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ORTHOSYMPLECTIC R-MATRICES

KYUNGTAK HONG AND ALEXANDER TSYMBALIUK

ABSTRACT. We present a formula for trigonometric orthosymplectic R-matrices associated with
any parity sequence, and establish their factorization into the ordered product of g-exponents
parametrized by positive roots in the corresponding reduced root systems. The latter is crucially
based on the construction of orthogonal bases of the positive subalgebra through g¢-bracketings
and combinatorics of dominant Lyndon words, as developed in [7]. We further evaluate the affine
orthosymplectic R-matrices, establishing their intertwining property as well as matching them with
those obtained through the Yang-Baxterization technique of [17]. This reproduces the celebrated

formulas of [21] for classical BCD types and the formula of [31] for the standard parity sequence.
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1. INTRODUCTION

1.1. Summary.

For classical Lie algebras g, the quantum groups U;tt(g) first implicitly appeared in the work of
Faddeev’s school on the quantum inverse scattering method, see e.g. [11]. In this RLL realization,
the algebra generators are encoded by two square matrices LT subject to the famous RLL-relations

+7+ +7+ - -
RLTLy = Ly LT R, RL{Ly; =L;LTR
(and some additional relations to kill the center), where R is a solution of the Yang-Bazter equation
RiaR13R23 = RogRi3Ry2 . (1.1)

This is a natural analogue of the matrix realization of classical Lie algebras, and it manifestly
exhibits the Hopf algebra structure, with the coproduct A, antipode S, and counit € given by

ALF)=LFoL*,  S(LF)=(LF"', (L% =1

The uniform definition of quantum groups U?J(g) for any Kac-Moody Lie algebra g was provided
independently by Drinfeld [9] and Jimbo [20], and is usually referred to as the Drinfeld-Jimbo
realization. In this presentation, the generators e;, f;, k:l-jEl = ¢*" are labeled by simple roots a; of g,
while the Hopf algebra structure is given formally by the assignment on the generators. In A-type,
the corresponding isomorphism Ugtt(g[n) ~ U(P‘](g[n), and subsequently its sl,-counterpart, were
constructed in [3, §2] by considering the Gauss decomposition of the generator matrices L*.

The next important class of Kac-Moody Lie algebras is the so-called affine Lie algebras g, which
admit a similar Chevalley-Serre type presentation associated with extended Dynkin diagrams. It is
well-known that they are central extensions of the corresponding loop algebra Lg = g ® C[t, ¢t 1]:

0—>C-c—>g—>Lg—0.

The aforementioned construction of [11] was extended to the loop setup of Lg in [12] by crucially
replacing the R-matrices satisfying (1.1) with parameter-dependent R-matrices R(z) satisfying
R12(Z)R13(Zw)R23(w) = Rgg(w)ng(zw)ng(z) s (1.2)

the so-called Yang-Bazter equation (with a spectral parameter). The generators of these algebras
UL (Lg) are now encoded by two square matrices L*(z) subject to analogous RLL-relations

R(z/w)Lf (2) Ly (w) = Ly (w) Lt (2)R(z/w),  R(z/w)L{(2)L; (w) = Ly (w)L{ (2)R(z/w).

Finally, this was generalized to g in [38], thus producing U;*(g) by incorporating the central
charge. For classical g, this construction is an exact affine analogue of the construction from [11].

There is yet another realization [10] of quantum affine groups U, (g), which is usually referred to
as the new Drinfeld realization (a.k.a. current realization). The isomorphism U, (g) ~ U;DJ (g) was
stated in [10] without a proof, while the complete details appeared a decade later in the work of Beck
and Damiani. In A-type, the corresponding isomorphism Uétt (an) ~ U, (g[n), and subsequently
its g[n—counterpart, were first constructed in [3] by considering the Gauss decomposition of the
generator matrices L¥(z), similarly to the finite type. For affinizations of other classical Lie
algebras such isomorphisms were first discovered in [18] and were revised more recently in [23, 24].
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The above results also admit rational counterparts, with quantum loop/affine groups replaced
by the Yangians Y;/(g) (in the J-realization), first introduced in [9]. The representation theory of
these algebras has been developed using their alternative (new) Drinfeld realization Yy (g) proposed
in [10], though it should be noted that the Hopf algebra structure is much more involved in
this presentation. One can also adapt [11,12] to define Y **(g) in the RTT-realization. In this
presentation, the algebra generators are encoded by a square matrix 7'(u) subject to a single
RTT-relation (together with an extra central reduction)

R(u — v)Ti(u)To(v) = To(v)T1(u)R(u — v)
where the R-matrix R(u) is again a solution of the Yang-Baxter equation
ng(u)ng(u + U)Rgg(v) = Rzg(v)ng(u =+ U)ng(u) .

For classical series, the relevant R-matrices R(u) are the Yang’s matrix in type A, and the
Zamolodchikov-Zamolodchikov’s matrix in types BC'D. The Hopf algebra structure on such
Yt (g) is especially simple, with the coproduct A, antipode S, and counit € given explicitly by

A(T(u) =T(u) @ T(u), S(T(u)) =T H(u), e(T(u)) =1.

These features make the RTT-realization to be well-suited both for the representation theory as

well as the study of corresponding integrable systems. An explicit isomorphism Y;**(g) ~ Y3 (g) is

again constructed using the Gauss decomposition of the generator matrix 7'(u). For A-type this

was carried out in [1], for BC'D-types it was carried a decade later in [22], while a less explicit
isomorphism in general types was established in [10]. Finally, we note that the RTT realization of
the (antidominantly) shifted Yangians Y, (g) from [3] was recently obtained in [13, 14] for classical

g, thus significantly simplifying some of their basic structures as well as producing integrable
systems on the corresponding quantized Coulomb branches of 3d N = 4 quiver gauge theories.

The theory of quantum groups and Yangians associated with Lie superalgebras is still far from
a full development. While the Drinfeld-Jimbo realization of quantum finite and affine supergroups
was proposed two decades ago in [12,43], there is no uniform (new) Drinfeld realization of such
algebras in affine types, besides for A-type. A novel feature of Lie superalgebras is that they admit
several non-isomorphic Dynkin diagrams. The isomorphism of the Lie superalgebras corresponding
to different Dynkin diagrams of the same finite/affine type was established in [27, Appendix].
Upgrading the latter to the isomorphism of quantum finite/affine superalgebras associated with
different Dynkin diagrams is a highly non-trivial technical task that constitutes one of the major
results of [13]. The renewed interest in quantum supergroups over the last decade is often motivated
by intriguing predictions in string theory. In particular, the recent work [11] established a certain
duality between U, (osp(2m + 1|2n)) and U_,(0sp(2n + 1|2m)) generalizing a conjecture of [32].

Likewise, there is no J- or new Drinfeld realizations of superYangians. The cases studied mostly
up to date involve rather the RTT realization. The general linear RT'T Yangians Y;"**(gl(n|m)) and
the orthosymplectic RT'T Yangians Y"(osp(N|2m)) first appeared in [34] and [1], respectively,
using the super-analogues of the Yang’s and Zamolodchikov-Zamolodchikov’s rational R-matrices.
In the above classical types, the underlying R-matrices posses natural symmetries, which yield
isomorphisms of Y*"(g) associated with different Dynkin diagrams. In the recent work [15], the
new Drinfeld realization of orthosymplectic superYangian Y} (osp(V')) was finally obtained for any
Dynkin diagram, generalizing the one of [33] for the case of the distinguished Dynkin diagram (we
note that the orthosymplectic type simultaneously resembles all three classical types B, C, D). The
key idea of [15] was to derive all the defining relations (including the higher order Serre relations)
from the RTT-relations by performing the Gauss decomposition of the generating matrix, thus
generalizing the derivation of the new Drinfeld realization of Y;'**(gl(n|m)) from [36,39].

In this note, we evaluate finite and affine R-matrices associated with the orthosymplectic
Lie algebras and any Dynkin diagram. In analogy with the aforementioned orthosymplectic
superYangian case, in the sequel note [25] we shall derive the new Drinfeld realization of the
orthosymplectic quantum affine algebras, thus generalizing the BC D-types of [23,24]. While for
the distinguished Dynkin diagram, the corresponding R-matrices were presented almost 20 years
ago in [31] (also cf. [16]), we hope that the present work also adds more in understanding the origin
of these formulas. Our presentation follows closely [29], the recent joint work of I. Martin and the
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second author. To this end, we first evaluate the finite orthosymplectic R-matrices, also presenting
their factorization into “local g-exponents”. While the latter resembles the classical factorization of
finite R-matrices for (non-super) quantum groups U(?J(g) (see [20]), our proof is quite different as
it relies on the combinatorial shuffle approach. We then apply the Yang-Baxterization technique
of [17] to get several potential candidates for the affine R(z), and finally choose the correct one
that intertwines the tensor product of two evaluation modules. We note that a combination of
the present work and [29,30] allows to evaluate finite and affine R-matrices for two-parameter
orthosymplectic quantum groups and subsequently derive their new Drinfeld presentation.

1.2. Outline.

The structure of the present paper is the following:
e In Section 2, we recall the basic conventions on superalgebras as well as definitions of orthosym-
plectic Lie superalgebras osp(V') and their Drinfeld-Jimbo type quantizations U, (osp(V')).
e In Section 3, we explicitly construct the first fundamental representation V' of U,(osp(V)),
see Proposition 3.1. We further present three highest weight vectors wi,wo, w3 in V ® V, see
Proposition 3.2 (and Subsection B.2), such that w;, we and yet another vector ws or w3 (or
actually w3 unless n = m) generate the entire tensor square V' ® V under the Ug,(osp(V))-action.
e In Section 4, we evaluate the universal intertwiner va from Proposition 4.3 on the first
fundamental U, (osp(V'))-representation from Proposition 3.1, see Theorems 4.6. This generalizes
the formula of [31] for the standard parity sequence. Our proof is quite different though, as we
directly verify the intertwining property, see Proposition 4.8 (and Subsection 4.3 for its proof), and
match the action on the generating three vectors from Proposition 3.2, see Propositions 4.9, 4.11.
e In Section 5, we present an alternative proof of the formula for Ryy from Theorem 4.6 by
factorizing it into the “local” operators parametrized by the positive roots of the reduced root
system ®. To do so, we use a combinatorial construction of orthogonal PBW bases of the positive
subalgebra of U, (0sp(V')) developed in [7], see Proposition 5.6. While the setup of [7] slightly differs
from ours (in that they use a different pairing, coproduct, and a twisted product), we relate the two
explicitly, thus obtaining dual bases of the positive and negative subalgebras of U,(osp(V')) with
respect to the bialgebra pairing (4.3), see Theorem 5.16. This implies the factorization formula of
Theorem 5.18, cf. Remark 5.19, thus providing a conceptual origin of (4.13) from Theorem 4.6.
e In Section 6, we extend the first fundamental Uj,(osp(V'))-module from Proposition 3.1 to
evaluation modules over the orthosymplectic quantum affine supergroup U,(osp(V)) and its
reduced version U} (0sp(V')) in Propositions 6.1-6.2. The main result of this Section is Theorem 6.3
which evaluates the universal intertwiner of U,(osp(V)) on the tensor product of two such
representations, generalizing the orthogonal and symplectic types due to [21]. According to [21],
this produces a solution of the Yang-Baxter relation with a spectral parameter, cf. (6.11). While the
proof of Theorem 6.3 is straightforward (see Subsection 6.4), we derived the formula from its finite
counterpart (Theorem 4.6) through the Yang-Bazterization technique of [17], cf. Proposition 6.8.
e In Appendix A, we present a similar treatment for A-type quantum finite and affine supergroups,
and derive the corresponding finite and affine R-matrices in Theorems A.3 and A.18, respectively.
In Subsection A.6, we also present a factorization formula for the corresponding finite R-matrix,
which seems to be missing in the literature. We also emphasize that the affine R-matrix can be
obtained from the finite one through the Yang-Baxterization of [17], up to a prefactor.
e In Appendix B, we present a direct tedious verification of the “generating” property of V @ V'
by the two highest weight vectors in type A and three vectors in orthosymplectic type (which can
be chosen to be the highest weight vectors unless n = m), cf. Propositions A.2(b) and 3.2(b,c).
Our analysis emphasizes an importance of the special case n = m, when V' ® V is not semisimple.
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2. ORTHOSYMPLECTIC LIE SUPERALGEBRAS AND QUANTUM GROUPS

In this Section, we recall the definition of orthosymplectic Lie superalgebras and associated
quantum groups, following [0].

2.1. Setup and notations.
Fix non-negative integers m,n so that n is even, and set N = m + n as well as s = [%J We
shall assume that N > 2. We equip the index set I = {1,2,..., N} with an involution ’ via:

i =N4+1—1.

Consider a superspace V = C™" with a homogeneous C-basis {v1,va,...,vn} such that each v; is
either even (that is v; € Vj) or odd (that is v; € V7), the dimensions are dim(Vj) = m, dim(Vj) = n,
and the vectors v;, vy have the same parity for any i € I (in particular, vs;1 is even for odd N).
The latter condition means that

i=1, (2.1)
where for i € I, we define its Zs-parity i € Zo via:

7 = Jui 0 if v; is even
1= |y =14 -
! 1 if v; is odd

The choice of Zo-parity of the basis vectors can be encoded by the parity sequence

yw o= (jvil,..., Jvs]) = (T,...,5) € {0,1}".
We also choose a sequence ¥y = (91,09, ...,0x) of £1’s satisfying

Vv = ! %f E
—’lgi/ lf 2

(we do not assume that J; = 1 for i < s). Under the conventions (—1)° = 1, (—=1)! = —1, we get

Il
=1

(2.2)

97 =1 and V0 = (—1);' for any 1el.
Any superalgebra A = A ® A7 can be equipped with a natural Lie superalgebra structure via:
[z, 2] = ady(2') == aa’ — (=1)1211*1/ g (2.3)

defined for homogeneous x, 2’ € A with |z|, |2'| denoting their Zo-grading, and extended linearly.
Given two superspaces A = A5 © A; and B = By @ Bj, their tensor product A ® B is also a
superspace with (A ® B)j = (A ® By) ® (A7 ® Bi) and (A® B)] = (45 ® Bi) @ (A7 ® Bp).
Furthermore, if A and B are superalgebras, then A ® B is made into a superalgebra, called the
graded tensor product of the superalgebras A and B, via the following multiplication:

(z@y)(@ @y) = (- (22') @ (yy') for any homogeneous z,2' € A, y,y/ € B. (2.4)
We will use only the graded tensor products of superalgebras, unless stated otherwise.

2.2. Orthosymplectic Lie superalgebras.

Consider the set gl(V') of all linear endomorphisms of V. Using the basis {v1, va,...,uon} of V,
we can identify gl(V') with the set of all N x N matrices. It can be made into a Lie superalgebra,
called the general linear Lie superalgebra, by defining the Zy-grading

|Eij| =1i+]
and consequently with the Lie superbracket given by (cf. (2.3))
[Eij, Eqp) = 6jaEip — Spi(—1) () (@+b) Eq;,

where we use the basis {Eij}gjzl of elementary matrices with 1 at the (7, j)-entry and 0 elsewhere.
Consider a bilinear form Bg: V x V — C defined by the anti-diagonal matrix (cf. (2.2))

N
i=1
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The orthosymplectic Lie superalgebra osp(V') associated with the bilinear form B¢ is the Lie
subalgebra of gl(V') consisting of all matrices X = >, TijEij € gl(V) preserving Bg, i.e. satisfying

Xt*G+GX =0

where the supertransposition of X is defined via

X = % (—1) Dy By (2.5)
ij=1
Thus, osp(V) is spanned by the elements
Xij = Eij — (1) 0,0,E,0  ¥1<i,j<N. (2.6)
We note that X = —(—1)564'5)191'193- - Xj;. The following elements form a basis of osp(V'):
(Xijli+i<N+1}U{Xiw|i=1,1<i<s}.

We choose the Cartan subalgebra b of 0sp(V') to consist of all diagonal matrices. Thus, h has a
basis {X;;}¢_;. Consider the linear functionals {&,}"; on gl(V) defined by er(32; 5 Tij ]) = Tpp.
Their restrictions to b satisfy

gily = —ewly foranyi,  es1]lp =0 forodd N. (2.7)

Therefore, {e;}{_; give rise to a basis of h* that is dual to the basis {X;;}{_; of h. The computation
[Xiis Xap] = (64 — €p)(Xii) Xap shows that X is a root vector corresponding to the root g, — €.
Hence, we get the root space decomposition osp(V) = b ® P,cqp 05p(V)a with the root system

P={e,—ep|la+b<N+1, a#b}U{2,|a=1}. (2.8)

We further have a decomposition ® = ®5 U ®7 into even and odd roots. We also choose the
following polarization of ®:

—{5a—€b|a<b<a’}u{2sa|a:i < s}, 2.9
P ={e,—ep|b<a<V}uU{2e,|a=1,d <s}. '
Let ® = &5 U ®;7 be the reduced root system of osp(V), that is:
(i):{’}/eq>|%’y¢@}, Ci)ﬁz(i)ﬂq)(‘), (i)szi)ﬁ‘I’i. (2.10)

2.3. Chevalley-Serre type presentation.
Consider the non-degenerate supertrace bilinear form (-,-): osp(V') x 0sp(V) — C defined by

(X,Y) = isTr(XY).

