CHAINS OF AFFINE STANDARD LYNDON WORDS

CORBET ELKINS AND ALEXANDER TSYMBALIUK

ABsTRACT. In this note, we establish the periodicity of chains of affine stan-
dard Lyndon words in all types and determine tight bounds on that periodicity,
greatly generalizing the A-type results of [AT]. Our approach crucially utilizes
the convexity and monotonicity of [FT] together with the new idea to consider
the polarization of the root system given by increasing and decreasing chains.

1. INTRODUCTION

1.1. Summary.

The free Lie algebras generated by a finite set {e;};cs are known to have bases
parametrized by Lyndon words in I. This was generalized to finitely generated
Lie algebras a in [LR], with the basis parametrized by so-called standard Lyndon
words. The key application of [[.R] was to the positive subalgebras n™ of simple
finite dimensional g. In that context, one easily derives a natural bijection (|[l.R])

(1.1) ¢: AT = {standard Lyndon words}.

A decade later, [Le] established an iterative (Leclerc) algorithm for (1.1). Moreover,
the induced lexicographical order on A% is convex by [R]. The latter played the
key role in [Le], where it was shown how to construct a basis of the positive half
U, (n") of Drinfeld-Jimbo quantum group through the word’s combinatorics.

In the recent work of Avdieiev and the second author [AT], the generalization
to (untwisted) affine Lie algebras was initiated. Let g be the affinization of g,
whose Dynkin diagram is obtained by extending the Dynkin diagram of g with a
vertex 0. Thus, on the combinatorial side, we consider the alphabet T = I1J{0}. The
corresponding positive subalgebra n* C g still admits the root space decomposition
nt =@ cx+ 04 with At = {positive affine roots}. The key difference is that:

dimAf =1 VaeAb™,  dimfl =|I|] Vaec AT

Here, A = ATe | A+im ig the decomposition into real and imaginary affine roots,
with AT = {k4|k > 1}. It is therefore natural to consider an extended set ATt
of (2.6). Then, the degree reasoning as in [[.R] provides a natural analogue of (1.1):

(1.2) SL: AT =~ (affine standard Lyndon words}.

In [AT], a generalized Leclerc algorithm describing this bijection was established and
used to compute affine SL-words in type A with any order on I. The resulting ex-
plicit formulas illustrated a stunning periodicity for affine standard Lyndon words
(expressing all via {SL(«a): |a| < |6|}) as well as pre-convezity and monotonicity:

(13) a<a+pB<B or f<a+f<a VafBa+peclAtre
(14) a<a+d<a+20<--- or a>a+d>a+20>--- VaeAtre,
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Our project is devoted to the further study of affine SL-words in all types, where
explicit formulas are deemed inefficient (especially for exceptional types, like Ejg).
In our earlier work [[/T], we established (1.4) and generalization of (1.3) in a con-
ceptual way without having explicit formulas for affine SL-words. One of the key
insights underlying [[2T] was the consideration of the complete flags (3.1).

In the present work, we reverse the logic of [AT] by using the results of [ET]
to establish the periodicity of chains of real affine SL-words. The new idea that is
key to our present analysis is to consider the polarization of the finite root system
induced by the sets of increasing and decreasing chains. For decreasing chains, the
second option of (1.4), the periodicity is established in Theorem 5.25, with the
tight bounds on the resulting periodicity function obtained in Corollary 5.43 and
Proposition 5.48. For increasing chains, the first option of (1.4), the periodicity
is established in Theorem 6.32, with the tight bounds on the resulting periodicity
function obtained in Corollary 6.42 and Proposition 6.43. In contrast to [AT], these
chain periodicities do not always start from the very first elements in the chains.
We note that these periodicity patterns allow us to derive all affine SL-words from
a finite subset which can be easily computed through our code in the Appendix.

We should emphasize that while the usage of standard and costandard factor-
izations was quite interchangeable in the finite setup, one needs to use the stan-
dard factorization for decreasing chains and costandard factorization for increasing
chains, see Examples 5.6 and 6.23 highlighting the importance of this choice. At the
same time, one can also “break down” any sufficiently long real affine SL-words into
“simpler blocks” through the costandard factorization, see Remarks 5.36 and 6.36.

1.2. Outline.
The structure of the present paper is the following:

e In Section 2, we recall the basic results about affine standard Lyndon words. This
exposition, apart from Lemmas 2.26-2.27, is mostly based on [AT, ET].

e In Section 3, we summarize the key Convexity and Monotonicity properties
of [E'T], along with some immediate corollaries of those that will be needed later.

e In Section 4, we introduce the polarization of the corresponding finite root system
induced by increasing and decreasing chains, the key new idea of the present note.
We establish some basic properties of increasing and decreasing chains. We also
introduce the Connectivity property, crucial for the study of increasing chains.

e In Section 5, we thoroughly study decreasing chains, establishing the periodicity
pattern for those and obtaining tight bounds on the periodicity function.

e In Section 6, we present a similar (but more tedious) analysis of increasing chains,
establishing the periodicity patterns and obtaining tight bounds on their periodicity.

e In Section 7, we obtain explicit formulas for all affine standard Lyndon words in

type AEP, thus re-deriving the main result of [AT] in a more conceptual way.

e In Appendix A, we present the computer code that we heavily used to find the
correct patterns for affine standard Lyndon words, verify Conjecture 4.27 for all
exceptional types, and derive most of the examples presented through this note.
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2. SETUP, NOTATIONS, AND BASIC PROPERTIES

In this section, we recall the basics of standard Lyndon words [LR, Le], with the
main emphasize placed on affine Lie algebras. While this section mostly follows [AT]
and [T, §2], it also contains new Lemmas 2.26-2.27 that will be used later.

2.1. Lyndon words.

Let I be a finite ordered alphabet, and let I* be the set of all finite length words
in the alphabet I. For u = [iy ...ix] € I'*, we define its length by |u| = k. Moreover,
we consider the lexicographical order on I* defined as follows:

i1 = J1,-+»%a = Jaslat1 < Jat1 for some a >0
[lek}<[]1]l] if or
1= J1y---s 0k = Jk and k <

Definition 2.2. A word £ = [i; ... 4] is called Lyndon if it is smaller than all of its
cyclic permutations: [i1...9q—10q .. 1) < [t .. 0ki1...1q—1] for alla € {2,... k}.

For a word w = [i1 ...i] € I*, the subwords:
wa‘ = [il . ia] and w|a = [ik—a-‘,-l . ik]

with 0 < a < k are usually called a prefix and a suffix of w, respectively. We call
such a prefix or a suffix proper if 0 < a < k. It is well-known that Definition 2.2 is
equivalent to the following one.

Definition 2.3. A word w is Lyndon if it is smaller than all of its proper suffizes:
w < w), for all 0 < a < |wl|.

As a corollary, we record a basic property of Lyndon words.
Lemma 2.4. If {1 < {5 are Lyndon, then {105 is also Lyndon, and so {10 < lol7.
Let us now recall several basic facts from the theory of Lyndon words (cf. [Lo]).

Proposition 2.5. Any Lyndon word ¢ with |¢| > 1 has a costandard factoriza-
tion ( = (Y0" defined by the property that ¢" is the longest proper suffiz of £ which
is also a Lyndon word. Then, ¢* is also a Lyndon word.

We have an analogous factorization with the longest proper Lyndon prefix.

Proposition 2.6. Any Lyndon word ¢ with |¢| > 1 has a standard factorization
0 =007 defined by the property that €' is the longest proper prefiz of £ which is
also a Lyndon word. Then, "% is also a Lyndon word.

Let L be the set of all Lyndon words. Any word can be canonically built from L.
Proposition 2.7. Any word w € I* has a unique canonical factorization:
w=1~¥... 0, with ¢4 >--->/€L.
The following result of [M] is often used when comparing words:

Lemma 2.8. For two canonical factorizations w = {1 ... Ly and w' =0} ... 0}, such
that w is not a prefiz of w':

w<w < Ja:ly=40,... by =2L,_,, and {, </{,.
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2.9. Bracketing and standard Lyndon words.

Let a be a Lie algebra generated by a finite set {e;};cr labeled by the alphabet I.
Definition 2.10. The bracketing of { € L is given inductively by:

o bli]=e¢;,€aforiel,

o b[(] = [b[¢!],b[¢"]] € a if |¢] > 1.

The major importance of this definition is due to the following result of Lyndon.

Theorem 2.11. ([Lo, Theorem 5.3.1]) If a is a free Lie algebra in the generators
{ei}icr, then the set {b[(]|¢ € L} provides a basis of a.

A generalization of Theorem 2.11 to Lie algebras a generated by {e;};c; was
provided in [LR]. To state the result, define ,,e € U(a) for any word w € I*:

(2.1) [i1..ix]€ = €y -+ - €4, € U(a).
Consider the following new order on [*:

vr-w <= |v| <|w| or |v|]=|w|and v > w.
The following definition is due to [LR].

Definition 2.12. (a) A word w is called standard if ,e € U(a) cannot be expressed
as a linear combination of ye for various v = w, with e as in (2.1).

(b) A Lyndon word € is called standard Lyndon if b[f] € a cannot be expressed
as a linear combination of blv] for various Lyndon words v > £.
The above terminology is actually compatible.

Proposition 2.13. ([LR]) A Lyndon word is standard iff it is standard Lyndon.

We shall use SL to denote the set of all standard Lyndon words. The major
importance of this definition is due to the following result of Lalonde-Ram.

Theorem 2.14. ([LR, Theorem 2.1]) For any Lie algebra a generated by a finite
collection {e;}icr, the set {b[(]|¢ € SL} provides a basis of a.

2.15. Affine Lie algebras.

This note is devoted to the study of the above concepts in the context of (un-
twisted) affine Lie algebras, whose definition is reminded below. Let g be a simple
finite dimensional Lie algebra, {c; };cs be the simple roots, and # € AT be the high-
est root. We define I = IL{0}. Consider the affine root lattice Q = Q x Z with the
generators {(«;,0)}ier and ap := (—6,1). We endow Q with the symmetric pairing

((a,n),(ﬁ,m))z(a,ﬂ) Va,8€Q,nmeZ.
This leads to the affine Cartan matrix (a;;), ;.7 and the affine Lie algebra g,
generated by {e;, fi, hi},;. subject to Chevalley-Serre defining relations. The asso-
ciated affine root system A = At UA~ has the following explicit description:

(2.2) At = {A* X Zso} U{0 X Zxo} U{A™ x Zo}.

Here, 6 = ap+60 = (0,1) € Q XZ is the minimal imaginary root of the affine root
system A. With this notation, we have the following root space decomposition:

(2.3) i=ha @ Bos b C § — Cartan subalgebra.
aeﬁ
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Let us now recall another realization of g. To this end, consider the Lie algebra
g=g®C[t,t ' ]®C-c with a Lie bracket given by
@t y@t"] = [z,y] @ """ + nd, _m(z,y)-c and [c,x ®t"] =0,
where z,y € g, m,n € Z, and (-,-): gx g — C is a non-degenerate invariant pairing.
The rich theory of affine Lie algebras is mainly based on the following key result:
Claim 2.16. There exists a Lie algebra isomorphism:
R
determined on the generators by the following formulas:
e e; t° fim fiotd hi—>h;@t®  Viel
eo— e_g Q! forseg@t ! ho +— [e_g,eq] @t° + (e_g, eq)c.
In view of this result, we can explicitly describe the root subspaces from (2.3):
Glak) = 0o Ot V(0 k) € AT = [AY X Zso} U{A™ x Zso},
Grs =h@tF for k6 € ATI™ = {0 x Zso},

where b is a Cartan subalgebra of g and g = h © P, 9o is the standard root
space decomposition. As dim(gs) =1 for a € A, dim(h) = rank(g) = |I|, we get:

(2.4) dim@e) =1 VaeAt™  dim(G.) =|I] VaeAH™
In what follows, we shall always write xt™ instead of x ® t".

2.17. Affine standard Lyndon words.

While the theory of standard Lyndon words has been well developed in the
context of simple g, we shall now recall some similarities and differences in the
affine setup. To this end, we consider the positive subalgebra n = @ x+ Ga;
generated by {e;}, 7 subject to the Serre relations for i # j € I. Endowing T with
any order allows us to introduce Lyndon and standard Lyndon words. Henceforth,
we shall often use the term affine standard Lyndon words in the present setup.

One of the key results of [LR, §3| for finite g was the Lalonde-Ram bijection:

(2.5) ¢: AT =5 {standard Lyndon words} with degl(a) = a,

described explicitly in [Le, Proposition 25] by the so-called Leclerc algorithm.
The key difference of the affine setup is that imaginary root subspaces are
higher dimensional by (2.4), which also affects all real roots if applying Leclerc
algorithm. Thus, we no longer have a bijection (2.5) on the nose. However, a
degree reasoning similar to the one of [LR]| still implies that there is a unique
affine standard Lyndon word in each real degree o € 3*7”’, denoted by SL(«), and
affine standard Lyndon words SLi(a) > --- > SLj;/(«) in each imaginary degree

o € ATim_ Following [AT, (5.1)], let us consider the following upgrade of (2.2):
(2.6) ATt = ATre g AT with AT = L(k§ ) [k > 1,1 <7 < |1},

counting imaginary roots with multiplicities. For convenience, for any a € ﬁ*‘vre,
B = (ké,i), we set a+ 8 =5+ a=a+kd. We can thus naturally generalize (2.5):

(2.7) SL: Atext =~ {affine standard Lyndon words}, SL((ké,r)) = SL;(kd).
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We note that this bijection gives rise to the induced lexicographical order on A+:ext;
(2.8) a< B < SL(a) <SL(B) Va,Be AT,
Furthermore, the bijection (2.7) can be computed through [AT, Proposition 3.4].

Proposition 2.18. (generalized Leclerc algorithm) The affine standard Lyn-
don words (with respect to 0T ) are determined inductively by the following rules:

(a) For simple roots, we have SL(c;) = [i]. For other real a € A+, we have:
a=71+72, 71,72 EAToX
(2.9) SL(a) = max {SL('yl)SL(yg) TSL(3)<5L(v2) } .
[b[SL(v1)],b[SL(v2)]]7#0
b) For imaginary o € 3**““, the corresponding |I| affine standard Lyndon words
g g

{SLj, (c)z)}‘,f:‘1 are the |I| lezicographically largest words from the list as in the right-
hand side of (2.9) whose standard bracketings are linearly independent.

We shall call u = SL(«y) real (resp. imaginary) if v € Atre (resp. v € ﬁ""imx).

2.19. Properties of factorizations.
In this subsection, we recall some properties of various factorizations. We start
with the following very useful result that will be often used in the rest of the paper.

Lemma 2.20. ([ET, Lemma 4.2]) Let £ be a Lyndon word and uv be the standard
factorization of a Lyndon word, with |¢] < |uv|. Then £ > u < € > uv.

We note the following description of the costandard suffix ([ET, Lemma 3.1]).
Lemma 2.21. The smallest proper suffix of a Lyndon word £ is ("
As a simple corollary of [E'T, Lemma 3.5|, we recall the following result.
Corollary 2.22. ([T, Corollary 3.8]) For £ = {14y with ¢,£1,{5 € L, we have
by =" = (] > ls.
We shall also need the following two results ([ET, Lemmas 3.12-3.13]).

Lemma 2.23. For u € L, consider any splitting u = vw with v € L, and let w =
wiws ... wy be the canonical factorization. Then vwy,vwiws, ..., 0wy ... wy € L.

Lemma 2.24. For u € L, consider any splitting v = vw with w € L and the
canonical factorization v = vivs...vy. Then vyw, vy _1VNW, ..., V1 ... VW € L.

For the standard factorizations, one has the following result ([Le¢, Lemma 14]).
Lemma 2.25. Any standard Lyndon word £ can be written as
0= (05)Hlfo,
where k is a non-negative integer number, f is a possibly empty proper prefix of £'°,
and x is a single letter.

We conclude with two results that did not appear in [[ET], but will be used later.

Lemma 2.26. If w = wy ... w, is the canonical factorization and a Lyndon word
{ is a subword of w, then £ must be fully contained in one of the w;’s.

Proof. Assuming the contrary, some proper prefix u of £ is a suffix of w; and some
proper suffix v of £ is a prefix of w; for some ¢ < j. But then w; <u <l <v < wj
by properties of Lyndon words, which contradicts to w; > wiy1 > -+ > wj. O
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Lemma 2.27. Let a Lyndon word u be contained as a subword in a Lyndon word €.
(1) If u is not a suffiz of £, then the standard factorization of £ does not split u.
(2) If u is not a prefix of £, then the costandard factorization of ¢ does not split .
Proof. For (1), suppose the contrary, i.e. the standard factorization of ¢ splits wu:
s = pw, 7% = zy, where w,z,y # 0 and wr = u. Let w = wy...w, and x =
Z1 ... %y, be the canonical factorizations. Since u = wz is Lyndon, we have w < z
which implies that w,, < z; by Lemma 2.8. Then we have 0 =ow < w, < 1,
hence ¢**z; = vwz; is Lyndon by Lemma 2.4, contradicting ¢** being the longest
Lyndon proper prefix of £.

For (2), suppose the contrary, i.e. the costandard factorization of ¢ splits u that
is /! = vw, " = xy where v,w,xz # 0 and wxr = u. Let w = w;...w, and
T = x1...%y, be the canonical factorizations. Since v = wzx is Lyndon, we again
have w < z which implies w,, < x < xy = ¢" but then w,zy = w,¢" is Lyndon by
Lemma 2.4, contradicting " being the longest Lyndon proper suffix of £. (]

3. EARLIER RESULTS

In this section, we recall some key results of [T, §4-6| that will play the crucial
role in the present note. We omit the proofs, referring the interested reader to [[/T].

3.1. Key constructions.
As mentioned in Subsection 2.17, the major difficulty of the affine setup lies in the
treatment of imaginary SL-words. To this end, one of the key invariants introduced

in [ET, (4.1)] is the complete flag of the corresponding standard bracketings:
51) 0=8; CSIC---C8y =0 =ht" VkeZso,
' with  SF := span {b[SL; (kd)], ..., b[SL;(kd)]}.

We shall define two imaginary roots my(a), My(a) for any o € A€ and k € Zs
(these are equivalent to [ET, Definition 4.14] according to [ET, Lemmas 4.15, 4.17]).

Definition 3.2. For any o € A+ and k € Z~q, we define:
my(a) = (k6,7) with hot® € S\SF ;.
Definition 3.3. For any a € A+ and k € Z~o we define:
My(a) = max {8 € AT"> || = [kd], [b[SL(B)], b[SL(a)]] # 0}.
The later definition clearly satisfies the following property ([T, Corollary 4.16]).
Corollary 3.4. If My(a) = (k6,i) for a € A*e, then [h,SL(a)] =0 Vh e Sk ,.

The dependence of above constructions on the parameter k is actually inessential
as follows from [T, Proposition 6.2, Corollary 6.4], which are summarized below.

Proposition 3.5. For any i € {0,1,...,|I|} and k € Z~g, we have SF = SFt.
Corollary 3.6. For any k,p € Z~o and o € 84"“3, we have:
My () = (kd,i) <= Mp(a) = (pd,i),  mr(a) = (kd,i) <= my(a)= (pd,i).

Let us also record the behavior of above functions my and M} on the sums of
roots that are also roots ([T, Corollary 5.11, Lemma 5.12]).
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Corollary 3.7. Let a, 3 € AT satisfy a + 8 € AT, If My(a) > My(B) then
My (a) = Mi(oo+ B), and if My(o) = Mp(B) then My(a + B) < Mi(a).

Lemma 3.8. Let o, € Ate satisfy a + B € Atre, If mi(a) < mg(B) then
mi(a+ B) = my(a), and if my (o) = mi(B) then my(o+ B) = my ().

3.9. Invariance of bracketing.

While the bracketing of Definition 2.10 was defined using the costandard factor-
ization, the choice of a factorization is not very essential ([T, Proposition 4.18]).

Proposition 3.10. For any factorization v = ujue with u,uy,us € SL, we have:

(a) [b[ua], blus]] # 0;
(b) if u is imaginary and u = SL;(kd), then [blui], blus]] € SF\SF ;.

In particular, if we were to use the standard factorization instead of the co-
standard one in Definition 2.10, we would still get exactly the same affine standard
Lyndon words and the same flags S¥ ([T, Remark 4.19]). We now list several corol-
laries of above proposition ([XT, Corollary 4.22, Corollary 4.23, Corollary 6.9)]).
Corollary 3.11. For any 1 < i < |I|, k € Zg, and any splitting SL;(kd) = wv
with u,v € SL, we have my(deg(u)) = (kd,i) = my(deg(v)).

Corollary 3.12. Let a € A and SL() = uv with u,v € SL.
(1) If u is imaginary, then u = SL(M;(a)).

(2) If v is imaginary, then v = SL(M;(«)).

3.13. Convexity and Monotonicity.

In this subsection, we recall the key two results of [[1'T], referred to as Convexity
(in analogy with the result of [R] for finite type) and Monotonicity. Henceforth,

we shall use the lexicographical order (2.8) on A*+-ext,

Theorem 3.14 (Convexity). [T, Theorem 5.4, Remark 5.§]
(1) If a < B with a, B, o0+ B € AT then o < a+ B < B:
(2) If a < my(a) with « € A+ and k>0, then o < o+ kd < mg(a);
(3) If My(B) < B with B € A+t and k > 0, then My(8) < B+ k& < f3;
(4) If a < B with o, 8 € At and o + B is imaginary, then for all k:
a < my(a) =my(8) < My(a) = My(B) < 5.

We are now ready to introduce the key actor of the present work.

Definition 3.15. For a € 3*”‘3, consider the decomposition o = o' + kd with
o € At | < |8,k € Z>o (i-e. &/ € AT U(§—AT)). Define the chain of « as:

ch(a) = (o/,a’ + 4,0’ +26,...).
The following chain monotonicity property of [T, Lemma 5.7, Proposition 5.21]
was actually established at the same time as the above convexity.

Proposition 3.16 (Monotonicity). For a € ﬁ“"m, the following are equivalent:

(1) ch(a) is monotone increasing (resp. decreasing);
(2) a < Mi(a) (resp. a > My («));
(8) a < my(a) for all k (resp. a > My(«) for all k).

In particular, each chain ch(a) is monotonous.
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Combining Theorem 3.14 and Proposition 3.16, we obtain ([T, Corollary 5.23]):

Corollary 3.17. For a € AT with |a| < |8], the chain ch(a) is monotone
increasing (resp. decreasing) iff ch(d — ) is monotone decreasing (resp. increasing).

The next two lemmas follow easily from results above ([T, Lemmas 5.25-5.26]):

Lemma 3.18. If o, 3,a+ 5 € ﬁ+’re, and both chains ch(a),ch(B) are increasing
(resp. decreasing), then the chain ch(a + B3) is also increasing (resp. decreasing).

Lemma 3.19. (a) If o, 5, a0+ € 3‘”9, with both ch(«a), ch(B) increasing, then:
ch(a + B8) < min{my(a), mr(8)} Vk € Zso.

(b) If a, B, + B € 3‘“”, with both ch(a),ch(B) decreasing, then:
ch(a + B8) > max{ My («a), My(5)} Vk € Zso.

As another application of Proposition 3.16, we recall the following three results
pertaining to imaginary SL-words ([ET, Lemma 5.27, Lemma 6.7, Lemma 6.8]).

Lemma 3.20. For anyi € {1,2,...,|I| = 1} and k € Zq: SLiy1(k6) < SLE(K6).
Lemma 3.21. For anyi € {1,2,...,|I|}, we have SL;(0) > SL;(20) > ....
Lemma 3.22. Foranyi € {1,2,...,|I|} and k € Z~q: | deg(SLY (kd))| > |(k—1)d].

We conglude this section with the following two results pertaining to special
orders on I where the smallest simple root a. occurs only once in § (in particular,
this applies to all orders with 0 € I being the smallest letter), cf. [ET, §6.10].
Lemma 3.23. If . occurs only once in 8, then for any oo € AT with la| < 16]:

ch(a) increases <= « contains a..
Lemma 3.24. If a. occurs only once in 6, then for anyi € {1,2,...,|I|}, we have
ISLI*(8)] = 1 and all {SLZ-((S)}LI:‘1 end with pairwise distinct letters.
4. CHAINS

4.1. Combinatorics of chains.
We start with some basic operations on the chains of roots, see Definition 3.15.

Definition 4.2. a) For o, 8,a+f € 3*”8, we define ch(a) 4+ ch(B) as ch(a + ).
b) For o, B, o0 — B+ k6 € AT with k € Zwg, we define ch(a) — ch(f) as ch(a — f).
¢) For a chain ch(a) with o € AT, we define § — ch(a) = ch(0 — a) = ch(ké — a),
whereas k is large enough so that k6 — a € AT,

Each chain is monotonously decreasing or increasing, due to Proposition 3.16.
The overall analysis of the present note will crucially distinguish those two types.

Definition 4.3. We define the following two sets:
7 = {increasing ch(w) € ch(ﬁ""re)}7
D= {decreasmg ch(a) € Ch(3+,re)}.

Following the conventions of Definition 3.15, let o’ be the shortest element of ch(«).
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~ / . ’ A+
Definition 4.4. Define Pr: ch(A*") — A via Pr(ch(a)) = “ z'fa €8
o —§ ifa’ ¢ AT
We also set Af = Pr(Z) and A, = Pr(D).
Lemma 4.5. A = A;‘ U A, is a polarization of the root system A.

Proof. First, we note that 5 € Pr(Z) iff —5 € Pr(D), due to Corollary 3.17. Addi-
tionally, if 8,7 € Pr(Z) and 8+ v € A, then Pr(8+ v) € Pr(Z) by Lemma 3.18.
This completes the proof. ([

By the very definition, we note that ch(«) increases iff Pr(ch(a)) € A,

Definition 4.6. a) We define the relative height of a chain ch(a), denoted by
ht(ch(a)), to be ht(Pr(ch(«))) under the polarization Af U A .

b) We call ch(a) increasing (resp. decreasing) irreducible chain if it is increasing
(resp. decreasing) and cannot be decomposed as ch(a) = ch(B8) + ch(y) with both
ch(B),ch(y) € ch(A™) increasing (resp. decreasing).

