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0. Introduction

In this paper we consider infinitesimal Hecke algebras of son.! Although their theory runs along similar
lines as for the cases of gl and sp,yy, they have not been investigated before.

We obtain the classification result in Theorem 1.4 (compare to [5, Theorem 4.2]), compute the Poisson
center of the corresponding Poisson algebras in Theorem 4.2 (compare to [4, Theorems 5.1 and 7.1]),
compute the first non-trivial central element in Theorem 6.1 (compare to [4, Theorem 3.1]) and derive the
isomorphism with the corresponding W-algebras in Theorems 5.1, 5.2 (compare to [9, Theorems 7 and 10]).

Together with [9], this covers all basic cases of the infinitesimal Hecke algebras on the one side and the
classical W-algebras with a 1-block nilpotent element, on the other. However, we would like to emphasize
that the theory of infinitesimal/continuous Hecke algebras is much more complicated in general and has not
been developed yet.

This paper is organized as follows:

o In Section 1, we recall the definitions of the continuous and infinitesimal Hecke algebras of type (G, V)
(respectively (g,V")). We formulate Theorems 1.3 and 1.4, which classify all such algebras for the cases
of (SOy, V) and (son, Vi), respectively.

We also recall the definitions and basic results about the finite W-algebras.
e In Section 2, we prove Theorem 1.3.
e In Section 3, we prove Theorem 1.4 by computing explicitly the corresponding integral.
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1 We assume that N > 3.

http://dx.doi.org/10.1016/j.jpaa.2014.07.022
0022-4049/© 2014 Elsevier B.V. All rights reserved.


http://dx.doi.org/10.1016/j.jpaa.2014.07.022
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jpaa
mailto:sasha_ts@mit.edu
http://dx.doi.org/10.1016/j.jpaa.2014.07.022
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jpaa.2014.07.022&domain=pdf

A. Tsymbaliuk / Journal of Pure and Applied Algebra 219 (2015) 2046-2061 2047

e In Section 4, we compute the Poisson center of the classical analogue H, El(so Ny VN)-

o In Section 5, we introduce the universal length m infinitesimal Hecke algebra H,,(son, V). In Theo-
rem 5.1 (and its Poisson counterpart Theorem 5.2) we establish an abstract isomorphism between the
algebras H,,(son, Vy) and the W-algebras U($0N12m+1, €m)-

o In Section 6, we find a non-trivial central element of H¢(son,Vy), called the Casimir element of
H¢(son, V). This can be used to establish the isomorphism of Theorem 5.1 explicitly.

1. Basic definitions
1.1. Algebraic distributions

For an affine scheme X of finite type over C, let O(X) be the algebra of regular functions on X and O(X)*
be the dual space, called the space of algebraic distributions. Note that O(X)* is a module over O(X): for
feo0X), pe O0(X)* we can define f - pu by (f - p,g9) = {(u, fg) for all g € O(X). For a closed subscheme
Z C X, we say that an algebraic distribution p on X is supported on the scheme Z if y annihilates the
defining ideal I(Z) of Z. If Z is reduced, we say that p € O(X)* is set-theoretically supported on the set Z
if ;1 annihilates some power of I(Z).

Let G be a reductive algebraic group and p : G — GL(V) be a finite dimensional algebraic representation
of G. First note that O(G)* is an algebra with respect to the convolution. Moreover, 41, is the unit of this
algebra. Next, we consider the semi-direct product O(G)* x TV, that is, the algebra generated by p € O(G)*

and x € V with the relations

x~u:Z(vf7gx),u-vi forall z € V, p € O(G)",

3

where {v;} is a basis of V and {v}} the dual basis of V*, while (v}, gz)u denotes the product of the regular
function (v}, gx) and the distribution fx.

We will denote the vector space of length N columns by Vi, so that there are natural actions of
GLn, Spy, SOn on V. Let us also denote the action of g € G on x € V by 9.

1.2. Continuous Hecke algebras

We recall the definition of the continuous Hecke algebras of (G, V') following [5].
Given a reductive algebraic group G, its finite dimensional algebraic representation V and a skew-
symmetric G-equivariant C-linear map k: V x V — O(G)*, we set

Ha(G,V) = 0(G) x TV/([z, 9] - K(z,y) | z,y € V).
Consider an algebra filtration on H, (G, V) by setting deg(V) = 1 and deg(O(G)*) = 0.
Definition 1.1. (See [5].) We say that H,(G,V) satisfies the PBW property if the natural surjective map
0(G)* x SV — grH,(G,V) is an isomorphism, where SV denotes the symmetric algebra of V. We call

these K, (G, V) the continuous Hecke algebras of (G, V).

According to [5, Theorem 2.4], H, (G, V) satisfies the PBW property if and only if « satisfies the Jacobi
identity:

(z — zg)m(x,y) + (y - yg)fﬁ(z,m) + (.73 - J:g)n(y,z) =0 forallz,y,z€V. (M)
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Define the closed subscheme ® C G by the equation A3(1 — g1, ) = 0. The set of closed points of ® is the
set S ={g € G:1k(1—g,) <2} We have:

Proposition 1.1. (See [5, Proposition 2.8].) If the PBW property holds for H,.(G, V'), then k(x,y) is supported
on the scheme ® for all x,y € V.

The classification of all x satisfying (1) was obtained in [5] for the following two cases:
o for the pairs (G,h @ h*) with h being an irreducible faithful G-representation of real or complex type
(see [5, Theorem 3.5]),
o for the pair (Spy,, Von) (see [5, Theorem 3.14]).
For general continuous Hecke algebras such a classification is not known at the moment. However, a par-
ticular family of those was established in [5, Theorem 2.13]:

Proposition 1.2. For any 7 € (O(Ker p)* @ A2V*)E and v € (O(®)* @ A2V*)C, the pairing k.., (z,y) =
T(z,y) +v((1 — 9)z, (1 — g)y) satisfies the Jacobi identity.

