ORTHOGONAL BASES FOR TWO-PARAMETER QUANTUM GROUPS

IAN MARTIN AND ALEXANDER TSYMBALIUK

ABSTRACT. In this note, we construct dual PBW bases of the positive and negative subalgebras of the two-
parameter quantum groups Uy s(g) in classical types, as used in [MT]. Following the ideas of Leclerc [L] and
Clark-Hill-Wang [CIIW], we introduce the two-parameter shuffle algebra and relate it to the subalgebras
above. We then use the combinatorics of dominant Lyndon words to establish the main results.
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1. INTRODUCTION

1.1. Summary.
Let g be a simple finite-dimensional Lie algebra. Corresponding to any polarization ® = &+ U (—®™) of
the root system of g, there is a root space decomposition

(1.1) g=n"ohodnt with nt = Bace+C - €1q.
1
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The elements e, are called root vectors. This induces a decomposition U(g) = U(n~) @ U(h) @ U(n™),
and the ordered products in {e+q}ace+ form a basis of U(nT) for any total order on ®*. In fact, the root
vectors can be normalized so that

lea,es] = eaep —egeq € (Z\ {0}) - eatp for all «,8 € &' such that a+ € ®*,

For each such g, Drinfeld and Jimbo simultaneously defined the quantum group U, (g), which is a quan-
tization of the universal enveloping algebra of g. As with U(g), the quantum groups possess a triangular
decomposition U, (g) = U,(n™) @ U,(h) @ Uy(n*). Furthermore, U, (n*) admit PBW-type bases

U,(n%) = @ C(q) - €ty -+ - €y

12> 2>y €PF

formed by the ordered products of g-deformed root vectors e+, € Uy(n*). The latter are defined via Lusztig’s
braid group action, which requires one to choose a reduced decomposition of the longest element wy in the
Weyl group of g, and the order > on ®* used above is induced by this reduced decomposition.

However, there is also a purely combinatorial approach to the construction of PBW-type bases of Uq(ni)
that goes back to the works of Kharchev, Leclerc, and Rosso. To this end, recall Lalonde-Ram’s bijection [LLR]:

(1.2) 0: T = {standard Lyndon words in I}.

Here, the notion of standard Lyndon words intrinsically depends on a fixed total order of the indexing set I
of simple roots of g. Furthermore, this bijection ¢ gives rise to a total order on ®7 via:

a<f <= [{(a) < {(B) lexicographically.

It was shown in [L, Proposition 26] that this order is convex and thus corresponds to a reduced decomposition
of wp, which allows one to define e, as iterated g-commutators, eliminating Lusztig’s braid group action.

Although theory of multiparameter quantum groups goes back to the early 1990s (see e.g. | , Re, T]),
much of the current interest in the subject stems from the papers | , , ], which study the two-
parameter quantum group U, (gl,,) and subsequently give an application to pointed finite-dimensional Hopf
algebras. In [ ], they developed the theory of finite-dimensional representations in a complete analogy
with the one-parameter case, computed the two-parameter R-matrix for the first fundamental U, s(gl,)-
representation, and used it to establish the Schur-Weyl duality between U, 4(gl,,) and a two-parameter
Hecke algebra. These works of Benkart and Witherspoon stimulated an increased interest in the theory of
two-parameter quantum groups. In particular, the definitions of U, (g) for other classical simple Lie algebras
g were first given in | , ], where basic results on the structure and representation theory of U, s(g)
were also established. Subsequently, these algebras have been treated case-by-case in multiple papers. For a
more uniform treatment and complete references, we refer the reader to [[1P].

In the companion paper [MT], we evaluated the finite and affine R-matrices for two-parameter quantum
groups of classical types, associated with the first fundamental representation and the corresponding evalua-
tion modules. We further presented a factorization of the finite R-matrices into “local factors”, parametrized
by the set ®. The latter relied on the construction of dual PBW-type bases of the positive and negative
subalgebras, which was announced in [MT, Theorem 5.12] without a proof. The main objective of the present
note is to provide a proof of this result. Due to the absence of Lusztig’s braid group action on U, s(g) (noted
first in | 1), we use the aforementioned combinatorial construction of orthogonal dual bases of the pos-
itive and the negative subalgebras of U, s(g) through dominant® Lyndon words, which goes back to [I, 0]
in the one-parameter setup, to | ] in the super case, and to [ | in the two-parameter A-type case.

The main results of our paper are Theorem 7.1 and Theorem 7.2, which provide PBW-type bases of the
positive subalgebra U,I"r +(9) and the negative subalgebra U, (g), show that they are orthogonal with respect
to the Hopf pairing (-, ) g, and evaluate explicitly all the nonzero pairing constants. The latter is actually
the hardest part, and it does play the key role in our factorization of R in [MT]. In particular, while the
construction of such bases for type A was already presented (through a slightly different, but equivalent,
perspective of Grébner bases) in | ], the results on their pairing already seem to be new in A-type.

Let us briefly outline the strategy of our proof. First, we translate the problem solely into the construction
of dual bases of Uﬁ .(g), endowed with a twisted coproduct and a twisted product on its tensor powers, with
respect to a different symmetric form (-,-). We then introduce a two-parameter shuffle algebra F and embed

'We use the terminology of [ |; they are also called good in [L], and coincide with standard from [LR].
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U;*" .(g) into F. Interpreting the coproduct and the pairing on the shuffle side allows us to construct dual
bases. The explicit computation of the nonzero pairing constants for a special order of simple roots is then
accomplished by brute force. Finally, pulling back these results to the original setup yields Theorems 7.1-7.2.

1.2. Outline.
The structure of the present paper is as follows:

e In Section 2, we recall two-parametric quantum groups U, s(g) for simple finite-dimensional Lie algebras g,
see Definition 2.1, as well as the Hopf pairing for those, see Proposition 2.2. We also construct the
analogues of the Cartan involution and the bar involution, see Proposition 2.6. Finally, we compute the
graded dimensions and establish the non-degeneracy of the Hopf pairing, see Propositions 2.8 and 2.11.

e In Section 3, we study several other pairings and ultimately relate them to the Hopf pairing of Proposi-
tion 2.2, see Theorem 3.17. This is needed to replace the Hopf subalgebra UZ, (g) with U,f,(g) (eliminating
Cartan elements) at the cost of changing the product structure on the tensor powers, and also modifying
the coproduct and the pairing. The latter is essential for the combinatorial constructions in Sections 4—6.

e In Section 4, we introduce the two-parameter shuffle algebra (F, *) and relate it to the positive subalgebra
Ut (g), see (4.1)~(4.3) and Propositions 4.4, 4.6, 4.7. We also provide a shuffle interpretation of the bar
involution and twisted coproduct, see Proposition 4.8, Corollary 4.9, and Proposition 4.10.

e In Section 5, following | , Sections 4-5] (which in turn is largely based on [L]), we recall the notions of
dominant and Lyndon words as well as introduce the bracketing of words. We use the latter to introduce
the Lyndon basis { Ry }wew+ and its closely related versions {Ew}u,ew+, {Ry}wew+, all parametrized
by the set W of dominant words. Our main result is Theorem 5.19, which establishes the orthogonality
of the last two bases and expresses all nonzero pairings through the pairings { (R, R¢)}¢c s+, parametrized
by the set £ of dominant Lyndon words (which is in bijection (1.2) with the set ®* of positive roots).

e In Section 6, we explicitly compute R, (which are shuffle incarnations of the quantum root vectors in
U,r,(g)) and the corresponding pairing (Re, Ry) for each dominant Lyndon word £ € LT, for the special
order 1 < --- < n on the alphabet I = {1,...,n}. We treat each type separately, similarly to | , §6].

e In Section 7, we combine Theorem 3.17, Theorem 5.19, and the explicit calculations of Section 6 to
prove the main results of this paper: Theorems 7.1 and 7.2. This establishes PBW-type bases of U;tr L(9)
and U, ,(g) dual with respect to the Hopf pairing of Proposition 2.2, which was announced in our earlier
work [MT, Theorem 5.12] without a proof, and used there to factorize the corresponding finite R-matrices.

e In Appendix A, we evaluate (R, Ry) for any order on the alphabet I given that the first letter of £ occurs
exactly once, see Theorem A.9, which is crucially based on an interesting combinatorial Lemma A.5.

1.3. Acknowledgement.

This note represents a part of the year-long REU project at Purdue University; we are grateful to Purdue
University for support. A.T. is deeply indebted to Andrei Negut for numerous stimulating discussions over
the years and sharing the beautiful combinatorial features of quantum groups, to Sarah Witherspoon for a
correspondence on two-parameter quantum groups, and to Weiqing Wang for a correspondence on | ].

The work of both authors was partially supported by an NSF Grant DMS-2302661.

2. NOTATIONS AND DEFINITIONS

In this Section, we recall the notion of two-parametric quantum groups U, s(g) for simple finite-dimensional
Lie algebras g, the Hopf algebra structure and the Hopf pairing on those, and finally construct several
important (anti)automorpshims. We refer the interested reader to [MT, §1.1, §2] for a full list of references.

2.1. Two-parameter quantum groups.

Let E be a Euclidean space with a positive-definite symmetric bilinear form (-,-). Let ® C F be an
irreducible reduced root system with an ordered set of simple roots IT = {ay,...,a,}, and let g be the
corresponding complex simple Lie algebra. We set n* = Daco+ 9+a, Where g, denotes the root space of
g corresponding to a € @, and ®* denotes the set of positive roots of @, see (1.1). Let C' = (a;)};—; be
the Cartan matrix of g, with entries given explicitly by a;; = Q(ﬁi”;"))7 and set d; = %(ai,ai), where (-, ) is

normalized so that the short roots have square length 2. The root and weight lattices of g will be denoted
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by @ and P, respectively:
n n
@Zai =QCP= @ZW, with (Oéi, Wj) = d,-5ij.
i=1 i=1

Having fixed above the order on the set of simple roots II, we consider the (modified) Ringel bilinear form
(-,) on @, such that (unless {i,5} = {n — 1,n} in type D,,) we have:
diaij if 4 <}
<Oéi704j>= dl lf ’L:j 5
0 if i>7
while in the remaining case of D,,-type system, we set:
<05n717an> = <5n71 —&n,En—1 +5n> = _]-7 <an7an71> = <5n71 +énsEn—1 — €n> =1.

We note that (u,v) = (u,v) + (v, u) for any p,v € Q.

We also need the following two-parameter analogues of ¢g-integers, g-factorials, and g-binomial coefficients:

m m

r—=3=:S

[M]ps = ———— =r™" 4™ 25 4 g™ 4 gmE for all m € Z>o,
r—s =
(M o! = [m]ps[m—1]r s [1]rs for m >0, [0],s!' =1,
and ],
m My !
=0 forall 0<k<m.
[k] = Kl =T
Finally, we also define
2.1) Ty = rN/2, 5y = s(/2 for all ~ € &,
' Ty =Tq, = rdi, Si = Sa; = s forall 1<i<n.

We now recall the definition of the two-parameter quantum group of g:

Definition 2.1. The two-parameter quantum group U, 5(g) of a simple Lie algebra g is the associative C(r, s)-
algebra generated by {e;, fi, wE", (WH)F Y, with the following defining relations (for all 1 <i,j < n):

(2:2) Jwir wj] = s, wj] = [wh,wi] =0, wflwf' =1= (W)™ (W)™,
(2.3) wie; = r(aj7a¢>s—(a¢,aj>ejwi7 wifj = r—(apai)s(auaj)fjw“
(2.4) wie; = T*(ﬂi»aﬁs(ajyal‘)ejwl{’ wif; = T(ai’aﬁs*(%am)fjw;’
w; — w}
(25) eifj - fjei = 5ij s, s
and quantum (r, s)-Serre relations
1—(1”'
1—a;; N —ga— . .
> (Uk{ N 3] (rise) EE=D (rs)Rasad ol =0 R ek — 0 for i # j,
k=0 Ti,Si
(2.6) I—as;
. 1 — Wqgq . . —Qii— . .
> <1>’“{ N 3] (rusi) D o)) R =00 ori .
k=0 Ti,Sq

We note that the algebra U, ;(g) admits a Q-grading, defined on the generators via:
deg(e;) = iy, deg(fi) = —ay, deg(w;) =0, deg(w,) =0 forall 1<i<n.

For € Q, let U, 4(g), (or simply (Uy,s),) denote the degree 1 component of U, ;(g) under this Q-grading.
We shall also need several subalgebras of U, s(g):

e the “positive” subalgebra U, = Ul (g), generated by {e;}7;,

e the “negative” subalgebra U, = U, (g), generated by {fi}7,

o the “Cartan” subalgebra U, = U? (g), generated by {wEL (WHF ),
e the “non-negative subalgebra” Uz, = Ufs (g), generated by {e;,wi'}r,



ORTHOGONAL BASES FOR TWO-PARAMETER QUANTUM GROUPS 5

e the “non-positive subalgebra” US, = UZ,(g), generated by { fi, (w]) ¥} ,.
Evoking (2.2), for any = Y27, ¢y € Q, we define wy,, w;, € UY (g) via:

= W, = (W) (W) ()

Finally, the algebra U, ;(g) has a Hopf algebra structure, where the coproduct A, counit €, and antipode
S are defined on the generators by the following formulas:

Aw!) =wit @ wf e(wi') = Swi) = wF!
A((w))* ) (wi)il ® (w))*! e((wi)™ ) S((wi)™) = (W) T
Ale;) =6, @1+ w; ®e; e(e;) = S(e;) = —w;lei
A(fz)*1®fz+fz ®w e(fz) S(fz):*fi(‘*}”il
We note that
(2.7 A erel+ @ U@ v © U@ +u, 0,
o<v<p
(2.8) Aly) ey@w,+ P Ury(8)-r @ Uy o (8)—(u-nyws + 1 9,
o<v<p

for any z € U (g), and y € U, (g) . Here, we use the standard order < on the root lattice Q:
v<p = p-rveQt,

where QT = @, Z>o; is the positive cone of the root lattice Q.

2.2. Hopf pairing.

In this Subsection, we recall the Hopf pairing on U, s(g), which allows one to realize U, s(g) as a Drinfeld
double of its Hopf subalgebras Uss(g)7 UES (g). This pairing is also crucial to the main results of this paper.

Proposition 2.2. There exists a unique non-degenerate bilinear pairing
(2.9) () Us(g) x Uz (@) — C(r, s)
satisfying the following structural properties
Wy, 2)u = oy, A@)g, (22w = (A), 2’ @x)y Va2’ € UZ(9), v, € US,(a),
where (' @ ",y @y g = (&', ¥ ) u (2", y" )1, as well as being given on the generators by:

1
(flij)H = Oa (W;,ei)H = 07 (fi7ej)H = 5747 for all 1 S 27] S n,
S; — T

(2.10) (Whywp)ar = 7 s =N for all A\ p€ Q.
The above pairing is clearly homogeneous with respect to the above Q-grading:
(2.11) (y,2)gp =0 for z€UZ(a)u yE Uss(g),y with p#veQt.
Remark 2.3. We shall provide a careful proof of the non-degeneracy of (-,-) g in Proposition 2.11.
Using (2.7), we may define linear maps p;, pi: (U,), — (UF,)u—a, for any p € QF via
(2.12) Alz)=z®1+ Zpi(ac)wi Qe +...+ Z eiWy—a; ® Pi(z) +w, @,
; i=1

which satisfy (and are uniquely determined by) p;(1) = p;(1) = 0, p;(e;) = p;(e;) = J;;, and the following
analogue of the Leibniz rule:

pi(za’) = 2pi() + (Waeg(ar) wi) 1 - Pi(2) T,
pi(za’) = pi(z)a’ + (Wi, Waeg(x)) 1 - 2P;(2),

for all homogeneous z, 2’ € Uf,. Combining (2.11) with Proposition 2.2, we obtain the following result:

(2.13)
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Proposition 2.4. For any x € U;fs and y € U, we have

87

1 1
(o, 2)m = ——@pi(@))n and  (yfi,2)m = ——(y:pi(2))n-
Likewise, using (2.8), we define linear maps p;, p;: (U 5)—pn — (U g)—(u—a,) for any p € Q7 via

T,8

Al)=y@w, + Y pi(y) ® fiw), o, +---+ > [i @Pi(y)wly, + 1@y,
i=1 i=1
which satisfy (and are uniquely determined by) p;(1) = p;(1) = 0, p;(f;) = p;(f;) = d;j, and the following
analogue of the Leibniz rule:
(2.1 Pi(yy') = pi()y' + (W, aeg(y)> Wi - ypi(y'),
' piyy') = ypi(y') + (Wi, w—deg(y)) 1 - i (W)Y,

for all homogeneous y,3" € U, ,. As above, they are related to the Hopf pairing via:

Proposition 2.5. For anyy € U, and x € U, we have
1 1

(y,eix) g = pa—— (pi(y),2)n  and  (y,we;)g = po—

(Vi (y), ) m-

Since we will frequently use the restriction of (-,-)g to the Cartan subalgebra U (g) throughout the
paper, we shall denote it simply by (-, -) for brevity:

(2.15) (y,z) = (y,2)m for any y,xz € Ugs(g).

Let us present explicit formulas for the latter in each of the classical types. To this end, we use the following
standard embeddings of the classical-type root systems in Euclidean space:

o A, -type (corresponding to g ~ sl,11).
Let {&;}77! be an orthonormal basis of R"*!. Then, we have

a, ={ei—¢g|1<i#j<n+1} cR",
My, ={o;=¢; — 5i+1}?:1-
We shall use the following notation for the set of positive roots &+ in ® 4, :
(2.16) Yij=a;i+-4a; for 1<i<j<n.

e B, -type (corresponding to g ~ §02,41)-
Let {&;}_; be an orthogonal basis of R”™ with (e;,¢;) = 2 for all i. Then, we have
Pp, ={Fete|1<i<j<nju{zxe|l<i<n}CR",
lp, = {0 =¢; — si+1}::11 U{an =en}.
We shall use the following notation for the set of positive roots &+ in ®p, :
Yij =0 +---+a;  for 1<i<j<n,
(2.17) Bij =a; 4+ +aj_1+ 205+ + 2a, for 1<i<j<n.

e C,-type (corresponding to g =~ sp,, ).
Let {e;}7_; be an orthonormal basis of R". Then, we have

o, ={tete|1<i<j<nju{+2;|1<i<n}CR",
-1
HC" = {Ozi =&; — €i+1}?:1 U {Oén = 2571}-
We shall use the following notation for the set of positive roots &+ in ®¢,:
’71‘]‘:0(1‘4""4—06]‘ for 1SZSJSH7

2.1
(2.18) Bij =0+ F+aj_1+ 20+ -+ 201+ for 1<i<j<n.
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e D, -type (corresponding to g ~ 50,).
Let {e;}7_; be an orthonormal basis of R"”. Then, we have

Pp, ={+eite|1<i<j<n}CR",
Iip, = {Oéi =& — €i+1}::11 U {an =€p_1 _|_5n}.
We shall use the following notation for the set of positive roots ®* in ®p, :
Yij =0+ oy for 1<¢<j<n,
Bin=0a;i+ - +anos+a, for 1<i<n,
Bin—1=0a;+ -+ oy for 1<i<n-—1,
Bij =i+ F+aj_1+205 4+ 20,0+ an_1 oy for 1<i<j<n-—1.