Let II, C A; be the set of simple roots of the polarization from Lemma 4.5.
They offer a natural description of irreducible increasing chains as follows.

Lemma 4.7. ch(«) is an increasing irreducible chain iff Pr(ch(w)) € IL,,.
Combining this with standard properties of root systems, we obtain:

Corollary 4.8. a) Any ch(a) € T can be expressed uniquely as a linear combination
with nonnegative integer coefficients of increasing irreducible chains.

b) Any ch(a) € D can be expressed uniquely as a linear combination with non-
positive integer coefficients of increasing irreducible chains.

We shall often need the following useful result on finite root systems.

Lemma 4.9. Consider any polarization A = At UA~ of a finite root system, and
let I = {e1,...,en} C AT be the simple positive roots. For any 1 <iy,... iy <n
such that o = €;, + ... + €, € At and any 1 < k < N, there is a permutation
o € Sy such that o(1) = k and 0, := €;,,, +...+€;,,, arein At foralll <r < N.

Proof. We shall prove the generalization with all ¢;, being positive roots, instead
of simple ones. The proof proceeds by induction on N, the base case N = 1 being
vacuous. To simplify our exposition we shall also assume k = 1. If (¢;,,¢;,.) < 0 for
some r, then €;, +¢;  is a positive root, hence we can apply the induction hypothesis

for the collection of positive roots (&, + €;,, €5y, .., €i,_,€iyrs---,€i, ). The anal-
ogous argument applies if (a,€;.) > 0 for some r, in which case we can apply the
induction hypothesis for the collection of positive roots (€;,,..., €, _,, € \yy-- €0, ).

Hence the only situation when we could not prove the claim via the argument above
would be if (€;,,€;,.) > 0> («,¢;, ) for all r. But then (¢;,,a—¢;;) > 0> (o, —¢;,)
and so (a — €;,,a — €;,) < 0, which is impossible as o — ¢;, # 0. O

We can now relate irreducible chains to the flag S} of (3.1).

Proposition 4.10. There are exactly |I| increasing irreducible chains and any el-
ement of T can be uniquely expressed as a sum of those. For anyi € {1,2,...,|I|}:

(4.1) 3! dncreasing irreducible chain  ch(a) € T  such that my(a) = (,1).



CHAINS OF AFFINE STANDARD LYNDON WORDS 11

Proof. By Lemma 4.7 we know that increasing irreducible chains are in bijection
with II, and clearly |II,| = |I|. Any element of 7 can be uniquely expressed as an
unordered sum of increasing irreducible chains by Corollary 4.8a).

We shall now prove (4.1) by induction on i. For the base case i = 1, consider
o = deg(SLY(6)). We note that my(a) = (6,1) which determines ch(a) uniquely
by definition. Furthermore, ch(«) is increasing by Proposition 3.16. If ch(a) =
ch(B) + ch(y) with ch(p),ch(y) € Z, then m1(8), m1(y) < (6,2), since ch(c) is the
only increasing chain satisfying mi(a) = (,1) as dim(Si) = 1. Thus a < (§,2) by
Lemma 3.19, which contradicts to Lemma 3.20. This completes the base case.

For the inductive step, assume that (4.1) holds for ¢ — 1. First, we note that if
there is ch(«) € Z such that mq(«) = (§,7) and ch(«) is an irreducible chain, then it
is unique. If not, then we have ¢ + 1 increasing irreducible chain with m4(-) > (4,1),
and hence their Pr-images (simple roots from II, by Lemma 4.7) are contained in
i-dimensional S}. As simple roots are linearly independent, we get a contradiction.

To prove existence of such «, let us consider ch(@) with & = deg(SL.*(8)). If
that chain is irreducible, then o = & satisfies (4.1). Otherwise, apply Corollary 4.8
to write ch(&) = c1 ch(B1)+ca2ch(B2)+. .. +¢ ch(Byr)) with cx € Z>o, ch(Br) € Z-
irreducible, |Bx| < |9| (i.e. Bx = B},), and mq(Bx) = (0, k) for k < i by the induction
assumption. Let v be one of ;’s with ¢; # 0 and the smallest value of m(3;) (it
may be not unique). If mq(y) = (,¢), then the result holds with o = v. Otherwise,
my(y) < (8,7 + 1), which implies ch(v) < m; () < deg(SL(6)) < ch(deg(SLL(6)))
by Proposition 3.16 and Lemma 3.20.

Let us list above 34 in any order, so that & = f3;, +...+8;y with N = ¢ +.. .+¢|p
and & € ch(@). Applying Lemma 4.9 with AT = A}, there is a permutation o € Sy
such that 8; = ~and 5, := B, +...+Bi,,, € A; forall1 < r < N. Note that
m1(Bs) > m1(y) by Lemma 3.8 and so § — 85 > my(Bs) > mq(7) for any s, due to
Proposition 3.16 and Corollary 3.17. Note that ny = & > & > (4,5 + 1) > m1(7).
Applying Theorem 3.14 to 1, + (N — )6 =141 + (N —r —1)6 + (6 — Bi,(,,,) and
arguing by a descending induction on r, we get 7, + (N —7)d > mq () for all r. For
r =1, this gives 7 + (N — 1)d > my(7), a contradiction with ch(y) < mi(y). O

For 1 <14 <|I|, let 5; € II,, be such that my(5;) = (6,%).
Corollary 4.11. For any chain ch(a) € ch(ﬁ“"re), we have
my(a) = (kd,1) <= Pr(ch(a)) = 181 + c2f2 + ... + ¢ B with ¢; # 0.
Proof. We have span{hg,t*, ..., hg, th} = SJ’-C V 7, due to Proposition 3.5 and Corol-
lary 3.6. Then ¢; # 0 < hot® € SF\ SF | & my(a) = (ké,i) by Definition 3.2. O
As an immediate corollary, we obtain the following result.

Corollary 4.12. For any ch(a)&h(ﬁ) € ch(3+’re) which are both increasing or de-
creasing and ch(a) +ch(B) € ch(A™*®), we have mg(a+ ) = min{my («), mx(8)}.
We shall also often use the following simple observation.
Corollary 4.13. For any o € AT with M,(o) = (k6, 1), we have:
(a,B;) =0 Vij<i, (o, B;) # 0.
Proof. Note that hgt € S}, for all j < i by Proposition 4.10, which implies that

(o, ;) = 0 due to Corollary 3.4. On the other hand, since hg,t € S} \ S} by
Proposition 4.10, we see that («, 5;) # 0 by Definition 3.2. O
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4.14. Properties of 7 and D.
In this subsection, we explore some basic properties of increasing and decreasing
chains. The next definition will play a pivotal role through our analysis in Section 5.

Definition 4.15. For any ch(a) € D with ch(a) = c1ch(B1) + ... + ¢ ch(By)),
we define M} (ch(a)) € ATMX yiq
Mp(ch(a)) = max {M(B;) | ¢; # 0}.
We also define M} () = Mj,(ch(a)) = Mj (ch(é — a)) for all o € Atre,
The following property is straightforward from this definition:
(4.2) Mj(a+ B) = max{Mj(a), M{(B)} for any ch(a),ch(B),ch(a

+
Lemma 4.16. For any ch(a) € ch(AT"°) and k > 1, we have M (o) > My(c).
ch(a) = cich(B1) + ... 4 ¢ ch(B)y)) with c<; = 0,¢; # 0, then M (o) >
(

Proof. For the first statement, let My(a) = (kd,j), so that (Pr(ch(a)),s;) # 0
by Corollary 4.13. Then there exists p with ¢, # 0 such that (3,,5;) # 0, which
implies My(8p) > My(c) by Corollary 4.13. The latter yields M (o) > M («).
For the second statement, note that My (8;) > my(8;) = (kd,i), which implies
the claimed inequality Mj (o) > (kd,1). O

Definition 4.17. Consider a decreasing chain ch(a) = ¢y ch(B1)+...+¢r ch(By))
and let M{(ch(a)) = (8,7). We then define s(ch(a)) = s € Zso via

s(ch(@) = > (—¢).

3 Mi(B;)=(6,3)
The following result is crucial for many inductive arguments in this subsection.

Lemma 4.18. For any ch(a) € D, if sq > 1, there are ch(B),ch(y) € D such that
M{(B) = Mi(y) = Mi(a) and ch(B) + ch(y) = ch(a).

Proof. This will be shown by induction on ht(ch(«)). Let ch(«) be the chain with
the minimal relative height that satisfies the requirement (note that ch(a) is not
irreducible due to s, # 1). As ch(a) is not an irreducible chain, it can be ex-
pressed as a sum ch(a) = ch(8) + ch(y) of two decreasing chains. Assuming
the contradiction with the lemma, we then have M{(8) = M{(«) > Mj(y) or
Mi(y) = M{(a) > Mj{(B), which implies sg3 = s > 1 or s, = 5o > 1, thus
contradicting to the choice of a. This completes the base case.

As for the induction step, assume that the claim holds for all chains of the
relative height < ht(ch(a)). Since ch(a) is not an irreducible chain, it can be
expressed as a sum ch(a) = ch(8) + ch(y) of two decreasing chains. Assuming
that ch(f),ch(y) do not meet the requirements of the claim, we then again have
M{(B) = Mi(a) > M{(y) or M{(y) = Mi(a) > M7(B) by (4.2). Without loss of
generality, we shall assume the former case. By the induction hypothesis, we can
decompose ch(8) = ch(n) + ch(p) into the sum of two decreasing chains satisfying
Mi(n) = Mi(p) = Mi(B) = Mj(a). Then for any 7, /1,7 in ch(n),ch(u), ch(y),
respectively, we have [[b[SL(7)], b[SL(/)]], b[SL(%)]] # 0. By the Jacobi identity
this implies that [b[SL(%)], b[SL(%)]] # 0 or [b[SL({)], b[SL(¥)]] # 0, and therefore
either 744 or i+% are in A*. Whichever of these sums is a root it must be real since
it is the sum of two elements determining decreasing chains (cf. Corollary 3.17), and
furthermore determines a decreasing chain by Lemma 3.18. Hence, we can express
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ch(a) as either (ch(vy)+ch(n)) +ch(u) or (ch(vy)-+ch(w)) + ch(n), respectively, with
both terms satisfying the conditions. This completes the inductive hypothesis. [

We can now deduce a useful lower bound for decreasing chains.
Lemma 4.19. For any ch(a) € D, we have Mj(a) < ch(a).

Proof. This will be shown by an induction on s,.

For the base case s, = 1, we have M;(«) = M{(«a) as follows from Corollary 3.7
and Lemma 4.9. Hence, the result is implied by Proposition 3.16.

If s, > 1, then there are ch(fB),ch(y) € D such that ch(a) = ch(5) + ch(y),
M{(8) = M{(v) = M{(a) by Lemma 4.18, so that sg, sy < so. For any & € ch(«)
with |&| > |8] there are 3 € ch(j),4 € ch(v) such that @ = 3+4. By the induction
hypothesis, we have M} (o) = M{(8) < B, M}(a) = M} () < 4, and so M (a) < &
by Theorem 3.14. The result follows as ch(a) € D. O

The following useful observation is due to the first case of the above proof.
Corollary 4.20. For any ch(a) € D, if M{(ch(a)) # Mi(ch(w)), then sq > 1.

We also make the following general observation.
Lemma 4.21. If ch(a),ch(8), ch(a + 8) € ch(AT), then:

ma (ch(@)), ma(ch(B)), ma(ch(a + B)) < M (ch(a)), Mj(ch(B)), My (ch(a + 3)).
Proof. We will first show that mj(ch(a)),mi(ch(8)) < Mj(ch(a)), M{(ch(B)).

Note that mq(ch(y)) < Mi(ch(y)) < M{(ch(y)) for v € {«,8}. Let o, be the
shortest elements in the chains ch(a),ch(8). We note that m;(a’) = mq(ch(a)),
Mj(a’) = M{(ch()), and alike for 8. We consider two cases:

1) If (O/,ﬂ/) 7é O, then [h@/,ga/] ;é 0, hence [h[g/t,ga/] 7é 0. If ml(ﬂ’) = (5,i),
then hgt € S}, and so Mj(¢/) > Mi(e/) > my(B’) by Lemma 4.16 and
Corollary 3.4. Switching the roles of o/, ', we also get M7(8') > m1 (/).

2) If (o/, ') = 0, then let r, denote the reflection with respect to the root «'.
Then, o/ — 8 = —ro/(o/ 4+ ') € A™, so that ch(a) — ch(8) € ch(AT). If
M (") = (4,1), then in the decomposition ch(3) = ¢1 ch(B1) +...+c|r ch(B1)
we have ¢; = 0 for j < ¢ by Lemma 4.16. Similarly, if m;(a/) = (4,%) and
ch(a) = ¢ ch(By) + ... + ¢ ch(Bjy)), then ¢, = 0 for ) > k by Lemma 4.11.
Assuming the contradiction, let M{(8') < mi(a’) so that ¢ > k. If ch(a)
and ch(8) have the same monotonicity (resp. different monotonicity), then
ch(a)—ch(B) (resp. ch(a)+ch(8)) would clearly have both positive and negative
coeflicients in its decomposition into increasing irreducible chains. The latter
contradicts to Corollary 4.8. This implies that M{(8’) > mi(a’), and switching
the roles of o/, 8’, we also get M{(a) > mq(8’).

For the proof of the statement including m4 (ch(a + 3)), M{(ch(a + B)), we can
apply the previous logic to ch(a + 3),ch(—2) to get my(ch(8)), m1(ch(a + B)) <
M (ch(B)), M{(ch(a+p)), and similar argument applied to ch(a+ ), ch(—«) yields
ma (ch(@)), ma(ch(e + 8)) < Mi(ch(a)), Mi(ch(a + 5)). 0

Corollary 4.22. For any o,B3,a+ 8 € ﬁ*vre, if ch(a) € T and ch(B) € D, then
a<a+f<p.
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Proof. If a, B,a+ B € AT then a < m1 («) by Proposition 3.16, and M{(8) < 8
by Lemma 4.19. Thus by Lemma 4.21, we have a < my(a) < M7(8) < 8. Applying
Theorem 3.14 we conclude that a < a+ 8 < . O

This corollary implies the following useful property of chains.

Corollary 4.23. For any a, B,a+ 5 € A+ with a < B:
(1) if ch(a + B) € Z, then ch(a) € Z;
(2) if ch(a+ B) € D, then ch(B) € D.

Proof. If ch(a + B8) € Z but ch(a) € D, then ch(8) € Z by Lemma 3.18. As 8 < «
by Corollary 4.22, we obtain a contradiction. Thus ch(a)) must be increasing.

If ch(a+ B) € D but ch(B) € Z, then ch(a) € D by Lemma 3.18. As 8 < « by
Corollary 4.22; we obtain a contradiction. Hence ch(f) must be decreasing. (]

The above result implies the following important property of affine SL-words.

Corollary 4.24. For any o € AT and é € ch(a):
(1) if ch(a) € T and ¢ € L is a nonempty prefix of SL(&), then ch(deg(¢)) € Z;
(2) if ch(a) € D and £ € L is a nonempty suffix of SL(&), then ch(deg(¥)) € D.
For any a € ATimx;
(3) if £ € L is a nonempty proper prefix of SL(«), then ch(deg(f)) € Z;
(4) if £ € L is a nonempty proper suffiz of SL(«), then ch(deg(¢)) € D.

Proof. We prove part (1) by a decreasing induction on the length of ¢. The base
case ¢ = SL(&) is obvious. For the inductive step, suppose the result holds for all
Lyndon prefixes ¢’ such that |¢'| > |¢|. We have SL(&) = ¢fw for some nonempty w,
and let w = wy ... w, be its canonical factorization. Then fw; € L by Lemma 2.23,
and so ch(deg(fw;1)) € Z by the inductive hypothesis. If deg(wy) is imaginary,
then ch(deg(¢)) = ch(deg(fw;)) € Z. Assume now that deg(w;) is real. If deg(¥)
was imaginary, then ¢ = SL(M;(deg(¢w;))) by Corollary 3.12, implying ¢ > fw; by
Proposition 3.16. The latter contradicts an obvious £ < w1, so that deg(¢) must be
real. Applying Corollary 4.23 to deg(¢) and deg(w1 ), we then obtain ch(deg(¥)) € Z.
Part (2) proceeds alike by a decreasing induction on the length of £. The base
case ¢ = SL(&) is clear. For the inductive step, suppose the result holds for all
Lyndon suffixes ¢’ such that |¢'| > |[¢|. We have SL(&) = wf for some nonempty w,
and let w = w1 ... w, be its canonical factorization. Then w,¢ € L by Lemma 2.24,
and hence ch(deg(w,f)) € D by the inductive hypothesis. If deg(w,,) is imaginary,
then ch(deg(¢)) = ch(deg(w,¥f)) € D. Assume now that deg(w,) is real. If deg(¥)
was imaginary, then £ = SL(M; (deg(w,¥))) by Corollary 3.12, implying ¢ < w,{ by
Proposition 3.16. The latter contradicts to w,f € L, so that deg(¢) must be real.
Applying Corollary 4.23 to deg(w,,) and deg(¥), we then obtain ch(deg(¢)) € D.
For part (3) note that any proper Lyndon prefix of SL(a) must be a prefix of
SL'(«). As ch(deg(SL"(w))) € Z, applying part (1) yields the result. Similarly for
part (4) note that any proper Lyndon suffix of SL(«) must be a suffix of SL"(«).
As ch(deg(SL"(«))) € D, applying part (2) yields the result. O

4.25. Intermediate root systems: connectivity.
In this subsection, we explore intermediate root systems, which form a nested
system of root subsystems of A induced by the complete flag S} of bt.

Definition 4.26. For 1 <i < |I|, let A; = {a € A: hot € S}}.
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We note that A; is naturally equipped with a polarization through Lemma 4.5.
Moreover, {Pr(ch(8;))}_; is a set of simple roots for A;, due to Proposition 4.10
and Corollary 4.11. Our analysis of increasing chains is crucially based on the
following conjectured property of these root subsystems.

Conjecture 4.27 (Connectivity). For any 1 < i < |I|, the root subsystem A; is
irreducible, or equivalently, the Dynkin subdiagram formed by {B5; }3-:1 is connected.

We note that if A;_; is irreducible but A; was not, then we would get
(Bi,a) =0 Vae 1.
Thus the above conjecture is equivalent to
(4.3) Vi>1 35 <i:(B;,85)#0.

We note the following simple criteria that suffices to establish Conjecture 4.27:
Proposition 4.28. Conjecture 4.27 holds if SLL(8) # SLY(8) for all i > 1.

The proof will use the classical connectedness property of supports of roots, see
e.g. [C, Proposition 16.21], which we formulate in the form as will be used below:

Claim 4.29. For any v = Z‘fz‘l ciffi € AF, its support supp(y) = {Bi: ¢; # 0}
determines a connected subdiagram of the Dynkin diagram of g.

Proof of Proposition 4.28. Assuming SL!(8) # SL!*(8) for all i > 1, we shall show
that A; are irreducible by induction on i. The base case ¢ = 1 is vacuous. For
the inductive hypothesis, suppose that A;_; is irreducible. Assuming the contrary
with A; being irreducible, we get (8;, 8;) = 0 for all j < 4, due to (4.3).

Then there is only one increasing chain ch(y) (namely ch(5;)) with m4(ch(y)) =
(6,1), due to Claim 4.29. But the roots a = deg(SL.(d)) and g = deg(SLL(4))
satisfy mq(a) = mq1(B8) = (4,4) by Corollary 3.11, and thus ch(a),ch(8) € Z by
Proposition 3.16. Moreover, since 0 < |af,|8] < |6 and SL.(8) # SL*(d), we get
ch(a) # ch(p), a contradiction with above. This completes the inductive step. O

Remark 4.30. Using the code, we verified the above property SL!(8) # SL(8) Vi >
1 for all orders on I for all exceptional types and all classical types in rank < 6.

Lemma 4.31. If the smallest simple root occurs only once in 9§, then Conjec-
ture 4.27 holds.

Proof. According to Proposition 4.28, it suffices to show that SL; (4) # SL;*(d) for
all ¢ > 1. First, we note that SL](6) = SL]*(§) = k, where k is the second smallest
letter of (the first equality follows from Corollary 3.11, while the second one is
then due to Lemma 3.24). For any ¢ > 1, we also know that SL}°(4) = &’ for a
letter & > k, due to Lemma 3.24. Hence, the letter k& must appear in SL.*(§) and
cannot be its first letter, implying SL] (&) # SL;*(6) by Lemma 2.21. O

Lemma 4.32. If Conjecture 4.27 holds, then for any 1 < ¢ < |I|, there exists a
unique j < 1 such that 5; + B; € A;, and for such j we also have My(B;) = (,7).

Proof. For the existence, we note that such j is provided by M;(8;) = (4, 7): indeed
J < iis due to (4.3). Assume now that j # j’ < ¢ both satisfy 5, + 3;, 8; + B € A;.
Consider the Dynkin diagram of A;_;, which is connected by Conjecture 4.27. Thus
the nodes in A;_; corresponding to 3;, 8;- are connected by a path, and since both
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of them are connected by an edge to the node corresponding to §; in A;, we obtain
a cycle in A;, a contradiction. This establishes the uniqueness of such j. ([

Corollary 4.33. If Conjecture 4.27 holds, then for any 1 < i <|I| and ch(a)) € T
with my () > (8,1) such that B; + « is a real root, we have My (5;) < M («).

Proof. The claim is clear if m;(a) = (4,%), due to the definition of M] and Corol-
lary 4.11. Suppose now mq(«) > (4,7), so that in the decomposition ch(a) =
cich(Br) + -+ + ¢ ch(B)y)), we have ¢y = 0 for all ' > i by Corollary 4.11. As
Bi + « is a real root, evoking Lemma 4.9, we obtain 3; 4 §; is a root for some j < i
with ¢; > 0, which must be the same j as in Lemma 4.32. Thus, by Lemma 4.32
and (4.2), we get M (85) = (6,) = ma(8;) < My(8;) < M](a). 0

The following simple property of root systems will be used below.

Lemma 4.34. For any «a, 3,7 € A such that a+ B+~ € A, if none of the pairwise
sums a+ B, + 7, 8+ v vanishes then at least two of them are in A.

Proof. Let us first show that at least one of above sums is a root. If not, then we
would have (a, ), (o, 7),(8,7) > 0. But then (a« + 8+ 7v,a) = (o, ) + (B,a) +
(7, ) > 0, which implies that (¢« + 8 +v) —a =+ v is a root (as 8+ v # 0).
Suppose now, without loss of generality, that o + 3 is a root. Then we must
have [[ga, 93], 8] # 0. By the Jacobian identity we then obtain [[gg, g+], ] 7# 0 or
[[8+,8a],88] # 0, so that 8+~ € A or a+ 7 € A, respectively, as claimed. O

For the upcoming analysis of increasing chains, we shall need the following result.

Lemma 4.35. If connectivity of Conjecture .27 holds, then for any not irreducible
ch(a) € T there exists a splitting ch(a) = ch(B) + ch(y) with ch(B),ch(y) € T such
that my(8) = my(a) and Mi(vy) = M{(«a).

Proof. Let mi(«) = (6,i). We will prove this by induction on the relative height
of ch(a). The base case ht(ch(a)) = 2 corresponds to ch(a) = ch(8;) + ch(5;)
with j as in Lemma 4.32. Then M (a) = M{(—a) = max{M{(—5;), M{(—5;)} =
max{(d, j), M{(—5;)} = M1(5;) by Lemma 4.32, establishing the base case.

Suppose now that the claim holds for all increasing chains of the relative height
< ht(ch(w)). Consider any splitting ch(a) = ch(8) + ch(y) with ch(8),ch(y) € I.
By Corollary 4.12, we can assume without loss of generality that m1(8) = mq(«).
According to (4.2), we shall now consider two cases:

o If M{(v) = Mj(a), then ch(B),ch(v) satisfy the requirements of the lemma;

o If M{(vy) # M{(«a), then M{(a) = M{(8) by (4.2). We also note that ch(p)
cannot irreducible, as that would contradict Corollary 4.33. Applying the in-
ductive hypothesis to ch(3), there exists a decomposition ch(3) = ch(n)+ch(u)
with ch(n),ch(p) € Z, mi(n) = m1(8) and Mj(u) = M{(B). Considering the
projections of ch(n), ch(u), ch(v), by Lemma 4.34 either Pr(ch(n)) + Pr(ch(7))
or Pr(ch(u)) + Pr(ch(v)) are in A, hence either ch(n+~) € Z or ch(u+7v) € Z
by Lemma 3.18. In the first case, mi(n +v) = mi(a) and M{(p) = M{(B) =
M (a) by Corollary 4.12. In the second case, we have my(n) = m1(8) = m1 (@)
and M{ (i + ) = M;(8) = M{(a) by (4.2)

This completes the inductive step. [
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5. PERIODICITY OF DECREASING CHAINS

5.1. Preliminaries.

In this section, we will show that decreasing chains exhibit a compelling peri-
odicity, that is we can easily relate SL(a) to SL(« 4 kd) for some k with |«| > g,
where ¢, k depend only on ch(a) € D. In fact, we explicitly describe what k, ¢ are.

Our first result investigates the prefix and suffix of words in decreasing chains.

Lemma 5.2. For any a € At such that la| > |6] and ch(a) € D, ch(SL™(«))
decreases and if SL' () is real then ch(deg(SL"(«))) decreases.

Proof. The first claim, asserting that ch(SL"*(«)) is decreasing, follows immediately
from Corollary 4.24.

We prove the second part by a contradiction: assume that 8 = deg(SL"(«))
is real and ch(8) € Z. We then have Mj(«) < m1(8): otherwise we would have
Mj(«) > 8 by Proposition 3.16, which contradicts to Lemma 2.20 as 8 < M/ («a) <
a by Lemma 4.19 and |M{(a)| = || < |a|. But the inequality M7 (a) < mq(p)
contradicts to Lemma 4.21, hence, ch(8) € D if § is real. a

This allows to explicitly describe SL-words in irreducible decreasing chains.