Our first result is a full classification of all k satisfying (1) for the case of (SOy, Viv), which is similar to
the aforementioned classification for (Spy,,, Vo). But it turns out that ® is not reduced in this case and so

we need a more detailed argument.

Theorem 1.3. The PBW property holds for H.(SOn,VN) if and only if there exists an SO y-invariant
distribution c € O(S)* such that k(x,y) = (9 — g~ )z, y)c for all z,y € V.

The proof of this theorem is presented in Section 2.
1.8. Infinitesimal Hecke algebras

For any triple (g,V, k) of a Lie algebra g, its representation V' and a g-equivariant C-bilinear pairing
k: AV — Ul(g), we define

Hy(g,V):=Ulg) x TV/([z,y] — £(z,y) | 2,y € V).
Endow this algebra with a filtration by setting deg(V) = 1, deg(g) = 0.

Definition 1.2. (See [5, Section 4].) We call this algebra the infinitesimal Hecke algebra of (g, V') if it satisfies
the PBW property, that is, the natural surjective map U(g) x SV — grH(g,V) is an isomorphism.

Any such algebra gives rise to a continuous Hecke algebra
He(G,V) := 0(G)" @u(g) Hr(g, V),

where U(g) is identified with the subalgebra O(G)7, C O(G)*, consisting of all algebraic distributions
set-theoretically supported at 1¢ € G.

In particular, having a full classification of the continuous Hecke algebras of type (G, V) yields a cor-
responding classification for the infinitesimal Hecke algebras of (Lie(G), V). The latter classification was
determined explicitly for the cases of (g,V) = (gl,,, Vo ® V,S), (8pay,, Vo) in [5, Theorem 4.2].
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To formulate our classification of infinitesimal Hecke algebras Hy(son, Viy) we define:
o vo41(z,y) € S(son) ~ Clson] by

(z,A(1+ 72A2)71y) det(1 + T2A2)71/2 = Z'ijH(m,y)(A)7'2j, A€ soy,

Jj=0

where we formally set (1+7)*: =1+, WT” for a« € R, T € 72C[r?];
o r9;41(z,y) € U(son) to be the symmetrization of yo;41(z,y) € S(son).

The following theorem is proved in Section 3:

Theorem 1.4. The PBW property holds for H(son,Vn) if and only if k = Z?:o (jr2j41 for some non-
negative integer k and parameters (g, ..., € C.

This theorem is very similar to the analogous results for the pairs (gl,,, V,, @ V) and (sps,,, Vap). We
denote the corresponding algebra by H(son, V) for & of the above form.

Remark 1.1. (a) For (o # 0, we have H¢,r, (s0n, V) =~ U(soy11). Thus, for an arbitrary ¢ we can regard
H¢(son,Vn) as a deformation of U(son41).

(b) Theorem 1.4 does not hold for N = 2, since only half of the infinitesimal Hecke algebras are of the form
given in the theorem (algebras H,(s02, V) are the same as Hy/ (gly, Vi & V().

1.4. W-algebras

Here we recall the definitions of finite W-algebras following [7] (see also [9, Section 1.5]).

Let g be a finite dimensional simple Lie algebra over C and e € g be a nonzero nilpotent element. We
identify g with g* via the Killing form (,). Let x be the element of g* corresponding to e and 3, be the
stabilizer of x in g (which is the same as the centralizer of e in g). Fix an sly-triple (e, h, f) in g. Then
3y is ad(h)-stable and the eigenvalues of ad(h) on 3, are nonnegative integers. Consider the ad(h)-weight
grading on g = @,., 9(7), that is, g(i) := {{ € g | [h,§] = i&}. Equip g(—1) with the symplectic form
wy(§,m) = (x,[&,n]). Fix a Lagrangian subspace | C g(—1) and set m := @,._,9(i) &1 C g, m’ =
{€— (8 [§em} cU(g)

Definition 1.3. (See [10,7].) The W-algebra associated with e (and [) is the algebra U(g,e) :=
(U(g)/U(g)m")*d™ with multiplication induced from U (g).

Let {F$'} denote the PBW filtration on U(g), while U(g)(i) := {x € U(g) | [h,z] = iz}. Define
FrU(9) = Y ii0j<x(F5'U(8) NU(g)(i)) and equip U(g,e) with the induced filtration, denoted {Fe} and
referred to as the Kazhdan filtration.

One of the key results of [7,10] is a description of the associated graded algebra gry U(g, e). Recall that
the affine subspace S, := x + (g/[g, f])* C g* is called the Slodowy slice. As an affine subspace of g, the
Slodowy slice S, coincides with e + ¢, where ¢ = Kergad(f). So we can identify C[S.] = C[¢] with the
symmetric algebra S(3,). According to [7, Section 3], algebra C[S.] inherits a Poisson structure from C[g*]
and is also graded with deg(3, Ng(i)) =i+ 2.

Theorem 1.5. (See [7, Theorem /J.1].) The filtered algebra U(g,e) does not depend on the choice of I (up to
a distinguished isomorphism) and grp, U(g,e) = C[S.] as graded Poisson algebras.
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2. Proof of Theorem 1.3
o Sufficiency

Given any ¢ € (0(8)*)39~ the formula k(x,y) := ((9 — ¢~ 1)z,y)c defines a skew-symmetric SO y-
equivariant pairing & : Vi X Viy — O(SOp)*. For z,y,z € Viy and g € SOy we define

—1 1 1

ha,y,zig9) = (z—2) (29 =29 ,y)+(y—9) (29 =27 ,2)+ (z—29) (v -y’ ,2).
Lemma 2.1. We have h(z,y,z;9) =0 for all z,y,z € Vy and g € S.

