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Abstract
We present a formula for trigonometric orthosymplectic R-matrices associated with
any parity sequence and establish their factorization into the ordered product of q-
exponents parametrized by positive roots in the corresponding reduced root systems.
The latter is crucially based on the construction of orthogonal bases of the positive
subalgebra through q-bracketings and combinatorics of dominant Lyndon words, as
developed inClark et al. (QuantumTopol 7(3):553–638, 2016).We further evaluate the
affine orthosymplectic R-matrices, establishing their intertwining property as well as
matching them with those obtained through the Yang–Baxterization technique of Ge
et al. (Int J Mod Phys A 6(21):3735–3779, 1991). This reproduces the celebrated
formulas of Jimbo (Commun Math Phys 102(4):537–547, 1986) for classical BCD
types and the formula of Mehta et al. (J Phys A 39(1):17–26, 2006) for the standard
parity sequence.
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1 Introduction

1.1 Summary

For classical Lie algebras g, the quantum groupsU rtt
q (g) first implicitly appeared in the

work of Faddeev’s school on the quantum inverse scattering method, see, e.g., [11]. In
this RLL realization, the algebra generators are encoded by two square matrices L±
subject to the famous RLL relations:

RL±
1 L±

2 = L±
2 L±

1 R, RL+
1 L−

2 = L−
2 L+

1 R

(and some additional relations to kill the center), where R is a solution of the Yang–
Baxter equation

R12R13R23 = R23R13R12. (1.1)

This is a natural analogue of the matrix realization of classical Lie algebras, and it
manifestly exhibits the Hopf algebra structure, with the coproduct �, antipode S, and
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counit ε given by:

�(L±) = L± ⊗ L±, S(L±) = (L±)−1, ε(L±) = I.

The uniform definition of quantum groups UDJ
q (g) for any Kac–Moody Lie algebra g

was provided independently byDrinfeld [9] and Jimbo [21] and is usually referred to as
the Drinfeld–Jimbo realization. In this presentation, the generators ei , fi , k±1

i = q±hi

are labeled by simple roots αi of g, while the Hopf algebra structure is given for-
mally by the assignment on the generators. In A-type, the corresponding isomorphism
U rtt

q (gln) � UDJ
q (gln) and subsequently its sln-counterpart were constructed in [8, §2]

by considering the Gauss decomposition of the generator matrices L±.
The next important class of Kac–Moody Lie algebras is the so-called affine Lie

algebras ĝ, which admits a similar Chevalley–Serre-type presentation associated with
extended Dynkin diagrams. It is well known that they are central extensions of the
corresponding loop algebra Lg = g ⊗ C[t, t−1]:

0 → C · c → ĝ → Lg → 0.

The aforementioned construction of [11] was extended to the loop setup of Lg in [12]
by crucially replacing the R-matrices satisfying (1.1) with parameter-dependent R-
matrices R(z) satisfying

R12(z)R13(zw)R23(w) = R23(w)R13(zw)R12(z), (1.2)

the so-called Yang–Baxter equation (with a spectral parameter). The generators of
these algebras U rtt

q (Lg) are now encoded by two square matrices L±(z) subject to
analogous RLL relations

R(z/w)L±
1 (z)L±

2 (w) = L±
2 (w)L±

1 (z)R(z/w),

R(z/w)L+
1 (z)L−

2 (w) = L−
2 (w)L+

1 (z)R(z/w).

Finally, this was generalized to ĝ in [38], thus producing U rtt
q (̂g) by incorporating

the central charge. For classical g, this construction is an exact affine analogue of the
construction from [11].

There is yet another realization [10] of quantum affine groups Uq (̂g), which is
usually referred to as the new Drinfeld realization (a.k.a. current realization). The
isomorphism Uq (̂g) � UDJ

q (̂g) was stated in [10] without a proof, while the complete
details appeared a decade later in the work of Beck and Damiani. In A-type, the cor-
responding isomorphism U rtt

q (̂gln) � Uq(̂gln) and subsequently its ̂sln-counterpart
were first constructed in [8] by considering the Gauss decomposition of the generator
matrices L±(z), similar to the finite type. For affinizations of other classical Lie alge-
bras, such isomorphisms were first discovered in [18] and were revised more recently
in [24, 25].

The above results also admit rational counterparts, with quantum loop/affine groups
replaced by the Yangians Y J

�
(g) (in the J -realization), first introduced in [9]. The
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representation theory of these algebras has been developed using their alternative (new)
Drinfeld realization Y�(g) proposed in [10], though it should be noted that the Hopf
algebra structure is much more involved in this presentation. One can also adapt [11,
12] to define Y rtt

�
(g) in the RTT realization. In this presentation, the algebra generators

are encoded by a square matrix T (u) subject to a single RTT relation (together with
an extra central reduction)

R(u − v)T1(u)T2(v) = T2(v)T1(u)R(u − v)

where the R-matrix R(u) is again a solution of the Yang–Baxter equation

R12(u)R13(u + v)R23(v) = R23(v)R13(u + v)R12(u).

For classical series, the relevant R-matrices R(u) are the Yang’s matrix in type A,
and the Zamolodchikov–Zamolodchikov’s matrix in types BC D. The Hopf algebra
structure on such Y rtt

�
(g) is especially simple, with the coproduct �, antipode S, and

counit ε given explicitly by

�(T (u)) = T (u) ⊗ T (u), S(T (u)) = T −1(u), ε(T (u)) = I.

These features make the RTT realization to be well suited both for the representation
theory as well as the study of corresponding integrable systems. An explicit isomor-
phism Y rtt

�
(g) � Y�(g) is again constructed using the Gauss decomposition of the

generator matrix T (u). For A-type, this was carried out in [4]; for BC D-types, it was
carried a decade later in [23], while a less explicit isomorphism in general types was
established in [40]. Finally, we note that the RTT realization of the (antidominantly)
shifted Yangians Yμ(g) from [3] was recently obtained in [13, 14] for classical g, thus
significantly simplifying some of their basic structures as well as producing integrable
systems on the corresponding quantized Coulomb branches of 3d N = 4 quiver gauge
theories.

The theory of quantum groups and Yangians associated with Lie superalgebras is
still far from a full development. While the Drinfeld–Jimbo realization of quantum
finite and affine supergroups was proposed two decades ago in [42, 43], there is no
uniform (new) Drinfeld realization of such algebras in affine types, besides for A-
type. A novel feature of Lie superalgebras is that they admit several non-isomorphic
Dynkin diagrams. The isomorphism of the Lie superalgebras corresponding to differ-
ent Dynkin diagrams of the same finite/affine type was established in [27, Appendix].
Upgrading the latter to the isomorphism of quantum finite/affine superalgebras associ-
atedwith differentDynkin diagrams is a highly nontrivial technical task that constitutes
one of the major results of [43]. The renewed interest in quantum supergroups over the
last decade is often motivated by intriguing predictions in string theory. In particular,
the recent work [41] established a certain duality between Uq(osp(2m + 1|2n)) and
U−q(osp(2n + 1|2m)) generalizing a conjecture of [32].

Likewise, there is no J or new Drinfeld realizations of super-Yangians. The cases
studied mostly up to date involve rather the RTT realization. The general linear RTT
Yangians Y rtt

�
(gl(n|m)) and the orthosymplectic RTT Yangians Y rtt

�
(osp(N |2m)) first
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appeared in [34] and [1], respectively, using the super-analogues of the Yang’s and
Zamolodchikov–Zamolodchikov’s rational R-matrices. In the above classical types,
the underlying R-matrices posses natural symmetries, which yield isomorphisms
of Y rtt

�
(g) associated with different Dynkin diagrams. In the recent work [15], the

new Drinfeld realization of orthosymplectic super-Yangian Y�(osp(V )) was finally
obtained for any Dynkin diagram, generalizing the one of [33] for the case of the
distinguished Dynkin diagram (we note that the orthosymplectic type simultaneously
resembles all three classical types B, C, D). The key idea of [15] was to derive all the
defining relations (including the higher order Serre relations) from the RTT relations
by performing the Gauss decomposition of the generating matrix, thus generalizing
the derivation of the new Drinfeld realization of Y rtt

�
(gl(n|m)) from [36, 39].

In this note, we evaluate finite and affine R-matrices associated with the orthosym-
plectic Lie algebras and any Dynkin diagram. In analogy with the aforementioned
orthosymplectic super-Yangian case, in the sequel note [19], we shall derive the new
Drinfeld realization of the orthosymplectic quantum affine algebras, thus generalizing
the BC D-types of [24, 25]. While for the distinguished Dynkin diagram, the corre-
sponding R-matrices were presented almost 20 years ago in [31] (also cf. [16]), we
hope that the present work also adds more in understanding the origin of these for-
mulas. Our presentation follows closely [29], the recent joint work of I. Martin and
the second author. To this end, we first evaluate the finite orthosymplectic R-matrices,
also presenting their factorization into “local q-exponents”. While the latter resem-
bles the classical factorization of finite R-matrices for (non-super) quantum groups
UDJ

q (g) (see [26]), our proof is quite different as it relies on the combinatorial shuf-
fle approach. We then apply the Yang–Baxterization technique of [17] to get several
potential candidates for the affine R(z), and finally choose the correct one that inter-
twines the tensor product of two evaluation modules. We note that a combination
of the present work and [29, 30] allows to evaluate finite and affine R-matrices for
two-parameter orthosymplectic quantum groups and subsequently derive their new
Drinfeld presentation.

1.2 Outline

The structure of the present paper is the following:
• In Sect. 2, we recall the basic conventions on superalgebras as well as definitions
of orthosymplectic Lie superalgebras osp(V ) and their Drinfeld–Jimbo-type quanti-
zations Uq(osp(V )).
• In Sect. 3, we explicitly construct the first fundamental representation V of
Uq(osp(V )), see Proposition 3.1. We further present three highest weight vectors
w1, w2, w3 in V ⊗ V , see Proposition 3.2 (and Sect. B.2), such that w1 and w2 and
yet another vector w̃3 or ŵ3 (or actually w3 unless n = m) generate the entire tensor
square V ⊗ V under the Uq(osp(V ))-action.
• In Sect. 4, we evaluate the universal intertwiner R̂V V from Proposition 4.3 on the first
fundamental Uq(osp(V ))-representation from Proposition 3.1, see Theorem 4.6. This
generalizes the formula of [31] for the standard parity sequence. Our proof is quite
different though, as we directly verify the intertwining property, see Proposition 4.8
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(and Sect. 4.3 for its proof), and match the action on the generating three vectors from
Proposition 3.2, see Propositions 4.9 and 4.11.
• In Sect. 5, we present an alternative proof of the formula for RV V from Theorem 4.6
by factorizing it into the “local” operators parametrized by the positive roots of the
reduced root system �̄. To do so, we use a combinatorial construction of orthogonal
PBW bases of the positive subalgebra of Uq(osp(V )) developed in [7], see Proposi-
tion 5.6. While the setup of [7] slightly differs from ours (in that they use a different
pairing, coproduct, and a twisted product), we relate the two explicitly, thus obtaining
dual bases of the positive and negative subalgebras of Uq(osp(V )) with respect to the
bialgebra pairing (4.3), see Theorem 5.16. This implies the factorization formula of
Theorem 5.18, cf. Remark 5.19, thus providing a conceptual origin of (4.13) from
Theorem 4.6.
• In Sect. 6, we extend the first fundamental Uq(osp(V ))-module from Proposi-
tion 3.1 to evaluation modules over the orthosymplectic quantum affine supergroup
Uq(ôsp(V )) and its reduced version U ′

q(ôsp(V )) in Propositions 6.1–6.2. The main
result of this section is Theorem 6.3, which evaluates the universal intertwiner of
Uq(ôsp(V )) on the tensor product of two such representations, generalizing the orthog-
onal and symplectic types due to [22]. According to [22], this produces a solution
of the Yang–Baxter relation with a spectral parameter, cf. (6.11). While the proof
of Theorem 6.3 is straightforward (see Sect. 6.4), we derived the formula from its
finite counterpart (Theorem 4.6) through the Yang–Baxterization technique of [17],
cf. Proposition 6.8.
• In Appendix A, we present a similar treatment for A-type quantum finite and affine
supergroups and derive the correspondingfinite and affine R-matrices inTheoremsA.3
and A.18, respectively. In Sect. A.6, we also present a factorization formula for the
corresponding finite R-matrix, which seems to be missing in the literature. We also
emphasize that the affine R-matrix can be obtained from the finite one through the
Yang–Baxterization of [17], up to a prefactor.
• In Appendix B, we present a direct tedious verification of the “generating” property
of V ⊗ V by the two highest weight vectors in type A and three vectors in orthosym-
plectic type (which can be chosen to be the highest weight vectors unless n = m),
cf. Propositions A.2(b) and 3.2(b,c). Our analysis emphasizes an importance of the
special case n = m, when V ⊗ V is not semisimple.

2 Orthosymplectic Lie superalgebras and quantum groups

In this section, we recall the definition of orthosymplectic Lie superalgebras and
associated quantum groups, following [6].

2.1 Setup and notations

Fix nonnegative integers m, n so that n is even, and set N = m + n as well as
s = ⌊ N

2

⌋

. We shall assume that N > 2. We equip the index set I = {1, 2, . . . , N }
with an involution ′ via:
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i �→ i ′ := N + 1 − i .

Consider a superspace V = C
m|n with a homogeneous C-basis {v1, v2, . . . , vN } such

that each vi is either even (i.e., vi ∈ V0̄) or odd (i.e., vi ∈ V1̄), the dimensions are
dim(V0̄) = m, dim(V1̄) = n, and the vectors vi , vi ′ have the same parity for any i ∈ I

(in particular, vs+1 is even for odd N ). The latter condition means that

i = i ′, (2.1)

where for i ∈ I, we define its Z2-parity i ∈ Z2 via:

i = |vi | =
{

0̄ if vi is even

1̄ if vi is odd
.

The choice of Z2-parity of the basis vectors can be encoded by the parity sequence

γV := (|v1|, . . . , |vs |) = (1, . . . , s) ∈ {0̄, 1̄}s .

We also choose a sequence ϑV := (ϑ1, ϑ2, . . . , ϑN ) of ±1’s satisfying

ϑi =
{

1 if i = 0̄

−ϑi ′ if i = 1̄
(2.2)

(we do not assume that ϑi = 1 for i ≤ s). Under the conventions (−1)0̄ = 1, (−1)1̄ =
−1, we get

ϑ2
i = 1 and ϑiϑi ′ = (−1)i for any i ∈ I.

Any superalgebra A = A0̄ ⊕ A1̄ can be equipped with a natural Lie superalgebra
structure via:

[x, x ′] = adx (x ′) := xx ′ − (−1)|x |·|x ′|x ′x (2.3)

defined for homogeneous x, x ′ ∈ A with |x |, |x ′| denoting their Z2-grading, and
extended linearly. Given two superspaces A = A0̄ ⊕ A1̄ and B = B0̄ ⊕ B1̄, their
tensor product A ⊗ B is also a superspace with (A ⊗ B)0̄ = (A0̄ ⊗ B0̄) ⊕ (A1̄ ⊗ B1̄)

and (A ⊗ B)1̄ = (A0̄ ⊗ B1̄) ⊕ (A1̄ ⊗ B0̄). Furthermore, if A and B are superalgebras,
then A ⊗ B is made into a superalgebra, called the graded tensor product of the
superalgebras A and B, via the following multiplication:

(x ⊗ y)(x ′ ⊗ y′) = (−1)|y|·|x ′|(xx ′) ⊗ (yy′)
for any homogeneous x, x ′ ∈ A, y, y′ ∈ B.

(2.4)

We will use only the graded tensor products of superalgebras, unless stated otherwise.
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2.2 Orthosymplectic Lie superalgebras

Consider the set gl(V ) of all linear endomorphisms of V . Using the basis
{v1, v2, . . . , vN } of V , we can identify gl(V ) with the set of all N × N matrices.
It can be made into a Lie superalgebra, called the general linear Lie superalgebra, by
defining the Z2-grading

|Ei j | := i + j

and consequently with the Lie superbracket given by (cf. (2.3))

[Ei j , Eab] = δ ja Eib − δbi (−1)(i+ j)(a+b)Eaj ,

where we use the basis {Ei j }N
i, j=1 of elementary matrices with 1 at the (i, j)-entry

and 0 elsewhere.
Consider a bilinear form BG : V × V → C defined by the anti-diagonal matrix

(cf. (2.2))

G =
N
∑

i=1

ϑi Ei ′i .

The orthosymplectic Lie superalgebra osp(V ) associated with the bilinear form BG

is the Lie subalgebra of gl(V ) consisting of all matrices X = ∑

i, j xi j Ei j ∈ gl(V )

preserving BG , i.e., satisfying
X stG + G X = 0

where the supertransposition of X is defined via

X st :=
N
∑

i, j=1

(−1) j(i+ j)xi j E ji . (2.5)

Thus, osp(V ) is spanned by the elements

Xi j = Ei j − (−1)i(i+ j)ϑiϑ j E j ′i ′ ∀ 1 ≤ i, j ≤ N . (2.6)

We note that X j ′i ′ = −(−1)i(i+ j)ϑiϑ j · Xi j . The following elements form a basis of
osp(V ):

{

Xi j
∣

∣ i + j < N + 1
} ∪ {Xii ′

∣

∣ i = 1̄, 1 ≤ i ≤ s
}

.

We choose the Cartan subalgebra h of osp(V ) to consist of all diagonal matrices.
Thus, h has a basis {Xii }s

i=1. Consider the linear functionals {εr }N
r=1 on gl(V ) defined

by εr (
∑

i, j xi j Ei j ) = xrr . Their restrictions to h satisfy

εi |h = −εi ′ |h for any i, εs+1|h = 0 for odd N . (2.7)

Therefore, {εi }s
i=1 give rise to a basis of h∗ that is dual to the basis {Xii }s

i=1 of h.
The computation [Xii , Xab] = (εa − εb)(Xii )Xab shows that Xab is a root vec-
tor corresponding to the root εa − εb. Hence, we get the root space decomposition
osp(V ) = h ⊕⊕α∈� osp(V )α with the root system
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� = {εa − εb
∣

∣ a + b < N + 1, a 
= b
} ∪ {2εa

∣

∣ a = 1̄
}

. (2.8)

We further have a decomposition � = �0̄ ∪ �1̄ into even and odd roots. We also
choose the following polarization of �:

�+ = {εa − εb
∣

∣ a < b < a′} ∪ {2εa
∣

∣ a = 1̄, a ≤ s
}

,

�− = {εa − εb
∣

∣ b < a < b′} ∪ {2εa
∣

∣ a = 1̄, a′ ≤ s
}

.
(2.9)

Let �̄ = �̄0̄ ∪ �̄1̄ be the reduced root system of osp(V ), that is:

�̄ = {γ ∈ � | 1
2γ /∈ �

}

, �̄0̄ = �̄ ∩ �0̄, �̄1̄ = �̄ ∩ �1̄. (2.10)

2.3 Chevalley–Serre-type presentation

Consider the non-degenerate supertrace bilinear form (·, ·) : osp(V ) × osp(V ) → C

defined by
(X , Y ) = 1

2 sTr(XY ).

Its restriction to the Cartan subalgebra h of osp(V ) is non-degenerate, thus giving
rise to an identification h � h∗ via εi ↔ (−1)i Xii and inducing a bilinear form
(·, ·) : h∗ × h∗ → C such that

(εi , ε j ) = δi j (−1)i for any 1 ≤ i, j ≤ s. (2.11)

We also recall that an odd root α ∈ �1̄ is called isotropic if (α, α) = 0.
Following the choice of the polarization (2.9) of the root system (2.8), the simple

roots and the corresponding root vectors can be written as follows:

• Case 1: m is odd.

αi = εi − εi+1 for 1 ≤ i ≤ s,

ei = Xi,i+1 for 1 ≤ i ≤ s,

fi = (−1)i Xi+1,i for 1 ≤ i ≤ s,

hi = [ei , fi ] = (−1)i Xii − (−1)i+1Xi+1,i+1 for 1 ≤ i ≤ s.

(2.12)

• Case 2: m is even and s = 0̄.

αi =
{

εi − εi+1 if 1 ≤ i < s

εs−1 − εs+1 = εs−1 + εs if i = s
,

ei =
{

Xi,i+1 if 1 ≤ i < s

Xs−1,s+1 if i = s
, (2.13)

fi =
{

(−1)i Xi+1,i if 1 ≤ i < s

(−1)s−1Xs+1,s−1 if i = s
,
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hi = [ei , fi ] =
{

(−1)i Xii − (−1)i+1Xi+1,i+1 if 1 ≤ i < s

(−1)s−1Xs−1,s−1 − (−1)s+1Xs+1,s+1 if i = s
.

• Case 3: m is even and s = 1̄.

αi =
{

εi − εi+1 if 1 ≤ i < s

2εs if i = s
,

ei =
{

Xi,i+1 if 1 ≤ i < s

Es,s+1 if i = s
,

fi =
{

(−1)i Xi+1,i if 1 ≤ i < s

−2Es+1,s if i = s
,

hi = [ei , fi ] =
{

(−1)i Xii − (−1)i+1Xi+1,i+1 if 1 ≤ i < s

−2Xss if i = s
.

(2.14)

Define the symmetrized Cartan matrix (ai j )
s
i, j=1 of osp(V ) via

ai j = (αi , α j ). (2.15)

Then, the above elements {ei , fi ,hi }s
i=1 are easily seen to satisfy the Chevalley-type

relations:

[hi ,h j ] = 0, [hi , e j ] = ai je j , [hi , f j ] = −ai j f j , [ei , f j ] = δi jhi . (2.16)

In fact, the Lie superalgebra osp(V ) admits a generators-and-relations presenta-
tion, which is a special case of [44, Main Theorem]. Explicitly, it is generated by
{ei , fi ,hi }s

i=1, with the Z2-grading

|ei | = |fi | =
{

0̄ if αi ∈ �0̄

1̄ if αi ∈ �1̄
, |hi | = 0̄, (2.17)

while the defining relations are (2.16) together with the standard Serre relations and
the higher order Serre relations. As we shall not need the explicit form of the Serre
relations, we rather refer the interested reader to [44, §3.2.1] for the exact formulas.

Remark 2.1 Wenote that our choice of the generators is a rescaled version of those used
in [43, 44], as we use the symmetrized Cartan matrix instead of the non-symmetrized
one in (2.16).

2.4 Orthosymplectic quantum groups

The orthosymplectic quantum supergroup Uq(osp(V )) is a natural quantization of the
universal enveloping superalgebra U (osp(V )). Explicitly, Uq(osp(V )) is a C(q±1/2)-

123



Orthosymplectic R-matrices Page 11 of 97    55 

superalgebra generated by {ei , fi , q±hi /2}s
i=1, with theZ2-grading as in (2.17), subject

to the following analogues of (2.16):

[qhi /2, qh j /2] = 0, q±hi /2q∓hi /2 = 1, (2.18)

qhi /2e j q
−hi /2 = qai j /2e j , qhi /2 f j q

−hi /2 = q−ai j /2 f j , (2.19)

[ei , f j ] = δi j
qhi − q−hi

q − q−1 , (2.20)

as well as the standard and the higher order q-Serre relations, which the interested
reader may find in [42, Proposition 10.4.1], cf. [7, Proposition 2.7].

Remark 2.2 We note that our choice of the denominator q − q−1 in (2.20) follows
conventions of [43], and thus may differ from some other literature by amere rescaling
of f j ’s.

Consider a lattice P = ⊕s
i=1 Zεi , a root lattice Q = ⊕s

i=1 Zαi contained in P
via (2.12)–(2.14), and set Q+ = ⊕s

i=1 Z≥0αi . The algebra Uq(osp(V )) is naturally
graded by Q (thus also by P) via:

deg(ei ) = αi , deg( fi ) = −αi , deg(q±hi /2) = 0 ∀ 1 ≤ i ≤ s. (2.21)

For elements a, b ∈ Uq(osp(V )) homogeneous with respect to the Z2-grading and
(2.21), we set:

[[a, b]] = ab − (−1)|a||b|q(deg(a),deg(b)) · ba. (2.22)

Moreover, the following formulas endow Uq(osp(V )) with a Hopf superalgebra
structure:

�(ei ) = qhi /2 ⊗ ei + ei ⊗ q−hi /2,

�( fi ) = qhi /2 ⊗ fi + fi ⊗ q−hi /2,

�(q±hi /2) = q±hi /2 ⊗ q±hi /2,

(2.23)

the counit
ε(ei ) = 0, ε( fi ) = 0, ε(q±hi /2) = 1,

and the antipode

S(ei ) = −q−aii /2ei , S( fi ) = −qaii /2 fi , S(q±hi /2) = q∓hi /2.

Following [20], we also define a superalgebra homomorphism �J : Uq(osp(V )) →
Uq(osp(V ))⊗2 via

�J (ei ) = qhi ⊗ ei + ei ⊗ 1, �J ( fi ) = 1 ⊗ fi + fi ⊗ q−hi ,

�J (q±hi /2) = q±hi /2 ⊗ q±hi /2.
(2.24)
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Remark 2.3 We prefer to follow the notations from physics literature as we use q±hi

instead of the more common generators K ±1
i and use the coproduct (2.23) more often

than (2.24).

3 Column-vector representations

3.1 First fundamental representations

Henceforth, we shall use the following convention q D for a diagonal matrix D =
diag(d1, . . . , dN ):

q D = qd1 E11 + · · · + qdN EN N .

We shall also identify End(V ) with the set of N × N matrices using the basis
{v1, . . . , vN } of V .

Proposition 3.1 The following defines a representation 
 : Uq(osp(V )) → End(V ):


(ei ) = ei , 
( fi ) = κi fi , 
(q±hi /2) = q±hi /2 for 1 ≤ i ≤ s, (3.1)

where {ei , fi ,hi }s
i=1 denote the action of Chevalley-type generators of osp(V )

from (2.12) to (2.14), and

κi =
{

q+q−1

2 if m is even, s = 1̄, and i = s

1 otherwise
.

Proof We need to show that the operators (3.1) satisfy the defining relations (2.18)–
(2.20) together with the standard and the higher order q-Serre relations. The
relations (2.18) are obvious as all hi are diagonal in the basis {v1, . . . , vN }. For the
first relation of (2.19), we note that its left-hand side is the conjugation of e j by the
diagonal matrix qhi /2. Hence, it suffices to compare qai j /2 to the ratios of the eigen-
values of qhi /2 on the vectors e jva and va (assuming the former is nonzero), which
follows from the second equality of (2.16). The second relation of (2.19) is checked
analogously. Finally, the relation (2.20) follows from (2.16), since hi is diagonal with
{0,±1,±2} on diagonal (with ±2 appearing only when m is even, s = 1̄, and i = s)
and

(qr − q−r )/(q − q−1) = r for r ∈ {0,±1}. (3.2)

To verify the q-Serre relations, let us equip V with a natural P-grading (with P as
above) via deg(v j ) = ε j for all 1≤ j ≤ N , where we follow (2.7) for s < j ≤ N . Evok-
ing the P-grading (2.21) of Uq(osp(V )), we see that the assignment (3.1) preserves
this P-grading:

deg(
(x)v j ) = deg(x) + deg(v j ) for any x ∈ {ei , fi , q±hi /2}s
i=1, 1 ≤ j ≤ N .

(3.3)
Referring to the explicit form of all q-Serre relations, left-hand sides of which are
presented in [42, Definition 4.2.1], one can easily see that all of them, besides (v), are
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homogeneous whose degrees are not in the set {εi − ε j | 1 ≤ i, j ≤ N }. Hence, they
act trivially on the superspace V .

It remains to verify only the cubic q-Serre relation (cf. notation (2.22))

[[es, [[es−1, es−2]]]] − [[es−1, [[es, es−2]]]] = 0 (3.4)

arising from [42, Definition 4.2.1(v)], which occurs only when γV = (∗, . . . , ∗, 1̄, 0̄)
and N ≥ 6 is even. Evoking the above P-grading, we note that the left-hand side
of (3.4) has degree αs−2 + αs−1 + αs = εs−2 + εs−1 and hence acts trivially on v j

for j /∈ {(s − 1)′, (s − 2)′}. It is straightforward to check that it also acts trivially on
the basis vectors v(s−1)′ and v(s−2)′ . ��

3.2 Tensor square of the first fundamental representation

Recall that a vector w in a Uq(osp(V ))-module W is called highest weight vector of
weight μ if

ei (w) = 0 and qhi /2(w) = qμ(hi /2)w for all 1 ≤ i ≤ s.

Proposition 3.2 (a) The following are highest weight vectors in Uq(osp(V ))-module
V ⊗ V :

w1 = v1 ⊗ v1,

w2 = v1 ⊗ v2 − (−1)1(1+2)q(−1)1 · v2 ⊗ v1,

w3 =
N
∑

i=1

ci · vi ⊗ vi ′ ,

(3.5)

where the coefficients ci ’s in w3 are determined by c1 = 1 and the following relations:

ca+1 = q(−1)a/2+(−1)a+1/2 · ϑaϑa+1 · ca for 1 ≤ a < s,

ca′ = (−1)a+a+1 · q(−1)a/2+(−1)a+1/2 · ϑaϑa+1 · c(a+1)′ for 1 ≤ a < s,
(3.6)

as well as one of the following

cs+1 = q(−1)s/2 ·ϑsϑs+1 ·cs, cs+2 = (−1)s+s+1 ·q(−1)s/2 ·ϑsϑs+1 ·cs+1 for odd m,

(3.7)

cs+1 = q(−1)s/2+(−1)s−1/2 · ϑs−1ϑs+1 · cs−1 for even m and s = 0̄, (3.8)

cs+1 = −q(−1)s ·2 · cs = −q−2 · cs for even m and s = 1̄. (3.9)

(b) For n 
= m, theUq(osp(V ))-module V ⊗V is generated by these vectorsw1, w2, w3
of (3.5).

(c) For any n and m, the Uq(osp(V ))-module V ⊗ V is generated by the vectors
w1, w2, w̃3 = v1 ⊗ v1′ , as well as by the vectors w1, w2, ŵ3 = v1′ ⊗ v1.
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Proof (a) Let us show that the vectors w1, w2, w3 are indeed highest weight vectors
for the action 
⊗2 of Uq(osp(V )) on V ⊗ V . First, we note that they are eigenvectors
with respect to {qhi /2}s

i=1:


⊗2(qhi /2)w1 = q2ε1(hi /2)w1, 
⊗2(qhi /2)w2 = q(ε1+ε2)(hi /2)w2,


⊗2(qhi /2)w3 = w3.

It remains to verify that w1, w2, w3 are annihilated by all 
⊗2(ei ). The equality

⊗2(ei )(w1) = 0 follows from 
(ei )(v1) = 0. Likewise, 
⊗2(ei )(w2) = 0 for
i > 1 follows from 
(ei )v1 = 
(ei )v2 = 0. Meanwhile, combining 
(e1)v2 = v1,


(e1)v1 = 0, 
(qh1/2)v1 = q(−1)1/2v1, and (2.23), we also get:


⊗2(e1)w2 = (
(qh1/2) ⊗ 
(e1))(v1 ⊗ v2)

− (−1)1(1+2)q(−1)1(
(e1) ⊗ 
(q−h1/2))(v2 ⊗ v1)

=
(

(−1)(1+2)1 · q(−1)1/2 − (−1)1(1+2)q(−1)1 · q−(−1)1/2
)

· v1 ⊗ v1 = 0,

where the sign (−1)1(1+2) in the beginning of the second line is due to the conven-
tions (2.4).