Corollary 5.3. For any 1 <i < |I|, pick 5 € ch(d — ;) with |5] < |d|. Then:

SL(B + ké) = SL(M:(8)) SL(B),  SL®(8+ k) = SL(M:(8)) ~ Vk>1.
———

k times

Proof. First, we note that SL'*(8 + k&) is imaginary due to Lemma 5.2, as ch(3)
is a decreasing irreducible chain. Therefore SL'(8 + kd§) = SL(M,(8)) by Corol-
lary 3.12. Note that M;(8) = M{(5). We further obtain the first formula by an
iterative application of SL(8 + kd) = SL(M;(8))SL(8 + (k — 1)9). O

The goal of the next few results is to ultimately show that SL(M](«)) is the only
imaginary word which can appear as a subword of SL(«) when ch(«a) € D.

Lemma 5.4. For any a € AT, if SL(«) has SL;(8) as a prefiz, then ch(e) € D
and M{(a) = (6,1).

Proof. First, we note that ch(a) € D by Corollary 4.24. By the assumption we have
SL(a) = SL;(d)w for some nonempty w, and let w = wyws ... w, be its canonical
factorization. We shall prove that M (a) = (4,4) by induction on n. The base case
n = 1 corresponds to SL(«) = SL;(§)¢ with Lyndon ¢. From Corollary 3.12 we have
M;i(a) = (8,7), hence M{(«) > (4,i) by Lemma 4.16. However, since Mj(a) < «
by Lemma 4.19, we must have M7 (a) = (9,3).

For the step of induction, we can assume that the result holds for
v = SL;(§)wyws . .. wy_1, which is Lyndon by Lemma 2.23. Thus M;(8) = (4,1)
with 8 = deg(v). As ch(y) € D by Corollary 4.24, if M{(a) # (d,i) then
Mi(a) > (8,7) by (4.2), a contradiction with SL(M/(«)) < SL(«) of Lemma 4.19
as now SL(Mj(«)) > SL;(§)w = SL(«). This completes the inductive step. O

As an immediate application of Lemma 2.27 to the present setup, we get:

Lemma 5.5. For any a € Atre if ch(a) € D, then the standard factorization of
SL(a) does not split imaginary words. Moreover, if SL'(a) is real, then SL;(0) is
not a suffiz of SL'* ().
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Proof. For the first statement, note that SL(«) cannot have an imaginary suffix
by Corollary 4.24, hence the claim follows immediately from Lemma 2.27. For the
second statement, assume that SL"*(«) is real and contains SL;(8) as a suffix, then
la| > |8|. However, by Lemma 5.2, we must have ch(deg(SL'*(a))) € D. Applying
Corollary 4.24 to SL'*(a) then yields a contradiction. O

Here, it is crucial to use the standard factorization for decreasing chains, since
the costandard factorization can actually split imaginary words, as illustrated in
the following example.

Example 5.6. Consider the affine type AS) with the order 1 < 2 < --- < n < 0.
According to [AT, Theorem 4.2], applied to ch(ag + ) € D by Lemma 3.23:

where the vertical line denotes the costandard factorization by Lemma 2.21. More-
over, this example also shows that there is no analogue of Lemma 5.2 for costandard
factorizations: ch(deg(SL'(ag + 8))) = ch(ag + o) is increasing by Lemma, 3.23.

With the help of above auxiliary steps, we are finally ready to establish the
aforementioned result on imaginary subwords in decreasing chains.

Proposition 5.7. For any a € A+Te with ch(a) € D, if SL;(6) is a subword of
SL(«), then M{(ch(a)) = (6,i). Moreover, SL;(8) is also a prefix of SL(«).

Proof. We shall prove this by induction on |a|. For the base case, a being of minimal
height satisfying the conditions, we claim that SL'*(a) is imaginary, in which case
ISL'*(a)| = || by Corollary 3.12, and the result holds by Lemma 5.4. If not, then
SL'*(a) is real and so ch(deg(SL'*(a))), ch(deg(SL™(a))) € D by Lemma 5.2. But
then SL;(¢) is a subword of either SL'*(a) or SL"*(a) by Lemma 5.5, a contradiction
with the choice of «.

For the inductive step, assume the result holds for all roots in decreasing chains
of height < |a|. By Lemma 5.5, if SL; () is a subword of SL(«) then it is a subword
of either SL'*(a) or SL"*(e). Since |a| > ||, Lemma 5.2 provides two cases:

1) If SL () is imaginary, then it must be of length |5| by Corollary 3.12, and so
M (a) = (4,7) by Lemma 5.4. By the inductive assumption for SL"*(«a), the
only possible imaginary subword of SL(«) is SL;(6), and is its prefix.

2) If SL'(a) is real, then ch(deg(SL'*(a))), ch(deg(SL"*(ax))) are both decreasing
by Lemma 5.2. Let M{(ch(a)) = (6,4). Assume first that SL;(9) is a subword
of SL' () for j # i. We note that j > i, as otherwise applying the inductive
hypothesis to SL”(a) we would get M](ch(deg(SL(a)))) > Mj(ch(a)), a
contradiction with (4.2). By the inductive hypothesis, SL;(4) is then a prefix
of SL'(a), and so Mj(a) > «, in contradiction with Lemma 4.19. Likewise
by (4.2) if SL;(6) was a subword of SL"*(«), then j > i. However, if j > i,
then by the inductive hypothesis SL;(6) is a prefix of SL"™(a) and we get
SL(a) < SL"™ () < SL(Mj () again contradicting Lemma 4.19.

It thus only remains to show that if SL;(d) is a subword of SL(«), then SL;(0)
is a prefix of SL(a). If SL;(4) is a subword of SL*(«), then applying the inductive
hypothesis yields the result. If SL;(¢) is a subword of SL"*(«), then by the inductive
hypothesis we have SL;(d) is a prefix of SL"*(«), and we get SL(Mj(«)) = SL;(d) <
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SL(a) < SL"™¥(«) by Lemma 4.19, which implies that SL;(0) is also a prefix of SL(«).
This completes the inductive step. ([

We are now ready to prove the first result regarding repetitive occurrence of
imaginary subwords in decreasing chains.

Proposition 5.8. For any decreasing chain ch(a) and any & € ch(a), we have:
(5.1) SL(&) = SL(Mj(a)) w
———
p times

for some p > 0, where SL(M/()) is not a prefix of w and w > SL(M{(a)). More-
over, for any p' > 0 there exists a q such that if |&| > q|d|, then p > p’. Finally,
the above function p: ch(a) — Z>¢ is monotone non-decreasing.

Proof. The first statement follows from SL(&) > SL(Mj(«)) due to Lemma 4.19 and
SL(&) being Lyndon (implying that all proper suffixes of SL(&) are > SL(M/(«))).
The last claim that p: ch(a) — Z>¢ is monotone non-decreasing is clear, as other-
wise we would have & < &+ 4 for some & € ch(a), a contradiction with ch(a) € D.

We shall now prove the second statement by induction on ht(ch(«)). The base
case ht(ch(a)) = 1 follows from Corollary 5.3. As for the induction step, let us
assume that the claim holds for all decreasing chains of relative height < ht(ch(a)).
We shall consider two cases:

1) First, if SL'*(a/ + kd) is imaginary for k >> 0, then SL'* (o + kd) = SL(M; ()
for k > 0 by Corollaries 3.12. We note that then M; (o) = M (') as otherwise
Mi(a/) < M{(¢/) by Lemma 4.16, and so o/ + ké < M{(a’) by Lemma 2.20,
a contradiction with Lemma 4.19. Thus, SL'(a/ 4+ kd) = SL(M,(a')) =
SL(M{(a")) and SL"(a/ + kd) = SL(a/ + (k — 1)d). Hence, for any p’ > 0
there is a sufficiently large ¢ such that p(a/ + kd) > p’ for k > q.

2) Let us now assume that SL(a/ 4 kd) is real for an unbounded set of k. By
the induction assumption, we know that for any ch(8) € D with ht(ch(8)) <
ht(ch(a)), given any p’ > 0 there is some gy gy such that p(B) > p’ for any
B e ch(B) with |8 > qen(p)|0]. We claim that p(a’ 4 k) > p’ whenever
SL'*(a’ + k¢) is real and

k > 1+ 2max {qen(g) | ht(ch(3)) < ht(ch())}.

Assuming that SL'*(a/ 4+ k) is real, both SL'* (o/ +kd), SL"* (o +kd) determine
decreasing chains by Lemma 5.2, and one of these words is sufficiently long so
that it starts with at least p’ copies of SL(Mj(-)). We consider two cases:

i) Suppose first that SL"(a/ + k&) starts with > p’ copies of SL(M](8)),
where 3 = deg(SL"(a’ +kd)). We note that M} (8) < M{(a) by (4.2). We
also cannot have M (8) < Mj(«) as this would imply M/ (a) > o' +kd, a
contradiction with Lemma 4.19. Thus, Mj(8) = M/ («), and so SL(a/+kd)
starts with at least p’ copies of SL(Mj(«)), as claimed.

ii) Assume next that SL™(o/ 4 k) starts with > p’ copies of SL(Mj (7)),
where v = deg(SL"%(a/ + k6)). According to Lemma 2.25 (an already
established inequality w > SL(M](«)) implies that w cannot be a proper
prefix of SL(M](a))) we see that SL (o’ + k&) also starts with > p’ copies
of SL(Mj(7)). The latter reduces to the setup of i) by Lemma 5.4.

This completes the inductive step, and hence concludes the proof. (I
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Let us record two important corollaries of the above proposition.

Corollary 5.9. For any ch(a) € D with M{(«) = (0,4), we have a+kd < (§,i—1)
for k> 0.

Remark 5.10. This result together with Lemma 4.19 signifies the importance of M]
instead of My, as we get SL;(d) < SL(&) < SL;—1(6) for all & € ch(«) with |&| > 1.

Corollary 5.11. For any ch(a) # ch(8) € D with M{(a) = M{(B), the chain
ch(a) is not bounded below by any element of ch(f).

Proof. Suppose the contrary, that is ch(a) > 3 for some 3 € ch(pB). Let SL(B) =
SL(Mj7(B))w for some p > 0, as in (5.1). According to Proposition 5.8, there is & €
—_———

p times

ch(«) such that SL(&) starts with (p+1) repeated occurrences of SL(M](«)). Then

& < f by Proposition 5.8 (as w > SL(Mj(8)) = SL(M](«))), a contradiction. O
Let us now investigate further the first case from the proof of Proposition 5.8.
Lemma 5.12. If ch(a) € D and SL"(a) = SL(M,(a)), then M} (o) = M;(a) and
(5.2)  SL(d/ +kd) = SL(M{(@))SL(c/) and SL*(a/ + k6) = SL(M](a))

— 2

k times

for all k € Z>o, where as before o/ denotes the shortest element of ch(a).

Proof. The equality M7 (a) = M;(a) follows directly from Lemma 5.4.

Next, let us show that SL(a—4) is of the form (5.2). If |26] > |a| > ||, then this
is clear as @ — 6 = o/. If |a| > |26|, then SL(a — §) = SL(M] (a))w for some w by
Lemma 2.25, and we claim that this splitting is actually the standard factorization.
Indeed, if it was not, then SL"(a — §) = SL(M]())u for some u > SL(M/(a)),
hence, SL(M!(a))SL*(a—4d) € L, a contradiction with SL(M! (c)) being the longest
proper Lyndon prefix of SL(«). Thus SL"(« — §) = SL(M](«)), and iterating this
argument we derive (5.2) whenever o/ + kd| < |«|.

It remains to show that if SL"*(«) = SL(M](a)) then SL” (o + 6) = SL(M] ().
Assuming the contradiction and using that SL(« + 0) starts with SL(Mj(«)) by
Proposition 5.8, we get SL“(a + §) = SL(M{(a))w for some nonempty w. Let
B = deg(SL'*(a+0)) so that | 8| > |d] and 3 is real due to Corollary 3.12. Moreover,
we have SL(8 — 6) > SL(8) > SL(M](a)) = SL'*(a), since ch(j) is decreasing by
Lemma 5.2. Thus 6 — ¢ > a by Lemma 2.20. Additionally we have o — 3 +
d = deg(SL™(ax + 0)) > 8 > Mj(«), hence  — f + 6 > a by Lemma 2.20.
Asa=08—-0+ (a— B +9), we get a contradiction with Theorem 3.14. Hence
SL'*(a + 6) = SL(M;(c)), and iterating this argument we derive (5.2) whenever
o 4+ kd| > |a. O

We also record the following property of the above setup.

Corollary 5.13. For any a € A" such that ch(a) € D, if SL*(a) = SL(M;(«)),
then s, = 1.

Proof. Assuming the contrary, i.e. s, > 1, there are ch(8),ch(y) € D such that
ch(B) + ch(vy) = ch(a) and M{(B8) = M{(y) = Mj(«) according to Lemma 4.18.
We also note that o] > |8]. Thus, we can express o = 3 4 4 for some 3 € ch(f),
4 € ch(y). Without loss of generality, we shall assume that B < 4. According to
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Lemma 4.19 and M{(8) = M{(5) = M} («), we have M’(a) < § < 4. However,
this implies SL'(a) = SL(M;(a)) < SL(Mj(c)) < SL(j) by Lemma 4.16, hence
a < ﬁ, by Lemma 2.20, contradicting Theorem 3.14. O

5.14. u-function.
The next handful of lemmas will allow us to determine when imaginary words
start appearing as subwords in decreasing chains.

Definition 5.15. For any ch(a) € D, define u(ch(a)) = u(a) € ch(a) to be
the longest element such that SL(u(a)) does not contain SL(M/(«)) as a prefix
(equivalently, does not contain SL(M/(«)) as a subword, by Proposition 5.7).

While u is the primary object of interest for us, the following extension is useful
for computing the value of u. Let C; = {ch(a) € D|M{(«) < (6,4),&" > (6,4)}.
Define the function w;: C; — A1 via:

u;(ch(a)) = u;(a) == Hﬁ {d € ch(a)
Note that this set is non-empty by definition of C;, and is finite by Proposition 5.8.
We also note that if ch(a) € C;, C; for i < j, then |u;()| > |u;j()|. Finally:
(5.3) uila) =u(a) if Mj(a)=(6,7).
Though we cannot say much about SL(&) for & € ch(a) with |&] < |u(a))|, we note

that the value of u(a) can be computed iteratively via the following simple result
(henceforth, we identify u(a) with one of u;(«) through (5.3)).

SL(&)>SL;(6) and
SL(&) does not have SL;(§) as a prefix

Lemma 5.16. For any ch(a) € C;, we have:

(5.4) ui(a>m_ax({ui<ﬂ>+ui<w) Ch‘g%%@;ﬁ?i;lifga)}u{a'}>,

where as before o denotes the shortest element of ch(«).

Proof. We will prove this by induction on ht(ch(«)). The base case ht(ch(«)) =1
corresponds to ch(a) being an irreducible chain. Then the first set in the RHS
of (5.4) is empty and w;(«) = o’ by Corollary 5.3, completing the base case.

As for the inductive step, let us assume the claim holds for all decreasing chains
of relative height < ht(ch(«)). We claim first that |u;(«)| > |&|, where & is the
RHS of (5.4). This is obvious if @ = o’. Otherwise let u;(3) = 3,u;(y) = 4 be
two elements which attain the max, so that & = ﬁ + 4. Assuming without loss of
generality that ﬁ < %, we get B < 6 + 4 < 4 by Theorem 3.14. Since SL(@’) does
not contain SL;(d) as a prefix and SL(3) > SL;(d), then SL(&) > SL;() and SL(&)
does not contain SL;(d) as a prefix, establishing |u;(«)| > |&].

To show |u;()| < |@], consider = deg(SL"(u(«))) and 1 = deg(SL"* (u(w))).
We note that n € ch(a), since otherwise u = M (ch(a)) by Corollary 3.12, and so
o = u;(a) by Lemma 5.12. Thus ch(u),ch(n) € D by Lemma 5.2, and SL(p) >
SL;(4) by Lemma 2.20. Since SL(u) does not contain SL;(J) as a prefix, we note
that SL(n) > SL;(d) and SL(n) cannot contain SL;(d) as a prefix by Lemma 2.25.
Hence, [u| < [ui()], |n] < [ui(n)], and 5o Jus(@)| = s+ 1] < |al.

This completes the proof of the lemma. O

We note the following simple property of u(-).
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Lemma 5.17. For any a with ch(a) € D and |a] > |u(a)|, consider any splitting
SL(a) = SL(B)SL(y). If Mi(y) < Mi(a) = (6,1), then v = ui(y).

Proof. By Lemma 4.19, we have (§,i) = M{(a) < a < v, which together with
M (y) < M{(«) implies that ch(y) € C; and |y| < |u;()|. We note that 8 must be
real as M{(y) < Mj(c). Moreover ch(8) € D, since if ch(8) was increasing, then
M (y) = max{Mi(=5), Mi(ca)} by (4.2), thus contradicting to Mj(y) < M/ («a).
Henceforth, we shall assume the contradiction to to the claim: |y| < u; (7).

If @ = u(a), then we consider the appropriate concatenation of SL(3), SL(y+¢):

o If SL(8) < SL(y+4), then SL(&+0) > SL(B)SL(y+ ) by Leclerc’s algorithm.
However, SL(3)SL( + &) does not contain SL(M/(«)) as a prefix: SL(53) does
not have SL(Mj(a)) as a prefix nor it can be a prefix of SL(M](«)) since
M{(a) < B by Lemma 4.19. Invoking that SL(« + 0) does have a prefix
SL(Mj(«)), we thus obtain SL(a + ¢) < SL(8)SL(y + 4), a contradiction;

o If SL(y + ¢) < SL(B), then we have SL(a + 6) > SL(y + §)SL(8) by Leclerc’s
algorithm. But |y+4| > |§| and SL(v+0) does not have SL(M](«)) as a prefix
since that would contradict M7 (y) # Mj(«) by Lemma 5.4. Thus, we again
obtain a contradiction, exactly as in the previous case.

Assume now that o > wu(«), hence, SL(a) has SL(M](a)) as a prefix. We then
claim that SL(3) also has SL(M](«)) as a prefix. Indeed if SL(3) was a proper
prefix of SL(M7(c)), then ch(3) € T by part (3) of Corollary 4.24, a contradiction.
We then consider the appropriate concatenation of SL(5 — §) and SL(y + 9):

o If SL(B — ) < SL(y+ ), then invoking 8 —¢& > 3, we obtain y+6 > f—0 > «
contradicting to Theorem 3.14;

o If SL(y + 6) < SL(8 — ), then SL(a) > SL(y + §)SL(8 — J) by Leclerc’s
algorithm. Since we assumed that |y| < |u;(7)|, we have v+ > (4,7) =
M (a), and as SL(Mj («)) is not a prefix of SL(y+4d) by Lemma 5.4, we obtain
B —9>~+ 9 > «, which again contradicts to Theorem 3.14.

Thus in either case we obtain a contradiction, and so we must have v = u;(v). O

The following upgrade of Lemma 4.18 is needed for inductive arguments below.

Lemma 5.18. For any ch(a) € D with so > 2 there are ch(B),ch(y) € D such
that ch(8) + ch() = ch(a), Mj(8) = Mi(y) = Mi(a), and u(B) + u(y) = u(a).

Proof. We shall proceed by induction on ht(ch(«)). The base case is when ch(«)
is the sum of two irreducible chains: ch(a) = ch(8;) + ch(8;). We must then have
M{(B;) = M{(B;) = M{(a) as sq = 2, and the result follows from Lemma 5.16.
Assume now the result holds for all decreasing chains of the relative height
< ht(ch(c)). Let M{(a) = (4,7) and pick 3,4 which achieve the max in (5.4).
If M{(B) = M{(y) = M{(«), then the claim follows. Otherwise, without loss of
generality, we can assume that M| (8) < M{(«), and so M{(y) = M{(«) = (4,17)
by (4.2). Then s = s4, and by the inductive hypothesis there exist ch(p), ch(v) € D
such that ch(s) + ch(v) = ch(y), M() = M(v) = M() = (6,), and u(p) +
u(v) = u(vy). We must then have that either ch(u)+ ch(3) or ch(v) +ch(8) € D by
the same logic as that used in the end of the proof of Lemma 4.18. Assume without
loss of generality that ch(p) + ch(8) € D. Note Mi(u + 8) = M{(a) by (4.2).
Applying Lemma 5.16 (with u = u;), we have |u(u)| + |u(8)] < |u(p + B)|. Thus
we get [u(i + )| + [u()| > [u()] + [u(8)] + [u(v)| = [u(B)] + u(x)| = Ju(a)], but
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we must we have the equality by Lemma 5.16. Thus ch(u + 8) and ch(v) satisfy
the requirements of the lemma, completing the step of induction. ([

5.19. Periodicity.

Our main goal is to describe the structure of decreasing chains ch(«) once imag-
inary prefixes start appearing, that is, for |&| > |u(«)|. To this end, we introduce
some new terminology: given a standard Lyndon word of the form wvw, where v is

of the form SL;(d) for some ¢ and k > 1, u does not end with SL;(d), and w does
——

k times
not start with SL;(0), we will refer to v as an imaginary chunk or just a chunk.

The following result gives an upper bound on the number of chunks in a given
standard Lyndon word associated with a decreasing chain.

Lemma 5.20. For any ch(a) € D and k € Z~g, we have

S~—— ~—— N——
p1 times p2 times Pn times

where M{(a) = (8,1), n < sq, p;j >0 for all 1 < j < n, each w; does not contain
SL;(6) as a subword, and any non-empty suffiz of w; is > SL;(4).

Proof. This will be shown by induction on ht(ch(a)). The base case corresponds to
ch(a) being irreducible for which the result follows from Corollary 5.3. Here, the
fact that any suffix of wy is > SL;(0) follows from SL(u(«) 4+ kd) being Lyndon,
while the fact that wy does not have SL;(d) as a subword is due to Proposition 5.7.

For the inductive step, suppose the result holds for all chains of relative height
< ht(ch(a)). Let & = u(a) + kd for some k € Zsg, and let SL(&) = SL(B)SL(7)
be the standard factorization, which does not split any of SL;(J) by Lemma 5.5.
If 3 is imaginary, then 8 = M;(y) by Corollary 3.12, and the result follows from
Lemma 5.12. If § is real, then SL(S) contains SL;(d) as a proper prefix of SL(f),
hence, M{(5) = M{(a) by Lemma 5.4.

We will first establish n < s,. To this end, it suffices to show that there are < s,
chunks of SL(M{(«))’s in the words SL(3) and SL(y) combined, due to Lemma 5.5:

o if M{(y) = M{(a), then so = sg + s,. If |y] > |u(v)], then the result follows
by applying the inductive hypothesis to SL(3) and SL(v), while if |y| < |u(v)],
then the result follows from the inductive hypothesis applied to SL(3) alone;

o if M{(y) # M{(«a), then sg = s, and SL;(d) is not a subword of SL(y) by
Proposition 5.7, hence, the result follows by applying the inductive hypothesis
applied to SL(J).

We will now prove the two stated propertied of w;’s. If the standard factorization
of SL(&) does not split any w;, then the result is clear by applying the inductive
hypothesis to SL(5), SL(v). If some w; actually got split by the standard factoriza-
tion, then we claim that j = n: this follows by noting that otherwise SL;(d) would
be a subword of SL(~y) and hence would also be its prefix by Proposition 5.7, a con-
tradiction. By the inductive hypothesis applied to SL(/3), we obtain both claimed
properties for {w; };’;11 Finally, given a non-empty suffix u of w,, either u starts in
SL(B) and thus u > SL;(d) by the inductive hypothesis applied to SL(5), or v is a
suffix of SL(7y) and so u > SL(y) > SL(8) > SL;(4). This completes the proof. O

We also note the following lower bound on §-words occurring in decreasing chains.
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Lemma 5.21. For any ch(«) € D and k > 0, the word SL(u(«) + kd) contains at
least k copies of SL(M](«)) as subwords.

Proof. We will prove this by induction on the relative height ht(ch(«)). The base
case ht(ch(w)) = 1 corresponds to an irreducible decreasing chain ch(a), and the
result follows from Corollary 5.3. For the step of induction, we shall assume the
result holds for all decreasing chains of relative height < ht(ch(«)).

Consider the standard factorization SL(a) = SL(5)SL(7y). If 8 is imaginary, then
Sa = 1 by Corollaries 5.13 and 3.12, reducing to the base case. If § is real, then
ch(B),ch(y) € D by Lemma 5.2. Let M{(a) = (4,i). Note that M{(8) = M («a)
by Lemma 5.4, thus ch(8) € C; by Lemma 4.19. Additionally, we must have
ch(y) € C; as M{(vy) < Mi(a) = (6,i) < B < . Thus applying Lemma 5.16, we
have [u(a)] = [ui(@)] > [ui(8)| + [ui(7)], and 50 o] > [ui(B)] + [us()| + [ké]. Let
B =w;(B) + k19,7 = u;(7y) + ko0, so that ky + ko = k. We consider two cases:

o if M{(y) < M{(«a), then k2 < 0 (as otherwise we would get a contradiction
with v > ) and by the induction assumption the word SL(S3) has at least
k1 > k copies of SL(M{(8)) = SL(M/(«)) as a subword, hence so does SL(«);

o if M{(y) = M{(«), then by the induction assumption the words SL(8) and
SL(v) contain at least k1 and k2 copies of SL(Mj(«a)), respectively, so that
SL(a) = SL(B)SL(7y) contains at least k1 + ka2 > k copies of SL(M](«)).

This completes the proof. O
In fact, the above estimate becomes an equality whenever |u(a)| < |d].

Corollary 5.22. For any ch(a) € D with |u(a)| < |0| and any k € Zo, the word
SL(u(a) + ko) contains exactly k copies of SL(M;(«)) as subwords.

Proof. We will prove this by induction on ht(ch(«)). The base case corresponds to
irreducible ch(«), and the result follows form Corollary 5.3. For the inductive step,
suppose the result holds for all decreasing chains of relative height < ht(ch(a)).