Proof. For any g € S consider the decomposition V = V9@ (V9)+, where V9 := Ker(1 — g) is a codimension
< 2 subspace of V. If either of the vectors x,y, z belongs to V9, then all the three summands are zero and
the result follows. Thus, we can assume z,y,z € (V9)L. Without loss of generality, we can assume that
z = ax + By with a, 8 € C, since dim(V9)* < 2. Then

h(z,y, z9) = o (z —29) (29 — 2% y) + (w—2%) (! —y* )+ (y—17) (27 — 27 7))

+B((—v") (27 =27 y) + (=) (v — 7 x) + (@ —a) (¥ — v ).

Clearly, (29 — 29 ', x) = (29,2) — (z,29) = 0 and (29 — 29 ,y) = —(y9 —y9 ,z), so that the first sum is
zero. Likewise, the second sum is zero. The result follows. O

Since ¢ is scheme-theoretically supported on S, we get h(x,y, z;g)c = 0 and so (}) holds.
o Necessity

Let I C C[SOx] be the defining ideal of ®, that is, I is generated by 3 x 3 determinants of 1 — g. Consider
a closed subscheme ® C soy, defined by the ideal I := (A%A) C Clsoy].

Define E := Rad(I)/I and E := Rad(I)/I. Notice that E ~ E, since ® is reduced in the formal
neighborhood of any point g # 1, while the exponential map defines an isomorphism of formal completions
exp : N0 P,

On the other hand, we have a short exact sequence of SO n-modules

0—-E— 0(®) = 0(S) =0,

inducing the following short exact sequence of vector spaces

SON SON

0= (A2Vi @ 0(5)")°Y -2 (A2V5 @ 0(8)7)°Y L (AW @ E7)°OY - 0. (1)
It is easy to deduce the necessity for x € Im(¢) by utilizing the arguments from the proof of [5, Theo-
rem 3.14(ii)]. Combining this observation with Proposition 1.1 and an isomorphism E ~ E, it suffices to

prove the following result:

Lemma 2.2. (a) The space (A\2V}; @ E*)SON s either zero or one-dimensional.
(b) If (N2Vi @ E*)SON £ 0, then there exists k' € (A2V3 @ O(®)*)SON not satisfying (1).>

2 So that any element of (/\2\/1(‘, ® O(CII’)*)SON satisfying (1) should be in the image of ¢.
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Notice that the adjoint action of SOy on soy extends to the action of GLy by g.A = gAg' for A € soy,
g € GLy. This endows C[soy] with a structure of a GLy-module and both I, Rad(I) are GLy-invariant.
The following fact was communicated to us by Steven Sam:

Claim 2.3. As gl -representations E ~ AN*Vy.
Let us first deduce Lemma 2.2 from the Claim 2.3.

Proof of Lemma 2.2. (a) The following facts are well-known (see [6, Theorems 19.2, 19.14]):
o the 509, 1-representations {A"Va, 1}, are irreducible and pairwise non-isomorphic,
o the sos,-representation A"Va, decomposes as A"V, ~ ALVa, & AVa,, and soa,-representations
{/\OVQn, AT Al Vo, AT Van } are irreducible and pairwise non-isomorphic.

Combining these facts with Claim 2.3 and an isomorphism A*Vy ~ AN=FV¥ we get

i B 1, n=23,
(A2Viopy ® B¥)°9"* =0, while dim((A?V3, ® E%)°7*") = { 0, n#3.

(b) For N = 6, any nonzero element of (A2Vg§ @ E*)S9¢ corresponds to the composition
NVs 5= NV ~ E*
@ 6 =L

Let My C Clsoy]|2 be the subspace spanned by the Pfaffians of all 4 x 4 principal minors. This subspace
is GLg-invariant and My ~ A*Vj as glg-representations. Claim 2.3 and simplicity of the spectrum of the
glg-module C[sog] (see Theorem 2.5 below) imply My C Rad(I) and My NI = 0. It follows that M,
corresponds to the copy of A*Vs ~ Rad([)/I from Claim 2.3.

Choose an orthonormal basis {y;}$_; of Vg, so that any element A € sog is skew-symmetric with respect
to this basis. We denote the corresponding Pfaffian by PfA (with a correctly chosen sign).® We define

K (yi ® y;) € U(506) to be the symmetrization of Pf . Identlfylng U(sog) with S(sog) as sog-modules, we
easily see that k' : A2V — U(so0g) is sog-invariant.

However, x’ does not satisfy the Jacobi identity. Indeed, let us define &’ : Vo®@ Vs — S(s06) by £/ (v; ®y;) =
Pf;~. Then for any three different indices 4, j, k, the corresponding expressions { P, }, { Py, @i} { Py, 25}
001n01de up to a sign and are nonzero. So their sum is also non-zero, implying that (1) falls for k'. |:|

Proof of Claim 2.3.

o Step 1: Description of Rad([).

Let Pf;ji; € Clson]s be the Pfaffians of the principal 4 x 4 minors corresponding to the rows/columns
#i, 7, k,1. It is clear that Pf;;j; vanish at rank < 2 matrices and so Pf;j5; € Rad(/ ) A beautiful classical
result states that those elements generate Rad([), in fact:

Theorem 2.4. (See [12, Theorem 6.4.1(b)].) The ideal Rad(I) is generated by {Pf;jn|i < j <k <1}.
o Step 2: Decomposition of Clson] as a gly-module.