It remains to verify 
⊗2(ea)w3 = 0 for all a. First, let us consider the case 1 ≤
a < s. Then:


⊗2(ea)w3 = (
(ea) ⊗ 
(q−ha/2))
(

ca+1 · va+1 ⊗ v(a+1)′ + ca′ · va′ ⊗ va
)

+ (
(qha/2) ⊗ 
(ea))
(

c(a+1)′ · v(a+1)′ ⊗ va+1 + ca · va ⊗ va′
)

= ca+1 · q−(−1)a+1/2 · va ⊗ v(a+1)′

− ca′ · q−(−1)a/2 · (−1)a(a+a+1)ϑaϑa+1 · v(a+1)′ ⊗ va

+ (−1)a+1(a+a+1) · c(a+1)′ · q(−1)a+1/2 · v(a+1)′ ⊗ va

− (−1)a(a+a+1) · ca · q(−1)a/2 · (−1)a(a+a+1)ϑaϑa+1 · va ⊗ v(a+1)′,

with the first signs in the last two lines due to the conventions (2.4). Evoking both
defining relations (3.6), we see that the right-hand side above vanishes, and so

⊗2(ea)w3 = 0 for 1 ≤ a < s.

To evaluate 
⊗2(es)w3, we have to consider three separate cases:

• Case 1: m is odd. In this case, we likewise have:


⊗2(es)w3 = (
(es) ⊗ 
(q−hs/2))
(

cs+1 · vs+1 ⊗ vs+1 + cs+2 · vs+2 ⊗ vs

)

+ (
(qhs/2) ⊗ 
(es))
(

cs+1 · vs+1 ⊗ vs+1 + cs · vs ⊗ vs+2
)

= cs+1 · vs ⊗ vs+1 − cs+2 · q−(−1)s/2 · (−1)s(s+s+1)ϑsϑs+1 · vs+1 ⊗ vs

+ (−1)s+1(s+s+1) · cs+1 · vs+1 ⊗ vs
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− (−1)s(s+s+1) · cs · q(−1)s/2 · (−1)s(s+s+1)ϑsϑs+1 · vs ⊗ vs+1,

with the first signs in the last two lines due to the conventions (2.4). Evoking both
defining relations (3.7), we see that the right-hand side above vanishes, and so

⊗2(es)w3 = 0.

• Case 2: m is even and s = 0̄. In this case, we obtain:


⊗2(es )w3 = (
(es ) ⊗ 
(q−hs/2))
(

cs+1 · vs+1 ⊗ vs + cs+2 · vs+2 ⊗ vs−1
)

+ (
(qhs/2) ⊗ 
(es ))
(

cs · vs ⊗ vs+1 + cs−1 · vs−1 ⊗ vs+2
)

= cs+1 · q−(−1)s/2 · vs−1 ⊗ vs

− cs+2 · q−(−1)s−1/2 · (−1)s−1(s−1+s) · ϑs−1ϑs+1 · vs ⊗ vs−1

+ (−1)s(s−1+s) · cs · q(−1)s/2 · vs ⊗ vs−1

− (−1)s−1(s−1+s) · cs−1 · q(−1)s−1/2 · (−1)s−1(s−1+s) · ϑs−1ϑs+1 · vs−1 ⊗ vs .

Evoking (3.6, 3.8), we see that the right-hand side above vanishes, and so

⊗2(es)w3 = 0.

• Case 3: m is even and s = 1̄. In this case, we again get the desired vanishing
by (3.9):


⊗2(es)w3 = (
(qhs/2) ⊗ 
(es))
(

cs · vs ⊗ vs+1
)

+ (
(es) ⊗ 
(q−hs/2))
(

cs+1 · vs+1 ⊗ vs
)

= cs · q−1 · vs ⊗ vs + cs+1 · q · vs ⊗ vs = 0.

(b) Part (b) is established in Propositions B.2(b,d), B.3(b,e), and B.4(b,e) from
Appendix B.

(c) Part (c) is established in Propositions B.2(b–d), B.3(c–e), and B.4(c–e) from
Appendix B. ��
Remark 3.3 Reversing the above calculations, we see that the only highest weight
vectors in Uq(osp(V ))-module V ⊗ V of weights 2ε1, ε1 + ε2, 0 are multiples of
w1, w2, w3, respectively.

4 R-matrices

4.1 Universal construction

We first recall the general construction of a Uq(osp(V ))-module isomorphism
W1⊗W2 → W2⊗W1 arising through the universal R-matrix, following the treatment
of [20, §7] in the non-super setup. First of all, for any superspaces A and B, we define
the graded permutation operator τ = τA,B via

τ : A ⊗ B → B ⊗ A, x ⊗ y �→ (−1)|x ||y|y ⊗ x for homogeneous x ∈ A, y ∈ B.

(4.1)
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We note that if both A, B are superalgebras, then τ of (4.1) is a superalgebra homo-
morphism. In particular, we can now define opposite coproducts�op and�J ,op, which
are superalgebra homomorphisms, via:

�op(x) = τ ◦ �(x), �J ,op(x) = τ ◦ �J (x) ∀ x ∈ Uq(osp(V )), (4.2)

cf. (2.23, 2.24). Henceforth, we shall only work with type 1 P-graded Uq(osp(V ))-
modules W , i.e.,

W =
⊕

μ∈P

W [μ] with W [μ] =
{

w ∈ W
∣

∣ qhi /2(w) = q(αi /2,μ)w ∀ 1 ≤ i ≤ s
}

.

For any such Uq(osp(V ))-modules W1, W2, we define a linear map ˜f : W1 ⊗ W2 →
W1 ⊗ W2 via

˜f (w1 ⊗ w2) = q−(ν,μ) · w1 ⊗ w2 for any w1 ∈ W1[ν], w2 ∈ W2[μ].

Let U+
q (osp(V )) and U−

q (osp(V )) be the subalgebras of Uq(osp(V )) generated
by {ei }s

i=1 and { fi }s
i=1, respectively. We also define U≥

q (osp(V )) and U≤
q (osp(V )) as

subalgebras of Uq(osp(V )) generated by {ei , q±hi /2}s
i=1 and { fi , q±hi /2}s

i=1, respec-
tively. The basic property of all quantum (super)groups is that they areDrinfeld doubles
with respect to a bialgebra pairing, which presently relies on the following result (gen-
eralizing [20, Propositions 6.12, 6.18] to the super setup):

Proposition 4.1 There exists a unique bilinear bialgebra pairing

(·, ·)J : U≤
q (osp(V )) × U≥

q (osp(V )) −→ C(q±1/4), (4.3)

which satisfies the following structural properties

(yy′, x)J = (y ⊗ y′,�J (x))J , (y, xx ′)J = (�J ,op(y), x ⊗ x ′)J (4.4)

for any x, x ′ ∈ U≥
q (osp(V )), y, y′ ∈ U≤

q (osp(V )) with the pairing in the right-hand
sides defined by

(x⊗x ′, y⊗y′)J = (−1)|x ′||y|(x, y)J (x ′, y′)J for anyZ2−homogeneous x, x ′, y, y′,

and is given on the generators by (for any 1 ≤ i, j ≤ s):

( fi , q±h j /2)J = 0, (q±h j /2, ei )J = 0,

( fi , e j )J = δi j (−1)| fi ||e j |

q−1 − q
, (qhi /2, qh j /2)J = q−ai j /4.

(4.5)

The pairing (4.3) is non-degenerate.
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Remark 4.2 The non-degeneracy of (4.3) easily follows from the non-degeneracy of its
restriction toU−

q (osp(V ))×U+
q (osp(V )). We note that the latter is a highly nontrivial

result and is actually themain result of [42], where the q-Serre relations were precisely
derived to satisfy this property.

Recall the P-grading onUq(osp(V )), hence on all the subalgebras above, cf. (2.21).
We note that the graded components U−

q (osp(V ))ν and U+
q (osp(V ))μ are all finite-

dimensional. Furthermore, in accordance with (4.4, 4.5), the pairing (4.3) is graded:

(y, x)J = 0 for y ∈ U−
q (osp(V ))ν, x ∈ U+

q (osp(V ))μ with μ + ν 
= 0.

Let us pick dual bases {xμ
i }, {yμ

i } of U+
q (osp(V ))μ, U−

q (osp(V ))−μ with respect
to (4.3), and set

� = 1 +
∑

μ>0

�μ with �μ =
∑

i

xμ
i ⊗ yμ

i . (4.6)

The following is proved completely analogously to [20, Theorem 7.3]:

Proposition 4.3 For any Uq(osp(V ))-modules W1 and W2 as above, the map

R̂W1,W2 = τ ◦ ˜f 1/2 ◦ � ◦ ˜f 1/2 : W1 ⊗ W2 −→ W2 ⊗ W1 (4.7)

is an isomorphism of Uq(osp(V ))-modules.

Remark 4.4 Completely analogously to [20, Theorem 7.3], one verifies that

�J ,op(x)�˜f = �˜f �J (x) ∀ x ∈ Uq(osp(V )).

Comparing the defining formulas of �J from (2.24) to those of � from (2.23), it is
easy to see that

�J (x) = ˜f −1/2�(x)˜f 1/2, �J ,op(x) = ˜f −1/2�op(x)˜f 1/2 ∀ x ∈ Uq(osp(V )).

Combining the above two equalities, we obtain:

�op(x)˜f 1/2�˜f 1/2 = ˜f 1/2�˜f 1/2�(x) ∀ x ∈ Uq(osp(V )),

which together with τ(x(w1 ⊗ w2)) = �op(x)(τ (w1 ⊗ w2)) for all x ∈ Uq(osp(V )),

w1 ∈ W1, w2 ∈ W2 establishes Proposition 4.3.

Let RW1,W2 = τ ◦ R̂W1,W2 = ˜f 1/2 ◦ � ◦ ˜f 1/2 : W1 ⊗ W2 → W1 ⊗ W2. Given
Uq(osp(V ))-modules W1, W2, W3 as above, we define the following three endomor-
phisms of W1 ⊗ W2 ⊗ W3:

R12 = RW1,W2 ⊗ IdW3 , R23 = IdW1 ⊗ RW2,W3 , R13 = (Id ⊗ τ)R12(Id ⊗ τ).
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We likewise define linear operators R̂12, R̂23, R̂13. Then, analogously to [20], we have:

R12R13R23 = R23R13R12 : W1 ⊗ W2 ⊗ W3 → W1 ⊗ W2 ⊗ W3,

R̂12 R̂23 R̂12 = R̂23 R̂12 R̂23 : W1 ⊗ W2 ⊗ W3 → W3 ⊗ W2 ⊗ W1.
(4.8)

In particular, we obtain a whole family of solutions of the quantum Yang–Baxter
equation:

R12R13R23 = R23R13R12 ∈ End(W ⊗ W ⊗ W ). (4.9)

Corollary 4.5 For any Uq(osp(V ))-module W as above, RW W satisfies (4.9).

4.2 Explicit R-matrices

Let

ρ = 1

2

∑

α∈�+
0̄

α − 1

2

∑

α∈�+
1̄

α (4.10)

be the Weyl vector of the root system �, which is the graded half-sum of all positive
roots. Due to [6, Proposition 1.33], we have

(ρ, αi ) = 1
2 (αi , αi ) ∀ 1 ≤ i ≤ s. (4.11)

In accordance with (4.1), we consider the graded permutation operator
τV V : V ⊗ V → V ⊗ V defined via τ(vi ⊗v j ) = (−1)i j v j ⊗vi for any 1 ≤ i, j ≤ N ,
which is explicitly given by

τV V =
N
∑

i, j=1

(−1) j Ei j ⊗ E ji .

We are now ready to state our first main result:

Theorem 4.6 The Uq(osp(V ))-module isomorphism R̂V V : V ⊗ V ∼−→ V ⊗ V from
Proposition 4.3 and its inverse R̂−1

V V for the Uq(osp(V ))-module V constructed in
Proposition 3.1 are given by

R̂V V = τV V ◦ R0 and R̂−1
V V = τV V ◦ R∞ (4.12)

with the following explicit operators

R0 = I + (q−1/2 − q1/2)

N
∑

i=1

(−1)i Eii ⊗
(

q−(εi ,εi )/2Eii − q(εi ,εi )/2Ei ′i ′
)

+ (q−1 − q)
∑

i< j

(−1) j Ei j ⊗
(

E ji − (−1) j(i+ j)ϑiϑ j q
(ρ,εi −ε j )Ei ′ j ′

)

(4.13)
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and

R∞ = I + (q1/2 − q−1/2)

N
∑

i=1

(−1)i Eii ⊗
(

q(εi ,εi )/2Eii − q−(εi ,εi )/2Ei ′i ′
)

+ (q − q−1)
∑

i> j

(−1) j Ei j ⊗
(

E ji − (−1) j(i+ j)ϑiϑ j q
(ρ,εi −ε j )Ei ′ j ′

)

.

(4.14)

Remark 4.7 Evoking Remark 4.4, we can also recover the formula for the operator R
defined via R = � ◦ ˜f and its inverse R−1, corresponding to the usual coproduct �J ,
as follows:

R = ˜f −1/2 ◦ R0 ◦ ˜f 1/2 = I + (q−1/2 − q1/2)
N
∑

i=1

(−1)i Eii ⊗
(

q−(εi ,εi )/2Eii − q(εi ,εi )/2Ei ′i ′
)

+ (q−1 − q)
∑

i< j

(−1) j Ei j ⊗
(

E ji − (−1) j(i+ j)ϑi ϑ j q(ρ,εi −ε j )q−(εi ,εi )/2q(ε j ,ε j )/2Ei ′ j ′
)

,

R−1 = τ ◦ ˜f −1/2 ◦ R∞ ◦ ˜f 1/2 ◦ τ

= I + (q1/2 − q−1/2)

N
∑

i=1

(−1)i Eii ⊗
(

q(εi ,εi )/2Eii − q−(εi ,εi )/2Ei ′i ′
)

+ (q − q−1)
∑

i< j

(−1) j Ei j ⊗
(

E ji − (−1) j(i+ j)ϑi ϑ j q−(ρ,εi −ε j )q−(εi ,εi )/2q(ε j ,ε j )/2Ei ′ j ′
)

.

To prove Theorem 4.6, we first establish some properties of R0 and R∞ defined
in (4.13) and (4.14). By abuse of notation, we shall often denote (
 ⊗ 
)(�(x))

simply by �(x)1 or 
⊗2(x). We start with a straightforward result, the proof of which
is postponed till the end of this section:

Proposition 4.8 For any element x ∈ Uq(osp(V )), the following equalities hold
(cf. (4.2)):

R0�(x) = �op(x)R0 and R∞�(x) = �op(x)R∞. (4.15)

Next, we evaluate the action of τV V R0, τV V R∞ on the generating vectors from
Proposition 3.2.

Proposition 4.9 (a) The highest weight vectorsw1, w2, w3 are eigenvectors of τV V ◦R0

τV V R0 : w1 �→ μ0
1 · w1, w2 �→ μ0

2 · w2, w3 �→ μ0
3 · w3

with the eigenvalues given explicitly by:

μ0
1 = (−1)1q−(−1)1 , μ0

2 = −(−1)1q(−1)1 , μ0
3 = qm−n−1. (4.16)

(b) The action of τV V ◦ R0 on w̃3 = v1 ⊗ v1′ is given by τV V R0(w̃3)

= (−1)1q(−1)1 · ŵ3.

1 We note that a similar convention was already used in our Remark 4.4 above.
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Proof (a) We evaluate each eigenvalue separately.

• μ0
1. For w1 = v1 ⊗ v1, the direct computation shows that

R0(w1) = v1 ⊗ v1 + (q−1/2 − q1/2)(−1)1q−(−1)1/2v1 ⊗ v1 = q−(−1)1v1 ⊗ v1.

The above equality implies the desired formula

τV V R0(w1) = (−1)1q−(−1)1v1 ⊗ v1.

• μ0
2. For w2 = v1 ⊗ v2 − (−1)1(1+2)q(−1)1 · v2 ⊗ v1, the direct computation shows

that

R0(w2) = v1 ⊗ v2 − (−1)1(1+2)q(−1)1
(

v2 ⊗ v1 + (q−1 − q)(−1)2(E12 ⊗ E21)(v2 ⊗ v1)
)

= v1 ⊗ v2 − (−1)1(1+2)q(−1)1 · v2 ⊗ v1 + (q − q−1)(−1)1q(−1)1 · v1 ⊗ v2

= q(−1)1·2 · v1 ⊗ v2 − (−1)1(1+2)q(−1)1 · v2 ⊗ v1.

The above equality implies the desired formula

τV V R0(w2) = −(−1)1q(−1)1 · v1 ⊗ v2 + (−1)1·2q(−1)1·2 · v2 ⊗ v1 = −(−1)1q(−1)1 · w2.

• μ0
3. For w3 = ∑N

i=1 ci · vi ⊗ vi ′ , we note that τV V R0(w3) is also a linear combi-
nation of {vi ⊗ vi ′ }N

i=1. Furthermore, the intertwining property of Proposition 4.8
shows that

�(ea)
(

τV V R0(w3)
) = τV V R0

(

�(ea)w3
) = τV V R0

(


⊗2(ea)w3
) = 0

∀ 1 ≤ a ≤ s.

Combining this with Remark 3.3, we see that this forces τV V R0(w3) to be a scalar
multiple of w3. Therefore, to find μ0

3, it is enough to compare the coefficients of
the term v1 ⊗ v1′ . To this end, we note that

R0(w3) =
∑

1≤i≤N

ci · vi ⊗ vi ′ − (q−1/2 − q1/2)
∑

1≤i≤N
i 
=i ′

(−1)i q(εi ,εi )/2ci · (Eii ⊗ Ei ′i ′ )(vi ⊗ vi ′ )

+ (q−1 − q)
∑

i ′<i

(−1)i ci · (Ei ′i ⊗ Eii ′ )(vi ⊗ vi ′ )

− (q−1 − q)
∑

j<i

(−1)i j q(ρ,ε j −εi )ϑ j ϑi ci · (E ji ⊗ E j ′i ′ )(vi ⊗ vi ′ )

=
∑

1≤i≤N

ci · vi ⊗ vi ′ − (q−1/2 − q1/2)
∑

1≤i≤N

(−1)i q(εi ,εi )/2 · ci · vi ⊗ vi ′

+ (q−1 − q)
∑

i ′≤s

(−1)i · ci · vi ′ ⊗ vi − (q−1 − q)
∑

j<i

(−1)i q(ρ,ε j −εi )ϑ j ϑi · ci · v j ⊗ v j ′ .
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In particular, the coefficient of v1′ ⊗ v1 in R0(w3) equals

(

1 − (q−1/2 − q1/2)(−1)1q(−1)1/2
)

c1′ = q(−1)1c1′ ,

and therefore, the coefficient of v1 ⊗ v1′ in τV V R0(w3) is (−1)1q(−1)1c1′ . The

latter implies μ0
3 = (−1)1q(−1)1c1′/c1. As c1 = 1, to deduce the last formula of

(4.16), it suffices to show:

c1′ = (−1)1q−(−1)1qm−n−1. (4.17)

The proof of (4.17) is straightforward and is based on (3.6)–(3.9). Indeed, multi-
plying

ca′/ca = (−1)a+a+1q(−1)a+(−1)a+1 · c(a+1)′/c(a+1) for 1 ≤ a < s,

due to (3.6), we find

c1′/c1 = (−1)1+sq(−1)1+(−1)2·2+...+(−1)s−1·2+(−1)s · cs′/cs .

Combining this with
∑N

i=1(−1)i = m − n and the explicit formula

cs′/cs =

⎧

⎪

⎨

⎪

⎩

(−1)s+s+1q(−1)s
if m is odd

(−1)s if m is even and s = 0̄

(−1)sq(−1)s ·2 if m is even and s = 1̄

,

due to (3.6)–(3.9), we obtain the uniform formula for c1′/c1 = c1′ from (4.17).

(b) For w̃3 = v1 ⊗ v1′ , the direct computation shows that

R0(w̃3) = v1 ⊗ v1′ − (q−1/2 − q1/2)(−1)1q(−1)1/2v1 ⊗ v1′ = q(−1)1v1 ⊗ v1′ .

The above equality implies the desired formula

τV V R0(w̃3) = (−1)1q(−1)1v1′ ⊗ v1 = (−1)1q(−1)1ŵ3.

This completes the proof of the proposition. ��
By completely analogous computations, we get the following result:

Proposition 4.10 (a) The highest weight vectors w1, w2, w3 are eigenvectors of
τV V ◦ R∞

τV V R∞ : w1 �→ μ∞
1 · w1, w2 �→ μ∞

2 · w2, w3 �→ μ∞
3 · w3
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with the eigenvalues given explicitly by:

μ∞
1 = (−1)1q(−1)1 = 1/μ0

1, μ∞
2 = −(−1)1q−(−1)1 = 1/μ0

2,

μ∞
3 = q−m+n+1 = 1/μ0

3.

(b) The action of τV V ◦ R∞ on ŵ3 = v1′ ⊗ v1 is given by τV V R∞(ŵ3) =
(−1)1q−(−1)1 · w̃3.

Let us now evaluate the action of R̂V V on w1, w2, w3, and w̃3:

Proposition 4.11 (a) The highest weight vectors w1, w2, w3 are eigenvectors of R̂V V

from (4.7)
R̂V V : w1 �→ λ1w1, w2 �→ λ2w2, w3 �→ λ3w3

with the eigenvalues given explicitly by:

λ1 = (−1)1q−(−1)1 = μ0
1, λ2 = −(−1)1q(−1)1 = μ0

2, λ3 = qm−n−1 = μ0
3. (4.18)

(b) The action of R̂V V on w̃3 = v1 ⊗ v1′ is given by R̂V V (w̃3) = (−1)1q(−1)1 · ŵ3.

Proof (a) The intertwining property of R̂V V from Proposition 4.3 together with
Remark 3.3 implies that all three vectors w1, w2, and w3 are indeed eigenvectors
for R̂V V . We shall now evaluate each eigenvalue separately.

• λ1. For w1 = v1 ⊗ v1, the direct computation shows that

τV V ˜f (w1) = q−(ε1,ε1)τV V (v1 ⊗ v1) = (−1)1q−(−1)1w1,

which implies the desired formula for λ1 (as �(v1 ⊗ v1) = v1 ⊗ v1).

• λ2. The eigenvalue λ2 of the R̂V V -action on w2 = v1 ⊗ v2 − (−1)1(1+2) · q(−1)1 ·
v2 ⊗ v1 equals the coefficient of v1 ⊗ v2 in R̂V V (w2). The latter appears only
from applying τV V ˜f to the above multiple of v2 ⊗ v1 (thus implying the desired
formula for λ2):

τV V ˜f
(− (−1)1(1+2) · q(−1)1 · v2 ⊗ v1

)

= −(−1)1(1+2) · q(−1)1q−(ε2,ε1) · τV V (v2 ⊗ v1) = −(−1)1q(−1)1v1 ⊗ v2.

• λ3. The eigenvalue λ3 of the R̂V V -action on w3 = v1 ⊗ v1′ +∑N
i=2 ci · vi ⊗ vi ′

equals the coefficient of v1⊗v1′ in R̂V V (w3). The latter appears only fromapplying
τV V ˜f to the above multiple of v1′ ⊗v1 (thus implying the desired formula for λ3):

τV V ˜f
(

c1′ · (v1′ ⊗ v1)
) = c1′q−(ε1′ ,ε1)τV V (v1′ ⊗ v1)

= (−1)1q(−1)1c1′ · v1 ⊗ v1′
(4.17)= qm−n−1 · v1 ⊗ v1′ .
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(b) For w̃3 = v1 ⊗ v1′ , the direct computation shows that

τV V ˜f (w̃3) = q−(ε1,ε1′ )τV V (v1 ⊗ v1′) = (−1)1q(−1)1v1′ ⊗ v1,

which implies the desired formula as �(v1 ⊗ v1′) = v1 ⊗ v1′ = w̃3. ��
Combining the Propositions above, we can now immediately derive ourmain result:

Proof of Theorem 4.6 Combining the intertwining property (4.15) with the equality

�op(x) = τ−1
V V ◦ �(x) ◦ τV V ∈ End(V ⊗ V ), (4.19)

we obtain

(τV V R0) ◦ �(x) = τV V ◦ �op(x) ◦ R0 = (τV V ◦ �op(x) ◦ τ−1
V V ) ◦ (τV V ◦ R0)

= �(x) ◦ (τV V R0),

so that τV V ◦ R0 : V ⊗ V → V ⊗ V is a Uq(osp(V ))-module morphism. In fact,
since R0 specializes to the identity map I at q = 1, it is generically a vector space
isomorphism, so that τV V ◦ R0 is a Uq(osp(V ))-module isomorphism. Likewise is
the operator R̂V V , which acts on the generating vectors w1, w2, w̃3 (or the generating
highest weight vectors w1, w2, w3 unless n = m) of V ⊗ V in the same way as
τV V ◦ R0, due to Propositions 4.9 and 4.11. This implies R̂V V = τV V ◦ R0.

Similar arguments also show that τV V ◦ R∞ is aUq(osp(V ))-module isomorphism.
Since the operators τV V ◦ R∞ and R̂−1

V V act in the same way on the generating vectors
w1, w2, ŵ3 (or the generating highest weight vectors w1, w2, w3 unless n = m) of
V ⊗ V , due to Propositions 4.10 and 4.11, we obtain the desired equality R̂−1

V V =
τV V ◦ R∞. ��
Remark 4.12 The above proof of Theorems 4.6 is quite elementary, but it does require
knowing the correct formulas for RV V in the first place. In Sect. 5, we provide the
conceptual origin of these formulas by factorizing them into an ordered product of
“local” operators.

4.3 Proof of the intertwining property

In this separate subsection, we sketch (presenting the key formulas) the proof of
Proposition 4.8.

We start with the intertwining property of R∞. To make the computations more
manageable, it is helpful to break the operator R∞ from (4.14) into I and the following
four pieces:

R1 = (q1/2 − q−1/2)
∑

1≤i≤N

(−1)i q(εi ,εi )/2Eii ⊗ Eii ,

R2 = −(q1/2 − q−1/2)
∑

1≤i≤N

(−1)i q−(εi ,εi )/2Eii ⊗ Ei ′i ′ ,
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R3 = (q − q−1)
∑

i> j

(−1) j Ei j ⊗ E ji ,

R4 = −(q − q−1)
∑

i> j

(−1)i j q(ρ,εi −ε j )ϑiϑ j Ei j ⊗ Ei ′ j ′,

so that R∞ = I + R1 + R2 + R3 + R4.

• Proof of R∞�(ea) = �op(ea)R∞ for 1 ≤ a < s.
Recall the explicit formula �(ea) = qha/2 ⊗ ea + ea ⊗ q−ha/2 as well as


(qha/2) = qha/2 =
i 
=a,a′,a+1,(a+1)′

∑

1≤i≤N

Eii + q(−1)a/2Eaa + q−(−1)a+1/2Ea+1,a+1

+ q−(−1)a/2Ea′a′ + q(−1)a+1/2E(a+1)′,(a+1)′ .

By direct computation, we get:

R1�(ea) = (q1/2 − q−1/2)

{

(−1)aq(−1)a · Eaa ⊗ Ea,a+1

− (−1)a+1(−1)a(a+a+1)q(−1)a+1
ϑaϑa+1 · E(a+1)′,(a+1)′ ⊗ E(a+1)′,a′

+ (−1)a · Ea,a+1 ⊗ Eaa

− (−1)a+1(−1)a(a+a+1)ϑaϑa+1 · E(a+1)′,a′ ⊗ E(a+1)′,(a+1)′
}

,

�op(ea)R1 = (q1/2 − q−1/2)

{

(−1)a+1q(−1)a+1 · Ea+1,a+1 ⊗ Ea,a+1

− (−1)a a+1q(−1)a
ϑaϑa+1 · Ea′a′ ⊗ E(a+1)′,a′

+ (−1)a+1 · Ea,a+1 ⊗ Ea+1,a+1 − (−1)a a+1ϑaϑa+1 · E(a+1)′,a′ ⊗ Ea′,a′
}

,

R2�(ea) = − (q1/2 − q−1/2)

{

(−1)aq−(−1)a · Ea′a′ ⊗ Ea,a+1

− (−1)a+1(−1)a(a+a+1)q−(−1)a+1
ϑaϑa+1 · Ea+1,a+1 ⊗ E(a+1)′,a′

+ (−1)a · Ea,a+1 ⊗ Ea′a′ − (−1)a+1(−1)a(a+a+1)ϑaϑa+1 · E(a+1)′,a′ ⊗ Ea+1,a+1

}

,

�op(ea)R2 = − (q1/2 − q−1/2)

{

(−1)a+1q−(−1)a+1 · E(a+1)′,(a+1)′ ⊗ Ea,a+1

− (−1)a a+1q−(−1)a
ϑaϑa+1 · Eaa ⊗ E(a+1)′,a′

+ (−1)a+1 · Ea,a+1 ⊗ E(a+1)′,(a+1)′ − (−1)a a+1ϑaϑa+1 · E(a+1)′,a′ ⊗ Eaa

}

,

R3�(ea) = (q − q−1)

⎧

⎨

⎩

∑

j<a

(−1) j · (Eaj qha/2) ⊗ E j ,a+1

−
∑

j<(a+1)′
(−1) j (−1)a(a+a+1)ϑaϑa+1 · (E(a+1)′ j qha/2) ⊗ E ja′
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+
∑

i>a

(−1)a(−1)(a+i)(a+a+1) · Ei,a+1 ⊗ (Eai q−ha/2)

−
∑

i>(a+1)′
(−1)a(−1)i(a+a+1)ϑaϑa+1 · Eia′ ⊗ (E(a+1)′,i q−ha/2)

⎫

⎬

⎭

,

�op(ea)R3 = (q − q−1)

{

∑

i>a+1

(−1)a+1(−1)(a+a+1)(i+a+1) · (q−ha/2Ei,a+1) ⊗ Eai

−
∑

i>a′
(−1)a(−1)i(a+a+1)ϑaϑa+1 · (q−ha/2Eia′) ⊗ E(a+1)′,i

+
∑

j<a+1

(−1) j · Eaj ⊗ (qha/2E j,a+1)

−
∑

j<a′
(−1) j (−1)a(a+a+1)ϑaϑa+1 · E(a+1)′, j ⊗ (qha/2E ja′)

⎫

⎬

⎭

.

Also note that the difference R3�(ea) − �op(ea)R3 can be simplified as follows:

R3(�ea) − �op(ea)R3 = −
(

q(−1)a ·3/2 − q−(−1)a/2
)

Eaa ⊗ Ea,a+1

+ (−1)a(a+a+1)ϑaϑa+1

(

q(−1)a+1·3/2 − q−(−1)a+1/2
)

E(a+1)′,(a+1)′ ⊗ E(a+1)′,a′

+
(

q(−1)a+1·3/2 − q−(−1)a+1/2
)

Ea+1,a+1 ⊗ Ea,a+1

− (−1)a(a+a+1)ϑaϑa+1

(

q(−1)a ·3/2 − q−(−1)a/2
)

Ea′a′ ⊗ E(a+1)′,a′ .

To compute the last two terms involving R4, let us first note that (4.11) implies:

(ρ, εa − εa+1) = (εa − εa+1, εa − εa+1)

2
= (−1)a + (−1)a+1

2
.