Consider the standard factorization of SL(u(a) + kd) = SL(8)SL(). For imagi-

nary [ the result follows from Lemma 5.12 and Corollary 3.12. Henceforth, assume
that g is real, so that ch(f),ch(y) € D by Lemma 5.2. If M{(«a) = (4,7), then
(6,4) < u(a) + ké by Lemma 4.19, so that (4,7) < 8,7 by Lemma 2.20, implying
ch(B),ch(y) € C;. As SL;(4) must be a prefix of SL(3), we also have M (8) = (4,1)
by Lemma 5.4. We now consider two possible cases depending on Mj(7):

o If M{(y) < Mj(«), then w;(y) = v by Lemma 5.17. Invoking Lemma 5.16,
we also have |u;(8)| = |[u(B)] < |8] and |u;(8)] + |ui(y)| < |0]. Applying the
inductive hypothesis to 5 = u(8) + kd we see that SL(S) contains exactly k
copies of SL;(4). As the standard factorization does not split imaginary words
by Lemma 5.5, and SL;(d) is not a subword of SL(vy) by Proposition 5.7, we
conclude that SL(«) contains precisely k copies of SL;(0);

o If Mi(y) = Mi(a), then again [u;(8)| = [u(B)] < 18], [ui(v)| = [u(~)| < [4], and
[u(B)| + |u(y)| < |6] by Lemma 5.16. Hence v = u(y) + pd and 8 = u(vy) + ¢4,
for some decomposition k¥ = p + ¢q. Applying the inductive hypothesis to
both 3,~ implies that there are exactly k copies of SL;(d) combined between
SL(pB),SL(7y). Since the standard factorization does not split imaginary words,
we again see that SL(a) contains exactly k copies of SL;(4).

This completes the inductive step. O
The following result provides a lower bound on the length of the first chunk.
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Corollary 5.23. For any ch(a) € D and & = u(a) + k6 with k > 0, we have

p1 > [k/sa] in (5.5).

Proof. Let M{(«a) = (4,i). By Lemma 5.21, we have Z;‘;lpj > k. Thus, by

pigeonhole principal, it suffices to show p; > p; for all 1 < j < s,. Assuming the

contradiction, i.e. p; < p; for some j, we have SL;() wy > SL;(6) as wy > SL;(6)
—— ——

p1 times p; times
and SL;(9) is not a prefix of w; by Lemma 5.20. The latter contradicts to SL(&)
being Lyndon, thus completing the proof. O

The following simple result will be important in the proof of Theorem 5.25.

Lemma 5.24. Consider four words w,w’,v,v" of the following form:

w= £ w £ wg... £ wy,
~~ ~~ ~~~
p1 times p2 times pt times
1
w = Y4 w1 J4 Wy ... y4 Wy,
~~ ~~~ ~~~
p1+1 times p2+1 times pt+1 times
v= £ vy £ ve... £ v,
~~ ~~ ~~
q1 times q2 times qs times
v = Y4 U1 J4 Vg ... Y4 Vs,
~~ ~~ ~~
q1+1 times q2+1 times qs+1 times

with £ € L, which satisfy the following conditions for all i:

(1) w;,v; are non-empty;

(2) € is not a subword of v;, w;;

(8) any non-empty suffix of v, w; is > ¢;
(4) pi,q; >0 fori> 1.

Then, we have w > v < w' > v'.

Proof. We will first show the “=" direction, by induction on max{s,¢}. The result
in the base case s =t = 1 clearly holds as / is inserted at the same spot for both w, v
to produce words w’,v’. For the inductive hypothesis, suppose the result holds for
all ¢/, ' with max{s’,#'} < max{s,t}. Note that when comparing two words we can
repeatedly remove common prefixes, hence we shall assume that min{p;,¢:} = 0.
We consider three cases:

e If p; > g1 =0, then as v; > £ by (3) and ¢ is not a prefix of vy by (2), we get
v > w, a contradiction;
e If 0 = p1 < g1, then as wy > ¢ by (3) and ¢ is not a prefix of wy by (2), we get
w’ > ', as claimed;
e Finally, suppose that p; = g1 = 0. In this case, we consider three subcases:
— If wi = vy, then the result follows from the inductive assumption applied

to the pair of words ¢ ws...and _ ¢ ws... (obtained from w,v by
~— ~—

p2 times g2 times
erasing the common prefix w; = vy);
— If wy < vy, then as w > v, we must then have that w; is a prefix of vy,
i.e. v1 = wyu for some non-empty u. Since ps > 0 by (4), we then get a
contradiction with w > v as w > ¢ and £ is not a prefix of u by (3) and (2);
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— If wy > vy, then we clearly have w’ > v’ unless v; is a prefix of wy. In the
latter case, wy = viu for some non-empty u. Then we still have w' > v’
as u > ¢ and ¢ is not a prefix of u by (3) and (2), respectively.

This exhausts all possible cases, thus completing the inductive step.
We note that the “<” direction follows by applying the above to the contrapos-
itive as all conditions (1)—(4) are symmetric. O

In fact, the upper bound on the number of chunks in all decreasing chains from
Lemma 5.20 is robust, due to the following key structural result which also features
the main periodicity pattern.

, let M{(a) = (6,1). Fiz any s < k < 28,4,

Theorem 5.25. For any ch(a) € D
5.5). Then for any k' = k + qsq with ¢ € Z>¢:

and consider the decomposition (

(1) We have
(56) SL(U(O&) + k/(S) = SLZ(5) w1y SLz((S) wog -+ SLZ((S) Ws,, -
S~—— S~—— ~——
p1+q times pa2+q times Psq +q times

Furthermore, all p; all equal to either 1 or 2 (for any 1 < j < s4), and p1 is
equal to 1 when k = s, and 2 otherwise.

(2) Let B = deg(SL" (u(a)+kd)). If B is imaginary then deg(SLY (u(a)+k'6)) = 8,
while if B is real then deg(SL' (u(a) + k') = B + gsp9.

Proof. This will be proven by induction on ht(ch(«)). The base case corresponds
to irreducible chains ch(«), for which the claim follows from Corollary 5.3. Before
proceeding to the step of induction, we shall first establish the following result:

Claim 5.26. If Theorem 5.25 holds for ch(3),ch(vy) € D with M{(B) = M{(y) =
(6,%), then inequality SL(u(f8) + (k1 + s5)d) < SL(u(y) + (k2 + s,)d) for some
k1, ko € Z>¢ holds if and only if SL(u(8) + (k1 + 2s5)d) < SL(u(y) + (k2 + 2s,)d).

Proof. This follows from Lemma 5.24, taking ¢ = SL;(). We note that conditions
(2)—(3) of the lemma follow from Lemma 5.20, while condition (4) is due to part
(1) of the present theorem applied to ch(8) and ch(%). O

For the step of induction, we shall assume that the result holds for all chains of
relative height < ht(ch(w)). For part (2), it suffices to show that for any & € ch(«)
with || > [u(a)+25,0| we have deg(SL(4)) = B+s50 if B = deg(SL" (& —s4,0)) is
real, or deg(SLls(o?)) = g if B is imaginary. The latter case follows from Lemma 5.12
and Corollary 5.13. We shall henceforth assume that [ is real.

We also need to show that SL(&) has s, chunks in order to apply Lemma 5.24.
Claim 5.27. For any & € ch(«) with |&| > |u(a) + ksad| and M7 («) = (6,14), there
are s, chunks each of length at least |kd| in SL(&). Moreover if SL(&) = SL(3)SL(4)
is the standard factorization, then |3| > |u(B)+ks[§5| and [9] > [u; () +k(sa—s3)d].

Proof. Recall that u;(«) = u(a) by (5.3). We note that there are at most s,

chunks, due to Lemma 5.20. Let SL(&) = SL(8)SL(%) be the standard factorization.
Suppose there are less than s, chunks in SL(&) or there is a chunk of length < |kd].

In accordance with Lemma 5.5, then either SL(8) has < s; chunks of length at
least [kd| or SL(¥) has < s, — 55 chunks of length at least [k(sq — s5)d] in SL(¥)):
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e Suppose the number of chunks in SL(J) of length at least |kd| is less than s,

so that 3] < |u(B3) + ksd| by the inductive hypothesis. We then consider two
cases:
—if Mj(3) < M}(3) = M](a), then 4 = u;(3) by Lemma 5.17, which
contradicts to Lemma 5.16 as |u(a)| = |u;i(a)| < |ui(B)] + |ui(H)];

— if M{(§) = M{(B), then we must have |y| < |u(¥) + ks;0|, as otherwise

SL;(d) would be a prefix of SL(¥§) but not of SL(S), contradicting to
——

k+1 times
B < 4. Then we again get a contradiction with Lemma 5.16 as |u(a)| =
ui(a) | < |us(B)] + [ui(¥)]-

e Suppose the number of chunks in SL(%) of length at least |kd| is less than
k(sa—sp). Then Mi(y) = M](f) (as otherwise s5 = sa) and 9] < |u(§)+ s3]
by the inductive hypothesis. We consider two cases:

—if |B] < |u(B) +ks30], then we again get a contradiction with Lemma 5.16,
since [u(a)| = [ui(@)] < [ui(B)] + lus(D); A
— if |B] > |u(B) + kspdl, then SL;(kd) is a prefix of SL(3) by the inductive
——
k41 times
hypothesis. Consider the appropriate concatenation of SL(Bf(s), SL(5+9).
If SL(3 —6) < SL(5+6), then as 3— ¢ > f and SL(f) is a prefix of SL(&),
we obtain § — § > & so that SL(3 — 6)SL(¥ + 6) > SL(a), contradicting
Leclerc’s algorithm. If SL(§+0) < SL(S—6), then as SL(5+6) has at most
k copies of SL;(6) as a prefix while SL(3) (and hence SL(&)) has at least
k+1 copies of SL;(9) as a prefix (by the induction assumption), we obtain
SL(4§ + 6)SL(j3 — 6) > SL(&), again contradicting Leclerc’s algorithm.

This completes the proof. ([

Let SL(& — so0) = SL(8)SL(7) be the standard factorization. By Lemma 5.2,
is real and as we assume [ is real we have ch(5),ch(y) € D. Additionally, we have
M{(B) = M{(&) by Lemma 5.4 as SL(Mj(&)) is a prefix of SL(3). We shall now
show that 8 + sgd < & through the following analysis:
o if M{(y) < M{(B), then sg = s and f+s30 < 5 < 7, so that f+s550 < & <~
by Theorem 3.14;

o if M{(y) = M{(B), then s, = sg+sy and S+s30 < y+540 by Claim 5.26, where
we note that || > |u(B8) + sgd|, |v| > |u(vy) + s4d] by Claim 5.27. Therefore
B+ 538 < (B+530)+ (y+s,6) =& < v+ 5,6 by Theorem 3.14.

We likewise consider the standard factorization SL(&) = SL(B)SL(%). As 8 is
assumed to be real, then 8 must also be real by Lemma 5.12. Moreover, 7 is real

and ch(fB),ch(§) € D by Lemma 5.2, and also M;(8) = M{(&) by Lemma 5.4.
Similarly to the above 8 + sgd < &, we shall now show that 3 — 535 < & — 840:
o if M} (%) < M{(B), then S5 = Sa and B—séé < 7y since SL(B—séé) has a prefix
SL(M{(B)) by definition of u(f), thus f—s36 < & —sa0 <y by Theorem 3.14;
e if M{(¥) = M{(B), then B — 5506 <% — s56 by Claim 5.26, where |3 — 55| >
[u(B) + s56], |7 — $56] = |u(¥) + s56] by Claim 5.27, and so by Theorem 3.14
we obtain 8 —s36 < (8 —s50) + (§ — 550) = & — 800 <9 — 850.
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The above inequalities 5 + sgd < & and B — 536 < & — 840 imply B — 355 <p
and B + sgd < B, due to emma 2.20. Since M|(f) = Mj(&) = M|(5) and also
B = s56] = |u(B) + s3] as well as [B] > |u(B) + sgd| by Claim 5.27, we obtain
B=p8+ sgd by Claim 5.26. This completes the proof of part (2).

We shall now prove part (1). For k € {sq,...,2s4—1}, we note that SL(u(a)+kd)
has the decomposition (5.5). First, let us show that p; =1 if k = s, and p; = 2 if

k > so. By Corollary 5.23, we note that p; > 1 for k = s, and p; > 2 for k > s,.
‘We consider three cases:

e If SL;(§) = SLY (u(e) + k6), then s, = 1 by Corollary 5.13, so that k = 1 and
the result follows from Lemma 5.12;

e If 5o, = 1 (so that k = 1), SL"(u(a) 4+ &) = SL(B) is real, and p; > 1, then
SL;(d)SL;(6) must be a prefix of SL(S) by Lemma 5.5. Note that |u(a)| > |4].
Let 7,7 be two elements from Lemma 5.16 such that u(a) = u;(a) = v + 7,
so that v = u;(7),7 = w;(n) and ch(y),ch(n) € C;. As s, = 1, without loss
of generality we have Mj(v) = Mj(«) and M{(n) < Mj(a). As SL(y + 4) has
a prefix SL;(0) while SL;(§) < SL(n) and SL;(d) is not a prefix of SL(n) by
definition of u;(7n), we obtain that SL(vy + §)SL(n) is Lyndon. Since SL(y + 0)
does not have SL;(0)SL;(d) as a prefix and SL(y + 6) = SL;(d)v for some
v > SL;(0), we get v+0 > . Thusn > v+ > 8, so that n,v+ 6 > u(a) + kd
by Lemma 2.20, yielding a contradiction with Theorem 3.14;

e If s, > 1, then choose ch(8),ch(y) as in Lemma 5.18. Given any s, < k < 2s,,
we define k1 = min(k — sq,sg) and ke = max(0, (k — so) — sg). Note that
sg < sgt+k1 < 2sg, 5y < sy+ka < 25, and u(B)+(sg+k1)d+u(y)+(sy+k2)d =
u(a) + k6. For the case k = s,, if we suppose p; > 1, then applying the
inductive hypothesis to ch(3), ch(v), we see that SL(u(8)+s30), SL(u(y)+s,0)
do not have prefix SL;(§)SL;(d) (note that in this case k; = k2 = 0), so that
(o) +kd < u(B)+sgd, u(y)+s,9, a contradiction with Theorem 3.14. For s, <
k < 2sq,if p1 > 2, then u(a) +kd < u(B) + (sg + k1)d, u(y) + (sy + k2)d, since
neither of SL(u(8) + (sg + k1)9), SL(u(y) + (sy + k2)0) have SL;(5) as a prefix
by the inductive hypothesis, yielding again a contradiction with Theorem 3.14.

This establishes the claimed values of p;. Since 1 < p; < pq, with the first inequality
due to Claim 5.27 and the second due to SL(u(«) + k) being Lyndon (cf. the proof
of Corollary 5.23), we see that p; € {1,2} for 2 < j < s,. This proves (1) for ¢ = 0.

As with part (2), it suffices to verify (1) for &, & — 5,0 with |&] > |u(a) + 25,9
Consider the standard factorization SL(&) = SL(3)SL(4). We can assume that j3
is real, as otherwise the result follows from Lemma 5.12. We consider two cases:

o if M{(¥) # M{(&), then s; = s, and the result follows from part (2) and the
inductive hypothesis for B ;

o if M{(§) = M{(&), then |§] > |u(¥) + 2s50| by (5.3) and Claim 5.27, and so
the result follows from part (2) and the inductive hypothesis for both B,7.

This completes the inductive step. O

The structure of decreasing chains from Theorem 5.25 motivates the following:

Definition 5.28. We shall call s,, the periodicity of the chain ch(a) € D.
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We note that while it may be natural to expect the periodicity pattern of (5.6)

to appear starting from u(a) 40, as it was in type ALY (see [AT, Theorem 4.7]), this
is not true in general as shown by the following example (found through coding).

Ezample 5.29. Consider the affine type F4(1) with the order 0 < 2 <4 <1< 3 (our
labeling of simple roots follows [I{, §4, Table Fin|). For o = a3 + ag + 2a3 + 2au4,
using the code in Listing 6, we find for all k € Z>¢:
SL(a) = 233144,
SL(a + 8) = SLy(6)342314,
SL(av+ 26 + 4k6) = SLy(6) 34 SL,(8) 34SL,(8)2SL;(0)1,
N—— N—— —— Y—
k+1 times k+1 times k times k times
SL(c + 36 + 4k6) = SL1(8) 1SL1(6)2 SLy1(6) 34 SLi(6) 34,
—— Y= = N——
k+1 times k times k+1 times k+1 times
SL(av + 48 + 4k8) = SL1(8) 2 SL1(8) 34 SLy(6) 34 SL.(9) 1,
S—— N—— S~—— N——
k+1 times k+1 times k+1 times k41 times
SL(a + 56 + 4k8) = SLy1(6) 34 SLy(6) 2 SL1(8) 34 SL,(4) 1,
N—— ~—— N—— ~——
k+2 times k+1 times k-1 times k+1 times

where SL; () = 012334423312 and ch(«) € D by Lemma 3.23. In particular, the
words SL(a+6) and SL(a+50) = SL(a+0+s4,0) are not related through (5.6). Here,
the equality s, = 4 follows from 6 — 51 = 9,0 — B = 1,0 — B3 = a3,0 — B4 = au
and the following table:

i 1 2 3 4
Mi(B)[1 1 1 3
Remark 5.30. In type Ag), considered in [AT], we can indeed extend Theorem 5.25
to a statement about u(a) + kd for any k > 1, not just k > s,. The issue with

extending this to other types arises from an edge case in Lemma 5.24, corresponding
to the setup w = ywiws,v = yv; with w > v and v; = wyu with v > y, in which

case w' = yywiyws < yyvy = v'. However, in type Ag), the comparisons that we
need to do in Theorem 5.25 do not have this edge case.

5.31. Corollaries and periodicity bounds.
The next few results provide additional information on the decomposition (5.5).
We start with the following analogue of Claim 5.27 for the costandard factorization:

Lemma 5.32. For any o with ch(a) € D, |a| > |u(a) + ksqd|, and sq > 1, its
costandard factorization SL(a)) = SL(B)SL(y) satisfies the following:

(1) ch(B),ch(v) € D;

(2) Mi(B) = Mi(y) = Mi(e);

(3) 18] = [u(B) + kspd| and |y| = Ju(y) + ks,3];

(4) SL(B) and SL(v) do not contain SL(Mi(c)) as a suffix.

Proof. As (1) = (4) by Corollary 4.24, it suffices to show the other three. Let
M{(a) = (4,7). Since sq > 1 and |a| > |u(a) + ksqd|, we must have that there
are two separate imaginary chunks in SL(«) by Theorem 5.25. Then as SL;(0) is a
prefix of SL(«), we must have that SL; () is a proper prefix of SL(v) by Lemma 2.21
(it has to be proper since it is not a suffix of SL(«)). This implies that ch(y) € D
and M (y) = M{(«) by Corollary 4.24 and Lemma 5.4.
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We also note that SL;(d) is a prefix of SL(8). If SL(8) # SL;(d), then we
likewise get ch(8) € D and Mi(8) = Mj(«), establishing (1)—(2). We shall now
prove SL(3) # SL;(0) by induction on the height |a|. The base case corresponds
to |a] = |u(a) + 44|, and if SL(B) = (4,14), then SL;(6)SL;(d) would be a prefix of
SL(«), contradicting Theorem 5.25. For the inductive step, suppose that SL(8) =
SL;(4), but the result holds for ¥ = a — §. Then (1)—(4) hold for the costandard
factorization SL(y) = SL(p)SL(n). By Leclerc’s algorithm, we must have SL(«) =
SL(y + ¢) > min{SL(n + 0)SL(u), SL(1)SL(n + 6) }. However, we note that

o if SL(u)SL(n + 9) is the above minimum, then it starts with one less repeated
copy of SL; () followed by w1 > SL;(d), and is thus > SL(«);
o if SL(n + 0)SL(u) is the above minimum, then it is > SL;(§)SL(n)SL(ux) and
thus is > SL;(§)SL(p)SL(n) = SL;(§)SL(vy) = SL(«).
This completes the proof of the above claim SL(8) # SL;(0), establishing (1)—(2).
Moreover, since SL(3), SL(~) contain SL;(4) as a proper prefix, part (4) follows too.
Finally the proof of part (3) is completely analogous to that of Claim 5.27 (as
we never used the fact that we considered the standard factorization there). ]

The s, = 1 counterpart of the above result is treated in the following remark.

Remark 5.33. For any ch(a) € D with s, = 1, the costandard factorization of
SL(u(a) +k0) with k& > 1 is SL(u(a) +kd) = SL(M/ («))SL(u(a) 4+ (k—1)d). To see
this, we note that SL(u(a) + kd) = SL(M{(«))SL(u(a) + (k — 1)¢), and SL(u(c) +
(k —1)d) is the longest proper Lyndon suffix, since it starts with SL(M;(«)).

We note that Lemma 5.32 also allows to establish a version of Theorem 5.25(2)
for the costandard factorization.

Corollary 5.34. For any ch(a) € D with s > 1, ¢ € Z>¢ and sq < k < 25,, set
k' =k + qsq. For the costandard factorization SL(u(a) + k'§) = SL(B)SL(%):

SL(B — gs36) = SL! (u() + k), SL(y — ¢s,9) = SL" (u(a) + k).

Proof. According to Lemma 5.32, we note that ch(8),ch(y) € D and M{(a) =
M (B) = Mj(~). The proof proceeds by induction on the height of u(a)+ &’d, with
the base case k' = k = s, being obvious.

For the inductive step, suppose the result holds whenever |n| < |u(a) + k'4]. Tt
suffices to establish SL"(u(c) + (K" — s4)d) = SL(vy — s,0). First, we note that
SL(7y —s40) is a Lyndon suffix of SL(u(a)+ (k' —s4)d) by part (1) of Theorem 5.25.
Likewise, for the costandard factorization SL(u(«) + (k" — s4)d) = SL(u)SL(n), we
have |y| > |u(y)+s,6| and |n| > |u(n)+s,0| by Lemma 5.32, and so SL(n+s,9) is a
Lyndon suffix of SL(u(a) +%'d). Thus n < v—s,6 and v < n+s,0 by Lemma 2.21.
However, invoking Claim 5.26, we get n <y — 5,0 & n+ 5,0 <, and so we must
have the equality n = v — s,6. This completes the inductive step. O

We shall now derive some basic properties of the subwords w; in (5.6).

Corollary 5.35. For any ch(a) € D, consider the subwords w; as in (5.6), that is,
subwords connecting chunks in SL(u(a) + ko) for k > sq. For alli e {1,...,s4}:
(1) deg(w;) is real;
(2) ch(deg(w;)) € D;
(3) Mi(deg(w;)) = Mi(e);
(4) Sdeg(w;) — 1;
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(5) deg(wi) = u(deg(w;)).

Proof. We will prove this by induction on s,. The base case s, = 1 follows from
the equality deg(w;) = u(a), due to Theorem 5.25. For the induction step, assume
the result holds for all ch(5) € D with sg < s,. According to Theorem 5.25, the
subwords w; all appear in a = u(«) + k6 with k > s,. Consider the corresponding
costandard factorization SL(u(a) + kd) = SL(B)SL(7). According to Lemma 5.32,
we then have M{(«) = M{ () = M{(~) so that sg, sy < Sq, both chains ch(3), ch(y)
are decreasing, and |B| > |u(B) + ksgdl, |v| > |u(vy) + ks4d|. Thus, all parts (1)-(5)
follow by applying the inductive hypothesis for 3, . ([

Remark 5.36. The above two results imply that applying iteratively the costandard

factorization to SL(u(a)+kd) with k > s, one splits this word into s, pieces of the

form SL;(6) w; for q; € {|k/sal,[k/sal}, and moreover affine roots v; = deg(w;)
——

q; times

satisfy Zj‘l1 7v; € ch(a), Mj(m) =+ = M{(vs,) = M{(a), and s,, = 1 for all j.
Our next result pertains to the structure of canonical factorizations of these w;.

Lemma 5.37. For any ch(a) € D, set Mj(a) = (6,4) and let w be one of we’s
in (5.6), i.e. a subword connecting imaginary chunks in SL(u(a) + kd) for k > s4.
For the canonical factorization w = vy ...v,, we have for all j € {1,...,n}:

(1) ch(deg(v;)) € D;

(2) ch(deg(v,)) € Cy;

(3) wi(deg(v;)) = deg(v;);

(4) Mi(deg(v;)) = (6,4) < j = 1.

Proof. Let us first prove this when s, = 1 by induction on ht(ch(a)), in which
case there is only one w. The base case ht(ch(«)) = 1 corresponds to ch(«) being
an irreducible chain, in which case w is Lyndon and w = SL(u(«)) = SL(a’) by
Corollary 5.3 and Lemma 5.16.

For the inductive step, suppose the results hold for all chains of relative height
< ht(ch(w)). If w is Lyndon, then (1)—(4) follow from Corollary 5.35. If w is not
Lyndon, then n > 1 in its canonical factorization w = v; ...v,. By Corollary 4.24,
we have ch(deg(v,)) € D. By Lemma 2.23, we have © = SL(M/(a))vy ... v,—1 is &
Lyndon prefix of SL(u(«)+9). Note that x is real by Corollary 3.12, ch(deg(x)) € D
by Corollary 4.24, and M/ (deg(z)) = (4,i) by Lemma 5.4. Applying the inductive
hypothesis to x yields part (1). We also note that Mj(deg(v,)) < (6,) as otherwise
Sq > 1, contradicting our assumption, which together with the inductive hypothesis
for « implies part (4). Additionally we have SL;(d) < v, because SL(u(«) + 0)
is Lyndon, implying ch(deg(v,)) € C;. Together with the induction hypothesis
for x this establishes part (2). It is clear that |v,| < |u;(deg(v,))|, as otherwise
vy, < SL;(8) which would contradict xv,, being Lyndon. If |u,| < |u;(deg(vy,))|, then
words SL(deg(v,,)+0) and SL(deg(z) —d) do not contain SL;(d) as a prefix and are
both > SL;(4), so that their appropriate concatenation is > zv, = SL(u(a) + ¢),
contradicting to Leclerc’s algorithm. Thus |v,| = |u;(deg(vy,))|, which together
with the inductive assumption for x proves (3).

We now consider the general case, proceeding by induction on s, with the base
case s, = 1 treated above. For the inductive step, suppose the result holds for
all n with s,, < so. Consider the costandard factorization SL(c«) = SL(8)SL(7),
so that ch(8),ch() € D, M{(8) = Mi(y) = M{(a), and |8] > [u(8) + s3], ]r] >
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|u(y) + s,d] by Lemma 5.32. In particular, this factorization does not split we’s in
SL(«), and thus the result follows from the inductive assumption for 3, ~. O

Remark 5.38. Results from the code (Listing 7) indicate that |u(a)| < 10/4] for all
decreasing chains ch(a). This has been checked for all orders in the five exceptional
types as well as in rank < 6 cases of the classical types.