Its restriction to the Cartan subalgebra b of osp(V) is non-degenerate, thus giving rise to an
identification h ~ h* via &; ++ (—1)'X;; and inducing a bilinear form (-,-): h* x h* — C such that

(ei,e5) = Jz-j(—l){ for any 1<i,j7<s. (2.11)

We also recall that an odd root o € ®7 is called isotropic if (o, ) = 0.
Following the choice of the polarization (2.9) of the root system (2.8), the simple roots and the
corresponding root vectors can be written as follows:

e Case 1: m is odd.
o = €j — Ei41 for 1<i<s,
€, = X/L"iJrl for 1 < /) < S,

fi = (_1){Xi+1,i for 1<i<s, (2.12)

hi = [e,-,fi] = (—1)ZX“ — (—1)mXi+177;+1 for 1 < ) <s.
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e Case 2: m is even and s = 0.

€ — Ei+1 if1<i<s
o = e
E5-1 —Estl =Es—1 + &5 ifi=3s

)

)

Xi,i+1 if1<i<s
e =
! Xs—l,s-i-l ifi=s

- (2.13)
£ (_1)1Xi+1,i ifl1<i<s
! (—1)5_1Xs+173,1 ifi=s ’
he — [e‘ f] _ (—1);X“ — (—1)mXi+17i+1 ifl1<i<s
v (—1)" X g1 — (1) Xy ifi=s
e Case 3: m is even and 5 = 1.
—gip1 if1<i<s
2gs if i=s ’
{X”_H if1<i<s
Essp1 ifi=s ’
v (2.14)
. ( 2+1i if 1 <i<s
2E8+1 s ifi=s ’
[e f] _ (—1);X” — (—1)mXi+1,i+1 if1<i<s
o 2X55 lf Z =S '
Define the symmetrized Cartan matriz (a;;); ;—, of osp(V') via
Ai5 = (ozi,aj) . (2.15)
Then, the above elements {e;, f;, h;}{_; are easily seen to satisfy the Chevalley-type relations:
lhi,hj] =0, [hi,ej] = aijej, [hi,f;] = —ayf;,  [ei, fj] = dizhi. (2.16)

In fact, the Lie superalgebra osp(V') admits a generators-and-relations presentation, which is a
special case of [11, Main Theorem]. Explicitly, it is generated by {e;, f;, h;}7_;, with the Zs-grading

0 if a; € _
e = 6] = 4> L9 h =0, (2.17)
1 1faie<1>1

while the defining relations are (2.16) together with the standard Serre relations and the higher

order Serre relations. As we shall not need the explicit form of the Serre relations, we rather refer
the interested reader to [141, §3.2.1] for the exact formulas.

Remark 2.1. We note that our choice of the generators is a rescaled version of those used in [13,14],
as we use the symmetrized Cartan matrix instead of the non-symmetrized one in (2.16).

2.4. Orthosymplectic quantum groups.

The orthosymplectic quantum supergroup U,y (osp(V')) is a natural quantization of the universal
enveloping superalgebra U (osp(V)). Explicitly, U,(0sp(V)) is a C(¢*'/?)-superalgebra generated
by {ei, fi, ¢t"/2}3_,, with the Zo-grading as in (2.17), subject to the following analogues of (2.16):

[qhi/Q,qh]'/Q] — O, q:thz/Qq:th/Q — 1’ (218)
q [ JE— q 7
[ei, f3] = 51']'7(] T (2:20)

as well as the standard and the higher order q-Serre relations, which the interested reader may
find in [12, Proposition 10.4.1], cf. [7, Proposition 2.7].
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Remark 2.2. We note that our choice of the denominator ¢ — ¢! in (2.20) follows conventions
of [43], and thus may differ from some other literature by a mere rescaling of f;’s.

Consider a lattice P = @}_; Ze;, a root lattice Q = @;_, Za; contained in P via (2.12)—(2.14),
and set QT = @;_; Z>oa;. The algebra U,(osp(V)) is naturally graded by @ (thus also by P) via:

deg(e;) = ay deg(fi) = —a;, deg(q/?) = 0 V1<i<s. (2.21)
For elements a,b € U,(osp(V')) homogeneous with respect to the Zs-grading and (2.21), we set:
[a,b] = ab — (—1)lellblg(dee(a).deg®) g (2.22)

Moreover, the following formulas endow U, (osp(V')) with a Hopf superalgebra structure:

Aler) =¢"P@eite;@q /2,
Alf)=q" o fi+ fiwqg™?, (2.23)
A(gEh/2) = gFhil? @ gFhil?

the counit

E(ei) =0, E(fz) =0, e(qihi/z) =1,
and the antipode
S(e) =—q e, S(fi)=—q""fi,  S(@M?) =g
Following [19], we also define a superalgebra homomorphism A”: U, (0sp(V)) — Uy(osp(V))®
Ae)=d"@e+eal, AN(f)=10 fi+fiog™, A" =g (2.24)

Remark 2.3. We prefer to follow the notations from physics literature as we use ¢ instead of
the more common generators K:*' and use the coproduct (2.23) more often than (2.24).

2 via

3. COLUMN-VECTOR REPRESENTATIONS

3.1. First fundamental representations.
Henceforth, we shall use the following convention ¢ for a diagonal matrix D = diag(dy, ..., dy):

" =q¢"En+ - +¢"Eyy.

We shall also identify End(V') with the set of N x N matrices using the basis {v1,...,on} of V.
Proposition 3.1. The following defines a representation o: Uy(osp(V)) — End(V):

ole)=ei,  olfy) =rifi,  olg™/?) =g for 1<i<s, (3.1)
where {e;, fi, h;}7_, denote the action of Chevalley-type generators of osp(V') from (2.12)~(2.14), and

-1 _ .

% if miseven,s=1, andi=s

R = . .
1 otherwise

Proof. We need to show that the operators (3.1) satisfy the defining relations (2.18)—(2.20) together
with the standard and the higher order g-Serre relations. The relations (2.18) are obvious as all h;
are diagonal in the basis {v1,...,vy}. For the first relation of (2.19), we note that its left-hand
side is the conjugation of e; by the diagonal matrix ¢"i/2. Hence, it suffices to compare ¢%i/2 to the
ratios of the eigenvalues of ¢"/2 on the vectors e;v, and v, (assuming the former is nonzero), which
follows from the second equality of (2.16). The second relation of (2.19) is checked analogously.
Finally, the relation (2.20) follows from (2.16), since h; is diagonal with {0, £1,4+2} on diagonal

(with +2 appearing only when m is even, s =1, and i = s) and
(@ —¢")/lg—q)=r for re{0,+1}. (3.2)
To verify the ¢-Serre relations, let us equip V' with a natural P-grading (with P as above) via

deg(v;) =¢; for all 1 < j < N, where we follow (2.7) for s < j < N. Evoking the P-grading (2.21)
of Uy(0sp(V')), we see that the assignment (3.1) preserves this P-grading:

deg(o(x)v;) = deg(z) + deg(v;) for any x € {ei,fi,qihi/Q}le, 1<j<N. (3.3)
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Referring to the explicit form of all g-Serre relations, left-hand sides of which are presented

in [412, Definition 4.2.1], one can easily see that all of them, besides (v), are homogeneous whose

degrees are not in the set {e; —¢; |1 < 4,5 < N}. Hence, they act trivially on the superspace V.
It remains to verify only the cubic g-Serre relation (cf. notation (2.22))

[[657 [[65—17 65—2]]]] - [[65—17 [[657 68—2]]]] =0 (34)

arising from [12, Definition 4.2.1(v)], which occurs only when vy = (x,...,%,1,0) and N > 6
is even. Evoking the above P-grading, we note that the left-hand side of (3.4) has degree
Qs_9 + 51 + s = €5_2 + €51, and hence acts trivially on v; for j ¢ {(s — 1)/, (s —2)'}. It is
straightforward to check that it also acts trivially on the basis vectors v(,_1) and v(,_gy. O

3.2. Tensor square of the first fundamental representation.
Recall that a vector w in a Uy (osp(V'))-module W is called highest weight vector of weight u if

ei(w) =0 and "2 (w) = ¢/ 2y forall 1<i<s.
Proposition 3.2. (a) The following are highest weight vectors in Ug(osp(V'))-module V & V :

w) =v1 ®U,

wo = V1 Q@ Vg — (—1)T(T+§)q(_l)l “U2 @ U1,
(3.5)
N
w3 :Zci'vi®vi”
i=1
where the coefficients ¢;’s in w3 are determined by ¢c1 = 1 and the following relations:
Capr = qCVHEDT2 g g e, for 1<a<s, (3.6)
Col = (—1)6+m . q(fl)a/zﬂfl)m/2 “VUaVat1 " Clat1y for 1<a<s,

as well as one of the following

Cs+1 = q(_1)§/2 Vs¥sq1 s, Csp2= (_1)§+m : q(_1)3/2 “0sUs41 * Csp1 for odd m, (37)

Copl = q(*l)?/”(*l)ﬁ/2 10511 - Cs—1 for even m and 5 =0, (3.8)

Csp1 = —q(*l)g'2 ey =—q % cq for even m and s=1. (3.9)

(b) For n # m, the Uy(osp(V))-module V@V is generated by these vectors wi,ws,ws of (3.5).

(¢) For any n and m, the Uy(osp(V'))-module V@V is generated by the vectors wi, wa, W3 = v1 ®vyr,
as well as by the vectors wy,ws, W3 = vy’ @ V1.

Proof. (a) Let us show that the vectors wy, we, w3 are indeed highest weight vectors for the action
0%? of U,(osp(V)) on V @ V. First, we note that they are eigenvectors with respect to {¢"/2}5_:

Q®2(qhi/2)w1 _ q2€1(hi/2)w1 ’ Q®2(qh¢/2)w2 _ q(€1+€2)(h¢/2)w2’ Q®2(qh¢/2)w3 — ws.
It remains to verify that wy, ws, w3 are annihilated by all 0®2(e;). The equality 0®2(e;)(w;) = 0
follows from o(e;)(v1) = 0. Likewise, 0®2(e;)(ws) = 0 for i > 1 follows from o(e;)v1 = o(e;)ve = 0.

Meanwhile, combining o(e1)ve = v1, o(e1)v1 = 0, o(¢"/?)vy = q(*l)T/Qvl, and (2.23), we also get:

0% (e1)wz = (0(¢"/?) ® o(e1))(v1 @ v2) — (~1)TFDgD (o(e1) @ 0(g~"/2)) (02 @ 1)
= (-1 DT VT LI T D) Ly gy =0,

where the sign (—I)T(T+§) in the beginning of the second line is due to the conventions (2.4).
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It remains to verify 9®2(e,)ws = 0 for all a. First, let us consider the case 1 < a < s. Then:
Q®2(ea)w3 = (o(€a) ® Q(q_ha/z))(ctﬂrl “Vat1 @ V(at1)y + Ca -V @ Va)

+ (Q(qha/2) ® Q(ea))(c(aJrl)' “V(g+1) @ Vat1 + Cq " Vg & Ua’)

=Cg41° qf(*l)a+1/2 “ Vg [} U(a+1)/ — Cq’ * qf(*l)E/Q . (_1)E(E+a7+1)19a19a+1 . U(a+1)’ (9] Vg

+ (_1)m(a+m) . (-1)e+1/2

Cla+1)" * 4
B (_1)E(E+m) Cq - q(71)5/2 . (_1)E(E+rﬂ)§aﬁ

U(a+1) & Vg,

atl Vg @ V(a+1) »

with the first signs in the last two lines due to the conventions (2.4). Evoking both defining
relations (3.6), we see that the right-hand side above vanishes, and so 0®2?(e,)ws = 0 for 1 < a < s.
To evaluate g®2(es)w3, we have to consider three separate cases:

e Case 1: m is odd. In this case, we likewise have:
0% (es)ws = (o(es) ® Q(q_hs/Q))(CsH “Us41 @ Vs41 + Cs42 - Us42 & vs)
+ (Q(th/Q) ® 0(es))(Cs1 - Vo1 @ Vsp1 + €+ Vs @ Vgy2)
= Cop1 - Vs @ Vsy1 — Cora - q D2 (1P EDY 9 @0,
+ (*USTI(EJFSTI) " Cs41 - Usy1 @ Vs
— (=1)FEESED L g2 (LS 9 vy @ vt

with the first signs in the last two lines due to the conventions (2.4). Evoking both defining
relations (3.7), we see that the right-hand side above vanishes, and so 0%%(es)ws = 0.
e Case 2: m is even and s = 0. In this case, we obtain:

0%%(es)wz = (0(es) @ 0(¢7 /%)) (511 - Vsp1 @ Vs + 512 Vsya @ Vs—1)
+ (Q(qhs/Q) ® 0(€s))(Cs - Vs @ Vsp1 + Cs—1 - Vs—1 @ Vsp2)
et g V2 @y — carn g DT (L)) g 0, 0, @ 0y
(=17 g g2y @ gy
_ (_1)ﬁ(ﬁ+§) e

PG ES (—1)°~16=149) Ly

s—1 571193+1 cVs—1 ® Vs .

Evoking (3.6, 3.8), we see that the right-hand side above vanishes, and so 0%%(eg)ws = 0.
e Case 3: m is even and 5 = 1. In this case, we again get the desired vanishing by (3.9):

Q®2(68)w3 = (Q(qhs/z) ® 0(68))(08 “Us @ Us+1) + (o(es) ® Q(q_h5/2)>(cs+1 “Us+1 @ US)
:Cs'q_l “Us Q Vg + Cs41 - q - Vs Q Vs =0.

(b) Part (b) is established in Propositions B.2(b,d), B.3(b,e), B.4(b,e) from Appendix B.
(c) Part (c) is established in Propositions B.2(b-d), B.3(c-e), B.4(c-e) from Appendix B. O

Remark 3.3. Reversing the above calculations, we see that the only highest weight vectors in
Uq(osp(V'))-module V ® V' of weights 2e1,e1 + €2,0 are multiples of wy, wa, w3, respectively.

4. R-MATRICES

4.1. Universal construction.

We first recall the general construction of a U, (0sp(V'))-module isomorphism W1 @Ws — Wo@ W
arising through the universal R-matrix, following the treatment of [19, §7] in the non-super setup.
First of all, for any superspaces A and B, we define the graded permutation operator T = 74 p via

T:A®B—-B®A, 2@y~ (DY @2 for homogeneous z € A,y € B. (4.1)

We note that if both A, B are superalgebras, then 7 of (4.1) is a superalgebra homomorphism.
In particular, we can now define opposite coproducts A° and A7°P  which are superalgebra
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homomorphisms, via:
A%P(z) =710 A(z), ATP(z) =70 A () Va e Uy(osp(V)), (4.2)
cf. (2.23, 2.24). Henceforth, we shall only work with type 1 P-graded Ugy(osp(V'))-modules W, i.e.
W = @ W] with W] = {w eW| P w) = ¢\ Py V1 <i< s} .
pep
For any such U, (osp(V'))-modules Wy, Wy, we define a linear map f W1 @ Wy — W1 @ Wy via
Fr @ ws) = ¢ " cwy@wy  forany wy € Wilv], wy € Waly].

Let U (osp(V)) and U, (0sp(V)) be the subalgebras of Uy (osp(V)) generated by {e;};_; and
{fi}i_1, respectively. We also define Uz (osp(V)) and U (osp(V)) as subalgebras of Uy (osp(V'))
generated by {e;, g™/ 2ys_ | and {fi, qFhi/ 23s_,, respectively. The basic property of all quantum
(super)groups is that they are Drinfeld doubles with respect to a bialgebra pairing, which presently
relies on the following result (generalizing [19, Propositions 6.12, 6.18] to the super setup):

Proposition 4.1. There exists a unique bilinear bialgebra pairing

(1) Uz (0sp(V)) x Ug (0sp(V)) — C(g™/*) (4.3)
which satisfies the following structural properties
(v, o) =(woy, A@)s,  (ya2); = (A"P(y),z @), (4.4)

for any x, 2’ € qu(osp(V)), v,y € Uqg(osp(V)) with the pairing in the right-hand sides defined by
oz, yey); =)z ) ), for any Zo—homogeneous z,z’,y,1/ ,
and is given on the generators by (for any 1 <i,j < s):
(fir /%)y =0, (/% e);=0,
Sy (—1)Mllesl (4.5)

(firej)s = T T—q (g%, q"i/?) ;= g/t

The pairing (4.3) is non-degenerate.

Remark 4.2. The non-degeneracy of (4.3) easily follows from the non-degeneracy of its restriction
to Uy (osp(V)) x U (0sp(V)). We note that the latter is a highly non-trivial result, and is actually
the main result of [12], where the g-Serre relations were precisely derived to satisfy this property.