(2.19)

Then, we have the following explicit formulas for the pairing of Cartan elements, where A = Z;;l ca; € Q:

o Ay -type
(Wh,w;) = rlEN) g A)
(o 03) = {10 (e,
e B, -type
) rlEaNglErnd) i 1 <j<n
Wy, Ww;) = e )
A p(ensA) (7«5)*5" if i=n
( ) rmEt1 N g=(EN)  if 1<i<n
Wi, wy) = e
iy FA S—(sn,)\) (rs)cn if 1=n
o () -type
o) rEiX) gleit1, ) if 1<i<n
Wy,W; ) = . . ’
A r2(en,X) (?”‘8)720” if 1=n
( ) rmEH NN if 1 <i<n
w,’ w = . .
is WA s—2(EnN) (rs)ch if i=n
e D, -type
/ B r(giA) gleig1,A) if 1<i<n
(Wi, wi) = T(En—h/\)s—("fm/\)(rs)_QC”*l if i=n 7
, _ T*(€i+l’)‘)37(€i’)‘) lf 1 S 7 <n
(wsz)\) - T(gm)\)s_(gn,l,/\)(,,,8)2%4 if i=n

2.3. (Anti)automorphisms.
Finally, we need to introduce several additional structures on U, s(g) that will be used later.

Proposition 2.6. (1) There is a unique C(r, s)-algebra anti-automorphism : Uy s(g) = U, s(g) (called the
Cartan involution) satisfying

/

ple) =fi,  e(fi)=e,  pw)=wi,  ow)=w; forall 1<i<n.

(2) There is a unique C-algebra anti-automorphism 7: Uy s(g) — U, s(g) satisfying 7(r) = s71, 7(s) = r~*
and

K

7(ei) = ei, 7(fi) = fis T(wi) = (ris;) " twl, (W) = (risi) twy  forall 1<i<n.

(3) There is a unique C-algebra automorphism x — T of Uy s(g) (called the bar involution) satisfying 7 = s,
s=r, and

e; = e, fi=rfi W = wj, W = w; forall 1<i<n.
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Proof. For each of these, we need to check that defining relations (2.2)—(2.6) are preserved. For parts (1) and
(3), this is straightforward, and we leave details to the reader. For part (2), it is easy to check that (2.2)—(2.4)
and (2.5) with ¢ # j are preserved under 7. For (2.5) with ¢ = j, we have:

T(wi) = 7(@) _ (rasi) Mwi—wi) _wimwi e ey
T(ri) — 7(8:) N s;l—rfl Cori—sg = fiei ifi = 7(fi)7(e:) (e)T(fi)-

For the quantum Serre relations (2.6), we shall only carry out the verification for the e;’s, since the calculations
for the f;’s is analogous. First, we note that

and therefore

) B T([m]rvs!) _ (Ts)iém(mil) [m]r,s!

(rs)fék(kfl)(rs)fé(mfk)(mfkfl) [k‘]r’sl[m — k]’r‘,sl

Hence, we have:

1—&1',]'
1—ay Lr(k— . i
> <‘”k7<[ ka]} (risi) #H¢ l><rs>’“<°”’“">> rleq) r(e)rled) 0 =
k=0 TiySi
1—&1,;‘ 1
Z (—l)k(risi)k(k_1+a'ij)|: _kaij:| (Tisi)_%k(k_l)(TS)_M%’m)e?ejei_aij_k _
k=0 Ti,8i
1—a;;

Z (_1)1—aij—k(,risi)_(1_aij_k?)k [1 - aij:| (Tisi)—%(l—au—k)(—au—k) (TS)—(l—au‘—k)(aijéi)ell_aij—kejei_c'

k=0 &
Since
7(1 — CLij — k)k — %(1 — aij — k‘)(—aij — k) = %k(k — 1) — %aij(aij — 1),
we thus find that applying 7 to the first relation in (2.6), we get:

17aij
1— a:s
0=> (- ([ ] (ms»%k“““(rs)“am) r(e0)r(e)r(en) 0 F =
k=0 Tiy8i
17(17;1‘ 1
—a;; Lo (aii— —(1—a:: o .o — Q44 1 _ Lo —aii—
(_1)1 ”(Tisi) zaij(ai; 1)(715) (1—aij){aj,ai) Z (_1)k|: L .7:| (TZ‘Si)zk(k 1)(T8)k< J» 1>63' J k@jef.
k=0 TisSi
The above shows that the first relation in (2.6) is indeed preserved by 7. This completes the proof. ]

2.4. Non-degeneracy of pairing and weight space dimensions.

Let A = Z?zl liw; € PN Q with all [; > 0 be a dominant weight (we only consider such weights that lie
in the root lattice just to avoid extending the base field C(r, s)). Recall that a vector v in a U, 5(g)-module
V is said to have weight A if

wi-v=(Wh,w)v and W -v=(w,wy) v forall 1<i<n.
We denote the subspace of all vectors of weight A in V' by V).
Let M(X) = U, 5(g) ®, < (@) C(r, s) be the U, 4(g)- Verma module with highest weight X, where the action

of Uz, (g) on C(r,s) is defined by
ei-1=0, fi-1=0, w-1=(W,w), w 1= (w,wy) ' forall 1<i<n.

Let L(\) be the unique irreducible quotient of M (\). If vy € M()) is a nonzero highest weight vector, set

n

LO) = M) /DU o
i=1
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For classical g, the U, 4(g)-module L()\) is known to be finite-dimensional of highest weight A (see | )
proof of Lemma 2.12] for A-type and | , Proposition 2.16] for BCD-types). Since L()) surjects onto
L(\), the module L(\) is also finite-dimensional. Now, the argument of [MT, Proposition 3.8] can be carried
out for both L()\) and L()), as they are both finite-dimensional highest weight Uy, s(g)-modules of weight A.
This shows that L(A) and L(\) have the same dimension, and since L()) is a quotient of L()), we conclude
that L()\) ~ L()\). This observation allows us to prove the following result:

Proposition 2.7. Let A\=Y_""_ l;m; € PNQ be a dominant weight, and let vy € L(\) be a nonzero vector
of weight \. For any pn="3 1, ma; € Q7 satisfying m; <1; for all1 < i <mn, the map (Urs)—p = L) Ay
defined by y — yvy is bijective.

Proof. Let J~ C U, be the left ideal generated by the elements {fl1)n_ . Then the map Uy = M(N)
defined by y + yvy induces a U, ,-module isomorphism U, /J~ -~ L(\) ~ L()\). But since m; < I; for all
i, we have J~ N (U, ) -, = 0, so that the restriction of Uy — U /J~ = L()) to (U, )—, gives rise to the
claimed isomorphism (U ,)—, == L(A)x—p. [ ]

T8

As our first application of the proposition above, let us prove the following result on the dimensions of
the weight spaces (UZ,),, which will be needed later for Theorem 5.5:

Proposition 2.8. For all p € Q%F, we have

dimC(r,s)(U+ )/L = dim(C(r,s)(UEs)—/t = dimc U(ni):l:u'

7,8

Proof. Let p=>"" mjc; € Q" and let A =37 | l;m; € P be a dominant weight with I; > m;. Because P
is contained in the Q-span of a, ..., a,, we may replace A by a suitable positive integer multiple to ensure
that A € PN Q. Then dimc(,q) (U )—p = dime(rs) L(A)x—,, due to Proposition 2.7. On the other hand,
by [MT, Proposition 3.8] and the choice of A, we have dimg(, 5y L(A)r—, = dime U(n™)_,, which proves the
claim for U, . The result for U,ff . follows by applying the anti-automorphism ¢ of Proposition 2.6(1). |

We shall now prove the non-degeneracy of the Hopf pairing (-, )y introduced in Proposition 2.2. For this,
we require the following result, which is another application of Proposition 2.7:

Proposition 2.9. Let p € Q" \ {0}. Ify € (U;)_, satisfies e;y —ye; = 0 for all 1 < i < n, then y = 0.
Similarly, if © € (US,), satisfies fix —xf; =0 for all 1 <i <n, then x = 0.

Proof. Given pu, choose \ as in Proposition 2.7. Then, if y # 0, we have yvy # 0, where vy € L(\) is a nonzero
vector of weight A\. The assumption that e;y — ye; = 0 for all ¢ then implies that e;yvy = ye;v\ = 0 for all 4,
and hence yvy € L(A) is a highest weight vector of weight A — < A. This contradicts the fact that L()\) is
irreducible, so we must have y = 0. The result for U;t‘ , is obtained by applying ¢ of Proposition 2.6(1). W

We also need the following lemma:

Lemma 2.10. (1) For all homogeneous y € U and all 1 <i < n, we have

(2.20) ey — yei = (wipi(y) — Pi(y)w;)-

(2) For all homogeneous x € U, and all 1 < i < n, we have

1

T — S;

xfi — fix = (pi(x)wi - w;p;(x))

Proof. For part (1), the equality is clear when y = 1, and for y = f; it follows from (2.5). Since both sides

!0

of (2.20) are linear in y, it is enough to show that if (2.20) holds for ¢’ and y”, then it also holds for y = y'y".
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Using the identities y'w; = (w’ deg(y/)7wi)wiy’ and w]y” = (W}, w_ deg(y))y" w}, we obtain:

/.1

ei(y'y") — (V'y" e

(eiy' —y'e)y” +y'(eiy” —y"es)
1

= 5 (wipiy) = pi(y)wi)y” + o' (wipi(y") = piy")wi)
1

lr— (wi (Pi(y")y" + (WL qegyn W)Y Pi(y")) — (¥'Pi(y") + (W], w_ deg(y//))pé(y’)y”)wi)
1

= — (winily'y") = piy'y")wr),

where the last equality follows from (2.14).
As for part (2), one can either use a similar argument, or rather note that it follows by applying ¢ to (2.20)
since ¢ op; = p; o ¢ (the latter can be established by comparing the first formulas of (2.13) and (2.14)). W

Proposition 2.11. The restriction of the Hopf pairing (-,-)u of Proposition 2.2 to (U ), x (U)u is
non-degenerate for all i € Q7.

Proof. The claim is obvious for 4 = 0. Now, suppose that the claim holds for all v € QT with 0 < v < pu
and let y € (U, ,)-, be an element such that (y,z)y = 0 for all z € (U},),. Then for all 1 <7 < n and
r € (UH)u—a;, we have 0 = (y,e;x)g = (y,xe;)nr, which implies (pi(y),z)n = (P;(y),z)n = 0, due to
Proposition 2.5. Since p;(y), p;(y) € (U ) —(u—a,), we must have p;(y) = p}(y) = 0 for all 1 <4 < n by the
induction hypothesis. Then e;y —ye; = 0 for all 1 <7 < n by Lemma 2.10(1), and therefore Proposition 2.9
implies that y = 0, as claimed. If z € (U}},), satisfies (y,2)y = 0 for all y € (U, ,)—,, then applying similar
arguments one shows that x = 0. This completes the proof. |

3. BILINEAR FORMS

In this Section, we discuss several other pairings and their relation to the Hopf pairing (-, -) g of (2.9). This
allows us to translate the problem solely into the construction of dual bases of U, endowed with a twisted

7,89
coproduct and a twisted product on its tensor powers, with respect to a different symmetric form (-, -). This
technical part is essential to the rest of the paper, as it eliminates Cartan elements from consideration.

3.1. Twisted product and compatible pairing.

Let F be the free associative C(r, s)-algebra generated by the finite alphabet I = {1,2,...,n}. Let W be
the set of words in I, i.e. the monoid generated by I. We shall often use the notation [i1 ...44] = i1i2...14
for the elements in W, where iy, ...,iq € I. The algebra F has a natural grading by the positive cone Q* of
the root lattice @, defined by |i| = a;. For any a,b € C(r, s), we define the twisted product @, on F&" via

(31) 1@ Q@) Oup () @TH® - Q) = a*Zlgqgn(\zj\»\mil)bzlgiggn(lxély\zj|>x1x/1 @ @ Tt
for all homogeneous x;, z; € F. In particular, evoking (2.10), for all homogeneous z,z’,y,y" € F, we have:
(©@Y) Ors (&' @Y') = (W], wpar) 22" @ 1/

(2 ®Y) Og-1-1 (7' @Y) = (W]p), wiy)) " 22’ @ yy/,
cf. (2.15). For a fixed choice of a,b as above, we define the algebra homomorphism
(3.2) ANop: F— (FOF,0qp) via  Al)=i®0+0®i.
For any element x € F, we shall use the notation

Agp(r) = Z T1a,6 @ T2;a,b-
(z)

If = is homogeneous, then we have |z1.4.5| + |T2.0,6] = ||, by the definition of A, p. If the values of a and
b are clear from context, we will omit the subscript a,b, and write simply A, (z) = Z(I) T1 ® x9 instead.
The following result shows that (3.2) is in fact coassociative:

Proposition 3.1. For any a,b € C(r,s), we have (Agp @ 1) 0 Agp = (1 ® Agp) 0 Agp.
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Proof. This is clearly true on the generators, so it suffices to show that A, ;, ®1 and 1® A, ; are both algebra
homomorphisms (F®2, g ) = (F&3, Ogp).
To this end, let z,z’,y,y’ € F be any homogeneous elements. Then, we have:

(A0 ®1)((2 ®Y) Oup (2 @y)) = a= WHEDRUILD (A, 4 (2) Gy Aup(z)) @ yy/

= bl Dbl 5™ =lesblath platblealy of @ 250 @ yy'
(@)(")

as well as
(Bap(2) ©Y) Oap (Bap(a) @) = D (11 @32 @) Ouyp (2] @ 25 )
(z)(2")
= Z a~ (lz2blzi D =Cyblesl+lzal) pllelleaD e+ blvh g 0! @ 2ol @ yy!
(@)(=")
— oIyl pll="1lyl) Z a~zblzih pleableh o) o @ poat @ yyf
()(=')

where we used |2)| + |24| = |2’| in the last equality. Comparison of the above two formulas shows that

Agp ®1is an algebra homomorphism. The proof that 1 ® A, is an algebra homomorphism is similar. W

Consequently, we can define a product, also denoted by 4, on F* via

(f ©ap 9)(@) = (f @ 9)(Aap(2)).
The coassociativity property of Proposition 3.1 guarantees that this product is associative. The identity
element on F* is the map e: F — C(r, s) given by (@) = 1 and (4) = 0 for ¢ € I. We can now use this to
prove the following theorem:

Theorem 3.2. There is a unique bilinear form {-,-}: F x F — C(r, s) satisfying

(1) {1,1} =1,

(2) {i,5} =i foralli,jel,

(3) {ny,Z} = {fE ® yaAs_l,r_l(Z)} fOT all T,Y,2 € ]:;

(4) {z,yz} = {Ars(2),y® 2} for all z,y,z € F,
where {x' @ 2",y @ y"} = {2,y Ha", y"} for any 2’ 2",y y" € F.
Proof. For each i € I, define a linear map i*: F — C(r, s) given by *(i) = 1 and i*(z) = 0 if z is any word
other than i. We now define an algebra homomorphism ¢ : F — (F*, ®4-1,-1) via ¢(i) = i* . Then we may
define a bilinear form on F by

{z,y} = ¥ (x)(y) for all z,y € F.

First, it is easy to show that if |z| = p, then ¢(z) € F};, i.e. ¥(z)(y) = 0 unless y € F,. This translates
to {z,y} = 0 unless |z| = |y|. Moreover, this bilinear form clearly satisfies (1) and (2), while property (3)
follows from the fact that v is an algebra homomorphism. Indeed, for any z,y, z € F, we have

{zy, 2} = d(ay)(2) = (Y(2) Os-1,-1 V(Y))(2) = (Y(2) @ DY) (As-1,-1(2)) ={z @y, Ay=1 -1 (2)}.
It is sufficient to prove (4) for any word € W, and we shall do so by induction on ht(|z|). First, we note
that it is clearly true whenever |z| has height 0 or 1, for any y,z € F. If ht(|z|) > 1, we can write z = 2’2"
for ht(|2’|), ht(]z”|) < ht(|«|). Then, by the induction assumption, we obtain:
{z,yz}
= {.’El @ xllv As_l,r_l (yZ)}
= Z (wle;s,lm,l | w|y2;.§_1m_1 |)71{xlv Y1;6—1 p—127;5—1 p—1 }{:L'/Ia Yo:5—1 r—1, 22;5_1,r_1}

(v)(2)
D D C TR M) e VoS C20 B TR ) S . S N Py |

(¥)(2)

D DI AR NN o (SR 7 SR ¥ ¢ ARG ¥ 7
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while

{As(7),y® 2} = {AT,S(xlﬂf“), Y@z}

= Z (w|/a:’2ir‘s|7w\az’l/ms|)71{1'/1;7",‘9&:/1/;7",37y}{xlz,r,s‘rgms:Z}

(@) (")

= Z (w|,x’2ms| ) w\I/l/;r,5|)_1{$/1;r,s7 Yi;s—1 01 }{xé;nsa R1;8—1 1 }{x/ll;r,y Y2,5—1 r—1 }{xlzl;ny 2251 p—1 }
() ()
(x") (")
But since {u,v} = 0 unless |u| = |v], it follows that (wllw’w,sl’w\Iiﬂr,J)_l = (wl’zm_lm_ll,w|y2;sflyr71|)_1 for

all nonzero terms in the last sum above. Thus, we have {x,yz} = {A, 5(2),y ® 2z}, as desired. |
Let us now introduce two linear maps 0;, 0, that we will use frequently throughout the remainder of this
Section. For any = € F, we have
(3.3) Ars@) =201+ 0i(@)®@it+...+» i®dx) +1aw.
i=1 i=1
The resulting linear maps 0;,0,: F — F satisfy (and are uniquely determined by) 9;(1) = 9(1) = 0,
0;(j) = 0i(j) = d;j, and the following analogue of the Leibniz rule:
O;(xza') = x0;(2") + (wg,w‘w/‘)flai(x)x',
Oi(az") = Oj(x)a’ + (w]),wi) 'z (a’),

for all homogeneous elements z,z’ € F.