Let T be the set of all length < N Young diagrams A = (A\; > Ag > -+ > 0). There is a natural bijection
between T' and the set of all irreducible finite dimensional polynomial gly-representations. For A € T, we

3 To make a compatible choice of signs, define Pfﬁ as the derivative of the total Pfaffian Pf along E;; — Ej;.
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denote the corresponding irreducible gly-representation by Ly. Let T be the subset of T consisting of all
Young diagrams with even columns.
The following result describes the decomposition of Clsoy] into irreducibles:

Theorem 2.5. (See [1, Theorem 2.5].) As gly-representations Clson] ~ S(A*Vi) ~ @, cpe L.

For any A € T°, let Jy C C[son] be the ideal generated by Ly C Clsoy], while T§ C T be the subset of

the diagrams containing A. The arguments of [1] (see also [3, Theorem 5.1]) imply that Jy ~ @ueTf L, as

gly-modules.

o Step 8: Rad(I) and I as gly-representations.
Since the subspace My C C[soy], spanned by Pf;jx, is gly-invariant and is isomorphic to A*Vy, the

results of the previous steps imply that Rad(I) ~ L, as gly-modules.
)

RETF 4
(1
Let N3 C C[son]3 be the subspace spanned by the determinants of all 3 x 3 minors. This is a gly-invariant

subspace.
Lemma 2.6. We have N3 ~ L(22 12y ® L(16y as gly-representations.

Proof. According to Step 2, we have Clson]s =~ L16) © L(2,12) @ L(32. Since the space of 3 x 3 minors
identically vanishes when N = 2, and the Schur functor (3,3) does not, it rules L s2) out. Also, the space of
3 x 3 minors is nonzero for N = 4, while the Schur functor (1°) vanishes, so N3 2 L(1s). Since partition (1°)
corresponds to the subspace Mg C C[son] spanned by 6 x 6 Pfaffians, it suffices to prove that Mg C N3.
The latter is sufficient to verify for NV = 6, that is, the Pfaffian Pf of a 6 x 6 matrix is a linear combination
of its 3 x 3 determinants.”

Let det? ;‘11: be the determinant of the 3 x 3 minor, obtained by intersecting rows #t,j, k and columns
#p,q,s. The following identity is straightforward:

—4Pf = — det}35 4 det?55 — det55 + det?gn — detTa0 + det?3s — det?3n — detTae + det?ss — det?sa .
This completes the proof of the lemma. O

The results of Step 2 imply that I ~ WETe, . UT®

(22,12) 77 (16) _ _
Claim 2.3 follows from the aforementioned descriptions of gly-modules I and Rad(I). O

L, as gly-modules.

3. Proof of Theorem 1.4
Let us introduce some notation:

e K :=SO0x(R) (the maximal compact subgroup of G = SOy (C)),

cosf —sinfd 0 --- O
sinf cosf6 0O --- 0

. Sp = 0 0 T -0 e K, 96[—7T,7T],
0 0 1

4 The conceptual proof of this fact is as follows. Note that determinants of 3 X 3 minors of A € sog are just the matrix elements
of ASA, and A% A acts on A3V = /\ng O NS V. Tt is easy to see that the trace of A2 A on /\ng is nonzero. This provides a cubic
invariant for sog, which is unique up to scaling (multiple of Pf).
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o Sp:={gseg g€ K} C K,
o Sr:=S8SNK =Upep,n Sp,” so that Sg/K gets identified with S!/Z,.

According to Theorem 1.3, there exists a Zs-invariant ¢ € Og(S1)*, which is a linear combination of the
delta-function &y (at 0 € S*) and its even derivatives 6(()%), such that®

k(z,y) = ]c(G)(/((g — g_l)x,y) dg) de for all z,y € Vy.

— o

For g € Sg we define a 2-dimensional subspace V; C Vi by V; := Im(1 — g). To evaluate the above
integral, choose length 1 orthogonal vectors p,q € V; such that the restriction of g to Vj is given by the

matrix (‘S“l”;g _czisnee) in the basis {p, ¢}.

Let us define J, , :=q®@p' — p® ¢" € soy(R). We have:
e ((9—g Hx,y) =2sinb - (x, Ip.a¥);

* 9= exp(0y,4), since (107 007) =exp (7).

As a result, we get”:

T

K(z,y) = / / (z,any)( / 2¢(6) sin @ - e 7ra d@) dq dp, (1)

peSN—1 geSN-2(p) -

where SV ~! is the unit sphere in RY centered at the origin and S ~2(p) is the unit sphere in RN ~1(p) C RV,
the hyperplane orthogonal to the line passing through p and the origin.

Since ¢(f) is an arbitrary linear combination of the delta-function and its even derivatives, the above
integral is a linear combination of the following integrals:

(@, Jp,qy) - J32+1 dqdp, k=>0.
peSN =1 geSN=2(p)

This is a standard integral (see [5, Section 4.2] for the analogous calculations). Identifying U (soy) with
S(son) via the symmetrization map, it suffices to compute the integral

Iioy(A) = / / (2, Jpgy) - tr(AJy )" dgdp, A € son(R).
pESN -1 qeSN=2(p)
To compute this expression we introduce
m m—+1
Ea@)= [ [ wtantad = [ [ eeaen)" e
pESN =1 qeSN=2(p) pESN =1 qeSN=2(p)

so that the former integral can be expressed in the following way:

dF,,(A) (a: QY —y® xt) = 2(m+ 1), (A).