In contrast to the pattern of decreasing chains from [AT] in A-type, we note that
in general it is not always true that the multiset {w;};>; for SL(u(a) + kd) from
Theorem 5.25 is independent of k£ > 1, as illustrated in the following example.

FEzample 5.39. Consider the affine type Dél) with the order 0 <1 <2 <3 <4 <5.
Then ch(d—ayg) is decreasing by Lemma 3.23 and using the code in Listing 8 we find

SL(6 — ag + 3kd) = SL1(6) 1 SL,(8) 23543 SL1 (6) 2,
—— Y— ~——

k times  k times k times
SL(26 — ap + 3k0) = SL,(6) 23543SL,(6) 1SL,(6) 2,
—— —— “——
k+1 times k times  k times
SL(36 — g + 3k6) = SL1(8) 234SLy(5)1 SLy(6) 235,
—— —— —=
k-+1 times k times k41 times

for all k € Z>(. This corresponds to two different splittings 6 — ap = v1 + 72 + 73
with M{(ve) = M{(d — ) and s,, = 1. Explicitly, in this case we have ch(d—j;) =
ch(a;) for all 1 < i < 5, cf. Corollary 5.45. The following table lists the values of
all M1 ([’37)

i 1 2 3 4 5
MiB) |1 1 2 3 3

In particular, all above subwords w € {1, 2,234, 235,23543} have M;(deg(w)) =1
(this matches nicely with Corollary 5.35 and Lemma 5.37, see also Remark 5.36).

We shall now obtain a tight upper bound on the periodicity s, for ch(a) € D.
Definition 5.40. For any ch(«) € D, we define fo € Z~o via

(5.7) fo = max Y (=)

(Br,B;)7#0
where ch(a) = 1 ch(By) + ... + ¢ ch(By))-
Let 0" € A, be the highest root with respect to the polarization from Lemma 4.5.
Lemma 5.41. For any ch(a) € D, we have fo, < for.

Proof. This follows from the basic property of finite root systems that the difference
of the highest positive root and any positive root is a sum of simple roots. O

We also note that the number fy, is independent of the order on 1.
Lemma 5.42. For any ch(a) € D, we have sq < fq.
Proof. Let Mj(ch(a)) = (8,7). Then we have:

M1 (B;)=(8,3) (Bj,B8:)#0 (Br+85)7#0
Sa = ZJ: (—¢j) = ZJ: (—Cj)élglfgf[l Zj: (=¢j) ¢ = fas

where the second equality is due to Corollary 4.13. (]
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By combining the above two lemmas, we obtain an upper bound for the periodic-
ity of all decreasing chains, independent of the underlying order on the root system.
A detailed case-by-case treatment of all finite root systems yields the following.

Corollary 5.43. We have the following upper bounds for the periodicity of all
decreasing chains for any untwisted affine root system:

type max periodicity
AW 1
ALY 2
Ag), n> 2 3
BSY o 3
B, ¢V 5
B, oM n>3 6
DV 5
Dg), n>4 6
EM 9
BV 12
B 18
rY 9
GV 5

TABLE 1. Upper bound on periodicity of decreasing chains

In fact, the above bounds are precise, as we show in Proposition 5.48 below.
Lemma 5.44. If0 € T is the smallest letter, then AT = Ay

Proof. According to Lemma 3.23, for |a| < |§| the chain ch(«) is decreasing iff «
does not contain ag, that is o € A™T. O

Comparing simple roots of both A™ and A, we thus derive the following result.

Corollary 5.45. If0 € I is the smallest letter, then {6 — Bi}yz‘l = {aj}‘jlz‘l.

Remark 5.46. The above can be naturally generalized to the setup when the smallest
simple root a occurs only once in ¢: then {§ — @'}LL = {a; }ijzlo \ {ac}.

We also note that 6’ coincides with the highest root 6 of AT, due to Lemma 5.44.

Lemma 5.47. For any order on I of the form 0 < k < ---, we have SL} (8) = k.
Moreover, we also have ch(ag) = ch(d — f1).

Proof. According to Lemma 2.21, SLY(J) starts with k. Assume that SL](0) # k,
and consider its costandard factorization with u = SLI'(§), v = SLi"(6). As
SL(6) < v, we have SL(6 — deg(u)) > SL!(6)v by Leclerc’s algorithm, but still
SL(0 — deg(u)) < w as the former starts with 0 and the latter does not. But
then SL!(6)uv = SL;(6) > SL(6 — deg(u))u > SL! (§)vu, a contradiction. There-
fore, SL7(§) = k as claimed. We also note that ch(3;) = ch(deg(SLY(8))) =
ch(deg(SL}(6))) (with the first equality following from the proof of Proposition 4.10
and the second equality due to Corollary 3.11) and so ch(ay) = ch(d — 51). O
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Proposition 5.48. Let 1 < k < |I| be the value which maximizes (5.7) for 6. For
any order 0 < k < --- on T and any integer p between 1 and the value listed in
Table 1, there is ch(a) € D with periodicity p. Moreover, the periodicity of ch(0) is
given precisely by the value in Table 1.

Proof. By Lemma 5.44, simple positive roots of A; are the negative of those in A™.
We start by proving the last part about the periodicity sy of ch(6") = ch(6). Note
that M7 (0") = (0,1) by Lemma 4.16, as each simple root occurs at least once in the
highest root (cf. the proof of Lemma 5.41). We have M;(8;) = (0, 1) iff (51, 8;) # 0,
that is, if Pr(ch(é — f;)) either coincides with Pr(ch(§ — 1)) or is connected to it
in the Dynkin diagram of g, due to Corollary 4.13. As ch(é — 1) = ch(ag) by
Lemma 5.47, we conclude that sy precisely coincides with the values in Table 1.
Consider a sequence of chains (ch(n;))Y.; with roots 7; satisfying Lemma 4.9,
that is ch(n;+1) — ch(n;) = — ch(B;) for some j, where ng := 0, and ch(nn) = ch(9).
Choose the minimal k € [1, N| such that Mj(n;) = (4,1), hence s,, = 1. Then
M;i(n;) = (6,1) for any i > k by (4.2), and s, , — s, € {0,1} as ch(n;4+1) — ch(n;)
is an irreducible chain. As s, =1 and ch(ny) = ch(#’), the first claim follows. [

6. PERIODICITY OF INCREASING CHAINS

6.1. Preliminaries.
This section is devoted to the description of periodicity pattern for increasing
chains. While having similar nature to the periodicity from Section 5, the present

patterns are more complicated, as already illustrated by Agll)—type in [AT].

Definition 6.2. For any ch(a) € Z, we define cq = ¢;, where ch(a) = ¢1 ch(B1) +
cach(B2) + -+ + ¢; ch(B;) with ¢; # 0, cf. Corollary 4.8(a).

The following result is crucial for many inductive arguments below (and is a
close analogue of Lemma 4.18 for decreasing chains).

Lemma 6.3. For any ch(a) € T with co > 1, there exist ch(pB),ch(y) € T such that
my(B) = mi(y) = ma(a) and ch(f) + ch(v) = ch(a).

Proof. This will be shown by induction on ht(ch(«)). Let ch(c) be the chain with
the minimal relative height and ¢, > 1, and consider any splitting ch(a) = ch(5) +
ch(vy) with ch(3), ch(y) € Z. Assuming contradiction with the lemma, we then have
m1(B) = mi(a) < my(7y) or my(y) = ma(a) < mq(B), which implies cg = ¢, > 1
or ¢, = ¢ > 1, thus contradicting to the choice of o. This completes the base case.

For the induction step, assume that the claim holds for all chains of relative
height < ht(ch(«)). Since ch(e) is not an irreducible chain, it can be expressed as
ch(a) = ch(B) + ch(vy) with ch(3),ch(y) € Z. Assuming that ch(3),ch(y) do not
meet the requirements of the claim, we then again have m;(8) = mi(a) < mi(7)
or mi(y) = mi(a) < mi(B8). Without loss of generality, we shall assume the
former case. We then have c¢g > 2 and by the induction assumption for ch(g)
there exist ch(y),ch(n) € Z such that ch(p) + ch(n) = ch(8) and mq(u) = mi(n) =
m1(B). Applying the same logic as in the proof of Lemma 4.18, we must have
either ch(u) + ch(y) € Z or ch(n) + ch(y) € Z, due to Lemma 3.18. Hence, we
can express ch(«) as either (ch(y) 4+ ch(p)) + ch(n) or (ch(y) 4 ch(n)) + ch(p), with
both terms satisfying the conditions by Corollary 4.12. This completes the step of
induction. ]
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The following result is a counterpart of Corollary 5.11 for increasing chains.

Lemma 6.4. For any ch(a),ch(8) € Z with mi(a) = my1(B8) and any & € ch(a),
there exists 8 € ch(B) such that 5 > é.

Proof. Consider a relation on the set Z defined through the set

mq (ch(a))=m1(ch
R = {(ehle).cna)) € 7 x 7|, DT )

This relation is clearly reflexive and transitive. Due to transitivity, to show
ch(a)Rch(pB) for any ch(a),ch(f) € T with mq(a) = (5,7) = m1(5), it suffices to
show ch(a)Rch(8;) and ch(B;)R ch(8). Henceforth, we fix index i.

We first prove ch(a) R ch(f;) whenever m;(a) = (4, 4) by induction on the relative
height ht(ch(«)). The base case ht(ch(a)) = 1, corresponding to ch(«) = ch(5;),
is obvious. For the inductive step, suppose the result holds for all ch(u) € Z with
m1(p) = (0,4) and ht(ch(p)) < ht(ch(a)). Consider any splitting ch(a) = ch(y) +
ch(n) with ch(vy),ch(n) € Z. By Corollary 4.12, we can assume without loss of
generality that mq(y) = (d,¢). For any & € ch(a), we have &+ (§ —n') =4 € ch(y),
where 1’ is the shortest element of ch(n’). According to Corollary 4.22, we have
& < 4 < §—n'. Applying the inductive hypothesis to ch(y), there is B; e ch(B;)
such that 4 < Bi, and so & < BZ This completes the step of induction.

We will now prove ch(p;)R ch(8) whenever my(8) = (J,4) by induction on the
relative height ht(ch(a)). The base case ht(ch(8)) = 1 is obvious. For the inductive
step, suppose the result holds for all ch(p) € Z with my(u) = (6,4) and ht(ch(p)) <
ht(ch(B)). Consider any splitting ch(8) = ch(vy) + ch(n) with ch(v),ch(n) € Z.
Again by Corollary 4.12, suppose without loss of generality that mi(v) = (§,7). We
now consider two cases:

e If my(n) = my(7), then we have ch(3;) R ch(vy) and ch(8;)R ch(n) by the induc-
tive hypothesis, that is, for any §; € ch(;) there exist 4 € ch(y) and 7 € ch(n)
such that 3; < 4, 7. Then, B < 4+ by Theorem 3.14, whereas 4 +1) € ch(5);

o If my(n) = (8, 4) # (0,4), then mq(n) > my(y) by Corollary 4.12. Applying the
previous part and Corollary 3.11 yields ch(deg(SLé—s(&)))R ch(f;). Moreover,
ch(B;)R ch(n) by the inductive hypothesis, and so Ch(deg(SLés(é)))R ch(n) by
transitivity. Thus there is 7) € ch(n) satisfying SL;S (6) < 7 and hence (4,7) < 7
by Lemma 3.20. Applying the inductive hypothesis to ch(v), for any 3; € ch(5;)
there exists 4 € ch(v) such that 3; < 4. We also have j3; < (6,7) < 7 by above
and Proposition 3.16. Therefore, 3; < 71+ 4 € ch(B) by Theorem 3.14.

This completes the inductive step. O

The following result is an analogue of Corollary 5.9 for increasing chains.

Corollary 6.5. For any ch(a) € T with mq(a) = (6,4), we have (§,i+1) < a+kd
for k> 0.

Proof. According to Lemma 6.4 and Corollary 3.11, there exists & € ch(«) satisfying
SL(&) > SL*(6), and so & > (8,i + 1) by Lemma 3.20. As ch(«) is increasing, we
get a4+ kd > (4,7 + 1) whenever |a + kd| > |4]. O
Remark 6.6. Similarly to Remark 5.10, we emphasize the importance played by the

function my for increasing chains ch(a) € Z: we have SL;11(d) < SL(&) < SL;(0)
for all & € ch(w) with |&| > 1, where my(a) = (6, 1).
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The following result is an analogue of Lemma 5.4 for increasing chains.

Lemma 6.7. If ch(a) € Z and SL(&) has SLY(6) as a prefiz for some & € ch(a),
then mq(a) = (6,1).

Proof. We have SL(&) = SL!*(8)w for some w, and the proof proceeds by induction
on |@|. The base case SL(&) = SL!(4) is clear. For the inductive step, suppose the
result holds for roots of height < |&].

Consider the canonical factorization w = wiwsy...w,. Let v = deg(w,) and
B = deg(SLéS(é)wlwg ...wp—1). By Lemma 2.23, the word SLﬁS((S)wl . Wp—1 IS
Lyndon, hence ch(8) € Z by Corollary 4.24, and so m4(8) = (,¢) by the inductive
hypothesis. We also claim that m4(«) > (,7), as otherwise we get get a contradic-
tion with Proposition 3.16 since SL;11(8) < SL(6) < SL(&) by Lemma 3.20.

If my(a) > (4,1), then ch(y) € D and my(y) = (6,i) by Corollary 4.12. Pick
an integer k so that 0 < |kd — v| < 0], and consider the decomposition f =
(& — k&) + (ké — 7). We have two cases to consider:

o If |&| < |kd|, then 8 < kd—~ < kd—a by Corollary 4.22. But then my(kd—v) =
(8,1) < k6—~ by Lemma 2.20 as SLL*(8) < SL(8) < SL(kd—7), a contradiction
with Proposition 3.16;

o If |&] > |kd|, then by Theorem 3.14 we have two sub-cases to consider: either
a—kd < B <kd—~yorkd—vy<f < a&—kd. In the first case, combining
|kd — 7| < |8, m1(v) = (8,4), ch(kd —~) € T, we get SL(kd — ) < SLI*(5) <
SL(B) by Lemma 2.20, a contradiction. In the second case, if SL(& — kd)
has SL.*(6) as a prefix then my(a) = mi(& — k6) = (6,7) by the induction
hypothesis, while otherwise & — ké > &, contradicting to ch(«) € Z.

Therefore, m1(a) = (,1), which completes the inductive step. O

6.8. [-function.
The following result is crucial for our analysis of increasing chains.

Lemma 6.9. For any 1 <i < |I|, consider a sequence of words {u;}52, defined by
up = SLE(8) and the recursive relation u; = uj_1v;, where v; is the lexicographi-
cally largest element of the following set:

[blu;—1],b[£]]#0,

ch(deg(uj—1)+deg(£))€TL, } .
ma(deg(u;—1)+deg(£))=(6,%)

This sequence of words satisfies the following properties:

(1) uj € SL for all j;

(2) if deg(v;) is real, then ch(deg(v,)) € D;

(3) v; > vy for all j;

(4) there is N such that vy is imaginary while all ven are real, and furthermore
vs N = vy = SL(M;(deg(un—1)))-

Proof. Let a = deg(u;_1). First, let us show the above v; is well-defined, that is,
the set V; of (6.1) is non-empty and contains the maximal element. The former
property follows from SL(M;i(«)) € Vj, while the latter is established in the next
paragraph (note that the set V; is infinite as {SL(My(c))}x>0 C Vj).

We will first show that we can ignore real £ € V; with ch(deg(¢)) € Z, when de-
termining the maximum of V. We note that m;(deg(¢)) < M{(c) by Lemma 4.21.
We now consider two cases:

(6.1) V= {e € SL
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o If M/ (a) = Mi(a), then by Proposition 3.16 we have ¢ < SL(m1(deg(¢))) <
SL(M;(«)), and so £ cannot be the maximum of the set V; since we already
proved that SL(M;(«)) € Vj;

o If Mi(a) # Mi(a), then s_, > 1 by Corollary 4.20. Applying Lemma 4.18,
consider the decomposition ch(—a) = ch(8) + ch(y) with ch(8),ch(y) € D
and M{(B8) = Mj(v) = Mj(«). Without loss of generality we can assume that
m1(7y) = my(a) using Corollary 4.12. Let 8’ be the shortest element of ch(f).
We claim that SL(f’) € V;, which follows from ch(a) + ch(f) = ch(—v) € T
and mi(—y) = mi(«). By Lemma 4.19, we have M/ (a) = M{(8) < f, so
that ¢ < SL(m;(deg¥)) < SL(M(«)) < SL(B’). Therefore, ¢ again cannot be
the maximum of the set V.

Thus for any ¢ € V; with ch(deg(¢)) € Z, we can find ¢ € V; with ¢ > ¢ and
ch(deg(¢')) € D or ¢ is imaginary. Once we restrict to £ € V; which correspond to
decreasing chains or are imaginary, this set has a clear maximum:

e for decreasing chains (there are finitely many of those), the shortest word that
lies in Vj is larger than all other words in the same chain that belong to Vj;
e for imaginary words, this follows from Corollary 3.6 and Lemma 3.21.

This proves that v; is indeed well-defined and establishes part (2) of the lemma.

We next prove part (1) by induction on j, the base case j = 0 being vacuous.
For the inductive step, assume that u;_; € SL. By the second line of (6.1) we have
a + deg(v;) € A*re We also note that uj—1 < vj, due to Corollary 4.22 (if v; is
real) or Proposition 3.16 (if v; is imaginary). Thus, u;_jv; < SL(a + deg(v;)) by
Leclerc’s algorithm. Next, we claim that SL(a + deg(v;)) contains uy, as a prefix
for all 0 < k < j, which we prove by induction. The base case £k = 0 follows
from a sequence of inequalities ug < w1 < ... < u; < SL(a + deg(v;)) < SL;(6)
combined with uy being a prefix of SL;(d). For the inductive step, assume that
ug—1 is a prefix of SL(a+deg(v;)). Then SL(a+ deg(v;))) = up—1w for some word
w, and consider the canonical factorization w = wyws ... w,. We note that ui_w;
is Lyndon by Lemma 2.23, and deg(ux—1w;) € Z by Corollary 4.24, as ug_jw;
is a Lyndon prefix of SL(a + deg(v;)) with ch(a + deg(v;)) € Z. Furthermore,
mq(deg(ug_1wy)) = (,4) by Lemma 6.7 and [blug_1],b[w1]] # 0 as deg(wq) +
deg(uk—1) € A+re This implies wy; € Vi, so that wy < vg. If wy < vg, then
Uj—1Vj = Uk—1Vk...Vj—10j > Up_1W1 ... w, = SL(a + deg(v;)) by Lemma 2.8,
contradicting u;_1v; < SL(a + deg(v;)) established above. Thus w; = vj, which
completes the induction step, while for k£ = j we obtain that SL(a + deg(v,)) starts
with ;. This establishes part (1) as SL(« + deg(v;)) = u; for degree reasons. By
above, we also see that if SL(a+deg(v;)) = uow, then w = vy ... v; is the canonical
factorization, implying part (3).

As all real v; correspond to ch(deg(v;)) € D and ch(deg(u;)) € Z,
we note that there must be an imaginary word among wv;’s with
1 < j < ht(ch(deg(up))). Let N be the smallest index such that vy is
imaginary. Then vy = SL(M;j(deg(un—1))) by Corollary 3.12. We have
vn+1 < wvny by part (3), but also wyy1 > SL(Mi(deg(un-1))) = vn as
SL(M; (deg(un—1))) = SL(M; (deg(un))) € V41 by above. Thus vy41 = vy, and
repeating this argument implies part (4). |

Using the notations from the lemma above, we make the following key definition.
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Definition 6.10. For any 1 < i < |I| and the corresponding sequence {u;}52,
from Lemma 6.9, set y; = un_1.

We start with the following important property of this construction.

Lemma 6.11. Connectivity of Conjecture 4.27 implies that deg(y;) € ch(B;) for
all 1 < <|I.

Proof. If deg(y;) & ch(p;), then ch(deg(y;)) is not an irreducible chain. Applying
Lemma 4.35, there exist ch(3), ch(y) € Z with ch(8)+ch(vy) = ch(deg(v:)), m1(8) =
(6,4), and M{(y) = Mj(deg(y;)). We note that SL(6 — ') € Viy and § — v >
M (deg(y;)) > Mi(deg(y;)) with the inequalities due to Lemmas 4.16 and 4.19.
Thus we have § — ' > M;(deg(y;)) = vn, a contradiction. O

The following definition plays the role of Definition 5.15 for increasing chains,
while we note that it is well-defined due to Lemma 6.4.

Definition 6.12. For any ch(«) € T with mi(a) = (4,4), let () € ch(a) be the
shortest element such that SL(I(a)) > y;, with y; defined in Definition 6.10.

The first property of this construction is as follows.

Lemma 6.13. For any ch(a) € Z with mi (o) = (d,4) and for any & € ch(a) with
|&| > |l(«)], the word SL(&) contains y; as a prefiz.

Proof. Consider {u; };?';0 as in Lemma 6.9, and let uy_1 = y;. We will now show
by induction that u; is a prefix of SL(&) for all 0 < j < N. The base case j = 0 is
clear as up = SL* (m; () < y; < SL(&) < my(a) by Proposition 3.16.

For the inductive step, we shall assume that u;_; is a prefix of SL(&), that is,
SL(&) = uj—1w for some w. Consider the canonical factorization w = wiws ... Wy,.
We note that u;_jw; is Lyndon by Lemma 2.23. Moreover, ch(deg(u;—jw;)) must
be increasing by Corollary 4.24, as ch(a) € Z and w;_jw; is a Lyndon prefix. Thus
mi (deg(u;j—1w1)) = (4, 1) by Lemma 6.7, which together with deg(u;_1)+deg(w:) €
Atre implies w; € V;, and so w; < v;. However, w; < v; would contradict to
SL(&) > y; by Lemma 2.8. Hence wy = vj, completing the inductive step. O

We note the following simple property about imaginary words.

Lemma 6.14. For any 1 <i <|I| and k € Z~q:

(6.2)  deg(SL*(kd)) = max {oz € Atre

my(a) = (6,1), |a| < |kd|, ch(a) € I} .

Proof. First, we clearly have LHS < RHS as the LHS meets the three requirements
of the set in the RHS by Proposition 3.16, Corollary 3.11, and Proposition 3.5.
Assuming the contradiction, let LHS < 8 = RHS. Then SL(my(«)) = SL;(kd) < S
by Lemma 2.20 and Proposition 3.5, contradicting Proposition 3.16. O

Using this result, we can now derive two simple properties of y; and I(«).

Corollary 6.15. For any 1 < i < |I|, the following three properties are equivalent:

(1) lyil <l0];
(2) yi = SL*(6);
(3) ch(deg(SLL(8))) is irreducible.
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Proof. We clearly have (2) = (1), and Lemma 6.9 implies (3) = (2). It thus
remains to prove (1) = (3). Assume the contrary: |y;| < |8] but ch(deg(SL!(8))) is
not irreducible. Using the notation of Lemma 6.9, we note that |y;| > |u1| = |ugv1].
As my(u) = (3,4), ch(deg(uy)) € Z, and ug = SL (), we cannot have |u;| < |d],
according to Lemma 6.14 (with k = 1). Also |u1| # || as uy is real by Lemma 6.9.
Thus, |ui| > |§] contradicting to |6| > |y;| > |ui|. This proves (1) = (3). O

For non-irreducible increasing chains, we have the following useful lower bound.
Corollary 6.16. If ch(«) € Z is not irreducible, then |l(c)] > |d].

Proof. Let my(«) = (4,4). By Lemma 6.13, we have I(«) = y;w for some w. The
word w is non-empty by Lemma 6.11 and assumption that ch(«) is not irreducible.
Thus, SL(I(a)) > SLI*(5) as SL!*(8) is a prefix of y;. According to Lemma 6.14
(k =1 case), we obtain |I(c)| > [d]. Asl(«) is not imaginary, we get |[(a)| > |6]. O

Our next result investigates the prefix and suffix of the costandard factorization
for words in increasing chains, akin to Lemma 5.2 for decreasing chains.

Proposition 6.17. For any ch(a) € T with mi(a) = (6,1) and & € ch(a) with
|&| > |l()] (if ch(w) is irreducible, we rather require |&| > |I(«)|), we have SL(&) =
y;v by Lemma 6.153. Consider the canonical factorization v = vy ...v, and define
B = deg(SLY(&)), v = deg(SL"(&)). Then:

(1) ch(B) € I;

(2) m1(B) = (6,4);

(3) ch(y) € T if & & ch(B;), and v = M1(B:) if & € ch(B;);

(4) SL(y) = SL"(&) = vn;

(5) if v; is imaginary for some j, then vj, = v; = SL(M1(8;)) for all 1 < j' < j;

(6) if o > 1, then y, is a prefir of v, ma(deg(v,)) = (5,1), [va] > [I(deg(vn))]-

Proof. While (1) follows from Corollary 4.24, we show (2)—(6) by induction on n.

Let us first treat the base case n = 1. As ch(deg(y;)) is irreducible by Lemma 6.11
and ch(a&) € Z, we cannot have ch(deg(v1)) € D. Thus, ch(deg(v1)) € T if & ¢
ch(B;), and v; is imaginary otherwise. In the latter case, v; = SL(M;i(B;)) by
Corollary 3.12, establishing part (5). We also note that part (4) implies (2) and
(3), so that it remains to verify (4) and (6). By Corollary 2.22, part (4) follows
from y] > v;. Suppose instead y] < v;, so that y]v; is standard Lyndon, as it is a
Lyndon subword of a standard Lyndon word. As ch(deg(y!)) € Z by Corollary 4.24,
we note that ch(deg(yl)) € Z. If y! is imaginary, we would have a contradiction
with Corollary 4.24(1). If ch(deg(y])) € D, then we argue similarly:

e if yTv; is imaginary, then we have a contradiction with Corollary 4.24(3,4),

o if ch(deg(ylv1)) € Z, then we have a contradiction with Corollary 4.24(1),

e if ch(deg(ylv1)) € D, then we have a contradiction with Corollary 4.24(2).
All the contradictions above finally establish part (4). For part (6), we first note
that mq(v1) = (6,%) as co > 1 and cg, = 1, and thus y; must be a prefix of v1 by
Lemma 6.13, which can be applied as y; < SL(&) < vi. Aswv; > y;, ch(deg(vy)) € Z,
and my (deg(v1)) = (8,1), we also have |v1| > |I(deg(v1))].