Using this equality, one derives the following formulas:

R4�(ea) = −(q − q−1)

{

∑

i>a′
(−1)i a(−1)aq(ρ,εi +εa)q−(−1)a/2ϑiϑa · Eia′ ⊗ Ei ′,a+1

−
∑

i>a+1

(−1)i a+1(−1)a(a+a+1)q(ρ,εi −εa+1)q−(−1)a+1/2ϑiϑa · Ei,a+1 ⊗ Ei ′a′

+
∑

i>a

(−1)i a+1(−1)a(a+a+1)q(ρ,εi −εa)q(−1)a/2ϑiϑa · Ei,a+1 ⊗ Ei ′a′

−
∑

i>(a+1)′
(−1)i a(−1)aq(ρ,εi +εa+1)q(−1)a+1/2ϑiϑa · Eia′ ⊗ Ei ′,a+1

⎫

⎬

⎭
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= −(q − q−1)

{

− (−1)aq−(−1)a/2 · Ea′a′ ⊗ Ea,a+1

+ (−1)a+1(−1)a(a+a+1)q−(−1)a+1/2ϑaϑa+1 · Ea+1,a+1 ⊗ E(a+1)′,a′
}

as well as

�op(ea)R4 = −(q − q−1)

⎧

⎨

⎩

−
∑

j<a

(−1)a+1 j q(ρ,εa−ε j )q−(−1)a/2ϑa+1ϑ j · Eaj ⊗ E(a+1)′, j ′

+
∑

j<(a+1)′
(−1)a j (−1)a a+1q−(ρ,εa+1+ε j )q−(−1)a+1/2ϑa+1ϑ j · E(a+1)′, j ⊗ Eaj ′

+
∑

j<a+1

(−1)a+1 j q(ρ,εa+1−ε j )q(−1)a+1/2ϑa+1ϑ j · Eaj ⊗ E(a+1)′, j ′

−
∑

j<a′
(−1)a j (−1)a a+1q−(ρ,εa+ε j )q(−1)a/2ϑa+1ϑ j · E(a+1)′, j ⊗ Eaj ′

⎫

⎬

⎭

= −(q − q−1)

{

− (−1)a+1q−(−1)a+1/2 · E(a+1)′,(a+1)′ ⊗ Ea,a+1

+ (−1)a+1 aq−(−1)a/2ϑaϑa+1 · Eaa ⊗ E(a+1)′,a′
}

.

Combining the above eight formulas, using the obvious equalities

(q1/2 − q−1/2)(−1)i = q(−1)i /2 − q−(−1)i /2, (q − q−1)(−1)i = q(−1)i − q−(−1)i
,

and collecting similar terms, we finally obtain:

4
∑

k=1

(

Rk�(ea) − �op(ea)Rk

)

= −�(ea) + �op(ea). (4.20)

This establishes the claimed intertwining property R∞�(ea) = �op(ea)R∞ for
1 ≤ a < s.

• Proof of R∞�(es) = �op(es)R∞.
As before, there are three cases to consider: odd m, even m with s = 0̄, and even m

with s = 1̄. The computations are very similar to those used above to establish (4.20)
for a < s. Thus, we shall only present the relevant changes in the third case (m is even
and s = 1̄) that differs the most.

R1�(es) = (q1/2 − q−1/2)

{

(−1)sq(−1)s ·3/2 · Ess ⊗ Ess′ + (−1)sq−(−1)s/2 · Ess′ ⊗ Ess

}

,

�op(es)R1 = (q1/2 − q−1/2)

{

(−1)sq(−1)s ·3/2 · Es′s′ ⊗ Ess′ + (−1)sq−(−1)s/2 · Ess′ ⊗ Es′s′
}

,

R2�(es) = −(q1/2 − q−1/2)

{

(−1)sq−(−1)s ·3/2 · Es′s′ ⊗ Ess′ + (−1)sq(−1)s/2 · Ess′ ⊗ Es′s′
}

,
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�op(es)R2 = −(q1/2 − q−1/2)

{

(−1)sq−(−1)s ·3/2 · Ess ⊗ Ess′ + (−1)sq(−1)s/2 · Ess′ ⊗ Ess

}

,

R3�(es) = (q − q−1)

⎧

⎨

⎩

∑

j<s

(−1) j · (Esj q
hs/2) ⊗ E js′ +

∑

i>s

(−1)s · Eis′ ⊗ (Esi q
−hs/2)

⎫

⎬

⎭

,

�op(es)R3 = (q − q−1)

⎧

⎨

⎩

∑

i>s′
(−1)s · (q−hs/2Eis′ ) ⊗ Esi +

∑

j<s′
(−1) j · Esj ⊗ (qhs/2E js′ )

⎫

⎬

⎭

.

For the last two terms, we note that (4.11) implies:

(ρ, 2εs) = (2εs, 2εs)

2
= (−1)s · 2,

so that we get:

R4�(es) = −(q − q−1)

{

∑

i>s′
(−1)i s(−1)sq(ρ,εi +εs )q−(−1)s

ϑiϑs · Eis′ ⊗ Ei ′s′

+
∑

i>s

(−1)i sq(ρ,εi −εs )q(−1)s
ϑiϑs · Eis′ ⊗ Ei ′s′

}

= (1 − q−(−1)s ·2) · Es′s′ ⊗ Ess′

as well as

�op(es)R4 = −(q − q−1)

⎧

⎨

⎩

∑

j<s

(−1)s j q(ρ,εs−ε j )q−(−1)s
ϑsϑ j · Esj ⊗ Esj ′

+
∑

j<s′
(−1)s j (−1)sq−(ρ,εs+ε j )q(−1)s

ϑsϑ j · Esj ⊗ Esj ′

⎫

⎬

⎭

= (1 − q−(−1)s ·2) · Ess ⊗ Ess′ .

Assembling all the terms, we thus obtain:

R1�(es) − �op(es)R1 =
(

q(−1)s ·2 − q(−1)s
)

· (Ess − Es′s′) ⊗ Ess′

+
(

1 − q−(−1)s
)

· Ess′ ⊗ (Ess − Es′s′),

R2�(es) − �op(es)R2 =
(

q−(−1)s − q−(−1)s ·2) · (Ess − Es′s′) ⊗ Ess′

+
(

q(−1)s − 1
)

· Ess′ ⊗ (Ess − Es′s′),

R3�(es) − �op(es)R3 = −
(

q(−1)s ·2 − 1
)

· (Ess − Es′s′) ⊗ Ess′ ,

R4�(es) − �op(es)R4 = −
(

1 − q−(−1)s ·2) · (Ess − Es′s′) ⊗ Ess′ .
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Collecting the similar terms together, we finally get:

4
∑

k=1

(

Rk�(es) − �op(es)Rk

)

= − (qhs/2 − q−hs/2) ⊗ es + es ⊗ (qhs/2 − q−hs/2)

= − �(es) + �op(es).

This establishes the claimed intertwining property R∞�(es) = �op(es)R∞.

• Proof of R∞�(qha/2) = �op(qha/2)R∞ for 1 ≤ a ≤ s.

Since 
(qha/2) = qha/2 is a diagonal matrix, we can write 
(qha/2) = qha/2 =
diag(t1, . . . , t1′). Furthermore, we note that ti ti ′ = 1 for all i . Therefore, �(qha/2) =
�op(qha/2) = qha/2 ⊗ qha/2 commutes with all the terms of the form Eii ⊗ E j j ,
Eii ⊗ Eii , Eii ⊗ Ei ′i ′ , Ei j ⊗ E ji , and Ei j ⊗ Ei ′ j ′ . This implies the desired intertwining
property for qha/2.

• Proof of R∞�( fa) = �op( fa)R∞ for 1 ≤ a ≤ s.

We first recall some basic properties of the supertransposition (2.5). For any
X ⊗ Y ∈ End(V )⊗2, let (X ⊗ Y )st1 = X st ⊗ Y and (X ⊗ Y )st2 = X ⊗ Y st denote the
supertransposition applied to the first and the second component, respectively. Then,
we have:

(XY )st = (−1)|X ||Y |Y stX st

as well as

(

(X ⊗ Y )(X ′ ⊗ Y ′)
)st1st2 = (−1)(|X |+|Y |)(|X ′|+|Y ′|)(X ′ ⊗ Y ′)st1st2(X ⊗ Y )st1st2

for any homogeneous X , X ′, Y , Y ′ ∈ End(V ).
We note that (qhi /2)st = qhi /2 and (ei )

st is always a nonzero scalar multiple of fi ,
due to formulas (2.12)–(2.14). Furthermore, (4.14) also implies

R∞ = τV V ◦ (R∞)st1st2 ◦ τ−1
V V . (4.21)

Thus, applying st1 ◦ st2 to the equation R∞�(ea) = �op(ea)R∞ and evoking (4.19),
we obtain

�( fa)(R∞)st1st2 = (R∞)st1st2�op( fa).

Conjugating this equality by τV V and evoking (4.21), we get the desired intertwining
property

R∞�( fa) = �op( fa)R∞.

This completes the proof of the second equality of (4.15).

The intertwining property R0�(x) = �op(x)R0 is actually directly implied by the
one for R∞, which we just proved. To this end, let us first note the following equality:
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τV V ◦ R0 ◦ τ−1
V V

= I + (q−1/2 − q1/2)
∑

1≤i≤N

(−1)i Eii ⊗
(

q−(εi ,εi )/2Eii − q(εi ,εi )/2Ei ′i ′
)

+ (q−1 − q)
∑

i> j

(−1) j Ei j ⊗
(

E ji − (−1) j(i+ j)ϑiϑ j q
−(ρ,εi −ε j )Ei ′ j ′

)

= R∞|q �→q−1 . (4.22)

As the notation suggests, R∞|q �→q−1 is the C(q)-valued N 2 × N 2 matrix obtained
from R∞ by applying to all matrix coefficients the C-algebra automorphism

σ̄ : C(q) → C(q) determined by q �→ q−1. (4.23)

We claim that the assignment

σ : ea �→ ea, fa �→ fa, q±ha/2 �→ q∓ha/2, q �→ q−1 (4.24)

gives rise to a C-algebra involution σ : Uq(osp(V )) → Uq(osp(V )). To prove this,
we note that relations (2.18)–(2.20) are clearly preserved by (4.24), as well as the
ideal of U+

q (osp(V )) (respectively of U−
q (osp(V ))) generated by all Serre rela-

tions in {ei } (respectively { fi }) as follows from [43, Lemma 6.3.1]2. We also define
�σ , (�op)σ : Uq(osp(V )) → Uq(osp(V )) ⊗ Uq(osp(V )) via

�σ = (σ ⊗ σ) ◦ � ◦ σ−1, (�op)σ = (σ ⊗ σ) ◦ �op ◦ σ−1. (4.25)

Then, applying σ̄ to all matrix coefficients in the equality R∞ ◦�(x) = �op(x) ◦ R∞
and using the obvious equality ρ ◦ σ = σ̄ ◦ ρ, we obtain

R∞|q �→q−1 ◦ �σ (σ(x)) = (�op)σ (σ (x)) ◦ R∞|q �→q−1 ∀ x ∈ Uq(osp(V )). (4.26)

However, direct computation of �σ on the generators ea, fa, q±ha/2 (1 ≤ a ≤ s)
shows that

�σ = �op, (�op)σ = �. (4.27)

Combining (4.22, 4.26, 4.27) with (4.19), we obtain

R0 ◦ �(σ(x)) = �op(σ (x)) ◦ R0 ∀ x ∈ Uq(osp(V )).

As σ is invertible, this implies R0�(x) = �op(x)R0 for any x , thus establishing
Proposition 4.8.

2 We note that some of the individual higher order Serre relations of [42] are actually not preserved
under (4.24).
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5 Factorization of finite R-matrices

In this section, we present the factorization formula for � and use it to re-derive the
formulas for RV V from Theorem 4.6. To this end, we use a combinatorial construction
of orthogonal dual bases ofU+

q (osp(V )) andU−
q (osp(V )), based on the combinatorics

of dominant Lyndon words.

5.1 Shuffle superalgebra

Let F be the freeC(q)-superalgebra generated by the finite alphabet I = {1, 2, . . . , s},
and letW be the set of words in I , i.e., the monoid generated by I . Thus, F has a basis
consisting of finite length words [i1 . . . id ] = i1i2 . . . id , where i1, . . . , id ∈ I . Note
that F is Q+ × Z2-graded via

deg([i1 . . . id ]) = αi1 + · · · + αid ∈ Q+, p([i1 . . . id ]) = |ei1 | + · · · + |eid | ∈ Z2,

cf. (2.17). Following [7, §3.1], we define the q-quantum shuffle product �: F×F → F
inductively via

(xi)�(y j) = (x �(y j))i +(−1)p(xi)p( j)q−(deg(xi),α j )((xi)� y) j, ∅�x = x �∅ = x,

for all i, j ∈ I and x, y ∈ F homogeneous with respect to the Q+ × Z2-grading. By
iterating this definition, one obtains (a correction of [7, (3.4)]):

[i1 . . . ia] � [ia+1ia+2 . . . ia+b] =
∑

σ

ea,b(σ )[iσ−1(1)iσ−1(2) . . . iσ−1(a+b)],

where
ea,b(σ ) =

∏

k≤a<l,
σ (k)<σ(l)

(

(−1)p(eik )p(eil )q−(αik ,αil )
)

and the sum runs over all (a, b)-shuffles of {1, 2, . . . , a + b}, i.e., the permutations
σ ∈ Sa+b such that σ(1) < σ(2) < · · · < σ(a) and σ(a + 1) < · · · < σ(a + b).

The q-shuffle algebra provides a combinatorial model for U+
q (osp(V )) via [7,

Corollary 3.4]:

Proposition 5.1 There is a unique superalgebra embedding � : U+
q (osp(V )) → F

with �(ei ) = [i].

Let U = �(U+
q (osp(V ))) be the image of this embedding, so that

� : U+
q (osp(V )) ∼−→U.
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5.2 Combinatorics of words

From now on, we fix an order ≤ on the alphabet I , which induces a lexicographical
order on the monoid W. For a nonzero x ∈ F, its leading term, denoted max(x), is a
word w ∈ W such that

x =
∑

u≤w

tu · u with tu ∈ C(q) and tw 
= 0.

Following the terminology of [7, §4.1], we call a wordw ∈ W dominant if it appears as
a leading term of some element from U, and letW+ denote the subset of all dominant
words inW.

Remark 5.2 It turns out thatW+ can be used to construct various bases ofU+
q (osp(V )).

For example, the set {ew = ei1 . . . eid | w = [i1 . . . id ] ∈ W+} is a basis of
U+

q (osp(V )), according to [7, Proposition 4.1]. However, we shall rather work with
more sophisticated Lyndon bases below.

A word w = [i1 . . . id ] is called Lyndon if it is smaller than any of its proper right
factors:

w < [ik . . . id ] ∀ 1 < k ≤ d.

We use L to denote the set of all Lyndon words. It is well known that any word w

admits a unique canonical factorization (see [28, Proposition 5.1.5]) as a product of
non-increasing Lyndon words:

w = �1�2 . . . �k, �1 ≥ �2 ≥ · · · ≥ �k, �1, . . . , �k ∈ L. (5.1)

Furthermore, any Lyndon word � ∈ L admits a unique costandard factorization � =
�1�2 such that �1, �2 
= ∅, �1 ∈ L is the longest possible, in which case also �2 ∈ L
(see [28, Proposition 5.1.3]).

Let L+ = W+∩L be the set of all dominantLyndonwords.Wealso recall the reduced
root system �̄ from (2.10). The following result is proved in [7, Theorem 4.8]:

Proposition 5.3 (a) The map � �→ deg(�) defines a bijection l : L+ ∼−→ �̄+.

(b) A word w ∈ W is dominant if and only if its canonical factorization is of the form

w = �1�2 . . . �k, �1 ≥ �2 ≥ · · · ≥ �k, �1, �2, . . . , �k ∈ L+ (5.2)

where �p appears only once if deg(�p) is an isotropic odd root (see Subsection 2.3).

We note that the above bijection l gives rise to a lexicographical ordering on �̄+:

α < β ⇐⇒ l−1(α) < l−1(β) lexicographically. (5.3)
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5.3 Lyndon basis

For x, y ∈ F homogeneous with respect to Q+ × Z2-grading, their q-commutator is
defined as

[x, y]q = xy − (−1)p(x)p(y)q(deg(x),deg(y))yx, (5.4)

cf. (2.22). Following [7, §4.3], we define the q-bracketing [�] ∈ F of a Lyndon word
� ∈ L via:

• [�] = � if � ∈ I ,
• [�] = [[�1], [�2]]q if � = �1�2 is the costandard factorization of �.

Evoking the canonical factorization (5.1), we define the q-bracketing of any word
w ∈ W via:

[w] = [�1][�2] . . . [�k].
According to [7, Proposition 4.10], the set

{[w] | w ∈ W
}

is a basis for F. Finally, we
also define� : (F, ·) → (F,�) as the algebra homomorphism given by�([i1 . . . id ]) =
i1 � · · · � id . Then, we have the following equivalent description of dominant words,
see [7, Lemma 4.11]:

Lemma 5.4 A word w ∈ W is dominant if and only if it cannot be expressed modulo
ker(�) as a linear combination of words v > w.

For any dominant word w ∈ W+, we define

Rw = �([w]).

For any homogeneous x, y ∈ F, we introduce x �q,q−1 y similarly to (5.4):

x �q,q−1 y = x � y − (−1)p(x)p(y)q(deg(x),deg(y))y � x .

This formula implies that if � ∈ L+ has a costandard factorization � = �1�2, then
R� = R�1 �q,q−1 R�2 . According to [7, Proposition 4.13], the set

{

Rw | w ∈ W+} is a
basis for U, referred to as the Lyndon basis of U. Evoking Proposition 5.3, it has the
form:

{

R�1 � · · · � R�k

∣

∣

∣

k∈Z≥0, �1,...,�k∈L+, �1≥···≥�k ,

�p−1>�p>�p+1 if deg(�p)∈�̄1̄ is isotropic

}

. (5.5)

5.4 Explicit computations

In this subsection, we specify explicitly the set L+ of dominant Lyndon words, the
lexicographical order (5.3) on �̄+, and the map �̄+ → �̄+ × �̄+ which assigns to a
root γ ∈ �̄+ a pair of roots α = l(�1), β = l(�2), where � = �1�2 is the costandard
factorization of � = l−1(γ ), see Proposition 5.3. To this end, we choose a specific
ordering 1 < 2 < · · · < s on the alphabet I , as in [7, §6].

• Case 1: m is odd. In this case, according to [7, Proposition 6.5]:

L+ = {[i . . . j] ∣∣ 1 ≤ i ≤ j ≤ s
} ∪ {[i . . . ss . . . j] ∣∣ 1 ≤ i < j ≤ s

}

. (5.6)
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This results in the following lexicographical order on the reduced root system:

α1 < α1 + α2 < · · · < α1 + · · · + αs < α1 + · · · + αs−1 + 2αs

< α1 + · · · + 2αs−1 + 2αs < · · · < α1 + 2α2 + · · · + 2αs < α2 < . . .

< αs−1 < αs−1 + αs < αs−1 + 2αs < αs .

(5.7)

Letγi j = αi +· · ·+α j for 1 ≤ i ≤ j ≤ s, and letβi j = αi +· · ·+α j−1+2α j +· · ·+2αs

for 1 ≤ i < j ≤ s. Then, the aforementioned assignment γ �→ (α, β) is explicitly
given by:

– for the roots γ = γi j with i < j , we have (α, β) = (γi, j−1, α j );
– for the roots γ = βis with 1 ≤ i < s, we have (α, β) = (γis, αs);
– for the roots γ = βi j with i < j < s, we have (α, β) = (βi, j+1, α j ).

• Case 2: m is even and s = 0̄. In this case, according to [7, Proposition 6.12]:

L+ = {[i . . . j] ∣∣ 1 ≤ i ≤ j ≤ s − 1
} ∪ {[i . . . (s − 2)s] ∣∣ 1 ≤ i ≤ s − 2

}

∪ {[i . . . (s − 2)s(s − 1) . . . j] ∣∣ 1 ≤ i < j ≤ s − 1
}

∪ {[i . . . (s − 2)(s − 1)i . . . (s − 2)s] ∣∣ 1 ≤ i < s − 1 and p([i . . . (s − 1)]) = 1̄
}

.

(5.8)

This results in the following lexicographical order on the reduced root system:

α1 < α1 + α2 < · · · < α1 + · · · + αs−2 + αs−1 < 2α1 + · · · + 2αs−2 + αs−1 + αs

< α1 + · · · + αs−2 + αs < α1 + · · · + αs < α1 + · · · + αs−3 + 2αs−2 + αs−1 + αs

< · · · < α1 + 2α2 + · · · + 2αs−2 + αs−1 + αs < α2 < · · · < αs−2

< αs−2 + αs−1 < 2αs−2 + αs−1 + αs < αs−2 + αs < αs−2 + αs−1 + αs < αs−1 < αs ,

(5.9)

where the underlined 2αi + · · · + 2αs−2 + αs−1 + αs means that it is omitted unless
p([i . . . (s − 1)]) = 1̄. Let γi j = αi + · · · + α j for 1 ≤ i ≤ j < s, βis = αi + · · · +
αs−2 + αs , βi,s−1 = αi + · · · + αs , and finally βi j = αi + · · · + α j−1 + 2α j + · · · +
2αs−2 + αs−1 + αs for i ≤ j < s − 1 (βi i is omitted unless p([i . . . (s − 1)]) = 1̄).
Then, the aforementioned assignment γ �→ (α, β) is explicitly given by:

– for the roots γ = γi j with i < j , we have (α, β) = (γi, j−1, α j );
– for the roots γ = βis with i ≤ s − 2, we have (α, β) = (γi,s−2, αs);
– for the roots γ = βi j with i < j < s, we have (α, β) = (βi, j+1, α j );
– for the underlined roots γ = βi i , we have (α, β) = (γi,s−1, βis).

• Case 3: m is even and s = 1̄. In this case, according to [7, Proposition 6.9]:

L+ ={[i . . . j] ∣∣ 1 ≤ i ≤ j ≤ s
} ∪ {[i . . . (s − 1)s(s − 1) . . . j] ∣∣ 1 ≤ i < j ≤ s

}

∪ {[i . . . (s − 1)i . . . (s − 1)s] ∣∣ 1 ≤ i < s and p([i . . . (s − 1)]) = 0̄
}

.

(5.10)
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This results in the following lexicographical order on the reduced root system:

α1 < α1 + α2 < · · · < α1 + · · · + αs−1 < 2α1 + · · · + 2αs−1 + αs < α1 + · · · + αs

< α1 + · · · + αs−2 + 2αs−1 + αs < · · · < α1 + 2α2 + · · · + 2αs−1 + αs

< α2 < · · · < αs−1 < 2αs−1 + αs < αs−1 + αs < αs,

(5.11)

where the underlined 2αi + · · · + 2αs−1 + αs means it is omitted unless
p([i . . . (s − 1)]) = 0̄. Let γi j = αi + · · · + α j for 1 ≤ i ≤ j ≤ s and
βi j = αi + · · · + α j−1 + 2α j + · · · + 2αs−1 + αs for 1 ≤ i ≤ j < s (βi i is omitted
unless p([i . . . (s − 1)]) = 0̄). Then, the aforementioned assignment γ �→ (α, β) is
explicitly given by:

– for the roots γ = γi j with i < j , we have (α, β) = (γi, j−1, α j );
– for the roots γ = βi,s−1 with 1 ≤ i < s − 1, we have (α, β) = (γis, αs−1);
– for the roots γ = βi j with i < j < s − 1, we have (α, β) = (βi, j+1, α j );
– for the underlined roots γ = βi i with 1 ≤ i < s, we have (α, β) = (γi,s−1, γis).

5.5 Symmetric pairing

In this subsection, we shall endow U+
q (osp(V ))⊗2 with a standard twisted multipli-

cation:
(a ⊗ b)(c ⊗ d) = (−1)|b||c|q−(deg(b),deg(c))(ac) ⊗ (bd)

for a, b, c, d ∈ U+
q (osp(V )) homogeneous with respect to the Q+ ×Z2-grading. Fol-

lowing [7, §2.2],we equipU+
q (osp(V ))with a twisted coproduct�tw : U+

q (osp(V )) →
U+

q (osp(V ))⊗2 defined by

�tw(ei ) = ei ⊗ 1 + 1 ⊗ ei ∀ i ∈ I .

Furthermore, we have the following result of [7, Proposition 2.4]:

Proposition 5.5 There exists a unique non-degenerate symmetric bilinear pairing

(·, ·)tw : U+
q (osp(V )) × U+

q (osp(V )) −→ C(q)

satisfying

(1, 1)tw = 1, (ei , e j )
tw = δi j , (x, yy′)tw = (�tw(x), y ⊗ y′)tw

for any i, j ∈ I and x, y, y′ ∈ U+
q (osp(V )), where

(x ′ ⊗ x ′′, y′ ⊗ y′′)tw = (x ′, y′)tw(x ′′, y′′)tw.
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Evoking the isomorphism U+
q (osp(V )) � U, see Proposition 5.1, we shall use the

same notation for the symmetric bilinear pairing on U satisfying similar properties:

(·, ·)tw : U × U −→ C(q).

5.6 Pairing of Lyndon basis

We shall now summarize the key results of [7, §5–6] in the form relevant to us. For
any w ∈ W+, consider its canonical factorization w = w1w2 . . . wd into dominant
Lyndon words (5.2) and define

˜Rw = Rwd � Rwd−1 � · · · � Rw1 .

The following orthogonality result is established in [7, Theorem 5.7] (we note that
while the authors workwith Ew in [7], they are just multiples of ˜Rw, as follows from [7,
§6]):

Proposition 5.6 Let �,w ∈ W+. Then (˜R�, ˜Rw)tw = 0 unless � = w. Moreover, if
� = �

n1
1 �

n2
2 . . . �

nd
d with �1 > �2 > · · · > �d is the canonical factorization of � into

dominant Lyndon words, then:

(˜R�, ˜R�)
tw =

d
∏

t=1

(

C�t ,nt · ((R�t , R�t )
tw)nt

)

(5.12)

with

C�,p =
p
∏

k=1

1 − ((−1)p(�)q−(deg(�),deg(�))
)k

1 − (−1)p(�)q−(deg(�),deg(�))
for any � ∈ L+, p ∈ Z≥0.

The explicit computation of the pairings (R�, R�)
tw for � ∈ L+ has been carried

out in [7, §6], while for � ∈ I , we trivially have (R�, R�)
tw = 1 by Proposition 5.5.

Thus, we shall summarize these formulas for words � of length > 1 in three lemmas
below (also correcting several typos from [7]). Following [7, (3.13)], we shall use the
following notation for α = αi1 + · · · + αir ∈ Q+:

P(α) =
∑

p<t

|ei p ||eit | and N (α) =
∑

p<t

(αi p , αit ). (5.13)

As in Subsection 5.4, we shall work with a specific ordering 1 < 2 < · · · < s on the
alphabet I .

Lemma 5.7 Let m be odd. Evoking the description of L+ from (5.6), we have:
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• If � = [i . . . j] with 1 ≤ i < j ≤ s, then

(R�, R�)
tw =

j−1
∏

k=i

(αk, αk+1) · (q − q−1) j−i · q N (deg �).

• If � = [i . . . ss . . . j] with 1 ≤ i < j ≤ s, then

(R�, R�)
tw = (−1)p([ j ...s]) ·

j−2
∏

k=i

(αk, αk+1) · (q − q−1)2s+1−i− j · q N (deg �).

Lemma 5.8 Let m be even and s = 0̄. Evoking the description of L+ from (5.8), we
have:

• If � = [i . . . j] with 1 ≤ i < j ≤ s − 1, then

(R�, R�)
tw =

j−1
∏

k=i

(αk, αk+1) · (q − q−1) j−i · q N (deg �).

• If � = [i . . . (s − 2)s] with 1 ≤ i ≤ s − 2, then

(R�, R�)
tw =

s−2
∏

k=i

(αk, αk+1) · (q − q−1)s−i−1 · q N (deg �).

• If � = [i . . . (s − 2)s(s − 1) . . . j] with 1 ≤ i < j ≤ s − 1, then

(R�, R�)
tw = −

j−1
∏

k=i

(αk, αk+1) · (q − q−1)2s−1−i− j · q N (deg �).

• If � = [i . . . (s − 1)i . . . (s − 2)s] with 1 ≤ i ≤ s − 1 and p([i . . . (s − 1)]) = 1̄,
then

(R�, R�)
tw = −(q − q−1)2s−2i−2(q2 − q−2) · q N (deg �).

Lemma 5.9 Let m be even and s = 1̄. Evoking the description of L+ from (5.10), we
have:

• If � = [i . . . j] with 1 ≤ i < j ≤ s − 1, then

(R�, R�)
tw =

j−1
∏

k=i

(αk, αk+1) · (q − q−1) j−i · q N (deg �).
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• If � = [i . . . s] with 1 ≤ i ≤ s − 1, then

(R�, R�)
tw = 1

2

s−1
∏

k=i

(αk, αk+1) · (q − q−1)s−i−1(q2 − q−2) · q N (deg �).

• If � = [i . . . s . . . j] with 1 ≤ i < j ≤ s − 1, then

(R�, R�)
tw =

j−1
∏

k=i

(αk, αk+1) · (q − q−1)2s−1−i− j (q2 − q−2) · q N (deg �).

• If � = [i . . . (s − 1)i . . . (s − 1)s] with 1 ≤ i ≤ s − 1 and p([i . . . (s − 1)]) = 0̄,
then

(R�, R�)
tw = (q − q−1)2s−2i−2(q2 − q−2)2 · q N (deg �).

Remark 5.10 We warn the reader that [7, §6] contains various small errors in the con-
stants featuring in their elements Ri, Ei, E∗

i and, respectively, in the pairing (Ei, Ei).
In particular:

• the second bullet of Lemma 5.7 corrects a sign error in [7, Corollary 6.7(2)] for
the dominant Lyndon word i = (i, . . . , M, M, . . . , j + 1),

• the last two bullets of Lemma 5.8 correct a sign error in [7, Corollary 6.14(2)] for
i = (i, . . . , M−2, M, M−1, . . . , j+1) and i = (i, . . . , M−1, i, . . . , M−2, M),

• the last three bullets of Lemma 5.9 correct various errors in [7, Corollary 6.11(2)],
by adding the missing factors q2 − q−2, or (q − q−1)−1, or a power of q.

5.7 Comparison of pairings

In this subsection, we establish the exact relation between the bialgebra pairing

(·, ·)J : U≤
q (osp(V )) × U≥

q (osp(V )) −→ C(q±1/4)

from Proposition 4.1 and the symmetric pairing

(·, ·)tw : U+
q (osp(V )) × U+

q (osp(V )) −→ C(q)

from Proposition 5.5. To this end, we first define a new pairing

{·, ·} : U≥
q (osp(V )) × U≥

q (osp(V )) −→ C(q±1/4) via

{y, x} = (−1)P(deg(x))(ω(y), x)J ,
(5.14)

cf. (5.13), where ω : Uq(osp(V )) → Uq(osp(V )) is the C(q)-superalgebra automor-
phism mapping

ei �→ (−1)|ei | fi , fi �→ ei , q±hi /2 �→ q∓hi /2 ∀ i ∈ I . (5.15)
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We note that

�J ,op(ω(x)) = (ω ⊗ ω)(�J (x)) ∀ x ∈ Uq(osp(V )). (5.16)

Combining Proposition 4.1 with (5.16), one can easily check the following properties:

{1, 1} = 1, {ei , e j } = δi j/(q
−1 − q), {qhi /2, qh j /2} = qai j /4,

{ei , qh j /2} = {qh j /2, ei } = 0,

{yy′, x} = {y ⊗ y′,�J (x)}, {y, xx ′} = {�J (y), x ⊗ x ′}

for any i, j ∈ I , x, x ′, y, y′ ∈ U≥
q (osp(V )), where we set

{y ⊗ y′, x ⊗ x ′} = {y, x}{y′, x ′}.

Proposition 5.11 For any x, y ∈ U+
q (osp(V )) homogeneous with respect to the Q ×

Z2-grading, the following equality holds cf. (4.23, 4.24):

{y, x} = σ̄
(

(

σ(y), σ (x)
)tw
)

/(q−1 − q)ht(deg(x)), (5.17)

where ht(·) is the height function defined via ht(k1α1 + · · · + ksαs) = k1 + · · · + ks .