Recall the P-grading on U,(osp(V')), hence on all the subalgebras above, cf. (2.21). We note that
the graded components U, (0sp(V)), and U, (0sp(V')),, are all finite-dimensional. Furthermore, in
accordance with (4.4, 4.5), the pairing (4.3) is graded:

(y,2); =0 for yeU; (0sp(V))y,x € U (0sp(V)), with p+v#0.
Let us pick dual bases {z}'}, {y}'} of U (0sp(V)),., U, (0sp(V))_,, with respect to (4.3), and set

O=1+> 0, with ©,=) z'cy. (4.6)
©u>0 A

The following is proved completely analogously to [19, Theorem 7.3]:
Proposition 4.3. For any U,(osp(V'))-modules Wy and Wy as above, the map
EWI,WQ:TOfl/Qo@ofl/Q:W1®W2—>W2®W1 (4.7)
is an isomorphism of Ug(0sp(V'))-modules.
Remark 4.4. Completely analogously to [19, Theorem 7.3], one verifies that
ATP(Of =OfA(z) Y e Ulosp(V)).
Comparing the defining formulas of A7 from (2.24) to those of A from (2.23), it is easy to see that
A (z) = fTY2A@) Y2, ATP(r) = FT2AP () Y2 Yo e Uy(osp(V)).
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Combining the above two equalities, we obtain:
AP () [1ROf2 = [1ROJPA() Ve Uyosp(V)),

which together with 7(z(w; ®@ws)) = A% (z)(1(w1 @ws)) for all x € Uy(osp(V)), w1 € Wi, wy € Wa
establishes Proposition 4.3.

Let Ry, w, =T o© l’A%Wl,W2 = fvl/Q oB®o fl/zz Wi @ Wy — Wi @ Wa. Given Ugy(osp(V'))-modules
W1, Wy, W3 as above, we define the following three endomorphisms of W7 ® Wy ® Wi:

Ris = RW1,W2 X IdW3 , R23 = IdW1 & RW27W3 , R13 = (Id X T)Rlz(ld [ T) .

We likewise define linear operators Ru, Rgg, R13. Then, analogously to [19], we have:

Ri2R13R23 = RosRi3R12: W1 @ W @ W3 = W @ Wy @ W3,

A A 4.8
RioRo3R12 = RosRiaRoz: W1 @ Wo @ W3 — W3 @ Wo @ Wi . (4.8)

In particular, we obtain a whole family of solutions of the quantum Yang-Baxter equation:
Ri9R13R93 = RosRi13R19 € End(W QW ® W) . (4.9)

Corollary 4.5. For any Ug(osp(V'))-module W as above, Ryw satisfies (4.9).

4.2. Explicit R-matrices.
Let

Za—fZa (4.10)

a€¢+ aeqﬁ

be the Weyl vector of the root system ®, which is the graded half-sum of all positive roots. Due
o [6, Proposition 1.33], we have

(p, i) = 3 (v, ) V1<i<s. (4.11)

In accordance with (4.1), we consider the graded permutation operator Tvy: V@V = V@V
defined via 7(v; ® v;) = (—1)% v; ® v; for any 1 <i,j < N, which is explicitly given by

N -
v =Y (-1YE;j; ® Ej;.
ig=1

We are now ready to state our first main result:

Theorem 4.6. The U, (0sp(V))-module isomorphism Ry : VOV =5V @V from Proposition 4.3
and its inverse RVV for the Uy(osp(V))-module V' constructed in Proposition 3.1 are given by

RVV =T1yv o Ry and ]‘?‘_/%/ = Tyy 0 Reo (4.12)

with the following explicit operators

N -
Ry=1+(¢"?=¢'*)> (-1)Es® (q_(gi’ai)/ini - q(Ei’Ei)/QEi’i’)

=1 o (4.13)
+(¢7 =)D (-1 By @ (B — (—1 0,040 By )
i<j
and
N
Roo =1+ (¢ = q7'/?) Y (-1 (q(ai’gi)/2En' - q_(si’ei)/QEz”i’)
=1 (414)

+(a—a )Y (-1VE; @ (Eji - (—1)5(”3)1%19]'(1(”’“75”Ez"j’) :

i>]
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Remark 4.7. Evoking Remark 4.4, we can also recover the formula for the operator R defined via
R = 0o f and its inverse R™', corresponding to the usual coproduct A”, as follows:

2

R=f"120Ryo f2=1+(¢7*-¢"*)> (- 1)'Ei ® (qf(g“g")/ini — qE=)2 z’)
i=1
+@ =) Y (-1 E; @ (Eji - (—1)](HE)19i19jq(p’si_Ej)q_(ai’aiwq(aj’aj)/in'j') ;

1<j

N
Rl =r10f 20Rgof0r=1+(¢"*—¢'*) Y (-1)E;® (q(ai’ai)/QEm' - q_(ai’ai)/in'i')
i=1

+(q—qY Z(—l)jEz‘j ® (Eji (—1)@+Dg,9, g~ PEimE) g Es) 2 ) 2 /) .
i<j

To prove Theorem 4.6, we first establish some properties of Ry and R, defined in (4.13)
and (4.14). By abuse of notation, we shall often denote (o ® 0)(A(x)) simply by A(z)! or o%%(z).
We start with a straightforward result, the proof of which is postponed till the end of this Section:

Proposition 4.8. For any element x € Uy(osp(V)), the following equalities hold (cf. (4.2)):
RoA(x) = A°P(z)Ro and RoA(x) = AP(2)Roo - (4.15)
Next, we evaluate the action of Ty Ry, Ty Roo on the generating vectors from Proposition 3.2.
Proposition 4.9. (a) The highest weight vectors wy,wa,ws are eigenvectors of Tyy o Ro
vvRo: wip »—>u(1)-w1, w2|—>ug'w2, wgr—>ug-w
with the eigenvalues given explicitly by:
W= (DY = ()T g =gt (4.16)
(b) The action of Tyy o Ry on ws = v1 @ vy is given by Tyy Ro(ws) = (—1)Tq(_1)1 LR
Proof. (a) We evaluate each eigenvalue separately.
° u(l). For w; = v ® vy, the direct computation shows that
Ro(wy) = v @ vy + (g2 - q1/2)(—1)Tq_(_1)T/201 ® v = q_(_l)Tvl ® vy .

The above equality implies the desired formula

T
rvvRo(wr) = (=1)'¢ TV 0 @ 0.
e 119. For we = v ® vy — (—1)T(TJF§)q(*1)T - v9 ® v1, the direct computation shows that

Ro(wz) = v1 @ v — (=1)T gD (03 @ 01 + (7 = ) (—1)%(B12 ® Ban)(va ® 1))

=] ® V2 — (—1)I(IJF§)q(71)T ‘w2 ®v1 + (g — qil)(_lﬁq(il)l V1@V
= ¢V g @y — (-1 @y

The above equality implies the desired formula

vy Ro(wz) = —(=1)T¢™" vy @ v + (1)1 2 iy @ vy = (1)1 -y

° ug. For wg = Z£i1 ¢i - v; ® vy, we note that Ty Rp(ws) is also a linear combination of
{v; ® vy} ;. Furthermore, the intertwining property of Proposition 4.8 shows that

A(eq) (v Ro(ws)) = TvvRo(A(eq)ws) = TvvR()(Q®2(€a)’w3) =0 Vi<a<s.

LWe note that a similar convention was already used in our Remark 4.4 above.
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Combining this with Remark 3.3, we see that this forces 7y Ro(ws) to be a scalar multiple
of ws. Therefore, to find ,ug it is enough to compare the coefficients of the term vq ® vy/.
To this end, we note that

Ro(ws) = Z ci-vi @uy — (g % = ¢'/?) Z (—1)Eq(€i’€i)/2q (B @ Eyy)(v; @ vyr)

1<i<N 1<i<N
it
+ (' =)D (Ve (Byi @ Eiyr) (v ® vy)
i'<i
— (¢ = @) D_(=D)Yg 0 ici - (Bji @ Bpo)(vi ® i)
j<i
= > i v®uy— (1% = ¢/?) > (—1)8q =)/ ;- vy @ vy
1<i<N 1<i<N
+@ =) Y (D v @v = (g7 = ) (1) g PITE0; vy @ vy
i'<s J<i

In particular, the coefficient of vy ® v in Ro(ws) equals

(1= @2 = ) (1)) er = e,
and therefore the coefficient of v1 ® v in Tvy Ro (ws) is (—1)Tq(*1)Tclu The latter implies
1 = (=1)1gCD'¢y /e, As ¢ = 1, to deduce the last formula of (4.16) it suffices to show:
crr = (—1)Tg D gnnt, (4.17)
The proof of (4.17) is straightforward and is based on (3.6)—(3.9). Indeed, multiplying
o = (—1)THFT DD

due to (3.6), we find

'c(aJrl)//C(aJrl) for 1<a<s,

(_1)T+§q(_1)T+(_1)5.2+...+(_1)371.2+(_1)?

cpr /el = ey /s

Combining this with Zf\il(—l)g = m — n and the explicit formula
(1) 1g=DT if s odd

cs/es =4 (—1)F if m is even and 5 =

[ e

)

(—1)§q(*1)§'2 if miseven and s=1
due to (3.6)—(3.9), we obtain the uniform formula for ¢y//c; = ¢y from (4.17).

(b) For w3 = v1 ® vy, the direct computation shows that

Ro(is) = v @ vy — (¢ /% = q1/2)(—1)iq(71ﬁ/2’01 @uy =q" Vv @ vy

The above equality implies the desired formula

vy Ro(@3) = (~1)TgV vy @ vy = (=1)TgD g .
This completes the proof of the proposition. O
By completely analogous computations, we get the following result:
Proposition 4.10. (a) The highest weight vectors wy,wy, ws are eigenvectors of Tyy o R
TvvReo: w1 pi wr, war pgt-we, ws i pgt - ws

with the eigenvalues given explicitly by:

T T T _
p = (=D =1, pe = (=)' Y =1/, e =g =1/,
(b) The action of Tyy o Roo on g = vy @ vy s given by Tyy Roo(W3) = (fl)Tq_(_l)1 - Ws3.

Let us now evaluate the action of Ryy on wi, ws,ws, and ws:
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Proposition 4.11. (a) The highest weight vectors w1, wy, w3 are eigenvectors of Ryy from (4.7)
vai w1 — )\111]1 , Wyt )\2102 , W3 )\311}3

with the eigenvalues given explicitly by:

T —(-1! T (=1t m—n—
M= =0 d= (DT =4S, A= =48 (418)
(b) The action of Ryy on w3 = v1 @ vy is given by RVV(iDg) = (—1)Tq(_1)T - 03.

Proof. (a) The intertwining property of Ryy from Proposition 4.3 together with Remark 3.3
implies that all three vectors wy, we, w3 are indeed eigenvectors for va. We shall now evaluate
each eigenvalue separately.

e ). For w; = v ® vy, the direct computation shows that

vy flwn) = ¢ )y (o @ vp) = (1)1 D

which implies the desired formula for A\; (as ©(v; ® v1) = v1 ® v1).

e )\9. The eigenvalue A9 of the ]%VV—action on wy =v1 Q Vg — (—1)T(T+§) . q(_l)T - v9 ® v equals
the coefficient of v1 ® vy in va(’wg). The latter appears only from applying v f to the
above multiple of vy ® v (thus implying the desired formula for Ag):

v f(= (D) g v @) =
— (—1)1D gD ) oy (@ 01) = —(=1) g v @ v,

e \3. The eigenvalue A3 of the va—action on wy = v1 ® vy + Zfi2 ¢ - v; ® vy equals the
coefficient of v; ® vy in Ryy(ws). The latter appears only from applying 7y f to the
above multiple of vy ® vy (thus implying the desired formula for \3):

TVVf<Cl’ (v ® Ul)) =

(417) m—n—1

T 1
Cl,qf(sll;EI)TVV(Ul, ® /Ul) — (_1)1q(71) cy/ - U1 ® V11 q -0 ® V17 .

(b) For wg = v1 ® vy, the direct computation shows that

_ o1 ens T
rvv f(@3) = ¢~ C )y (v @ vr) = (-1)'qED oy @ v,
which implies the desired formula as ©(v; ® vy/) = v1 ® vy = Ws. O
Combining the Propositions above, we can now immediately derive our main result:

Proof of Theorem /.6. Combining the intertwining property (4.15) with the equality
A% (z) = 1, 0 A(z) o Ty € End(V @ V), (4.19)

we obtain

(tvvRo) o A(z) = vy 0 A% (x) o Ry = (1yy 0 AP(x) o T‘;‘l/) o(tyy o Ry) = A(x) o (tvy Rp) ,
so that Ty o Ro: V@V — V@V is a Uy(osp(V'))-module morphism. In fact, since Ry specializes
to the identity map I at ¢ = 1, it is generically a vector space isomorphism, so that 7y o Ry is
a Uy(osp(V))-module isomorphism. Likewise is the operator Ry, which acts on the generating
vectors wi, wy, ws (or the generating highest weight vectors wy, we, w3 unless n =m) of V@ V in
the same way as 1y o Rg, due to Propositions 4.9 and 4.11. This implies Ryy = 1y o Ryp.

Similar arguments also show that 7y o Ry is a Uy(0sp(V'))-module isomorphism. Since the
operators Ty 0 Ry and R‘_/%/ act in the same way on the generating vectors wy, wa, w3 (or the
generating highest weight vectors wi, wa, w3 unless n = m) of V® V', due to Propositions 4.10
and 4.11, we obtain the desired equality R‘_/%/ = Tyy ° Reo. O

Remark 4.12. The above proof of Theorems 4.6 is quite elementary, but it does require knowing
the correct formulas for Ry in the first place. In Section 5, we provide the conceptual origin of
these formulas by factorizing them into an ordered product of “local” operators.
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4.3. Proof of the intertwining property.
In this separate Subsection, we sketch (presenting the key formulas) the proof of Proposition 4.8.
We start with the intertwining property of R... To make the computations more manageable,
it is helpful to break the operator Ry, from (4.14) into I and the following four pieces:

Ry=(¢"?—q'* Y (—1)iq =) E; @ By,

1<i<N
Ry=—(¢"?—¢'%) Y (-1)'q” By @ By,
1<i<N
R3=(q—q ")) (-1)Ei; ® Eji,
i>j
Ri=—(q—q ") (-1)"7¢Ps )90, E;; ® By,
i>j

so that Roo =1+ R; + Ry + R3 + Ry.

e Proof of RocA(es) = AP(eq) R for 1 < a < s.
Recall the explicit formula A(e,) = ¢"/? ® e, + eq ® ¢ "/? as well as

i#a,a’ ,a+1,(a+1)
o(q"/?) = gr/? = Z E;; +

_1)@ _(—1)a+T _(_1)@ _1)at1
q( 2 /QEaa +q (=" /2Ea+1,a+1 +q = /2Ea’a’ +q( et /2E(a+1)’,(a+l)"
By direct computation, we get:
RlA(ea) = (q1/2 - q_1/2){(_1)aq(_1)a ' Eaa ® Ea,a+1
a1 a(a+at1) (—1)*+t
— (1) (=)D gD a1 Blasty ety ® Blatiy e

+ (_1)5 . Ea,a+1 ® Eaa _ (_1>ﬁ(_1)5(ﬁ+a7+1)19a19a+1 . E(a+1)’,a’ X E(a+l)’,(a+1)’} s

A°P(e)Ry = (¢*/% — q1/2){(_1)a+1q(1)a+1 “Foi1,a+1 @ a1
— (_1)Eﬁq(_l)aﬁaﬂa+l Eya ® Eggi1y o

+ (71)a+1 “Foatr1 ® Egt1,a41 — (71)6a+119a29a+1 . E(a+1)’,a’ (9 Ea’,a’} ,

RoA(eq) = — (g% — q—l/z){(_l)aq—(—na By @ Baast

— (—1)* (=)@ D DY it - Batrart © Bty

+ (_1)6 . Ea,a—‘rl ® Ea’a’ _ (_1)m(_1)5(5+m)ﬁaﬁa+l . E(a+1)’,a’ X Ea—i—l,a—i—l} ,

a+1

A°P(eg)Ry = — (q1/2 _ q_1/2){(_1)a+1q—(—1) - E(g1) (a+1) @ Baa+1
_ (—1)5a7+1q*(*1)29a19a+1 P E(a+1)’,a’

+ (=) Bog1 ® Ea+1y (a+1y — (—1)7 L9 00g Euv1y,a ® Eaa} ;



ORTHOSYMPLECTIC R-MATRICES

RSA(ea) = (q - qil) {Z(_l)j ) (Eatha/Q) ® Ejﬂ-‘rl
i<a
- > (—1)7 (=17 @ atDg 9, - (B(at1y;4™"%) ® Eju
j<(a+1)’

+ Z a+z)(a+a+1) Ei,a-‘,—l ® (Eaiq_ha/2>
i>a

— Y ()=, - By © (E<a+1y,iq—ha/2>} :
i>(a+1)’

A% (eg)Rs = (g —q ") { 3 (—n)FF (- @rar DD (g2 L) @ By

i>a+1
B Z 1 z a+a+1)19 N atl ( _h“/QEia/) X E(a+1)’,i
i>a’
]<a+1
B Z - a(a+a+1)19 190,+1 . E(a+1),7]~ X (qha/QEja/)} .
j<ad

Also note that the difference R3A(e,) — A°P(e,)R3 can be simplified as follows:

R3(Aeq) — A°P(eq)R3 = — ((](_1)5'3/2 - q_(_l)Eﬂ)Eaa ® Eqa+1
+ (- DTG, (VT2 V)

_1)a+L. —(=1)*FT
n (q( 1)etls/2 q (~1)et /2>Ea+1,a+1 ® Eqa+1

_ (_1)a(a+a7+1)19a19a+1 <q(71)5-3/2 _ qf(fl)Eﬂ)Ea/a/ ® Elar1y.a

To compute the last two terms involving Ry, let us first note that (4.11) implies:

Ea — Eatl,Ea — € —1)% + (—1)**t!
(Pvﬁa—fa-i-l):(a a+2a a+1):( ) 2( )

Using this equality, one derives the following formulas:

RiA(ea) =~ (a—q7") { M (—1)iE(—1)Tgeeted V290, - By ® By i

i>a’

— 3 (I (e gleemea) =D 2,0, By @ By

i>a+1

+ Z za+1 a(a+a+1) (p78i_6a)q(_1)a/2?9ﬂ9a . Ei,a+1 Q Ei’a/
i>a

_ Z (_1)EE(_1)Eq(P,E¢+6a+1)q(—l)ﬁ/219ﬂ9a By ® Ei/7a+1}
i>(a+1)

=—(q— ql){ — (1% Y2 By © Egatn

()T (D V2 g B v @ Bl +1),7a,}

(a+1Y (a+1) @ Eat1y o

17
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as well as

AP(e)Ry=—(¢—q ") {— Z(—1)‘71361("’5”_‘Ej)q_(_l)mﬂauﬁj “Eoj ® Eggi1y 5
I1<a

+ Z (_1)63(_l)amq—(p,aa+1+8j)q_(—l)a+1/219a+119j . E(a+1)’,j ® Eaj’
j<(a+1)
+ 3 (m1) gl =) GO 2y, 9 Bay @ Egiay

j<a+1

= 2 ()T et =g 0 By © E}

= — (q _ ql){ _ (_1)mq*(*1)a+1/2 . E(a+1),’(a+1), ® Ea7a+1
+ (_1)a7+16q*(*1)5/219a19a+1 N E(a+1),7a/} )

Combining the above eight formulas, using the obvious equalities

(@2 = g7 V2)(=1)T = V2 V2 (=) (—1) = gD

and collecting similar terms, we finally obtain:

4
> (BrA(ea) — A% (ea) B ) = —Alea) + A%P(cq). (4.20)
k=1

This establishes the claimed intertwining property RocA(e,) = A°P(eq)Roo for 1 < a < 's.
o Proof of RocA(es) = AP (es)Roo- B B
As before, there are three cases to consider: odd m, even m with § = 0, even m with 5 = 1. The

computations are very similar to those used above to establish (4.20) for a < s. Thus, we shall
only present the relevant changes in the third case (m is even and 5 = 1) that differs the most.