5 Note that Sp and S_g coincide for N > 3. That explains why 0 € [0, 7] instead of 6 € [—m, 7].

6 Here we integrate over the whole circle S* instead of S'/Zy, but we require c() = c(—0).

7 Generally speaking, the integration should be taken over the Grassmannian G (RN). However, it is easier to integrate over the
Stiefel manifold Vi (R™), which is a principal O(2)-bundle over G (RY).



2054 A. Tsymbaliuk / Journal of Pure and Applied Algebra 219 (2015) 2046-2061
Now we compute F,,(A). Notice that

Gn(A,Q) = / / (Q(A(Lp))m"'le—C(%P)—C(q,Q) dg dp

pERN geRN~1(p)

//6_0“%_(’0g / / (2(Aq,p))m+1dqdpdr2dr1
0 0

[pl=r1 |q|=r2

//67<T%7CT§7’T+NT?+N_1 dradry - Fip(A) = Ky n () Kt n—1(0) Fm(A),
0 0

where
00 k!
e l=2k+1
_ 7‘2 2<k+17 3
Ki(¢) == /e “Crldr = { Qk—DUVT 9
0 ShFIchFi/z) b= 2R,
As a result, we get
—_ 1)
Gl A, Q) = YA N D ().

2m+N+1<m+N+1/2 m

On the other hand, we have:

oo

1 _ _
E o 1)!Gm(A, () = / / e2(Aa.p) ,—C(p.p)—((q:q) dqdp
m=—1 _

pERN geRN—1(p)

/gt AP
_ / <o) / 2040 ~C(0.0) gg gp T /efc(m’) / 0" E(APAD) gt g

pERN q€RN~1(p) PERN q'€ERN=1(p)
_ / eSO EAPAD) g (1) T () N / (=2 a%0) g
pERN pERN
N3 1 T2 aN-3 —1/2
= —— det —A? = ——det(1+ (%A .
& e gat) = Fmp el

Hence, F,,(A) is equal to a constant times the coefficient of 7% in det(1 4+ 72A42)~1/2, expanded as a
power series in 7. Differentiating det(1 + 72A2)~'/2 along B € soy, we get

_ TPtr(BA(Q+724%)7)

KA 2 42\ ~1/2
pp (detll+7°4%) ) = det(1 + 72A42)1/2

Setting B = 2 @ y* — y @ ! yields 272 (x, A(1 + 72A2)"'y) det(1 + 72A42)~1/2 as desired. O
4. Poisson center of algebras Hgl (son)

Following [4], we introduce the Poisson algebras Hgl(saN, Vn), where ¢ = ((o,-.., (k) is a deformation
parameter. As algebras these are S(son @ V) with a Poisson bracket {-,-} modeled after the commutator
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[v] of He(son, Viv), that is, {z,y} = >°; (jy25+1(2,y). We prefer the following short formula for {-,-} :
VN x VN — Clson]| ~ S(son):

{z,y} = Res.— C(z_z) (x, A(l + zQAQ)_ly) det(l + 22A2)_1/2z_1d2’, Ve,y € Vn, A € sop, )

where ((2) =Y.~ (;%" is the generating function of the deformation parameters.

In fact, we can view algebras Hc(son, V) as quantizations of the algebras Hgl(so N, Vn). The latter
algebras still carry some important information. The main result of this section is a computation of their
Poisson center 3poiS(H§1 (son, V).

Let us first recall the corresponding result in the non-deformed case (¢ = 0), when the corresponding
algebra is just S(son x V) with a Lie-Poisson bracket. To state the result we introduce some more notation:

o Define p;(A) € C via det(Iny + tA) = Z;-VZO p;i (At for A € gly.

o Define b;(A) € gl via bo(A) = Iy, bp(A) = Z?zo(—l)jpj(A)Ak_j for k > 0.

e Define ay := sony X Vi; we identify aj, with ay via the natural pairing.

o Define ¢y, : aiy — C by ¥i(A,v) = (v, bax(A)v) for A € son, v € Vy, k> 0.

o If N =2n+1, ¢, is actually the square of a polynomial function 12,“ which can be realized explicitly
as the Pfaffian of the matrix (f:}t S) € 50251 2.

o Identifying Cla}] ~ S(an), let 7 € S(an) (respectively 7,41 € S(az,41)) be the elements corresponding
to Yr_1 (respectively qu\n)

The following result is due to [11, Sections 3.7, 3.8]:

Proposition 4.1. Let j3pqis(A) denote the Poisson center of the Poisson algebra A. We have:
(a) 3pois(S(azn)) is a polynomial algebra in free generators {T1,...,Tn}.
(b) 3pois(S(aant1)) s a polynomial algebra in free generators {Ti,...,Tn,Tn+1}-

Similarly to the cases of gl,,sp,,,, this result can be generalized for arbitrary deformations (. In fact,
for any deformation parameter ¢ = ((p,...,(x) the Poisson center 5poiS(H§1 (son,Vn)) is still a polynomial
algebra in [ 2| generators. This is established in the following theorem:

Theorem 4.2. Define c; € Clson] OV ~ 3pois(S(son)) via > ;(—1)c;t? = c(t), where

det(14t2A%)Y/2  2~1dz
det(1 4 22A42)1/21 — 222"

c(t) == Res,—o ((27?)