Proof We shall first evaluate explicitly both (y, x)tw and {y, x} for the case when
x = e j1 · · · e jd′ and y = ei1 · · · eid are monomials. For degree reasons, we obviously
have (y, x)tw = 0 = {y, x} unless d = d ′; hence, we shall assume now that d = d ′.
Direct computation then shows that

(ei1 · · · eid , e j1 · · · e jd )tw

=
(

ei1 ⊗ · · · ⊗ eid , (�tw)(n−1)(e j1 ) · · · (�tw)(n−1)(e jd )
)tw

=
⎛

⎝ei1 ⊗ · · · ⊗ eid ,
∑

σ∈Sd

−→
∏

1≤k≤d

(

1⊗(σ (k)−1) ⊗ e jk ⊗ 1⊗(n−σ(k))
)

⎞

⎠

tw

=
(

ei1 ⊗ · · · ⊗ eid ,
∑

σ∈Sd

σ(k)>σ(l)
∏

k<l

(

(−1)|e jk ||e jl |q−(α jk ,α jl )

)

e j
σ−1(1)

⊗ · · · ⊗ e j
σ−1(d)

)tw

=
∑

σ∈Sd

σ(k)>σ(l)
∏

k<l

(

(−1)|e jk ||e jl |q−(α jk ,α jl )
)

· (ei1 , e j
σ−1(1)

)tw · · · (eid , e j
σ−1(d)

)tw

=
∑

σ∈Sd

σ(k)>σ(l)
∏

k<l

(

(−1)|e jk ||e jl |q−(α jk ,α jl )
)

· δi1, j
σ−1(1)

· · · δid , j
σ−1(d)

, (5.18)

where (�tw)(n−1) : U+
q (osp(V )) → U+

q (osp(V ))⊗n is the map obtained by applying
coproduct �tw iteratively n − 1 times, the definition of which is well defined by
coassociativity. Also, the arrow→ over the product sign implies that themultiplication
is done in the increasing order of the index.
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Analogously, we obtain

{ei1 · · · eid , e j1 · · · e jd }
=
{

ei1 ⊗ · · · ⊗ eid , (�J )(n−1)(e j1 ) · · · (�J )(n−1)(e jd )
}

=
⎧

⎨

⎩

ei1 ⊗ · · · ⊗ eid ,
∑

σ∈Sd

−→
∏

1≤k≤d

(

(qh jk )⊗(σ (k)−1) ⊗ e jk ⊗ 1⊗(n−σ(k))
)

⎫

⎬

⎭

=
{

ei1 ⊗ · · · ⊗ eid ,
∑

σ∈Sd

σ(k)>σ(l)
∏

k<l

(

(−1)|e jk ||e jl |q(α jk ,α jl )

)

·
⊗

1≤l≤d

(

e j
σ−1(l)

∏

σ(k)>l

qh jk

)

}

=
∑

σ∈Sd

σ(k)>σ(l)
∏

k<l

(

(−1)|e jk ||e jl |q(α jk ,α jl )
)

·
∏

1≤l≤d

{

eil , e j
σ−1(l)

∏

σ(k)>l

qh jk

}

=
∑

σ∈Sd

σ(k)>σ(l)
∏

k<l

(

(−1)|e jk ||e jl |q(α jk ,α jl )
)

· δi1, j
σ−1(1)

· · · δid , j
σ−1(d)

· (q−1 − q)−d , (5.19)

where the map (�J )(n−1) : U≥
q (osp(V )) → U≥

q (osp(V ))⊗n is defined similarly to

(�tw)(n−1).
Comparing the above two formulas (5.18) and (5.19), we obtain the validity

of (5.17) in the case when both x and y are monomials. The generalization to the
C(q)-linear combinations ofmonomials is now a consequence of our definitions (4.23)
and (4.24). This completes the proof. ��

Combining Proposition 5.11 and formula (5.14), we thus obtain:

Corollary 5.12 For any x ∈ U+
q (osp(V )) and y ∈ U−

q (osp(V )) homogeneous with
respect to the Q × Z2-grading, the following equality holds:

(y, x)J = (−1)P(deg(x)) · σ̄
(

(

σ(ω−1(y)), σ (x)
)tw
)

/(q−1 − q)ht(deg(x)).

5.8 Factorization formula

For γ ∈ �̄+, we define the (quantum) root vectors eγ , fγ via

eαi = ei , fαi = fi ,

while for γ ∈ �̄+ \ {αi }s
i=1, we set

eγ = eαeβ − (−1)|eα ||eβ |q(α,β)eβeα,

fγ = fβ fα − (−1)| fα || fβ |q−(α,β) fα fβ,
(5.20)

with the roots α, β ∈ �̄+ defined via α = l(�1) and β = l(�2), where � = �1�2 is
the costandard factorization of the dominant Lyndon word � = l−1(γ ), see Proposi-
tion 5.3.

The explicit formulas for the pairing ( fγ , eγ )J are derived in the following lemmas:
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Lemma 5.13 For odd m, we have:

• If γ = εi − ε j with 1 ≤ i < j ≤ s + 1, then

( fγ , eγ )J = (−1)i+···+ j · (q−1 − q)−1.

• If γ = εi + ε j with 1 ≤ i < j ≤ s, then

( fγ , eγ )J = (−1)i+···+ j−1 · (q−1 − q)−1.

Lemma 5.14 For even m and s = 0̄, we have:

• If γ = εi − ε j with 1 ≤ i < j ≤ s, then

( fγ , eγ )J = (−1)i+···+ j · (q−1 − q)−1.

• If γ = εi + ε j with 1 ≤ i < j ≤ s, then

( fγ , eγ )J = (−1)i+···+ j−1 · (q−1 − q)−1.

• If γ = 2εi with 1 ≤ i ≤ s − 1 and i = 1̄, then

( fγ , eγ )J = q−2 − q2

(q−1 − q)2
.

Lemma 5.15 For even m and s = 1̄, we have:

• If γ = εi − ε j with 1 ≤ i < j ≤ s, then

( fγ , eγ )J = (−1)i+···+ j · (q−1 − q)−1.

• If γ = εi + ε j with 1 ≤ i < j ≤ s, then

( fγ , eγ )J = (−1)i+···+ j−1 · q−2 − q2

(q−1 − q)2
.

• If γ = 2εi with 1 ≤ i ≤ s − 1 and i = 1̄, then

( fγ , eγ )J = (q−2 − q2)2

(q−1 − q)3
.

Proof of Lemmas 5.13–5.15 According to (5.13), we have:

P(α + β) = P(α) + P(β) + |eα||eβ | and

N (α + β) = N (α) + N (β) + (eα, eβ). (5.21)
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Combining these equalities with formulas (5.15, 5.20), one easily verifies the formula

ω−1( fγ ) = (−1)ht(γ )−1(−1)|eγ |(−1)P(γ )q−N (γ )eγ ∀ γ ∈ �̄+ (5.22)

by an induction on the height ht(γ ). Combining this result with Corollary 5.12, we
obtain:

( fγ , eγ )J = (−1)ht(γ )−1(−1)|eγ |q−N (γ ) · σ̄
(

(

σ(eγ ), σ (eγ )
)tw
)

/(q−1 − q)ht(γ ).

(5.23)
To evaluate the pairing (σ (eγ ), σ (eγ ))tw, we recall the C(q)-linear endomorphism

T of U+
q (osp(V )) from [7, Proposition 2.2(1)] defined by

T(ei ) = ei ∀ i ∈ I and T(xy) = T(y)T(x) ∀ x, y ∈ U+
q (osp(V )).

Arguing by an induction on ht(γ ) again, let us now prove the following formula:

σ(eγ ) = (−1)ht(γ )−1(−1)P(γ )q−N (γ ) · T(eγ ) for any γ ∈ �̄+. (5.24)

This equality is clear when ht(γ ) = 1. For any root γ with ht(γ ) > 1, we consider
the pair of roots α, β ∈ �̄+ satisfying eγ = [[eα, eβ ]], cf. (2.22) and (5.20). Since
ht(α), ht(β) < ht(γ ), we may assume by the induction hypothesis that (5.24) holds
for the roots α and β, so that:

σ(eγ ) = σ(eα)σ (eβ) − (−1)|eα ||eβ |q−(α,β) · σ(eβ)σ (eα)

= (−1)ht(γ )−2(−1)P(α)+P(β)q−N (α)−N (β)

·
(

T(eβeα) − (−1)|eα ||eβ |q−(α,β) · T(eαeβ)
)

(5.21)= (−1)ht(γ )−1(−1)P(γ )q−N (γ ) · T(eγ ).

This proves the induction step and hence completes the proof of (5.24).
Furthermore, the direct formula (5.18) shows that

(T(x), T(y))tw = (x, y)tw (5.25)

for any monomials x = ei1 · · · eid , y = e j1 · · · e jd′ , and hence, (5.25) holds for any
x, y ∈ U+

q (osp(V )), as T is C(q)-linear. Combining (5.23)–(5.25), we finally obtain:

( fγ , eγ )J = (−1)ht(γ )−1(−1)|eγ |q N (γ ) · σ̄
(

(eγ , eγ )tw
)

/(q−1 − q)ht(γ ). (5.26)

In view of this equality, Lemmas 5.13–5.15 are just direct consequences of Lem-
mas 5.7–5.9. ��

We are now ready to construct dual bases of U±
q (osp(V )) with respect to the

bialgebra pairing (4.3) (which relies on the orthogonality result of Proposition 5.6,
proved in [7, Theorem 5.7]):
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Theorem 5.16 (a) The ordered products

⎧

⎨

⎩

←−
∏

γ∈�̄+
e

mγ
γ

∣

∣

∣

mγ ≥0
mγ ≤1 if γ∈�̄1̄ is isotropic

⎫

⎬

⎭

and

⎧

⎨

⎩

←−
∏

γ∈�̄+
f

mγ
γ

∣

∣

∣

mγ ≥0
mγ ≤1 if γ∈�̄1̄ is isotropic

⎫

⎬

⎭

are bases for U+
q (osp(V )) and U−

q (osp(V )), respectively. Henceforth, the arrow ←
over the product signs refers to the total order (5.3) on �̄+, thus ordering the elements
of �̄+ in decreasing order.

(b) The bialgebra pairing (4.3) is orthogonal with respect to these bases. More explic-
itly, we have:

⎛

⎝

←−
∏

γ∈�̄+
f

nγ
γ ,

←−
∏

γ∈�̄+
e

mγ
γ

⎞

⎠

J

= (−1)
∑

γ<γ ′ mγ mγ ′ |eγ ||eγ ′ | ·
∏

γ∈�̄+

(

δnγ ,mγ ( f
mγ
γ , e

mγ
γ )J

)

(5.27)
and

( f k
γ , ek

γ )J = (−1)
k(k−1)

2 |eγ | · σ̄ (Cγ,k) · ( fγ , eγ )k
J , (5.28)

where

Cγ,k = Cl−1(γ ),k =
k
∏

t=1

1 − ((−1)|eγ |q−(γ,γ )
)t

1 − (−1)|eγ |q−(γ,γ )
,

cf. Proposition 5.6.

Remark 5.17 This result is known in classical BC D-types where it follows from
Lusztig’s orthogonal bases (see [20, §8.30]) associated with the reduced decompo-
sition of the longest element w0 ∈ W that matches (see [35]) the lexicographical
convex order (5.3) on the set of positive roots �+. In this context, Lusztig’s root vec-
tors (defined via the braid group action) match the above q-commutator construction
of (5.20), up to constants computed explicitly in [5, Theorem 4.2].

Proof (a) First, we note that eγ = �−1(Rl−1(γ )) for all γ ∈ �̄+. Therefore, the preim-

age of the Lyndon basis (5.5) of U under the isomorphism � : U+
q (osp(V )) ∼−→U

provides (up to rescaling) the claimed basis of U+
q (osp(V )). Evoking (5.22), the

result for U−
q (osp(V )) can be carried out from that for U+

q (osp(V )) through the iso-
morphism ω : U−

q (osp(V )) → U+
q (osp(V )) of (5.15).

(b) Let us first compute ( f k
γ , ek

γ )J . Following the above proof of Lemmas 5.13–5.15,
we obtain:

( f k
γ , ek

γ )J = (−1)P(kγ ) ·
(

(−1)ht(γ )−1(−1)|eγ |(−1)P(γ )q−N (γ )(q−1 − q)−ht(γ )
)k

· σ̄
(

(σ (eγ )k , σ (eγ )k )tw
)

= (−1)P(kγ ) ·
(

(−1)ht(γ )−1(−1)|eγ |(−1)P(γ )q N (γ )(q−1 − q)−ht(γ )
)k · σ̄

(

(ek
γ , ek

γ )tw
)

.

(5.29)
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But evoking (5.12), we note that

(ek
γ , ek

γ )tw = (Rk
l−1(γ )

, Rk
l−1(γ )

)tw = Cl−1(γ ),k · ((Rl−1(γ ), Rl−1(γ ))
tw)k

= Cγ,k · ((eγ , eγ )tw
)k

. (5.30)

Combining the above two formulas with (5.26), we get:

( f k
γ , ek

γ )J = (−1)P(kγ )(−1)k·P(γ ) · σ̄ (Cγ,k) · ( fγ , eγ )k
J

= (−1)
k(k−1)

2 |eγ | · σ̄ (Cγ,k) · ( fγ , eγ )k
J ,

which establishes (5.28).
The proof of (5.27) is analogous. To this end, we first note:

⎛

⎝

←−
∏

γ∈�̄+
f

nγ
γ ,

←−
∏

γ∈�̄+
e

mγ
γ

⎞

⎠

J

= (−1)P
(
∑

γ mγ γ
)

·
⎛

⎝

∏

γ∈�̄+

(

(−1)ht(γ )−1(−1)|eγ |(−1)P(γ )q−N (γ )(q−1 − q)−ht(γ )
)nγ

⎞

⎠

· σ̄

⎛

⎝

⎛

⎝σ

⎛

⎝

←−
∏

γ∈�̄+
e

nγ
γ

⎞

⎠ , σ

⎛

⎝

←−
∏

γ∈�̄+
e

mγ
γ

⎞

⎠

⎞

⎠

tw⎞

⎠ .

Moreover, according to Proposition 5.6, we have:

⎛

⎝

−→
∏

γ∈�̄+
e

nγ
γ ,

−→
∏

γ∈�̄+
e

mγ
γ

⎞

⎠

tw

=
∏

γ∈�̄+

(

δnγ ,mγ · Cγ,mγ · ((eγ , eγ )tw)mγ
)

(we note that the products in the left-hand side are taken in increasing order!), so that:

⎛

⎝σ

⎛

⎝

←−
∏

γ∈�̄+
e

nγ
γ

⎞

⎠ , σ

⎛

⎝

←−
∏

γ∈�̄+
e

mγ
γ

⎞

⎠

⎞

⎠

tw

(5.25)=
⎛

⎝Tσ

⎛

⎝

←−
∏

γ∈�̄+
e

nγ
γ

⎞

⎠ , Tσ

⎛

⎝

←−
∏

γ∈�̄+
e

mγ
γ

⎞

⎠

⎞

⎠

tw

=
⎛

⎝

−→
∏

γ∈�̄+
(Tσ(eγ ))nγ ,

−→
∏

γ∈�̄+
(Tσ(eγ ))mγ

⎞

⎠

tw

(5.24)=
⎛

⎝

−→
∏

γ∈�̄+
e

nγ
γ ,

−→
∏

γ∈�̄+
e

mγ
γ

⎞

⎠

tw

·
∏

γ∈�̄+

(

(−1)ht(γ )−1(−1)P(γ )q−N (γ )
)nγ +mγ

=
∏

γ∈�̄+

(

δnγ ,mγ · Cγ,mγ · q−2mγ N (γ ) · ((eγ , eγ )tw)mγ

)

(5.30)=
∏

γ∈�̄+

(

δnγ ,mγ · q−2mγ N (γ ) · (e
mγ
γ , e

mγ
γ )tw

)

.
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Combining the formulas above with (5.29), we get:

⎛

⎝

←−
∏

γ∈�̄+
f

nγ
γ ,

←−
∏

γ∈�̄+
e

mγ
γ

⎞

⎠

J

= (−1)P
(
∑

γ mγ γ
)

·
∏

γ∈�̄+

(

δnγ ,mγ · (−1)P(mγ γ ) · ( f
mγ
γ , e

mγ
γ )J

)

= (−1)
∑

γ<γ ′ mγ mγ ′ |eγ ||eγ ′ | ·
∏

γ∈�̄+

(

δnγ ,mγ · ( f
mγ
γ , e

mγ
γ )J

)

.

This completes the proof of formula (5.27) and hence also of the theorem. ��
As an immediate corollary, we obtain the following factorization formula:

Theorem 5.18 The operator � of (4.6) can be factorized as follows:

� =
←−
∏

γ∈�̄+

⎛

⎝

∑

k≥0

ek
γ ⊗ f k

γ

( f k
γ , ek

γ )J

⎞

⎠ . (5.31)

We note that f k
γ = ek

γ = 0 if γ ∈ �̄+
1̄
is isotropic and k ≥ 2, according to [7,

Corollary 5.2].

Remark 5.19 One can express � in an even more compact form. Recall the notion of
a q-exponent:

expq(z) =
∑

k≥0

zk

(k)q! ,

where (k)q! = (k)q . . . (1)q with (k)q = 1−qk

1−q . We thus have:

∑

k≥0

ek
γ ⊗ f k

γ

( f k
γ , ek

γ )J
=
∑

k≥0

(−1)
k(k−1)

2 |eγ | · (eγ ⊗ fγ )k

(−1)
k(k−1)

2 |eγ | · σ̄ (Cγ,k) · ( fγ , eγ )k
J

= expqγ

(

eγ ⊗ fγ
( fγ , eγ )J

)

,

where qγ = (−1)|eγ |q(γ,γ ). Therefore, the factorization formula (5.31) simplifies to

� =
←−
∏

γ∈�̄+
expqγ

(

eγ ⊗ fγ
( fγ , eγ )J

)

.

5.9 R-matrix computation

We shall now use the factorization formula (5.31) to compute the action of� on V ⊗V
and then re-derive RV V . Throughout this subsection, we will use the more convenient
notation

�γ =
∑

k≥0

ek
γ ⊗ f k

γ

( f k
γ , ek

γ )J
for any γ ∈ �̄+, (5.32)
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so that equation (5.31) becomes

� =
←−
∏

γ∈�̄+
�γ .

For any 1 ≤ i, j ≤ N , we also define the followingq-deformation of the elements (2.6)
of osp(V ):

ei j = Ei j − (−1)i(i+ j)q−(ρ,εi −ε j )q(εi ,εi )/2q(ε j ,ε j )/2ϑiϑ j E j ′i ′ ,

fi j = E ji − (−1) j(i+ j)q(ρ,εi −ε j )q−(εi ,εi )/2q−(ε j ,ε j )/2ϑiϑ j Ei ′ j ′ .

5.9.1 Factorized formula for oddm

We start by evaluating the action of the root vectors {eγ , fγ }γ∈�̄+ of (5.20) on the
Uq(osp(V ))-module V from Proposition 3.1:

Lemma 5.20 (a) For γ = εi − ε j with 1 ≤ i < j ≤ s + 1, we have:


(eγ ) = ei j , 
( fγ ) = (−1)i+···+ j−1 · fi j .

(b) For γ = εi + ε j with 1 ≤ i < j ≤ s, we have:


(eγ ) = ϑ jϑs+1 ·
s
∏

k= j

(

− (−1)k(k+k+1)
)

· ei j ′ ,


( fγ ) = (−1)i+···+ j−1ϑ jϑs+1 ·
s
∏

k= j

(

− (−1)k+1(k+k+1)
)

· fi j ′ .

Proof The proof is done by a straightforward induction. To this end, we proceed by
an increasing induction on j for γ = εi − ε j with 1 ≤ i < j ≤ s + 1, and then by a
decreasing induction on j for γ = εi + ε j with 1 ≤ i < j ≤ s. ��

Combining the result above with Lemma 5.13 and formula (5.28), we obtain:

Lemma 5.21 The operators �γ of (5.32) act on the Uq(osp(V ))-module V ⊗ V as
follows:

• If γ = εi − ε j with i < j < i ′ and j 
= s + 1, then

�γ = I − (−1) j (q − q−1) · ei j ⊗ fi j .

• If γ = εi with 1 ≤ i ≤ s, then

�γ = I− (q −q−1) ·ei,s+1 ⊗ fi,s+1 + (q −q−1)
(

1− (−1)i q−(εi ,εi )
)

· Eii ′ ⊗ Ei ′i .
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Evoking the explicit order (5.7) on �̄+, one immediately obtains the factorization
formula

� = �s�s−1 · · · �1 (5.33)

with

�i = �εi +εi+1 · · · �εi +εs �εi �εi −εs · · · �εi −εi+1 for any 1 ≤ i ≤ s.

Therefore, it is essential to evaluate each such factor, which is the subject of the next
result:

Lemma 5.22 For 1 ≤ i ≤ s, we have:

�i = I − (q − q−1)
∑

i< j<i ′
(−1) jei j ⊗ fi j + (q − q−1)q−(εi ,εi )

(

q(2ρ,εi ) − (−1)i
)

· Eii ′ ⊗ Ei ′i .

Proof First, we note that �εi +ε j commutes with �εi +εk for k 
= j, j ′, so that

�i = �εi +εi+1 · · · �εi +εs �εi �εi −εs · · · �εi −εi+1 = �εi

s
∏

j=i+1

(

�εi +ε j �εi −ε j

)

.

According to Lemma 5.21, for i < j ≤ s, we have:

�εi +ε j �εi −ε j = I − (−1) j (q − q−1) · (ei j ⊗ fi j + ei j ′ ⊗ fi j ′)

+ (−1) j (q − q−1)2q(ρ,2ε j ) · Eii ′ ⊗ Ei ′i .

Combining the two formulas above, we obtain:

�i = I − (q − q−1)
∑

i< j<i ′
(−1) jei j ⊗ fi j + (q − q−1)

(

1 − (−1)i q−(εi ,εi )
)

Eii ′ ⊗ Ei ′i

+ (q − q−1)2
s
∑

j=i+1

(−1) j q(ρ,2ε j )Eii ′ ⊗ Ei ′i . (5.34)

The last sum can be simplified using (4.11) as follows:

(q − q−1)

s
∑

j=i+1

(−1) j q(ρ,2ε j ) =
s
∑

j=i+1

(q(ε j ,ε j ) − q−(ε j ,ε j ))q(2ρ,ε j )

=
s
∑

j=i+1

(

q−(ε j−1,ε j−1)q(2ρ,ε j−1) − q−(ε j ,ε j )q(2ρ,ε j )
)

= q−(εi ,εi )q(2ρ,εi ) − 1.

(5.35)
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Combining formulas (5.34, 5.35), we get

�i = I − (q − q−1)
∑

i< j<i ′
(−1) jei j ⊗ fi j + (q − q−1)q−(εi ,εi )

(

q(2ρ,εi ) − (−1)i
)

· Eii ′ ⊗ Ei ′i ,

which completes the proof. ��
The result above together with the factorization (5.33) finally allows us to

evaluate �:

Proposition 5.23 The action of the operator � on the Uq(osp(V ))-module V ⊗ V is
given by

� = I − (q − q−1)
∑

1≤i< j≤1′
(−1) j Ei j

⊗
(

q(εi ,ε j )E ji − (−1) j(i+ j)ϑiϑ j q
(ρ,εi −ε j )q−(εi ,εi )/2q−(ε j ,ε j )/2Ei ′ j ′

)

.

(5.36)

Proof We shall prove formula (5.36) by induction on s. The base case s = 1 follows
from the direct evaluation of � = �1 in Lemma 5.22 and (4.11). As per the induction
step, let us consider the subspace V ◦ of V spanned by the vectors {vi }2≤i≤2′ ; we shall
likewise use the symbol ◦ to denote any object corresponding to V ◦ instead of V .
Then, we have an algebra homomorphism ι : Uq(osp(V ◦)) → Uq(osp(V )) mapping
each generator {ei , fi , q±hi /2}s

i=2 in Uq(osp(V ◦)) to the same-named generator in
Uq(osp(V )). Furthermore, let 
◦ : Uq(osp(V ◦)) → End(V ◦) and 
 : Uq(osp(V )) →
End(V ) be the representations of the corresponding algebras, as defined in Proposi-
tion 3.1. It is clear that the representation 
 ◦ ι of Uq(osp(V ◦)) on V preserves V ◦,
and its restriction onto V ◦ coincides with 
◦. Moreso, the generators {ei , fi }s

i=2 act
trivially on v1 and v1′ . Likewise, the bialgebra pairings fromProposition 4.1 are related
via

(y, x)◦J = (ι(y), ι(x))J for any x ∈ U≥
q (osp(V ◦)), y ∈ U≤

q (osp(V ◦)),

which follows from the defining properties. Therefore, combining the observations
above with the induction hypothesis, we see that the canonical tensor of Uq(osp(V ◦))
associated with 
 equals

�◦ = I − (q − q−1)
∑

1<i< j<1′
(−1) j Ei j ⊗

(

q(εi ,ε j )E ji − (−1) j(i+ j)ϑi ϑ j q(ρ◦,εi −ε j )q−(εi ,εi )/2q−(ε j ,ε j )/2Ei ′ j ′
)

where ρ◦ denotes the Weyl vector corresponding to Uq(osp(V ◦)), cf. (4.10). Though
the Weyl vectors ρ and ρ◦ are different, the equality (ρ◦, αi ) = 1

2 (αi , αi ) = (ρ, αi )

still holds for all 2 ≤ i ≤ s, cf. (4.11), so that (ρ◦, γ ) = (ρ, γ ) for any root γ in the
root system �◦ of Uq(osp(V ◦)). Thus:

�◦ = I − (q − q−1)
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∑

1<i< j<1′
(−1) j Ei j ⊗

(

q(εi ,ε j )E ji − (−1) j(i+ j)ϑi ϑ j q(ρ,εi −ε j )q−(εi ,εi )/2q−(ε j ,ε j )/2Ei ′ j ′
)

.

(5.37)

Combining this formula with � = �◦�1 due to (5.33), we finally obtain:

� = �◦ − (q − q−1)
∑

1<a<1′

{

(−1)a E1a ⊗ Ea1

− (−1)1 aq−(ρ,ε1−εa )q(ε1,ε1)/2q(εa ,εa )/2ϑ1′ϑa′ · Ea′1′ ⊗ Ea1

+ (−1)1Ea′1′ ⊗ E1′a′ − (−1)1 aq(ρ,ε1−εa )q−(ε1,ε1)/2q−(εa ,εa )/2ϑ1ϑa · E1a ⊗ E1′a′
}

+ (q − q−1)q−(ε1,ε1)
(

q(2ρ,ε1) − (−1)1
)

E11′ ⊗ E1′1

− (q − q−1)2
∑

2≤a≤s

(−1)1(1+a)q−(ρ,ε1−εa )q(ε1,ε1)/2q−(εa ,εa )/2ϑ1ϑa · Ea1′ ⊗ Ea′1

+ (q − q−1)2
∑

1<i<1′

⎛

⎝

i−1
∑

a=2

(−1)aq(ρ,2εa )

⎞

⎠

(−1)1+i (−1)1 i q−(ρ,ε1+εi )q(ε1,ε1)/2q−(εi ,εi )/2ϑ1ϑi · Ei ′1′ ⊗ Ei1. (5.38)

The coefficient of each term in this formula coincides with the one from the right-hand
side of (5.36), except possibly only for the coefficients of {Ei ′1′ ⊗ Ei1}1<i<1′ . Let us
treat the latter ones:

• Case 1: 2 ≤ i ≤ s + 1.
First, we note that a computation analogous to (5.35) gives

(q − q−1)

i−1
∑

a=2

(−1)aq(ρ,2εa) = q−(ε1,ε1)q(ρ,2ε1) − q−(εi−1,εi−1)q(ρ,2εi−1). (5.39)

Therefore, the coefficient of Ei ′1′ ⊗ Ei1 in the right-hand side of (5.38) equals:

(q − q−1)(−1)1 i q−(ρ,ε1−εi )q(ε1,ε1)/2q(εi ,εi )/2ϑ1′ϑi ′

+ (q − q−1)2
( i−1
∑

a=2

(−1)aq(ρ,2εa )

)

(−1)1+i (−1)1 i q−(ρ,ε1+εi )q(ε1,ε1)/2q−(εi ,εi )/2ϑ1ϑi

= (q − q−1)(−1)1 i q−(ρ,ε1−εi )q(ε1,ε1)/2q(εi ,εi )/2ϑ1′ϑi ′

×
(

1 + q−(ρ,2εi )q−(εi ,εi ) · (q − q−1)

i−1
∑

a=2

(−1)aq(ρ,2εa )

)

(4.11),(5.39)= (q − q−1)(−1)1 i q(ρ,ε1−εi )q−(ε1,ε1)/2q−(εi ,εi )/2ϑ1′ϑi ′ ,

which coincides with the coefficient of Ei ′1′ ⊗ Ei1 in the right-hand side of (5.36).

• Case 2: s′ ≤ i ≤ 2′.
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Similar to the previous case, we have:

(q − q−1)

i−1
∑

a=2

(−1)aq(ρ,2εa ) =
(

q−(ε1,ε1)q(ρ,2ε1) − q−(εi−1,εi−1)q(ρ,2εi−1)
)

+ (q − q−1).

(5.40)

Indeed, this formula is obvious for i = s′ = s + 2, while for i > s′, it follows
from

(q − q−1)

i−1
∑

a=s+2

(−1)aq(ρ,2εa) = (q − q−1)

s
∑

a=i ′+1

(q(εa ,εa) − q−(εa ,εa))q−(ρ,2εa)

(4.11)=
s
∑

a=i ′+1

(

q−(εa+1,εa+1)q−(ρ,2εa+1) − q−(εa ,εa)q−(ρ,2εa)
)

= q−(εs+1,εs+1)q−(ρ,2εs+1) − q−(εi ′+1,εi ′+1)q−(ρ,2εi ′+1)

(2.7)= 1 − q−(εi−1,εi−1)q(ρ,2εi−1).

Therefore, the coefficient of Ei ′1′ ⊗ Ei1 in the right-hand side of (5.38) equals:

(q − q−1)(−1)1 i q−(ρ,ε1−εi )q(ε1,ε1)/2q(εi ,εi )/2ϑ1′ϑi ′

+ (q − q−1)2
( i−1
∑

a=2

(−1)aq(ρ,2εa )

)

(−1)1+i (−1)1 i q−(ρ,ε1+εi )q(ε1,ε1)/2q−(εi ,εi )/2ϑ1ϑi

− (q − q−1)2(−1)1 i q−(ρ,ε1+εi )q(ε1,ε1)/2q−(εi ,εi )/2ϑ1′ϑi ′

= (q − q−1)(−1)1 i q−(ρ,ε1−εi )q(ε1,ε1)/2q(εi ,εi )/2ϑ1′ϑi ′

×
(

1 − (q − q−1)q−(ρ,2εi )q−(εi ,εi ) + q−(ρ,2εi )q−(εi ,εi ) · (q − q−1)

i−1
∑

a=2

(−1)aq(ρ,2εa )

)

(4.11),(5.40)= (q − q−1)(−1)1 i q(ρ,ε1−εi )q−(ε1,ε1)/2q−(εi ,εi )/2ϑ1′ϑi ′ , (5.41)

which coincides with the coefficient of Ei ′1′ ⊗ Ei1 in the right-hand side of (5.36).

