i D)2
uf; = I T (e e -
D1 [vi+| ® vy 1y + (DI G=ED i1ty e Ui+l} ifj/ =i#s

145 1
v @ vy + (=DIFTg=ED = Es 80y, @ v ifj/=i=s
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and
= = T —(e: e
v ®vj — (~DT (DT D 7Dy gy it i
- {vi ® vy — (71)T+‘7q(‘1)1q_(gi’gf)vl-/ ® Ui} ()T =62~ (Eig 181 D/2
Uij = T (DL (65 s 165 " :
D Vi1 {l’i+1 ® vppy — (DD Cit sty ®Ui+1} if jl=i#s

Vs @ vy — (—I)TJFEq(’l)lq*(““)vx/ ® vs ifj’ iy
Again, we note that ”7: = 0iff i # 1 and u;; = 0iff i = 1. For convenience, let us
define

Usy = Vs QVy +¢q - qi(gs‘g‘v)vs’ & vy.
Then u:;, =u,vif1 =75, and Uy = Uy if T # 5. We define subspaces W* of V @ V
to be spanned by the corresponding (nonzero) vectors:

W+=span<{u;|15i<j51v, i, j) # s.sHuluf |[i =1}

U{uf, if T= 5}),

(B.18)
W =Span<{uij [1<i<j<N,Gj#6sHufu;|i#1}

U{u_, if 1T# 5}).

We also consider a one-dimensional subspace W3 = Span(w3) of V ® V, cf. (3.5).

Proposition B.4 (a) The subspaces W+, W~ , W3 are U, (0sp(V))-subrepresentations
of VeV.
(b) For n # m, the U, (0sp(V))-representation V ® V decomposes into the direct sum

of those:
VRVWrew & Wws.

(c)Forn=m, W3 CWtifl=0%5and W3 C W™ if1
is a codimension 1 subspace of V® V.

1=5 and Wt w—

(d) Both 3 = v1 ® vy and W3 = vy @ vy do not belong to W+ @ W, while
W3 — (=gt g s e wH e W (B.19)

(e) W, W=, W3 are U, (osp(V))-representations generated by the corresponding
highest weight vectors w1, wa, w3. Moreover, these representations are irreducible if

n#m.

Proof (a) The proof is analogous to the previous cases, so we only present the key
difference in formulas. The action of the generators { f,};,_; on the above vectors u;;
is given by the exact same formula unless f, = f; or (i, j) = (s, s’). The action in
the remaining cases is given by:
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e Case l:uf; fori =Tand f, = f;.
= T T\ ! N
(_I)S(q+q l) l<1+q (-1 2) Q®2(f€)ul—’l_:5qu( 1) u;’;/
This is the only case when u:;, arises in the RHS, explaining when to include u:rs,
in (B.18).
° CaseZ:u;;fori <j,i+j#N+1land f, = f;.

=1 (q +4 ) 0P (foufy = b ul; + 85 - uf.

Case3:ul7;fori<j,i+j=N+1,i7£sandfa=fs.

(=D%(q +q7H 0P (fui,
= _85‘,1'-1—] . (_1)S_1+E:[}S_1ﬁxq_(“)a‘fl’sxfl)/Zq(ESvgs)/2 . u;;s"

e Case 4: uj; for (i, j) = (s, s") and f, # f;.
(=D 0®2(fut, = 8a 51 - (—1)TCTHDg=Ce/2 yF

s,(s—1)""
e Case 5: ul"j’ for (i, j) = (s,s’) and f, = fs.
= 1 N (T T2\ !
(_1)5(q+q 1) 1Q®2(f;)u:;/=q( ) (1+q (=1 4)(1+q (=1 2) M:;s/'
We also have the following counterparts for the vectors Ujj-
o Case 1:u;; fori # 1and f, = f;.
_ R N _ T _
D% +g7 )7 (1+a") 0P g =8 a” T
This is the only case when u_, arises in the RHS, explaining when to include u
in (B.18).
° Case2:ufjfori <j,i+j#N+1land f, = f;.
(=D (q + ¢ )7 0P (fug; = 8ei - uy; + 855 - uiy
° Case3:ufjfori <j,i+j=N+1,i #sand f, = f;.
(=D%(q +4¢~ D% (fouy,
— _Bs,i+1 . (_1)S—1+§ﬁs_1ﬁsq—(Ss—l’ss—l)/zq(gsvgs)/Z . u;s"

e Case4:u;; for (i, j) = (s,s") and f, # fs.

(=D 0®2 (fuugy = Sas1 - (=1)*CT1HIgmEE2 oy
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e Case 5: 0y for (i, j) = (s,s’) and f, = fs.