RIA(BS) = (q1/2 _ q—1/2){(_1)8q(_1)5.3/2 . Ess ® Ess’ + (_1)§q—(_1)§/2 . Ess’ ® Ess} ,

Aop(eS)Rl — (q1/2 . q1/2){(_1)sq(1)5.3/2 -Eygy @ Eog + (_1)§q*(*1)?/2 By ® ES,S,} ,

R2A(es) = _(q1/2 . q—1/2){(_1)sq—(—1)8.3/2 -Eygy @ Egy + (_1)§q(—1)§/2 By ® ES,S,} ,

Aop(es)Rz — _(q1/2 _ q—l/z){(_l)sq—(—l)s.3/2 By ® Eog + (_1)§q(—1)§/2 N e Ess} ,

ByA(es) = (¢ =a7) {Z(—Dj- (Boq™/?) @ Ejy + Y (-1)7 - Eiy @ (Esz»q"“”)} :

i<s i>s

A°P(es)Rs = (g —q ) {Z(—l)S- (@ ?Ey) @ Eq+ > (-1) - Eg @ (qhsﬂEjsl)} :

i>s’ j<s’
For the last two terms, we note that (4.11) implies:

(2e5, 2e4)

(p,2es) = ~—5—= = (-1)"-2,
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so that we get:

RyA(es) =—(g—q ") {Z(—l)”(—l)sq(p’”*“)q(1)51%1% - Eiy ® Eyy

i>s’
+ 3 (-1) =g 0, - iy @ E}
>S5
=(1- q_(—l)S.Q) -Eyy ® FEyg
as well as

A%(es)Ry=—(q—q ") {Z(—1)5jq<p’es_€'j)q_(_l)sz‘/‘sﬁj By @ By
ij<s

+ 3 ()T (—1)Fg et ;- By @ Esj/}
j<s’
=(1—q ") By ® By
Assembling all the terms, we thus obtain:
RiAA(es) — A(e,) Ry =
(V72 = g7 (Bay = Buw) © Bay + (1- 47V - By @ (Bys — Buw),

RoA(es) — A% (es) Ry —
(q_(_1)§ - q_(_1)§~2) . (Ess - Es’s/) ® Eger + (q(_l)E - 1) cHog ® (Ess - Es’s/) )

R3A(es) — A%(es)R3 = _(q(il)g.2 B 1) ’ (ESS - ES’S’) ® Essr s

R4A(€S) — AOp(es)R4 = —(1 — q—(—1)§-2) . (Ess — ES/S/) ® Fgy .
Collecting the similar terms together, we finally get:

4
> (Brl(es) = AP(en)Re) = = ("7 ="/ @es + e @ ("7 — )
k=1
=— A(es) + A%(es) .
This establishes the claimed intertwining property RooA(es) = A°P(es) Roo.
e Proof of Ry A(ghe/?) = AP (¢"/?)R,, for 1 < a < s.

Since o(q"e/?) = ¢M+/? is a diagonal matrix, we can write o(¢"/?) = ¢"o/? = diag(ty, ..., t1).
Furthermore, we note that tity = 1 for all . Therefore, A(q"e/2) = A% (qha/2) = ¢ha/2 @ gha/?
commutes with all the terms of the form Ej; ® Ej;, By ® Eyj, By @ Epy, Eij @ Ej;, and Eij; @ Ey .
This implies the desired intertwining property for ge/2.

o Proof of RooA(fa) = A°P(fa)Roo for 1 <a <s.
We first recall some basic properties of the supertransposition (2.5). For any X ® Y € End(V)®2,

let (X®@Y) = X5'@Y and (X ® Y)**2 = X ® Y*' denote the supertransposition applied to the
first and the second component, respectively. Then, we have:

(Xy)st _ (_1)|X|\Y\Ystht
as well as

((X o Y)(X’ ® Y/))st1st2

= (=1 (‘X|+|Y|)(‘X,|+|Y/D XI Y/ stisto X Y st1sto
(1) (X' @Y )" (X ®Y)

for any homogeneous X, X" Y, Y’ € End(V).
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We note that (¢"i/2) = ¢"/2 and ()" is always a nonzero scalar multiple of f;, due to formulas
(2.12)—(2.14). Furthermore, (4.14) also implies

Roo = Tyv 0 (Reo)™ 2 0 7, . (4.21)
Thus, applying sty o sty to the equation Ry A(e,) = A% (e,)Roo and evoking (4.19), we obtain
AU (Rocf152 = (oo ™A (1)
Conjugating this equality by 7y and evoking (4.21), we get the desired intertwining property
RooA(fa) = A (fa) Roo

This completes the proof of the second equality of (4.15).

The intertwining property RoA(z) = A°P(z)Ry is actually directly implied by the one for R,
which we just proved. To this end, let us first note the following equality:

v o Rooryy =T+ (g2 = ¢"%) Y (-1)Ei® (¢ 2By — ¢ By )+

1<i<N

(7 =) D=1 By @ (Bji = (-1 00,0097 By ) = Ryt (4:22)

1>7

As the notation suggests, Roo|y -1 is the C(g)-valued N? x N? matrix obtained from Ru by
applying to all matrix coefficients the C-algebra automorphism

a: C(q) = C(g) determined by ¢~ ¢ !. (4.23)
We claim that the assignment
o earras forr fu, ¢ g™ g gt (4.24)

gives rise to a C-algebra involution o: Uy(osp(V')) — U,(osp(V)). To prove this, we note that
relations (2.18)—(2.20) are clearly preserved by (4.24), as well as the ideal of U, (osp(V)) (re-

spectively of U, (0sp(V'))) generated by all Serre relations in {e;} (respectively {f;}) as follows
from [13, Lemma 6.3.1]%. We also define A%, (A°P)7: U,(osp(V')) — Uy(0sp(V)) @ Uy(osp(V)) via

A°=(c®0c)oAoo !, (AP = (6 ®@0)o AP oo !, (4.25)

Then, applying ¢ to all matrix coefficients in the equality R o A(z) = A°(x) o Ry and using
the obvious equality po o = ¢ o p, we obtain

Roolgsg-1 0 A%(0(x)) = (A)7(0(2)) © Roolgsg-1 V& € Uy(osp(V)). (4.26)
However, direct computation of A% on the generators eq, fo, ¢™"+/? (1 < a < s) shows that
A% = AP (A°P)7 = A. (4.27)
Combining (4.22, 4.26, 4.27) with (4.19), we obtain
Ry o A(o(z)) = A%(o(x)) o Ry Va e Uy(osp(V)).

As o is invertible, this implies RyA(z) = A°P(z)Ry for any x, thus establishing Proposition 4.8.

5. FACTORIZATION OF FINITE R-MATRICES

In this Section, we present the factorization formula for © and use it to re-derive the formulas
for Ryy from Theorem 4.6. To this end, we use a combinatorial construction of orthogonal dual
bases of U,f (osp(V)) and U, (osp(V')), based on the combinatorics of dominant Lyndon words.

2We note that some of the individual higher order Serre relations of [12] are actually not preserved under (4.24).
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5.1. Shuffle superalgebra.
Let F be the free C(g)-superalgebra generated by the finite alphabet I = {1,2,...,s}, and let
W be the set of words in I, i.e. the monoid generated by I. Thus, F has a basis consisting of finite

length words [iy ...igq] = i142 .. .14, where i1,...,iq € I. Note that F is QT x Zs-graded via
deg([i1 ...14)) = sy + -+ i, € QT p([i1 .. 4q]) = |ei | + -+ |ei,| € Za,
cf. (2.17). Following [7, §3.1], we define the ¢-quantum shuffle product ¢: F x F — F inductively via
(i) 0 (4) = (0 ()i + (~1PERO g~ eBE) ) (i) 0 )j, Dor=zo =2,

for all i,j € I and z,y € F homogeneous with respect to the QT x Zs-grading. By iterating this
definition, one obtains (a correction of [7, (3.4)]):

[i1 .+ ia] © [ia41iat2 - - Gats] = D €ap(0)[ig-1(1)io-12) - - - To—1(at)] »

where
eap(0) = H ((_1)p(eik)p(eil)q—(aik,an))
k<a<l,
o(k)<o(l)
and the sum runs over all (a,b)-shuffles of {1,2,...,a+ b}, i.e. the permutations o € S, such

that o(1) < 0(2) <---<o(a) and o(a+1) < --- < o(a+Db).
The g-shuffle algebra provides a combinatorial model for U (osp(V)) via [7, Corollary 3.4]:

Proposition 5.1. There is a unique superalgebra embedding W : U (0sp(V')) — F with W(e;) = [1].
Let U= W(U/ (0sp(V))) be the image of this embedding, so that ¥: U (osp(V)) = U.

5.2. Combinatorics of words.
From now on, we fix an order < on the alphabet I, which induces a lexicographical order on
the monoid W. For a nonzero x € F, its leading term, denoted max(z), is a word w € W such that

x:Ztu-u with ¢, € C(q) and t, #0.

u<w

Following the terminology of [7, §4.1], we call a word w € W dominant if it appears as a leading
term of some element from U, and let W denote the subset of all dominant words in W.

Remark 5.2. Tt turns out that W™ can be used to construct various bases of U (0sp(V)). For
example, the set {e, = e ...ei, |w = [i1...7q) € WF} is a basis of U} (0sp(V)), according
to [7, Proposition 4.1]. However, we shall rather work with more sophisticated Lyndon bases below.
A word w = [iy . ..144] is called Lyndon if it is smaller than any of its proper right factors:
w < [ig .. .14 V1<k<d.

We use L to denote the set of all Lyndon words. It is well-known that any word w admits a unique
canonical factorization (see [28, Proposition 5.1.5]) as a product of non-increasing Lyndon words:

w:€1€2...€k, 512522261“ 51,...,£k€L. (5.1)

Furthermore, any Lyndon word ¢ € L admits a unique costandard factorization £ = ¢1¢2 such that
01,05 # 0, 1 € L is the longest possible, in which case also f2 € L (see [28, Proposition 5.1.3]).

Let LT = W™ N L be the set of all dominant Lyndon words. We also recall the reduced root
system ® from (2.10). The following result is proved in [7, Theorem 4.8]:

Proposition 5.3. (a) The map £ — deg({) defines a bijection 1: LT =~ &,
(b) A word w € W is dominant if and only if its canonical factorization is of the form
w="0ly.. by, (G >0>-->0, O,0a.. .  lel’ (5.2)
where £y, appears only once if deg(¢,) is an isotropic odd root (see Subsection 2.3).
We note that the above bijection 1 gives rise to a lezicographical ordering on ®+:

a<fB <= 1(a) <171(B) lexicographically . (5.3)
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5.3. Lyndon basis.
For x,y € F homogeneous with respect to Q" x Zo-grading, their q-commutator is defined as

[z,y], = zy — (—1)P@p) g(deg(z) deg(y)y . (5.4)
cf. (2.22). Following [7, §4.3], we define the g-bracketing [¢] € F of a Lyndon word ¢ € L via:
o [(|=tiflel,
o [{] = [[t1], [l2]]q if £ = €145 is the costandard factorization of .

Evoking the canonical factorization (5.1), we define the g-bracketing of any word w € W via:
[’LU] = [EI]WQ] ce [fk] .
According to [7, Proposition 4.10], the set {[w]|w € W} is a basis for F. Finally, we also define

—_

=: (F,:) = (F,©) as the algebra homomorphism given by Z([i1 ...44]) = i1 ¢ -©i4. Then, we have
the following equivalent description of dominant words, see [7, Lemma 4.11]:

Lemma 5.4. A word w € W is dominant if and only if it cannot be expressed modulo ker(Z) as a
linear combination of words v > w.

For any dominant word w € W+, we define
Ry =Z([w]).
For any homogeneous z,y € F, we introduce z ¢, ,-1 y similarly to (5.4):
TOogq 1Yy =T0Y— (_1);0(96);0(1/)q(deg(x%deg(y))y ox.

This formula implies that if £ € LT has a costandard factorization ¢ = {105, then Ry = Ry, Oq.q-1 oy
According to [7, Proposition 4.13], the set {R, |w € W'} is a basis for U, referred to as the
Lyndon basis of U. Evoking Proposition 5.3, it has the form:

k€Z>g, £1,... Lk ELT, £1>->0;,
{Relo"'oREk >0, 41 k 122> }

Lp_1>Lp>bpyq if deg(£,)EP7 is isotropic

(5.5)

5.4. Explicit computations.

In this Subsection, we specify explicitly the set L* of dominant Lyndon words, the lexicographical
order (5.3) on ®*, and the map ®* — ®T x ®T which assigns to a root v € ®* a pair of roots
a=1t),8= 1(52), where ¢ = {1 /5 is the costandard factorization of £ = 171(7), see Proposition 5.3.
To this end, we choose a specific ordering 1 < 2 < --- < s on the alphabet I, as in [7, §6].

e Case 1: m is odd. In this case, according to [7, Proposition 6.5]:
Lt ={[i...J]|1<i<j<spU{[i...ss...5]|1<i<j<s}. (5.6)
This results in the following lexicographical order on the reduced root system:
ap <ayptay<---<aptco-t o
<oyt tasog 205 <ag At 2051 + 20 < - < ap 20 400 205 (5.7)
<o < < a1 <ag1+as <ag_1+2as < ag.