This completes the proof of the induction step, thus establishing formula (5.36). ��
Finally,we can re-derive our formula (4.13) for RV V = τV V ◦R̂V V = ˜f 1/2◦�◦˜f 1/2

from above result. Since the action of ˜f 1/2 on V ⊗ V is given by

˜f 1/2 =
∑

i, j

q−(εi ,ε j )/2Eii ⊗ E j j , (5.42)

the explicit formula (5.36) for � implies

RV V = ˜f 1/2 ◦ � ◦ ˜f 1/2
=
∑

i, j

q−(εi ,ε j )Eii ⊗ E j j
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+ (q−1 − q)
∑

i< j

(−1) j Ei j ⊗
(

E ji − (−1) j(i+ j)ϑi ϑ j q(ρ,εi −ε j )Ei ′ j ′
)

= I + (q−1/2 − q1/2)
N
∑

i=1

(−1)i Eii ⊗
(

q−(εi ,εi )/2Eii − q(εi ,εi )/2Ei ′i ′
)

+ (q−1 − q)
∑

i< j

(−1) j Ei j ⊗
(

E ji − (−1) j(i+ j)ϑi ϑ j q(ρ,εi −ε j )Ei ′ j ′
)

,

which precisely recovers R0 from (4.13). This provides an alternative proof of Theo-
rem 4.6.

5.9.2 Factorized formula for evenm

Similar to Lemma 5.20, we start by evaluating the action of the root vectors
{eγ , fγ }γ∈�̄+ of (5.20) on the Uq(osp(V ))-module V from Proposition 3.1:

Lemma 5.24 If s = 0̄, then the action of the root generators is as follows.

(a) For γ = εi − ε j with 1 ≤ i < j ≤ s, we have:


(eγ ) = ei j , 
( fγ ) = (−1)i+···+ j−1 · fi j .

(b) For γ = εi + ε j with 1 ≤ i < j ≤ s, we have:


(eγ ) = −ϑ jϑs ·
s
∏

k= j

(

− (−1)k(k+k+1)
)

· ei j ′,


( fγ ) = −(−1)i+···+ j−1ϑ jϑs ·
s
∏

k= j

(

− (−1)k+1(k+k+1)
)

· fi j ′ .

(c) For γ = 2εi with 1 ≤ i ≤ s and i = 1̄, we have:


(eγ ) = q−(ρ,εi )(1 + q−2)ϑiϑs · Eii ′ ,


( fγ ) = −q(ρ,εi )(1 + q2)ϑiϑs · Ei ′i .

Lemma 5.25 If s = 1̄, then the action of the root generators is as follows.

(a) For γ = εi − ε j with 1 ≤ i < j ≤ s, we have:


(eγ ) = ei j , 
( fγ ) = (−1)i+···+ j−1 · fi j .

(b) For γ = εi + ε j with 1 ≤ i < j ≤ s, we have:


(eγ ) = −ϑ jϑs ·
s
∏

k= j

(

− (−1)k(k+k+1)
)

· ei j ′,
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( fγ ) = (−1)i+···+ j−1ϑ jϑs · (q + q−1) ·
s
∏

k= j

(

− (−1)k+1(k+k+1)
)

· fi j ′ .

(c) For γ = 2εi with 1 ≤ i ≤ s and i = 1̄, we have


(eγ ) = q−(ρ,εi )(1 + q−2)ϑiϑs · Eii ′ ,


( fγ ) = −q(ρ,εi )(1 + q2)ϑiϑs · (q + q−1) · Ei ′i .

Combining the results above with Lemmas 5.14–5.15, we obtain the following
counterpart of Lemma 5.21 which can be written in a uniform way (independent of
the parity of s = |vs |):
Lemma 5.26 The operators �γ of (5.32) act on the Uq(osp(V ))-module V ⊗ V as
follows:

• If γ = εi − ε j with i < j < i ′, then

�γ = I − (−1) j (q − q−1) · ei j ⊗ fi j .

• If γ = 2εi with 1 ≤ i ≤ s and i = 1̄, then

�γ = I + (q − q−1)
(

q−1 − (−1)i q−(εi ,εi )
)

· Eii ′ ⊗ Ei ′i .

We note that the way we wrote the last formula above allows to define �2εi = I
when i = 0̄. With this extension of the notation �2εi to all indices i , let us define

�i = �εi +εi+1 · · · �εi +εs �2εi �εi −εs · · ·�εi −εi+1 for any 1 ≤ i ≤ s.

Evoking the explicit orders (5.9, 5.11) on �̄+, one immediately obtains the factoriza-
tion

� = �s�s−1 · · · �1. (5.43)

The following result is an analogue of Lemma 5.22:

Lemma 5.27 For 1 ≤ i ≤ s, we have

�i = I − (q − q−1)
∑

i< j<i ′
(−1) jei j ⊗ fi j + (q − q−1)q−(εi ,εi )

(

q(2ρ,εi ) − (−1)i
)

· Eii ′ ⊗ Ei ′i .

Proof Arguing exactly as in the proof of Lemma 5.22, we obtain the following ana-
logue of (5.34):

�i = I − (q − q−1)
∑

i< j<i ′
(−1) jei j ⊗ fi j + (q − q−1)

(

q−1 − (−1)i q−(εi ,εi )
)

Eii ′ ⊗ Ei ′i

+ (q − q−1)2
s
∑

j=i+1

(−1) j q(ρ,2ε j )Eii ′ ⊗ Ei ′i .
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The last sum can be simplified similar to (5.35) as follows:

(q − q−1)

s
∑

j=i+1

(−1) j q(ρ,2ε j ) =
s
∑

j=i+1

(q(ε j ,ε j ) − q−(ε j ,ε j ))q(2ρ,ε j )

= q−(εi ,εi )q(2ρ,εi ) − q−(εs ,εs )q(2ρ,εs ).

Thus, the claimed formula for�i follows from the two equalities above and the identity

(2ρ, εs) − (εs, εs) = −1. (5.44)

The latter is a simple consequence of (4.11):

• if s = 1̄, then αs = 2εs and so (2ρ, εs) = 1
2 (2ρ, αs) = 1

2 (αs, αs) = −2 =
(εs, εs) − 1;

• if s = 0̄, then αs−1 = εs−1 − εs, αs = εs−1 + εs , so that

(2ρ, εs) = 1
2

(

(2ρ, αs) − (2ρ, αs−1)
) = 1

2

(

(αs, αs) − (αs−1, αs−1)
)

= 0 = (εs, εs) − 1.

This establishes (5.44) and thus completes the proof of the lemma. ��

Combining this result with the factorization (5.43), we can finally evaluate �:

Proposition 5.28 The action of the operator � on the Uq(osp(V ))-module V ⊗ V is
given by

� = I − (q − q−1)

×
∑

1≤i< j≤1

(−1) j Ei j ⊗
(

q(εi ,ε j ) E ji − (−1) j(i+ j)ϑi ϑ j q
(ρ,εi −ε j )q−(εi ,εi )/2q−(ε j ,ε j )/2Ei ′ j ′

)

.

Let us note right away that the formula above is identical to (5.36).

Proof The proof of this result is completely analogous to that of Proposition 5.23
and proceeds by induction on s. The base case s = 1 follows from the evaluation of
� = �1 in Lemma 5.27.

As per the induction step, we obtain precisely formula (5.38) expressing� through
�◦, the latter been given by the same formula (5.37), due to the observation preceding
the proof. The rest of the proof proceeds without any changes. ��

Analogously to odd m, we can use the result above to re-derive formula (4.13) for
RV V . Indeed, since the formula in Proposition 5.28 is identical to (5.36), the same
computation can be applied without any changes, thus providing an alternative proof
of Theorem 4.6 in that case.
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6 R-matrices with a spectral parameter

6.1 Orthosymplectic quantum affine groups

Let θ be the highest root of osp(V ) with respect to the fixed polarization of (2.9), and
let {ki }s

i=1 be the corresponding coefficients in the decomposition θ = ∑s
i=1 kiαi .

Explicitly, we have:

θ =
{

ε1 + ε2 if |v1| = 0̄

2ε1 if |v1| = 1̄
.

We define the lattice ̂P = Zδ ⊕ P = Zδ ⊕ ⊕s
i=1 Zεi , with P introduced right

before (2.21). Then, α1, . . . , αs as well as α0 = δ − θ can be viewed as elements
of ̂P . We extend the bilinear pairing (·, ·) on P , defined via (2.11), to that on ̂P by
setting (δ, δ) = (δ, εi ) = (εi , δ) = 0 for all i . We define the symmetrized extended
Cartan matrix of osp(V ) as (ai j )

s
i, j=0 with ai j = (αi , α j ). It extends the Cartanmatrix

of (2.15) through a00 = (θ, θ) and a0i = ai0 = −(θ, αi ) for 1 ≤ i ≤ s.
The orthosymplectic quantum affine supergroup Uq(ôsp(V )) is a C(q±1/2)-

superalgebra generated by {ei , fi , q±hi /2}s
i=0 ∪ {γ ±1, D±1}, with the Z2-grading

|e0| = | f0| =
{

0̄ if θ ∈ �0̄

1̄ if θ ∈ �1̄
, |ei | = | fi | =

{

0̄ if αi ∈ �0̄

1̄ if αi ∈ �1̄
for 1 ≤ i ≤ s,

|γ ±1| = |D±1| = |hi | = 0̄ for 0 ≤ i ≤ s,

subject to the following defining relations:

D±1 · D∓1 = 1, [D, qhi /2] = 0, Dei D−1 = qδ0i ei , D fi D−1 = q−δ0i fi , (6.1)

γ ±1 · γ ∓1 = 1, γ = qh0/2 ·
s
∏

i=1

(qhi /2)ki , γ − central element, (6.2)

the counterpart of (2.18)–(2.20) but now with 0 ≤ i, j ≤ s :

[qhi /2, qh j /2] = 0, q±hi /2q∓hi /2 = 1, (6.3)

qhi /2e j q
−hi /2 = qai j /2e j , qhi /2 f j q

−hi /2 = q−ai j /2 f j , (6.4)

[ei , f j ] = δi j
qhi − q−hi

q − q−1 , (6.5)

together with the standard and the higher order q-Serre relations, which the inter-
ested reader may find in [43, relations (QS4, QS5), cf. Theorem 6.8.2]. We note that
Uq(ôsp(V )) is equipped with a Hopf superalgebra structure, with the coproduct �,
the counit ε, and the antipode S defined on the generators {ei , fi , q±hi /2}s

i=0 by the
same formulas as in the end of Subsection 2.4, while also

�(D) = D ⊗ D, S(D) = D−1, ε(D) = 1,
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�(γ ) = γ ⊗ γ, S(γ ) = γ −1, ε(γ ) = 1.

It is oftenmore convenient toworkwith a version ofUq(ôsp(V ))without the degree
generators D±1. Explicitly, U ′

q(ôsp(V )) is the C(q±1/2)-superalgebra generated by
{ei , fi , q±hi /2}s

i=0 ∪ {γ ±1}, with the same Z2-grading, the same defining relations
excluding (6.1), and the same Hopf structure.

6.2 Evaluationmodules and affine R-matrices

Proposition 6.1 For any u ∈ C
× and a, b ∈ C

× specified below, the Uq(osp(V ))-

action 
 on V from Proposition 3.1 can be extended to a U ′
q(ôsp(V ))-action 


a,b
u on

V (u) = V by setting


a,b
u (x) = 
(x) for all x ∈ {ei , fi , q±hi /2}s

i=1

and defining the action of the remaining generators e0, f0, q±h0/2, γ ±1 via (6.6) or
(6.7) below:

• Case 1: |v1| = 1̄.


a,b
u (e0) = au · E1′1, 
a,b

u ( f0) = bu−1 · E11′,


a,b
u (q±h0/2) = q±X11 , 
a,b

u (γ ±1) = I
(6.6)

with parameters a, b subject to ab = −(q + q−1).

• Case 2: |v1| = 0̄.


a,b
u (e0) = au · X2′1, 
a,b

u ( f0) = bu−1 · X12′ ,


a,b
u (q±h0/2) = q∓((−1)1X11+(−1)2X22)/2, 
a,b

u (γ ±1) = I
(6.7)

with parameters a, b subject to ab = (−1)2.

Proof We need to show that the operators defined above satisfy the defining rela-
tions (6.2)–(6.5) together with all q-Serre relations. This verification is straightforward
and proceeds similar to our proof of Proposition 3.1.

• Case 1: |v1| = 1̄.
The second relation of (6.2) is verified by direct calculations, treating three cases

as before: m is odd, m is even and s = 0̄, or m is even and s = 1̄. The rela-
tions (6.3, 6.4) then immediately follow from their validity for i, j 
= 0, due to
Proposition 3.1. It remains to verify (6.5) for i = 0 or j = 0. The relations
[
a,b

u (e0), 

a,b
u ( fi )] = 0 = [
a,b

u ( f0), 

a,b
u (ei )] for i 
= 0 are obvious, since all

four operators 

a,b
u (e0)


a,b
u ( fi ), 


a,b
u ( fi )


a,b
u (e0), 


a,b
u ( f0)


a,b
u (ei ), 


a,b
u (ei )


a,b
u ( f0)

act by 0. Finally, we have:

[
a,b
u (e0), 


a,b
u ( f0)] = (q + q−1)(E11 − E1′1′) = q2X11 − q−2X11

q − q−1

123



Orthosymplectic R-matrices Page 55 of 97    55 

= 

a,b
u (qh0) − 


a,b
u (q−h0)

q − q−1 .

• Case 2: |v1| = 0̄.
The verification of (6.2)–(6.4) is similar to that in Case 1. We also note that

[
a,b
u (e0), 


a,b
u ( fi )] = 0 and [
a,b

u ( f0), 

a,b
u (ei )] = 0 for i 
= 0, 1 by the same reason

as in Case 1. Finally, we have:

[
a,b
u (e0), 


a,b
u ( f1)] = au[X2′1, X21] = 0,

[
a,b
u ( f0), 


a,b
u (e1)] = bu−1[X12′, X12] = 0

as well as

[
a,b
u (e0), 


a,b
u ( f0)] = −(−1)1X11 − (−1)2X22 = 


a,b
u (qh0) − 


a,b
u (q−h0)

q − q−1 ,

where we used (3.2) in the last equality.
The verification of q-Serre relations proceeds as in our proof of Proposition 3.1.

To this end, we note that the algebra U ′
q(ôsp(V )) is P-graded via (2.21) combined

with deg(e0) = −θ, deg( f0) = θ , deg(q±h0/2) = deg(γ ±1) = 0, and the above
assignment preserves this P-grading, cf. (3.3). Referring to the explicit form of all
q-Serre relations, left-hand sides of which are presented in [43, (QS4, QS5)], one can
easily see that all of them, besides the cases (7, 8, 11), are homogeneous whose degrees
are not in the set {εi − ε j | 1 ≤ i, j ≤ N }. Hence, they act trivially on the superspace
V . We shall now directly check the cases (7, 8, 11) of [43, (QS4)], while [43, (QS5)]
are analogous.

• Serre relation [43, (QS4)(8)]. The corresponding relation reads (cf. notation (2.22))

[[[[[[e j , ei ]], [[e j , ek]]]], [[e j , el ]]]] = [[[[[[e j , ei ]], [[e j , el ]]]], [[e j , ek]]]]

and it only occurs for osp(V ) = osp(4|2) in either of the following two cases:

(1) Parity sequence γV = (1̄, 0̄, 0̄) and indices i = 0, j = 1, k = 2, l = 3;
(2) Parity sequence γV = (0̄, 0̄, 1̄) and indices i = 3, j = 2, k = 0, l = 1.

In case (1), both sides of this equality (LHS and RHS) have P-degrees equal to
ε1 − ε2 and thus act trivially on vp for p /∈ {2, 1′}. By direct calculations, we find:
LHS(v2) = auϑ1 · v1 = RHS(v2) as well as LHS(v1′) = q−1au · v2′ = RHS(v1′). In
case (2), both sides of this equality (LHS and RHS) have P-degrees equal to ε2 − ε3
and thus act trivially on vp for p /∈ {3, 2′}. By direct calculations, we find: LHS(v3) =
2q−1auϑ3 · v2 = RHS(v3) as well as LHS(v2′) = −2qau · v3′ = RHS(v2′). This
completes our verification of [43, (QS4)(8)].

• Serre relation [43, (QS4)(11)]. The corresponding relation reads

[[[[ek, e j ]], [[[[ek, e j ]], [[[[ek, e j ]], ei ]]]]]]
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= (1 − [2]q)[[[[[[ek, e j ]], [[ek, [[ek, [[e j , ei ]]]]]]]], e j ]]

and it only occurs for osp(V ) = osp(3|2) with the parity sequence γV = (1̄, 0̄) and
i = 0, j = 1, k = 2. Both sides of this equality (LHS and RHS) have P-degrees
equal to ε1 and thus act trivially on vp for p /∈ {3, 1′}. By direct calculations, we
find: LHS(v3) = (1 − q−1 + q−2)auϑ1 · v1 = RHS(v3) as well as LHS(v1′) =
(1 − q + q2)au · v3 = RHS(v1′). This completes our verification of [43, (QS4)(11)].

• Serre relation [43, (QS4)(7)]. The corresponding relation reads

(−1)|αi ||αk |[(αi , αk)]q [[[[ei , e j ]], ek]] = (−1)|αi ||α j |[(αi , α j )]q [[[[ei , ek]], e j ]]

whenever (αi , α j ) 
= 0, (αi , αk) 
= 0, (α j , αk) 
= 0, (αi , α j )+(αi , αk)+(α j , αk) = 0,
and |αi ||α j |+|αi ||αk |+|α j ||αk | = 1̄. We can further assume that {i, j, k} = {0, 1, 2}.
The above parity condition implies that θ = ε1+ε2, α1 = ε1−ε2, and |v1| = 0̄, |v2| =
1̄. Due to the symmetry j ↔ k of the above relation, there are three cases to consider:

(1) i = 0, j = 1, k = 2;
(2) i = 2, j = 0, k = 1;
(3) i = 1, j = 0, k = 2.

In case (1), both sides of this equality (LHS andRHS) have P-degrees equal to−ε2−ε3
and thus act trivially on vp for p /∈ {2, 3}. By direct calculations, we find: LHS(v2) =
(1 + q2)auϑ2ϑ3 · v3′ = RHS(v2) and LHS(v3) = −(−1)|v3|(1 + q−2)au · v2′ =
RHS(v3). In case (2), both sides of this equality (LHS and RHS) have P-degrees equal
to −ε2 − ε3 and thus act trivially on vp for p /∈ {2, 3}. By direct calculations, we find:
LHS(v2) = −auϑ2ϑ3 · v3′ = RHS(v2) and LHS(v3) = (−1)|v3|au · v2′ = RHS(v3).
In case (3), both sides of this equality (LHS and RHS) have P-degrees equal to
−ε2 − ε3 and thus act trivially on vp for p /∈ {2, 3}. By direct calculations, we find:
LHS(v2) = (1+q2)auϑ2ϑ3 ·v3′ = RHS(v2) and LHS(v3) = −(−1)|v3|(1+q−2)au ·
v2′ = RHS(v3). This completes our verification of [43, (QS4)(7)]. ��

These evaluation U ′
q(ôsp(V ))-modules 


a,b
u can be naturally upgraded to

Uq(ôsp(V ))-modules:

Proposition 6.2 Let u be an indeterminate and redefine V (u) via V (u) = V ⊗C

C[u, u−1]. Then, the formulas defining 

a,b
u on the generators from Proposition 6.1

together with


a,b
u (D±1)(v ⊗ uk) = q±k · v ⊗ uk ∀ v ∈ V , k ∈ Z

give rise to the same-named action 

a,b
u of Uq(ôsp(V )) on V (u).

Let U+
q (ôsp(V )) and U−

q (ôsp(V )) be the subalgebras of Uq(ôsp(V )) gen-
erated by {ei }s

i=0 and { fi }s
i=0, respectively. We also define U≥

q (ôsp(V )) and
U≤

q (ôsp(V )) as subalgebras of Uq(ôsp(V )) generated by {ei , q±hi /2, γ ±1, D±1}s
i=0

and { fi , q±hi /2, γ ±1, D±1}s
i=0. We likewise define the subalgebras U

′,+
q (ôsp(V )),
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U
′,−
q (ôsp(V )), U

′,≥
q (ôsp(V )), and U

′,≤
q (ôsp(V )) of U ′

q(ôsp(V )). We note that

U≥
q (ôsp(V )), U≤

q (ôsp(V )), U
′,≥
q (ôsp(V )), U

′,≤
q (ôsp(V )) are actually Hopf subalge-

bras, and moreover,

U+
q (ôsp(V )) � U

′,+
q (ôsp(V )), U−

q (ôsp(V )) � U
′,−
q (ôsp(V )). (6.8)

Finally, similar to Proposition 4.1, one has bilinear pairings

(·, ·)J : U≤
q (ôsp(V )) × U≥

q (ôsp(V )) −→ C(q1/4),

(·, ·)J : U
′,≤
q (ôsp(V )) × U

′,≥
q (ôsp(V )) −→ C(q1/4).

(6.9)

The restrictions of both pairings to U
′,−
q (ôsp(V )) × U

′,+
q (ôsp(V )) coincide, cf. (6.8),

and are non-degenerate by [42, 43], cf. Remark 4.2. However, the second pairing
in (6.9) is degenerate as γ − 1 is in its kernel. On the other hand (which is the key
reason to add the generators D±1), the first pairing in (6.9) is non-degenerate and
hence allows to realize Uq(ôsp(V )) as a Drinfeld double of its Hopf subalgebras
U≤

q (ôsp(V )) and U≥
q (ôsp(V )) with respect to the pairing above.

The above discussion yields the universal R-matrix forUq(ôsp(V )), which induces

intertwiners V ⊗ W ∼−→ W ⊗ V for suitable Uq(ôsp(V ))-modules V , W , akin to
Subsection 4.1. In order to not overburden the exposition, we choose to skip the
detailed presentation on this standard but rather technical discussion. Instead, we shall
nowproceed directly to themain goal of this paper—the evaluation of such intertwiners
when V = 


a,b
u and W = 
a,b

v are the above evaluation modules. In this context, we
are looking for Uq(ôsp(V ))-module intertwiners R̂(u/v) satisfying

R̂(u/v) ◦ (
a,b
u ⊗ 
a,b

v )(x) = (
a,b
v ⊗ 
a,b

u )(x) ◦ R̂(u/v) (6.10)

for all x ∈ Uq(ôsp(V )) (equivalently, for all x ∈ U ′
q(ôsp(V )) in the context of

U ′
q(ôsp(V ))-modules). In fact, the space of such solutions is one-dimensional due to

the irreducibility of the tensor product
a,b
u ⊗
a,b

v (which still holdswhen viewing them
asU ′

q(ôsp(V ))-modules as long as u, v are generic), in contrast to Proposition 3.2. As

an immediate corollary, see [22, Proposition 3], the operator R(u/v) = τ ◦ R̂(u/v)

satisfies the Yang–Baxter relation with a spectral parameter:

R12(v/w)R13(u/w)R23(u/v) = R23(u/v)R13(u/w)R12(v/w),

R̂12(v/w)R̂23(u/w)R̂12(u/v) = R̂23(u/v)R̂12(u/w)R̂23(v/w).
(6.11)

We shall now present the explicit formula for such R̂(z), which is the main result
of this note:

Theorem 6.3 For any u, v, set z = u/v. For Uq(ôsp(V ))-modules 

a,b
u , 
a,b

v from
Proposition 6.2 (with the specified value of ab), the operator R̂(z) = τ ◦ R(z) satis-
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fies (6.10), where

R(z) = (z − q−m+n+2)×
{

I + (q1/2 − q−1/2)

N
∑

i=1

(−1)i Eii ⊗
(

q(εi ,εi )/2Eii − q−(εi ,εi )/2Ei ′i ′
)

+ (q − q−1)
∑

i> j

(−1) j Ei j ⊗
(

E ji − (−1) j(i+ j)ϑiϑ j q
(ρ,εi −ε j )Ei ′ j ′

)

⎫

⎬

⎭

+ (q − q−1)
z − q−m+n+2

z − 1
τ

− (q − q−1)q−m+n+2
N
∑

i, j=1

(−1)i jϑiϑ j q
(ρ,εi −ε j ) · Ei j ⊗ Ei ′ j ′ . (6.12)

Combining this result with the preceding paragraph, we conclude that R̂(z) coin-
cides, up to a prefactor, with the action of the universal R-matrix, and thus, R(z)
of (6.12) does satisfy (6.11).

Remark 6.4 We note that rescaling R(z) of (6.12) by the factor 1
z−q−m+n+2 and further

specializing at z = 0 and∞, we recover our finite R-matrices R0 and R∞ from (4.13)
and (4.14), respectively.

Remark 6.5 We note that rescaling R(z) of (6.12) by 1
z−q−m+n+2 , setting q =

e−�/2, z = e�u , and further taking the limit � → 0 recovers the rational R-matrix
of [15, (3.4)] (first considered in [1] for the standard parity sequence) used to define
the orthosymplectic super-Yangian Y (osp(V )):

lim
�→0

{

R(z)

z − q−m+n+2

∣

∣

∣

∣q=e−�/2,z=e�u

}

= I − τ

u
+ 1

u − m−n−2
2

N
∑

i, j=1

(−1)i jϑiϑ j · Ei j ⊗ Ei ′ j ′ .

Remark 6.6 For the standard parity sequence γV = (1̄, . . . , 1̄, 0̄, . . . , 0̄), the exact
relation between our formula (6.12) and the R-matrix R[MDGL](z) of [31] is given by:

R(z) = (qz − q−1)(z − q−m+n+2)

z − 1
R[MDGL](1/z).

We note that the change of the spectral parameter z = u/v �→ v/u = 1/z above is
simply due to the order of the tensorands V (u) and V (v).

The proof of Theorem 6.3 is straightforward and crucially relies on the expression
of R(z) from (6.12) through R0, R∞ of (4.13, 4.14), which is a special case of the
Yang–Baxterization from [17].
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6.3 Yang–Baxterization

In this subsection, we express R(z) via R0 and R∞ through the Yang–Baxterization
procedure of [17]. This formal procedure produces R̂(z) satisfying (6.11) from R̂ sat-
isfying (4.8) when the latter has at most 3 eigenvalues. In our setup, the R-matrices
R̂V V = R̂ = τV V R0 have only eigenvalues λ1, λ2, λ3, in accordance with Proposi-
tion 4.11 combined with Appendix B.2.3 In that setup, the Yang–Baxterization of [17,
(3.29), (3.31)] produces the following two solutions to (6.11):

R̂(1)(z) = λ1z(z − 1)R̂−1 +
(

1 + λ1

λ2
+ λ1

λ3
+ λ21

λ2λ3

)

zI − λ1

λ2λ3
(z − 1)R̂

and

R̂(2)(z) = λ1z(z − 1)R̂−1 +
(

1 + λ1

λ2
+ λ1

λ3
+ λ2

λ3

)

zI − 1

λ3
(z − 1)R̂

provided that R̂ satisfies the additional relations of [17, (3.27)] (cf. correction [17,
(A.9)]), which, in particular, hold whenever R̂ is a representation of a Birman–Wenzl
algebra.

Remark 6.7 For our purpose, we shall not really need to verify these additional rela-
tions, since according to Theorem 6.3, the constructed R̂(z) do manifestly satisfy the
relation (6.11).

Proposition 6.8 The affine R-matrix (6.12) coincides (up to τ and a rational function
in z) with the Yang–Baxterization of R̂V V = τ ◦ R0, cf. (4.12). To be more specific,
for R̂(z) = τ ◦ R(z):

λ1(z − 1)R̂(z) = λ1z(z − 1)R̂−1
V V +

(

1 + λ1

λ2
+ λ1

λ3
+ λ21

λ2λ3

)

zI− λ1

λ2λ3
(z − 1)R̂V V

(6.13)
if |v1| = 1̄ and

λ1(z−1)R̂(z) = λ1z(z−1)R̂−1
V V +

(

1 + λ1

λ2
+ λ1

λ3
+ λ2

λ3

)

zI− 1

λ3
(z−1)R̂V V (6.14)

if |v1| = 0̄, with λ1, λ2, λ3 precisely as in (4.18).

3 According to Propositions B.2, B.3, B.4 and Proposition 4.11, R̂V V acts with two eigenvalues λ1, λ2 on
the codimension 1 submoduleW+⊕W− of V ⊗V , whereW+, W− areUq (osp(V ))-submodules generated

by w1, w2, respectively. Finally, R̂V V acts on the 1-dimensional quotient space V ⊗ V /(W+ ⊕ W−) via
multiplication by λ3 = qm−n−1, due to (B.3, B.8, B.19) and Proposition 4.11(b).
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Proof By straightforward tedious computations, based on (4.13, 4.14, 6.12), one ver-
ifies that

λ1(z − 1)R(z) = λ1z(z − 1)R∞ +
(

1 + λ1

λ2
+ λ1

λ3
+ λ21

λ2λ3

)

zτ − λ1

λ2λ3
(z − 1)R0

(6.15)
if |v1| = 1̄ and

λ1(z − 1)R(z) = λ1z(z − 1)R∞ +
(

1 + λ1

λ2
+ λ1

λ3
+ λ2

λ3

)

zτ − 1

λ3
(z − 1)R0 (6.16)

if |v1| = 0̄. Composing with τ on the left, and using (4.12), we obtain (6.13, 6.14). ��

6.4 Proof of themain result

Due to Proposition 6.8 and Theorem 4.6, it only remains to verify (6.10) for x = e0
and x = f0. We shall now present the direct verification for x = e0, while x = f0 can
be treated analogously to the finite case using the supertransposition (2.5). Since both
sides of (6.10) for x = e0 depend linearly on a, without loss of generality, we shall
now assume that a = 1.

For the latter purpose, let us first evaluate (ρ, ε1). Since

2ε1 = (ε1 − ε2) + (ε2 − ε3) + · · · + (ε2′ − ε1′)

=

⎧

⎪

⎨

⎪

⎩

2α1 + · · · + 2αs if m is odd

2α1 + · · · + 2αs−2 + αs−1 + αs if m is even and s = 0̄

2α1 + · · · + 2αs−1 + αs if m is even and s = 1̄

,

a direct application of (4.11) implies that

2(ρ, ε1) =

⎧

⎪

⎨

⎪

⎩

(−1)1 + (−1)2 · 2 + · · · + (−1)s · 2 if m is odd

(−1)1 + (−1)2 · 2 + · · · + (−1)s−1 · 2 + (−1)s if m is even and s = 0̄

(−1)1 + (−1)2 · 2 + · · · + (−1)s−1 · 2 + (−1)s · 3 if m is even and s = 1̄

= −(−1)1 − 1 + (m − n).

Thus, we have the following uniform formula:

(ρ, ε1) = 1
2

(

m − n − 1 − (−1)1
)

. (6.17)

• Case 1: |v1| = 1̄.
Since 


a,b
u (qh0/2) is a diagonal matrix, we shall write it as 


a,b
u (qh0/2) =

diag(t1, . . . , t1′). We shall also use the same decomposition R∞ = I + R1 + R2 +
R3 + R4 as in Subsection 4.3. By direct computation, we get:

R1�(e0) = (q−1 − 1)
(

q−1E1′1′ ⊗ vE1′1 + uE1′1 ⊗ q E1′1′
)

,
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�op(e0)R1 = (q−1 − 1)
(

q−1E11 ⊗ vE1′1 + uE1′1 ⊗ q E11

)

,

R2�(e0) = −(1 − q)
(

q E11 ⊗ vE1′1 + uE1′1 ⊗ q−1E11

)

,

�op(e0)R2 = −(1 − q)
(

q E1′1′ ⊗ vE1′1 + uE1′1 ⊗ q−1E1′1′
)

,

R3�(e0) = (q − q−1)
∑

1≤ j≤N

(−1) j (t j E1′ j ⊗ vE j1) + (q − q−1)(q−1E1′1′ ⊗ vE1′1),

�op(e0)R3 = (q −q−1)
∑

1≤i≤N

(−1)1(t−1
i Ei1⊗vE1′i )+ (q −q−1)(q−1E11⊗vE1′1),

R4�(e0) = −(q − q−1)
∑

1≤i≤N

(−1)iϑiϑ1q(ρ,εi −ε1)(q Ei1 ⊗ vEi ′1)

− (q − q−1)(q E11 ⊗ vE1′1),

�op(e0)R4 = −(q − q−1)
∑

1≤ j≤N

(−1) jϑ1′ϑ j q
(ρ,ε1′−ε j )(q E1′ j ⊗ vE1′ j ′)

− (q − q−1)(q E1′1′ ⊗ vE1′1).