(3.4)

Lemma 3.3. The bilinear form of Theorem 3.2 has the following properties:
{z.iy} ={0i(x),y}  and  {z,yi} ={0;(x),y}  foranyz,yeF, iel
Proof. This follows immediately by combining (3.3) with (2.11) and Theorem 3.2(2,4). [ |

Likewise, we introduce linear maps 5‘1-, 5{ on F via:
(3.5) Ajrpa(@) =201+ di(z)@it...+» i0dx)+1lew
i=1 =1

Similarly to above, the resulting linear maps satisfy (and are uniquely determined by) d;(1) = /(1) = 0,
0;(j) = 0i(j) = d;j, and the following analogue of the Leibniz rule:

(i-(xx’) = xéi(:v’) + (w"x,‘,wi)fléi(‘r)x',
Oj(wa’) = O)(x)’ + (wj,wpay) "2 (2"),
for all homogeneous elements x, 2’ € F. The following is analogous to Lemma 3.3:
Lemma 3.4. The bilinear form of Theorem 3.2 has the following properties:
{iz,y} = {x,d}(y)} and {wi,y} = {z,9;(y)} for any z,y € F, i € I.

3.2. Reduction modulo radicals.
Let Z be the left radical of the form {-,-} introduced in Theorem 3.2:

(3.6) I={zeF|{x,y} =0forany y € F}.

We define F = F/Z, and denote the images of i in F/Z by e; (we shall see later in (3.13) that F/Z ~ U},
justifying this notation). It is easy to see that Z is a homogeneous ideal, so that F inherits the Q*-grading
from F. Moreover, Z is actually a two-sided ideal of F, according to Theorem 3.2(3), so that F is an algebra.
Let us now define the divided powers

k
egk) = [k]eZ | for all ke Zzo, i€ 1.

Our next goal is to prove the following theorem:
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Theorem 3.5. For any i # j, the following relation holds in the algebra F:
1_aij
D (“D)F(rsy) D ()Rl T gl — g,
k=0
Before proceeding to the proof of this result, we observe the following easy consequence of Lemma 3.3:
Lemma 3.6. The ideal T of (3.6) is stable under the maps 0;,0; of (3.3) for alli € 1.

Therefore, we obtain the same-named linear maps 9;,d,: F — F on the quotient algebra F. Moreover,
we have the following result:

Proposition 3.7. (1) If x € F satisfies 0;(x) = 0 for alli € I, then x = 0.
(2) If x € F satisfies 0.(z) =0 for alli € I, then z = 0.
Proof. Tt is enough to prove (1) and (2) for a homogeneous x € F. If  # 0 and & € F is its lift of the same
degree, then by the very definition of F, there must be some § € F such that {Z,§} # 0, and moreover
we must have || = |2|. Furthermore, since F,, is spanned by all [i; ...4x] for which a;, + -+ + a;, = p, it
follows that in fact there is some sequence (i1, ..., ) such that {,[i1...9x]} # 0. But then we have
{00, (@), [iz . ix]} = {&, [ixia .. .ix]} #0

and

{0i (&), [i1 -« ik—1]} = {&, [i1 - . - ik—19k]} # O,
so it follows that 9] (x) # 0 and 9;, (x) # 0 in F. |

‘We shall now use this proposition to prove Theorem 3.5.

Proof of Theorem 3.5. For i # j, set
1—0.7;.7‘
(3.7) S = Z (_1)k(risi)%k(k—l)(rs)k(aj,aﬁez(_lfaij7k)ejel(.k).
k=0
According to Proposition 3.7, it suffices to verify (’91’9(51-]-) =0 for all p € I. This vanishing is clear for p # i, 7,
so it remains to verify 9;(S5;;) = 9;(S5;) = 0.
First, a simple inductive argument shows that

AR

%

so that
8§(e§k)eje§l)) — ril—kel(_kfl)ejegl) + (w},wi)_l(ri_lsi) ril_zel(_k)ejeglﬂ)
for all k,1 > 0, with the convention that ez(»m) = 0 for m < 0. Thus, we obtain:
1—(17;]'
al/(S”) _ Z (_1)k(,rl_si)%k(kfl)r;€+aij (rs)k<llj,ai>€§_aij_k)ejegk)
k=0
1—a7;j

+ Z (—1)’“(72-&-) h(k=1) (Ts)k<“j70””“”’”‘f>s;_a"’"_ke§1_ai" _k)ejegk_l).
k=0

Combining the k-th term of the first sum with the (k + 1)-st term of the second sum yields
0;(Si) =
—ai;
Z (71)k ((Tisi)%k(kfl)rf-&-au (rs)k<aj,ai> _ (,rl_si)%(k+1)k(r8)(k+1)<aj,Oéi>+<0(i,aj>si_aij_k) eg_a”_k)ejez(-k)’
k=0
and since
(ris;) 2 FHDF (pg) D log o) Hlaias) m@ia =k — () aR(k+D) (pgyklag.aa) (g )00 g =05 K

_ (rlsz) %k(kfl)rf-‘raij (,r,s)k<o¢j7ai>7

we finally obtain 9,(S;;) = 0, as desired.
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For 0}, we first note that the one-parameter identity (cf. [J, §0.2(4)])

i(—l)tqt(l’“) mq =0

t=0
implies, by setting q = (risfl)l/z, the identity

a

. —1)%(r;s; zt(t=1),t1=a) “ = 0.
(35) SN rasg D]

t=0
According to (3.4), we have

Oj(eMejel!) = B(eMeg)el”) = (whwy) RVl

for any k,1 > 0. We thus obtain:

l—aij
8;(5”) _ Z (_1)k(risi)%]€(k71)(,’,s)k<ajyai>(wg’wj)*(lfaij7k)6§1—aij_k)ez(k)
k=0
1% 1—a
k Lr(k— klaj,a)—(1—a;;—k){a;,o —a;i){aj,o; — Wiy (1=aij)
-3 (1) (1352 $EO0— D) (g 0) = (=as; =R as.05) g(1=a55) >{ ] a} K
1—a,-j 1
— r(aij—1)<ai,ocj>S(l—aij)<aj,ai> < Z (_1)’6(,,,181)%]6(16—1)7_50«7] |: _kaz‘]} ) egl—aq‘,j) — 0’
k=0 Ti,8;
where we used (3.8) in the last equality. This completes our proof of the theorem. |

Likewise, let 7’ be the right radical of the bilinear form {-,-} from Theorem 3.2:
(3.9) 7' ={y e F|{x,y} =0 for any z € F}.

We set F' = F/T, and denote the images of i in F' by f; for all i € I (this notation is justified by (3.13),
where we show that 7' ~ U",). We note that Z' is actually a two-sided ideal of F, due to Theorem 3.2(4),

so that F’ is an algebra.
As above, we have the following easy consequence of Lemma 3.4:

Lemma 3.8. The ideal I' of (3.9) is stable under the maps ;,0, of (3.5) for alli € 1.
We thus obtain the same-named linear maps 9;, 5{ F' — F', satisfying the analogue of Proposition 3.7:
Proposition 3.9. (1) If z € F' satisfies 5Z(x) =0 forallie I, then x = 0.
(2) If x € F' satisfies 9}(x) = 0 for all i € I, then = = 0.
Using this proposition, we also obtain the following counterpart of Theorem 3.5:
Theorem 3.10. For any i # j, the following relation holds in the algebra F':

17(1”'

S (1) (risi) BHETD (gl ) 1) g pl1mes T —
k=0
We now introduce a C(r, s)-algebra anti-isomorphism : F — F’, which will ultimately be matched with
the corresponding map on Uﬁfs introduced in Proposition 2.6(1). To do so, we first consider the C(r, s)-algebra

anti-involution ¢: F — F defined by (i) =i for all ¢ € I. We then have:
Lemma 3.11. For all x € F, we have 8;(¢o(x)) = @(di(x)) and 0(di(z)) = dl(p(x)).

Proof. For the first equality, it is enough to consider € W, for which we proceed by induction on ht(]z|).
If ht(]z|) < 1, the claim is obvious. If ht(Jz|) = m > 1, then we may write z = 2’2" for some 2/, 2" € W
with ht(]z’|), ht(|z”|) < m. Then by the induction assumption, we have:

8i(p(x)) = Bilp(a)p(a')) = o(a")di(p(a')) + (whryar) " Billpa"))la)
= (") (B}(a")) + (W) o (Gula"ple!) = o (Bila')a” + (s oper) 0Bl (a”))

= p(9](a"2")) = p(0(x)).
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This proves that 9;0p = po (i’ for any ¢ € I. Since ¢ is an anti-involution, we also get ¢ 0 0; = 5{ op. N
We can now easily derive the desired result:

Proposition 3.12. There is a unique C(r, s)-algebra anti-isomorphism ¢: F — F' such that
wle) = fi for all i€l

Proof. To prove this, it suffices to show that ¢(Z) C Z’ and ¢(Z’) C Z. To this end, suppose that z € F
satisfies () ¢ 7’. By Proposition 3.9, we then have 0 # 9!(¢(z)) = @(di(z)) for some i € I. The latter
implies 0;(z) # 0, and so x ¢ Z by Proposition 3.7. This proves the first inclusion ¢(Z) C Z’. Similarly, if
y € F satisfies p(y) ¢ Z, then by Proposition 3.7, there is some j € I such that 0 # 9;(¢(y)) = @(5; (y))-
This means that 5}(y) # 0andsoy ¢ Z’, by Proposition 3.9, establishing the second inclusion p(Z') CZ. R

We note that 7 is a Hopf ideal with respect to A, 5, i.e. A, s(Z) € F®T+Z®F, due to Theorem 3.2(4).
This implies that A, descends from F to the same-named algebra homomorphism A, : F > FeF.
Likewise, we have A _1’T_1(I’) CF®I' +TI'®F by Theorem 3.2(3), so that A;-1 -1 descends from F to
the same-named algebra homomorphism Ag-1 ,.—1: F' — F'® F'. Finally, we define the linear map

T-FoF —FeF wvie Ty =y
Then, we have the following result:

Proposition 3.13. For all z € F, we have
(To(p®p)oArs)(z) = (As-1,-109)(2).

Proof. As usual, it is enough to prove the claim for elements of the form z = e;,e;,...€;,, . We proceed
by induction on ht(|z]). The claim is obvious for ht(|z|) < 1, so let us suppose that ht(|z]) = m > 1 and
the claim holds for all z’ with ht(|z/]) < m. By assumption, there is some i such that z = z’e;, where
ht(|z’|) < ht(|z]). Thus, by the induction assumption, we have:

Asfl,rfl(w(z)) = Asfl,rfl(fi(p(zl)) = (fl ®l+1® fl) ®s*1,r*1 Z@(Zé;r,s) ® (P(Zigr,s)
(")
- Zfl Z2rs ®(P ers +Z w\z |7w’t 1@(Zé;r,s)®fi(p(zi;r,s)'
(2")
On the other hand, we also have:

T(e®@P)Ars(e)) =T(p@¢) [ | Y 2e®2hyy | Ors (e @1+1@0¢))
(")

= T(QO ® 90) Z(w\lzéms\7wi)_lzi;r,sei ® Zé;r,s + Z le;r,s ® Z/Q;T,sei
(") (")
—1 / ! !/ !
- Z w|z Sl wz SO(Z2;T,S) ® fi(p(zl;r,s) + Z fi‘p(z2;r,s) ® 90(21;7‘,8)'
(") (")
This completes the proof, since the right-hand sides of the above two equations coincide. ]

3.3. Symmetric version of pairing.

The pairing {-,-}: F x F — C(r, s) of Theorem 3.2 induces the same-named non-degenerate pairing {-, -}
on F x F', by the definition of (3.6, 3.9). The latter can be turned into the pairing (-,-): F x F — C(r, s)
through the use of the anti-isomorphism ¢ from Proposition 3.12. More specifically, we set

(3.10) (z,2') = {z,0(z")}  forany =2 €F.

Lemma 3.14. The resulting bilinear form (-,-) satisfies the following five properties:
(1) (1,1) =1,
(2) (eire;) —51],

(3) (x,y) =0 if |x| # [yl,

(4) (x,y2) = (Ars(2),2®y),
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(5) (zy,2) = (y @ 2, A 5(2)),
where (2’ @ 2",y @y") = (2,4 )(a",y") for any ', 2",y ,y" € F.

Proof. Properties (1)—(3) are immediate from the definition and the corresponding properties of {-,-}. Prop-

erty (4) follows from (z,yz) = {z,0(y2)} = {z,0(2)0(¥)} = {Ars(2),0(2) ® e(¥)} = (Ars(z),2 @ Y).
Property (5) follows along the same line by evoking Proposition 3.13:

(y,2) ={2 @y, As—1,-1(0(2))} ={z @y, T(P @) (Ars(2))} = {y @ 7,0 @ p(Ars(2))} = (y @ T, Ar s(2)).

This completes the proof of this lemma. |
We also note the following important property of (-, -):

Lemma 3.15. The pairing (-,-) of (3.10) is symmetric.

Proof. The pairing (-,-) not only satisfies the above properties (1)—(5), but is also uniquely determined by
them. However, the pairing (-,-)° defined via (z,y)° = (y, z) clearly satisfies the same properties. Therefore,
(-,-)° = (+,+), which shows that (-,-) is indeed symmetric. |

Finally, as an immediate consequence of Lemma 3.3, we obtain:

Lemma 3.16. For any x,x’ € F and i € I, we have the following two equalities:
(x,e;2") = (0;(x), ') and (z,2'e;) = (0i(x),x").
3.4. Relation to the Hopf pairing.

Recall the Hopf pairing (-, )i : US, x UZ, = C(r,s) from (2.9). We conclude this Section with an explicit
relation between (-,-)g and (-,-) of (3.10), which will allow us to show that U\, ~ F, U, ~ F', see (3.13).
This relationship is also instrumental to the proof of our main Theorems 7.1 and 7.2.

Before proceeding, we note first that by Theorems 3.5 and 3.10, there are natural C(r, s)-algebra homo-
morphisms ¢*: U, — F and ¢~ : U, — F', determined by ¢" (e;) = ¢; and ¢~ (f;) = f; for all i € I. We
also recall the bar involution x — Z on UZ, from Proposition 2.6(3). We can now relate (-,-)g to (-, -):

Theorem 3.17. For all y € (U;,)-, and x € (UY,),, where p= Y1 | c;a; € QT we have’

Proof. Evoking the linear maps p;: U,f, — U, of (2.12), let us define a C(r, s)-linear map

Di: U;rg — U;’rg via ]31(’1}) = 1(3_'))
Then, p;(1) =0, p;(e;) = d;5, and we claim that they satisfy the following analogue of the Leibniz rule:
(311) pz(xx/) = xpl(x’) + (wngdeg(w’))ilpi(x)xl

for all homogeneous z,z" € Uf,. Indeed, this follows from (2.13) and (w/,,w,) = (w,,,w,) ™"

pi(zx") = pi(zx') = Tpi(T') + (wéeg(w,),wi)pi(j)i" = xp;(x') + (Wi, wdeg(m/))_lﬁi(as)x’.
Let us now record the relation between these p; and the linear maps 9; of (3.3):
(3.12) 0: (T (x)) = T (pi(x)) forall zeUS,.

This equality is clear when « € C(r,s) or = e; with j € I. Thus, it remains to show that if (3.12) holds
for ' and z”, then it also holds for z’z”. To this end, we have:
(0 (a'a")) = it (@)t (@) =t (@0 (0 (")) + (], waes(er) 00 (@) (")
= T (@)t (pi(2")) + (Wi waeg(ery) T T (Bi(2") YT (")

_ _1_ 3.11 _
— w+(x/pi(m//) + (Wg,wdeg(;c“)) 1pi(x/)x//) ( = ) ,ler(pl_(x/x//)).

20ur convention (2.15) is not in contradiction with (3.10), as the latter is not defined on the Cartan subalgebra.
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To prove the theorem, we proceed by induction on ht(), the base case ht(u) = 0 being obvious. Assuming
ht(u) > 0, it is enough to consider y = g’ f; for some i. Then by Proposition 2.4 and Lemma 3.16, we have:

1 =

T —simH . _Sim;[

(0, %)y =@ fi,%) g =

H
- ( T = | ¢ e )

e (H (1> (8" () 0w (=) (H (_1)> (e ey 0 (@)

- (H(_l>> (5 (o' 5. (H ) (4 (o), ),

i=1 i=1

where we used the induction hypothesis in the second line. This completes the proof of the theorem. |

Corollary 3.18. The above algebra homomorphisms * are actually algebra isomorphisms:
(3.13) P U, F and YU F

Proof. Suppose that ¢ *(2) = 0 € F for some z € (U,!,),. Then in particular, we have (¢ (¢(y)), ¥ () = 0
for all y € (U, )4, and therefore Theorem 3.17 1mphes that (§,7)g = 0 for all y € (U, ). However, since
(-, ) g is non-degenerate (see Proposition 2.11) and y — ¢ is an algebra automorphism, we thus get x = 0.
Now suppose that ¢~ (y) = 0 € F' for some y € (U, ,) -, As potp™ =T 0, we have ¢ (p(y)) = 0, so
that ¢(y) = 0 by above. Thus y = 0 as claimed, since : U, — U, is an anti-isomorphism. |

Combining Proposition 2.11 with Theorem 3.17 and using (3.13) to identify F with Ujs, we obtain:

Corollary 3.19. The pairing (-,-): U}, x U, — C(r,s) is non-degenerate.

4. SHUFFLE ALGEBRAS

In this Section, we introduce the two-parameter shuffle algebra (F, %), relate it to the positive subalgebra
Uj ., and provide a shuffle interpretation of some of the structures on the latter. Our exposition closely
follows that of the one-parameter setup from [L, Section 2] and | , Section 3].