Let us now proceed to the inductive step, assuming (2)—(6) hold for n—1. For part
(4), it suffices to show that (y;v1...vn—1)" > v, by Corollary 2.22, which follows
from the inductive hypothesis (y;v1...v,-1)" = v,—1 combined with v,_1 < v,.
Part (2) follows from Lemma 6.7 coupled with (1).
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Let us now prove part (5). By the inductive hypothesis, it suffices to show
that if v, is imaginary then v,_; = v,. First, we note that v, = SL(M;(&)) by
Corollary 3.12. If & € ch(p;), then deg(y;v1 ...vn—1) € ch(B;) and by the inductive
hypothesis v, 1 = SL(M1(8;)) = vn. If & & ch(B;), then ch(deg(v,—1)) € Z by the
inductive assumption, hence v,_; < SL(deg(vn,—1) + §). Since y;v1...Vn—20n-1
is Lyndon by Lemma 2.23, we get y;v1...05—2 < vp—1 < SL(deg(vn,—_1) + 9).
According to Leclerc’s algorithm, we thus obtain SL(&) = SL(deg(y;v1 ... vp—2) +
deg(vn—1)+06) > y;v1 ... vy—2SL(deg(vy—1)+0) > y;v = SL(&) with SL(deg(vp—1)+
d) > vp_1v, due to Lemma 2.8, a contradiction.

We will now prove part (3). By part (5), if v, is imaginary then wvy,... v,
are all imaginary and deg(y;) € ch(B;) by Lemma 6.11, so that & € ch(8;) and
v, = SL(M7(8;)). For the case when v, is real, we use the following result.

Claim 6.18. Assume we have sequences of affine roots (v;)¥_,, (1;)%_, such that
Ho = Yo, fi = pi—1+ Vi, ch(p;) € T for all i, ~; is either imaginary or ch(~;) € Z for
all 7, and ch(7yp) is irreducible. Then for any real affine root p such that ch(ux+p) €
T and ch(p) € D, we have p > ~; for some 1 <i < k.

Proof of Claim 6.15. We will show this by induction on k, the base case k = 0
being vacuous as there are no p satisfying the conditions. For the inductive step,
assume that the result holds for £k — 1. We consider the following two cases:

e if vy is imaginary, then the result follows from the inductive hypothesis;

e if vy is real, we first handle the case when v 4+ p or pg—1 + p is imaginary. In
the former case, we get v, < p by Theorem 3.14 and Proposition 3.16, while
in the latter case ch(ug—1) + ch(yx) € Z implies ch(d — pr—1) + ch(d — ) =
ch(p) + ch(d — 7)) € D so that mi(yk) < Mi(p) by Lemma 4.21, resulting
in v, < mi(yk) < Mj(p) < p by Proposition 3.16 and Lemma 4.19. We shall
henceforth assume that the sum of any two elements of {74, p, px—1} is real, and
so by Lemma 4.34 either v +p or ug—1+p is areal root. If v, +p is a root, then
we have v, < v, +p < p by Corollary 4.22, establishing the claim. Assume now
that pr—1 + p is a real root. If ch(uk—1 + p) € Z, then the result follows from
the inductive hypothesis. Finally, we consider the case ch(ux—1 + p) € D. Let
ch(pg—1) = c1ch(Br)+- - ~+¢jp ch(By)) and ch(p) = ¢} ch(B1)+ - -+cj7 ch(B1),
sothat ¢; > 0,¢}, <0, ¢;+c; <0 for all ¢, implying M{ (ux—1) < Mj(p). Thus we
have v, < my (k) < M{(ux—1) < Mi(p) < p by Proposition 3.16, Lemma 4.19,
and Lemma 4.21.

This completes the proof of the inductive step. O

Define the sequences (7;)'—, as (deg(v;),deg(v1),deg(va),...,deg(v,_1)) and
(1i)iZg as (deg(y,),deg(y;) + deg(v1), ..., deg(y:) + deg(vi) + ... + deg(vn-1)).
They satisfy all the conditions in the above Claim: ch(yu;) are all increasing by
Corollary 4.24 coupled with Lemma 2.23, none of ch(deg(y;)),ch(deg(vy)),... are
decreasing by part (3) of the inductive hypothesis, and ch(yy) = ch(deg(y;)) is irre-
ducible by Lemma 6.11. Thus, we cannot have ch(deg(v,)) € D by Claim 6.18, as
that would imply vy < v, for some k < n contradicting the canonical factorization.

Let us now establish part (6). If m;(deg(v,)) > (6,4), then c4_qeg(v,) > 1, and so
y; 1s a prefix of v,,_1 by the inductive hypothesis. Since y; < SL(&) < v, < vp,—1, We
see that v, has y; as a prefix, and so my(v,) = (4,7) by Lemma 6.7, a contradiction.
If mq(deg(vy,)) = (4,1), then combining y; < SL(&) < v, with Lemma 6.13, we see
that y; is a prefix of v,,. Finally, the case mq(deg(vy,)) < (d,¢) cannot occur as that
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would imply m; (&) < (6,4) by Corollary 4.12, a contradiction. Finally, as v,, > y;,
ch(deg(vy)) € Z, and mq(deg(vy)) = (,1), we also have |v,| > |I(deg(vy,))]|.
This completes the inductive step.

Remark 6.19. We note that Proposition 6.17 immediately implies the analogue of
Corollary 5.13 for increasing chains: for any a € A" such that ch(a) € Z with
la| > |I(e)], if SL" () is imaginary, then ch(a) is irreducible (and thus ¢, = 1).

Combining Proposition 6.17 with deg(y;) € ch(5;), due to Lemma 6.11, we
immediately obtain the following counterpart of Corollary 5.3 for increasing chains.
Corollary 6.20. SL(deg(y;) + kd) = y; SL;(0) for any 1 <1 < |I|, k € Z>(, where

—

k times

Ml(ﬁi) = (67])
Combining the above corollary with Lemma 6.4 yields the following result:
Lemma 6.21. For any o with mq(«) = (0,4) and ch(a) € Z, we have:
~——
k times
where My (B;) = (6,7) and k> 1.
We note the following analogue of Lemma 5.5 for increasing chains.

Lemma 6.22. For any o € Atre if ch(a) € Z, then the costandard factorization of
SL(«) does not split imaginary words. Moreover, if ch(«) is not an irreducible chain
and |a| > |l(«)|, then SL;(8) is not a prefiz of SL" ().

Proof. The first claim follows from Corollary 4.24(1) and Lemma 2.27(2). For the

second claim, we note that ch(deg(SL"(«))) is increasing by Proposition 6.17, and
so SL;(4) cannot be its prefix by Corollary 4.24(1). O

Similarly to decreasing chains, it is crucial that we use the costandard factor-
ization for increasing chains, since the standard factorization can actually split
imaginary words, as illustrated in the following example, cf. Example 5.6.

Ezxample 6.23. Consider the affine type Aél) with the order 1 < 2 < 0. According

to [AT, Theorem 4.2], applied to ch(a; 4+ a2 4+ &) € Z by Lemma 3.23, we have:
SL(aq 4+ as + 9) = 1210|2 = 12SL4(9),

where the vertical line denotes the standard factorization. Moreover, this example

also shows that there is no analogue of Proposition 6.17(3) for standard factoriza-
tions: ch(deg(SL"*(ay + ag + 6))) = ch(az) is decreasing by Lemma 3.23.

We are now ready to prove the first result regarding repetitive occurrence of
imaginary subwords in increasing chains, which is a counterpart of Proposition 5.8.
Corollary 6.24. For any increasing chain ch(a) with mq(ch(a)) = (0,) and any
& € ch(a) with |&| > |l(a)|, we have:

——
p times

for some p > 0, where M1 (5;) = (6,7), SL;(9) is not a prefiz of w, and w < SL;(9).
Moreover, for any p' > 0, there exists a q such that if |&| > ¢|d|, then p > p'.
Finally, the above function p is monotone non-decreasing.
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Proof. The result clearly holds for irreducible increasing ch(a), due to Lemma 6.20.
If ch(«) is not irreducible, then SL(&) = y;v for a nonempty word v by Lemma 6.13.
Let v = vy ...v, be the canonical factorization, as discussed in Proposition 6.17, and
let m be the smallest index such that v, # SL;(0) (such m exists since ch(c) is not
irreducible). Therefore, (6.3) holds with w = vy, ... v, and p = m — 1. It remains
to verify w < SL;(6). As y; SL;(0)w < y; SL;(6) for ¢ > 1 by Lemma 6.21, and
—— ——
p times p+t times
Um # SL;(8) we get vy, < SL;(d) by Lemma 2.8, and so w < SL;(0) by Lemma 2.8.
The latter inequality also implies that the function p is monotone non-decreasing,
as otherwise we would find & such that & > & + ¢ contradicting to ch(a) € 7.
For any p’ > 0, we have SL(I(8;) + p'0) = y; SL;(8) by Corollary 6.20. Hence,
~——
p’ times
SL(I(8;) +p") < SL(«/ + ¢9) for some ¢, due to Lemma 6.4. Combining this with
Lemma 6.21, we get y; SL;(0) < SL(&/ + ¢d) < y; SL;(9) for some ¢ > 1, so that
S—— S——

p’ times t times

SL(c’ + ¢d) contains y; SL;(0) as a prefix. Combining this with the fact that p is
~——

p’ times
monotone non-decreasing completes the result. ]

The following result is analogous to Lemma 5.16.

Lemma 6.25. For any non irreducible ch(a) € T with my(«) = (6,14), we have:

(6.4) l(a) = win {mm L)

where 1;(B) = minH{ﬁ € ch(B) |SL(B) > y:}'. Moreover if co > 1, then actually

ch(B),ch(v)eZ
ch(B)+ch(y)=ch(a) (>

ch(B)+ch(y)=ch(a)
mi(B)=m1(y)=mi1 ()

(6.5) (o) = Hlllln {li(ﬁ) +1L(v)

ch(B),ch(v)eZ }

Proof. First, we note that mq(5), m1(y) > mi(«) for any 3, featured in the RHS
of (6.4) by Corollary 4.12. Furthermore, {;(8) = I(8) if m1(8) = (0,%), and 1;(8)
is well-defined by Corollary 6.5 if mi(8) > (6,i). Let @ = 3 + 4 be the RHS
of (6.4) with 8 = 1;(8),% = li(7). Let us first show that I(a) < |&|. Without loss

of generality, let 5 < 4, so that SL(&) > SL(5)SL(%) by Leclerc’s algorithm. As
SL(j) > y;, we get SL(d&) > y;, implying I(e) < |@|. Let us now prove I(a) > |a|.
Consider the costandard factorization SL(I(«)) = SL(u)SL(#n). By Proposition 6.17
we have ch(u), ch(n) € Z and y; < SL(p) < SL(n), so that |u| > [L;(w)], || > L ()]

Hence l(a) > |&|, completing the proof of (6.4). Furthermore, if ¢, > 1, then
m1(p) = mq(n) = my(a) by Proposition 6.17, establishing (6.5). O

6.26. Periodicity.

Our main goal is to describe the structure of increasing chains ch(a)) once the
prefix y; starts appearing (whereas my(«) = (6,1)), that is, for |@| > [I(«)|. Akin to
Theorem 5.25, we shall see that increasing chains have periodicity c,, and thus it
essentially suffices to calculate SL(&) for & € ch(a) with |&] < |I(«) +¢46|. Similarly

LExistence of such ,3 is established in the proof.
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to decreasing chains, given a standard Lyndon word of the form wvw where v has
a form y; SL;(6) and w does not start with SL;(6), we will refer to v as a chunk.
——

t times
The following result is an analogue of Lemma 5.20 for increasing chains and

establishes ¢, as the upper bound in the number of chunks for increasing chains.

Lemma 6.27. For any ch(a) € T and & € ch(a) satisfying |&| > |l(«)], we have:

(66) SL(@) =Y SL]‘ (6) wW1Yi SL]‘ (6) w2 ...Y; SLJ(é) We,,
N—— N—— N——
p1 times p2 times Peo times

whereas my(a) = (6,1) and M1(6;) = (6,7). Furthermore, (possibly empty) words
wy, do not contain SL;(0) as a prefiz nor y; as a subword, and satisfy wy < SL;(0).

Proof. Let my(a) = (d,4). We will prove the result by induction on ht(ch(a)). The
base case ch(a) = ch(B;) follows from Corollary 6.20 and Lemma 6.11. Suppose
now the result holds for increasing chains of the relative height < ht(ch(a)). By
Lemma 6.13, we have SL(&) = y;v and let v = v; ... v, be the canonical factoriza-
tion. By Proposition 6.17, if v, is imaginary then so are v,_1,v4_3,...,v; and we
further have vy = ... = v, = SL(M;(8;)) = SL;(d). Thus, if p denotes the smallest
index such that v, is not imaginary, then we get SL(&) = y; SL;() vp ... vp.

—

p—1 times

First, we consider the case ¢, = 1. According to Proposition 6.17(1,3,4), both

chains ch(& — deg(v,)) and ch(deg(vy,)) are increasing. Thus y; SL;(6) vp...vn—1
—
p—1 times
can be expressed as in (6.6) by the inductive assumption, while v, cannot con-
tain SL;(d) as a prefix by Corollary 4.24(1). By Lemma 2.26 and the inductive
hypothesis, it remains to show that y; is a not a subword of v,. If y; was a sub-
word of v, but not a prefix, then by properties of Lyndon words we would have
y; < SL(&) < v, < g; ..., so that v, contains y; as a prefix. However, if y; was a
prefix of vy, then mq(deg(v,)) = (J,4) by Lemma 6.7, contradicting ¢, = 1.

Now, if ¢, > 1, then by Proposition 6.17(6) and the inductive hypothesis, v, is
of the form as in (6.6) (possibly with more than one chunk) as well as SL!(4) =
yi SL;(6) v1 .. .vp_1, hence so is their concatenation SL(&). O

—

p1 times

By the above proof, we note the following property of (6.6):

us = y; SL;j(0) wy are real standard Lyndon words satisfying

——
(67) pt times

mq(deg(us)) = (4,4), ch(deg(uz)) € Z.

As mentioned in the last sentence of the above proof, if ¢, > 1 then cgeg(y,,) may
be > 1 (so that v,, has > 1 chunk), as illustrated in the following example.
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FEzample 6.28. Consider the affine type Gél) with the order 0 < 1 < 2. Then using
the code we find for & > 3:

SL(awo + a1 + kd) =

01221 SLy(§) | 01221 SLy(§) 01221 SL;(5) 01222 if k=0 mod 3
~—— N—— S——
k/3—1 times k/3—1 times k/3—1 times
01221  SLy(§) | 01221 SL;(§) 0122201221 SLy(§)  if k=1 mod 3
N—— S~—— S~——
|k/3]—1 times |k/3]—1 times [k/3]—1 times
01221 SLy(5) 0122201221 SLy(§) | 01221 SL.(8)  if k=2 mod 3
~—— ~—— N——
|k/3]—1 times [k/3]—1 times [k/3]—1 times

where the vertical line represents the costandard factorization. Here, we have
SL1(0) = 012221, while additionally m;(ag + a1) = (4, 2), so that y, = 01221.

The next result gives an upper bound on the number of imaginary words in (6.6).

Lemma 6.29. For any ch(a) € Z, applying (6.6) to & = l(a) + ké we have
it pi < k.

Proof. We show this by induction on the relative height of ch(«). The base case cor-
responds to irreducible ch(«) and thus follows from Corollary 6.20 and Lemma 6.11.
For the inductive step, suppose the result holds for all increasing chains of relative
height < ht(ch(a)). Let SL(I(a) + kd) = SL(B)SL(y) be the costandard factoriza-
tion.

If ¢, = 1, then as y; < SL(I(«)+kd) < SL(7), we have |y| > |l;(7)]. Suppose that
p1 > k, then we must have that p; > k for SL(8) by Lemma 2.27 and additionally
noting that SL;(4) cannot be a prefix of SL(v), as ch(vy) € Z by Proposition 6.17 and
imaginary words cannot be a prefix of standard Lyndon words which are associated
with increasing chains by Corollary 4.24. Hence by the inductive hypothesis, |5| >
[1(B8) + ké| = |l;(B) + kd|. Thus, we obtain |I(a)| > |l;(8) + l;()|, contradicting
Lemma 6.25.

If ¢, > 1, then m1(8) = mi(y) = mi(a) by Proposition 6.17. Writing 8 =
(B) + k16, = l(y) + k26, we note that k > ki + ky by Lemma 6.25. By the
inductive hypothesis, we note that SL(5), SL(y) have at most k1, k2 occurrences of
SL;(9), respectively. By Lemma 2.27, we then see that SL({(a) +kd) = SL(5)SL(7)
has < ki + k2 < k occurrences of SL;(0).

Thus in either case we must have iPj < k, completing the inductive step. [

The following analogue of Lemma 5.24 is key to the proof of Theorem 6.32.

Lemma 6.30. Consider four words w,w’,v,v’ of the following form:

w = {  w £ wey... £ w
Yy . 1Y 2Y ts
p1 times p2 times pt times
’
w = 14 w L WayY . .. l w
Y 1Yy 2Y ts
p1+1 times p2+1 times pe+1 times
v = { v 0 wy... £ v
Y 1Y 2y \ , ER)
q1 times g2 times qs times
/
v = l v l VoY ... l v
Y 1Yy 2Y s5

q1+1 times g2+1 times qs+1 times
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with ¢ € L and y being nonempty, which satisfy the following conditions for all i:
(1) any suffiz of w;,v; is greater than y;
(2) y is not a subword of w; and v;;
(8) £ is not a prefix of w;,v;;
(4) £>y,w;,v;.
Then, we have w > v < w' > v'.

Proof. We will first show the “=" direction, by induction on max{s,t}. The result
in the base case s =t = 1 clearly holds as / is inserted at the same spot for both w, v
to produce words w’,v’. For the inductive hypothesis, suppose the result holds for
all ', ¢ with max{s’,t'} < max{s,t}. Note that when comparing two words we can
repeatedly remove common prefixes, hence we shall assume that min{p;, ¢} = 0.
We consider three cases:

o If p1 > ¢4 = 0, then we first claim that ¢ > v1y. This follows from (4) unless
v1 is a proper prefix of £, but in the latter case ¢ = viu we also have u > £ >y
by (4) and ¢ € L. If go = 0, then ¢ > vy as w > v. Then we clearly get
w’ > v’ unless vy is a prefix of £. In the latter case, we have ¢ = viyu for
some non-empty u and u > £ since £ € L, so that £ > v1y¢ and hence w’ > v'.
If g5 > 0, then w > v already implies ¢ > vyl and thus w’ > v’;

e Next, assume that 0 = p; < ¢;. We note that it is impossible for all p; = 0, as
that would imply ¢ < wiyws ... yw;, contradicting to (4) and ¢ € L is Lyndon.
Let & > 1 be the smallest index such that py > 0, so that £ < wyy...wr_1yl. If
w1y ... wi—1y is a prefix of £, i.e. £ = wyy...wr_1yu, then u < ¢ contradicting
the fact that ¢ is Lyndon. However, if wyy...wg_1y is not a prefix of ¢, then
< wry... wg—1yl implies £ < w1y ...wk—1y, contradicting to (4) and ¢ € L;

e Finally, suppose that p; = ¢; = 0. In this case, we consider three sub-cases:

— If wi; = vy, then the result follows from the inductive assumption applied
to the pair of wordsy ¢  wy...andy £ wvs...(obtained from w,v
—~ —~
p2 times g2 times
by erasing the common prefix yw; = yv1);
— Now suppose wy; < v1. As w > v, we must then have that w; is a prefix
of vy, i.e. v1 = wyu for some u. As y is nonempty, then v > y by (1) and
y cannot be a prefix of u by (2), contradicting to w > v;
— If w; > vp, then we clearly have w’ > v’ unless vy is a prefix of wy. In
the latter case, wy = viu for some non-empty u. As y is non-empty, then
w' >v" as u >y and y is not a prefix of u by (1)—(2).
This exhausts all possible cases, thus completing the inductive step.
We note that the “<” direction follows by applying the above to the contrapos-
itive as all conditions (1)—(7) are symmetric. O

The following result will be useful in the proof of the theorem below.
Lemma 6.31. For any increasing chain ch(a), if |a| > |l(«)| and w is a suffix of
SL(«) of length |w| = ||, then w > y;SL;(d) with i,j as in Lemma 6.27.
Proof. Consider the decomposition (6.6) of SL(«). Let w’ = w,,. We shall now
treat two cases determined by whether or not p., vanishes:

o If p., =0, then y;w’ is a suffix of SL(«). We note that w’ cannot be empty,
as that would contradict to SL(«) being Lyndon. By (6.7), y;w’ = SL(8) for
some 3 € AT with my(8) = (d,i), ch(8) € Z, and thus |8] > |I(8)]. Note
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that ch(f) is not an irreducible chain, due to Corollary 6.20 and w’ being non-
empty, and so |y;w’| > |d| by Corollary 6.16. Thus w is a proper suffix of y;w’,
so that w > y;w’. We claim that y; is not a prefix of w. Indeed, since y; is not
a subword of w’ by Lemma 6.27, if 1y; was a prefix of w, then some nonempty
prefix of y; would be a suffix of y;, contradicting y; being Lyndon. Thus as
w > y;w >y, and y; is not a prefix of w, we get w > y;SL;(9).

o If p., # 0, then SL;(d)w’ is a suffix of SL(«), hence w is a suffix of SL;(d)w’.
As y; SL;(6) w' is Lyndon by (6.7), we have w > y; SL;(d) w’ > y;SL;(0).

~—— ——

Pe, times Pe,, times

Thus we obtain the claimed inequality w > y;SL;(0) in both cases. O

The following is our key structural result featuring the periodicity pattern for
increasing chains, which should be viewed as a natural analogue of Theorem 5.25.

Theorem 6.32. For any ch(a) € Z, let my(«) = (0,4) and Mi(deg(y;)) = (4,7)-
If SL(I(«) + k9) is of the form (6.6) for k € {0,1,...,¢cq — 1}, and k' — k = gcq
with q € Z>g, then:

(1) We have

(68) SL(Z(OZ) + k/(S) =Y SLj (5) W1Y; SL]((D w2 Y; SLj (5) We,, -
S~—— N—— ~——
q times p2+q times Peq T4 times

Furthermore, we have p, € {0,1} for any 2 < n < ¢,.

(2) If ch(a) = ch(B;), then SL(I(a) + kd) = SL(l(a) + (k — 1)0)SL;(d) is the
costandard factorization for all k > 1. Otherwise, if § = deg(SL'(I(a) + kd))
then deg(SL'(I(a) 4 k'6)) = B + qcpd.

Proof. This will be proven by induction on ht(ch(a)). The base case corresponds to
irreducible ch(«), in which case the results follow from Corollary 6.20, Lemma 6.11,
and Proposition 6.17. Before proceeding to the inductive step, let us first establish
the following result (analogous to Claim 5.26 for decreasing chains):

Claim 6.33. If Theorem 6.32 holds for ch(f), ch(y) € Z with my(8) = m1(7), then
SL(I(8) + k19) < SL(I(y) + k20) for some ky, ko € Z>¢ if and only if SL(I(8) + (k1 +
cp)d) < SL(I(y) + (k2 + 07)5).

Proof. We will first prove the “=" direction. Consider the words SL(I(3) + k10),
SL(I(7) + k2d) parsed as in (6.8). Let p be the index of the first different letter
between these words, and set p’ = p + |§|. By our assumption, the length p’ — 1
prefixes of words SL(u(8) + (k1 + s3)0) and SL(u(vy) + (k2 + s,)d) coincide, while
their p/-th letters coincide with p-th letters of SL(u(3) + k16) and SL(u(vy) + k26),
respectively, implying the result.

The other direction “<” follows immediately from applying the previous result
to the contrapositive. ([

For the step of induction, we shall assume that the result holds for all chains
of relative height < ht(ch(a)). We will first prove part (2). It suffices to show
that if 8 = deg(SL'(I(a) + kd)) for k € Zsg, then deg(SL'(I(a) + (k + c4)d)) =
B+ cpd. Let v = deg(SL"(I(a) 4+ kd)) and consider 8 = deg(SL!(I(a) + (k + ca)9)),
v = deg(SL"(I(«) + (k + c)d)). As ch(a) is not irreducible, roots 7v,~" are real
by Proposition 6.17. Let us first establish 5 + cgd < v+ (co — ¢5)d by analyzing
several cases:
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o if my(y) > m1(B8) = mi(a), then ¢, —cg = 0 and y; is not a prefix of SL(vy) by
Lemma 6.7. Hence S+cd < 7, as y; is a prefix of both SL(5) and SL(8+cgd);

o if my(y) = mq(B), then ¢, = co —cg, and  + cgd < v+ ¢y by Claim 6.33;

o if my(y) < mi1(B), then we get a contradiction with Corollary 4.12 as o = 8+7,
m1(B) = my(«a), and chains ch(8), ch(y) are increasing by Proposition 6.17.

Hence by Leclerc’s algorithm, we get

(6.9) SL(B + c50)SL(y + (ca — ¢5)8) < SL(F")SL(Y).

We also note that y;SL;(0) is a prefix of SL(8 + ¢gd) by the induction assumption.

Therefore y;SL;(6) < SL(8 + ¢gd) < SL(8')SL(v') < y; SL;(9) for t > 0, with the
——

t times
last inequality due to Lemma 6.21. Thus y;SL;(9) is a prefix of SL(")SL(v’), and
hence it is also a prefix of SL(’) by Proposition 6.17 (since SL(v’) is the smallest
element of the canonical factorization of v featured in SL(B")SL(v") = y;SL;(d)v).
This implies |3'| > |I(8’) + cp0| by the induction assumption.
Let us now prove
B —cgd <~ —(ca—cp)d
by analyzing two cases:

o if ¢, =1, then this follows from ' —cgd < ' < =~" — (ca — ¢p)0;

o if ¢, > 1, then m1(8’) = mi(7') = my(a) by Proposition 6.17 and |y/| >
[1(v') 4+ ¢y6] by the inductive hypothesis as y;SL; () is a prefix of SL(v), since
y;iSL;(8) < SL(B') < SL(v') < y; SL;(0) . Therefore, the claimed inequality

~——
>0 times
B —cpd <~ —(ca—cp)d=r"—cy0 follows from " <+ due to Claim 6.33.