Assembling all the terms (and using (6.17) for the last two equalities), we get:

�(e0) − �op(e0) = (q − q−1)v · (E11 − E1′1′ ) ⊗ E1′1 − (q − q−1)u · E1′1 ⊗ (E11 − E1′1′ ),

R1�(e0) − �op(e0)R1 = (q−1 − q−2)v · (E11 − E1′1′ ) ⊗ E1′1 + (q − 1)u · E1′1 ⊗ (E11 − E1′1′ ),

R2�(e0) − �op(e0)R2 = (q2 − q)v · (E11 − E1′1′ ) ⊗ E1′1 + (1 − q−1)u · E1′1 ⊗ (E11 − E1′1′ ),

R3�(e0) − �op(e0)R3 = −(1 − q−2)v · (E11 − E1′1′ ) ⊗ E1′1

+ (q − q−1)v ·
∑

1≤ j≤N

(−1) j t j · E1′ j ⊗ E j1 + (q − q−1)v ·
∑

1≤i≤N

t−1
i · Ei1 ⊗ E1′i ,

R4�(e0) − �op(e0)R4 = −(q2 − 1)v · (E11 − E1′1′ ) ⊗ E1′1

− (q − q−1)v · q−(m−n−2)/2
∑

1≤i≤N

(−1)i ϑi ϑ1q(ρ,εi ) · Ei1 ⊗ Ei ′1

+ (q − q−1)v · q−(m−n−2)/2
∑

1≤ j≤N

(−1) j ϑ1′ ϑ j q
−(ρ,ε j ) · E1′ j ⊗ E1′ j ′ .

Collecting the terms together, we obtain:

R∞�(e0) − �op(e0)R∞
= −(q − q−1)v · q−(m−n−2)/2

∑

1≤i≤N

(−1)iϑiϑ1q(ρ,εi ) · Ei1 ⊗ Ei ′1

+ (q − q−1)v · q−(m−n−2)/2
∑

1≤ j≤N

(−1) jϑ1′ϑ j q
−(ρ,ε j ) · E1′ j ⊗ E1′ j ′

+ (q − q−1)v ·
∑

1≤ j≤N

(−1) j t j · E1′ j ⊗ E j1
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+ (q − q−1)v ·
∑

1≤i≤N

t−1
i · Ei1 ⊗ E1′i . (6.18)

Though one can evaluate R0�(e0) − �op(e0)R0 in a similar way, we shall rather
present a simple derivation of the resulting formula by utilizing the automorphism σ

ofUq(osp(V )) from (4.24). To this end, we note that σ can be extended to aC-algebra
automorphism of Uq(ôsp(V )) by assigning

σ : e0 �→ e0, f0 �→ f0, q±h0/2 �→ q∓h0/2, γ ±1 �→ γ ∓1, D±1 �→ D∓1.

Then, equalities (4.27) still hold, cf. (4.25). Therefore, applying σ̄ of (4.23) to all
matrix coefficients in the equality (6.18), conjugating with τ , and using (4.27) together
with (4.22), we get:

R0(τ�op(e0)τ
−1) − (τ�(e0)τ

−1)R0

= −(q − q−1)v · q(m−n−2)/2
∑

1≤i≤N

(−1)iϑiϑ1q(ρ,εi ) · Ei1 ⊗ Ei ′1

+ (q − q−1)v · q(m−n−2)/2
∑

1≤ j≤N

(−1) jϑ1′ϑ j q
−(ρ,ε j ) · E1′ j ⊗ E1′ j ′

+ (q − q−1)v ·
∑

1≤ j≤N

t−1
j · E j1 ⊗ E1′ j

+ (q − q−1)v ·
∑

1≤i≤N

(−1)i ti · E1′i ⊗ Ei1. (6.19)

We also note the following equality of endomorphisms of V (v) ⊗ V (u):

τ ◦ (
a,b
u ⊗ 
a,b

v )
(

�(x)
) ◦ τ−1 = (
a,b

v ⊗ 
a,b
u )
(

�op(x)
)

for any x ∈ Uq(ôsp(V )).

Hence, switching the roles of the spectral variables u and v in (6.19), we obtain:

R0�(e0) − �op(e0)R0

= −(q − q−1)u · q(m−n−2)/2
∑

1≤i≤N

(−1)iϑiϑ1q(ρ,εi ) · Ei1 ⊗ Ei ′1

+ (q − q−1)u · q(m−n−2)/2
∑

1≤ j≤N

(−1) jϑ1′ϑ j q
−(ρ,ε j ) · E1′ j ⊗ E1′ j ′

+ (q − q−1)u ·
∑

1≤ j≤N

t−1
j · E j1 ⊗ E1′ j

+ (q − q−1)u ·
∑

1≤i≤N

(−1)i ti · E1′i ⊗ Ei1. (6.20)

123



Orthosymplectic R-matrices Page 63 of 97    55 

Combining (6.18) and (6.20) with formula (6.15) and the equality

τ�(e0)−�op(e0)τ = (v−u)
∑

1≤ j≤N

(−1) j t j ·E1′ j⊗E j1+(v−u)
∑

1≤i≤N

t−1
i ·Ei1⊗E1′i ,

we ultimately get the desired result:

R(z)�(e0) − �op(e0)R(z) = 0.

• Case 2: |v1| = 0̄.
We use the same notations as above. By direct computation, we obtain:

R1�(e0) = (q1/2 − q−1/2)

{

(−1)2q(−1)2v · E2′2′ ⊗ E2′1 − (−1)1q(−1)1ϑ2v · E1′1′ ⊗ E1′2

+ (−1)2u · E2′1 ⊗ E2′2′ − (−1)1ϑ2u · E1′2 ⊗ E1′1′
}

,

�op(e0)R1 = (q1/2 − q−1/2)

{

(−1)1q(−1)1v · E11 ⊗ E2′1 − (−1)2q(−1)2ϑ2v · E22 ⊗ E1′2

+ (−1)1u · E2′1 ⊗ E11 − (−1)2ϑ2u · E1′2 ⊗ E22

}

,

R2�(e0) = −(q1/2 − q−1/2)

{

(−1)2q−(−1)2v · E22 ⊗ E2′1 − (−1)1q−(−1)1ϑ2v · E11 ⊗ E1′2

+ (−1)2u · E2′1 ⊗ E22 − (−1)1ϑ2u · E1′2 ⊗ E11

}

,

�op(e0)R2 = −(q1/2 − q−1/2)

{

(−1)1q−(−1)1v · E1′1′ ⊗ E2′1 − (−1)2q−(−1)2ϑ2v · E2′2′ ⊗ E1′2

+ (−1)1u · E2′1 ⊗ E1′1′ − (−1)2ϑ2u · E1′2 ⊗ E2′2′
}

,

R3�(e0) = (q − q−1)·
{

∑

1≤ j≤N

(−1) j t j v · E2′ j ⊗ E j1 − (−1)2q(−1)2/2v · E2′2′ ⊗ E2′1

− (−1)1q(−1)1/2v · E2′1′ ⊗ E1′1 −
∑

1≤ j≤N

(−1) j ϑ2t j v · E1′ j ⊗ E j2

+ (−1)1q(−1)1/2ϑ2v · E1′1′ ⊗ E1′2 + (−1)1q−(−1)1/2u · E1′1 ⊗ E2′1′
}

,

�op(e0)R3 = (q − q−1)

{

∑

1≤i≤N

(−1)2 i t−1
i v · Ei1 ⊗ E2′i − q(−1)1/2v · E11 ⊗ E2′1

−
∑

1≤i≤N

(−1)2 i ϑ2t
−1
i v · Ei2 ⊗ E1′i + q(−1)1/2ϑ2v · E12 ⊗ E1′1

+ (−1)2q(−1)2/2ϑ2v · E22 ⊗ E1′2 − (−1)1q−(−1)1/2ϑ2u · E1′1 ⊗ E12

}

,

R4�(e0) = −(q − q−1)

{

∑

1≤i≤N

(−1)i 2ϑi ϑ2q(ρ,εi )q(−1)1/2q−(m−n−2)/2v · Ei2 ⊗ Ei ′1

− q(−1)1/2ϑ2v · E12 ⊗ E1′1 − (−1)2q−(−1)2/2v · E22 ⊗ E2′1
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−
∑

1≤i≤N

ϑi ϑ2q(ρ,εi )q−(−1)1/2q−(m−n−2)/2v · Ei1 ⊗ Ei ′2

+ q−(−1)1/2ϑ2v · E11 ⊗ E1′2 + q−(−1)1/2ϑ2u · E1′1 ⊗ E12

}

,

�op(e0)R4 = −(q − q−1) ·
{

∑

1≤ j≤N

(−1)2 j ϑ j q
−(ρ,ε j )q−(−1)1/2q−(m−n−2)/2v · E1′ j ⊗ E2′ j ′

− q−(−1)1/2v · E1′1′ ⊗ E2′1

−
∑

1≤ j≤N

ϑ j q
−(ρ,ε j )q(−1)1/2q−(m−n−2)/2v · E2′ j ⊗ E1′ j ′

+ q(−1)1/2v · E2′1′ ⊗ E1′1 + q−(−1)2/2ϑ2′v · E2′2′ ⊗ E1′2 − q−(−1)1/2u · E1′1 ⊗ E2′1′
}

,

where we used (4.11, 6.17) in the last two equalities. Combining the above eight
formulas, we get:

R∞�(e0) − �op(e0)R∞
= (q − q−1)v ·

∑

1≤ j≤N

(−1) j t j · E2′ j ⊗ E j1

− (q − q−1)ϑ2v ·
∑

1≤ j≤N

(−1) j t j · E1′ j ⊗ E j2

− (q − q−1)v ·
∑

1≤i≤N

(−1)2 i t−1
i · Ei1 ⊗ E2′i

+ (q − q−1)ϑ2v ·
∑

1≤i≤N

(−1)2 i t−1
i · Ei2 ⊗ E1′i

− (q − q−1) · q−(m−n−2)/2ϑ2v ·
∑

1≤i≤N

(−1)i 2ϑi q
(ρ,εi )q1/2 · Ei2 ⊗ Ei ′1

+ (q − q−1) · q−(m−n−2)/2ϑ2v ·
∑

1≤i≤N

ϑi q
(ρ,εi )q−1/2 · Ei1 ⊗ Ei ′2

+ (q − q−1) · q−(m−n−2)/2v ·
∑

1≤ j≤N

(−1)2 jϑ j q
−(ρ,ε j )q−1/2 · E1′ j ⊗ E2′ j ′

− (q − q−1) · q−(m−n−2)/2v ·
∑

1≤ j≤N

ϑ j q
−(ρ,ε j )q1/2 · E2′ j ⊗ E1′ j ′ .

Evoking the paragraph after (6.18), we immediately obtain (similar to Case 1):

R0�(e0) − �op(e0)R0

= −(q − q−1)u ·
∑

1≤ j≤N

(−1)2 j t−1
j · E j1 ⊗ E2′ j

+ (q − q−1)ϑ2u ·
∑

1≤ j≤N

(−1)2 j t−1
j · E j2 ⊗ E1′ j
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+ (q − q−1)u ·
∑

1≤i≤N

(−1)i ti · E2′i ⊗ Ei1

− (q − q−1)ϑ2u ·
∑

1≤i≤N

(−1)i ti · E1′i ⊗ Ei2

+ (q − q−1) · q(m−n−2)/2ϑ2u ·
∑

1≤i≤N

ϑi q
(ρ,εi )q−1/2 · Ei1 ⊗ Ei ′2

− (q − q−1) · q(m−n−2)/2ϑ2u ·
∑

1≤i≤N

(−1)i 2ϑi q
(ρ,εi )q1/2 · Ei2 ⊗ Ei ′1

− (q − q−1) · q(m−n−2)/2u ·
∑

1≤ j≤N

ϑ j q
−(ρ,ε j )q1/2 · E2′ j ⊗ E1′ j ′

+ (q − q−1) · q(m−n−2)/2u ·
∑

1≤ j≤N

(−1)2 jϑ j q
−(ρ,ε j )q−1/2 · E1′ j ⊗ E2′ j ′ .

Likewise, we also obtain:

τ�(e0) − �op(e0)τ = (v − u) ·
⎧

⎨

⎩

∑

1≤ j≤N

(−1) j t j E2′ j ⊗ E j1 −
∑

1≤ j≤N

(−1) j ϑ2t j E1′ j ⊗ E j2

−
∑

1≤i≤N

(−1)i 2t−1
i Ei1 ⊗ E2′i +

∑

1≤i≤N

(−1)i 2ϑ2t
−1
i Ei2 ⊗ E1′i

⎫

⎬

⎭

.

Combining the above three equalitieswith formula (6.16),weultimately get the desired
result:

R(z)�(e0) − �op(e0)R(z) = 0.

This completes the proof of Theorem 6.3.
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A A-type counterpart

In this Appendix, we present an analogous (though simpler) derivation of both finite
and affine R-matrices associated with the first fundamental representation of A-type
quantum supergroups. While these R-matrices are well known to experts, type A
served as a prototype for our treatment of orthosymplectic type. We note that solu-
tions (A.19) of the Yang–Baxter equation with a spectral parameter go back to the
physics paper [37], thus preceding the development of quantum groups.

A.1 A-type Lie superalgebras

We shall follow the notations of Sect. 2.1 with the exception that we do not assume n
to be even and we do not assume (2.1). Recall the Lie superalgebra gl(V ) of Sect. 2.2.
The elements {Ei j }N

i, j=1 form a basis of gl(V ). We choose the Cartan subalgebra h

of gl(V ) to consist of all diagonal matrices. Thus, {Eii }N
i=1 is a basis of h and {εi }N

i=1
is a dual basis of h∗. The computation [Eii , Eab] = (εa − εb)(Eii )Eab shows that
Eab is a root vector corresponding to the root εa − εb. Hence, we get the root space
decomposition gl(V ) = h ⊕⊕α∈� gl(V )α with the root system

� = {εa − εb
∣

∣ a 
= b
}

. (A.1)

It decomposes � = �0̄ ∪ �1̄ into even and odd roots. We also choose the following
polarization:

�+ = {εa − εb
∣

∣ a < b
}

, �− = {εa − εb
∣

∣ a > b
}

. (A.2)

We note that �̄ = �, cf. (2.10), and all odd roots are isotropic in the present setup.
Consider the non-degenerate supertrace bilinear form (·, ·) : gl(V ) × gl(V ) → C

defined by (X , Y ) = sTr(XY ). Its restriction to the Cartan subalgebra h of gl(V )

is non-degenerate, giving rise to an identification h � h∗ via εi ↔ (−1)i Eii and
inducing a bilinear form (·, ·) on h∗ such that

(εi , ε j ) = δi j (−1)i for any 1 ≤ i, j ≤ N .

Following the above choice of polarization (A.2) of the root system (A.1), the simple
roots are αi = εi − εi+1 (1 ≤ i < N ) and the corresponding root vectors are given
by:

ei = Ei,i+1, fi = (−1)i Ei+1,i , hi = (−1)i Eii −(−1)i+1Ei+1,i+1 ∀ 1 ≤ i < N .

(A.3)
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As before, we define the symmetrized Cartan matrix (ai j )
N−1
i, j=1 via ai j = (αi , α j ).

Then, the above elements {ei , fi ,hi }N−1
i=1 are easily seen to satisfy the Chevalley-type

relations:

[hi ,h j ] = 0, [hi , e j ] = ai je j , [hi , f j ] = −ai j f j , [ei , f j ] = δi jhi . (A.4)

Define a Lie subalgebra sl(V ) of gl(V ) via sl(V ) = {x ∈ gl(V ) | sTr(X) = 0}.
For m = n, we note that the identity map I belongs to sl(V ). This basic A-type Lie
superalgebra sl(V ) admits a generators-and-relations presentation, due to [44, Main
Theorem]. Explicitly, it is generated by {ei , fi ,hi }N−1

i=1 , with the Z2-grading

|ei | = |fi | =
{

0̄ if αi ∈ �0̄

1̄ if αi ∈ �1̄
, |hi | = 0̄, (A.5)

with the defining relations (A.4) as well as the following Serre relations:

[ei , e j ] = 0, [fi , f j ] = 0 if ai j = 0, (A.6)

[ei , [ei , e j ]] = 0, [fi , [fi , f j ]] = 0 if j = i ± 1 and αi ∈ �0̄, (A.7)

[[[ei−1, ei ], ei+1], ei ] = 0, [[[fi−1, fi ], fi+1], fi ] = 0 if αi ∈ �1̄. (A.8)

A.2 A-type quantum supergroups

The A-type quantum supergroup Uq(sl(V )) is a natural quantization of the universal
enveloping superalgebra U (sl(V )). Explicitly, Uq(sl(V )) is a C(q±1/2)-superalgebra
generated by {ei , fi , q±hi /2}N−1

i=1 , with the Z2-grading as in (A.5), subject to the ana-
logues of (2.18)–(2.20):

[qhi /2, qh j /2] = 0, q±hi /2q∓hi /2 = 1,

qhi /2e j q
−hi /2 = qai j /2e j , qhi /2 f j q

−hi /2 = q−ai j /2 f j ,

[ei , f j ] = δi j
qhi − q−hi

q − q−1 ,

as well as the following q-Serre relations (cf. [42, Proposition 10.4.1]):

[[ei , e j ]] = 0, [[ fi , f j ]] = 0 if ai j = 0, (A.9)

[[ei , [[ei , e j ]]]] = 0, [[ fi , [[ fi , f j ]]]] = 0 if j = i ± 1 and αi ∈ �0̄, (A.10)

[[[[[[ei−1, ei ]], ei+1]], ei ]] = 0, [[[[[[ fi−1, fi ]], fi+1]], fi ]] = 0 if αi ∈ �1̄. (A.11)

Here, we use the notation [[·, ·]] from (2.22), which relies on the natural Q-grading
of Uq(sl(V )) defined analogously to (2.21), see (A.12) below. Moreover, Uq(sl(V ))

is equipped with a Hopf superalgebra structure via the same formulas as in Subsec-
tion 2.4.
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A.3 First fundamental representations

Using the notation of Sect. 3, we have the following analogue of Proposition 3.1:

Proposition A.1 The following defines a representation 
 : Uq(sl(V )) → End(V ):


(ei ) = ei , 
( fi ) = fi , 
(q±hi /2) = q±hi /2 for 1 ≤ i < N ,

where {ei , fi ,hi }N−1
i=1 denote the action of Chevalley-type generators of sl(V ) given

by (A.3).

The proof of this result is analogous (but simpler) to that of Proposition 3.1. In
particular, all q-Serre relations hold for degree reasons. Here, we note that both the
algebra Uq(sl(V )) and the vector space V have compatible (cf. (3.3)) grading by
P =⊕N

i=1 Zεi via (for any a < N , i ≤ N ):

deg(ea) = εa − εa+1, deg( fa) = −εa + εa+1, deg(qha/2) = 0, deg(vi ) = εi .

(A.12)

A.4 Tensor square of the first fundamental representation

The following result is an A-type analogue of Proposition 3.2:

Proposition A.2 (a) The following are highest weight vectors in Uq(sl(V ))-module
V ⊗ V :

w1 = v1 ⊗ v1, w2 = v1 ⊗ v2 − (−1)1(1+2)q(−1)1 · v2 ⊗ v1. (A.13)

(b) The Uq(sl(V ))-representation V ⊗ V is generated by these vectors w1, w2
of (A.13).

Proof (a) Let us show that the vectorsw1 andw2 are indeed highest weight vectors for
the action
⊗2 ofUq(sl(V )) on V ⊗V . First, we note that these vectors are eigenvectors
with respect to qhi /2:


⊗2(qhi /2)w1 = q2ε1(hi /2)w1, 
⊗2(qhi /2)w2 = q(ε1+ε2)(hi /2)w2 ∀ 1 ≤ i < N .

It remains to verify that w1 and w2 are annihilated by all 
⊗2(ei ). The equality

⊗2(ei )(w1) = 0 follows from 
(ei )(v1) = 0. Likewise, 
⊗2(ei )(w2) = 0 for
i > 1 follows from 
(ei )v1 = 
(ei )v2 = 0. Meanwhile, combining 
(e1)v2 = v1,


(e1)v1 = 0, 
(qh1/2)v1 = q(−1)1/2v1, and (2.23), we also get:


⊗2(e1)w2 = (
(qh1/2) ⊗ 
(e1))(v1 ⊗ v2)

− (−1)1(1+2)q(−1)1(
(e1) ⊗ 
(q−h1/2))(v2 ⊗ v1)

=
(

(−1)(1+2)1 · q(−1)1/2 − (−1)1(1+2)q(−1)1 · q−(−1)1/2
)

· v1 ⊗ v1 = 0.
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(b) Part (b) is established in Proposition B.1 from Appendix B. ��

A.5 Explicit finite R-matrices

Let ρ be the Weyl vector of �, defined by the same formula (4.10). We note
that it still satisfies (4.11). We also define the Uq(sl(V ))-module isomorphism

R̂V V : V ⊗ V ∼−→ V ⊗ V precisely as in Proposition 4.3. The following is an A-type
counterpart of Theorem 4.6:

Theorem A.3 The Uq(sl(V ))-module isomorphism R̂V V : V ⊗ V ∼−→ V ⊗ V and its
inverse R̂−1

V V for the Uq(sl(V ))-module V constructed in Proposition A.1 are given by

R̂V V = τV V ◦ R0 and R̂−1
V V = τV V ◦ R∞ (A.14)

with the following explicit operators

R0 = I+(q−1/2−q1/2)

N
∑

i=1

(−1)i q−(εi ,εi )/2Eii ⊗Eii +(q−1−q)
∑

i< j

(−1) j Ei j ⊗E ji ,

(A.15)

R∞ = I+(q1/2−q−1/2)

N
∑

i=1

(−1)i q(εi ,εi )/2Eii ⊗ Eii +(q −q−1)
∑

i> j

(−1) j Ei j ⊗ E ji .

(A.16)

Remark A.4 We note that all the summands in (A.15, A.16) already featured
in (4.13, 4.14).

Remark A.5 In analogy to Remark 4.7, let us also present here the formula for the
operator R = � ◦ ˜f and its inverse R−1, corresponding to the usual coproduct �J

of (2.24), as follows:

R = ˜f −1/2 ◦ R0 ◦ ˜f 1/2

= I + (q−1/2 − q1/2)

N
∑

i=1

(−1)i q−(εi ,εi )/2Eii ⊗ Eii

+ (q−1 − q)
∑

i< j

(−1) j Ei j ⊗ E ji = R0,

R−1 = τ ◦ ˜f −1/2 ◦ R∞ ◦ ˜f 1/2 ◦ τ

= I + (q1/2 − q−1/2)

N
∑

i=1

(−1)i q(εi ,εi )/2Eii ⊗ Eii

+ (q − q−1)
∑

i< j

(−1) j Ei j ⊗ E ji .
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The proof is analogous to that of Theorem 4.6 and follows from the next four
Propositions.

Proposition A.6 For any element x ∈ Uq(sl(V )), the following equalities hold
(cf. (4.2)):

R0�(x) = �op(x)R0 and R∞�(x) = �op(x)R∞.

Proof We shall only verify R∞�(x) = �op(x)R∞ when x = ea (the proof for
the other generators x = q±ha/2, fa as well as for R0 instead of R∞ is completely
analogous to our treatment in the proof of Proposition 4.8). Since qha/2 is a diagonal
matrix, we shall write it as qha/2 = diag(t1, . . . , tN ). By direct computation, we get:

R∞�(ea) = (
 ⊗ 
)(�(ea))

+ (q(−1)a − 1)

{

q(−1)a/2 · Eaa ⊗ Ea,a+1 + q−(−1)a/2 · Ea,a+1 ⊗ Eaa

}

+ (q − q−1)
∑

j<a

(−1) j t j · Eaj ⊗ E j,a+1

+ (q − q−1)
∑

i>a

(−1)a(−1)(a+i)(a+a+1)t−1
i · Ei,a+1 ⊗ Eai ,

�op(ea)R∞ = (
 ⊗ 
)(�op(ea))

+ (q(−1)a+1 − 1)

{

q(−1)a+1/2 · Ea+1,a+1 ⊗ Ea,a+1

+ q−(−1)a+1/2 · Ea,a+1 ⊗ Ea+1,a+1

}

+ (q − q−1)
∑

i>a+1

(−1)a+1(−1)(a+a+1)(i+a+1)t−1
i · Ei,a+1 ⊗ Eai

+ (q − q−1)
∑

j<a+1

(−1) j t j · Eaj ⊗ E j,a+1.

Combining these two formulas with

(
 ⊗ 
)
(

�(ea) − �op(ea)
)

= (q1/2 − q−1/2)

{

(

(−1)a Eaa − (−1)a+1Ea+1,a+1

)

⊗ Ea,a+1

− Ea,a+1 ⊗
(

(−1)a Eaa − (−1)a+1Ea+1,a+1

)

}

,

we obtain the desired equality R∞�(ea) − �op(ea)R∞ = 0 for all 1 ≤ a < N . ��
Next, we evaluate the eigenvalues of τ R0, τ R∞, R̂V V on the highest weight vectors

from (A.13).
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Proposition A.7 The highest weight vectors w1 and w2 from (A.13) are eigenvectors

of τV V ◦ R0 with the eigenvalues μ0
1 = (−1)1q−(−1)1 and μ0

2 = −(−1)1q(−1)1 ,
respectively (cf. (4.16)).

Proposition A.8 The highest weight vectors w1 and w2 are eigenvectors of τV V ◦ R∞
with the eigenvalues μ∞

1 = (−1)1q(−1)1 = 1/μ0
1 and μ∞

2 = −(−1)1q−(−1)1 =
1/μ0

2, respectively.

Proposition A.9 The highest weight vectors w1 and w2 are eigenvectors of R̂V V with

the eigenvalues λ1 = (−1)1q−(−1)1 = μ0
1 and λ2 = −(−1)1q(−1)1 = μ0

2, respec-
tively (cf. (4.18)).

The above three results are proved completely analogously to
Propositions 4.9–4.11.

A.6 Factorization of finite R-matrices

For the order 1 < 2 < · · · < N − 1 on the alphabet I = {1, 2, . . . , N − 1}, the
dominant Lyndon words were computed in [7, Proposition 6.1]:

L+ = {[i . . . j] | 1 ≤ i ≤ j ≤ N − 1
}

.

This results in the following lexicographical order on the (reduced) root system:

α1 < α1+α2 < · · · < α1+· · ·+αN−1 < α2 < · · · < αN−2 < αN−2+αN−1 < αN−1.

Let γi j = αi + · · · + α j for 1 ≤ i ≤ j ≤ N − 1. Then, the assignment γ �→ (α, β)

corresponding to the costandard factorization of Lyndon words is explicitly given by
γi j �→ (γi, j−1, α j ) for i < j .

The following is the counterpart of Lemmas 5.7–5.9, which has been carried out
in [7, §6.1].

Lemma A.10 For � = [i . . . j] with 1 ≤ i < j ≤ N − 1, we have:

(R�, R�)
tw =

j−1
∏

k=i

(αk, αk+1) · (q − q−1) j−i · q N (deg �).

Combining this lemmawith (5.26), we obtain the following counterpart of Lemmas
5.13–5.15:

Lemma A.11 If γ = εi − ε j with 1 ≤ i < j ≤ N, then

( fγ , eγ )J = (−1)i+···+ j · (q−1 − q)−1.
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The rest of this subsection proceeds completely analogously to Subsection 5.9;
hence, we shall only state the results (skipping identical proofs). First, we compute
the action of the root vectors:

Lemma A.12 For γ = εi − ε j with 1 ≤ i < j ≤ N, we have:


(eγ ) = Ei j , 
( fγ ) = (−1)i+···+ j−1 · E ji .

Combining the above two lemmas, we obtain:

Lemma A.13 The operators �γ of (5.32) act on the Uq(sl(V ))-module V ⊗ V as
follows:

�εi −ε j = I − (−1) j (q − q−1) · Ei j ⊗ E ji ∀ 1 ≤ i < j ≤ N .

For any 1 ≤ i ≤ N − 1, we now evaluate explicitly the product �i =
�εi −εN · · · �εi −εi+1 :

Lemma A.14 For 1 ≤ i ≤ N − 1, we have:

�i = I − (q − q−1)

N
∑

j=i+1

(−1) j Ei j ⊗ E ji .

Combining the above result with the factorization � = �N−1 · · ·�1, we finally
get:

Proposition A.15 The action of the operator � on the Uq(sl(V ))-module V ⊗ V is
given by

� = I − (q − q−1)
∑

i< j

(−1) j Ei j ⊗ E ji . (A.17)

Combining the above formula with (5.42), we obtain

RV V = τV V ◦ R̂V V = ˜f 1/2 ◦ � ◦ ˜f 1/2

=
∑

i, j

q−(εi ,ε j )Eii ⊗ E j j + (q−1 − q)
∑

i< j

(−1) j Ei j ⊗ E ji

= I + (q−1/2 − q1/2)
N
∑

i=1

(−1)i q−(εi ,εi )/2Eii ⊗ Eii + (q−1 − q)
∑

i< j

(−1) j Ei j ⊗ E ji ,

which precisely recovers R0 from (A.15). This provides an alternative proof of The-
orem A.3.
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A.7 Explicit affine R-matrices

Let θ = ε1 − εN = α1 + · · · + αN−1 be the highest root of sl(V ) with respect to the
polarization (A.2). Define the symmetrized extended Cartan matrix (ai j )

N−1
i, j=0 of sl(V )

as in Subsection 6.1. The A-type quantum affine supergroup, denoted by Uq(̂sl(V )),
is a C(q±1/2)-superalgebra generated by {ei , fi , q±hi /2}N−1

i=0 ∪ {γ ±1, D±1}, with the
Z2-grading

|γ ±1| = |D±1| = |hi | = 0̄, |ei | = | fi | =
{

0̄ if αi is even

1̄ if αi is odd
for 0 ≤ i < N ,

where α0 is a root of the same parity as θ , subject to the analogues of (6.1)–(6.5):

D±1 · D∓1 = 1, [D, qhi /2] = 0, Dei D−1 = qδ0i ei , D fi D−1 = q−δ0i fi ,

γ ±1 · γ ∓1 = 1, γ = qh0/2qh1/2 · · · qhN−1/2, γ − central element,

[qhi /2, qh j /2] = 0, q±hi /2q∓hi /2 = 1,

qhi /2e j q
−hi /2 = qai j /2e j , qhi /2 f j q

−hi /2 = q−ai j /2 f j ,

[ei , f j ] = δi j
qhi − q−hi

q − q−1 ,

together with the q-Serre relations specified in (A.9)–(A.11), whereas the indices i ±1
are now understood modulo N , and the following relations if mn = 2:

[[e j , [[ek, [[e j , [[ek, ei ]]]]]]]] = [[ek, [[e j , [[ek, [[e j , ei ]]]]]]]],
[[ f j , [[ fk, [[ f j , [[ fk, fi ]]]]]]]] = [[ fk, [[ f j , [[ fk, [[ f j , fi ]]]]]]]], (A.18)

with {i, j, k} = {0, 1, 2}, αi being even, and α j , αk being odd. The Hopf superalgebra
structure on Uq(̂sl(V )) is given by the same formulas as in Subsection 6.1. Similarly
to the last paragraph of Subsection 6.1, we also define the superalgebra U ′

q(̂sl(V )) by
ignoring the degree generators D±1.