4.1. Two-parameter shuffle algebra.

Recall that F is the free associative C(r, s)-algebra generated by the finite alphabet I = {1,2,...,n},
and W is the set of words in I. Recall also the notation [iy ...4i4) = i1ia...iq for the elements in W, where
i1,...,iq € I. As before, F has a natural Q"-grading induced by declaring the degree of [i] equal to «;. For
a homogeneous element x € F, we write |x| for the degree of x. For any a,b € C(r,s), we now define the
quantum shuffle product *43: F x F — F inductively via

@1) (@) *ap (99) = (@ %ap Wd))i+ 0~ WDV ED (@) 504 y)j, Oxapr=2x0p0 =2,

for all 7, j € I and all homogeneous z,y € F. By iterating this definition, we find that

(42) [il PN im] *a,b [im+1 RPN i7n+d] = Z 60‘,[)(0')[1'071(1) e 'I:a-—l(m+d)}7
where
(4.3) eap(o) = H a— (@i aiy) plevig sy )
k<m<l
o(k)<o(l)
and the sum runs over all (m,d)-shuffles of {1,2,...,m + d}, i.e. the permutations ¢ € Sp,44 such that

c(l)<o(2)< - <o(m)and o(m+1) <--- < o(m+d). There are four choices of a,b that are of interest
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to us; in these cases, the inductive formula (4.1) takes the following form:
(@) #r,s (y7) = (57,5 (y7))i + (wfmpwj)*l((xi) *r.s Y)J,
(@i) %5, (yF) = (@ %50 (Y1) + (W) Wi ) ((26) 5,0 )],
(1) %511 (yF) = (@ %51 -1 ()i + (W), Wiai) 7 ((21) %5-1,0-1 )5,
(@) %1 o1 (y7) = (@ %1 51 (Y))i + (W], wi) (2) #p-1 51 9)J,

cf. (2.15), and the corresponding expressions for e, (o) of (4.3) are:

eT,S(O—) - H (wm?wiz)il, eS,T(J) = H (wuawik)7

k<m<l k<m<l
o(k)<o(l) o(k)<o(l)

es-1,-1(0) = H (wzl’wik)il’ er-1,5-1(0) = H (WQk’wil)'
k<m<l k<m<l
o(k)<o(l) o(k)<o(l)

Since the product structure *,, will be used most frequently, we shall often omit the subscript for this
operation, and just use the notation * instead.
We have the following basic result, the proof of which is a direct computation using (4.1):

Proposition 4.1. The bilinear map *,: F x F — F 1is associative.
For the later use, we note that *, s and *,, are related via the following result:
Proposition 4.2. For all homogeneous x,y € F, we have
T Ay Y = (w|’$|,w|y|)_ly s p T.

Proof. We proceed by induction on m = ht(|z|) +ht(|y|). If m = 0 or 1, then the result is obvious, because in
these cases one of z and y must be the empty word. Thus, we may assume that ht(|x|) > 1 and ht(]y|) > 1,
and that the result holds for all homogeneous elements z,y with ht(|z|) + ht(|y|) < m. We may further
assume that xz,y € W. Then we may write x = ¢ and y = ’j for some 4,5 € I, and by induction we have:

@y = (210) ke (') = (2 s (U'5))i 4 (W] w0) TN (D) %00 9)5
= (@l i) (W) i )i+ (g w5) ™ @ap @iy ) 7 (Y % (@70))]
= (Wlar @iy " (W5 wiy N((Y'5) s, 2')i 4 (Y %5 (270))])
- (w\lrl’wlyl)_l(y/j) *s,r (2'1) = (Wllmlawlyl)_ly *sr X
This completes the proof. .

Let my: F = U, + and m_: F — U, be the canonical algebra homomorphisms determined by 74 (i) = e;
and m_ (i) = f; for i € I. We note that by the definition of A, s on F ~ Ul cf. (3.13), we have

Ar,sﬂ'_t,_ = (7T+ ®7T+)A- ;.

For w=1[i1...ig) and any P = {ky; < -+ < k;,} C{1,2,...,d}, define wp = [ik, .. .14k, ]. We then have
Arsw)y= > z(P),
PC{1,2,....d}

where z2(P) = 21 Op s Op s 2qg With 2 = i, ®1 when k € P and 2, = 1®1;, when k € P° = {1,2,...,d}\ P.
If op denotes the (d — m,m)-shuffle determined by op(d —m + i) = k;, then we have

z(P) = ey s(op)wp ® wpe,
which follows immediately from formula (3.1) for ®, ; and the definition (4.3) of e, s(¢). This implies that
Arsw)= > erslop)wp @ wpe.
PC{1,2,...,d}
Let F* be the graded dual of F, and for each word w € W we define w* € F* by
(4.4) w*(v) =6y, foral veW.
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Consider the product on F* defined by:
(fo)(@) = (9@ f)(Ars(2)).
Lemma 4.3. The linear map ¢: F* — (F,*) defined by w* — w is a C(r, s)-algebra isomorphism.

Proof. The map ¢ is clearly a vector space isomorphism, so we only need to show that ¢(fg) = o(f) * ¢(g).
For this, let u = [i1...iq] € W, v = [ig41 - - - la+m] € W, and let w be any word of weight |u| + |v|. Then

(u*v*)(w) = (v* @ u*) Z ers(op)wp @ wpe
PC{1,...,d+m}

If Ay, = > ers(op) with the sum over all P C {1,2,...,d + m} satisfying wp = v, wpe = u, then we get:

(4.5) urvt = Z A W™
On the other hand, we have
uU*xv = Z er’s(a)[iaﬂ(l) .. .'L.O.—l(d_;'_m)],
so that the coefficient of any word w € W of weight |u| + |v| in the expansion of u * v is precisely equal to

> ers(0), where the sum ranges over all (d, m)-shuffles o such that, if P = {o(d +1),...,0(d +m)}, then
wp = v and wpe = u. We thus get u*v =Y A\’ w, which together with (4.5) completes the proof. ]

Proposition 4.4. There is a unique C(r, s)-algebra homomorphism V: Ut — (F,*) such that ¥(e;) = i.
Moreover, U is injective.

Proof. The quotient map my: F — U,f , induces an embedding of graded duals 7% : (Uf,)* — F*, where

multiplication is defined by (fg)(z) = (¢® f)(A, s(x)) in both cases. As the pairing (-, -) on F ~ Ut is non-
degenerate by Corollary 3.19, we have a vector space isomorphism 1) : Urfs — (Uff,rs)* given by ¥(z)(y) = (x,y)
for all z,y € U,. Evoking that (fg)(z) = (9 ® f)(Ars(x)) for f,g € (U},)*, we thus obtain:

(z2',y) = (@' @ 2, Ars(y) = (V@) @ () (Ars(y)) = () () ().
This shows that the map 1 is actually an algebra isomorphism. Now, define ¥ = ¢ o 7} o). Then ¥ is an
algebra embedding, and since ((7% o1))(e;))(j) = ¥ (ei)(e;) = (ei,e;) = i, it also follows that W(e;) =4. M

We shall now give an alternative description of the above map ¥, making use of the operators 9 introduced
in (3.3). For each word w = [i1 ...14] € W, we define

Oy =0;,0;,...9;,.
We then define a C(r, s)-linear map T: U, — F by
(4.6) Y= Y dww for ue(U).
weW,,

We will show in Proposition 4.6 below that this map coincides with the map ¥ of Proposition 4.4. To do so,
we need to introduce analogues of the operators 9, for (F, ), which is the content of the following lemma:

Lemma 4.5. For each i =1,2,...,n, define the C(r, s)-linear map €,: F — F by
E;([llld]) :5i,id[i1~~~7;d71]7 62(@) = 0.

Then €,(j) = 6;; and we have
ei(@xy) = (@) xy + (W, wi) (@ * €(y))

for all homogeneous z,y € F.

Proof. 1t suffices to assume that x,y € W. If one of x,y has length zero, then the formula is obvious.
Otherwise, we may write x = z’j,y = y’'k. Then, we have:

ei(zxy) = (" (Vk)j + (W wr) " ((2'5) * y)k)
=85 (a" % (y'k)) + ir (], ) TH (@) xy) = €l(@) x y + (W] wi) T @ € (1),
as desired. [ |
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For a word w = [i; ...4i4], we also define €, : F — F via
(4.7 €, =€ € ... € .

11 12 1d
Then for any word v € W, we have €, (v) = 0.

Proposition 4.6. The map Y: U}, — F of (4.6) is an injective algebra homomorphism satisfying Y (e;) = i
for alli € I, and hence it coincides with the map ¥ of Proposition 4.4.

Proof. First, we note that ¥ o 0] = ¢; o ¥, by (3.4) and Lemma 4.5. Therefore, if u € (U},),, w € W, and
Yw(w) is the coefficient of w in ¥(u), then

Yw(w) = €,(¥(u)) = ¥(9,,(u) = 0, (u)¥(1) = 0,,(u).

This shows that ¥ = Y and completes the proof. |
Let U denote the image of W, that is U = W(U,’,), which is the subalgebra of (F,*, ) generated by I.
Proposition 4.7. The element x = 3 .\, Y(w)w € F lies in U if and only if

1—(11']-

(4.9 S0 01T (s O st L) =0

k=0 74,54

foralli# j and z,t € W.

Proof. Let K be the C(r,s)-subspace of F spanned by the set of elements ) .., v(w)w satisfying (4.8).
For any u € (U,f),, consider
= 2. wlww

lwl=p
Then, for any word w = [iy . ..44] with |w| = u, Proposition 4.6 and Lemma 3.16 imply that
Yo (1) = 0}, aid(u) = (€5, ... €5y, u).
Therefore z € K according to Theorem 3.5, so that U/ C K.

To prove the other inclusion, consider the linear map L: F — F* defined by w — w* for w € W, where
w* was defined in (4.4). Then, f € K if and only if we have L(x)(f) = 0 for all z € ker(w+) since ker(m, ) is
generated by {Si;}ijer of (3.7) due to (3.13). Thus, it follows that dim(K,) = dim(U,f,), for any p € Q7.
But since : Uf, — U is an isomorphism, we also have dim({,) = dim(U,',), for all p e Qt.

Therefore, we must actually have the equality K = U. |
4.2. Additional structures.

Proposition 4.8. (1) Let 7: F — F be the C-linear map defined by 7(r) = s~ 1, 7(s) =r~!, and

7([¢1 .. 14)) = [Eq- .. i1]-
Then, 7(z %p.s y) = 7(y) *p.s T(x) for all z,y € F.

(2) Let © — T be the C-linear map F — F defined by T = s, s =r, and
[i1...iq) = (H(w”,wik)_l> lig ... i1].
k<l

Then, T,y =T *r5y for all x,y € F.

Proof. To prove part (1), let = [i1...4] and ¥ = [im+1 - - - tm+a). Then
(i im] Hrs limr - lna]) = 7 (Z er,s(0)[io-1(1) - --iol(m+d)]>
= Z H ( zk7w’bl 1) [ig—l(m_;,_d) "'ia_l(l)]

(4.9) o k<m<l
o(k)<o(l)
= Z H (w“7wik)_1[i(ol)—1(1) "‘i(a’)_l(m—i-d)}v
o’ k<m<l

o' (k)>a'(l)
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where the first two sums are taken over all (m, d)-shuffles o € S, 14, the last sum is taken over all ¢’ € Sy, 14

such that o/(m+d) <od'(m+d—-1)<--- <o’ (m+1)and ¢/(m) <o'(m—1) <--- < o'(1), and the final

equality is obtained by matching these {o} and {¢’} via 0 — ¢’ = woo with the longest element wy € Sy, 4.
On the other hand, we have:

. . —1r. .
['Lm+d . Zm+1] *r s Z H m+d+1 2 wim+d+1—l~) [Z(a—wo)—l(l) . 'L(&wo)—l(m—i-d)]
& k<d<i
(4 10) ( )<‘7(l)
_'22 II (Wi i) M i @Gwe)=1(1) - - - E(5we) 1 (mtd))»
o k<m<l
cwo (I)<cwo (k)

where both sums are taken over all (d,m)-shuffles 6 € S,,14, and the indexes k,l in the latter sum are
related to k, [ in the former via k =m +d+ 1 —1 = wo(l), | = m+ d+ 1 — k = wo(k). The right-hand sides
of (4.9, 4.10) coincide under a natural bijection between the corresponding {5} and {¢’} given by ¢’ = Gdwy.
This completes the proof of part (1).

For part (2), we first note that for any homogeneous 2/,y’ € F and i,j € I, we have by part (1):

(i) %15 (') = 7((7(y)5) *r,5 (7(27)0))
(4.11) =7 (7)) s (7)) + (@150 (P W) s 7())i)
= .7((”'/) *r,s y/) + (wz/‘awljy’l)_li(x/ *rs (]y/))
For z,y € W, we proceed by induction on m = ht(|z|) 4+ ht(|y|). Note first that if either ht(Jz|) = 0 or
ht(|y|) = 0, then the claim is trivial. In particular, the assertion holds for m = 0 and m = 1. For the step of
induction, suppose that ht(|z|), ht(|y|) > 1, m = ht(|z|) + ht(]y|), and the claim holds for all ', y" € W with
ht(|z’|) + ht(]y’|) < m. By assumption, there are i,7 € I and z’,y’ € W such that x = iz’ and y = jy/, and
we have ht(|z’]) + ht(|y’|) = m — 2. Thus, combining (4.11) with the equality (w’,,w,)~! = (v, w,) and the
1 vy Wi
induction hypothesis, we obtain:
(ixl) *r,s (jy/) = J((Zx/) *r,s y/) + (wz{vw\jy’l)_li(x/ *r,s (]y/))
= (w|/ia:’|w\/y"’wj)_1 ((lfL'l) *r.s yl> J + (w"qu,wi)(wfx,|w‘/jy,|7wi)_1 ({E/ *r. s (_]y/)> )
= (w|/ia:’|w\/y’\7wj)_1(. rsy)j + (w|m’|7wl) (1'/ *'rsﬁ)i
= (Wi Wiy |y Wi) (@ wi) TH(E'D) Hrs §)5 (W], i) TH W]y wh) THE R (7))
= (w|lm’|7wi)_1(w|/y’|’wj)_l ((i‘/l) ( )) iz’

x ’I‘ S ﬁ?
which completes the proof. |

Comparing the above result with Proposition 2.6, we obtain:

Corollary 4.9. (1) For all u € U}, we have 7¥(u) = Vr(u), where 7: U}, — U, is the C-algebra

anti-automorphism defined in Proposition 2.6(2).

(2) For all u € Uf,,
Proposition 2.6(3).

we have W(u) = V(a), where ~: U, — U, is the C-algebra automorphism defined in

Finally, we equip F with a coproduct:
Proposition 4.10. Let A: F — F @ F be the linear map defined by

A(lir .. ia)) = > liks1---da] @ [i1 .. .ig].

0<k<d

Then, Az xy) = A(z) * Ay), where we define the shuffle product x on F ® F via
(4.12) (wRz)x(y®2)= (wl’w‘,ww‘)_l(w *xyY) ® (x * 2).
Furthermore, we have A¥Y = (U @ ¥)A,
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Proof. It is enough to prove the claim when z,y € W. In this case, we write A(z) = Z(I) r1 ® xo and
Ay) = Z(y) y1 @ y2. We note that for any i € I, we have:

Ali)=Ax) (i®1)+1@zi=Y i@+ 1 i,
()
where - denotes the term-wise multiplication on F ® F:
(4.13) (wez) (Y z) =wy xz.

We shall now proceed by induction on ht(|x|) +ht(|y|) = m. The cases m =0, m = 1, as well as when one
of z,y has length zero are trivial. Suppose now z,y € W satisfy ht(|x|), ht(|y|) > 1 and m = ht(|z]) +ht(|y|),
and the claim holds for all 2’,y" € W with ht(]z|) + ht(|y’|) < m. By this assumption, we can write x = 2’i
and y = 44 for some i,7 € I and 2’,y" € W. Then, we have:

A(2'd) = (y'7)) = A((@" * (y'5))i) + A(W]prapwi) (1)  y')5)
= Az’ (y'7) - ((®1) + 1@ (2" * (41)i + (W]prg,wi) ™ (A((@") xy') - (G @ 1) + 1@ (1) xy')j)
so the induction hypothesis implies that

A((a'd) * (') = (A@) « A1) - (@ 1) + (W]prgrwi) T (A * Ay) - (G @ 1) + 1@ ((21) * (/7))

D mNew+ie@i) || (o)
W)

Y @i @ay+1@ @) |« | D viewn| ] (el
(y")

I
Bl
S
Al ®
L B

= D (@agr @) @k 1))@ (@ yh) + > (@hi) ® (ath * (')
(z")(y") ()
(@i @)™ D @y @iy ) T (@08) 413G ® (ah * y)
(z")(y")
A (Wi @) Y (@i Wiy ) T W) © ((270) % yh) + 1@ ((21) * (')
(y")
= D (@agr @) (@) % (115) © (2 % yh)
(z")(y")

+ (D @i | «1e @)+ e @) | D Wi | +1e (@) (y))
(=) (y")

= (D @i ey +1@ @) |« [ D W) @ +10 ) | = Al'i) « Aly)).

(z') (")

This completes the proof of A(x *y) = A(x) * A(y).
As per the equality AV = (¥ ®@ V)A, ,: U, — F @ F, it suffices to verify its validity on the generators,
where it immediately follows from A(U(e;)) = (] @0+ 0 @ [i] = (¥ @ ¥)(A, s(e;)) for each i € 1. [ ]

5. ORTHOGONAL BASES

This Section closely follows [ , Sections 4-5], which in turn is largely based on [L.]. So we shall only
highlight the key changes in the present setup.
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5.1. Dominant and Lyndon words.

From now on, we fix an order < on the alphabet I, which induces a lexicographical order on the monoid W.
For a nonzero z € F, its leading term max(x), is a word w € W such that = > _, ¢, -u with t, € C(r, s)
and t,, # 0. Following the terminology of [ , §4.1], we call a word w € W dominant if it appears as a
leading term of some element from /. We use W7 to denote the subset of W consisting of all dominant words.
Then we have the following basic result, proved exactly as in [L., Proposition 12], cf. | , Proposition 4.1]:

Proposition 5.1. (1) There is a unique basis of homogeneous vectors {m., |w € W*} in U such that for
all wi, wy € W with |wy| = |ws|, we have (cf. (4.7)):
6;01 (mwz) = Owy wa-
(2) The set {e, = e€;, ...ei, |w=[iy...iq) € W} is a basis of Ut.
A word w = [i1...144) is called Lyndon if it is smaller than any of its proper right factors:
w < [ig ... d) Vi< k<d.

We use L to denote the set of all Lyndon words. It is well-known that any word w admits a unique
factorization as a product of non-increasing Lyndon words:

(51) w:€1€2...€k, 812622"'26,&, 81,...,€k€£.
The following Lemma is an extension of [L, Lemma 15] (which covers the case k = 1):

Lemma 5.2. For any £ € £ and w € W with £ > w, we have max((* x w) = (Fw for all k > 1.