(a) jPOiS(HEI (802n, Van)) is a polynomial algebra in free generators {m + c1,...,Tn + Cn}.
(b) 5pois(H§1(502n+1, Van+t1)) is a polynomial algebra in free generators {T1 + c1,...,Tn + Cny Trnt1}-

Let us introduce some more notation before proceeding to the proof:

o Let {z;}}, be a basis of Viy such that (x;,z;) = 5?\7-#1—1"

o Let J = (Jij)i\fj:l be the corresponding anti-diagonal symmetric matrix, i.e., J;; = 65\/+17i'
Notice that A = (a;;) € son if and only if a;; = —an+1—j,n+1—; for all ¢, 5.

o Let by be the Cartan subalgebra of son consisting of the diagonal matrices.

o Define e(; jy := E; j — Eny1-jN+1-: € 5oy for i,j < N (in particular, e(; ny1-4) = 0 Vi).

o Weset e;:=eq, for 1 <i<n:= L%J, so that {e;}?_; form a basis of hy.

o Define symmetric polynomials o; € Clz1,. .., 2,]% via [[_, (1 +t2;) = S0 o tloi(21,. .., 2n)-

Proof of Theorem 4.2. We shall show that the elements 7; + ¢; (and 7,41 for N = 2n + 1) are Poisson
central. Combined with Proposition 4.1 this clearly implies the result by a deformation argument. Since
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{ri,s0n} = 0 for ¢ = 0, we still have {7;,s0n} = 0 for arbitrary ¢. This implies {r; 4+ ¢;,s0nx} = 0 as
Ci € 3Pois(S(s0n)). Therefore we just need to verify

{ci,xq} = —{m,zq} foralll <g<N. (2)

USing ¢S(Aa ’U) = (U7 bas (A)U) = Zi\ilzl xkxleS(A)N+17k7l? we get:

{Tet1, 24} = Z{b%(A)NH—k,l»xq}mkxl + Zb2s(A)N+1—k,z{$k»xq}xl + ZbQS(A)N-t,-l—k,lxk{xl’xq}'
k1 k.l k.l

The first summand is zero due to Proposition 4.1. On the other hand, AJ + JA! = 0 implies
(A2j)N+1,k7l = (A%)Ny1-1k and p2j4+1(A) =0 for all j > 0. Hence,

bos(A) = A% 4 po(A) A2 4 py(A)A? ™ £+ pas(A), b2s(A) i1y = b2s(A)nia—rn-
Combining this with {cs11, 24} =32 _ny1 %xm we see that (2) is equivalent to:

(w1, A(1 + 22A%)"ta,) dz

6Cs+1 _
- —Qszs(A)NprJ Res.—o ((27%) QT A2 o for all p,q < N. (3)
I

9e(p,q)

Because both sides of (3) are SO y-invariant, it suffices to verify (3) for A € by, that is, for
o A=diag(A1,..., A\n, —An,...,—A1) in the case N = 2n,
o A=diag(A1,..., A\, 0,=An,...,— A1) in the case N = 2n + 1.
For p # q, both sides of (3) are zero. For p = ¢ < n, the only nonzero summand on the right hand side
of (3) is the one corresponding to [ = N 4+ 1 — ¢. In this case:

5(90'54_1()\%, ceey A%L)

b2s(A) N y1—gna1—q = M> =01 (AT, A A2 4+ (=)0 (AL, A7) = (1) DY ,
q

while (zn11-¢, A(1 + 2%24%)71z,) = 1@—3/\2 and det(1 + 22A2)Y/2 = [T, (1 + 22)2).
q
For p=g¢q > L%J, we get the same equalities with A\; <> —\;. As a result, (3) is equivalent to:

aCs+1(>‘1a ) )‘n)

_ (71)S+1805+1()\%,... A2) 27 tdz
A2 o2

271/ Res,—o C (272 - )
o< )(1+Z2)‘(21)H¢=1(1+Z2>‘12)

We thus need to verify the following identities for c(t):

oc(t) _ Oy (14823) | (=)l

= Zz= n : 4
532 o, "W ) I (0 + 230) ”

This is a straightforward verification and we leave it to an interested reader. This proves that 7; + ¢; €
jpois(Hgl(SUN, Vn)) for all 1 <i <n. For N = 2n+ 1, we also get a Poisson-central element 7,41 + ¢p41-
Since ¢, +1 = 0, we have

Toi1 = T+t € 3pois (HE (802041, Vant1)) = Tnt1 € 3pois (HE (502n+1, Vant1))-

This completes the proof of the theorem. 0O
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Definition 4.1. The element 7{ = 71 + ¢; is called the Poisson Casimir element of Hgl (son, V).
As a straightforward consequence of Theorem 4.2, we get:

Corollary 4.3. We have 71 =11 + Zfzo(—l)j“(j tr S22 4.

5. The key isomorphism

5.1. Algebras Hy,(son, Vi)
Let us first introduce the universal infinitesimal Hecke algebras of (son, Vy):

Definition 5.1. Define the universal length m infinitesimal Hecke algebra H,,(son, V) as

Jj=

Hy(son, Vi) := U(son) x T(V)[Co, - - ~7Cm—1]/<[A’x] — A(z), [z, y] - i: G2+ (7, y) — T2m+1($ay)>7

where A € soyn, z,y € Vy and {Q—}?;Bl are central. The filtration is induced from the grading on
T(son ® VN)[Coy---sCm—1] with deg(son) = 2, deg(Vy) = 2m + 2 and deg({;) = 4(m — i).

The algebra H,,(son, Vi) is free over C[Co, ..., Cno1] and Hy,(son, Vi)/ (G — ¢i)™5" is the usual in-
finitesimal Hecke algebra H¢, (son, Vi) for (. = cor1 + ... + cm—1T2m—1 + T2m+1.