Let 755 = o + -+ aj for 1 <i < j < s,and let 3;; = oy + -+ + aj—1 + 2a; + - - + 20 for
1 < i< j < s. Then, the aforementioned assignment v — (a, 3) is explicitly given by:

(a,
— for the roots v = ~;; with i < j, we have (o, 8) = (Vi j—1, ®j);
— for the roots v = 35 with 1 <1i < s, we have (a, B) = (Vis, s);
— for the roots v = f;; with ¢ < j < s, we have («a, 8) = (8 j+1, ).

e Case 2: m is even and 5 = 0. In this case, according to [7, Proposition 6.12]:
Lt ={[i...j]|1<i<j<s—1}U{[i...(s—2)s]|1 <i<s—2}U
{[i...(s—2) (s—1). ‘1<z<j<s—1}u (5.8)
{li...(s—2)(s—1)i. (3—2 J|1<i<s—1landp([i...(s—1)])=1}.
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This results in the following lexicographical order on the reduced root system:
ap<apta<- <ot tasotas—g <201+ + 2059+ s 1+ s
<o+ Fagotas<al+--tas<ap+cortas_3+ 2059+ a5 1+ Qg
< <art 20t 2050 a1 Fas <ag << s
<asotas <205 9+as 1 tas<agotas<asgotasgtas<asg<ag,

(5.9)

where the underlined 2c;+- - -+2as_o+as_1 +as means that it is omitted unless p([i ... (s—1)]) = 1.
Let vij =a; +---+ajfor 1 <i<j<s, Bis=a; + -+ as—2+ s, Bis—1=0; +-+ag and
finally B;j = o +- -+ aj_1+ 2054+ -+ 2052+ 51 + s for i < j < s—1 (B is omitted unless
p([i...(s—1)]) = 1). Then, the aforementioned assignment vy — («, 3) is explicitly given by:

— for the roots v = ;; with ¢ < j, we have (a, 8) = (74,j—1, ;);
— for the roots v = Bjs with i < s — 2, we have (a, 5) = (Vi,s—2, @s);
— for the roots v = f3;; with i < j < s, we have («a, 8) = (B j+1,;);
— for the underlined roots v = B;;, we have («a, 5) = (Vi,s—1, Bis)-

e Case 3: m is even and 5 = 1. In this case, according to [7, Proposition 6.9]:
Lt ={[i...J][1<i<j<stU{li...(s—Ds(s—1)...4]|1<i<j<s}U (5.10)
{[i...(s—l) . (s=1)s ‘1<z<sandp([ (s=1)])=0}.
This results in the following lexicographical order on the reduced root system:
ap<oapta<---<ar+otas <204+ 201 tas <o+ 4 as
<oyttt aso+ 20 tag <<y + 200+ -+ 201 Fas < (5.11)
g < - < g <2051 o < g1+ o < o,

where the underlined 2a; + - - - + 251 + a5 means that it is omitted unless p([i... (s —1)]) = 0.
Let vij =a; +--F+ajfor 1 <i<j<sand Bij =a; + -+ a1+ 205 + -+ + 2051 + a for
1 <i<j<s (B is omitted unless p([i... (s —1)]) = 0). Then, the aforementioned assignment
v (a, B) is explicitly given by:

— for the roots v = ~;; with i < j, we have (a, 8) = (7i,j—1,®;);

— for the roots v = f; s—1 with 1 <i < s — 1, we have (o, 8) = (Vis, ®s—1);

— for the roots v = f3;; with i < j < s — 1, we have («a, ) = (B j+1,;);

— for the underlined roots v = B;; with 1 < i < s, we have (o, 8) = (Vi,s—1,Vis)-

5.5. Symmetric pairing.
In this Subsection we shall endow U, (0sp(V))®? with a standard twisted multiplication:

(a®b)(c®d) = (—1)Plldg(dea®)des©) (4¢) @ (bd)
for a,b,c,d € U} (0sp(V')) homogeneous with respect to the Q* x Zo-grading. Following [7, §2.2],
we equip U, (0sp(V)) with a twisted coproduct A™: Uf(osp(V)) — U (0sp(V))*? defined by
AM(e)=e;@1+1®e¢; VicT.
Furthermore, we have the following result of [7, Proposition 2.4]:
Proposition 5.5. There exists a unique non-degenerate symmetric bilinear pairing
(-, )™: Ug (0sp(V)) x U (0sp(V)) — C(q)
satisfying
L™ =1, (eie)™ =0y, (2,y9)" =AY (2),y@y)"
foranyi,j €l and x,y,y € U;‘(osp(V)), where (2' @ 2",y @ y" )™ = (2, y" )™ (2", y" )™V

Evoking the isomorphism U, (0sp(V')) =~ U, see Proposition 5.1, we shall use the same notation
for the symmetric bilinear pairing on U satisfying similar properties:

()™ U x U— C(q).



24 KYUNGTAK HONG AND ALEXANDER TSYMBALIUK

5.6. Pairing of Lyndon basis.
We shall now summarize the key results of [7, §5-6] in the form relevant to us. For any w € W™,
consider its canonical factorization w = wiws ... w, into dominant Lyndon words (5.2) and define

Ew:Rwdond_lo---onl.

The following orthogonality result is established in [7, Theorem 5.7] (we note that while the
authors work with E,, in [7], they are just multiples of R,,, as follows from [7, §6]):

Proposition 5.6. Let {,w € W*. Then (Ry, Ry)™ = 0 unless { = w. Moreover, if { =
O 0 with £ > fy > -+ > Ly is the canonical factorization of £ into dominant Lyn-

don words, then:
d

(Bes B)™ =TT (Clrane - (e Bet)™)™) (5.12)
t=1
with
P o1 ((_1)p(f)qf(deg(f),deg(f)))k

forany (€L, peZs.

The explicit computation of the pairings (Ry, Ry)™ for £ € LT has been carried out in [7, §6],
while for ¢ € I we trivially have (Ry, R;)®™ = 1 by Proposition 5.5. Thus, we shall summarize
these formulas for words ¢ of length > 1 in three lemmas below (also correcting several typos
from [7]). Following [7, (3.13)], we shall use the following notation for & = aj, + -+ + i, € Q™:

P(a) = Z lei, ||eq, | and N(a) = Z(O"iw a;,) . (5.13)

As in Subsection 5.4, we shall work with a specific ordering 1 < 2 < --- < s on the alphabet I.

Lemma 5.7. Let m be odd. Evoking the description of L™ from (5.6), we have:
o [fl=1Ti...jl withl1<i<j<s, then

j—1

(Re, R)™ = [ (o 1) - (q — )77 gV 0980
k=i

o [fl=1Ti...ss...5] with1 <i<j<s, then
j—2
(Re, R)™ = (—1)PWD - T (g, ) - (q — g7 1) 2+ 707 gN(des D)
k=i
Lemma 5.8. Let m be even and 5 = 0. Fvoking the description of LT from (5.8), we have:
o [fl=1Ti...jlwithl <i<j<s—1, then
j—1

(R, Ro)™ = ] (ks k1) - (g — ¢ )77 gV(des?)
k=i
o Ift=1Ti...(s=2)s] with1<i<s—2, then
(Ry, Rp)™ = ﬁ(ak, 1) - (q— g )it gNdest)
k=1
e Ifl=1Ti...(s—2)s(s—1)...5] with1 <i<j<s—1, then
(Ré, Ré)tw = —jﬁ(ak, akH) . (q — q71)2371*"*j . qN(degE) .
k=1

o Ifl=Ti...(s—1)i...(s—2)s] with1<i<s—1andp([i...(s—1)]) =1, then
(Re, Re)™ = —(q —q 1) 272(¢* — ¢ %) - ¢¥1980).

Lemma 5.9. Let m be even and 3 = 1. Evoking the description of LT from (5.10), we have:
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o Ifl=1Ti...jlwithl <i<j<s—1, then

j—1

(Re, Ro)™ = [ (ars 1) - (g — g1y~ - gV
=i

o [fl=1Ti...s] withl<i<s—1, then

1 s—1

(R, Rp)™ = B [T (ks asr) - (g — a7 )= Hg? — q72) - gNdee D).
i

e Ifl=Ti...s...Jlwith1<i<j<s—1, then

j-1
(Re, Re)"™ = H(ak,ak+1) (g =g NI (R — g2 ¢V el
k=i

o Ifl=T[i...(s—1)i...(s—1)s] with1<i<s—1andp(fi...(s—1)]) =0, then
(Re, R))™ = (q — ¢ D27 272(g2 — %)% NdeD) |

Remark 5.10. We warn the reader that [7, §6] contains various small errors in the constants
featuring in their elements R;, Ej, E; and respectively in the pairing (Ej;, E;). In particular:

e the second bullet of Lemma 5.7 corrects a sign error in [7, Corollary 6.7(2)] for the dominant
Lyndon word i = (¢,...,M,M,...,5+ 1),

e the last two bullets of Lemma 5.8 correct a sign error in [7, Corollary 6.14(2)] for i =
(iy...,M —2,M,M —1,...,j+1) andi=(i,..., M —1,4,..., M — 2, M),

e the last three bullets of Lemma 5.9 correct various errors in [7, Corollary 6.11(2)], by
adding the missing factors ¢> — ¢~2, or (¢ — ¢~ ')™!, or a power of q.

5.7. Comparison of pairings.
In this Subsection, we establish the exact relation between the bialgebra pairing

()0 Ug(osp(V)) x Ug (osp(V)) — C(g=!/)
from Proposition 4.1 and the symmetric pairing
()™= Uy (0sp(V)) x U, (0sp(V)) — C(q)
from Proposition 5.5. To this end, we first define a new pairing
{-}: U (0sp(V)) x UZ (0sp(V)) — C(¢*") via {y,z} = (=1)"¥D(w(y),2)s, (5.14)
cf. (5.13), where w: Uy(osp(V)) = Uy(osp(V)) is the C(g)-superalgebra automorphism mapping
eir (DS fime, Mo g2 viel, (5.15)

We note that
AP (w(z)) = (w @ w) (A7 (z)) Va e Uy(osp(V)). (5.16)

Combining Proposition 4.1 with (5.16), one can easily check the following properties:
{1} =1, {es et =5/ (q " —q), {247} = q¢*/*, {es, d"*} = {g"/%, e} = 0,
ly/ .z} ={yoy,A@)},  {ya'}={a@),ze}

for any i, € I and z,2',y,y € qu(osp(V)), where we set {y @y, 2z @ 2’} = {y, 2}y, 2'}.

Proposition 5.11. For any x,y € U;r(osp(V)) homogeneous with respect to the QQ X Zs-grading,
the following equality holds:

{y.2} =5 ((o(y), o(@)™) /(g7 = g1, (5.17)

cf. (4.23, 4.24), where ht(-) is the height function defined via ht(kioy + -+ + ksas) = k1 + -+ + ks.
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Proof. We shall first evaluate explicitly both (y,z)"™ and {y,z} for the case when z = ¢;, - - - ¢, P
and y = e;, - -+ e;, are monomials. For degree reasons, we obviously have (y,z)™ = 0 = {y,z}
unless d = d’, hence we shall assume now that d = d’. Direct computation then shows that

tw
(€4 - "Cigs €y - 'ejd)

tw
@ iy (A™) D (ej,) - (A™) D (ey,))

tw
€, @ ey > H ( o)1) g, ®1®(na(k))))

€Sy 1<k<d

~/~
ﬂ:

/N

o(k)>o(l) tw
611 ® €Zd7 Z H ((_1>|ejk”ejl‘q_(aj}wajl)) ejo-71<1) ® .o ® ejo.71<d) (518)

oESy k<l
k)>o(l)
= Z H (( )leije]llq (ajy, O‘Jz)) . (eil’eja—l(l)) W"'(eid’ejg—l(d>) W
0c€Sy k<l
k)>o(l)
_ €; €5 —(&j, 04 . . . 3
= Z H ((_1)| Jk” Jl|q ( Jk JL)> .5“’%71(1) '”514730—1((1) ,
c€Sy k<l

where (A™)("=1): UF(0sp(V)) — U/ (0sp(V))®" is the map obtained by applying coproduct A™

iteratively n — 1 times, the definition of which is well-defined by coassociativity. Also, the arrow —

over the product sign implies that the multiplication is done in the increasing order of the index.
Analogously, we obtain

{ei - “€igs €51 "'ejd}

—{en @ @iy (A1) D(ey,) - <AJ><“—”<ejd>}
{611 - ® ey, Z H ( (k)—1) ® e, ® 1®(n U(M))}
c€eSy 1<k<d
o(k)>o(l)
={e, @ Qe Z H ((_1)|ejk||ejl|q(ozjk,ocjl)). ® (equ(l) H thk) (5.19)
0ESy k<l 1<i<d o(k)>l
o(k)>o(l)
— Z H ((_1)|€jk||6jl|q(ajk.7ajl)) . H {6”,6] 1 H q
o€Sqy k<l 1<i<d o(k)>l
o(k)>o(l)
= Z H ((_1)|ejk”ejl|q(ajk’ajl)) : 5i1,j0—1(1) e '51'4,]'(,—1((1) ’ (q_l - Q)_d7
oESy k<l

where the map (A7)=1). Uz (osp(V)) — Uz (0sp(V))®™ is defined similarly to (Atw)(n=1),
Comparing the above two formulas (5.18) and (5.19), we obtain the validity of (5.17) in the

case when both = and y are monomials. The generalization to the C(g)-linear combinations of

monomials is now a consequence of our definitions (4.23) and (4.24). This completes the proof. [

Combining Proposition 5.11 and formula (5.14), we thus obtain:

Corollary 5.12. For any x € U, (0sp(V)) and y € U, (osp(V)) homogeneous with respect to the
Q X Zo-grading, the following equality holds:

(y,2)) = (_1)P(deg(a:)) '5((0(&1_1(11)),U(x))tw>/(q_1 _ q)ht(deg(x)) .

5.8. Factorization formula.
For v € @*, we define the (quantum) root vectors e, f via

€o; = €4, qu:fia
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while for v € &\ {a;}7_, we set
e = cacy — (~1)ealleslg(@B) e,
fy = fafa — (=) Mlg=@B) £, £5.

with the roots o, 3 € ®*+ defined via a = 1(£1) and 8 = 1(f3), where £ = {1/ is the costandard
factorization of the dominant Lyndon word ¢ = 171(), see Proposition 5.3.
The explicit formulas for the pairing (fy,e,).s are derived in the following lemmas:

(5.20)

Lemma 5.13. For odd m, we have:
o Ify=¢;—¢c;withl <i<j<s+1, then

(f%ew)J = (_1)i+---+j : (qil - Q)il .
o Ify=c¢;+¢e; withl <i<j<s, then
(fw 67)J = (_1)i+---+j—1 ) (qil - Q)il-
Lemma 5.14. For even m and 5 =0, we have:
o Ify=¢;—¢c; withl <i<j<s, then

(f’yve’y)J = (_I)HM—H : (q_l - Q)_l .
o Ify=¢ei+ejwithl <i<j<s, then
(f'yae'y)J = (_1)i+~~~+j—1 : (q_l - Q)_l-
o Ify=2c with1<i<s—1andi=1, then

-2 _ 2
(fyseq)s = ﬁ

Lemma 5.15. For even m and 3 = 1, we have:
o Ify=¢;—¢c; withl <i<j<s, then

(fyrey)s = (_I)HM—H ) (q_l - Q)_l .
o Ify=¢i+ejwithl <i<j<s, then

2 9
(f’Yae’Y)J = (_1)i+...+j_1 ’ d 1 —4 B
(¢ —q)
o Ify=25 withl1<i<s—1andi=1, then
(72— ¢?)?
f y € )T = .
( il ’Y) (q_l _q)g

Proof of Lemmas 5.15-5.15. According to (5.13), we have:
Pla+ ) = P(a) + P(B) + ealles] ~ and  N(a+ ) =N(a)+ N(B) + (ea,€5) . (5.21)

Combining these equalities with formulas (5.15, 5.20), one easily verifies the formula

wl(fy) = (~)RO L)l (1) PO N, vy e ot (5.22)
by an induction on the height ht(). Combining this result with Corollary 5.12, we obtain:
(f1re9)s = (=DM L(=1)llg VD 5 ((a(ey), 0(e)™) /(@ =M. (5.28)

To evaluate the pairing (o (e, ), o(e,))"™, we recall the C(g)-linear endomorphism 7~ of U (osp(V'))
from [7, Proposition 2.2(1)] defined by

T(ei)=e; VYiel —and  T(ay) =TT (z) Va,ye U (osp(V)).
Arguing by an induction on ht(y) again, let us now prove the following formula:

o(e,) = (1)L )PO =N (e ) for any € @*. (5.24)
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This equality is clear when ht(y) = 1. For any root v with ht(y) > 1, we consider the pair of
roots a, § € @ satisfying e, = [eq, es], cf. (2.22) and (5.20). Since ht(a), ht(8) < ht(y), we may
assume by the induction hypothesis that (5.24) holds for the roots « and 3, so that:
o(ey) = o(ca)ales) — (~1)Fellelg™ @D o(eg)o(eq)
= (=1)t()=2(_1)P(@)+P(B)=N(@)=-N(8) , (T(egea) — (—1)leallesl g=(5) -T(eae@))

(G20 ()1 L) PO NG ().

This proves the induction step, hence completes the proof of (5.24).
Furthermore, the direct formula (5.18) shows that

(T(@), T()™ = (,9)™ (5.25)
for any monomials x = e;, - - - €5,y = ej, - - €;,,, and hence (5.25) holds for any z,y € U (osp(V)),

as T is C(g)-linear. Combining (5.23)—(5.25), we finally obtain:
(Fe9)s = ()OI (=1) 01V 5 ((ey,6)™) /(g7 = )"0 (5.26)

In view of this equality, Lemmas 5.13-5.15 are just direct consequences of Lemmas 5.7-5.9. [

We are now ready to construct dual bases of U(;t(osp(V)) with respect to the bialgebra pair-
ing (4.3) (which relies on the orthogonality result of Proposition 5.6, proved in [7, Theorem 5.7]):

Theorem 5.16. (a) The ordered products

o my >0 H My my >0
{ H €y ‘m7<1 if ye®s is 1sotr0plc} and { f m~<1 if y€®7 is isotropic

~eDT ~eD+
are bases for U (osp(V')) and U, (0sp(V')), respectively. Henceforth, the arrow < over the product

signs refers to the total order (5.3) on o+, thus ordering the elements of ®t in decreasing order.

(b) The bialgebra pairing (4.3) is orthogonal with respect to these bases. More explicitly, we have:

— —
H f;w’ H eg% - (_1)27<7/m7m~,/\e7\\ew|. H <5nw,mw(f;"”7€?”)(1) (5.27)
~EDF ~EDT J ~EDF

and o
T|ew|

F(Cok) * (frren)h (5.28)

B 1= ((—1)lealg=(rm)?

C kchl — )
g 7).k tl;[l 1— (=1)lealg=(r)

( ﬁ?eg)J = (_1)

where

cf. Proposition 5.6.