< e _ T L. ERTN 0N Yt
D%+ 0P (fugy =g (140 ) (14¢0"2) g,

We also have an analogue of the isomorphism ¢: V — V from (B.4) satisfy-
ing (B.5, B.6) and consecutively (B.7), but the coefficients ¢;’s determining ¢ should
be rather chosen to satisfy:

Casl = —(—=1)FTatIHaatly 9 c, for 1 <a<s—1,
Cw = (=)%Y, 1 Cagpry for 1<a<s—1,

&w=—(q+q " c.

This allows to show that W= is also stable under the action of {ea}s_;-
(b) Analogously to the previous cases, it is enough to show that the following set
of vectors

{ui|1<i<j<N, G # 6O Uluf |T=THu{u; |7 # T} U ug) Ufws)

(B.20)
is linearly independent in each weight space, with the only nontrivial verification in
degree O € P. For convenience, we consider the following multiple of w3:

1— s—1 ,
ws = g L1 Py Ly

s
s—1 T = s—1
= E 0F {‘1 g L= Py @ gy — (=1)1F g g Py, @ vi}‘
i=1

Let us now assume that (cf. (B.10))

s—1
> (b u, + by ug) + bsugy = bws (B.21)
i=1

for some constants bl.i, bs, b € C(g'/?). Since the proof is completely analogous to
that of Proposition B.3(b), we only present here the key formulas:

i
- s— - i—1
b4 b = (1) g g i 0w | Nyl X o g, p,
j=1

T T Toel?  _ oy oyl
q (=1 ,bi+_q( D 'bi =_(_1)1+S+l g 1,q(£u£z)qzk=,(l3»ak),

i

- i—1
S 1)g R0 | g,
j=1
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forany 1 <i <s — 1, and

_ S o e | — g—(m=n)
(Db =g | Y (~1)ig Zim e Ny p AP Ty,
o q9—q
qm—n -1

N
5 - s—1
—(=D)’by=q"- E :(_1)1q2k=,(2p,ak> 9 - b (B.17) -

j=1

Uy - b.

For n # m, adding these two formulas we get by = b = 0 and hence bl.+ =b =0
forall 1 <i <s — 1, sothat (B.21) has only the trivial solution, thus establishing the
linear independence of (B.20).
(c) The proof of part (c) is completely analogous to that of Proposition B.3(c). For

n = m, iterating the argument from the above proof of part (b), we obtain the following
linear dependence 1

Z (bfu:, + b u;,) + bsgy = w3

i=1

where by = 0 and

b =1 ; _l)q?ll <q<m,sl>+<sl-,al-)qzk=‘l(p,ak) _ q—zk;l(p,ak)),

_ (-1 R
bi = STE . —711 (q(gl’gt)qzk=|(ﬂﬂk) _

—Cren - Yo <p,ak)) _
q9-9q

q

This implies that w3 € W~ if | = 5and w3 € W if | # 5. Furthermore, any solution
of (B.21) is clearly a multiple of the above one, which implies the codimension 1
property of WF @ W~ CcV®V.

(d) The proof of w3, W3 ¢ W+ @ W™ is completely analogous to the above proof
of part (b), with a simpler computation when w3 in (B.9) is rather replaced by either
W3 Or W3.

On the other hand, iterating the argument from the above proof of part (b), we
establish (B.19) by explicitly presenting the linear dependence:

s—1

o Tos (DT (17 ne
Z(bjuj;,+bl. u,) + bty = v1 @ vy + (—D)HFgED =EDTgnTmy @y

o)

_ Do
q+q"
(q(sl,al)qzi;}(p,aw (D enen g = (e 2= i;}(p,ak)> ,

(=D
g+q!

- 1 (o) |
1
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(q—m,sl)qzi;}(p,ak) _ (_1)T+Eq<si,si)q—(ss,ss»zq—27;;}<p,ak))

forl <i <s—1and

T+5 s—1
bs = (—1)1+S,01 ﬂsq—zk=](p,ak).

(e) The proof of part (e) is completely analogous to that of Proposition B.2(d). O

Remark B.5 We note that analogues of Propositions B.2, B.3, B.4 already holdatg = 1
case. In particular, the respective “generating” properties by w1 = wilg=1 = v1 ® vy,
Wy = w2|q:1 =V1QU— (—I)T(T'Q) -vy ® vy, and either of 1713 = w3|q=] =v1Quy,
li13 = li)3|q=1 = vy @ vy, Or w3 = W3lg=1 = ZlNzl ﬁl_lﬂivi ® vy if n # m can
already be observed there (via simpler calculations).
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