Remark 5.1. For an soy-equivariant pairing n : A>Vy — U(son)[Co,- -, Cm—1] such that deg(n(z,y)) <
4m—+2, the algebra U(son) x T(VN)[Co, - - -, Cm—1]/([A, x] — A(z), [z, y] —n(z,y)) satisfies the PBW property
if and only if n(z,y) = Y i~y mir2i+1(z,y) with n; € C[(p, ..., (m—1] degree < 4(m — i) polynomials (this is
completely analogous to Theorem 1.4).

5.2. Isomorphisms © and ©°

The main goal of this section it to establish an abstract isomorphism between the algebras H,,(son, Vn)
and the W-algebras U($0N42m+1,€m), Where e, € $0x12,+1 is a nilpotent element of the Jordan type
(1V,2m + 1). We make a particular choice of such an element®:

m m
* Cm = Ej:l ENtjNtj+1 — Zj:l ENtmj Ntmtjr1-

Recall the Lie algebra inclusion ¢ : q — U(g,e) from [9, Section 1.6], where q := 34(e, h, f). For (g,e) =
(SON-+2m+1,Em) We have ¢ ~ so. We will also denote the corresponding centralizer of e, € 50n2m+1 and
the Slodowy slice by 3n,m and Sy, respectively.

Theorem 5.1. For m > 1, there is a unique isomorphism © : Hy,(son, V) —=U (50N 1om+1, €m) of filtered
algebras such that © |son=( |soy -

8 In this section, we view 50 as corresponding to the pair (Vi , (-,-)), where (-,-) is represented by the symmetric matrix J' = (J;j)
with J7; =67, 0] yop = Thgni =0 Ihynner = Onps o5 Vi, i SN, k1 < 2m + 1.
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Sketch of the proof. Notice that jn,m ~ son & Vi & C™ as vector spaces, where son ~ q = 35,1, (0), Va C
38,m(2m) and C™ has a basis {£o,...,&n—1} with & € jnm(4m — 4i — 2). Here &,,—; = e2~! € soy for
1 < j <m, Vy is embedded via z; — E; Nyyom+1 — Ent1,, while soy is embedded as a top-left N x N
block of §0 N1 2/m41-

Let us recall that one of the key ingredients in the proof of [9, Theorem 7] was an additional Z-grading Gr
on the corresponding W-algebras.” In both cases of (sly4m,€m), (8P2n42m»€m) such a grading was induced
from the weight-decomposition with respect to ad(c(h)), h € q.

If N = 2n, same argument works for g = s0n 2,11 as well. Namely, consider h € q ~ so0s, to be the
diagonal matrix I}, := diag(1,...,1,—1,...,—1). The operator ad(¢(I},)) acts on 3, with zero eigenvalues
on C™, with even eigenvalues on soy, and with eigenvalues {£1} on Vy.

However, there is no appropriate h € q in the case of N = 2n+ 1. Instead, such a grading originates from
the adjoint action of the element

go:=(-1,...,—1,1,...,1) € O(N +2m + 1).
N —— N——
N 2m—+1

This element defines a Zs-grading on U(soniom+1) and further a Zg-grading Gr on the W-algebra
U(80N42m+1,€m)- The induced Zs-grading Gr’ on grU (0§ 42m-+1, €m) = S(35,m) satisfies the desired prop-
erties, that is, deg(C™) = 0, deg(son) =0, deg(Vy) =1.

Therefore the algebra U(s0n42m+1,€m) is equipped both with a Kazhdan filtration and a Zo-grading
Gr. Moreover, the corresponding isomorphism at the Poisson level is established in Theorem 5.2. Now the
proof proceeds along the same lines as in [9, Theorem 7]. O

Let us introduce some more notation:
o Leti:soy P VN B le)aN,m denote the isomorphism from the proof of Theorem 5.1.
o Let HS(son, Vi) be the Poisson counterpart of H,,(soy,Vy) (compare to algebras Hfl(soN, Vn)).
« Define P; € Cls0noms1] by det(Injomyr +tA) = SIVE2 L po(A)td,

J _ Jj=0
e Define {G)z 17161 S S(ﬁN,m) ~ (C[SN,m] by O, = PZ(m*i)‘SN,m'

The following result can be considered as a Poisson version of Theorem 5.1:

Theorem 5.2. The formulas

o) =ita), o'y = T i), e = (-8

define an isomorphism ©° : H (son, V) —=S(3nm) = C[Sn.m] of Poisson algebras.

The proof of this theorem proceeds along the same lines as for sp,y (see [9, Theorem 10]).
5.3. Consequences

Let us now deduce a few results on the infinitesimal Hecke algebras of (son, V).

Corollary 5.3. Poisson varieties corresponding to arbitrary full central reductions of Poisson infinitesimal
Hecke algebras Hgl(saN, V) have finitely many symplectic leaves.

9 Actually, as exhibited by the case of 5Paytam, it suffices to have a Za-grading.
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Corollary 5.4. (a) The center Z(H¢(son, V) is a polynomial algebra in | MFL] generators.'”

(b) The infinitesimal Hecke algebra H¢(son, V) is free over its center Z(H¢(son, Vn)).
(c) Full central reductions of grH¢(son, V) are normal, complete intersection integral domains.