Remark 5.17. This result is known in classical BC D-types where it follows from Lusztig’s orthogonal
bases (see [19, §8.30]) associated with the reduced decomposition of the longest element wy € W
that matches (see [35]) the lexicographical convex order (5.3) on the set of positive roots ®+.
In this context, Lusztig’s root vectors (defined via the braid group action) match the above
g-commutator construction of (5.20), up to constants computed explicitly in [5, Theorem 4.2].

Proof. (a) First, we note that e, = \I/_I(Rl—l(,y)) for all v € ®*. Therefore, the preimage of the

Lyndon basis (5.5) of U under the isomorphism W: U/ (0sp(V)) ==+ U provides (up to rescaling)

the claimed basis of U/ (0sp(V')). Evoking (5.22), the result for U, (osp(V)) can be carried out

from that for U, (osp(V)) through the isomorphism w: U, (0sp(V)) = U (0sp(V)) of (5.15).
(b) Let us first compute ( f ) J. Following the above proof of Lemmas 5.13-5.15, we obtain:

(5, 5) = (~D)PED. (101 (1)l (-1)PDg N (g — )Y 5 (o (es), o(en))™)
= (=1)Pt). ((_1)ht(7)71(_1)\ew|(_1)P(v)qN(7)<q71 _ q)fht(v))k ((ek ek)tW) . (5.29)

’y?
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But evoking (5.12), we note that

(€5, e3)™ = (i) Bia)™ = Cra i (R, Bioa)™)

Combining the above two formulas with (5.26), we get:

k k

= Cy - ((ey,6)™)". (5.30)

k(k—1

(fj’efy)c] = (_1)P(k7)(_1)k'P(7) 0 (Cy) - (fwev)’} = (_1)7”67‘ 0 (Ce) - (fw,€7)§7

which establishes (5.28).
The proof of (5.27) is analogous. To this end, we first note:

( Ti o, ii e¢w> ::(_1)P(§:7nwv). ( II ((_1)mww4¢(_1)kw(_J)P«wqumqu4¢__q)fhuw)"v
J

yED+

() -(a)))

Moreover, according to Proposition 5.6, we have:

— — tw
( 11 ey 11 eﬁﬁ) =11 (6nw"h/'C%nh/'«ev7evyw>mw)

YEDT YEDT ~EDT

~EDT yEDT

(we note that the products in the left hand side are taken in increasing order!), so that:

- - tw (525) - - tw
o H e’ | o H e’ =" |To H ex’ |, To H en'
yEDT ~EDF ~EDT ~EDT

- ( H (T0—<6’Y))n’yu ]

yED+ yEDP+

— |

(TU(%))’””>

620 (T onr TH ) ht(1)—1(_1YP() ;~N()) ™7™
=\ Mey M) - IT (M (-)Peg Vo)

yEDT yED+ ~EDT

= H ((Snﬁy,mﬁY : C%mw . q_zmvN('Y) . ((e’y’ efy)tW)mﬂ,)
yEDT
(5.30) . o
= H <5n’y’m’y - q 2 WN('Y) . (e'ywae»y 7)1‘, ) .
~eD+

Combining the formulas above with (5.29), we get:
T . T P, ma)
T T e | =0 ™ I (Gnymy - ()P - (f07,60),)
yedD+ yED+ J yed+

= (—1) <y My lenllenl 11 (5n7m%y-(f$”,6§”)J)-

~EDT
This completes the proof of formula (5.27), and hence also of the theorem. O

As an immediate corollary, we obtain the following factorization formula:

Theorem 5.18. The operator © of (4.6) can be factorized as follows:

«— ek k
o= ]] (Z &%) : (5.31)

Ned+ \k>0 V7Y

We note that f,]; = e,’j =0ifye é{r is isotropic and k > 2, according to [7, Corollary 5.2].

|
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Remark 5.19. One can express © in an even more compact form. Recall the notion of a g-exponent:
k

equ(Z) = Z # )

k>0 g

where (k)q! = (k)q...(1)q with (k)q = %. We thus have:

ek @ fk (1) el (e, ® ka ICEI . ey ® fy
Y =2 (~1)" 7 9l G(C) - (frren)s = expy, |2 ),

kZO( €5 k>0 ) (fyreq)s

where ¢, = (—1)/¢71g(»). Therefore, the factorization formula (5.31) simplifies to
H
ey R f
0= exp, | —L—L|.
H " ( (f’y’ e’Y)J
5.9. R-Matrix computation.

We shall now use the factorization formula (5.31) to compute the action of ©® on V ® V' and
then re-derive Ry . Throughout this Subsection, we will use the more convenient notation

0,y %L o+ 5.32
v_g)(f'ly€7e']§>17 orany 7 & ’ ( )
so that equation (5.31) becomes
—
o= [] e,-
yeD+

For any 1 <1i,j < N, we also define the following ¢-deformation of the elements (2.6) of osp(V):

eij = Eij — (_1)E(i'i‘})q_(Pvfi_fj)q(5i75i)/2q(fj7€j)/219i19jEj,i, ’
fij = Eji — (_I)E(Z""E)q(paai_aj)q—(EiyEi)/Qq_(Ejyfj)/zﬁiﬁjEi,j, )
5.9.1. Factorized formula for odd m.
We start by evaluating the action of the root vectors {ey, 1}, cg+ of (5.20) on the Uy(osp(V))-
module V' from Proposition 3.1:

Lemma 5.20. (a) Fory=¢; —¢; with1 <i < j <s+1, we have:

o(ey) = eij, o(fy) = (_1)%'”“71 fij .
(b) Fory=¢;+¢j with1 <i < j<s, we have:

S

oley) = Vidser - [T (= (D)D) ey,
k=j

o(f) = (D) H T, T (= (~)FFIEED) gy
k=j

Proof. The proof is done by a straightforward induction. To this end, we proceed by an increasing
induction on j for v = ¢; —¢; with 1 <7 < j < s+ 1, and then by a decreasing induction on j for
vy=¢;+¢e;withl<i<j<s. O

Combining the result above with Lemma 5.13 and formula (5.28), we obtain:
Lemma 5.21. The operators ©~ of (5.32) act on the Ug(osp(V'))-module V @V as follows:
o Ify=¢;—¢j withi<j<i andj# s+ 1, then
@,y =1- (—1)j(q — qil) -8 & fij .
o [fy=¢; withl <i<s, then

O, =1-(q—q ") 1 ®F o1+ (q— qfl)(l - (_1)5(17(@@)) - Byt @ Ey .



ORTHOSYMPLECTIC R-MATRICES 31

Evoking the explicit order (5.7) on ®*, one immediately obtains the factorization formula
0 =0,04_1---6; (5.33)
with
O; =Oc 1y O 16,06,0¢, ¢, Oy forany 1<i<s.

Therefore, it is essential to evaluate each such factor, which is the subject of the next result:

Lemma 5.22. For 1 <1 <s, we have:
O;=T-(q—q¢") Y (Ve ®fy+(g—q ')g ) (q(zp’ai) - (—1)i) By @ Ey; .
1<j<i’
Proof. First we note that O, ., commutes with O, ¢, for k # j, j’, so that

S
0; = @5i+5i+1 T ®6¢+63 651’951'_53 T @€i—€i+1 - @€i (@5i+€j @€i—€j) :

j=i+1

According to Lemma 5.21, for i < j < s we have:

Ocite;Oci—c; =1— (_1)j(q - qil) (e @iy + ey @ Fir) + (_1)j(q - qil)zq(p’%j) Byt @ Ey; .
Combining the two formulas above, we obtain:
Or=1-(g-q¢7") > (-1)e; ®F;
1<j<i’

S

+(a—q (1= (~0'q ) By @ By + (a—q7") Y (~1)q* ) By @ By (5.34)

J=i+1
The last sum can be simplified using (4.11) as follows:
s B s
(g—q ) Z (=1) g% = Z (ql51) — ¢~ (E323)) ¢ (2P2s)
j=i+1 j=i+1
S
— Z (q—(ajflvfjfl)q(%ﬁjfl) _ q—(aj@j)q(%&j)) - q_(5i78i)q(2p75i) —1. (5.35)
j=i+1

O;=1—(q—q ") Y (-1)e;®fi+(q—q g ) (q(2"’51’) - (—1){) By ® Eyg

i<j<i

Combining formulas (5.34, 5.35), we get
(

which completes the proof. O
The result above together with the factorization (5.33) finally allows us to evaluate O:

Proposition 5.23. The action of the operator © on the Uy(osp(V'))-module V & V is given by
O=I-(g—q 3 (—1)5E¢j® (q(ai,fj)EjZ._(_1)3(5+5)191.19].q(p,Ei—fj)q—(aiﬁi)/?q—(&j@j)/QEi,j,) )

1<i<j<l’

(5.36)

Proof. We shall prove formula (5.36) by induction on s. The base case s = 1 follows from the
direct evaluation of ©® = O in Lemma 5.22 and (4.11). As per the induction step, let us consider
the subspace V° of V' spanned by the vectors {v;}ao<i<o; we shall likewise use the symbol °
to denote any object corresponding to V° instead of V. Then, we have an algebra homomor-
phism ¢: U,(0sp(V°)) — U,(osp(V)) mapping each generator {e;, fi, ¢™"/2}5_, in U,(osp(V°))
to the same-named generator in U, (osp(V')). Furthermore, let ¢0°: U, (0sp(V°)) — End(V°) and
0: Uy(osp(V)) — End(V) be the representations of the corresponding algebras, as defined in
Proposition 3.1. It is clear that the representation g o ¢ of Uy(0sp(V°)) on V preserves V°, and its
restriction onto V° coincides with p°. Moreso, the generators {e;, f;}7_o act trivially on v; and vy/.
Likewise, the bialgebra pairings from Proposition 4.1 are related via

(y.2)7 = ((y),ux))s  forany z € UZ(osp(V°)), y € UZ (0sp(V7)),
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which follows from the defining properties. Therefore, combining the observations above with the
induction hypothesis, we see that the canonical tensor of U,(0sp(V°)) associated with p equals

0°=I-(¢g—¢ ) > (—1)3E¢j® (q(5i75j)Eji_(_1)3@"‘3)»02.19].(](0075i_5j)q_(5i75i)/2q_(5j75j)/QEi,j,)
1<i<j<1’
where p° denotes the Weyl vector corresponding to U,(osp(V°)), cf. (4.10). Though the Weyl

vectors p and p° are different, the equality (p°, o;) = %(ai, a;) = (p, a) still holds for all 2 < i < s,

cf. (4.11), so that (p°,v) = (p,7) for any root v in the root system ®° of U,(0sp(V°)). Thus:

0°=1-(g—¢ ) Y (_1);Eij®<q(5175j)EjZ._(_1)3(€+E)ﬂiﬂjq(Pvgi*Ej)q*(5i75i)/2q*(5j75j)/2Ei,j,) .
1<i<j<1’
(5.37)
Combining this formula with © = ©°0; due to (5.33), we finally obtain:

©=0°"-(¢—q¢ ") Y, {(—1)“E1a®Ea1—(—1)1aq_(’”“_E“)q(“’51)/261(5“’5“)/2791/19@/'Ea/y@Eal
1<a<l’

+ (_1)1Ea’1’ ® Epy — (_1)T6q(p,€1fsa)q*(a751)/2q*(6a,6a)/219119a Bl ® El’a’}

+(g—gq Mg ) (q@”’“) - (—1)T)E11f ® Ein

—(g—¢")* X (~)' (I +a)g el 2qm et 2,9, - By @ Bgn

2<a<s
i1 o
+lg—q 1) > (Z(_l)aq(p’Qsa)> (1) (—1)tigeertegEen/2g= e 2y 9, By @ By
1<i<l/ \a=2

(5.38)

The coefficient of each term in this formula coincides with the one from the right-hand side of
(5.36), except possibly only for the coefficients of {Ey1/ @ Ej1}1<i<1/. Let us treat the latter ones:

e Case 1: 2 <3< s+ 1.
First, we note that a computation analogous to (5.35) gives

i—1
(q—q ") D (~1)7%%e) = g~ Crengle2a) — gmCinsgleey), (5.39)

a=2

Therefore, the coefficient of E;» ® Ej; in the right-hand side of (5.38) equals:

(q— g )(~1)lig-Parmedgleral2geed 2y, g,
i1
+(q— q*1)2( Z(_l)aq(/ﬂeu)) (_1)@5(_1)T5q*(p761+€¢)q(€1761)/2q*(€¢,€¢)/219119i

a=2

_ (q B qfl)(_1)qu7(p,51fsi)q(sl,51)/2q(€¢,€¢)/2191/19i/X

1—1
(1 + qf(p,Qsi)qf(si,si) . (q - qfl) Z(_l)aq(pzsa))

a=2

(4.11)£(5.39) (q— q—l)(_1)qu(p,sl—si)q—(el,51)/2q—(€¢,si)/2,l91l19il :

which coincides with the coefficient of E;1» ® F;; in the right-hand side of (5.36).
o Case 2: ' <3< 2,
Similarly to the previous case, we have:

i—1

(g—q71) Y (=) = (g-Erengle2en — gmCErnagle2a) 4 (g—g7h). (5.40)
a=2
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Indeed, this formula is obvious for i = s’ = s + 2, while for i > s’ it follows from
i—1 s
(4=a7") 30 (1)%PF) = (g—q7h) 0 (g5 — g Cose))g o)
a=s+2 a=i'+1

S
(4.11) 3 (q—«saﬂ,samq—(p,zsam_q—<sa,ea>q—<p,2ea>>
a=1v+1

= g (st est) = (p2eos1) _ p=(epin i) g=(p2eiia) D | —(eirein) go2ei)
Therefore, the coefficient of Ey1 ® Ej; in the right-hand side of (5.38) equals:
(q— g H)(=1)lig-(PearmeglErean2gleed 2y,
+(q—q b2 ( S(_l)aq(p,zaa)) (_1)1—&—{(_1)qu—(p,el—ﬁ-si)q(el,61)/2(]—(61-,52-)/2,,911%
a=2

. (q . q—1)2(_1)qu—(p,sl—&—ei)q(sl,51)/2q—(si,si)/2,ﬂll,§il

_ 41
= (g — g D) (=1)Tigpei—eglerean/2geie /2y, 9, (5.41)
i-1
(1 (g g NP0 ) | (220 =i (g — g1 Z(_l)aqmzea))
a=2
(4.11)£(5.40) (q— q_l)(*1)12(](’)’61_Ei)q_(sl’El)/Zq_(ai’Ei)/Zﬂll’ﬂi/ ’
which coincides with the coefficient of Fy1/ ® Ej; in the right-hand side of (5.36).
This completes the proof of the induction step, thus establishing formula (5.36). O

Finally, we can re-derive our formula (4.13) for Ryy = myy o Ryy = f/200 o f1/2 from above
result. Since the action of f1/2 on V @ V is given by

12 =3 "¢ e, 0 By, (5.42)
1,J
the explicit formula (5.36) for © implies
Ryy = f1/2o®of1/2

=Y ¢ By @ By + (g7 = q) Z(—l)jEij Q (Ejz' _ (_1)3(5+3)Qgﬂgjq(p,sﬁej)Ei,j,)

Y] i<j

=1 + 1/2 % EZZ ® ( (Ei,Ei)/2Eii _ q(Ei,Ei)/QEi/il)
=1
g 1V E; ® (E (- 1)3(%3)ﬁiﬁjq(pﬁi—aj)Ei/j,) :

which precisely recovers Ry from (4.13). This provides an alternative proof of Theorem 4.6.

5.9.2. Factorized formula for even m.
Similarly to Lemma 5.20, we start by evaluating the action of the root vectors {e,, f,y}veqyr
of (5.20) on the Uy(osp(V'))-module V' from Proposition 3.1:

Lemma 5.24. If 5 = 0, then the action of the root generators is as follows.

(a) For v =¢; —¢ej with 1 <1< j <s, we have:

ole) =eij,  ofy) = (1)L,
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(b) For v =¢€; +¢; with 1 <i < j <'s, we have:
o(fy) = —(— )z+ +j— 119 0y H (_ (_1)k+1(k+k+1)> i
k=j

(¢c) For v =2¢; with 1 <i < s andi=1, we have:
oer) = ¢ P (1+ ¢ )00, - By
o(fy) = —q) (1 + ¢*)9ids - Ey;
Lemma 5.25. If5 = 1, then the action of the root generators is as follows.
(a) For v =¢; —¢ej with 1 <1 < j <s, we have:
o(ey) = eij o(fy) = (= )Z+ +i-1 -fij

(b) For v =¢; +¢; with1 <i < j <s, we have:

o(ey —9,9, H( EE?)),%,,’

S

olf) = (=)0, (g kg ) T (= (DFTEED) gy
k=j

(c) For v = 2¢; with 1 <i < s and i =1, we have
o(ey) = ¢ P (1 + ¢ )00, - By,
o(fy) = —q""= 1+ )09 - (q+q ") - E;.