Proposition A.16 For any u ∈ C
× and a, b ∈ C

× satisfying ab = (−1)N , the
Uq(sl(V ))-action 
 on V from Proposition A.1 can be extended to a U ′

q(̂sl(V ))-action



a,b
u on V (u) = V by setting


a,b
u (x) = 
(x) for all x ∈ {ei , fi , q±hi /2}N−1

i=1

and defining the action of the remaining generators e0, f0, q±h0/2, γ ±1 as follows:


a,b
u (e0) = au · EN1, 
a,b

u ( f0) = bu−1 · E1N ,


a,b
u (q±h0/2) = q∓((−1)1E11−(−1)N EN N )/2, 
a,b

u (γ ±1) = I.
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Proof The proof is analogous (though much simpler) to that of Proposition 6.1. We
extend the P-grading (A.12) onUq (sl(V )) to that onU ′

q(̂sl(V )) via deg(e0) = εN −ε1,
deg( f0) = ε1−εN , and deg(q±h0/2) = deg(γ ±1) = 0.With respect to this grading, all
q-Serre relations except for (A.18) hold for degree reasons. Meanwhile, the remaining
relation (A.18), which occurs only if mn = 2, is straightforwardly verified in the basis
vectors v1, v2, v3 of V . ��

We also note the following analogue of Proposition 6.2:

Proposition A.17 Let u be an indeterminate and redefine V (u) via
V (u) = V ⊗C C[u, u−1]. Then, the formulas defining 


a,b
u on the generators from

Proposition A.16 together with


a,b
u (D±1)(v ⊗ uk) = q±k · v ⊗ uk ∀ v ∈ V , k ∈ Z

give rise to the same-named action 

a,b
u of Uq(̂sl(V )) on V (u).

We shall now present the explicit formula for R̂(z), cf. Theorem 6.3:

Theorem A.18 For any u, v, set z = u/v. For Uq(̂sl(V ))-modules 

a,b
u , 
a,b

v from

Proposition A.17 (with ab = (−1)N ), the operator R̂(z) = τ ◦ R(z) satisfies (6.10),
where

R(z) = (z − 1)

{

I + (q1/2 − q−1/2)
∑

1≤i≤N

(−1)i q(εi ,εi )/2 · Eii ⊗ Eii

+ (q − q−1)
∑

i> j

(−1) j Ei j ⊗ E ji

}

+ (q − q−1)τ. (A.19)

Similarly to the observation made after Theorem 6.3, we conclude that R̂(z) coin-
cides, up to a prefactor, with the action of the universal R-matrix, and thus R(z)
of (A.19) does satisfy (6.11).

Remark A.19 We note that rescaling R(z) of (A.19) by 1
z−1 , setting q = e−�/2, z =

e�u , and further taking the limit � → 0 recovers the rational R-matrix (super-analogue
of the Yang’s R-matrix):

lim
�→0

{

R(z)

z − 1

∣

∣

∣

∣q=e−�/2,z=e�u

}

= I − τ

u
.

The proof of TheoremA.18 is straightforward and crucially relies on the expression
of R(z) from (A.19) through R0, R∞ of (A.15, A.16), which is a special case of the
Yang–Baxterization from [17]. Recall that the R-matrix R̂V V = R̂ = τV V R0 has
two distinct eigenvalues λ1 and λ2, in accordance with Propositions A.2, A.7, A.9.
In that setup, the Yang–Baxterization of [17, (3.15)] produces the following solution
to (6.11): R̂(z) = λ−1

2 R̂ + zλ1 R̂−1.
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Proposition A.20 The affine R-matrix R(z) of (A.19) coincides (up to τ and a scalar
multiple) with the Yang–Baxterization of R̂V V = τ ◦ R0. To be more specific, for
R̂(z) = τ ◦ R(z):

λ1 R̂(z) = λ−1
2 R̂V V + zλ1 R̂−1

V V . (A.20)

with λ1, λ2 precisely as in Proposition A.9.

Proof By straightforward computation, based on (A.15, A.16, A.19), one verifies that

λ1R(z) = λ−1
2 R0 + zλ1R∞. (A.21)

Composing with τ on the left, and using (A.14), we obtain (A.20). ��
Remark A.21 Due to (A.21), one recovers R0, R∞ of (A.15, A.16) as renormalized
limits of R(z):

R0 = −R(z)|z=0, R∞ = lim
z→∞ {R(z)/z} .

A.8 Proof of themain result in A-type

Due to Proposition A.20 and Theorem A.3, it only remains to verify (6.10) for x = e0
and x = f0. We shall now present the direct verification for x = e0, while x = f0
can be treated analogously to the finite case. We shall also assume that a = 1, as in
the orthosymplectic case.

Since 

a,b
u (qh0/2) is a diagonal matrix, we shall write it as 


a,b
u (qh0/2) =

diag(t1, . . . , tN ). By direct computation, we get:

R∞�(e0) = �(e0) + (q(−1)N − 1)

{

q(−1)N /2v · EN N ⊗ EN1 + q−(−1)N /2u · EN1 ⊗ EN N

}

+ (q − q−1)
∑

1≤ j≤N

(−1) j t j v · EN j ⊗ E j1 − (q − q−1)(−1)N q(−1)N /2v · EN N ⊗ EN1,

�op(e0)R∞ = �op(e0) + (q(−1)1 − 1)

{

q(−1)1/2v · E11 ⊗ EN1 + q−(−1)1/2u · EN1 ⊗ E11

}

+ (q − q−1)
∑

1≤i≤N

(−1)N i+1 N+1 i t−1
i v · Ei1 ⊗ ENi − (q − q−1)(−1)1q(−1)1/2v · E11 ⊗ EN1.

Collecting the terms together, we thus obtain:

R∞�(e0) − �op(e0)R∞ = (q − q−1)v ·
∑

1≤ j≤N

(−1) j t j · EN j ⊗ E j1

− (q − q−1)v ·
∑

1≤i≤N

(−1)N i+1 N+1 i t−1
i · Ei1 ⊗ ENi .

Evoking the paragraph after (6.18), we immediately obtain:

R0�(e0) − �op(e0)R0 = (q − q−1)u ·
∑

1≤ j≤N

(−1) j t j · EN j ⊗ E j1
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− (q − q−1)u ·
∑

1≤i≤N

(−1)N i+1 N+1 i t−1
i · Ei1 ⊗ ENi .

Combining the above two equalities with formula (A.21), we get the desired result:

R(z)�(e0) − �op(e0)R(z) = 0.

B Generating vectors for tensor square

B.1 Two vectors in A-type

We first define the following elements u±
i j in V ⊗ V for 1 ≤ i ≤ j ≤ N :

u+
i j = vi ⊗ v j + (−1)1(−1)i j q−(−1)1q−(εi ,ε j )v j ⊗ vi ,

u−
i j = vi ⊗ v j − (−1)1(−1)i j q(−1)1q−(εi ,ε j )v j ⊗ vi .

In particular, we note that u+
i i = 0 iff i 
= 1 and u−

i i = 0 iff i = 1. We define subspaces
W ± of V ⊗ V to be spanned by the corresponding (nonzero) vectors:

W + = Span
(

{

u+
i j

∣

∣ 1 ≤ i < j ≤ N
} ∪ {u+

i i

∣

∣ i = 1
}

)

,

W − = Span
(

{

u−
i j

∣

∣ 1 ≤ i < j ≤ N
} ∪ {u−

i i

∣

∣ i 
= 1
}

)

.
(B.1)

Proposition B.1 (a) The subspaces W + and W − are Uq(sl(V ))-subrepresentations of
V ⊗ V .

(b) The Uq(sl(V ))-representation V ⊗ V decomposes as a direct sum of these sub-
representations

V ⊗ V � W + ⊕ W −.

(c) W + and W − are irreducible Uq(sl(V ))-representations generated by the corre-
sponding highest weight vectors w1 and w2 of (A.13), respectively.

Proof (a) We first verify that W + is stable under the Uq(sl(V ))-action via direct
computations. The generators {ea, fa}N−1

a=1 act on the above vectors u+
i j as follows:

• Case 1: u+
i i for i = 1.

(

1 + q−(−1)i ·2)−1

⊗2(ea)u+

i i = δa+1,i · q(−1)i /2 · u+
a,a+1,

(−1)a
(

1 + q−(−1)i ·2)−1

⊗2( fa)u+

i i = δai · (−1)a(a+a+1)q(−1)i /2 · u+
a,a+1.
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• Case 2: u+
i j for i < j .


⊗2(ea)u+
i j = δa+1,i · u+

a, j + δa+1, j · (−1)i(a+a+1) · q(εa ,εi )/2 · u+
i,a,

(−1)a
⊗2( fa)u+
i j = δai · q(εa+1,ε j )/2 · u+

a+1, j + δaj · (−1)i(a+a+1) · u+
i,a+1,

where we recall that u+
j j = 0 if j 
= 1.

This shows that W + is stable under the action of {ea, fa}N−1
a=1 . As each u+

i j is homoge-
neous of degree εi +ε j with respect to the P-grading defined by deg(va ⊗vb) = εa +εb

for all 1 ≤ a, b ≤ N , cf. (A.12), we also have 
⊗2(qha/2)u+
i j = q(εi +ε j )(ha)/2 · u+

i j .
This establishes part (a) for W +.

The proof of (a) for W − is analogous (the above formulas hold with each u+
ab

replaced by u−
ab).

(b) It is enough to show that the vectors entering (B.1) form a basis for V ⊗ V . As
there are precisely N 2 = dim(V ⊗ V ) of such vectors, it suffices to show their linear
independence. Moreover, since each such vector is homogeneous with respect to the
above P-grading, it suffices to verify the linear independence in each weight spaces,
which can be easily seen.

(c) Let us first prove the “generating” property ofW +. To this end, it suffices to show
that each u+

i j is contained in the Uq(sl(V ))-submodule generated by u+
11 (a nonzero

scalar multiple of w1), which can be done by acting with the generators { fa}N−1
a=1

iteratively onu+
11.According to the explicit formulas in part (a):
⊗2( f j−1 . . . f2 f1)u

+
11

is a nonzero scalar multiple of u+
1 j and further 
⊗2( fi−1 . . . f2 f1)u

+
1 j is a nonzero

scalar multiple of u+
i j . This shows that indeed W + = Uq(sl(V ))w1.

The proof of the irreducibility of W + is similar. Since any nonzero submodule of
V ⊗ V has a weight space decomposition, it is enough to show that for any nonzero
P-homogeneous elementw ∈ W +, i.e., a nonzero scalar multiple of some u+

i j , we can

obtain a nonzero scalarmultiple ofw1 by actingwith the generators {ea}N−1
a=1 iteratively

on w. Due to the explicit formulas in part (a), we have: 
⊗2(e1e2 . . . ei−1)u
+
i j is a

nonzero scalar multiple of u+
1 j , and 
⊗2(e1e2 . . . e j−1)u

+
1 j is a nonzero scalar multiple

of w1. This establishes (c) for W +. The proof of (c) for W − is analogous. ��

B.2 Three vectors in orthosymplectic type

Motivated by Subsection B.1, we shall now present a similar analysis for the structure
of Uq(osp(V ))-representation V ⊗ V . To this end, we consider three cases separately:
m is odd, m is even and s = 0̄, m is even and s = 1̄. Besides lengthier calculations,
the orthosymplectic setup is considerably harder due to the higher dimensional degree
0 component of this tensor square. In particular, our presentation emphasizes in full
details the importance of the special case n = m when V ⊗ V is not semisimple.
We note that it is this major difference that forced us to work with the vectors w̃3, ŵ3
instead of the highest weight vector w3 in Sect. 4.

123



   55 Page 78 of 97 K. Hong, A. Tsymbaliuk

B.2.1 Generating property for oddm

We first define the following elements u±
i j in V ⊗ V for 1 ≤ i ≤ j ≤ N and

(i, j) 
= (s + 1, s + 1):

u+
i j =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

vi ⊗ v j + (−1)1(−1)i j q−(−1)1q−(εi ,ε j )v j ⊗ vi for j 
= i ′
{

vi ⊗ vi ′ + (−1)1+i q−(−1)1q−(εi ,εi )vi ′ ⊗ vi

}

− (−1)i+i+1q−(εi ,εi )/2q−(εi+1,εi+1)/2

·ϑi ϑi+1

{

vi+1 ⊗ v(i+1)′ + (−1)1+i+1q−(−1)1q(εi+1,εi+1)v(i+1)′ ⊗ vi+1

}

for j = i ′

and

u−
i j =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

vi ⊗ v j − (−1)1(−1)i j q(−1)1q−(εi ,ε j )v j ⊗ vi for j 
= i ′
{

vi ⊗ vi ′ − (−1)1+i q(−1)1q−(εi ,εi )vi ′ ⊗ vi

}

− (−1)i+i+1q−(εi ,εi )/2q−(εi+1,εi+1)/2

·ϑi ϑi+1

{

vi+1 ⊗ v(i+1)′ − (−1)1+i+1q(−1)1q(εi+1,εi+1)v(i+1)′ ⊗ vi+1

}

for j = i ′
.

In particular, we note that u+
i i = 0 iff i 
= 1 and u−

i i = 0 iff i = 1. We define subspaces
W ± of V ⊗ V to be spanned by the corresponding (nonzero) vectors:

W + = Span
(

{

u+
i j

∣

∣ 1 ≤ i < j ≤ N
} ∪ {u+

i i

∣

∣ i 
= s + 1, i = 1
}

)

,

W − = Span
(

{

u−
i j

∣

∣ 1 ≤ i < j ≤ N
} ∪ {u−

i i

∣

∣ i 
= s + 1, i 
= 1
}

)

.
(B.2)

We also consider a one-dimensional subspace W3 = Span(w3) of V ⊗ V , cf. (3.5).

Proposition B.2 (a) The subspaces W +, W −, W3 are Uq(osp(V ))-subrepresentations
of V ⊗ V .

(b) The Uq(osp(V ))-representation V ⊗ V decomposes as a direct sum of these sub-
representations

V ⊗ V � W + ⊕ W − ⊕ W3.

(c) Both w̃3 = v1 ⊗ v1′ and ŵ3 = v1′ ⊗ v1 do not belong to W + ⊕ W −, while

w̃3 − (−1)1q(−1)1qn−m+1ŵ3 ∈ W + ⊕ W −. (B.3)

(d) W +, W −, W3 are irreducible Uq(osp(V ))-representations generated by the cor-
responding highest weight vectors w1, w2, and w3 of (3.5), respectively.

Proof (a) Let us first show that W + is stable under the Uq(osp(V ))-action through
direct but rather tedious computations. The action of the generators { fa}s

a=1 on the
above vectors u+

i j is summarized in the following formulas (split into five cases):

• Case 1: u+
i i for i = 1.

(−1)a
(

1 + q−(−1)i ·2)−1

⊗2( fa)u+

i i

= δai · (−1)a(a+a+1)q(−1)i /2 · u+
a,a+1 − δ(a+1)′,i · ϑaϑa+1q(−1)i /2 · u+

(a+1)′,a′ .
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• Case 2: u+
i j for i < j and i + j 
= N , N + 1.

(−1)a
⊗2( fa)u+
i j

= δai · q(εa+1,ε j )/2 · u+
a+1, j + δaj · (−1)i(a+a+1) · u+

i,a+1

− δ(a+1)′,i · (−1)a+1(a+a+1)ϑaϑa+1q−(εa ,ε j )/2 · u+
a′ j

− δ(a+1)′, j · (−1)(i+a+1)(a+a+1)ϑaϑa+1 · u+
ia′ ,

where we recall that u+
j j = 0 if j 
= 1.

• Case 3: u+
i j for i < j and i + j = N .

(−1)a
⊗2( fa)u+
i,(i+1)′ = −δai · (−1)a+a+1ϑaϑa+1q(εa ,εa)/2 · u+

aa′ .

• Case 4: u+
i j for i < j , i + j = N + 1 and i 
= s.

(−1)a
⊗2( fa)u+
i i ′

= δaiδa,a+1 · q(εa ,εa)/2
(

1 + q−(εa ,εa)·2)u+
a+1,a′

− δa,i+1 · (−1)a−1+aϑa−1ϑaq−(εa−1,εa−1)/2 · u+
a+1,a′

− δa+1,i · ϑaϑa+1q−(εa+1,εa+1)/2 · u+
a+1,a′ .

• Case 5: u+
i j for (i, j) = (s, s′).

(−1)a
⊗2( fa)u+
ss′

= δas

{

(−1)s+s+1q−(εs ,εs )/2 + δ1 s · q(εs ,εs )/2
(

1 + q−(−1)1·2)
}

u+
s+1,s′

− δa,s−1 · ϑs−1ϑsq−(εs ,εs )/2 · u+
s,(s−1)′ .

The above computations show that W + is stable under the action of { fa}s
a=1. To

check that W + is also stable under the action of {ea}s
a=1, we consider a vector space

isomorphism

φ : V ∼−→ V given by vi �→ ci ′vi ′ for all 1 ≤ i ≤ N , (B.4)

where the coefficients ci ’s are determined by c1 = 1 and the following relations:

ca+1 = −(−1)a+a+1+a a+1ϑaϑa+1 · ca for 1 ≤ a ≤ s,

ca′ = −(−1)a a+1ϑaϑa+1 · c(a+1)′ for 1 ≤ a ≤ s.
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In particular, we note that

(−1)acaca′ = (−1)1c1c1′ ∀ 1 ≤ a ≤ N . (B.5)

Evoking ω from (5.15), it is straightforward to check that


(x)v = (φ−1 ◦ 
(ω(x)) ◦ φ)(v) (B.6)

holds for any v = vi and x ∈ {ea, fa, q±ha/2}s
a=1. Thus (B.6) holds for all v ∈ V ,

x ∈ Uq(osp(V )). It is also easy to check (verifying on the generators) that�ω = �op,
cf. (4.25, 4.27), where

�ω = (ω ⊗ ω) ◦ � ◦ ω−1.

Furthermore,we note thatW ± are invariant under τ◦φ⊗2 due to the following equality:

(τV V ◦ (φ ⊗ φ))(u±
i j ) = (−1)i jci ′c j ′ · u±

j ′i ′ .

Combining all these results, we finally obtain:


⊗2(ea)u+
i j = �(ea)u+

i j =
(

(φ⊗2)−1 ◦ �ω(ω(ea)) ◦ φ⊗2
)

(u+
i j )

= (−1)a+a+1 ·
(

(φ⊗2)−1 ◦ �ω( fa) ◦ φ⊗2
)

(u+
i j )

(4.19)= (−1)a+a+1 ·
(

(τV V ◦ φ⊗2)−1 ◦ �( fa) ◦ (τV V ◦ φ⊗2)
)

(u+
i j ),

(B.7)

which proves thatW + is stable under the action of {ea}s
a=1. Finally, eachu+

i j is homoge-
neous of degree εi +ε j with respect to the P-grading defined by deg(va ⊗vb) = εa +εb

for all 1 ≤ a, b ≤ N , so that 
⊗2(qha/2)u+
i j = q(εi +ε j )(ha)/2 · u+

i j . This completes the
proof of part (a) for W +.

The proof of part (a) for W − is completely analogous. Therefore, we shall only
present the explicit formulas for the action of the generators { fa}s

a=1 on the vectors
u−

i j :

• Case 1: u−
i i for i 
= 1.

(−1)a
(

1 + q−(−1)i ·2)−1

⊗2( fa)u−

i i

= δai · (−1)a(a+a+1)q(−1)i /2 · u−
a,a+1 − δ(a+1)′,i · ϑaϑa+1q(−1)i /2 · u−

(a+1)′,a′ .

• Case 2: u−
i j for i < j and i + j 
= N , N + 1.

(−1)a
⊗2( fa)u−
i j

= δai · q(εa+1,ε j )/2 · u−
a+1, j + δaj · (−1)i(a+a+1) · u−

i,a+1
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− δ(a+1)′,i · (−1)a+1(a+a+1)ϑaϑa+1q−(εa ,ε j )/2 · u−
a′ j

− δ(a+1)′, j · (−1)(i+a+1)(a+a+1)ϑaϑa+1 · u−
ia′ ,

where we recall that u−
j j = 0 if j = 1.

• Case 3: u−
i j for i < j and i + j = N .

(−1)a
⊗2( fa)u−
i(i+1)′ = −δai · (−1)a+a+1ϑaϑa+1q(εa ,εa)/2 · u−

aa′ .

• Case 4: u−
i j for i < j , i + j = N + 1 and i 
= s.

(−1)a
⊗2( fa)u−
i i ′

= δaiδa,a+1 · q(εa ,εa)/2
(

1 + q−(εa ,εa)·2)u−
a+1,a′

− δa,i+1 · (−1)a−1+aϑa−1ϑaq−(εa−1,εa−1)/2 · u−
a+1,a′

− δa+1,i · ϑaϑa+1q−(εa+1,εa+1)/2 · u−
a+1,a′ .

• Case 5: u−
i j for (i, j) = (s, s′).

(−1)a
⊗2( fa)u−
ss′

= δas

{

(−1)s+s+1q−(εs ,εs )/2 + δ1 
=s · q(εs ,εs )/2
(

1 + q(−1)1·2)
}

u−
s+1,s′

− δa,s−1 · ϑs−1ϑsq−(εs ,εs )/2 · u−
s,(s−1)′ ,

where δ1 
=s equals 1 if 1 
= s and is 0 otherwise.

To prove part (a) for W3, we recall that 
⊗2(ei )w3 = 0, 
⊗2(qhi /2)w3 = w3 for
any 1 ≤ i ≤ s, as established in our proof of Proposition 3.2(a). The remaining
vanishing 
⊗2( fi )w3 = 0 for 1 ≤ i ≤ s follow from 
⊗2(ei )w3 = 0 via (B.7) and
(τV V ◦ φ⊗2)(w3) = (−1)1c1c1′ · w3, due to (B.5).

(b) It is enough to show that the vectors entering (B.2) together with w3 form a
basis for V ⊗ V . As there are precisely N 2 = dim(V ⊗ V ) of such vectors, it suffices
to show their linear independence. Moreover, since each such vector is homogeneous
with respect to the above P-grading, it suffices to verify the linear independence in
each weight spaces. This is clear for nonzero weight spaces. Finally, for the zero
weight space the proof is done by straightforward computation, which is analogous to
the even m case treated in full details below, cf. Remark B.5.

(c) The proof of w̃3, ŵ3 /∈ W +⊕W − is completely analogous to that of part (b)with
w3 replaced by either w̃3 or ŵ3.Meanwhile, the proof of (B.3) is completely analogous
to that of (B.8) below. Here, we shall only state the explicit linear dependence:

s
∑

i=1

(

b+
i u+

i i ′ + b−
i u−

i i ′
) = v1 ⊗ v1′ − (−1)1q(−1)1qn−m+1v1′ ⊗ v1
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where

b+
i = (−1)1+iϑ1ϑi

q + q−1 q−∑s−1
k=1(ρ,αk )

(

q(ε1,ε1)q
∑s−1

k=i (ρ,αk ) − (−1)1q(εi ,εi )−(εs ,εs )q−∑s−1
k=i (ρ,αk )

)

,

b−
i = (−1)1+iϑ1ϑi

q + q−1 q−∑s−1
k=1(ρ,αk )

(

q−(ε1,ε1)q
∑s−1

k=i (ρ,αk ) + (−1)1q(εi ,εi )−(εs ,εs )q−∑s−1
k=i (ρ,αk )

)

for 1 ≤ i ≤ s.
(d) Let us first prove the “generating” property of W +. To this end, we need to

show that each u+
i j is contained in the Uq(osp(V ))-submodule generated by u+

11 (a
nonzero scalar multiple of w1), which can be done by acting with the generators
{ fa}s

a=1 iteratively on u+
11:

• Case 1: u+
i j for i + j < N + 1.

According to the explicit formulas (Cases 1, 2) in part (a): 
⊗2( f j−1 . . . f2 f1)u
+
11

is a nonzero scalar multiple of u+
1 j for j ≤ s + 1, 
⊗2( f j ′ . . . fs−1 fs)u

+
1,s+1 is

a nonzero scalar multiple of u+
1 j for j > s + 1, and 
⊗2( fi−1 . . . f2 f1)u

+
1 j is a

nonzero scalar multiple of u+
i j .

• Case 2: u+
i j for i + j = N + 1.

We note that 
⊗2( fi )u
+
i,(i+1)′ is a nonzero scalar multiple of u+

i i ′ , due to Case 3
from (a).

• Case 3: u+
i j for i + j = N + 2.

According to the explicit formula (Case 4) in part (a): 
⊗2( f1)u
+
22′ is a nonzero

scalar multiple of u+
21′ and 
⊗2( fi )u

+
i−1,(i−1)′ is a nonzero scalar multiple of u+

i+1,i ′
for 2 ≤ i ≤ s.

• Case 4: u+
i j for i + j > N + 2.

According to the explicit formula (Case 2) in part (a):

⊗2( fi−1 . . . f j ′+2 f j ′+1)u

+
j ′+1, j is a nonzero scalar multiple of u+

i j for i ≤ s + 1

and likewise 
⊗2( fi ′ . . . fs−1 fs)u
+
s+1, j is a nonzero scalar multiple of u+

i j for
i > s + 1.

This proves that w1 generates the entire W + under the action of Uq(osp(V )). The
proof of the irreducibility of W + is similar. Since any nonzero submodule of V ⊗ V
has a weight space decomposition, it is enough to show that for any nonzero P-
homogeneous element w ∈ W +, we can obtain a nonzero scalar multiple of w1 by
acting with the generators {ea}s

a=1 iteratively on w (the corresponding formulas can
be deduced from those of part (a) through (B.7)):

• Case 1: w = u+
i j for i + j < N + 1.

First, we note that 
⊗2(e1e2 . . . ei−1)u
+
i j is a nonzero scalar multiple of u+

1 j . For

j > s +1, we further note that 
⊗2(eses−1 . . . e j ′)u
+
1 j is a nonzero scalar multiple
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of u+
1,s+1. Finally, we likewise note that 


⊗2(e1e2 . . . e j−1)u
+
1 j is a nonzero scalar

multiple of u+
11 for j ≤ s + 1. This shows that we can get a nonzero multiple of

w1 by acting with ea’s on w.
• Case 2: deg(w) = 0.
Sincew3 is the unique (up to scaling) highest weight vector in V ⊗V of degree zero
(seeRemark 3.3) andw3 /∈ W + according to part (b),wehavew′ = 
⊗2(ea)w 
= 0
for some 1 ≤ a ≤ s. Replacing w by w′, we thus reduced the setup to Case 1
treated above.

• Case 3: w = u+
i j for i + j > N + 1.

For i > s + 1, we first note that 
⊗2(eses−1 . . . ei ′)u
+
i j is a nonzero scalar multiple

of u+
s+1, j and likewise 
⊗2(e j ′e j ′+1 . . . ei−1)u

+
i j is a nonzero scalar multiple of

u+
j ′ j for i ≤ s + 1. Thus, w′ = u+

j ′ j ∈ W + and we reduced this setup to Case 2
treated above.

This proves the irreducibility of W +, thus establishing part (d) for W +.
The proof of part (d) for W − is completely analogous. ��

B.2.2 Generating property for evenmwith s = 0̄

Similarly to the odd m case, we define the following elements u±
i j in V ⊗ V for

1 ≤ i ≤ j ≤ N :

u+
i j =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

vi ⊗ v j + (−1)1(−1)i j q−(−1)1q
−(εi ,ε j )v j ⊗ vi if j ′ 
= i

{

vi ⊗ vi ′ + (−1)1+i q−(−1)1q−(εi ,εi )vi ′ ⊗ vi

}

− (−1)i+i+1q−(εi ,εi )/2q−(εi+1,εi+1)/2

·ϑi ϑi+1

{

vi+1 ⊗ v(i+1)′ + (−1)1+i+1q−(−1)1q(εi+1,εi+1)
v(i+1)′ ⊗ vi+1

}

if j ′ = i 
= s
{

vs−1 ⊗ v(s−1)′ + (−1)1+s−1q−(−1)1q−(εs−1,εs−1)
v(s−1)′ ⊗ vs−1

}

− (−1)s−1+s

·q−(εs−1,εs−1)/2q−(εs ,εs )/2ϑs−1ϑs

{

vs′ ⊗ vs + (−1)1+s q−(−1)1q(εs ,εs )vs ⊗ vs′
}

if j ′ = i = s

and

u−
i j =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

vi ⊗ v j − (−1)1(−1)i j q(−1)1q
−(εi ,ε j )v j ⊗ vi if j ′ 
= i

{

vi ⊗ vi ′ − (−1)1+i q(−1)1q−(εi ,εi )vi ′ ⊗ vi

}

− (−1)i+i+1q−(εi ,εi )/2q−(εi+1,εi+1)/2

·ϑi ϑi+1

{

vi+1 ⊗ v(i+1)′ − (−1)1+i+1q(−1)1q(εi+1,εi+1)
v(i+1)′ ⊗ vi+1

}

if j ′ = i 
= s
{

vs−1 ⊗ v(s−1)′ − (−1)1+s−1q(−1)1q−(εs−1,εs−1)
v(s−1)′ ⊗ vs−1

}

− (−1)s−1+s

·q−(εs−1,εs−1)/2q−(εs ,εs )/2ϑs−1ϑs′
{

vs′ ⊗ vs − (−1)1+s q(−1)1q(εs ,εs )vs ⊗ vs′
}

if j ′ = i = s

.

Again, we note that u+
i i = 0 iff i 
= 1 and u−

i i = 0 iff i = 1. For convenience, let us
define

uss′ =
{

vs−1 ⊗ v(s−1)′ − (−1)s−1 · q · q−(εs−1,εs−1)v(s−1)′ ⊗ vs−1

}

− (−1)s−1+sq−(εs−1,εs−1)/2q−(εs ,εs )/2ϑs−1ϑs′ ·
{

vs′ ⊗ vs − (−1)s · q · q(εs ,εs )vs ⊗ vs′
}

.
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Then u+
ss′ = u+

s−1,(s−1)′ and u−
ss′ = uss′ if 1 = s, and u+

ss′ = uss′ and u−
ss′ = u−

s−1,(s−1)′
if 1 
= s. We define subspaces W ± of V ⊗ V to be spanned by the corresponding
(nonzero) vectors:

W + = Span
(

{

u+
i j

∣

∣ 1 ≤ i < j ≤ N
} ∪ {u+

i i

∣

∣ i = 1
}

)

,

W − = Span
(

{

u−
i j

∣

∣ 1 ≤ i < j ≤ N
} ∪ {u−

i i

∣

∣ i 
= 1
}

)

.

We also consider a one-dimensional subspace W3 = Span(w3) of V ⊗ V , cf. (3.5).

Proposition B.3 (a) The subspaces W +, W −, W3 are Uq(osp(V ))-subrepresentations
of V ⊗ V .

(b) For n 
= m, the Uq(osp(V ))-representation V ⊗ V decomposes into the direct sum
of those:

V ⊗ V � W + ⊕ W − ⊕ W3.

(c) For n = m, W3 ⊂ W + if 1 = 0̄ = s and W3 ⊂ W − if 1 = 1̄ 
= s, and W + ⊕ W −
is a codimension 1 subspace of V ⊗ V .

(d) Both w̃3 = v1 ⊗ v1′ and ŵ3 = v1′ ⊗ v1 do not belong to W + ⊕ W −, while

w̃3 − (−1)1q(−1)1qn−m+1ŵ3 ∈ W + ⊕ W −. (B.8)

(e) W +, W −, W3 are Uq(osp(V ))-representations generated by the corresponding
highest weight vectors w1, w2, w3. Moreover, these representations are irreducible if
n 
= m.

Proof (a) The proof is analogous to the odd m case, so we only present the key
difference in formulas. The action of the generators { fa}s

a=1 on the above vectors u+
i j

is given by the exact same formula unless fa = fs or (i, j) = (s, s′). The action in
the remaining cases is given by:

• Case 1: u+
i i for i = 1 and fa = fs .