Proof. We proceed by induction on k. The base case k = 1 is analogous to [ , Lemma 4.5]. Suppose
that & > 1, and the result holds for all smaller values of k. Since all terms in £*  w appear with coefficients
in Zso[r*!, s*1], it follows that the coefficient of /*w in ¢* x w is nonzero. Thus, if u is a word in €% % w,

it suffices to show that v < w. Given such a word u, there is some factorization w = wiws, (with wq
or wy possibly empty) such that u occurs in (£*~1 % w;)(£ * we). Then since £ > w > wy, the induction
hypothesis implies that max(¢¥~!xw;) = £¥~1w,, and therefore u is less than or equal to all words appearing
in £¥~1w; (£ *ws). Then since every word that appears in wy (£ *wy) also appears in £*w, and the case k = 1
implies that max(¢ * w) = fw, all words that appear in £¥~w; (¢ x w,) are less than or equal to ¢¥w. This
implies that u < £*w, which completes the proof. |

Let £ = WTNL be the set of all dominant Lyndon words. Then Lemma 5.2 implies the following result,
analogous to [, Proposition 16] (cf. | , Proposition 4.7]):

Proposition 5.3. If £ € LT and w € WT satisfy £ > w, then fw € WT.
Completely analogously to [I., Proposition 17], we also have:
Proposition 5.4. A word w € W is dominant if and only if it has the form
w=Ll1ly ... Ly, by 2 ly > 2 A,
where £y,. .., 0 are dominant Lyndon words (such a decomposition is unique and coincides with (5.1)).

Finally, due to our earlier dimension count from Proposition 2.8, we also have the following analogue of
[L, Proposition 18] (cf. | , Theorem 4.8]):

Theorem 5.5. The map £ — || defines a bijection from Lt to ®T.
We shall denote the inverse of this bijection by £: &+ — LT,

5.2. Bracketing.
For homogeneous elements z,y € F, define their (r, s)-bracketing

[.13, y]?”,s =Y — (w‘/y| ) w\$|)y‘x
For a Lyndon word £ € L, a decomposition £ = {145 is called a costandard factorization if £1, {5 are nonempty,

{1 € L, and the length of ¢; is the maximal possible. In this case, it is known that /5 is also a Lyndon word.
Following [I, §4.1] and | , §4.3], given a Lyndon word ¢ we define its bracketing [¢] € F inductively via:

o [=tiflel,
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o [0] = [[€1], [l2]]r,s if € = €105 is the costandard factorization of £.
Evoking the canonical factorization of (5.1), we define the bracketing of any word w € W via:
[w] = [fﬂ[fg} ‘e [ék]

Finally, we also define Z: (F,-) — (F, x) as the algebra homomorphism given by =([i1 ...1q]) = i1 * - - - * iq.
Then we have the following three results, whose proofs are exactly the same as those of Proposition 19,
Proposition 20, and Lemma 21 in [L]:

Proposition 5.6. For any £ € L, we have [{] = { + x, where z is a linear combination of words v > £.
Proposition 5.7. The set {[w]|w € W} is a basis for F.

Lemma 5.8. A word w € W is dominant if and only if it cannot be expressed modulo ker(Z) as a linear
combination of words v > w.
For any dominant word w € W, we define
Ry = E([w]).
For any x,y € F, let us introduce the following notation:
TRY=T*psY — T *sr Y.

Recall from Proposition 4.2 that x *, s y = (w"w‘,w‘y‘)_ly %, &, SO we have

TRY =Tkrs Y — (w|/y|awlz\)y *p,s T
This formula immediately implies:

Lemma 5.9. Let £ € LT, and let £ = €145 be its costandard factorization. Then
Ry = Rgl ® RZQ.
For any word w = [iy .. .144), set
€ = 11 kTg % -+ % 1q.

Then completely analogously to | , Proposition 4.13], we obtain:

Proposition 5.10. For w € W, we have

v>w

Ry =€y + § Xwv€v
vEWT

for some Xy € C(r,s). In particular, the set {R,, |w € W'} is a basis for U.
We call {R,, |w € WT} the Lyndon basis of U. Due to Proposition 5.4, we have (cf. [I., Theorem 23]):

Proposition 5.11. The Lyndon basis has the form
{Re, -+ %Ry |k € Zso, l1,....0x €LY, {4 >+ >}

Let us also recall Leclerc’s algorithm for computing the set £1 of dominant Lyndon words. For each
Bedt let
C(B) = {(B1,B2) € T x @1 | By + B2 = B, 4(B1) < L(B2)},

where £: LT — ®T denotes the inverse of the bijection in Theorem 5.5. Then we have:
Proposition 5.12. For any § € &1, we have £(3) = max{l(51)¢(B2) | (81, B=2) € C(B)}.

Proof. Because there is a unique dominant Lyndon word of weight 3 for each 8 € ®7, it will suffice to show
that the set £ of dominant Lyndon words coincides with the set GL of good Lyndon words considered
in [L]; then the Proposition is just a restatement of [, Proposition 25].

To avoid confusion with our notation, we will denote the shuffle product * on F defined in [L] by 4, and
we will write 47 for the image of the embedding of U} into F constructed in [I].

Now, let A, , = C[r*!, s*!] and let A, = C[g, ¢ "]. Consider the free A, ,-module Fa, , = @, cpy Arsw
and the free A;-module F4, = @, ¢\, Aqw. Note that F4, and Fu, are both subrings of 7 under the
products *, s and *,, respectively. Set Us, s =U N F4, . and Z/Ijq =UTNFy4,.
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Let ¢o: A.s — A, be the ring homomorphism defined by 1(r) = ¢ and (s) = ¢~!. If we then
define v: Fa,, — Fa, by Y3 cow) = > tbo(cy)w, then it is immediate from the definitions of *,
and *, that 1 is a ring homomorphism. Moreover, if u = > , v(w)w € Uy, ,, then we know from
Proposition 4.7 that the coefficients (w) satisfy the linear equations (4.8). If we apply ¥ to the equations
in (4.8), then we precisely recover the linear equations in [, (12)], and therefore [, Theorem 5] implies
that Y(u) = >, oy Yo(v(w))w € Z/lz‘q. Now, for any ¢ € LT, consider the homogeneous element my of the
basis {m,, |w € W} constructed in Proposition 5.1. By the defining properties of {m,, |w € W}, the only
element of W that occurs as a summand of my is £, and therefore £ = max(my). Since £ also occurs with
coefficient 1, we have max(t)(mg)) = £, which means that £ € GL. This proves that L+ C GL, and since
both £* and GL are in bijection with the finite set ®, the inclusion must actually be an equality. |

Combining Proposition 5.12 with the convexity result [, Proposition 26], we obtain (cf. [I., Corollary 27]):
Corollary 5.13. For 8 € ®T, the dominant Lyndon word £(3) is the smallest dominant word of weight 3.

The following result is analogous to | , Lemma 4.18] (we choose to present the proof below in order
to highlight the only essential calculation):

Lemma 5.14. Let £ = [i1...i4) € LT. Then each word appearing in the expansion of Ry starts with iy.

Proof. We proceed by induction on d, with d = 1 being trivial. Let ¢ = ¢1/5 be the costandard factorization.
Then Ry = Ry, ® Ry,, and by the induction assumption every word appearing in the expansion of Ry, starts
with i;. Now, by [I., Lemma 14], we may write o = £¥wi, where k > 0, w is a (possibly empty) left factor
of ¢1, and i is a letter such that wi > ¢;. If K > 0 or w is nonempty, then {5 starts with i1, and thus every
word appearing in the expansion of Ry, also starts with ;. In this case, the definition of the shuffle product
implies that every word in Ry, ® Ry, starts with ;. In the remaining case ¢» = i, we have Ry, = ¢, and for
any word ¢/ = [i1j2 ... jq4] in the expansion of Ry, , we obtain:

O @i =0 % i — (W], wyer))i s € = il — (W], wper)) (W], wjer) THE + D cw =Y e,
where in the last sum the words w start with 4; and ¢,, € C(r, s). This completes the proof. |

Finally, the following important lemma is completely analogous to | , Lemma 4.19]:
Lemma 5.15. For ¢ € L1, we have max(Ry) = {.

Combining this with Lemma 5.2, we get the following result:
Corollary 5.16. For w € W, we have max(R,) = w.

Proof. By Proposition 5.4, we can write w = £ .../, where {1 > {y > ... > {}, and each ¢; € L. Then
by definition, we have R,, = Ry, *...* Ry,. We proceed by induction on k. If & = 1, the statement
reduces to Lemma 5.15. Now suppose k& > 1, and the result holds for smaller k. Let d be the largest integer
such that ¢y = ¢y = ... = {4. By induction, max(Ry, * ... * Ry, ,) = {1...4g_1 = Eil*l, and we know
from Lemma 5.15 that max(Ry,) = ¢4 = ¢;. Thus, if u is any word in sz—l and v is any word in Ry,

then every word appearing in u * v is less than or equal to the corresponding shuffle in é‘f‘l x ¢1. Hence,
max(Ry, * ... % Ry,) = max(£¢ ' % £1) = ¢4, by Lemma 5.2.

If d = k, then we are done. If d < k, then by the induction assumption, we have max(Ry, , *...* Ry ) =
Lgyq ... ¢, and by the choice of d, {1 > £4,1. We shall now argue that ¢; > €41 ... 0. If this inequality
holds, then by using Lemma 5.2 and arguments similar to those above, we will be able to conclude that
max(Ry, *...* Ry, ) = max(£ * (bgs1...0)) = 1 ... 4 = w, which will complete the proof.

Suppose instead that we have £; < g1 ...¢,. Then we can write £1 = lqi1...0l; v, where d <t <k
(if t = d, then ¢, = £ ,v), £}, is a proper (and possibly empty) left factor of ¢;y;, and v is a (possibly
empty) word such that ¢, ;v < ¢,y,. But then since ¢; is Lyndon and ¢; v is a right factor of ¢;, we have
01 < Ui v < lyyq, which is a contradiction. Therefore we must have €1 > lg41 ... 4. [ |

5.3. Orthogonal PBW Bases.
The following result is an analogue of | , Lemma 5.6] (and the proof is very similar):



26 IAN MARTIN AND ALEXANDER TSYMBALIUK

Lemma 5.17. For any { € L, we have

A(R)= > 9, 5, Re, ® Ry,
l,l2eWT

where 1927(2 =0 unless |[61| + |l2]| = £, ¢1 < £, and £ < by whenever £y # ().

Proof. The condition |¢1] 4 [¢2]| = || holds because A preserves the grading. To prove that ¢; < ¢, note that
Lemma 5.15 implies that we can write
=2 drw

w</t
for some ¢, € C(r,s). Then
A(RZ) = Z ¢€ww2 ® wi,
w1, Wz, W we=w<l
and since wy; < w < ¢, Lemma 5.15 implies that 19@ =0 unless ¢; < £. To prove that ¢ < £5 whenever
0y # 0, we proceed by induction on the length of /. If £ is a letter, the claim is obvious. For the induction
step, let £ = wv be the costandard factorization of ¢, so that R; = R,y ® R, = Ry, *ys Ry — Ry *s,» Ry, Since
{Ry|w € W1} is a basis for U, we can write A(Ry, *, s Ry) = Zh,keW* zhkRh ® Ry for some z, x € C(r, s).
Moreover, interchanging r and s in Proposition 4.10 shows that we have A(x *, , y) = A(x) *,,» A(y), where

(W) *s, (Y@ 2) = (w|/y|5w|3?|)(w *or ) @ (x *s,r z).
Thus, A(Ry, *s, Ry) = Zh,kevw ZhkRh @ Ry, since ¥ = s and § = r. This implies that

A(Rﬁ) = A(Rw *r,s Rv - Rw *s,r Rv) = Z (Zh,k - zh,k)Rh ® Rk-
h,kew+

On the other hand, we can also compute A(Ry) using the formula Ry = Ry, #, 5 Ry — (wl’v‘,w‘w‘)Rv *p, s Ry
By the induction hypothesis, we have

A(Ry #rs Ry) Zﬁwl wa U1 v (Ruy @ Ryy) #rs (Ro, @ Ryy),

where the sum is over all wy,ws,v1,v2 € WT satisfying w; < w < wy unless wy = 0 and v; < v < vy
unless vy = (). Now, by Proposition 5.10, the transition matrix from the basis {R,, |w € W} to the basis
{€w |w € WT} is triangular, and therefore we can rewrite the expression above as

A(Rw *rs Rv) = Z ®h,th & Rk
hZ’UJQ’UQ

kal U1

for some Oy x € C(r, s). Similar arguments show that

A(Ry % Ru)= > ©} Ry ® R,

h2v21,U2
k>v1 w1

where ©} | € C(r, s).

Since zhk = Ok by definition, it follows that Ok = 0 if and only if @{]’k = 0. Indeed, if Opx = 0,
then zhx = Znx = 0, so the coefficient of Ry, ® Ry in the expansion of A(Ry) is zero. This implies that
0= Ohk = (W, Ww|)Ohx = = (W[, Wjw|) O} » which forces ©f , = 0. Conversely, if O, = 0, then we have
Ohk = Zhk = 2Zhk — Zhk, and this implies that Z, x = 0, so we also have Oy x = 2z = 0.

Now, suppose that zpx — Zhk # 0, so there are dominant words wa, va, such that h > wove. If we # 0,
then unless vo = @), we get h > wovg > wv > £, as desired. If vo = @) but wy > w, then since ws has length
at most that of w, we still have h > ws > wv = £. Now suppose that vy = () and wy = w. Then the term
Ry ® Ry must have come from (R, ® 1) %, s (1 ® R,,), so that h = w and k = v. But since v is a right factor
of the Lyndon word ¢, we have ¢ < v, which contradicts the fact that 192722 = 0 unless ¢; < (. If wy = 0,
then in the case that vy # (), we have h > vy > v > £ as v is a right factor of £, while in the case that vy = (),
we have h = (). This completes the proof of the lemma. |

We shall also need the analogue of the above lemma for R;, with ~ introduced in Proposition 4.8:
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Lemma 5.18. For any { € L, we have
A(R)= > 04, 4, Re, @ Ry,
l,l2eWT
where 1%17132 =0 unless [€1] + [l2] = |¢|, t1 < ¢, and £ < Ly whenever ly # ().

Proof. This follows from Lemma 5.17 once we show that if A(w) = >, u; ® vy, then A(w) = >, 0i0; ® Uy
for some p; € C(r,s). To this end, if w = [i1 ...44], then

A(W) = T @i w)™ ) D kil @i ikl
1<l<m<d 0<k<d
=y T i wi)™ ) linik] @ [ikgr - - i),
0<k<d \1<i<k<m<d
as desired. |

For any w € W™, consider its canonical factorization into dominant Lyndon words (Proposition 5.4)
(5.2) W= wiWy ... Wy, Wi > Wy > > Wy, Wi,Ws,...,wqgE LT,
Then, we define
Ew =Ry, * Ry, , *x- xRy,
Ry = Ry, * Ry, %% Ry,

The following is the key result of this Section (see (2.1) for the notation 74, 5¢):

(5.3)

Theorem 5.19. Let £/,w € WT. Then (Ee,Rw) = 0 unless £ = w. Moreover, if £ = £{"" 05" .. £;"" with
by > by > - > Ly is the canonical factorization of £ into dominant Lyndon words, then we have

h

g = 7lmi m;—1 = m;

(5.4) (e, Re) = T (1o it ™ 7 (Res Re)™)

i=1

The proof of this theorem is sim~ilar to that of | , Theorem 5.7]. However, we prefer to present full

details because our PBW bases ({R}scy+ and {R}ecyy+) are different from those used in | ] (see a
single basis {E;};cw+ of loc.cit.).

Proof. We may assume that [¢| = |w|, because otherwise the claim follows from the basic properties of (-, -).
We then proceed by induction on the length of ¢ (which is equal to the length of w since |¢| = |w]). The case
when ¢ and w have length 1 is trivial. Suppose first that £ € LT, and w € W with |w| = |¢] but w # .
If w = wy...wq is the canonical factorization of (5.2), then d > 1, for otherwise w would be a dominant
Lyndon word of the same degree as the dominant Lyndon word ¢. Using Lemmas 3.14 and 5.17, we get:

(EbRw) = <R57Rw1 koo X Rwd) = (A<RE>7R'LU:1 ® (RUH *oeeo ok Rwd—l))

= Z ﬁgl,fg (szvéwd)(‘Rl1va1 ook Rwd—l)'
Ly, Lo eWT

Since d > 1, we must have |wq4| # |¢], so the only nonzero terms in the sum above satisfy ¢1 < £ < la, |wg| =
|¢2], and |€1| = |wy ... w4—1]|. As the length of w, is smaller than the length of w, we may apply the induction
assumption to conclude that all nonzero terms in the above sum satisfy ¢o = wg and ¢; = w; ... wg—1. Then

wy Swy ... wg—1 =1 < by =wg < wy,

which never holds. This finally implies that (E@, Ry) =0 for £ € LT and w # /.

Now suppose that w € LT, and £ € W satisfies |[¢| = |w| but £ # w. Let £ = {1 ...4, be the canonical
factorization of ¢, where ¢1 > --- > £; are dominant Lyndon words, cf. (5.2). Using Lemmas 3.14 and 5.17,
we likewise obtain:

(Efv Rw) = (Rfd Koo X Rel ) Rw) = Z 19%1,11}2 (R5471 ook Rfl ’ Rwl)(Red7 Rw2)'

’u)1,71)2€‘/v+
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Repeating the above argument, we conclude that the only nonzero terms in the sum above satisfy
b <y gy =w <wy =Lg <4y,
which is never possible. This again implies that (Ee, R,) = 0 in the present setup.

Now, for arbitrary ¢, w € W;', we proceed by induction on the height of v. The base case v € II is trivial,
so suppose that v ¢ II, and for any u € QF with ht(u) < ht(v) and any u,v € Wi, we have (Ry,R,) =0
unless u = v. Let £ = 145 ... 45 and w = wyws . .. w, be the canonical factorizations of £ and w into products
of non-increasing dominant Lyndon words. We may assume that d,e > 1, for otherwise £ € LT or w € LT,

which are the two cases already treated above.
‘We shall first consider the case when ¢; < w;. Then, we have:

(Rg,Rw) = (Rp, % %Ry, Ry, %% Ry,) = (A(Ry,) - x A(Ry,), (Rupy %+ % Ryy,) @ Rip,)
= Z1951,1751,27---,&1,17&1,2 (Rfd,z koo Xk R@Lz’ Rw2 koo ok Rwe)(R&u ook R€1,1’Rw1)7

where every term in the sum above satisfies the following three properties (for all 1 <t < d):

(5.5)

b1, 00 €EWT, L < Ay, Oy <Ulyo unless fpo =10,
and 9, ;... s,, € C(r,s). For a particular term in (5.5), we shall first show that (R, % * Ry, ,, Riy,) =0
unless there is a unique k such that £, 1 = wy and €1 = 0 for all ¢ # k, cf. | , Claim(**)].