Combining the results above with Lemmas 5.14-5.15, we obtain the following counterpart of
Lemma 5.21 which can be written in a uniform way (independent of the parity of 5 = |vs]):

Lemma 5.26. The operators ©~ of (5.32) act on the Uy(osp(V'))-module V @V as follows:
o [fy=¢;—¢; withi <j<i, then
O, =T-(-1)(g—q ") ey @fy.
o Ify=2¢ withl1<i<sandi=1, then

O, =1+ (¢~ q_l)(q_l - (—1){(1_(6"’&)) By @ By

We note that the way we wrote the last formula above allows to define O,., = I when 7 = 0.
With this extension of the notation O, to all indices 7, let us define

O = Ocqe;y " Og16,026,0, ¢, Ocy ¢,y forany 1<i<s.
Evoking the explicit orders (5.9, 5.11) on ®*, one immediately obtains the factorization
O =0,0,_1---0;. (5.43)
The following result is an analogue of Lemma 5.22:

Lemma 5.27. For 1 <1i <s, we have

Oi=1-(¢-¢) Y (~Dey@fy+(q—q g (¢ — (~1)') - B ® Eus.

1<j<i’
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Proof. Arguing exactly as in the proof of Lemma 5.22, we obtain the following analogue of (5.34):

Oi=1-(g—qH Y (—1Veyfy

i<j<i’
Fa- (0 - DS By @ Bt (- a3 (~17#) By © B,
j=i+1
The last sum can be simplified similarly to (5.35) as follows:
(A=) Y (C17gr2) = 37 (qeres) — q=Cami))g@oe) — q=(cus)q(2ne) _ g=(enea) g2
j=i+1 j=i+1

Thus, the claimed formula for ©; follows from the two equalities above and the identity
(2p,e5) — (e5,65) = —1. (5.44)

The latter is a simple consequence of (4.11):
e if =1, then oy = 2¢5 and so (2p,e5) = %(Qp, ag) = %(as,as) = -2 = (gs,65) — 1;
e if =0, then aiy_1 = €51 — €5, a5 = €51 + €, 50 that
(20755) = %((QP; as) - (2[)7 as—l)) - %((a& @s) - (as—la as—l)) =0= (58758) —1.
This establishes (5.44) and thus completes the proof of the lemma. 0

Combining this result with the factorization (5.43), we can finally evaluate ©:

Proposition 5.28. The action of the operator © on the Uy(osp(V'))-module V @ V is given by

O=I-(¢g—q¢ ") > (_1)7]52.]. ® (q(éiﬁj)Eﬁ _ (_1)3(24'3)ﬁiﬁjq(ﬁ’vsi_sj)q_(ai:5i)/2q_(€jvsj)/2Ei,j,) ‘
1<i<j<1

Let us note right away that the formula above is identical to (5.36).

Proof. The proof of this result is completely analogous to that of Proposition 5.23, and proceeds
by induction on s. The base case s = 1 follows from the evaluation of ® = ©7 in Lemma 5.27.
As per the induction step, we obtain precisely formula (5.38) expressing © through ©°, the
latter been given by the same formula (5.37), due to the observation preceding the proof. The rest
of the proof proceeds without any changes. O

Analogously to odd m, we can use the result above to re-derive formula (4.13) for Ry . Indeed,
since the formula in Proposition 5.28 is identical to (5.36), the same computation can be applied
without any changes, thus providing an alternative proof of Theorem 4.6 in that case.

6. R-MATRICES WITH A SPECTRAL PARAMETER

6.1. Orthosymplectic quantum affine groups.

Let 6 be the highest root of osp(V) with respect to the fixed polarization of (2.9), and let
{ki};_; be the corresponding coefficients in the decomposition 8 = >°;_; k;«;. Explicitly, we have:
B {61 +eo if "1)1’ =0

1

N 261 if "U1| =

We define the lattice P = Z§ & P = Z6 ® @}_, Ze;, with P introduced right before (2.21). Then
aq,...,as as well as ag = § — 0 can be viewed as elements of P. We extend the bilinear pairing (-, )
on P, defined via (2.11), to that on P by setting (8,8) = (6,&;) = (&;,0) = 0 for all i. We define
the symmetrized extended Cartan matriz of osp(V') as (ai;); j—o With a;; = (a;, aj). It extends the
Cartan matrix of (2.15) through agy = (6,6) and ap; = a0 = —(0, ;) for 1 <i < s.

The orthosymplectic quantum affine supergroup Uy(osp(V)) is a C(¢*'/?)-superalgebra generated
by {ei, fis qihi/z}fzo U {y*!, DT}, with the Zy-grading

0 if0 e d; 0 if o, € 5
ol =1fol =10 HO€% e oip =Y TNE% g 1 cics,
1 lfQE(I)i 1 lfOJiE(I)i
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W = |D* = |h| =0  for 0<i<s,

subject to the following defining relations:

D*L.DFl =1, [D,¢"/?|=0, De;D7!=¢%e;, Df;Dt =g %if;, (6.1)
AFL AT =1, = gho/2. ﬁ(qhi/z)ki , v — central element , (6.2)
i=1
the counterpart of (2.18)—(2.20) but now with 0 <4i,5 < s:
/2, /) =0, qFhil2gFhi2 = 1 (6.3)
2 jq Ml = g2, il pghil? = el (6.4)
lei, fi] = 5z'jqf;__qq_1hi ; (6.5)

together with the standard and the higher order q-Serre relations, which the interested reader may
find in [13, relations (QS4, QS5), cf. Theorem 6.8.2]. We note that U, (0sp(V)) is equipped with a
Hopf superalgebra structure, with the coproduct A, the counit €, and the antipode S defined on
the generators {e;, f;, g/ 21s_, by the same formulas as in the end of Subsection 2.4, while also
A(D)y=D@D, S(D)=D"', ¢D)=1, A()=~v@y, S =", e =1

It is often more convenient to work with a version of U, (0sp(V')) without the degree generators
D+, Explicitly, Uc’l(o/s\p(V)) is the C(g*'/?)-superalgebra generated by {e;, fi, qihi/Q}fzo U {y*'},
with the same Zs-grading, the same defining relations excluding (6.1), and the same Hopf structure.

6.2. Evaluation modules and affine R-matrices.

Proposition 6.1. For any u € C* and a,b € C* specified below, the Uy(osp(V'))-action o on V
Jfrom Proposition 3.1 can be extended to a U}(osp(V))-action 0% on V(u) =V by setting

0(z) = o(z)  forall =€ {es, fi, M2},

and defining the action of the remaining generators ey, fo, ¢="0/2, v via (6.6) or (6.7) below:
o Case 1: vy = 1.

i’ (e0) = au- By, oi"(fo) =bu™"- Eyy, (6.6)
oW (qFMo?) = gt gl () =1 '
with parameters a,b subject to ab= —(q+q").
o Case 2: |v1| = 0.
0 (e0) = au - Xory 0w (fo) = bu" - X1, 6.7)
Qz,b(q:thoﬁ) _ q¥((71)1X11+(71)2X22)/2’ 00 (yF) =1 '

with parameters a,b subject to ab = (—1)5.

Proof. We need to show that the operators defined above satisfy the defining relations (6.2)—(6.5)
together with all g-Serre relations. This verification is straightforward and proceeds similarly to
our proof of Proposition 3.1.

e Case 1: vy = 1.

The second relation of (6.2) is verified by direct calculations, treating three cases as before: m
is odd, m is even and 5 = 0, or m is even and 5 = 1. The relations (6.3, 6.4) then immediately
follow from their validity for 4, j # 0, due to Proposition 3.1. It remains to verify (6.5) for i = 0 or
4 = 0. The relations [0%°(eq), 02°(fi)] = 0 = [0%(fo), 0%*(e;)] for i # 0 are obvious, since all four
operators g*(e0) 0% (i), 0P (f) 0l (e0), o2 (fo) 0l (es), 020 (e:) 0 (fo) act by 0. Finally, we have:

2X11 —2X11 a,b( ho a,b( ,—ho
b b - ¢ —q 00°(q") — o’ (g~"™)
2" (e0). g57(0)] = (g + 07 (B = By) = T = ) el ),

e Case 2: |v1| = 0.
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The verification of (6.2)—(6.4) is similar to that in Case 1. We also note that [0%?(eq), 0%?(f;)] = 0
and [Qﬁ7b(f0), QZ’b(ez‘)] =0 for ¢ # 0,1 by the same reason as in Case 1. Finally, we have:
(04" (e0), 03" (f1)] = au[Xon, Xa1] =0, [0"(fo), 0 (e1)] = bu™ ! [ X1, X12] = 0
as well as
_ onh(g™) — g (g ™)

(03" (e0). 25" (fo)] = —(=1) X1 = (~1)* X2 PR

where we used (3.2) in the last equality.

The verification of g-Serre relations proceeds as in our proof of Proposition 3.1. To this end, we
note that the algebra Ué(o/@(V)) is P-graded via (2.21) combined with deg(eg) = —6, deg(fy) = 6,
deg(q™0/?) = deg(y*') = 0, and the above assignment preserves this P-grading, cf. (3.3). Referring
to the explicit form of all g-Serre relations, left-hand sides of which are presented in [13, (QS4,
QS5)], one can easily see that all of them, besides the cases (7, 8, 11), are homogeneous whose
degrees are not in the set {&; —¢; |1 <4,j5 < N}. Hence, they act trivially on the superspace V.
We shall now directly check the cases (7, 8, 11) of [13, (QS4)], while [13, (QS5)] are analogous.

e Serre relation [, (QS4)(8)]. The corresponding relation reads (cf. notation (2.22))

[[lej, €], Tej» exll, [ejs ealll = [Mlej, e, lej, e, Tej, exll

and it only occurs for osp(V') = 0sp(4/2) in either of the following two cases:

(1) parity sequence vy = (1,0,0) and indices i = 0,5 = 1,k = 2,1 = 3;

(2) parity sequence vy = (0,0, 1) and indices i = 3,7 =2,k = 0,0 = 1.
In case (1), both sides of this equality (LHS and RHS) have P-degrees equal to £; —e9 and thus act
trivially on v, for p ¢ {2,1'}. By direct calculations, we find: LHS(v2) = aut); - vi = RHS(v2) as
well as LHS(vy/) = ¢~ lau - vy = RHS(vy/). In case (2), both sides of this equality (LHS and RHS)
have P-degrees equal to €2 — £3 and thus act trivially on v, for p ¢ {3,2'}. By direct calculations,
we find: LHS(v3) = 2¢~ tauds - vo = RHS(v3) as well as LHS(vyr) = —2qau - vy = RHS(vy). This
completes our verification of [13, (QS4)(8)].

e Serre relation [/, (QS4)(11)]. The corresponding relation reads

[ews €50 [ews 51, Ue, €5, el = (1 = [2]g) [lex €51, [ex, lex, [ej, e]1T e5]

and it only occurs for osp(V') = 0sp(3]2) with the parity sequence vy = (1,0) andi = 0,5 = 1,k = 2.
Both sides of this equality (LHS and RHS) have P-degrees equal to €1 and thus act trivially on v,
for p ¢ {3,1'}. By direct calculations, we find: LHS(v3) = (1 — ¢~ + ¢~ 2?)aud; - vi = RHS(v3) as
well as LHS(vy/) = (1—q+¢?)au-vs = RHS(vy/). This completes our verification of [13, (QS4)(11)].

o Serre relation [, (@QS4)(7)]. The corresponding relation reads

(=1l (aq, ap)qlless e5]s ex] = (= 1)1 (i, )] [lei, exl, ]

whenever (i, o) # 0, (qi, i) # 0, (o5, o) # 0, (4, ) + (0w, o) + (a, ) = 0, and |o||oys| +
||| | + ||| | = 1. We can further assume that {4, j, k} = {0,1,2}. The above parity condition
implies that § = g1 + 2,1 = €1 — €2, and |v1| = 0, |va| = 1. Due to the symmetry j <+ k of the
above relation, there are three cases to consider:

(1) i=0j=1k=2

(2) i=2j=0k=1

(3)i=1,j=0,k=2.
In case (1), both sides of this equality (LHS and RHS) have P-degrees equal to —e3 — €3 and
thus act trivially on v, for p ¢ {2,3}. By direct calculations, we find: LHS(v2) = (1 + ¢%)auds¥s -
vy = RHS(vg) and LHS(v3) = —(—1)!"l(1 + ¢~2)au - vor = RHS(v3). In case (2), both sides
of this equality (LHS and RHS) have P-degrees equal to —ey — €3 and thus act trivially on
vp for p ¢ {2,3}. By direct calculations, we find: LHS(v2) = —auts¥s - vy = RHS(v2) and
LHS(v3) = (—1)1*3lau - vy = RHS(w3). In case (3), both sides of this equality (LHS and RHS) have
P-degrees equal to —ea—e3 and thus act trivially on v, for p ¢ {2,3}. By direct calculations, we find:
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LHS(v2) = (1 + ¢%)aude¥s - vy = RHS(vp) and LHS(v3) = —(—1)/"l(1 + ¢=?)au - vy = RHS(v3).
This completes our verification of [13, (QS4)(7)]. O

These evaluation U} (osp(V))-modules 0%? can be naturally upgraded to U,(0sp(V'))-modules:

Proposition 6.2. Let u be an indeterminate and redefine V (u) via V(u) = V ®@¢c Clu,u™]. Then,
the formulas defining o®® on the generators from Proposition 6.1 together with

(DY (v @ uf) = ¢F v VoeV,kelZ
give rise to the same-named action o%° of Uy(osp(V)) on V (u).

Let U (osp(V)) and U, (0sp(V)) be the subalgebras of U,(0sp(V)) generated by {e;};_, and
{fi}i_o, respectively. We also define Uz (0sp(V)) and U (osp(V)) as subalgebras of Uy (osp(V'))
generated by {e;, ¢t/ 4*1, D*Ys_ ) and {f;, qFhil2 ~EL D*1}s_ . We likewise define the sub-
algebras U, (0sp(V)), Uy~ (0sp(V)), UyZ(05p(V)), Uy=(0sp(V)) of U, (0sp(V)). We note that
Uz (0sp(V)), U= (0sp(V)), UC/I’Z (0sp(V)), Ué’g(&?\p(V)) are actually Hopf subalgebras, and moreover

U (0sp(V)) ~ U, T (0sp(V)), Uy (0sp(V) ~ Uy~ (05p(V)) - (6.8)

q q

Finally, similarly to Proposition 4.1, one has bilinear pairings

()a: Us(0sp(V)) x U (05p(V)) — C(q'*),

6.9
() Uy=(0sp(V) x U= (08p(V)) — C(q"/*). o
The restrictions of both pairings to U;’_(O/@(V)) X U(;7+(0/5E(V)) coincide, cf. (6.8), and are
non-degenerate by [12,43], cf. Remark 4.2. However, the second pairing in (6.9) is degenerate as
4 — 1 is in its kernel. On the other hand (which is the key reason to add the generators D*1),
the first pairing in (6.9) is non-degenerate, and hence allows to realize U,(0sp(V)) as a Drinfeld
double of its Hopf subalgebras U;(&\p(V)) and qu(o/s\p(V)) with respect to the pairing above.
The above discussion yields the universal R-matrix for U,(0sp(V')), which induces intertwiners
VW =W @V for suitable Uy(osp(V))-modules V, W, akin to Subsection 4.1. In order to not
overburden the exposition, we choose to skip the detailed presentation on this standard but rather
technical discussion. Instead, we shall now proceed directly to the main goal of this paper—the
evaluation of such intertwiners when V = % and W = o¢®" are the above evaluation modules. In
this context, we are looking for U, (0sp(V))-module intertwiners R(u/v) satisfying

R(u/v) o (b’ ® o) (x) = (04" @ 0%")(x) o R(u/v) (6.10)

for all 2 € Uy(0sp(V')) (equivalently, for all 2 € U} (osp(V)) in the context of U} (osp(V'))-modules).
In fact, the space of such solutions is one-dimensional due to the irreducibility of the tensor
product ¢ @ o2? (which still holds when viewing them as Ué(o/@(V))—modules as long as u,v
are generic), in contrast to Proposition 3.2. As an immediate corollary, see [21, Proposition 3|, the

operator R(u/v) =7 o R(u/v) satisfies the Yang-Baxter relation with a spectral parameter:

ng(v/w)ng(u/w)Rgg(u/v) = Rgg(u/v)ng(u/w)ng(v/w) y (6 11)
ng(v/w)ﬁgg(u/w)}?m(u/v) = R23<U/U)R12(u/w)]%23(v/w) . .

We shall now present the explicit formula for such R(z), which is the main result of this note:
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Theorem 6.3. For any u,v, set z = u/v. For Uy(osp(V))-modules 0%°, 0%* from Proposition 6.2
(with the specified value of ab), the operator R(z) = 7 o R(z) satisfies (6.10), where

N -
R(z) = (z — ¢ ™"?) {1 + (@ =Y (-1)Ei® (Q(E"’Ei)/QEn - qf(g"’si)/QEz"if)
i—1

>]

+(g—a )Y (-1VE; @ (Ejz' - (—1)j(iﬂ)ﬁiﬁjq(p’ai_aj)ij/)}
) 2 — gmnt2

+ (q —q — o (q —q 1 —m+n+2 Z 1]29 9 i (pei—ej) . Eij ®Ei’j’ ) (6.12)

1,j=1

Combining this result with the preceding paragraph, we conclude that fi(z) coincides, up to a
prefactor, with the action of the universal R-matrix, and thus R(z) of (6.12) does satisfy (6.11).

Remark 6.4. We note that rescaling R(z) of (6.12) by the factor z—q—++n+2 and further specializing

at z = 0 and oo, we recover our finite R-matrices Ry and Ro from (4.13) and (4.14), respectively.