Thus by Leclerc’s algorithm, we have
(6.10) SL(B" — ¢ 0)SL(y — (ca — ¢p)d) < SL(B)SL(v).

We shall now combine the inductive hypothesis with Lemma 6.30 to show that in
fact we must have an equality in (6.10). By the inductive hypothesis, we have:

S—— N——

7r1 times Teg times
SL(B + Cﬂ(S) =Y; SLJ ((5) 21...Yi SLJ ((5) Zegs
SN—— N——
r1+1 times rcﬁ+1 times

Cg/’

SL(8) =i SL;(8) #4...ys SL;(6) =
N—— S——

r1+1 times times

Y
7cﬁ,+1

SL(B" — c:0) = y; SL;j(0) 21 ... y; SL;(0) =,
N—— S~——

Cﬁ/ N
| times r!  times
ﬁ/
If co =1, then cg =1 = cg and we have:
SL(B8)SL(7y) = y; SL;(6) z1SL(7), SL(B8 + ¢gd)SL(y) = y; SL;(6) 21SL(vy),
S~—— S~——

r1 times r1+1 times
SL(B")SL(Y) =y SL;(6) #SL(y'),  SL(8’—csd)SL(y') = y; SL;(0) 21 SL(v").
N—— ~——

r1+1 times 7] times
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If ¢ > 1, then my(y) = m1(7’) = mi(«), and by the inductive hypothesis we have:
SL(’}/) =Y; SLJ((S) T1..-Y; SLJ((S) Qicv,
S~—— S~——

t1 times t. times
SL(y +¢y6) =y;i SL;j(6) =1...y; SL;(0) =,
SL(Y') = vi w Y Y w T,
t)+1 times £, times

SL(Y' = ¢y8) = i SL;(8) 2’ ... y; SL;(6)
N—— SN——

)
~7

1ot ’ .
t7 times tc’y/ times

so that
S~—— S—— S~—— ~——

r1 times Teg times t1 times ey times
SL(B + ¢s0)SL(3 + ¢,0) =
Y; SLJ((S) Z1---Y; SLJ((S) Zc5yi SL]‘ (5) Ty1...Y; SLj (5) xcw,
—— —— —— ——
r1+1 times rcﬁ-i-l times t141 times thJ"l times
SL(B")SL(Y') = SL;(6) 21...y; SL;(6) 2.,y SL;j(0) «%...y; SL;(0) =l ,,
S~—— S—— s S~—— S~—— 7
ri+1 times r’cﬁl+1 times ti+1 times t’c’ylJrl times

SL(B" — ¢ 0)SL(y — ¢y d) =
yi SL;j(0) 21 ... yi SL;(0) 2,4 SL;(6) 2y ...y SL;(0)
N—— ~—— N—— N——

~

r1 times (g4

1 3 ’ H o U N Q
cgr times t] times t”'v times

’

However, in either case, we can apply Lemma 6.30, with y = y;, w = SL(8)SL(7),
and v = SL(8" — ¢3/0)SL(7y' — ¢,/0) to see that SL(B" — ¢g:0)SL(y — (ca — c)d) <
SL(B)SL(~y) implies SL(5")SL(v") < SL(+c36)SL(y+(ca—cg)d), which contradicts
to (6.9). To this end, we note that all the conditions of Lemma 6.30 hold: (1) is
due to (6.7), (2)—(3) follow from Lemma 6.27, (4) follows from Proposition 3.16
combined with Proposition 6.17 and Lemma 6.27.

Thus, we must have equalities in (6.10) and (6.9):

SL(B" — ¢p8)SL(y — (ca — c)8) = SL(B)SL(y),
SL(B + ¢58)SL(y + (ca — ¢5)d) = SL(B")SL().

As both right-hand sides above are costandard factorizations, we must have |y/| >
|7+ (co —cp)d| and |y| > |v' — (ca —cpr)d|. If co =1, then cg =1 and || = |7], so
that v/ = and 8’ = f+cgd in (6.11). If ¢, > 1, then mq(y) = mi1(y') = mi(a) by
Proposition 6.17 and 5o c¢q —cg = ¢y, ca — g = c. Applying Claim 6.33 again, we
see that v < ' — (ca —¢p)d & v+ (ca —cp)d <. If |¥'| > |y + (ca — ¢3)d], then
v <+ (ca —cp)d by (6.11), and hence ' — (cq — cg/)d < 7, contradicting (6.11).
Thus |7/| = |y + (ca — ¢p)d|, and so 7' = v + (ca — )0, B = B+ cgd by (6.11).
This completes the proof of (2).

We shall now prove part (1). Consider the decomposition (6.6) for SL(I(a) + ko)
with 0 < k < ¢4. First, let us show that p; = 0 by assuming the contrary, i.e.

(6.11)



CHAINS OF AFFINE STANDARD LYNDON WORDS 49

p1 > 1. To this end, let SL(« + kd) = SL(B)SL(~) be the costandard factorization,
and consider the following two cases:

e if ¢, = 1 (which forces k = 0), then || > |I(8)+4| by the induction assumption,
and so |l(a)| > [1(B)] + 18] + [L: ()] > [1:(8)| + |li(7)| contradicts Lemma 6.25;
o if ¢ > 1, then my(y) = mi(8) = mi(a) and SL(fS) has y;SL;(9) as a prefix
by Proposition 6.17, and moreover SL(y) also has y;SL;(d) as a prefix, due
to Proposition 6.17 and Lemma 6.21 as already argued several times before.
Thus || > [I(B) + ¢gd, |v] > |I(y) + ¢, by the inductive hypothesis, and so
[l(a)] > |8 — cgd| + |y — cyd] > [L(B)| + [I(7)] (the first inequality is due to
|l(a) + k6| = |B+~| and k < ¢o = ¢g + ¢), which contradicts Lemma, 6.25.
This completes the proof of p; = 0. Next, let us show that p; < 1 for 2 <t < ¢,.
This is vacuous for ¢, = 1, hence let ¢, > 1. Assuming the contrary, let ¢ be the
smallest number such that p; > 2. Choosing [, as before, we consider two cases:

o if y; SL;(6) wy is in SL(S), then |B]| > |I(8) + cgd| by the induction assumption.
—

Pt times
Also y;SL;(9) is a prefix of SL(7y) (as y;SL; () < SL(8) < SL(y) < y; SL;(9)
~—
>0 times
by Lemma 6.21), and so |y| > |I(y) + ¢,6| by the inductive hypothesis. There-
fore, [l(a)| > |B — cgd| + |y — ¢y0] > |U(B)| + |I(7)], contradicting Lemma 6.25;
o if y; SL;(6) wy is in SL(7y), then by the inductive assumption combined with
—

pe times
Lemma 6.29, we have |y| > |l(y) + ¢,d]. We now consider the appropriate
concatenation of SL(5 + d) and SL(y — J):
— if SL(B8 4 ¢) < SL(y — §), then clearly SL(5 + 6)SL(y — §) > SL(5)SL(7)
contradicting Leclerc’s algorithm, unless SL(8) is a prefix of SL(5 + 4).
In the latter case, we have SL(8 4 §) = SL(8)w for some word w with
|w| = |6|, and we claim that still SL(y) < w (so that SL(8+ §)SL(y—4) >
SL(5 +0) = SL(B)w > SL(B)SL(y) again). According to Lemma 6.31, we
have w > y;SL;(d) and w cannot have y;SL;(d) as a prefix since |w| <
|yiSL;(6)|. By the inductive hypothesis SL(y) has y;SL;(d) as a prefix,
and therefore w > SL(7), as claimed.
— if SL(B+49) > SL(y—0), then SL(y—3§)SL(5+4) > SL(B)SL(y) since by the
inductive assumption SL(y—4) has y;SL;(0) as a prefix as |y| > [I(y)+c40|
while the former does not (as p; = 0), contradicting to Leclerc’s algorithm.

We note that we must have one of the preceding two cases by Lemma 2.27(2), since
Y; SL;(6) wy is a Lyndon subword of SL(I(c) +kd) by (6.7), which cannot be a prefix
——

pt times
(as p1 = 0). This completes the proof of part (1) for ¢ = 0.

As with part (2), it suffices to verify (1) for &, & — c,0 with & € ch(w) satisfying
|&| > |l(a)+cad|. Let SL(G—cod) = SL(B)SL(7) be the costandard factorization, so
that SL(&) = SL(8+cgd)SL(y+ (ca —cg)d) by part (2). If ¢, = 1, then co —cg =0
and the result follows from the inductive assumption for SL(8). If ¢, > 1, then
m1(8) = my(y) = m1(«), and the result follows from the inductive assumption for
both SL(3), SL(7). O

As in the case of decreasing chains (see Definition 5.28), the structure of increas-
ing chains from Theorem 6.32 motivates the following:
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Definition 6.34. We shall call ¢, the periodicity of the chain ch(a) € T.

6.35. Corollaries and periodicity bounds.
In this subsection, we discuss some natural corollaries of the above theorem, and
derive precise bounds on ¢,. We start with the counterpart of Remark 5.36.

Remark 6.36. We note that Proposition 6.17 implies that we can iteratively take the

costandard factorization of u = SL(l(«) + kd) for k € Z>( to split it into ¢, pieces

U = UrUg - - - U, of the form uy = y; SL;(6) w; satisfying m(deg(ut)) = mi(a) and
——

o

g+ times

Cdeg(u;) = 1. Furthermore, all ¢; € {[k/ca], [k/cal} by part (1) of Theorem 6.32.

The next simple result, an analogue of Lemma 5.17 for increasing chains, de-
scribes the outcome of above procedure when ¢, = 1.

Corollary 6.37. For any non-irreducible ch(a) € T with ¢, = 1 and |a| > |i(a)],
consider the costandard factorization SL(a) = SL(B)SL(v). Then v = [;(7),
whereas mq (a) = (9,1).

Proof. By Theorem 6.32(2), it suffices to show this for o = I(«), as SL"(I(«)) =
SL"(I(e) + ) for all ¢ > 0. By Lemma 6.13, y; is a prefix of SL(I(«)), and so
y; < SL(I(cw)) < SL(7). Since ch(vy) € Z by Proposition 6.17(3), we get |y| > |1;(7)]-
We also have my(y) > my(a), due to Lemma 3.8 as ¢, = 1. If |y| > |l;(7)], then we
would have SL(y — d) > SL(p) as y; < SL(y — ¢) and y; is a prefix of SL(5) but is
not a prefix of SL(y — ¢) by Lemma 6.7. Then SL(I(«) —d) > SL(B8)SL(y —6) > u;
by Leclerc’s algorithm, contradicting to the definition of I(c). Thus v =[;(y). O

We then have the following analogous statement to Lemma 5.37.

Lemma 6.38. For any ch(a) € Z, set mi(a) = (0,4) and let w be one of we’s
n (6.8). For the canonical factorization w = vy ...v, and all 1 < j <n, we have:
(1) ch(deg(v,)) € Z;

(2) li(deg(v;)) = deg(v;);
(3) ma(deg(v;) > (6,1).

Proof. By (6.7) it suffices to prove this when ¢, = 1. Moreover, by Theorem 6.32,

we can further assume that & = 0. Then v, = SL"(I(«))) by Proposition 6.17(4),

and let 8 = deg(SL'(I(c))). We note that it suffices to verify all three properties for

Un, as the general case then follows by applying the same argument towards SL([).

The word v,, satisfies (1) due to Proposition 6.17, (2) due to Corollary 6.37, and

(3) due to the assumption ¢, = 1. (]

We note however, that in contrast to Corollary 5.35, deg(w;) from (6.8) are not
always roots, as illustrated by the following example.

Ezxample 6.39. Consider the affine type 02(1) with the order 0 < 1 < 2. Then using
the code in Listing 9, we find:
SL(ao + 6) = 01012,

SL(ag + k6) = 011 SL;(5) 012012 Vk > 2.
——
k—2 times
Here, we note that ml(ozo) = (572), Yo = 011, Ml(ﬂg) = (5, 1), SL1(5> = 0121,
wy = 012012. In particular, deg(wq) = § + ap + a2 is not a root.
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In analogy with Corollary 5.43, we shall now obtain a tight upper bound on the
periodicity ¢, for ch(a) € Z. This upper bound will be provided by the following
function on irreducible root systems, defined by induction on their rank.

Definition 6.40. For a reduced irreducible root system A, we define v(A) =1 if
rank(A) =1, and otherwise set

v(A) = max ({Z(A)} U {v(A")| A’ is a connected root subsystem of A})

where [(A) denotes the mazimum multiplicity of a simple root in 0, which is a leaf
of the Dynkin diagram of g.

This function provides an upper bound on the periodicity as shown below.
Lemma 6.41. For any ch(a) € Z, we have ¢, < v(A).

Proof. We will show this by induction on rank |I| = rank(A). The base case
A = Ay is clear. For the step of induction, let us now assume that the result
holds for all root systems of rank < rank(A). If my(a) > (9, |1]), then o € Ajp_y,
see Definition 4.26. As Ajj_; is connected by Conjecture 4.27, we have c, <
v(Aj7=1) < v(A) by the inductive hypothesis. If m;(a) = (6, |1]), then ¢, = ¢/p,
whereas ch(a) = ¢; ch(f1) +- - +cjp ch(Bj7)). But fj;) must be a leaf of the Dynkin
diagram of g by the connectivity of Conjecture 4.27, and so ¢, < v(A). O

A detailed case-by-case treatment of all finite root systems yields the following.

Corollary 6.42. We have the following upper bounds for the periodicity of all
increasing chains for any untwisted affine root system:

type max periodicity
A DY 1
Br(Ll) Cr(Ll)

Lo | |do | |

TABLE 2. Upper bound on periodicity of increasing chains

In fact, these bounds are tight as shown in the next result.

Proposition 6.43. The bounds in Table 2 are tight. Moreover, any value from 1
up to the specified bound can be achieved.

Proof. First, for each type we shall present a specific order on T such that the pe-
riodicity c,, precisely coincides with the corresponding value in Table 2. We note
that the coefficients ¢; entering into the decomposition ch(ag) = 2‘11:‘1 ¢ich(p;) are
precisely the labels of the corresponding extended Dynkin diagram, as indicated
in [IX, §4, Table Aff 1|, whereas 3; matches with § — «; by Corollary 5.45. For any
order 0 < k < --- on IA, we note that 1 = § — ay by Lemma 5.47 and ;| corre-
sponds to one of the leafs of the corresponding Dynkin diagram by Conjecture 4.27.
The analysis for classical types is now straightforward:
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e for Ag)—type with the orders 0 < 1 < --- on f, we have 81 = d — 1 and so 3,
corresponds to the only other leaf with label 1, so that c,, = 1;

e for Dgll)—type with the orders 0 <1 < --- on ﬁ we have f; = J —ag and so 3,
corresponds to one of the other two leaves with labels 1, so that co, = 1;

o for Bgl)—type with the orders 0 <1 < --- on f, we have 1 = d — ay and so B,
corresponds to the only other leaf with the label 2, so that c,, = 2;

e for Cﬁl)—type with the orders 0 < n < --- on IA, we have 81 = 6 — a,, and so
By, corresponds to the only other leaf with the label 2, so that ¢,, = 2.

For exceptional types, we used the code in Listing 10 to find the desired orders:

e for Eél)—type and the order 0 < 1 <4 <2 <5< 3<6on IA7 we have
B = 0 — a so that ¢, = 2;

o for E;l)—type and theorder 0 <1 <5<2<6<4<3<7,wehave f7 =d—ay
so that ¢, = 2;

° forEél)—typeandtheorderO<1<6<2<3<4<7<5<8,Wehave
Bs = 6 — ag so that ¢,, = 3;

o for F4(1)—type and the order 0 < 1 < 4 < 2 < 3, we have 84 = § — ay so that
Cap = 25

e for Gél)—type and the order 0 < 1 < 2, we have 2 = § — a2 so that ¢,, = 3.

Pick the order on I as above, so that ch(ag) has periodicity c,, as in Table 2. For
any 1 < ¢ < ¢q,, we shall apply the same logic as in the proof of Proposition 5.48 to
provide ch(B) € T with c¢s = ¢. Explicitly, consider a sequence of chains (ch(n;))¥
such that ch(n;+1) — ch(n;) is an irreducible increasing chain for all 1 < ¢ < N,
whereas 19 = 0, and ch(ny) = ch(ap). Choose the minimal k € [1, N] such that
mi(ng) = mi(a), hence ¢, = 1. Then my(n;) = mi(ag) for all k£ < i < N by
Corollary 4.12, and furthermore ¢,,,, —¢,, € {0,1}. As ¢;, =1 and ¢, = Cqo,, We
thus have ¢,, = ¢ for some k < a < N. Therefore, ch(n,) € Z is as needed. g

The next two results establish a relation of the present work to the study of
imaginary SL-words in [ET, §6]. We start with the following important observation.

Corollary 6.44. For any k > 1 and 1 <i < |I|, we have caeq(sris (ks)) = 1-

Proof. Let o = deg(SLY(k6)), so that my(a) = (kd,4) by Corollary 3.11. Then
ch(a) = ¢1 ch(B1) +co ch(B2) +- - - +c¢; ch(B3;) with ¢; > 0 by Corollary 4.11. Assume
the contradiction, that is ¢; > 1. By Lemma 6.3, then there exist ch(f8),ch(y) € T
such that ch(5) + ch(v) = ch(a) and m1(8) = m1(y) = mi(«). Assume first that
there exist 3 € ch(3) and 4 € ch(v) such that a = S+4. Without loss of generality,
we may assume 3 < 4, so that 3 < o < 4 by Theorem 3.14. But, 4 < (ké,i) by
Proposition 3.16, hence 4 < o by Lemma 2.20, a contradiction.

If there are no /3,4 as above, then a + 8 = 3’ +~/. Without loss of generality,
we may assume 3’ < ', so that 8’ < a+0 <+’ by Theorem 3.14. As v’ < (4,4) by
Proposition 3.16, we obtain 7' < a < & + ¢ by Lemma 2.20, a contradiction. ([l

We can now establish a weaker version of [ET, Conjecture 6.26].

Lemma 6.45. For any 1 <i < |I|, let k be the smallest value such that |y;| < k|d|
and My (B;) = (8,7). Then SLY¥(kd) = ysw for some word w, which is actually a
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prefiz of SL;(8), and
(6.12) SLE(K') =y SL;j(0) w VK >k
——
k’—k times

Proof. Consider o = deg(SL!*(kd)) and o/ = deg(SL*(k6)). First, we note that
la| > |i(r)] and |&’| > |I(e)] as SL(«),SL(e) > y; by Lemma 6.14, hence y; is a
prefix of SL(a), SL(e/) by Lemma 6.13. In particular, SL (k§) = y;w for some w,
and to prove (6.12) it suffices to verify o/ = a+ (k' — k)d, due to Theorem 6.32 and
Corollary 6.44. We note that o + (k' — k)0 < o/ by Lemma 6.14. As y; SL;(0)
——

k’—Fk times
is a prefix of SL(a + (k' — k)d) < o/, it must also be a prefix of SL(a’), due
to Lemma 6.21. Thus |o/| > [I(a/) + (K’ — k)d| by Theorem 6.32, since ¢,y = 1
by Corollary 6.44. This estimate allows us to apply Claim 6.33 to conclude that if
a+(k'—k)d < o then a < o — (k' —k)d, which contradicts to Lemma 6.14, whereas
|o/| > (k —1)|6|] by Lemma 3.22. This completes the proof of a + (k' — k)d = o’.
Finally, to see that w is a prefix of SL;(J), we note that SLI*(kd) = yw <
SLL ((k +1)0) = 4:SL;(8)w < SL;(kd) with the first inequality due to Lemma 6.14
and the last inequality due to Proposition 3.16. Therefore, w is a prefix of SL;(6)w
and hence also of SL;(4), since |w| < |d] by our choice of k. O

7. EXPLICIT FORMULAS IN A-TYPE

In this section, we illustrate the efficiency of our results by deriving exphc1t
formulas for all affine standard Lyndon words in type A( ) with any order on I
previously established by a tedious straightforward induction in [AT, Theorem 4.7].
We shall use the Connectivity Conjecture 4.27, which holds for all orders in type
AS) by Lemma 4.31 as d = ag + a1 + ... + a,.

7.1. Special orders.
In this subsection, we state some general results which occur for the special
orders on I from [[X'T, §6.10]: when the smallest root «. occurs only once in .

Lemma 7.2. If the smallest simple root a. occurs only once in §, then for any
decreasing chain ch(a) € C;, we have u;(c) = o/, the shortest element of ch(a).

Proof. By Lemma 3.23, we have ch(«) € D if and only if SL(«’) does not contain the
smallest letter e. Hence for any ch(ca), ch(8),ch(y) € D such that ch(a) = ch(8) +
ch(y), we have o/ = 8’ +~'. We thus proceed by induction on ht(ch(«)). The base
case ht(ch(a)) = 1, corresponding to irreducible ch(«), follows from Corollary 5.3.
For the inductive step suppose the result holds for all chains of relative height
< ht(ch(«)). If the first set in the RHS of (5.4) is empty then the result follows
from Lemma 5.16. Otherwise, by the above argument and the inductive hypothesis
the RHS of (5.4) still contains only o/, and the result follows from Lemma 5.16. O

Lemma 7.3. If the smallest simple root a. occurs only once in &, then
ch(B;) = ch(deg(SL(3))  ¥1<i<|il.

Proof. First, we note that SL;°(d) is always a single letter and SL;*(d) # SL’*()

for i # j by Lemma 3.24. Thus, {ch(SL* (5 ))}IU = {ch(é—oza)}‘”&'E { h(ﬁj)}ll|

Jj=1
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due to an analogue of Corollary 5.45. The result follows as SL*(5) > SL;S(é) &
SLi(8) > SL;(8), where we use the above structure of SL!*(9). O

Combining the above lemma with Corollary 6.15, we obtain the following result.

Corollary 7.4. If the smallest simple root a. occurs only once in §, then
y; =SLIF(8)  V1<i<]|I.

Remark 7.5. We note that the above Corollary 7.4 and Lemma 6.45 provide a new
proof of [ET, Theorem 6.14].

Lemma 7.6. Assume that the smallest simple root occurs only once in §. Fix
any 1 < i < |I| and let u be the longest common prefix of SL;(8) and SL1(0). If
SL1(8) = ww, then v is the shortest suffiz which contains exactly i distinct letters.
Moreover, the last letter of SL;(5) is the i-th distinct letter when reading SLi(9)
from right to left.

Proof. We will prove this by induction on ¢. We shall postpone the base case
until after the inductive step. As for the inductive step, suppose the result holds
for all i < i. Let SLi(d) = v/v' = u”v” where v’ is the shortest suffix which
contains 4 distinct letters and v” is the shortest suffix which contains ¢ — 1 distinct
letters. Let {ai1,...,a;—1} be the set of distinct letters in v”, so that it coincides
with the set of the last letters of {SL;(5)}5_}, by the inductive hypothesis. As
[b[SL(6 —avw,)], blas]] € S} ;, we have SL;(8) > SL(6— vy, )a; by Leclerc’s algorithm.
In fact, SL;(6) = SL(6 — ay,)a; by Lemma 3.24. Note that SL(6 — ay,,) > « by
Theorem 3.14 and Lemma 4.9, so that v’ < SL;(6). As SL1(d) > SL;(6) and u
is their longest common prefix, we obtain |u’| < |u|. However, we cannot have
|u/| < |u| as that would prevent the last letter of SL;(d) being a; (since v would
not contain it). Thus u = u/. The base i = 2 case follows from the same logic, but
using the fact a; is the last letter of SL;(d) in place of the inductive hypothesis. O

7.7. Main result of [AT].

Due to the Z,41-symmetry of T and 3"’, we can assume, without loss of gen-
erality, that the order on T for Agll)—type is0<i<--- withie{l,...,n}. To
distinguish from <, we shall also use < for the standard order on I:

0<1<2<...<n.

We note that the above choices are obtained from that of [AT, §4.3] by rotation
to let 0 and not 1 being the smallest letter, resulting in slightly different formulas.
Following [AT, (4.53)], we define

le=SL(6—ac)c Veedl,...,n}.
According to Lemmas 3.24 and 5.47, we have
{leyics = {SL;(0)}j=1, i =SLa(9).

We also note that {;}}_; = {6 — 3;}7_; by Corollary 5.45.
The following construction is key for the analysis below.

Definition 7.8. Let o: {1,...,n} — {1,...,n} be the permutation such that
(7.1) o = o — Bo’(j)-
Evoking Lemma 7.3 and Corollary 3.11, we then obtain:
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Lemma 7.9. For any j € {1,...,n}, we have {; = SLy(;)(5), mi(a;) = (,0(j)).
The following result is a direct application of Lemma 7.6 to the previous lemma.

Corollary 7.10. IfSLi() = [0aiaz...ay], then o(an—;) = j+1 for 0 < j <n—1.
Following [AT, (4.2)], we make the following definition.

Definition 7.11. For any a,b € {0,...,n}, we define aq_sp as follows:

o ifa=Xb, then camsp = g + Qg1 + -+ -+ ap_1 + p;
o ifb<a, then agp =g +qr1 +- - +ap+ag+ar+ - +ap_1 + ap.

The following result follows immediately from the Connectivity Conjecture 4.27.
Lemma 7.12. (a) For any 1 <= a <b =i, we have o(b) < o(a).
(b) For any i < a <b =< n, we have o(a) < o(b).
As an immediate consequence of the above lemma, we recover [AT, Lemma 4.5]:
U1 <y <...</li_1<¥; >Zi+1 > . > 1 >,
These inequalities imply the following result.
Lemma 7.13. For any j € {1,...,n}, we have
G, if j=i
SL(Mi(aj)) = { bj41, i j<i.
iy, if j>=i
Combining this result with Lemma 3.23, we can now evaluate Mj(«) and the
periodicity function s, for all decreasing chains.
Corollary 7.14. For any 0 < a < b = n, we have ch(ag—p) € D and
lpyr, if D=i—1
SL(Mj(cqgp)) =< le1, if i+1=<a ,
l;, if b=i or a=1
1, if b=Xi—1 or i+1<aora=i="»
Sagy =82, if a<b=i or i=a<b
3, if a<i—1<i+1=<b

Moreover, all decreasing chains are of the above form.