To this end, let k be the maximal integer such that ¢; ; # (). Then

(Rfd,l oo X Rfl,lﬂRwl) = (Rzk,l ook R41,17Rw1)
= Z 1§5171,w112(RZk71,1 *"'*Rfl,laRwl,l)(Rzk,wal,z)'

wy1,w1,2EWT

Suppose that a particular term

ﬁ%i,l,wm (Rek—l,l ook RZl,l?Rwl,l)(Rek,l’R’wl,2)
is nonzero. Then [{ 1| < |4k < |4 and |wi 2| < |w1| < |w|, so by induction on the weight, we have

(R, Ruw, ,) = 0 unless £ 1 = wy 2. In this case, wy2 # 0, so that wy » > w;. Thus, we obtain:
wye =Ly <O <4y <wyp <wypp,

which shows that {3 1 = w12 = w1, and so w1 = (). This also implies that ¢, ; =0 for all 1 <t < k.
Thus, if (Ry,, * ---* Ry, |, Ry,) # 0, then there is a unique k such that £;; = w; and ¢,; = 0 for
t # k, and since w; = {1 <l < {3 < wy, we also have {1 = ¢, = ¢; = w;. This means that for the
corresponding words ¢; o, we have £, o = 0, if t # k, and {5 2 = 0.
Now, let m; be the largest integer such that ¢; = ¢y = --- = {,,,,. Then combining what we proved above
and using the obvious equalities 1920) = %76 =1, (5.5) reduces to
(Elva) = (Rld *"'*RZURUH * ek Ry, )

e

e

my
= ((Red ©1) % (Ryy,, @1) % (10 Rey) + (RpF D @1), (Ruy # - % Ry )®R€1)
k=1

= <Z(w|/€1|aw|kel|l)_1> (Rfd ok Ry, sz Kook ch) (waRfl)v
k=1

where we used (4.12) in the last equality. So by induction, (E@,Rw) = 0 unless ¢ = w, and if £ = w, then
using (w"zl‘7wwl‘)—1 = T\;ll\slfl\ (cf. (2.1)) and the induction assumption, we obtain
(Re, Ry)
(Ml e 1o |~ dmi(mi—1) - |~ ma—1)(m1—2) -
= W ([mi]T|zi\7S\tzi\'r\€i\ (Réi7Réi) ) [ml - l]r\ei\,s\zirrw” (ReuRh)
[€1] i=2
i 3 1))
= H ([mz‘]ﬂe,;\,«9|z,-,|!r|ej o (Rei?R[i)mi) )

i=1
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where ¢ = (7" 05" .. . £;"" is the canonical factorization of ¢ into dominant Lyndon words with ¢y > --- > £p,.
We now consider the case when ¢; > w;. Then

(§Z7Rw) = (Rfd *oeeox R£17R'LU1 koo k Rwe) = (Rfl ® (Red *oeeex RZ2)7A(RU)1) Kook A( _we))
= Z 191111.,1774)1,2,--~7117e,1,we,Q (Rfl ) Rwl,l ook ch,l)(Red ook R£2ﬂR'LU1,2 Kook Rwe,Q)’

and as in (5.5) every term in the sum above satisfies (for all 1 < ¢ < e):
w,we2 €W wi Swy, wp Swep unless wyo =0

Suppose that (Rg,, Ry, , * -+ * Ry, ,) # 0 for some term in the above sum. Since ¢ # 0, ¢; # 0, we have
w1 # 0 for at least one integer ¢; let k be the maximal such integer. Then, we have:

(RZURUMJ Koo X Rwe,l) = (R€17Rw1,1 *ooee Xk ka,1)

El D D D,
Z 1951,1741,2 (R&,?’ka,l)(Rel,uRw1,1 koeeex ka71,1)~
L1,1,812eWT

Suppose that a particular term
' _ _ _
ﬂfi,l;‘elg (Rflxzv ka.1)(RZ1,1 ) Rwl,l ¥ooox ka—l,l)
is nonzero. We have |wg 1| < |wg| < |w| and |¢1 2| < |[¢1] < |€], so by induction on the weight, it follows that
01,2 = w1 for this term. In particular, this shows that £1 2 # 0, so that ¢; 5 > ¢;. But then we obtain

wy <y <l =wp1 < w < wy,
a contradiction. Hence, (Ee, R,) = 0 when £; > w1, which exhausts all cases and proves the theorem. M

In the next Section, we shall explicitly evaluate the constants {(Ry, R¢)}ser+ for a specific ordering on I.
Combining this with the theorem above, we shall derive our main Theorems 7.1 and 7.2 in the last Section.
6. ROOT VECTORS AND THEIR PAIRINGS

In this Section, we explicitly compute R, and the pairing (Ry, R¢) for each dominant Lyndon word £ € £F,
with the ordering 1 < -+ <nonl = {1,...,n}. Similarly to | , 86], we treat classical types case-by-case.
We shall use the notation for positive roots that was introduced in (2.16)—(2.19), and we also follow (2.15).

6.1. Type A,.
For the order 1 < 2 < --- < n, the dominant Lyndon words in type A,, are given by (cf. [L, §8.1]):

Lemma 6.1. The set of dominant Lyndon words is
£r=A{li...j]|1<i<j<n}
We shall now explicitly evaluate the corresponding elements Ry:
Proposition 6.2. For £ =1[i...j] with 1 <4 < j <n, we have
Ry=(r—s)y""[i...q)

Proof. We proceed by induction on j — i, with the case j —i = 0 being obvious. For j —¢ > 0, the costandard
factorization £ = £/ is explicitly given by ¢; = [i...(j—1)] and ¢3 = [j]. Thus, by the induction assumption,
we have:

Ry =Ry, ® Ry = (r— s’ "'[i...j—1] @ [j]
= (r— )7 (G = 1% ] — Wy, ) # -5 — 1))
= (T - s)j_l_i ((w’/yz‘,j—ﬂwj)_l - (w;"w’h‘,j—l)) [Z o ]] + (7“ - s)j_l_i([i s (J - 2)] ® [J])[j - 1}7

which yields the result because (!, wj) Tt =7, (Whwy, ) =s,and [i... (j - 2)]® [j] = 0. [ ]

i,j—1"
Finally, let us derive the formula for the pairing of the above elements:

Corollary 6.3. For ¢ =1[i...j| with 1 <i<j <mn, we have

(Rb Re) = (T - S)jii'
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Proof. We proceed by induction on j — 4, the case j = ¢ being clear. Evoking the costandard factorization
of £ (with £y =[i...(j —1)], £2 = [j]) and Lemma 3.14, we obtain:

(Re, Ba) = (¢ = 7 (.31, Rey * ) = 7lj)  Re) = (r = 8P (A1), © Ry = ooy 1)
()8 e G~ DL Re) = (= ) R Rey) (7 — )

where the last equality follows from Ry, = (r — s)?~*"![i...(j — 1)] and the induction hypothesis. [ ]
6.2. Type B,.
For the order 1 < 2 < -+ < n, the dominant Lyndon words in type B,, are given by (cf. | , §6.2]):

Lemma 6.4. The set of dominant Lyndon words is
r={[i...j]|1<i<j<n}U{fi...nn...j]|1<i<j<n}.

We shall now explicitly evaluate the corresponding elements Ry:

Proposition 6.5. (1) For { =[i...j] with 1 <1i < j <n, we have
Ry= (r* = s*)77i...4].
(2) For£=1i...nn...j] with1 <i<j<mn, we have
Ry = (rs)2U=™) (p2 — )23+ ).

Proof. Because (w},w, ;) = s* and (@), ,,w;)~" =7r? for all 1 <i < j < n, the proof of part (1) is

exactly the same as the proof of Proposition 6.2. For (2), we proceed by induction on n — j. If n — j = 0,
then ¢ = [i...nn], and its costandard factorization is £ = £1¢5 where ¢; = [i...n] and ¢ = [n]. Thus:

Rg=Re, ® Ry, = (r? = *)" 7" ([i...n] % [n] — (W), wa, ) [0] ¥ [i..7])
= (r? = ") ((wh,, wn) i nn] + ([ (R = 1)) % [n D[TLD

— (r® = %) (Wl wagy )i - - -0 4 (Whyy oy )Wy wr) " ([R] % [0 .. (n — 1)])[n])

r? — s?)nt (([z co.(n=D]x[n)[n] —s*(n] *[i...(n— 1)])[71})

r? — 5% Ry, [n] = (r* — sH)" T i .nn],

-1 1 -1

where we use the equalities (W’ ,w,)™" = (w),,w,,) = rs and (w;,,wn) ™" =77~ 's in the fourth line.
Now suppose that n — j > 0 and the result holds for all larger j. Then, the costandard factorization of
C=Ti...nn...Jlis € =Llly with &y =[i...nn...(j+1)] and ¢3 = [j]. Thus, by the induction assumption:

Ry = Ry, ® Ry,
= (rs)?UF (2 = 22 (i (G4 D] ] = (W wp, )] [ onn (G + 1))
= (rs)?UtIm(p? — )2" - J((wﬁzm,wﬂ) [i...nn...j]+([i...nn...(j+2)]*[j])[j+1])
— (rs)? U (12 — )20 (W wg, )i onm ] = (Whwp, ) (] [ onm (G4 2)D] + 1))
:(rs)2(j_")(r2—52)2" I nn ]
+ (rs)2Utt=m (02 — 220 (i o (G2 * [G] = ] * i onn. G2 [+ 1],

where we used the equalities (wj, . ,w;)™" = 572, (W), we, j41) = r~2, and (w},wp, ;1) = 1 in the last line.

Thus, it suffices to prove that
[i...nn...(F+2)]*[j] —[f] *[¢--.nn...(j +2)]=0
(for j =n—1, the above equality should be rather interpreted as [i...n] x [n— 1] —[n— 1] * [¢...n] = 0).
Since (wj,, ,w;) "' =1, (W, ,wj)"' =1, and (W}, wi) " =1 for j +2 < k < n, we have
([ G+ DI =G =l G+DDIG+2).nn... (G +2)]
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and thus it remains to verify [¢... (5 +1)]*[j] = [j] *[¢... ( +1)] =0 for i < j < n—1. To this end, we have:
[ G+ DI =Dl G+ 1)

@) G DA = e G D)+ ([ 5] DD+ 1) = (W wien) T () i D+ 1

(i g) e ] =2 fi DD+ 1]

(@hyowi) i g gl (- G = DI DU =g = (U] - G = DDUDE + 1]

s —r)i...ji(G+ 1)+ WR[LJ] (7 +1)]

=2 =i g+ D+ =sDi...ji(G+1)] =0.

This completes the proof of (2). |

Finally, let us derive the formula for the pairing of the above elements:
Corollary 6.6. (1) For £ =[i...j] with1 <i < j <n, we have
(Re, Ry) = (r* — s%)17%.
(2) For £ =1[i...nn...J] with1 <i<j<n, we have
(Re, Ry) = (rs)Q(j_") (r? — 52)2"_i_j+1.

Proof. The proof of (1) is the same as the proof of Corollary 6.3. For (2), we proceed by induction on n — j.
If n—j =0, then £ = [i...nn] and its costandard factorization is ¢ = ¢102 with ¢; = [i...n] and {3 = [n].
Therefore, we get:

2 2\n+1—1

(Re, Ry) = (12 — )" 17U([i...nn], Ry, * [n] — rs[n] * Ry,)

= (r? = *)""1Y(A([i...nn)]), [n] ® Ry, — rsRy, @ [n])
= (=) (@ fi.. .0l 0] © Rey)

= (r? = $*)([n], [n])(Rey, Rey) = (r? = 82",

where the last equality is a consequence of part (1).
If n — j > 0, then the costandard factorization is £ = €14y with £; =[i...nn...(j + 1)], £2 = [j]. Thus:

(Re, Fo) = (r)07) (52 = 22734 (i), R, (7] = 57205) + R
= (rs)20 (2 = P2 (@i nn . (G DL © Re,)

= (rs)2(r* = *)(1j], [i]) (Re, . Rey)
= (7’5)2(3'*”)(7,2 — g2)2n—imitl

?

where the last equality follows from the induction hypothesis. |
6.3. Type C),.
For the order 1 < 2 < -+ < n, the dominant Lyndon words in type C,, are given by (cf. | , §6.3]):

Lemma 6.7. The set of dominant Lyndon words is
cr={li...jl|1<i<j<n}u{fi..n...jl|1<i<j<n}U{fi...(n—1)i...n]|1<i<n}.
We shall now explicitly evaluate the corresponding elements Ry:
Proposition 6.8. (1) For ¢ =i...j] with1 <i<j <n and ¢ = [n], we have
Re=(r—s)""i...j].
(2) For £ =[i...n] with 1 <i<n, we have
Ry=(r—s)" 7 (r* —s))[i...n)].

(8) For £ =1T[i...n...j] with1l <i<j<mn, we have

Ry=(rs)?™"(r —s)* 97 2 = *)[i...n...j).
(4) For £ =1[i...(n—1)i...n] with 1 <i<mn, we have

Re=(r—s)* 27 2 —sHr([i...(n— V)] *[i...(n—1)])[n].
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Proof. The proofs of parts (1) and (2) are similar to the proof of Proposition 6.2, while the proof of part (3)
is similar to the proof of part (2) of Proposition 6.5. For part (4), we first note that [i...(n —1)] € U by
part (1), and therefore [i...(n — 1)] *[i...(n — 1)] € U as well. Moreover, it follows from Proposition 4.7
that also f = ([i...(n — D] x[i...(n —1)])[n] € U. Now, by Lemma 5.2, we have max(f) = £. Then, since
Lemmas 5.2 and 5.15 together 1mp1y that max(R,,) = w for all w € W, we may write

f= > WYuRy
w<e, wew+
for some 9,, € C(r, s) with ¥y # 0. But ¢ is the smallest dominant word of its degree, so we must have
R, = ﬁ;lf = 19[1([1'. n=1]*[i...(n—=1)])[n].

Using this, we can now compute Ry. Since the costandard factorization is ¢ = ¢1¢5 with ¢; = [i...(n—1)]
and £y = [i...n], we have:

Ri=Ry, ® Ry, = (r —s)* 27 2(r2 =) ([i...(n— V)] % [i...n] —rsfi...n]*[i...(n—1)])
=(r—s)" 2202 =) ([i...(n =2 *%[i...n))[n—1—=r([i...n]*[i...(n—2)])[n—1])
+(r—8)" 2202 =) (2 —rs)([i...(n— V)] *[i...(n—1)])[n].
Since we know that Ry is a multiple of ([i...(n —1)] % [i...(n — 1)])[n], it follows that
([i...(n=2)]*[i...n])In =1 —=r([i...n]*[i...(n —2)])[n —1] =0,
and therefore
Ri=(r—s8)* 2102 —sHr(i...(n— D] *[i...(n—1)])[n],
which completes the proof. |
Finally, let us derive the formula for the pairing of the above elements:
Corollary 6.9. (1) For{ =1i...jl with1 <i<j<n and ¢ = [n], we have
(Rg, Rg) = (7“ — S)j_i.
(2) For £ =[i...n], we have
(Re, Ry) = (1 — s)" 17012 — 52).
(8) For £ =T[i...n...j] with1<i<j<n, we have
(Re, Ry) = (r — 5)2”_i_-j_1(r2 — 32)(r5)j_".
(4) For £ =Tli...(n—1)i...n] with 1 <i<mn, we have
(Re, Ry) = (r — )" 271 (r2 — %) (r + 5).

Proof. The proofs of parts (1)—(3) are similar to the arguments given in the preceding two Subsections, so
we shall only present the details for part (4). First, we note that (cf. (4.13))

=(Ai...n =D *Ai...(n=1)])) - (@) +1@([i...(n = 1)] *[i...(n—1)])[n].
Then, since the costandard factorization is £ = £145 with ¢1 =[i...(n —1)] and ¢y = [i...n], we have
(Re,Re) = (r —s)* 2712 =) (A(([i... (n— )] % [i... (n — D)])[n]), Re, @ Ry, — r8Re, @ Ry,)
= ( (r? =) (Al .. (n = D) * A([i-.. (n = D)) - ([n] © 1), Re, © Ry, )
=(r—s) 22 =) (L +rts)([i...n]@[i...(n—1)]), Re, ® Ry,)
= ( (

) 1
n—2i-1( 2
r—8) T = ) (r +s) - (r — 5)2n—2i-2(y2 — 2)

r— )2n 2i—1

(Réz ’ sz)(Rfl ’ Rfl)

= (=P = )+ 9)

where the last equality follows from parts (1)—(2). [ ]
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6.4. Type D,.
For the order 1 < 2 < -+ < n, the dominant Lyndon words in type D,, are given by (cf. | , §6.4]):
Lemma 6.10. The set of dominant Lyndon words is
£t ={[i. ]1<z<g<n}u{ (n=2)n]|1<i<n-2}U
{[z...(n—?) (n—1). ‘1<z<]<n—1}

We shall now explicitly evaluate the corresponding elements Ry:
Proposition 6.11. (1) For { =[i...j| with1 <i < j <mn, we have
Re=(r—s)y""[i...j].
(2) For £ =T[i...(n—2)n] with 1 <i<n—2, we have
Ry=(r—s)"" ' i...(n—2)n].
(8) Ford=1[i...(n—2)n(n—1)...5] with1 <i<j<n-—1, we have

Ry = (rs)? ™" (r — s)Qn_i_j_l([i...(n— Dnn—2)...50+@s) i...(n —2)n(n— 1)]])

Proof. The computations for parts (1)—(2) are completely analogous to those in the proof of Proposition 6.2,
so we shall only provide the details for part (3). We proceed by induction on n — j. If n — j = 1, then the
costandard factorization is £ = £1¢5 with ¢1 = [i...(n — 2) n] and ¢5 = [n — 1]. Therefore, we obtain:

Re=(r—s)"""7"([i... (n = 2)n] % [n = 1] — (wy,_y,wp,, ) [n = 1 % [i... (n —2)n))
=(r—s)""" ((wh,, wn—1)" = (Who1,wp,)) [+ (R = 2)n (0 —1)]
+ =) (e (0= 2)] ¢ [ = 1)) = (W, wn) T (I = 1k i (n = 2)]) )
=(r—s)" s = )i (n—2)n(n—1))
+ (=) (i (n=2) % [n = 1] = s[n =1 x[i... (n = 2)]) []
=(r—s)"" l(rs)*l[i.‘.(n—Q)n(n—1)]+(T s)R, (n— 1)][ n|
=(r—s)""([i...(n=)n] + (rs)"'[i... (n = 2)n (n —1)]).