(−1)s−1
(

1 + q−(−1)i ·2)−1

⊗2( fs)u

+
i i

= δs−1,i · (−1)s−1(s−1+s)q(−1)i /2 · u+
s−1,s′ − δsi · ϑs−1ϑs′q(−1)i /2 · u+

s,(s−1)′ .

• Case 2: u+
i j for i < j , i + j 
= N − 1, N + 1 and fa = fs .

(−1)s−1
⊗2( fs)u
+
i j

= δs−1,i · q−(εs ,ε j )/2 · u+
s′ j + δs−1, j · (−1)i(s−1+s) · u+

is′

− δsi · (−1)s(s−1+s)ϑs−1ϑs′q−(εs−1,ε j )/2 · u+
(s−1)′, j

− δs j · (−1)(i+s)(s−1+s)ϑs−1ϑs′ · u+
i,(s−1)′ .
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• Case 3: u+
i j for i < j , i + j = N − 1 and fa = fs .

(−1)s−1
⊗2( fs)u
+
i,(i+2)′ = −δs−1,i · (−1)s−1+sϑs−1ϑs′q(εs−1,εs−1)/2 · u+

ss′ .

• Case 4: u+
i j for i < j , i + j = N + 1, i 
= s and fa = fs .

(−1)s−1
⊗2( fs)u
+
i i ′

= δs−1,iδ1 s−1 · q(−1)1/2
(

1 + q−(−1)1·2)u+
s′,(s−1)′

− δs−1,i+1 · (−1)s−2+s−1ϑs−2ϑs−1q−(εs−2,εs−2)/2 · u+
s′,(s−1)′ .

• Case 5: u+
i j for (i, j) = (s, s′) and fa 
= fs .

(−1)a
⊗2( fa)u+
ss′ = δa,s−1δ1 s−1 · q(−1)1/2

(

1 + q−(−1)1·2)u+
s,(s−1)′ .

• Case 6: u+
i j for (i, j) = (s, s′) and fa = fs .

(−1)s−1
⊗2( fs)u
+
ss′ = δs−1 s · q(εs ,εs )/2

(

1 + q−(εs ,εs )·2
)

u+
s′,(s−1)′ .

We also have the following counterparts for the vectors u−
i j .

• Case 1: u−
i i for i 
= 1 and fa = fs .

(−1)s−1
(

1 + q−(−1)i ·2)−1

⊗2( fs)u

−
i i

= δs−1,i · (−1)s−1(s−1+s)q(−1)i /2 · u−
s−1,s′ − δsi · ϑs−1ϑs′q(−1)i /2 · u−

s,(s−1)′ .

• Case 2: u−
i j for i < j , i + j 
= N − 1, N + 1 and fa = fs .

(−1)s−1
⊗2( fs)u
−
i j

= δs−1,i · q−(εs ,ε j )/2 · u−
s′ j + δs−1, j · (−1)i(s−1+s) · u−

is′

− δsi · (−1)s(s−1+s)ϑs−1ϑs′q−(εs−1,ε j )/2 · u−
(s−1)′, j

− δs j · (−1)(i+s)(s−1+s)ϑs−1ϑs′ · u−
i,(s−1)′ .

• Case 3: u−
i j for i < j , i + j = N − 1 and fa = fs .

(−1)s−1
⊗2( fs)u
−
i,(i+2)′ = −δs−1,i · (−1)s−1+sϑs−1ϑs′q(εs−1,εs−1)/2 · u−

ss′ .
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• Case 4: u−
i j for i < j , i + j = N + 1, i 
= s and fa = fs .

(−1)s−1
⊗2( fs)u
−
i i ′

= δs−1,iδ1 
=s−1 · q(−1)1/2
(

1 + q(−1)1·2)u−
s′,(s−1)′

− δs−1,i+1 · (−1)s−2+s−1ϑs−2ϑs−1q−(εs−2,εs−2)/2 · u−
s′,(s−1)′ .

• Case 5: u−
i j for (i, j) = (s, s′) and fa 
= fs .

(−1)a
⊗2( fa)u−
ss′ = δa,s−1δ1
=s−1 · q−(−1)1/2

(

1 + q(−1)1·2)u−
s,(s−1)′ .

• Case 6: u−
i j for (i, j) = (s, s′) and fa = fs .

(−1)s−1
⊗2( fs)u
−
ss′ = δs−1 s · q(εs ,εs )/2

(

1 + q−(εs ,εs )·2
)

u−
s′,(s−1)′ .

We also have an analogue of the isomorphism φ : V → V from (B.4) satisfy-
ing (B.5, B.6) and consecutively (B.7), but the coefficients ci ’s determining φ should
be rather chosen to satisfy:

ca+1 = −(−1)a+a+1+a a+1ϑaϑa+1 · ca for 1 ≤ a ≤ s − 1,

ca′ = −(−1)a a+1ϑaϑa+1 · c(a+1)′ for 1 ≤ a ≤ s − 1,

cs′ = −(−1)s−1+s+s−1 sϑs−1ϑs′ · cs−1.

This allows to show that W ± is also stable under the action of {ea}s
a=1.

(b) Analogously to the odd m case, it is enough to show that the following set of
vectors

{

u±
i j

∣

∣ 1 ≤ i < j ≤ N , (i, j) 
= (s, s′)
}∪ {u+

i i

∣

∣ i = 1
}∪ {u−

i i

∣

∣ i 
= 1
}∪ {uss′ } ∪ {w3}

(B.9)
is linearly independent in each weight space, with the only nontrivial verification in
degree 0 ∈ P . For convenience, we consider the following multiple of w3:

w◦
3 = q−∑s−1

k=1(ρ,αk )ϑ1 · w3

=
s
∑

i=1

ϑi

{

q−∑s−1
k=i (ρ,αk )vi ⊗ vi ′ + (−1)i+s · q

∑s−1
k=i (ρ,αk )vi ′ ⊗ vi

}

.

Let us now assume that

s−1
∑

i=1

(

b+
i u+

i i ′ + b−
i u−

i i ′
)+ bsuss′ = bw◦

3 (B.10)
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for some constants b±
i , bs, b ∈ C(q1/2). Comparing the coefficients of va ⊗ va′

in (B.10), we obtain:

• For v1 ⊗ v1′ and v1′ ⊗ v1, we have

b+
1 + b−

1 = ϑ1q−∑s−1
k=1(ρ,αk ) · b,

q−(−1)1·2 · b+
1 − b−

1 = (−1)1+sϑ1q
∑s−1

k=1(ρ,αk ) · b.

• For vi ⊗ vi ′ and vi ′ ⊗ vi with 2 ≤ i ≤ s − 2, we have

(

b+
i + b−

i

)− (−1)i−1+i ϑi−1ϑi q−(εi−1,εi−1)/2q−(εi ,εi )/2 · (b+
i−1 + b−

i−1

) = ϑi q−∑s−1
k=i (ρ,αk ) · b,

(−1)1+i q−(εi ,εi )
(

q−(−1)1 · b+
i − q(−1)1 · b−

i

)

− (−1)1+i−1ϑi−1ϑi

· q−(εi−1,εi−1)/2q(εi ,εi )/2 ·
(

q−(−1)1 · b+
i−1 − q(−1)1 · b−

i−1

)

= (−1)i+sϑi q
∑s−1

k=i (ρ,αk ) · b.

• For vs−1 ⊗ v(s−1)′ and v(s−1)′ ⊗ vs−1, we have

(

b+
s−1 + b−

s−1 + bs
)− (−1)s−2+s−1ϑs−2ϑs−1q−(εs−2,εs−2)/2q−(εs−1,εs−1)/2

· (b+
s−2 + b−

s−2

) = ϑs−1q−(ρ,αs−1) · b,

(−1)1+s−1q−(εs−1,εs−1)
(

q−(−1)1 · b+
s−1 − q(−1)1 · b−

s−1

)

− (−1)s−1 · q · q−(εs−1,εs−1) · bs

− (−1)1+s−2ϑs−2ϑs−1q−(εs−2,εs−2)/2q(εs−1,εs−1)/2

·
(

q−(−1)1 · b+
s−2 − q(−1)1 · b−

s−2

)

= (−1)s−1+sϑs−1q(ρ,αs−1) · b.

• For vs ⊗ vs′ and vs′ ⊗ vs , we have

− (−1)s−1+sϑs−1ϑsq−(εs−1,εs−1)/2q−(εs ,εs )/2

· (b+
s−1 + b−

s−1 − (−1)s · q · q(εs ,εs ) · bs
) = ϑs · b,

− (−1)1+s−1ϑs−1ϑsq−(εs−1,εs−1)/2q(εs ,εs )/2·
(

q−(−1)1 · b+
s−1 − q(−1)1 · b−

s−1 + (−1)1+s · q−(εs ,εs ) · bs

)

= ϑs · b.

Evoking (4.11), one can inductively deduce:

b+
i + b−

i = (−1)i q−∑s−1
k=i (ρ,αk )

⎛

⎝

i
∑

j=1

(−1) j q−∑i−1
k= j (2ρ,αk )

⎞

⎠ϑi · b,

q−(−1)1 · b+
i − q(−1)1 · b−

i = (−1)1+s+i q(εi ,εi )q
∑s−1

k=i (ρ,αk )·
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⎛

⎝

i
∑

j=1

(−1) j q
∑i−1

k= j (2ρ,αk )

⎞

⎠ϑi · b (B.11)

for any 1 ≤ i ≤ s − 2, as well as the following four equalities:

b+
s−1+b−

s−1+bs = (−1)s−1q−(ρ,αs−1)

⎛

⎝

s−1
∑

j=1

(−1) j q−∑s−2
k= j (2ρ,αk )

⎞

⎠ϑs−1 ·b, (B.12)

q−(−1)1 · b+
s−1 − q(−1)1 · b−

s−1 − (−1)1q · bs

= (−1)1+s+s−1q(εs−1,εs−1)q(ρ,αs−1)

⎛

⎝

s−1
∑

j=1

(−1) j q
∑s−2

k= j (2ρ,αk )

⎞

⎠ϑs−1 · b, (B.13)

b+
s−1 + b−

s−1 − q2 · bs = −(−1)s−1+sq(εs−1,εs−1)/2q(εs ,εs )/2ϑs−1 · b, (B.14)

q−(−1)1 · b+
s−1 − q(−1)1 · b−

s−1 + (−1)1q−1 · bs =
− (−1)1+s−1q(εs−1,εs−1)/2q−(εs ,εs )/2ϑs−1 · b. (B.15)

Subtracting (B.14) from (B.12) and evoking (4.11) implies

(1 + q2)bs = (−1)s−1q(ρ,αs−1)

⎛

⎝

s
∑

j=1

(−1) j q−∑s−1
k= j (2ρ,αk )

⎞

⎠ϑs−1b.

Likewise, subtracting (B.15) from (B.13) and further multiplying by (−1)1q, we get

−(1 + q2)bs = (−1)s−1q(ρ,αs−1)

⎛

⎝

s
∑

j=1

(−1) j q
∑s−1

k= j (2ρ,αk )

⎞

⎠ϑs−1b.

Adding the above two equations, we obtain:

s
∑

j=1

(−1) j
(

q
∑s−1

k= j (2ρ,αk ) + q−∑s−1
k= j (2ρ,αk )

)

b = 0. (B.16)

However, similarly to (5.39), we have:

(q − q−1)

s−1
∑

j=1

(−1) j q
∑s−1

k= j (2ρ,αk ) =
s−1
∑

j=1

(

q(ε j ,ε j ) − q−(ε j ,ε j )
)

q
∑s−1

k= j (2ρ,αk )
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(4.11)=
s−1
∑

j=1

(

q(ε j ,ε j )q
∑s−1

k= j (2ρ,αk ) − q(ε j+1,ε j+1)q
∑s−1

k= j+1(2ρ,αk )
)

= q(ε1,ε1)q
∑s−1

k=1(2ρ,αk ) − q(εs ,εs )

and therefore

(q − q−1)

s
∑

j=1

(−1) j q
∑s−1

k= j (2ρ,αk ) = q(ε1,ε1)q
∑s−1

k=1(2ρ,αk ) − q−(εs ,εs )

= q−(εs ,εs )
(

q(−1)1·2+···+(−1)s ·2 − 1
)

= q−(εs ,εs )(qm−n − 1). (B.17)

Combining (B.17) and its version with q replaced by q−1 allows us to rewrite (B.16)
as:

(

qm−n−1 − q−(m−n−1)

q − q−1 + 1

)

b = 0.

Since n 
= m, we get b = 0. Then, the equations (B.12)–(B.15) imply that b+
s−1 =

b−
s−1 = bs = 0, and analogously b+

i = b−
i = 0 for all 1 ≤ i ≤ s − 2. This proves the

linear independence of (B.9).
(c) For n = m, iterating the argument from the above proof of part (b), we obtain

the following linear dependence

s−1
∑

i=1

(

b+
i u+

i i ′ + b−
i u−

i i ′
)+ bsuss′ = w◦

3

where bs = 0 and the coefficients {b±
i }s−1

i=1 satisfy the following relations (arising
from (B.11)):

b+
i + b−

i = (−1)iϑi q
−∑s−1

k=i (ρ,αk )

⎛

⎝

i
∑

j=1

(−1) j q−∑i−1
k= j (2ρ,αk )

⎞

⎠

= (−1)iϑi q−∑s−1
k=i (ρ,αk )

q − q−1

(

q(εi ,εi ) − q−(ε1,ε1)q−∑i−1
k=1(2ρ,αk )

)

= (−1)iϑi q−∑s−1
k=1(ρ,αk )

q − q−1

(

q(εi ,εi )q
∑i−1

k=1(ρ,αk ) − q−(ε1,ε1)q−∑i−1
k=1(ρ,αk )

)

= (−1)iϑi q(ε1,ε1)/2+(εs ,εs )/2

q − q−1

(

q(εi ,εi )q
∑i−1

k=1(ρ,αk ) − q−(ε1,ε1)q−∑i−1
k=1(ρ,αk )

)

and

q−(−1)1 · b+
i − q(−1)1 · b−

i
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= (−1)1+s+iϑi q
(εi ,εi )q

∑s−1
k=i (ρ,αk )

⎛

⎝

i
∑

j=1

(−1) j q
∑i−1

k= j (2ρ,αk )

⎞

⎠

= (−1)1+s+iϑi q(εi ,εi )q
∑s−1

k=i (ρ,αk )

q − q−1

(

q(ε1,ε1)q
∑i−1

k=1(2ρ,αk ) − q−(εi ,εi )
)

= (−1)1+s+iϑi q(εi ,εi )q
∑s−1

k=1(ρ,αk )

q − q−1

(

q(ε1,ε1)q
∑i−1

k=1(ρ,αk ) − q−(εi ,εi )q−∑i−1
k=1(ρ,αk )

)

= (−1)1+s+iϑi q(εi ,εi )q−(ε1,ε1)/2−(εs ,εs )/2

q − q−1 ·
(

q(ε1,ε1)q
∑i−1

k=1(ρ,αk ) − q−(εi ,εi )q−∑i−1
k=1(ρ,αk )

)

,

derived in analogy with (B.17), where we used

s−1
∑

k=1

(ρ, αk) = m − n − (ε1, ε1) − (εs, εs)

2
= − (ε1, ε1) + (εs, εs)

2
.

Solving the above two equations, we obtain:

b+
i = (−1)iϑi

q2 − q−2

(

q(ε1,ε1)/2+(εs ,εs )/2 + (−1)1+sq−(ε1,ε1)/2−(εs ,εs )/2
)

·
(

q(ε1,ε1)+(εi ,εi )q
∑i−1

k=1(ρ,αk ) − q−∑i−1
k=1(ρ,αk )

)

= δ1 s · (−1)iϑi

q − q−1

(

q(ε1,ε1)+(εi ,εi )q
∑i−1

k=1(ρ,αk ) − q−∑i−1
k=1(ρ,αk )

)

,

b−
i = (−1)iϑi

q2 − q−2

(

q−(ε1,ε1)/2+(εs ,εs )/2 − (−1)1+sq(ε1,ε1)/2−(εs ,εs )/2
)

·
(

q(εi ,εi )q
∑i−1

k=1(ρ,αk ) − q−(ε1,ε1)q−∑i−1
k=1(ρ,αk )

)

= δ1
=s · (−1)iϑi

q − q−1

(

q(εi ,εi )q
∑i−1

k=1(ρ,αk ) − q−(ε1,ε1)q−∑i−1
k=1(ρ,αk )

)

.

This implies thatw3 ∈ W + if 1 = s andw3 ∈ W − if 1 
= s. Furthermore, any solution
of (B.10) is clearly a multiple of the above one, which implies the codimension 1
property of W + ⊕ W − ⊂ V ⊗ V .

(d) The proof of w̃3, ŵ3 /∈ W + ⊕ W − is completely analogous to the above proof
of part (b), with a simpler computation when w3 in (B.9) is rather replaced by either
w̃3 or ŵ3.
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On the other hand, iterating the argument from the above proof of part (b), we
establish (B.8) by explicitly presenting the linear dependence:

s−1
∑

i=1

(

b+
i u+

i i ′ + b−
i u−

i i ′
)+ bsuss′ = v1 ⊗ v1′ − (−1)1+sq(−1)1+(−1)s

qn−mv1′ ⊗ v1

where

b+
i = (−1)1+iϑ1ϑi

q + q−1 q−∑s−1
k=1(ρ,αk )·

(

q(ε1,ε1)q
∑s−1

k=i (ρ,αk ) − (−1)1+sq(εi ,εi )q−∑s−1
k=i (ρ,αk )

)

,

b−
i = (−1)1+iϑ1ϑi

q + q−1 q−∑s−1
k=1(ρ,αk )·

(

q−(ε1,ε1)q
∑s−1

k=i (ρ,αk ) + (−1)1+sq(εi ,εi )q−∑s−1
k=i (ρ,αk )

)

for 1 ≤ i ≤ s − 2,

b+
s−1 = (−1)1+s−1ϑ1ϑs−1

q + q−1 q−∑s−1
k=1(ρ,αk )

·
(

q(ε1,ε1)q(ρ,αs−1) − (−1)1+sq(εs−1,εs−1)q−(ρ,αs−1)(1 − δ1
=sϑs−1ϑs)
)

,

b−
s−1 = (−1)1+s−1ϑ1ϑs−1

q + q−1 q−∑s−1
k=1(ρ,αk )

·
(

q−(ε1,ε1)q(ρ,αs−1) + (−1)1+sq(εs−1,εs−1)q−(ρ,αs−1)(1 − δ1 sϑs−1ϑs)
)

and

bs = (−1)1+s−1ϑ1ϑs

q + q−1 q(εs−1,εs−1)/2−(εs ,εs )/2q−∑s−1
k=1(ρ,αk ).

(e) The proof of part (e) is completely analogous to that of Proposition B.2(d). ��

B.2.3 Generating property for evenmwith s = 1̄

Similarly to the previous cases, we define the following elements u±
i j in V ⊗ V for

1 ≤ i ≤ j ≤ N :

u+
i j =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

vi ⊗ v j + (−1)1(−1)i j q−(−1)1q
−(εi ,ε j )v j ⊗ vi if j ′ 
= i

{

vi ⊗ vi ′ + (−1)1+i q−(−1)1q−(εi ,εi )vi ′ ⊗ vi

}

− (−1)i+i+1q−(εi ,εi )/2q−(εi+1,εi+1)/2

·ϑi ϑi+1

{

vi+1 ⊗ v(i+1)′ + (−1)1+i+1q−(−1)1q(εi+1,εi+1)
v(i+1)′ ⊗ vi+1

}

if j ′ = i 
= s

vs ⊗ vs′ + (−1)1+s q−(−1)1q−(εs ,εs )vs′ ⊗ vs if j ′ = i = s
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and

u−
i j =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

vi ⊗ v j − (−1)1(−1)i j q(−1)1q
−(εi ,ε j )v j ⊗ vi if j ′ 
= i

{

vi ⊗ vi ′ − (−1)1+i q(−1)1q−(εi ,εi )vi ′ ⊗ vi

}

− (−1)i+i+1q−(εi ,εi )/2q−(εi+1,εi+1)/2

·ϑi ϑi+1

{

vi+1 ⊗ v(i+1)′ − (−1)1+i+1q(−1)1q(εi+1,εi+1)
v(i+1)′ ⊗ vi+1

}

if j ′ = i 
= s

vs ⊗ vs′ − (−1)1+s q(−1)1q−(εs ,εs )vs′ ⊗ vs if j ′ = i = s

.

Again, we note that u+
i i = 0 iff i 
= 1 and u−

i i = 0 iff i = 1. For convenience, let us
define

uss′ = vs ⊗ vs′ + q · q−(εs ,εs )vs′ ⊗ vs .

Then u+
ss′ = uss′ if 1 = s, and u−

ss′ = uss′ if 1 
= s. We define subspaces W ± of V ⊗V
to be spanned by the corresponding (nonzero) vectors:

W + = Span

(

{

u+
i j

∣

∣ 1 ≤ i < j ≤ N , (i, j) 
= (s, s′)
} ∪ {u+

i i

∣

∣ i = 1
}

∪ {u+
ss′ if 1 = s

}

)

,

W − = Span

(

{

u−
i j

∣

∣ 1 ≤ i < j ≤ N , (i, j) 
= (s, s′)
} ∪ {u−

i i

∣

∣ i 
= 1
}

∪ {u−
ss′ if 1 
= s

}

)

.

(B.18)

We also consider a one-dimensional subspace W3 = Span(w3) of V ⊗ V , cf. (3.5).

Proposition B.4 (a) The subspaces W +, W −, W3 are Uq(osp(V ))-subrepresentations
of V ⊗ V .

(b) For n 
= m, the Uq(osp(V ))-representation V ⊗ V decomposes into the direct sum
of those:

V ⊗ V � W + ⊕ W − ⊕ W3.

(c) For n = m, W3 ⊂ W + if 1 = 0̄ 
= s and W3 ⊂ W − if 1 = 1̄ = s, and W + ⊕ W −
is a codimension 1 subspace of V ⊗ V .

(d) Both w̃3 = v1 ⊗ v1′ and ŵ3 = v1′ ⊗ v1 do not belong to W + ⊕ W −, while

w̃3 − (−1)1q(−1)1qn−m+1ŵ3 ∈ W + ⊕ W −. (B.19)

(e) W +, W −, W3 are Uq(osp(V ))-representations generated by the corresponding
highest weight vectors w1, w2, w3. Moreover, these representations are irreducible if
n 
= m.

Proof (a) The proof is analogous to the previous cases, so we only present the key
difference in formulas. The action of the generators { fa}s

a=1 on the above vectors u+
i j

is given by the exact same formula unless fa = fs or (i, j) = (s, s′). The action in
the remaining cases is given by:
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• Case 1: u+
i i for i = 1 and fa = fs .

(−1)s(q + q−1)−1
(

1 + q−(−1)1·2)−1

⊗2( fs)u

+
i i = δsi · q(−1)1 · u+

ss′ .

This is the only case when u+
ss′ arises in the RHS, explaining when to include u+

ss′
in (B.18).

• Case 2: u+
i j for i < j , i + j 
= N + 1 and fa = fs .

(−1)s(q + q−1)−1
⊗2( fs)u
+
i j = δsi · u+

s′ j + δs j · u+
is′ .

• Case 3: u+
i j for i < j , i + j = N + 1, i 
= s and fa = fs .

(−1)s(q + q−1)−1
⊗2( fs)u
+
i i ′

= −δs,i+1 · (−1)s−1+sϑs−1ϑsq−(εs−1,εs−1)/2q(εs ,εs )/2 · u+
s′s′ .

• Case 4: u+
i j for (i, j) = (s, s′) and fa 
= fs .

(−1)a
⊗2( fa)u+
ss′ = δa,s−1 · (−1)s(s−1+s)q−(εs ,εs )/2 · u+

s,(s−1)′ .

• Case 5: u+
i j for (i, j) = (s, s′) and fa = fs .

(−1)s(q + q−1)−1
⊗2( fs)u
+
ss′ = q(−1)1

(

1 + q−(−1)1·4)(1 + q−(−1)1·2)−1
u+

s′s′ .

We also have the following counterparts for the vectors u−
i j .

• Case 1: u−
i i for i 
= 1 and fa = fs .

(−1)s(q + q−1)−1
(

1 + q(−1)1·2)−1

⊗2( fs)u

−
i i = δsi · q−(−1)1 · u−

ss′ .

This is the only case when u−
ss′ arises in the RHS, explaining when to include u−

ss′
in (B.18).

• Case 2: u−
i j for i < j , i + j 
= N + 1 and fa = fs .

(−1)s(q + q−1)−1
⊗2( fs)u
−
i j = δsi · u−

s′ j + δs j · u−
is′ .

• Case 3: u−
i j for i < j , i + j = N + 1, i 
= s and fa = fs .

(−1)s(q + q−1)−1
⊗2( fs)u
−
i i ′

= −δs,i+1 · (−1)s−1+sϑs−1ϑsq−(εs−1,εs−1)/2q(εs ,εs )/2 · u−
s′s′ .

• Case 4: u−
i j for (i, j) = (s, s′) and fa 
= fs .

(−1)a
⊗2( fa)u−
ss′ = δa,s−1 · (−1)s(s−1+s)q−(εs ,εs )/2 · u−

s,(s−1)′ .

123



   55 Page 94 of 97 K. Hong, A. Tsymbaliuk

• Case 5: u−
i j for (i, j) = (s, s′) and fa = fs .

(−1)s(q + q−1)−1
⊗2( fs)u
−
ss′ = q−(−1)1

(

1 + q(−1)1·4)(1 + q(−1)1·2)−1
u−

s′s′ .

We also have an analogue of the isomorphism φ : V → V from (B.4) satisfy-
ing (B.5, B.6) and consecutively (B.7), but the coefficients ci ’s determining φ should
be rather chosen to satisfy:

ca+1 = −(−1)a+a+1+a a+1ϑaϑa+1 · ca for 1 ≤ a ≤ s − 1,

ca′ = −(−1)a a+1ϑaϑa+1 · c(a+1)′ for 1 ≤ a ≤ s − 1,

cs′ = −(q + q−1) · cs .

This allows to show that W ± is also stable under the action of {ea}s
a=1.

(b) Analogously to the previous cases, it is enough to show that the following set
of vectors

{

u±
i j

∣

∣ 1 ≤ i < j ≤ N , (i, j) 
= (s, s′)
}∪ {u+

i i

∣

∣ i = 1
}∪ {u−

i i

∣

∣ i 
= 1
}∪ {uss′ } ∪ {w3}

(B.20)
is linearly independent in each weight space, with the only nontrivial verification in
degree 0 ∈ P . For convenience, we consider the following multiple of w3:

w◦
3 = q1−∑s−1

k=1(ρ,αk )ϑ1 · w3

=
s
∑

i=1

ϑi

{

q · q−∑s−1
k=i (ρ,αk )vi ⊗ vi ′ − (−1)i+s · q−1 · q

∑s−1
k=i (ρ,αk )vi ′ ⊗ vi

}

.

Let us now assume that (cf. (B.10))

s−1
∑

i=1

(

b+
i u+

i i ′ + b−
i u−

i i ′
)+ bsuss′ = bw◦

3 (B.21)

for some constants b±
i , bs, b ∈ C(q1/2). Since the proof is completely analogous to

that of Proposition B.3(b), we only present here the key formulas:

b+
i + b−

i = (−1)i · q · q−∑s−1
k=i (ρ,αk )

⎛

⎝

i
∑

j=1

(−1) j q−∑i−1
k= j (2ρ,αk )

⎞

⎠ϑi · b,

q−(−1)1 · b+
i − q(−1)1 · b−

i = −(−1)1+s+i · q−1 · q(εi ,εi )q
∑s−1

k=i (ρ,αk )·
⎛

⎝

i
∑

j=1

(−1) j q
∑i−1

k= j (2ρ,αk )

⎞

⎠ϑi · b
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for any 1 ≤ i ≤ s − 1, and

(−1)sbs = q ·
⎛

⎝

s
∑

j=1

(−1) j q−∑s−1
k= j (2ρ,αk )

⎞

⎠ϑs · b
(B.17)= 1 − q−(m−n)

q − q−1 ϑs · b,

−(−1)sbs = q−1 ·
⎛

⎝

s
∑

j=1

(−1) j q
∑s−1

k= j (2ρ,αk )

⎞

⎠ϑs · b
(B.17)= qm−n − 1

q − q−1 ϑs · b.

For n 
= m, adding these two formulas we get bs = b = 0 and hence b+
i = b−

i = 0
for all 1 ≤ i ≤ s − 1, so that (B.21) has only the trivial solution, thus establishing the
linear independence of (B.20).

(c) The proof of part (c) is completely analogous to that of Proposition B.3(c). For
n = m, iterating the argument from the above proof of part (b), we obtain the following
linear dependence s−1

∑

i=1

(

b+
i u+

i i ′ + b−
i u−

i i ′
)+ bsuss′ = w◦

3

where bs = 0 and

b+
i = δ1 
=s · (−1)iϑi

q − q−1

(

q(ε1,ε1)+(εi ,εi )q
∑i−1

k=1(ρ,αk ) − q−∑i−1
k=1(ρ,αk )

)

,

b−
i = δ1 s · (−1)iϑi

q − q−1

(

q(εi ,εi )q
∑i−1

k=1(ρ,αk ) − q−(ε1,ε1)q−∑i−1
k=1(ρ,αk )

)

.

This implies thatw3 ∈ W − if 1 = s andw3 ∈ W + if 1 
= s. Furthermore, any solution
of (B.21) is clearly a multiple of the above one, which implies the codimension 1
property of W + ⊕ W − ⊂ V ⊗ V .

(d) The proof of w̃3, ŵ3 /∈ W + ⊕ W − is completely analogous to the above proof
of part (b), with a simpler computation when w3 in (B.9) is rather replaced by either
w̃3 or ŵ3.

On the other hand, iterating the argument from the above proof of part (b), we
establish (B.19) by explicitly presenting the linear dependence:

s−1
∑

i=1

(

b+
i u+

i i ′ + b−
i u−

i i ′
)+ bsuss′ = v1 ⊗ v1′ + (−1)1+sq(−1)1−(−1)s

qn−mv1′ ⊗ v1

where

b+
i = (−1)1+iϑ1ϑi

q + q−1 q−∑s−1
k=1(ρ,αk )·

(

q(ε1,ε1)q
∑s−1

k=i (ρ,αk ) + (−1)1+sq(εi ,εi )q−(εs ,εs )·2q−∑s−1
k=i (ρ,αk )

)

,

b−
i = (−1)1+iϑ1ϑi

q + q−1 q−∑s−1
k=1(ρ,αk )·
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(

q−(ε1,ε1)q
∑s−1

k=i (ρ,αk ) − (−1)1+sq(εi ,εi )q−(εs ,εs )·2q−∑s−1
k=i (ρ,αk )

)

for 1 ≤ i ≤ s − 1 and

bs = (−1)1+sϑ1ϑsq−∑s−1
k=1(ρ,αk ).

(e) The proof of part (e) is completely analogous to that of Proposition B.2(d). ��
Remark B.5 Wenote that analogues of Propositions B.2, B.3, B.4 already hold at q = 1
case. In particular, the respective “generating” properties by w̄1 = w1|q=1 = v1 ⊗ v1,

w̄2 = w2|q=1 = v1⊗v2−(−1)1(1+2) ·v2⊗v1, and either of ¯̃w3 = w̃3|q=1 = v1⊗v1′ ,
¯̂w3 = ŵ3|q=1 = v1′ ⊗ v1, or w̄3 = w3|q=1 = ∑N

i=1 ϑ−1
1 ϑivi ⊗ vi ′ if n 
= m can

already be observed there (via simpler calculations).
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