Finally, the isomorphism of Theorem 5.1 provides the appropriate categories O for the algebras
Hp,(son,Vn) (and hence for H¢(son,Va)) once we have them for the finite W-algebras. The categories
O for the finite W-algebras were first introduced in [2| and were further studied in [8]. Namely, recall that
we have an embedding q C U(g, e). Let t be a Cartan subalgebra of q and set go := 34(t). Pick an integral
element § € t such that 34(8) = go. By definition, the category O (for 6) consists of all finitely generated
U(g,e)-modules M, where the action of t is diagonalizable with finite dimensional eigenspaces and, more-
over, the set of weights is bounded from above in the sense that there are complex numbers aq,...,ay
such that for any weight A of M there is ¢ with a; — (8, \) € Z<o. The category O has analogues of Verma
modules, A(N?). Here N is an irreducible module over the W-algebra U(go, €), where g is the centralizer
of t. In the case of interest (g,e) = (50N 12m+1,€m), We have go = 502,11 X CV and e is principal in go.
In this case, the W-algebra U(go, e) coincides with the center of U(gg). Therefore N is a one-dimensional
space, and the set of all possible NO is identified, via the Harish-Chandra isomorphism, with the quotient
h* /Wy, where b, Wy are a Cartan subalgebra and the Weyl group of gy (we take the quotient with respect to
the dot-action of Wy on h*). As in the usual BGG category O, each Verma module has a unique irreducible
quotient, L(N?). Moreover, the map N° — L(N?) is a bijection between the set of finite dimensional irre-
ducible U(go, e)-modules, h* /Wy, in our case, and the set of irreducible objects in O. We remark that all
finite dimensional irreducible modules lie in O.

6. Casimir element

In this section we determine the first nontrivial central element of the algebras H¢(son,Vy). In the
non-deformed case ¢ = 0, we have t; := (v,v) € Z(Hp(son, Vn)). Similarly to Corollary 4.3, this element
can be deformed to a central element of H¢(son, Vi) by adding an element of Z(U(soy)).

In order to formulate the result, we introduce some more notation:

o Define w; := % and g := V"2 (s + Dlw; L, v, = —£s.
o For a sequence {(;}72 define {a;}T., recursively via (; = 2vp;11 ?:{lfj(—l)l*l (223‘[-5;211)%“71.

« Define a sequence of parameters {g;}74" via g; = 2p9;1(—2a;_1 + S (=) (P ag).

e Define a polynomial g(z) := Z;r:il g7
o Define A(2)(z,y) := (z, A(1 4+ 22A%)"y) det(1 + 22 A2)~1/2 and B(z) := det(1 + 2242)~1/2,
o Let [2™]f(2) denote the coefficient of 2™ in the series f(z).
+ Define C € Z(U(soy)) to be the symmetrization of Res,—g g(z~2) det(1 + 22A%)~ /227142,
Then we have:
Theorem 6.1. The element t :=t, + C is a central element of He(son, V).

Definition 6.1. We call t| = t; + C the Casimir element of H¢(son, V).

Remark 6.1. The same formula provides a central element of the algebra H,,(son,Vy), where C €
Z(U(EUN))[C(M B 7<7n—l]~

10 Here we use the description of the center of the W-algebras, see [9, Theorem 5] for a reference.
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Theorem 6.1 can be used to establish explicitly the isomorphism © of Theorem 5.1 in the same way as
this has been achieved in [9, Section 4.6] for the gl,, case.

Proof of Theorem 6.1. Commutativity of ¢} with soy follows from the following argument:
[tl,SUN} ZOEHo(ﬁﬂN,VN) = [tl,SUN]ZOEHg(SON,VN) = [tll,BUN] ZOEH((BUN,VN).
Let us now verify [t1 + C,z] = 0 for any z € Vy.

Identifying U(soy) with S(son) via the symmetrization map and recalling (1), we get:

™

[fo,m] =Y / / (xi,Jp,qx)< / 2¢(6) sinee“ww) dqdp

peSN—1 geSN—2(p) -

+ Z / / ( / 2¢(0) sin 06”“(19) (@3, Jp qr)xidgdp.

peSN-1geSN=2(p) *—m

Since Y, zi(xi, Jp gx) = Jpqx and ve? ra = ef7r.a(cos - v —sinb - J, qv) for v € Viy, we have

[t1,2] = / / / 2¢(0) sin 0e’/»7 (sin 6 - = + (1 + cos ) - Jp, 4z ) dfdqdp. (5)

peSN—1geSN-2(p) -7

The right hand side of (5) can be written as [z, C’], where

T

C' = / / < /0(0)(72 — 2cos 9)69‘11”‘1d9> dqdp.

peSN-1geSN=2(p) *—m

Thus, it suffices to prove that ¢/ = C.
The following has been established during the proof of Theorem 1.4:

/ / J3 Jdadp = Fo_y = ps_1[2°] B(2), (6)
peSN—1 qeSN=2(p)

(z, Jp,qy)J;qdqdp =Tspy=Vs [25_1}A(z)(x, Y). (7)

peSN—1 qeSN=2(p)

Let ¢(0) = codg + c26{ + (:45(()4) + ... be the distribution from (1), where 5(()k) is the k-th derivative of the
delta-function. Since

m =Y

0.0 Tpq 10 , EETVASY A 2041
/26(9) sin fe”“»adf = 2ch Z (-1) <21 g 1) LT

-7 j>1 =1
formulas (1) and (7) imply
[x,y] = Resz:O 5(272)A(Z)(1',y)271d2,

where ((272) = >0 (j27% and (; = 29511 Zl21(—1)l+1(22J2f21l)62j+21.
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Comparing with [z,y] = Res.—o ((272)A(2)(z,y)z~*dz, we get ((272) = ((2~2) and 50 9442 = a5, where
a>m = 0. On the other hand,

ks Li/2] .
. AN
/0(9)(—2 cos @ — 2)e?radh = 2 E cj| —2J5 .+ E (=1t (21) szr,qﬂ
=1

Jj=0

—T

Combining this equality with (6), we find:

C" =Res.—g(27%)B(z)z"'dz = C.
This completes the proof of the theorem. 0O
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