Now, if n—j > 1, the costandard factorization is £ = €105 with ¢; = [i...(n—2)n ...(j+1)] and £5 = [j].
Thus, by induction hypothesis, we have:

Ry = (rs)iT2 " (r —s)>" " 972[j.. . (n—=2)(n—1)nn—-2)...(j + 1] ® [j]
+ (rs) (e — )2 (n=2)n(n—1)(n—2)...(j + )] @ [4].
Note first that
[i...(n—=1)nn—-2)...(+1)]®[4]
=fi...n=Dnn—-2)...0 + D] *[] —r ] *[i...(n—=D)nn—-2)...(j +1)]
=Gt =r ... n=Dnn-2) ...+ (i..n—Dnn—-2)...0 +2)] ® [j])[j + 1].
Moreover, as (wgik,wj)_l =1, (w),w;j)"t =1, and (w;,wk)_l =1 for all k > j + 2, we have:
e (=10 (=2)... 2N 8] = (i G+ = (1. GHODIG+2) . (=) (n=2) ... (+2)]
Finally, computations analogous to those in the proof of Proposition 6.5(2) show that
i G+ ] =[Gl *[i...(j+1)]=0 forall i<j<n-—2
so that
[i...n—=Dnn-2)...0+D]@l=6"=rDi...a—=)nn-2)...4]
Similarly,
f(...n=2)nn—=1)...(+1)]®[4]
=Gt =r Di..n=2)nn-1)...4]+(i...n=2)n(n—-1)...(G +2)]® D[ + 1],
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and as above, we have
[i...n—=2)n(n—-1)...(j +2)]®[j] =
(i .G+ =[G = Ul *l---G+FDPIG+2)...(n—=2)n(n—1)...(j +2)] =0.
Thus, we obtain:
Ry=(rs)™ " (r —s)* "9 2(s7 = H[i...(n = 2)(n—1)n(n—-2)...7]
+ (rs) T (p — 5)? I 2 (s e [ (n=2)n(n—1)(n —2)...4]
= (rs) T r =) [ .(n—=1)n(n—2)...4]+ (rs) 'i...(n—2)n(n—1)...4]),
which completes the proof. ]
Finally, let us derive the formula for the pairing of the above elements:
Corollary 6.12. (1) For £ =[i...j] with 1 <i < j <n, we have
(Re, Re) = (r— )’ 7"
(2) For £ =1[i...(n—2)n] with 1 <i<mn—2, we have
(Re, Ry) = (r— s)" 170,
(8) For{=1Tli...n—2)n(n—1)...45] with1 <i<j<n-—1, we have
(Re, Ry) = (1 — s)~ =07 (ps)im,

Proof. The proofs of parts (1)—(2) are similar to the previous computations, so we shall omit the details.
For part (3), we proceed by induction on n — j. If n — j = 1, then the costandard factorization is ¢ = ¢145
with £; = [i...(n —2)n] and ¢5 = [n — 1], so that

(Rsz) A(Rg), [n — 1] ® Rzl — S_IRgl (%9 [n — ID

= (

= —8)"Ai...n = V)n]+(rs) i...(n—2)n(n—1)]),[n—1] @ Ry, — s 'Ry, ® [n — 1])
=(r—s)""(rs) Y(n—-1®[i...(n—2)n],[n — 1] ® Ry,)

= (r = $)(rs)"(Rey, Rey) = (r — )" (rs) .

If n — j > 1, then the costandard factorization is £ = {1¢ with ¢1 =[i...(n—2)n ... (j + 1)] and ¢ = [j],
so that we have

(Re, Re) = (A(Ry), [j] @ Ry, — s~ Ry, @ [4])

= (rsP (e = )TN (A(i (= D (n—2)...5]), [j] @ Re, — s~ Re, @ [j])
(sl = ) I () T A (0= 2 n (= 1)), [ ® Rey — s Rey @ )

= (rs)?T"(r —s)? I N i...(n—1)n(n—2)...(j + 1)], Re,)
+ (rs) T (r — )T I () i (n=2)n(n—1) ... (j + 1), Re,)

= (1) = $)(Reys Rey) = ()77 — )20,

where the last equality follows from the induction hypothesis. ]
7. ORTHOGONAL PBW BASES FOR U, s(g)

In this Section, we transfer (using Theorem 3.17) the orthogonal bases constructed in Section 5 to U, s(g),
which, along with the computations from Section 6, proves our main results (Theorem 7.1 and Theorem 7.2).

To state our results, we first need to introduce the corresponding notion of quantum root vectors of U, s(g).
To this end, we recall the notation £: ®* — LT for the inverse of the bijection from Theorem 5.5. Then, for
v € &, we define

ey =V (Ryy) and fr=¢ (\1’71 (Ré(v))) )
where the C-algebra bar-involution ~and the C(r, s)-algebra anti-automorphism ¢ were introduced in Propo-
sition 2.6. Explicitly, if o, 8 € ®T are such that £() = £(«)l(B3) is the costandard factorization of ¢(v), then:

ey =eqeg — (w’ﬁ,wa)egea and Iy = fofa — (Wh,wp) fafs
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We also note that the lexicographical ordering on £F induces, via the bijection ¢, a total ordering on ®7:
(7.1) a<fB <= (Lla)<{l(P) lexicographically.

For the order 1 < 2 < - -+ < n, one can easily verify (using Lemmas 6.1, 6.4, 6.7, 6.10) that the corresponding
orderings on ®T are as follows:

o Type A,

g <arta< <ot Fa, <o << apo1 < Qp—1 F+ an < Q.

o Type B,
ap <artay<---<at+--ta
<oyt F oo 20, < - <ap 200+ - 4 20,
<og < <Oyl < Qpe1 F oy < a1+ 20, < .
e Type C,

o <opF+ay<--<ar+-Fap_ <204+ 201 +ap <o+ -+ o,
<ar+-Fan9o+2ap1ta, <o <ap+209+ -+ 20,1+ ap
<og << a1 <2051 F o < Qo1 + oy < .
e Type Dy,
ap<aypta<- <ot tagpotap <ottt apsta, <o+t
<ar+ - Faps3+22a, otap1ta, < - <ag+2a+ -+ 209+ a1+ ay
<ag < - <ap2<p2+a,_1<ap2+a, <op2+a,—1+a, <a,—1<a,.

We may now state our first main result, which corresponds to parts (a) and (b) of [MT, Theorem 5.12]:

Theorem 7.1. (1) The ordered products

— —
(7.2) H el |my >0 and H e
yeDT yeEDT

my >0

are bases for U;‘:S (9) and U ((g), respectively. Here and below, the arrow < over the product signs refers to
the total order (7.1) on ®T, thus ordering the positive roots in decreasing order.

(2) The Hopf pairing (2.9) is orthogonal with respect to these bases. More explicitly, we have:

— — ) )
(73) H f'rYlW’ H ez)’nW = H (5n.y,mn, [m'y]r%s,yls;imﬂmw_ )(fv,e.y)z”).

yeEDT yeDT H yeD+
Proof. For part (1), we first recall from Proposition 5.11 that
{Ru|weWT} ={Ry xRy |k € Lxo, b1,.... Ly €LY £y >+ > Uy}

is a basis for U. Since z +— T is a C-algebra automorphism, we find that

(74) {Rw|w€W+}:{R[1**Rek’k‘EZEO,Kl,,ekEC—F,elZ Zék}
is also a basis for Y. Then, evoking (5.3), the set
(75) {RwMUEWJr}:{ng*-H*Rgl|k€Zzo,fl,...,€k€£+,£1Z~'~Z€k}

is yet another basis for U because, by Theorem 5.19, it is orthogonal to {R,, |w € W*} with respect to the
non-degenerate pairing (-, ) on U.
Thus, applying ! followed by the bar involution = ~ Z on Urfs (g) to (7.4), we obtain the basis

{e|gl|...€‘gk‘|I€EZZO,€1,...,€1€E£+,€1Z-“zek}:

{e’n--'e’yk|k€ZZOaFY17"'7’Yk€q)+a71Z"'Z’}/k}
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for U¥,(g), where we use the bijection £ and the ordering it induces on ® via (7.1). Similarly, as ¢: Uf, — U,
is an anti-isomorphism, applying ¢ o (z — &) o ! to (7.5) yields a basis of U, (g):

{f|g1|...f‘gk‘|/€€ZZO,€1,...7€]€€£+,€1Z“'ka}:
+
Y1 k 2 = =
{for - S|k €EZso, 1, oo €RT, 1 > > i}

This completes the proof of part (1).
To prove part (2), we shall use Theorem 3.17. Given sequences (1) ea+, (1) co+ € (Zzo)¢+, consider

— —
dominant words £ = T[] 4(y)" and w =[] ¢(y)™ . Furthermore, for any p =Y . | c;o; € ®T, we set

yEDT yeDPT
n
1
Co=1||—
H H (Si — Ti)ci
i=1
We may assume that |[¢| = |w|, because otherwise the claim is obvious. Then, since ¢(fy) = U™ (Ry(,)) and

&y = U1 (Ry()), Theorem 3.17 implies that

h— - — = =
(7.6) I TLer | =cal TT e (i), TT v (&) | = Cia(Be Ra)-

vEPT yeEPT H yePt yedt

The last term in (7.6) is zero unless £ = w, i.e. n, = m., for all v € ®*, due to the first part of Theorem 5.19.
Moreover, if £ = w, then according to the second part of Theorem 5.19, we have

DD — gy (my—1 D m
(Re, Rw) = ] ([mv]ms7 ey 2D Ry, Ry ”) :
yEDT
and therefore

Cut(Bes B ) = TT (Imade s 2™ € (Ray Re)) )

yeEDT

—im,(my—1)
= H ([m'y]m,swlsv o (fvvev)gv)v

yEPT

where the last equality follows from (fy,ey)m = Cy(Ry(), Rem)% due to (7.6), a corollary of Theorem 3.17.
This completes the proof. |

By above theorem, the Hopf pairing (-, -) i is completely determined by nonzero constants {(f, e~)m }ycao+-
Our second main result is the explicit evaluation of these constants. Below, we use the notation for the pos-
itive roots that was introduced in (2.16)—(2.19).

Theorem 7.2. (1) In type A,, (that is, g = sl,+1), we have
1

s§—7T

(f'yij’e’Yij)H = fOT 1 S 7 § ] S n.

(2) In type By, (that is, g = $09,11), we have

1 . .
(f’Y'ij’e"{ij)H = m fO?” 1 S (3 S 1<mn,
1
(f’yin7e’Yin)H = for 1<i<n,
S—T
[2]7 s (rs)*0—m)

(fﬁij766ij)H:7S2T fO’I’ 1SZ<]S7’L
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(8) In type C,, (that is, g = spy,, ), we have

(f%].,e%.j)H:SiT for 1<i<j<n with (i,j)# (n,n),
R

(fir€p.)H = s?}; for 1<i<n,

(fpi;>€p:) 1 = (7;3)_J;n for 1<i<j<n.

(4) In type D,, (that is, g = 502, ), we have

1 . .
(f’Yijve’y,:j)H:S_r fO?" 1§Z§j<n,

rs)i—n o
(fBij?eﬁij)H:(S)_r fOT‘ 1<i<yj<n.

Proof. (1) As vij = o; + -+ -+« for 1 <14 < j <n, combining Corollary 6.3 and Theorem 3.17, we obtain:

R | o
(fruy €)1 = W(Ram’ Riy,;)) = G T =

s—r
(2) The computation for the roots 7,;; with 1 < ¢ < j < n is the same as the one above. For the roots
Yin = @; + -+ + @, combining Corollary 6.6(1) and Theorem 3.17, we get:

1 1
(f’Ym’e’Ym)H = (52 _r2)n—i ’

= 1
Ry~ v, Ro(ry, ) = .
s_r ( £(Vin) L’(vm)) s —7r
For the roots 8;; = ay + -+ + aj—1 + 25 + - - - + 2avp,, combining Corollary 6.6(2) and Theorem 3.17, we
obtain:

1 1 — 2 —7? . [2]72"78(7'5)2@*")

(f3i50€85)m = (2 —r2)2n=i—i (s—71)2 (Resiy)s Reesey) = W(TS)Q(]%) =

r §2 — 12

(3) We shall only carry out the verification for the roots f3;;, since the other formulas are proved as the ones

above. For the roots 8;; = 2a; + « - - + 2a,—1 + @, combining Corollary 6.9(4) and Theorem 3.17, we get:
1 1 (r+s)?  [212,

(fﬁn‘veﬁn‘)H = (8 — T)Qn_Qi ’ 52 p2 : (Re(ﬁii)’Re(,Bii)) = S — T(T + 8) = 2 — 2 = 52

— 2
(4) The computation for the roots 7;; with 1 < i < j < n is the same as the one in (1). For the roots
Bin = a; + + - + ap_2 + oy, combining Corollary 6.12(2) and Theorem 3.17 gives us

1 = 1
, , = ————— (Rys..), Res,.y) = .
(fﬁnz’eﬂzn)H (S _ r)nfl ( f(ﬁ”)? Z(B”)) s—r

For the roots fin—1 = a; + -+ + ap with 1 <4 <n —1, as well as the roots 3;; = a; + -+ aj—1 + 25 +
s 4 2009 + a1 + @, with 1 <4 < j < n— 1, combining Corollary 6.12(3) and Theorem 3.17 yields:
1 ——  (rs)im
(fﬁi,j?eﬁij)H = (

oz (Bee) Res) =

s—r

This completes the proof of this theorem. |

APPENDIX A. GENERAL PAIRING FORMULAS FOR ROOT VECTORS

In this Appendix, we derive a formula for the pairing (R, R¢) for certain types of dominant Lyndon words
¢ € LT that is valid for any ordering of I = {1,...,n}. The types of dominant Lyndon words ¢ that we shall
mainly concern ourselves with in this Appendix are those whose first letter occurs exactly once. We note
that this is equivalent to saying that every left factor of ¢ is also Lyndon, so in particular, the costandard
factorization of ¢ has the form ¢ = ¢1i, where i € I is a single letter.

To prove the main result of this Appendix, we shall need a few lemmas on root systems. As in the rest
of the paper, ® is an irreducible reduced root system with an ordered set of simple roots Il = {1, ..., a,}.

First, we remind the reader of some basic facts about root systems that we shall use frequently.
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Lemma A.1. (1) For all o, € I, a # 8, we have («, 8) < 0.
(2) If a, B € ® and a # £, then a+ 5 € & whenever (o, 8) < 0, and o — 5 € & whenever (a, §) > 0.

Lemma A.2. If v € ®, and for distinct o, 8 € 11, we have v+ a,v+ B € ®, then y+a+ € U {0}.
Likewise, if v —a,y— 5 € ®, then y —a— 3 € PU{0}.

Proof. If v+ « is proportional to /3, then we must have v+« = —f, so that v+« + § = 0. Similarly, if v+ 3
is proportional to «, we have v+ 3+« = 0. Thus, we may assume that neither of those two cases hold. Then
ify+a+ 8 ¢ @, we must have (y+a, 8) > 0and (y+ 3, a) > 0. This implies that (v, 8) + (v, @) > —2(«, B).
But since v+ 8 — (y+ a) = 8 — a ¢ &, we must have (y+ 3,7+ «) < 0. Combining this with the previous
inequality yields

0 Z (73’7) + (7;5) + (’Yaa) + (aaﬂ) 2 (’777) - (avﬂ)'
But (a, 8) < 0 because a and S are distinct simple roots, and (y,7) > 0. Thus, we have a contradiction.

The second claim follows by applying the first one to —~. |
Lemma A.3. Lety € ", and suppose that for somei # j, f =v—ca; € @1 and B’ = v—a; € DF. Suppose
further that for some m < ht(y) — 3, there is a sequence oy, , ..., ag, € Il such that f—ag, —...—ay, € T
and ' — g, — ... — ag, € DT whenever 0 <t <m. Then vy — ag, — ... — ax, € P whenever 0 <t < m.

Proof. We proceed by induction on t. If ¢ = 0, then the assertion is obvious. For the induction step, suppose
that v, =y —ap, —...—ag, € @ forall p <t. Let S, = f— o, —... —ay, and B, = f— o, — ... —ap,;
by assumption, both of these are positive roots. Moreover, f;_1 = vy;—1 — ¢y and §;_; = y—1 — ;. Thus,
Lemma A.2 implies that v,_; = -1 —; —a; € @ as well. Now, because ¢ # j, we have k, # i or ky # j. If
k¢ # i, then since 8;_; —a; =v;_, € ®* and B;_; — ag, = B; € T, we conclude from Lemma A.2 (and the
assumption that m < ht(y) — 3 if t = m) that v, = v—1 — a; — a; — oy, € T Likewise, if k; # j, then since
Bi—1—a;=7,_, €@t and Bi_1 — ay, = B € T, we again conclude that v; = yi—1 — a; — a; — ay,, € DT,
Finally, since v, + a; = 8; € T and v, + a; = f; € T, we have v, + ; + aj = -1 — ag, = v € 2T by
Lemma A.2, which completes the proof. |

Lemma A.4. Let v € ®T be a positive root. Then there are at most three distinct simple roots o € 11 such
that v — a € .

Proof. Suppose otherwise, and let «;,,a;,,;,, ;, € II be distinct simple roots such that v — a;, € ®*
for each k = 1,2,3,4. Then by Lemma A.2, v — a;, — o;, € ®" whenever k # [. But the element
v =2y — a;, — a;, — a;; — @, is nonzero, so we have

0< (7/37/) = ((’7 - Qyy — 041'2) + (’)/ - Qg — ai4)7 (7 - Qg — ais) + (’7 - Oy — O‘M))'
Then at least one of the values

k

(’7 Ty T Qg Y Qg ais)? (7 = Qg T QY T Qgy ai4)7

(v — @iy — @iy, Y — @iy — Qi) (v — iy — @iy, Y — iy — i),
must be positive; we can assume without loss of generality that (y — oy, — a4y, 7 — i, — @4,) > 0. But
(v — oy —auy) — (v — oy — i) = iy — @, ¢ @, which contradicts Lemma A.1. |

We are now ready to prove two technical lemmas that we shall need for the proofs of Theorems A.8
and A.9. In the proofs below, we will make frequent use of Leclerc’s algorithm; the reader should refer to
Proposition 5.12 for a reminder of its statement.