The following figure is useful to conceptualize the different splittings of roots
that we will consider for decreasing chains:

1 2 i—1 i 141 n—1 n

FIGURE 1. A§} ) splitting diagram

In particular, for any 0 < @ < b < n, the periodicity function s, ,, equals the
number of above three sections (namely, < i, 4, and > ¢) in the diagram that the
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set {a,a+1,...,b} lies in. Additionally, for a given a,_,; this diagram shows how to
(uniquely) express aq_p as the sum of so,_,, roots ag —p with the same Mj-value.

We shall now derive the formulas for all decreasing chains in Type AS).

Lemma 7.15. [AT, formulas (4.58, 4.59, 4.63)]
(1) SL(oi; + kd) = £; i for any k > 0.

~—

k times

(2) SL(cgsb + k) = Lpy1 b(b—1)...a for any0 <a =b=<i and k> 0.
~

k times
(3) SL(agsp + k6) = Lo—1 ala+1)...b for anyi<a<b=<n and k > 0.
—~—
k times
Proof. Part (1) follows immediately from Corollary 5.3 and a; = § — fq, cf. (7.1).
We prove part (2) by induction on |a — b|. The base case a = b follows from
Lemma 7.13 and Corollary 5.3. For the inductive hypothesis, suppose the result
holds for any 0 < o’ <V’ <4 with |a’ — V| < |a — b|. According to Corollary 7.14,
we have SL(M](aq—p)) = lp+1 and so,_,, = 1. Combining this with Lemma 7.2
and Theorem 5.25, we obtain SL(aq—p +kd) = fp41 w for some w of degree ag—p.
~—

k times
As w does not contain the smallest letter 0 € f, we obtain [SL"*(aq—p + k6)| = 1.
If B = deg(SL" (s + kJ)), then ch(8) € D, sg = 1, SL(M}(B)) = fp41 by
Lemma 5.4, so that 8 = a(41)—p + kd and SL™(aq—p + k6) = a. Applying the
inductive hypothesis, we get SL(aq—p + kd) = lpy1 b(b—1)...(a+ 1)a.

—

k times

The proof of part (3) is very similar, and is left to the interested reader. O

Lemma 7.16. [AT, formulas (4.61, 4.62)]

(1) For any k > 0 and i < b < n, we have

~~ ~~

7.2) SL(kd + oy _ k/2 times k/2 times )
(72) ( @i-sp) 6 (i+1)...b 4 i, if k=1 mod?2
—~ —~

[k/2] times |k/2] times

mod 2

Il
o

(2) For any k >0 and 0 < a < i, we have

Looi 4 (i—1)...a, if k=0 mod 2
—~— ~

7.3) SL(kS + cg_y;) = 4 ¥/ times k/2 times :
(7.3) SL(kS + aasi) 6 (G-1)...a & i if k=1 mod?2
~~ ~

[k/2] times |k/2] times

Proof. We shall only prove (7.2), as (7.3) is proved in a completely similar way.
Note that s, ,, = 2 and SL(M](a;—p)) = ¢; by Corollary 7.14.

First, suppose k = 0 mod 2, so that SL(a;—p + k0) = ¢ v £ w for

—~ —~
k/2 times k/2 times
some non-empty words v,w by Theorem 5.25. According to Remark 5.36 and
Corollary 5.35, we have Sqeg(v) = Sdeg(w) = 1, Mj(deg(v)) = Mj(deg(w)) =
Mi(c;i—p) = (6,1), and both ¢ v, ¢; w are standard Lyndon words.
—~— —~

k/2 times  k/2 times
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Then, by Corollary 7.14 and Figure 1, we have {deg(v),deg(w)} = {as, a@y1)=b}s
and so {v,w} = {i,(i+1)...b} by Lemma 7.15.

Next, suppose k& = 1 mod2 and k£ > 1, so that SL(a;p + k0) =
¢; v l; w for some non-empty words v, w by Theorem 5.25. By the
~~ ~~

[k/2] times |k/2] times
same logic as above (when k was even), we have {v,w} = {i,(i +1)...b}. As
1 < i-+1, it is easy to see that v = (i + 1)...b and w = i by Leclerc’s algorithm.
Finally, consider the k£ = 1 case. According to Lemmas 5.20 and 7.2, we have
SL(aj—p+9) = L;w for some w. We will prove w = (i+1) ... bi by induction on b—i.
In the base b = i+1 case: w can be either i(¢+1) or (i+1)i, and in fact w = (i+1)i
by Leclerc’s algorithm (corresponding to SL(c; + a1 +9) = SL(a;41 + 6)SL(w;)).
As for the inductive hypothesis, suppose the result holds for b— 1. Since w does not
contain the smallest letter 0 € lc, we have SL"™®(;—p + d) = x—a single letter. We
thus have two possible choices for & to ensure that deg(SL"(a;_sp + 6)) is a root:
x =1 or x = b. By comparing the two respective options SL(c;11-p + 0)SL(c;) =
Li(i+1)...(b— 1)bi and SL(a;—p—1 + 6)SL(ap) = £;(i + 1)...(b — 1)ib, due to
Lemma 7.15 and the inductive hypothesis, it is clear that the first of above words
is larger, completing the step of induction. [l

Lemma 7.17. [AT, formula (4.60)] For any 0 < a <i <b and k > 0, we have

(7.4)  SL(kS + cgp) =

6P 4 (i+1)..b & (i—-1)...a if k=0 mod3
~~ ~~ ~~
k/3 times k/3 times k/3 times
6 G+1)...b & i 4 (i—1)...a, if k=1 mod3
~~ ~~ ~~ )
[k/3] times |k/3] times |k/3] times
G (i-1)...a & i & (i+1)...b, if k=2 mod3
~~ ~~ ~~
[k/3] times |k/3] times [k/3] times

and

(7.5) SL(kS + agp) 2!

61 4 (i—1...a 4 (i4+1)...b, if k=0 mod3
~— ~— ~—
k/3 times k/3 times k/3 times

¢ (i—=1)...a ¢ i 4 (i+1)...b, if k=1 mod3
~— —~ —~— :

[k/3] times Lk/3] times |k/3] times
G G+1)...b L i 4 (i—1)...a, if k=2 mod3
~— ~— ~—
[k/3] times |k/3] times [k/3] times

Proof. We shall only prove (7.4), assuming ¢ — 1 < i + 1, while the proof of (7.5) is
analogous. Note that s, , = 3 and SL(M](ae—s)) = ¢; by Corollary 7.14.
First, suppose £ =0 mod 3, so that
SL(agsp +k0)= 4 uw 4 v 4 w
—~ — —~
k/3 times k/3 times k/3 times
for some non-empty words w,v,w by Theorem 5.25. According to Re-
mark 5.36 and Corollary 5.35, we have Sqeg(u) = Sdeg(v) = Sdeg(w) = L,
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M (deg(u)) = M{(deg(v)) = M/ (deg(w)) = M{(aq—p) = (J,1), and the words

b u, l; v, ¢;  w are standard Lyndon. Then, by Corollary 7.14
~—~ ~—~ ~—~
k/3 times k/3 times k/3 times

and Figure 1, we have {deg(u),deg(v),deg(w)} = {@a—(@i-1), %> ®i+1)—p}, and so

{u,v,w} ={a...(i —1),i,(i +1)...b} by Lemma 7.15. We must have u = i to

ensure the resulting word is Lyndon, Furthermore, as ¢ + 1 > ¢ — 1, the choice

v=(i+1)...bresults in the larger word by Leclerc’s algorithm, which does come

from the concatenation of ¢ ¢ ¢ (i+1)...band ¢ (i—1)...a
—~— —~— —~—

k/3 times k/3 times k/3 times
from Lemmas 7.15 and 7.16.
Next, suppose k =1 mod 3 and k > 1, so that
SL(aq—p + kd) = 4; U 4 v l; w
—~ —~ —~
[k/3] times |k/3] times |k/3] times

by Theorem 5.25, with u, v, w satisfying the same properties as above. As before,
we have {u,v,w} = {a...(i —1),4, (¢ +1)...b}. Letting u = (i + 1)...b results
in the largest possible word, in which case we must have v = i to ensure that the
resulting word does come from the concatenation of two standard Lyndon words
from Lemmas 7.15 and 7.16.

Let us now consider the k = 1 case, so that SL(ag—p + ¢) = £;w for some w by
Lemmas 5.20 and 7.2. We shall prove w = (i — 1)...ai(i + 1) ...b by induction on
|aa—s| (postponing the base case until after the inductive step). For the inductive
step, suppose the result holds for a1, and g1 whena <i—1lorb>=i+1
respectively. Since w does not contain 0, the standard factorization of £;w splits off
only the last letter x, let w = w'z. Note that deg(w’) € A+re which implies that
x =aorxz=0>. If x =05, then applying the inductive hypothesis (or Lemma 7.16
in the case b = i+ 1) to f;uw’ = SL(cq—p—1) + 0) gives the desired formula for
w. If x = a, then applying the inductive hypothesis to SL(aqt1-p + 0), we get
w' = (i—1)...(a+1)i...b(orw’ = (i+1)...bi in the case a = i—1 by Lemma 7.16),
which is lexicographically smaller than the one above for x = b. Thus x = b by
Leclerc’s algorithm, completing the inductive step. We also note that the base case,
when a =7 — 1 and b =14+ 1, is also covered in the above inductive step.

Now suppose k =2 mod 3 and k > 2, so that

SL(aq—p + kd) = 4 U 4 v l; w

—~— —~ —~
[k/3] times |k/3|+q1 times |k/3]+q2 times

by Theorem 5.25, with u, v, w satisfying the same properties as above and {q1, g2} =
{0,1}. As before, we have {u,v,w} ={a...(i —1),4,(¢+1)...b}. If we had u =
(¢+1)...b, then considering the standard factorization and recalling Lemma 7.16,
we see that either ¢ = 0 and v = 7 or ¢; = 1 and w = i, but both cases result
in non-Lyndon word as ¢ — 1 < i+ 1. If w = (i — 1)...a, then considering the
standard factorization and recalling Lemma 7.16, we see that either ¢; = 1 and
w =1 or qg =0 and v = i. However, the first case results in the non-Lyndon word,
while in the second case we get a concatenation of SL(a;—p + ([k/3] + |k/3])d) <
SL(aq—(i—1) + [k/3]0) by Lemmas 7.15 and 7.16. Thus, by Leclerc’s algorithm, we
haveu=(i—1)...a,v=4, w=(i+1)...b, as well as ¢y = 0,¢2 = 1.

Finally, let us consider the k = 2 case, so that SL(a,—,p + 26) = SL;(6)uSL;(5)v
by Corollaries 5.22-5.23.  The word v is nonempty by Corollary 4.24(2),
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while the word w is non-empty as otherwise we get g_p + 20 < agp + 30

by Theorem 5.25, a contradiction with ch(ag—p) decreasing. Thus
SL'(agsy 4+ 20) = SL;(0)u and SL"(aess + 20) = SLi(d)v. As
Mi(deg(u)) = Mj(deg(v)) = M(deg(aa—s)) = (d6,1) by Lemma 5.4,

we have {deg(u),deg(v)} is either {ag—i, @it1-6} Or {@a—i—1,®—p} by
Corollary 7.14 and Figure 1. In the first case, we have deg(u) = «a4—; and
deg(v) = @414 to ensure the resulting word is Lyndon by Lemmas 7.15 and 7.16,
respectively. In the other case, we have deg(u) = a;—p, deg(v) = ag—i—1 to ensure
the resulting word is Lyndon. Of these two cases, the former results in a larger
word, so that u = (i —1)...ai,v = (i + 1)...b by Leclerc’s algorithm. O

We will now derive the formula for increasing chains, which corresponds to [AT,
(4.64)]. The next two lemmas are needed for the evaluation of ;(«).

Lemma 7.18. For any 1 < j < |I|, let u be the longest common prefiz of SL;(0)
and SL;_1(8) = u. Then |u|=n—j.

Proof. This is a direct consequence of Lemma 7.6. O

Lemma 7.19. For any increasing chain, ch(d — aqmp) with 1 = a <X b <X n, we
have my(§ — ag—p) = min{(d, o (a)), (§,0(b))}.

Proof. We note that mi(§ — ag—p) = mi(ae—p) equals ming<.<p{(0,0(c))} =
min{ (4, o(a)), (§,0(b))} due to Corollary 4.12, equality (7.1), and Lemma 7.12. O

We can now evaluate () for any k and any « from an increasing chain.

Lemma 7.20. Consider any ch(a) € Z, with o' denoting the shortest root of ch(«)
and my(a) = (6,7). For k > j, we have lp(a) = o'. Moreover, l(a) = o + 0§ if
ch(a) is not irreducible.

Proof. For a splitting SL;(d) = wv with |u| = n — j + 1, we claim that v <
SL(a/). By Corollary 4.11 and the structure of A,-type root system, we have
ch(6 — deg(u)) = ch(deg(v)) = ci1ch(B1) + -+ + ¢jch(B;) with ¢o € {0,—1} and
¢;j = —1. We note that v is comprised of all the letters in {c=*(1),...,07(j)},
each used exactly once, by Lemmas 7.6 and 7.9. Furthermore, v is standard Lyndon
and mq (deg(u)) = (6, 7) by Corollary 4.11. Consider all real roots 7 of the form v =
deg(u)+cnaq, + - +Cnj11Qa,_;,,, Where the letters aq are as in Corollary 7.10 and
ce € {0,1} (note that {an,...,an—j41} ={c7(1),...,071(4)}). Clearly ch(y) € Z
by Lemma 3.23 and my(y) > (4,7) by Corollary 4.11. As {aq,,.-.,Qa,_;,,} 15 &
set of negative simple roots for A} of Definition 4.26 (the root subsystem induced
by S under the polarization of Lemma 4.5) and deg(u) =0 — aq, =+ — Qa,_,
any root in Aj' can be expressed as deg(u) + cp,Qq, + -+ Cyj110Qa,_;,,. Hence
this covers all increasing chains ch(v) with mq(v) > (4, 7), and we can thus express
o = deg(u) + cpaa, + -+ cnjy1,_,.,- Applying Theorem 3.14 along with
Lemma 4.9, we obtain v < SL(a/). Note that SL;;1(6) < u by Lemma 7.18 to
ensure SL;(6) > SL;11(d). Hence SL(a) > SLi(d) and Iy (o) = &' for any k > j+1.

Now assume that ch(«) is not irreducible, so that |I(«)] > |o/ + 8] by Corol-
lary 6.16. Writing o’ as § — aq—p for some 0 < a < b, we have either 3; = § —, or
Bj = 6 —ayp by Lemma 7.19. Let «y be respectively either § —aq 15 or 6 — qg—sp—1,
so that |y| < |d], ch(y) is increasing, 5; + v = o + §, and mi(y) > (4,5) by
Lemmas 7.12 and 7.19. Hence, [;(7y) = 7 by the previous paragraph, and we have
ll(a)] < | + 8] by Lemma 6.25. Therefore [(a) = o 4 6. O
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Lemma 7.21. [AT, formula (4.64)] For any j € {1,...n} and k > 0, we have
SL(ké — cj) = SL(8 — «j) SL(M1 () .
—_———
k—1 times
Proof. We note that 6 — a; = B,(;) by (7.1). Hence, the result follows from Corol-
lary 6.20 where y,(;) = SL(6 — c;) by Corollaries 6.15, 7.4 and Lemma 7.9. O

Lemma 7.22. [AT, formula (4.64)] For any non-irreducible ch(a) € Z and k > 0:
SL(a/ + ké) = SL(0 — arp—1(j)) SL(M1(ap—1(5))) SL(a’ + ag-1(;))
with mq(a) = (4,7).
Proof. By Theorem 6.32, Corollary 7.4 and Lemma 7.20 we have
SL(a + kd) = SL(6 — arg—1(;)) SL(M1(ag—1(5))) w
T itme

for some w. For degree reasons w contains exactly one copy of 0 € I. fw=
w1 ... wp is the canonical factorization, then by Lemma 6.38 we have ch(deg(w,)) €
7, so that each w, contains 0 by Lemma 3.23. Thus, p = 1 and w = SL(a/ +-a,-1(;))
for degree reasons. O

We conclude with the explicit form of all imaginary words.

Lemma 7.23. [AT, formula (4.57)] For any j € {1,...,n} and k > 0, we have
SL;(kd) = SL(§ — oy) Mi(ay) I with 1 =o"1(4).
~——
k—1 times

Proof. We note that y; = SL(J — o) = SLéS((S) by Corollary 6.15, Corollary 7.4
and Lemma 7.9. Thus, the result immediately follows from Lemma 6.45. O

APPENDIX A. CODE

In this Appendix, we present the source code (written using Python):
https://github.com /corbyte/AffineStandardLyndonWords.
There are three main files:
- LyndonWords.py contains all underlying code that handles root systems,
words, and the generation of standard Lyndon words;
- word.ipynb is a python notebook that contains some useful helper functions;
- AnalysisFuncs.py contains functions for testing the connectivity conjecture.

Almost everything in the code is done through a rootSystem object and example of
the initialization can be seen below. For simplicity, we use Ga-type for Listings 1-5.

LisTING 1. RootSystem initialization
rootSystem(ordering ,type:str):

Initialization of root system

ordering -- list of ordering for the rootsystem with ordering[0] <
ordering[1] < and so on

type -- type of the rootsystem
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G2 = rootSystem([2,1,0],'G")

G2.delta

#[1,2,3]

G2.baseRoots

# Will return all roots in the root system with height \leq \delta

In addition to the rootSystem class another important class is the word class: with
this class you can do comparison and concatenation between words. The word class
acts as a wrapper around a list of elements from the letter class:

LisTiNG 2. Word class
41bi<iart<ic
#abc
#bc
< v

False

e # g < &

+ v

# abcbc

print (u)
#a,b,c
u.no_commas ()
#abc

Getting a standard Lyndon word for a given rootSystem and ordering is very quick,
additionally one can quickly get chains of standard Lyndon words:

LisTING 3. Standard Lyndon words

root_system # any rootSystem object
1 = root_system.SL(degree) #Where degree is an element of the root

system

#1 will be an array of word objects, if degree is real there will only

be one, but if the degree is imaginary there will be several
chain = root_system.chain(degree)

#chain is a 1list of all currenly generated standard Lyndon words with
degree, degree + k\delta

root_system.periodicity (degree)
#Returns the periodicity of ch(degree)

The notation to use for degree is that the (i + 1)-th element of the degree list you
want corresponds to the multiplicity of «; in that degree. Additionally, words can
be quickly parsed into the “chunk format”:

LiSTING 4. Block format
G2 = rootSystem([1,2,0],'G")
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G2.SL(G2.delta*8 + [1,0,0]) [0].no_commas ()
#'1222101222102122210101222101222102122210101222102"

print (G2.to_chunk_format (G2.SL(G2.deltax*8 + [1,0,0])[0]))
G, 20, "2, [, il, "e°, [, 21, "2, [, i, "de"', [, i, "2"]
#[i,j] means \SL_i(\delta) is repeated j times in that spot

There are some additional functions which will give useful information about stan-
dard Lyndon words and degrees:

LisTING 5. Additional functions

G2 = rootSystem([1,2,0],'G")
#get_monotonicity returns 1 if the chain is increasing and -1 if it is
decreasing

G2.get_monotonicity ([0,1,0])

#1

#rootSystem.M_k (degree) returns i where M_k(degree) = (k\delta,i)

G2.M_k([0,1,0])

#1

#rootSystem.M_prime_k (degree) returns i where M'_k(degree) = (k\delta,
i)

G2.M_prime_k([0,1,0])

#1

#rootSystem.m_k (degree) returns i where m_k(degree) = (k\delta,i)

G2.m_k([0,1,0])

#2

#rootSystem.y_i(i) return y_i for the given i

G2.y_i(2)
#array ([1, 2, 2], dtype=int64)

#rootSystem.u_i(a, i) returns u_i(a), if i is not given it return u(a)
G2.u_i([1,0,0])
# array ([2, 2, 3])

#Additionally we can easily calculate s and c¢ for given roots
G2.s([1,1,31)

#5

G2.c([0,1,01)

#2

#mod_delta(\alpha+tk\delta) will return (\alpha,bk)

G2.mod_delta(G2.deltax5 + [0,1,0])
#(array ([0, 1, 0]), 5)

#generate_up_to_delta(k) will generate all standard Lyndon words upto
height k\delta, results will be cached
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G2.generate_up_to_delta(5)
#get_decompositions (\alpha) will return all possible \beta,\gamma \in
\wDelta~{+} such that \beta + \gamma = \alpha

G2.get_decompositions (G2.delta)

#You can also get the standard and costandard factorization of words

71 = G2.SL(G2.delta) [1]

print (*[i.no_commas () for i in G2.costfac(l)],sep=',"')
#2,21210
print (*[i.no_commas () for i in G2.standfac(l)],sep=',"')
#22121,0

The following listing is used in Example 5.29 to give a counterexample to the
periodicity of decreasing chains ch(a) starting at u(a) + o:

LISTING 6. Decreasing periodicity counterexample

F4 = rootSystem([0,2,4,1,3],'F")
print (*[F4.to_chunk_format(i) for i in F4.get_chain([0,1,1,2,2],10)],

sep='\n")
#['233144']
#[[1, 11, '342314']
#[[1, 11, '34', [1, 11, '3421']
#[1, 11, '12', [1, 1], '34', [1, 1], '34']
#((1, 21, '2*, [1, 1], '34', [1, 11, '34', [1, 11, '1']
#([1, 21, '34', [1, 11, '2', [1, 11, '34', [1, 11, '1']
#[[1, 21, '34', [1, 2], '34', [1, 1], '2', [1, 11, '1']
#C001, 21, 12, [1, 11, '2', [1, 2], '34', [1, 2], '34']
#([1, 21, '2', [1, 21, '34', [1, 2], '34', [1, 21, '1']

The following Listing is used in Remark 5.38 to find the upper bound on |u;(«)|
for all exceptional root systems as well as in rank < 6 cases of the classical types:

LISTING 7. wu; upper bound
# rootSystems is a collection of rootSystems
m = 0
for sys in rootSystems:
if (sys.max_u_i() > m):
m = sys.max_u_i()

#For example, if we take rootSystems to be all for F4, this will

return 4

The following listing is used in Example 5.39 to show that the multi-set of inter-
mediate words outside of chunks in decreasing chains are not independent of k:

LISTING 8. Dél) example

D5 = rootSystem([0,1,2,3,4,5],'D"')
print (*[D5.to_chunk_format(x) for x in D5.get_chain(D5.delta
-[1,0,0,0,0,0],5)],sep="\n")
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#['1235432"']

#[[1, 11, '2354312']

#[[1, 11, '2341', [1, 1], '235']

#[[1, 11, '1', [1, 1], '23543', [1, 11, '2']
#[[1, 2], '23543', [1, 1], '1', [1, 11, '2']
#[[1, 2], '234', [1, 11, '1', [1, 2], '235"']

#This will get all decreasing irreducible chains, in order,

ith row will be -\beta_i
D5.delta - D5.irr_chains ()
#array ([[0O, 1, O, O, O, O],

# o, ©, i, ©, ®, 01,
# (o, o, o, 1, o, ol,
# (o, o, o, o, 1, ol,
# (o, o, o, o, o, 111)

#Prints the index of irreducible chains and it's respective M'_1(x)
print (x[(i[0]+1,D5.M_prime_k(i[1])) for i in zip(range(5),

irr_chains ())],sep='\n")

#(1, 1)
#(2, 1)
#(3, 2)
#(4, 3)
#(5, 3)

The following listing is used in Example 6.39 to illustrate that if SL(a) = y;w,

where mi () = (0,1), then deg(w) is not necessarily a root:

LisTING 9. C’él) example
C2 = rootSystem([0,1,2],'C")

print (*[C2.to_chunk_format (i) for i in C2.get_chain([1,0,0],5)],

\n'")
#['0']
#['01012"']
#['011012012']

; #0'011', [1, 11, '012012']

#['011', [1, 2], '012012']

The following listing is used in Proposition 6.43 to show the tightness of bounds on

the periodicity of increasing chains for exceptional root systems:

LisTiNG 10. ¢, bounds

E6 = rootSystem([0,1,4,2,5,3,6],'E"')
print ((E6.delta - E6.irr_chains ()) [5])
# \beta_6 = \delta - \alpha_6

print (E6.¢([1,0,0,0,0,0,0]))

#\alpha_0 periodicity is 2

E7 = rootSystem([0,1,5,2,6,4,3,7],'E")
print ((E7.delta - E7.irr_chains()) [6])
# \beta_7 = \delta - \alpha_6
print (E7.c([1,0,0,0,0,0,0,0]))
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#\alpha_O0 periodicity is 2

E8 =

rootSystem([0,1,6,2,3,4,7,5,8],'E")

print ((E8.delta - E8.irr_chains ()) [7])
#\beta_8 = \delta - \alpha_8
print (E8.c([1,0,0,0,0,0,0,0,01))

F4 =

7 #\alpha_O periodicity is 3

rootSystem([0,1,4,2,3],'F"')

print ((F4.delta - F4.irr_chains ()) [3])
#\beta_4 = \delta - \alpha_4

print (F4.c([1,0,0,0,01))

#\alpha_O0 periodicity is 2

G2 =

rootSystem([0,1,2],'G")
; print ((G2.delta - G2.irr_chains ()) [1])

#\beta_2 = \delta - \alpha_2
print (G2.c([1,0,01))
#\alpha_0 periodicity is 3

LisTING 11. Connectivity Conjecture

#This is a slight modification of the code used to test for

connectivity on a given rootSystem object

#If nothing is printed then the conjecture holds

imwords = rootSys.SL(rootSys.delta)

for i in range(l,len(imwords)):

[AT]
(]

[ET]
(K]

[LR]
[Le]
[Lo]
[M]
[NT]

[R]

if rootSys.costfac(imwords[i]) [0] == rootSys.standfac(imwords([i])

[0]:

print (i)
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