Lemma A.5. Suppose that ¢ = [i1...iq] is a dominant Lyndon word such that iy occurs exactly once.
Suppose that j # i1,iq and || — a; € ®t. Then if k is the smallest integer such that iq— = j, we have
£(|€| — Oéj) = [il . id—k—lid—k—i-l . id].

Proof. We first consider the case that k = 1. Let ¢ = £(|¢| — o), and suppose that the Lemma does
not hold. Since j # i1, the first letter of ¢ occurs exactly once, and hence the costandard factorization
of ¢/ is ¢ = ¢} h for some h € I. Because every left factor of ¢ is a dominant Lyndon word, we have
0] — oy, — eiy_,) = [i1-..9q—2], and therefore by Leclerc’s algorithm, [i7...44_204] < ¢1h, which forces
[i1...94—2] < ¢;. But using Leclerc’s algorithm again, we find that ¢{higz—1 < [i1 . ..44], which combined with
the previous inequality yields

éllhid_l < [il .. .’L'd} < 8,1,
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a contradiction.

Now, we proceed by induction on the length of ¢. If ¢ has length 3 (every word satisfying the above
assumptions has length at least 3), then we have ¢ = [i1iqi3] with j = i2, so this case follows from the first
part of the proof.

For the induction step, suppose that the length of £ is d > 3, and that the Lemma holds for all ¢ of
smaller length. We can also assume that k > 2. For 1 <t < d, let £; = [iy...4;]. Note that by the choice
of k, applying Lemma A.2 to [{;41] shows that |¢;] — o; € &+ whenever d — k < ¢t < d. For each such ¢, set
¢, = £(]4;] — oj). Then the word ¢4_; satisfies the assumptions of the Lemma with i4_1 in place of ig4, so by
induction, we have ¢/, | = [i1...94—k—10d—k+1 - - - ta—1]-

Now, let ¢/, = [j1...ja—1]. Because i; still occurs exactly once in £/, and it is the smallest letter of
¢, it follows that every left factor of ¢/, is also dominant Lyndon. Thus, if j;—1 = 74, then we must have
[41.--Ja—2] =¥, 4, so in this case we are done. Therefore we can assume that j;_1 # iq. But then we can
apply the induction hypothesis to ¢/, with i4 in place of j and jq—1 in place of iq. If e is the smallest integer
such that jq_ = tq4, then since ¢/,_; = £(|¢/}| — e, ), the induction hypothesis yields

[i1 - lg—k—1%d—kt1---td—1] =Ly_1 = [J1 .- Jd—e—1Jd—e+1 - - - Jd—1]-

We now have three cases to consider: k < e, k > e, and k = e. Before proceeding, we introduce the notation
wy = [j1...4¢) for 1 <t <d—1 (so in particular, wg—; = £};), which we shall use in each of the three cases
below.

Suppose first that £ <e. Then j, =i, for 1 <p<d—e—1landd—k+1<p<d—1, and jp41 =1 for
d—e<p<d-k—1. This implies that

Oy =wg—1=[i1...lq—c—10dld—cld—et1 - - - td—k—1ld—k+1 - - - td—1]-
Now, every left factor of ¢/, is dominant Lyndon, so in particular, [i1 ...¢¢—c—1%4%d—e] is & dominant Lyndon
word. On the other hand, we also know that [i1...i4—.] is dominant Lyndon, and therefore Leclerc’s
algorithm implies that [i1...1q—cta] < [i1...ld—c—1%did—c], 1-€. t4—e < iq. However, this implies that
Wq—1J > [’il . Zd] =/,

contradicting Leclerc’s algorithm.
Next, suppose that k£ > e. Then j, =i, for 1 <p<d—-k—-landd—-—e+1<p<d-1,and j, =ipq1
ford—k <p <d—e— 1. Thus, it follows that in this case
f& = Wqg—-1 = [il . Z.d—k—lid—k-&-l e id—eidid—e-‘rl . id—l]-

Because every left factor of ¢, is Lyndon, [i1 ...0q—k—1d—k+1 - - - ld—eldid—et+1] IS @ dominant Lyndon word.
But s0 i8S [i1 .. . tg—k—10d—k+1 - - - td—eld—e+1] (it is a left factor of ¢/, ), so it follows from Leclerc’s algorithm
that

(i1 ld—k—19d—k41 - - Gd—eld—et19d] < [i1 .- Gd—k—19d—k+1 - - td—eldid—et1],

and hence i > tg_ct1.

Now, note that a;,_,,;,_,,...,a;,_,,, is a sequence of simple roots such that \€g| — Qi = —Qy , €
ot and [lg_1| — i, , — ... —a;, , € ®" whenever 1 < ¢t < e — 1. Because d — 1 > e, we also have
e—1<ht(]f]) — 3 =d— 3, and therefore we are in a position to apply Lemma A.3, which tells us that for
1<t<e-1L |-y ,—...—i,, €P". Let vgy = (Jl| —vjy_, — ... — vy, ,) for 1 <t <e-—1.

Now, since 47 still occurs exactly once in each vg_;, we know that right factor of its costandard factorization
is a single letter. Suppose that the last letter of vg_.11 is h # j. Then since the dominant Lyndon word
[i1. .. ld—k—1%d—k+1 - - - id—elq] has degree |vg_e+1| — o, the induction hypothesis implies h = i4. Thus, the
last letter of vg_e41 must be either i4 or j, so it follows that vg_.11 is either [i1 ... 9q—g—10d—k+1 - - - td—elaj] OF
[i1...9q—ctq). Now, note that by Leclerc’s algorithm, we have ¢/;j < ¢, and therefore iq_x+1 < j. This implies
that [i1...90—k—1%d—k+1 - - - td—etaj] < [i1-..%a—elal, so by Leclerc’s algorithm, vg_cy1 = [i1...2q—cta). Let
us now determine vg_.12. It follows from Lemma A.4 that vg_.12 must be one of the following three words:
Vd—et1ld—et1 = [11 -+ Td—k—1J0d—k+1 - - - ld—cidid—et1], Wa—et1] = [i1 - Id—k—10d—k+1---Td—eldid—et1]], OF
lg—er1ig = [il e bd—k—1J%d—k+1 - ~-id—eid—e+1id]- But then the inequalities i4—x4+1 < 7 and ig_c41 < iqg
imply that

Wa—et1] < ld—et1td < Vd—et1td—et1s
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so by Leclerc’s algorithm, vg—e12 = Vg—et1%d—et1 = [01 - - - td—eldid—e+1]. Continuing alike, we conclude that
Vg—t = [01 + - - bd—ebdld—et1 - - - td—t—1] for 1 < ¢t < e — 2, so in particular, vg—1 = [i1...9d—cidid—c+1 - - - Ld—2]-
But then since iy > ig_c4+1, we have

Vd—1ld—1 = [il e ld—eldid—et1 - - - id—l] > [il ce ’id] =/,

which violates Leclerc’s algorithm.
Finally, we consider the case k = e. Then we have j, = ¢, for all p # d — e, and therefore

/ . . .. .
fd = Wq-1 = [21 oo ld—k—104%d—Kk+1 - - - del]-

Then [i1 .. .%0—k—1%d%d—k+1] is Lyndon. But 80 is [i1 ...44—k—1%4—k+1], SO as in the previous cases we conclude
that iqg > tg_f+1-

Now, as in the case that k > e, we can use Lemma A.3 to conclude that [¢| —a;, , —... —«a;, , € T
for 1 <t <k —1, and as before we set vg_ = ¢(|{| — ;,_, — ... — ai,_,). Again, we know that the right
factor in the costandard factorization of each vy_; is a single letter, and repeating the argument used in
the previous case shows that the last letter of vg_g41 is either i4 or j. Therefore vy_k41 is equal to either
[i1 ... %d—k—1%aj] or [i1...iq—k—1jiq]. Since we must have £/ < ¢ by Leclerc’s algorithm, it follows that
iq < j, and hence vg_gy1 = [i1...94—k—1ja]. Now we determine v4_j42. Using Lemma A.4, we see that
there are three possibilities: vg—g+19d—k+1 = [i1- - - td—k—170dbd—k+1], Wd—k+1J = [01 - - - td—k—1%d%d—k+1]], OF
la—gy1iq = [i1 .. Td—k—1J%d—k+1%4). Then using the inequalities iy < j and ig > ig—g+1, We get

Wi—k+1] < Ld—k+1%d < Vd—k4+1%d—k+1,

so by Leclerc’s algorithm, vg—g42 = [i1...0d—k—1Jidtd—k+1]- As in the previous case, we can continue in
this manner to obtain vg_¢ = [i1...4lq—k—1Jldfd—k+1 - - - ta—t—1] for 1 < t < k — 2. In particular, vg_1 =
[i1 .. 8d—k—1J%dld—k+1 - - - ta—2]. But then since iy > iq_r41, we have

Vd—1td—1 > [Z'l Ce id] = é,

which violates Leclerc’s algorithm. Thus, we have a contradiction in all three cases, so the last letter of ¢
must be ig and the proof is complete. |

For the rest of this Appendix, we shall only need the following slightly weaker corollary to Lemma A.5:

Corollary A.6. Suppose that £ = [iy...iq] is a dominant Lyndon word such that i1 occurs exactly once.
Suppose that j # i1,iq, and [(|—a; € ®T. Let ¢! = ((|{|— ;) and " = {(|] —aj — i, ). Then the costandard
factorization of £ is V' = {"iq.

Proof. Since i1 occurs once in £, the above statement is equivalent to saying that the last letter of ¢’ is 4.
This is a direct consequence of Lemma A.5. |

For the remainder of this Appendix, we will occasionally need to use the notion of the support of an
element of 7. Given x € F and its unique expression = ) ), c,w in terms of the basis W for F, we
define the support of x to be the set

supp(z) = {w € W|¢, # 0}.
Below, we will also make frequent use of the notation C(r, s)* = C(r, s) \ {0}.

Lemma A.7. Let £ = [iy...iq] be a dominant Lyndon word such that iy occurs exactly once. Then for any
J € I'\{ir} such that |{| — o € @, we have €;(Ry) € C(r,s)* Ry, where £' = L(|{| — a;). Furthermore, if
[l| —a; & @, then €;(R,) = 0.

Proof. We proceed by induction on the length of /. If £ = 4; has length 1, then for all j # iy, €;(R¢) = 0. If
¢ has length 2, then || — a; ¢ @ if and only if j # 41,42, in which case we clearly have €;(Ry) = 0. If j = ia,
it is easy to verify that €], (R,) € C(r,s)"iy = C(r, )" R;, .

Now suppose that ¢ has length at least 3, and the Lemma holds for any dominant Lyndon word of
smaller length that satisfies the assumptions. We know that the costandard factorization of ¢ is £ = {114,
where ¢1 = [i1...44-1]. Suppose first that j # i4,4; and that |[{| — a; € ®. By Lemma A.2, we also have
|¢1] — aj € ®, and therefore by Corollary A.6, the costandard factorization of ¢/ = £(|¢| — a;) is ¢/ = ("4,
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where ¢ = ((](;] — ;). This means that Ry = Ry % ig — (wj,,wpr|)iqg * Rer. On the other hand, the
induction hypothesis implies that €};(Ry,) = cRy for some ¢ € C(r, s)*, so we have
€(Re) = €j(Re, % ia — (wy,,wje,|)ia * Re,) = €j(Ry,) % iqg — (W], wjey)) (i, w;) " ia * €j(Ry,)
= C(Rgu * id — (w;d, (,U|g//|)7;d * Rgu) = CR[/.
Now suppose that j = i4. Since max(R,) = ¢ by Lemma 5.15, we know that €; (R,) # 0, and it contains the
dominant Lyndon word ¢; = [iy ...4i4—1] in its support. Furthermore, if w is any other word in the support

of €, (Ry), then we know that wiq < ¢, and hence we must have w < ;. This shows that max(e;, (R¢)) = ¢1.
However, if €; (R¢) ¢ C(r,s)*Ry,, then we can write

¢, (R)= > cuRu,
weWwW+

where each w in the sum above has degree |1 ], and ¢,, # 0 for some w € W\ {¢;}. But by Corollary 5.16, we
have max(R,,) = w, and therefore ¢; = max(¢}, (R,)) > w. This is a contradiction, because by Corollary 5.13,
¢y is the smallest dominant word of its degree. Therefore we must have €] (R;) € C(r,s)* Ry, .

Finally, suppose that [(| — a; ¢ ®. If €;(R,) # 0, then we can write

6;(Rz): Z Cw—éun
weW+t

where |w| = |¢| — a; whenever ¢,, # 0. Then by Theorem 5.19,
(65(Be), Ruy) = (R, )

for all w € W*. On the other hand, since (z,y * j) = (e;(x), y) for all z,y € U, we have
(¢;(Re), Ru) = (Re, Ry * j)-

Now, upon transitioning to the monomial basis via Proposition 5.10, we get

v>w v>w
Ry *j = <€w + Z Xv,w€v> *j = €wj + Z Xv,we'uja
veWt veEWT
for some X, € C(r,s). Since v > w clearly implies that vj > wj, it follows from Proposition 5.10 again
that transitioning back to the Lyndon basis yields
u>wyj
Ry *j= Z Cuywi Ru,
uEW+
for some ¢y ; € C(r, s). However, if ¢, ,,; # 0, then we must have |u| = |¢|, and since ¢ is dominant Lyndon,
Corollary 5.13 implies that ¢ < u. Suppose that ¢ = u for some v € W7 such that u > wj. Then ¢ > wj.
But we know that i; occurs first in ¢, and it is also the smallest letter of both ¢ and wj, so this inequality
implies that w starts with ¢;. But w is not Lyndon, so we can write w = wjws ... w; for some t > 2, where
w1 > we > ... > w and each wy is dominant Lyndon (see (5.2)). Then each wy must start with 47, which
contradicts the fact that i; occurs only once in w. Therefore we have ¢ < u for all u in the sum above with
Cu,wj 7 0. But this implies that

Cw(Ru, Ru) = (€j(Re), Rw) = (Ry, Ry % §) = 0,
for all w € W, which is a contradiction. [ |
Theorem A.8. Let £ be a dominant Lyndon word such that the first letter occurs exactly once. Then
(A.1)  supp(Re) = {w =[j1...dal [ lw] = €], and j1 < ji and aj, + ...+ o, € PT for all1 <k < d}.

Proof. Denote the set on the right-hand side of (A.1) by A,. Let us first show that supp(R,) C A,, which
we shall do by induction on the length of £. If ¢ has length 1, then the claim is obvious. Now suppose
that £ = [i1...44] has length d > 1, and let {1 = [i1...i4-1], so that Ry = Ry, *iq — (w;,,wje,|)ia * Ry,
We know from Lemma 5.14 that each w € supp(Ry) begins with i1, and therefore j; < ji for all k if
w = [j1...74] € supp(R¢). Now suppose that c,w is a term in Ry, where ¢,, # 0 and w = [j; ... jq4]. Then
Cwlj1 ... Jd-1] is a nonzero term in €} (Ry), so we must have o, +... +aj, , € &1, because otherwise we
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would have a contradiction to the second part of Lemma A.7. Then by the first part of Lemma A.7, we have
€, (R¢) = cRy where ¢ = £(|{| — a;,) and ¢ € C(r,s)*. Then w' = [ji ... ja—1] € supp(L), so by induction
we have aj, + ...+ aj, € @ whenever 1 < k < d — 1. This completes the proof that supp(R;) C Ay.

To prove the other inclusion, we again proceed by induction on the length of ¢, with the base case being
obvious. Let w = [j1...ja] € As. Then [f| — o, € ®F, so by Lemma A.7, ¢} (Ry) = cRy for some
c € C(r,s)*. By induction, supp(Rler) = A, so in particular, [ji...ja—1] € supp(Re) = supp(e;, (Re)).
Hence [j1 ... ja] € supp(Ry). [ |

For the next theorem, we define the number

Da,B :max{k >0la—kB € <I>}
associated to any pair a, 3 € ®*. Note that if ® is simply-laced and a + 3 € T, then p, g = 0.

Theorem A.9. Let ¢ be a dominant Lyndon word such that the first letter of £ occurs exactly once, and let
¢ = (11 be its costandard factorization. Then if p,| ., = 0, we have

(Bes Be) = (@]eys ) ™ = (@ wier))) (Bey, Rey):
Proof. By the definition of Ry, we have
(Re, Ry) = (R, Ry, %) — (W\/el\awi)il (Reyi* Ry,) .
For the second term, note that, if we write Ry = Y ¢, w, the definition of A implies that

A(Ry) = Z CopWo @ W1.

w1, wa €W,
W=wiwa

By Lemma 5.14, the first letter of £ must also be the first letter of w; whenever w = wyws and ¢,, # 0. Since
i cannot be equal to the first letter of ¢, we find that

(Ry, 1 * Rel) = (A(Ry), Rel ®1i)=0.
Thus,
(A.2) (Re, Re) = (Re, R, i) = (€;(Re), Ry, ).
Since pj¢,|,a; = 0, Lemma A.7 implies that € (R, ) = 0. Therefore
€i(Re) = €;(Ry, % i — (wi, )0, )i ¥ Rey) = (@], wi) ™ Rey — (W), wie, ) Ry
Combining this with (A.2) completes the proof. [ |
Finally, let us describe how Theorem A.9 translates to the Hopf pairing (-, )z on U, 4(g).

Corollary A.10. Let v € ®T be a positive Toot such that the first letter of the dominant Lyndon word £(v)
occurs ezactly once. Let a, B € T be such that €(v) = £(«)l(B) is the costandard factorization of £(~y). Then
if pa,g =0, we have

(f“/ae“/)H = ((w/ﬁ7wa) - (wéwwﬁ)_l) (faﬂea)H(fﬂﬂeﬁ)H‘

Proof. Note first that the conditions on ¢(vy) imply that 8 = «; € II for some ¢, and therefore (fg,eg)y =
L Suppose that a = E?Zl cjaj. Then, as in the proof of Theorem 7.2, combining Theorem 3.17 with

Si—Tq

Theorem A.9 yields

1

1
(s —ri) ] si—

(fyrey)m = (Re(y)s Rey)

n
Jj=

1

1
(sj—rj)% | si—mi

((whwp) ™ = (@ wa) ) (Rega: Fegan)

((w/ﬁawoc) - (wéwwﬁ)_l) (faaea)H(fB7eﬂ)Ha
as desired. [ |

1
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