Remark 6.5. We note that rescaling R(z) of (6.12) by W, setting ¢ = e /2, z = " and

further taking the limit 7 — 0 recovers the rational R—matrlx of [15, (3.4)] (first considered in [!]
for the standard parity sequence) used to define the orthosymplectic superYangian Y (osp(V)):

) R(z) T 1
il’:l—r>r(l) {Z_q—m-i-n-l-Q Q—e_h/Z,z—ehu} =1- E u — m=n= o _ m-—n—2 Z ”19 ;- Eij ® Byjr.
! 2 3,0=1

Remark 6.6. For the standard parity sequence vy = (1,...,1,0,...,0), the exact relation between
our formula (6.12) and the R-matrix RIMPGU () of [31] is given by:

(gz —q ') (z— g™t

RIMDGL]
- (1/2).

R(z) =

We note that the change of the spectral parameter z = u/v +— v/u = 1/z above is simply due to
the order of the tensorands V(u) and V' (v).

The proof of Theorem 6.3 is straightforward and crucially relies on the expression of R(z) from
(6.12) through Rp, R of (4.13, 4.14), which is a special case of the Yang-Bazterization from [17].

6.3. Yang-Baxterization.

In this Subsection, we express R(z) via Ry and R, through the Yang-Baxterization procedure
of [17]. This formal procedure produces R(z) satisfying (6.11) from R satisfying (4.8) when the
latter has at most 3 eigenvalues. In our setup, the R-matrices Ryy = R = 1y Ro have only
eigenvalues \i, A2, A3, in accordance with Proposition 4.11 combined with Appendix B.2.? In that
setup, the Yang-Baxterization of [17, (3.29), (3.31)] produces the following two solutions to (6.11):

RW(z) = z(z— DR + AL A o (z— 1R
1 Ao A3 Ao A2A3
and Moo A 1
RO (2) = A\z(z — )R ( Ay 2) 21— - DR
() =Mz(z— 1R + 1+ " + " + " " —(z—1)

provided that R satisfies the additional relations of [17, (3.27)] (cf. correction [17, (A.9)]), which,
in particular, hold whenever R is a representation of a Birman- Wenzl algebra.

Remark 6.7. For our purpose, we shall not really need to verify these additional relations, since
according to Theorem 6.3 the constructed R(z) do manifestly satisfy the relation (6.11).

3According to Propositions B.2, B.3, B.4 and Proposition 4.11, Ryv acts with two eigenvalues A1, A2 on the
codimension 1 submodule W @& W™ of V ® V, where W, W™ are U,(0sp(V))-submodules generated by wy, w2,
respectively. Finally, Ryv acts on the 1-dimensional quotient space V ® V/(W* @ W) via multiplication by
A3 = ¢™ "1 due to (B.3, B.8, B.19) and Proposition 4.11(b).
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Proposition 6.8. The affine R-matriz (6.12) coincides (up to T and a rational function in z)
with the Yang-Baxterization of Ryy = 7o Ry, cf. (4.12). To be more specific, for R(z) = 7 o R(z):

2
A A2 )ZI_ A1

M(z = DR(2) = Mz(z — )Ry + (1 DA A (z—1)Ryy  (6.13)

)\2 )\3 )\2)\3 )\2)\3
if lv1] =1 and
, ) AA A 1
Mz —1R(2) = Mz(z — DR + < + Y; + T;, + A;) - 73(2 —1Ryy (6.14)

if lv1] = 0, with A1, X2, A3 precisely as in (4.18).
Proof. By straightforward tedious computations, based on (4.13, 4.14, 6.12), one verifies that

)\1 /\1 )\2 )\1
A(z—1)R(z) = A — 1R 1+ =+ — - - 1R 6.15
1z~ DR() = Mz(z — 1) +<*&*&*&&>” G-DR (1)
if |[v1| =1 and

AAL A 1
M(z—1)R(z) = Mz(z — 1)Reo + (1 + 2422 2) 21— —(2z—1)Rp (6.16)

A2 Az A3 A3
if |v1| = 0. Composing with 7 on the left, and using (4.12), we obtain (6.13, 6.14). O

6.4. Proof of the main result.

Due to Proposition 6.8 and Theorem 4.6, it only remains to verify (6.10) for z = eg and = = fj.
We shall now present the direct verification for x = ey, while = fy can be treated analogously to
the finite case using the supertransposition (2.5). Since both sides of (6.10) for x = eg depend
linearly on a, without loss of generality, we shall now assume that a = 1.

For the latter purpose, let us first evaluate (p,e1). Since

201 =(e1 —e2) + (2 —e3) + -+ (e — 1))
{2a1+---+2as if m is odd
(

200 + -+ 205 9+ as 1 +a; ifmisevenand 5=0 ,

201 + -+ -+ 2051 + if misevenand s=1
a direct application of (4.11) implies that
M+ (=12 244 (=1)5-2 if m is odd
D+ (=12 24 (=) 24 (-1)F if m is even and 5 = 0
W+ (=12 24+ (=1)*1.24(~1)°-3 ifmisevenand 5 =1

2(p7€1) -

Thus, we have the following uniform formula:
(pe1) = 3(m—n—1-(-1)1). (6.17)

e Case 1: vy = 1.

Since 0%°(¢"/?) is a diagonal matrix, we shall write it as o®’(¢"0/?) = diag(ty,...,t/). We
shall also use the same decomposition Ry, = I+ Ry + Ro + R3+ R4 as in Subsection 4.3. By direct
computation, we get:

RiA(eg) = (¢~ — 1)(q71E1/1' Q@ vEy +uby ® qE1'1') )
A%(eo) 1 = (¢~ 1)( 'Bn ®@vEBy +uEin ® qEn) ;
RyA(eg) = —(1— ¢ (qE11 Q@ uEy +uE ® q En)
A°P(eg) Ry = —(1 —¢ (qu/ Q@ vE1n +uEi @ qile) ;

RsA(eo) = (qa—q ") Y (1) (t;Ev; @ vEj) + (g — ¢ ) (g By @ vEm)
1<j<N
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AP(e)Ry=(g—q ") S (1) (t; " En @ vEw) + (g — ¢ (g " En @ vE1)
1<i<N

RyA(eg) = —(q—q7") Z (_1)5191,191(](,;,51-—51)@&1 ®vEn) — (¢ —q ") (qFn ® vEn),
1<i<N

A%(eg)Ri=—(¢—q7 ") D (—1)790:0;¢P5 %) (¢Bv; @ vEv ;) — (¢ — ¢~ V) (qBv @ vEn) .
1<j<N

Assembling all the terms (and using (6.17) for the last two equalities), we get:

A(eg) = A®(eo) = (¢ — ¢ v+ (B — Evy) ® Evy = (¢ — ¢ u- Evn @ (B — Evy),
RiA(eo) — A%(eq)R1 = (¢ ' — ¢ *)v - (B11 — Byy) ® Evy + (¢ — Du- Eyn ® (By — Evy),
RyA(eq) — A% (eg) Ry = (¢° — q)v - (En1 — E11) @ Byi 4+ (1 — ¢ u- Biq ® (Bu — Evy),

RgA(Go) Aop( )R (]. —q 2) . (Ell — El/l/) X E1/1

ta—g o Y (- B @Byt (@—q v Y 7 By © By,
1<j<N 1<i<N

R4A(€0) — AOp(eo)R4 = — (q2 — 1)7} . (Ell — El/l/) X El/l
—(g—q H-g A2 N (—1)"0;01¢") - By @ Ein
1<i<N
+(g—q Y- g mnmD2 > (—1)7191/193'61_(’)’6") By @ By
1<j<N

Collecting the terms together, we obtain:

RooA(eg) — A%(eg)Roo = —(q — ¢ v - g~ (M 72/2 %~ (10914 - By © Ein
1<i<N

t(g—g g T ST (S1)0jq” ) By © B
1<j<N

+(qg—q M- Z (= )jty Ev;®Ej+(q—q ") Z t; - En®Ey;. (6.18)
1<j<N 1<i<N

Though one can evaluate RyA(eg) —A°(eg)Rp in a similar way, we shall rather present a simple
derivation of the resulting formula by utilizing the automorphism o of U, (osp(V')) from (4.24). To
this end, we note that o can be extended to a C-algebra automorphism of U,(0sp(V')) by assigning

. +ho /2 ho /2 41 1 41 1
o: egrren, for fo, g gTo/2 0 4EL G AFL L DEL L DT

Then, equalities (4.27) still hold, cf. (4.25). Therefore, applying & of (4.23) to all matrix coefficients
in the equality (6.18), conjugating with 7, and using (4.27) together with (4.22), we get:

Ro(rA% (o)1) = (TA(eo)T )Ry = —(q—q Jo-g™ "2 3 (~1)' 0019 - By @ iy

1<i<N
+(g—q g ST ()00 - By @ By
1<G<N
+ q—q 1 ’U Z t ]1®E1/ (q_qil)v' Z (_1)iti'E1’i®Ei1' (619)
1<j<N 1<isN

We also note the following equality of endomorphisms of V(v) ® V (u):
70 (0%° ® 02%) (A(z)) o 77! = (0%° @ %) (AP () for any x € Uy(osp(V)).
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Hence, switching the roles of the spectral variables u and v in (6.19), we obtain:

RoA(eg) — A%(eq)Ro = —(q — ¢ Hu- ¢ "72/2 3" (—1)%0;91¢) - By @ Ein

1<i<N
+ (g =g a2 YT (S0 0uq 0 By @ By
1<j<N
+@—qgHu- > G Ep@Buy+(@—q Du- Y (=1)'ti- Bri ® B . (6.20)
1<j<N lsisN

Combining (6.18) and (6.20) with formula (6.15) and the equality

TA(eg) — AP(eg)T = (v — u) Z (—1)3tj By @ Ejp 4+ (v —u) Z tZ-_1 - Eijn @ By,
1<j<N 1<i<N

we ultimately get the desired result:
R(z)A(eg) — AP (eg)R(z) = 0.

e Case 2: |v1| = 0.
We use the same notations as above. By direct computation, we obtain:

RiA(eo) = (¢"? - Q_I/Q){(_l)Qq(_l)ZU « Forgr @ Eogrp — (—1)TQ(_1)1192U “Evr @ Eqrg

+ (—1)§’LL - By @ Fogrgr — (—1)T192U - Eio® El/ll} ,

A% (eo) Ry = (q1/2 — q1/2){(_1)1q(1)lv - E11 @ Eyrq — (—1)5‘1(71)2192?) - By @ Eyrg

+ (—1)TU - FEoyy @ B — (—1)5192u “FEia ® Ezz} ;

RyA(eg) = — (¢"* - q_1/2){(_1)2q_(_1)2v « Eog ® Eorq — (—1)1(1_(_1)11920 -E11 ® Eyrg

+ (—1)5’& . E2/1 X E22 - (—1)T192U . E1/2 X Ell} 5

A0p<€0)R2 = — (q1/2 — q1/2){(—1)1q(1)1’l) . El/l/ [ E2/1 — (—1)5(]7(71)2’[92’1) : E2/2/ [ E1/2

+ (‘DTU - B9 @ By — (—1)519271 “FEi ® E2/2/} ,

_ 7 3 (—1)2
R3A(eg) =(q—q 1){ ST (-1Ytv - By @ Ejy — (—1)2¢7 Y0 By @ Eony
1<j<N
— (—1>Tq(71)1/21} . E2/1/ ® El/l — Z (—1)3'021:]’[) : El’j &® EJQ
1<j<N

+ (=) g0V 2900 - By @ Byg + (=1) gD 2y By ® E2/1,} ,

A°P(eg)R3 = (q — q‘1>{ S (10?5 By ® By — ¢V 20 By @ Ean
1<i<N

- > (—1)2 st v Eip ® By + ¢V 2990 By @ Ein
1<i<N

+ (—1)§q(_1)2/2192’l) . E22 X E1/2 — (—1)Tq_(_1)1/2192u . El/l &® Elg} s
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R4A(€0) =
—(g— q_l){ Z (_1)55192,192(](@51-)q(—l)T/Zq—(m—n—2)/2v < EBip ® Ein — q(_l)i/%‘zv - B2 @ By
1<i<N
— (12 V2 By @ By — > 0itlaqPe)q= 1 2qm (=22 B @ By

1<i<N

+q V2950 By © By + ¢~V Pqu - By @ E12} 5

AP(eg)Ry = —(q — q_l){ Z (_1)§3§jq—(ﬂ,aj)q—(—l)l/2q—(m—n—2)/% - Byj ® Byjr
1<G<N

— V2 Biy @ By — Y 05q7 gD gm0 2y By @ By
1<G<N

+ q(’l)l/% - Eoryr @ By + q7(71)2/2192'v - Eoryr @ Eyrg — qi(il)lﬂu e Ezq’} ’

where we used (4.11, 6.17) in the last two equalities. Combining the above eight formulas, we get:

RA(eg) — A°P(eg)Roe =
(@—g¢ v Y (1)t By; @ B — (q—q )av- Y. (=1Yt; - By @ Ej

1<j<N 1<j<N
—(g—q M- Z (—1)2iti_1 - Ein @ By + (¢ — q_l)ﬁzv : Z (—I)Qiti_l - By ® By
1<i<N 1<i<N
=)D S (<1 20,4002 By @ By
1<i<N

+(@—q ) gm0 3T 9;qP g2 By @ By

1<i<N
+(g=q ) g PR 3T (1) PR By @ By
1<GEN
—(g—-q¢- g mr=/2, Z ﬁjq—(Pﬁj)ql/Q - By @ Eyijr .
1<GEN

Evoking the paragraph after (6.18), we immediately obtain (similarly to Case 1):

RodM(eo) — A (eg) Ry =
—(g—q Hu- Y ()Y Ep@Eyj+(g—q Du- Y, (-1 Epe By

1<j<N 1<j<N
+lg—q Du- > (D)t By ®@ En— (q—q Dau- > (=1)'ti - E1; ® Ej
1<i<N 1<i<N

+qg—q ) gm0 Y 9ig P2 By @ By

1<i<N
—(g—=q ") g P0u Y (1) 0, ¢ By @ By
1<i<N
1<jEN

+(g—q ) qm Dy 3 (<1)29,7 )2 By @ By
1<j<N
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Likewise, we also obtain:

TA(eg) — A%P(eg)T = (v —u) - { Z (—1);tjE2/j ® Eji

1<j<N

- > (-1)0tjEy; @ Ejg — > (—1)"§t;1Ei1®E2/Z-+ > (—1)i5192t;1E,~2®E1,i .
1<j<N 1<i<N 1<i<N

Combining the above three equalities with formula (6.16), we ultimately get the desired result:
R(z)A(eg) — A°P(eg)R(z) =0.
This completes the proof of Theorem 6.3.
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APPENDIX A. A-TYPE COUNTERPART

In this Appendix, we present an analogous (though simpler) derivation of both finite and affine
R-matrices associated with the first fundamental representation of A-type quantum supergroups.
While these R-matrices are well-known to experts, type A served as a prototype for our treatment
of orthosymplectic type. We note that solutions (A.19) of the Yang-Baxter equation with a spectral
parameter go back to the physics paper [37], thus preceding the development of quantum groups.

A.1. A-type Lie superalgebras.

We shall follow the notations of Section 2.1 with the exception that we do not assume n to be
even and we do not assume (2.1). Recall the Lie superalgebra gl(V') of Section 2.2. The elements
{Eij}fj:l form a basis of gl(V'). We choose the Cartan subalgebra b of gl(V') to consist of all
diagonal matrices. Thus, { E;; }1, is a basis of b and {;}¥; is a dual basis of h*. The computation
[Eii, Eap) = (€4 — €b)(Eyi) Eqp shows that Eg is a root vector corresponding to the root €, — €.
Hence, we get the root space decomposition gl(V) =bh & P ece 91(V)o with the root system

O ={e,—ep|a#b}. (A1)
It decomposes ® = &5 U ®7 into even and odd roots. We also choose the following polarization:
dt ={e, —ep|a<b}, O ={e, —ep|a>b}. (A.2)

We note that ® = ®, cf. (2.10), and all odd roots are isotropic in the present setup.
Consider the non-degenerate supertrace bilinear form (-,-): gl(V) x gl(V) — C defined by
(X,Y) =sTr(XY). Its restriction to the Cartan subalgebra b of gl(V') is non-degenerate, giving

rise to an identification b ~ h* via &; ¢+ (—1)"Ej;; and inducing a bilinear form (-, -) on h* such that

(eire5) = 045 (—1)" for any 1<4,j<N.

Following the above choice of polarization (A.2) of the root system (A.1), the simple roots are
a; =¢; —giy1 (1 <i < N) and the corresponding root vectors are given by:

ei=Fiiy, fi= (_1)5Ei+1,i> hy = (—1) By — (_1)mEi+1,i+1 ViI<i<N. (A3)

As before, we define the symmetrized Cartan matriz (aij)f»yj_:ll via a;j = (04, ;). Then, the above

elements {e;, f;, hi}i]i_ll are easily seen to satisfy the Chevalley-type relations:
lhi,hj] =0, [hi,ej] = aijej,  [hifj] = —agf;, [ei fj] = dishi. (A.4)

Define a Lie subalgebra sl[(V') of gl(V') via sl(V) = {z € gl(V) |sTr(X) = 0}. For m = n, we
note that the identity map I belongs to sl(V'). This basic A-type Lie superalgebra s[(V') admits a
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generators-and-relations presentation, due to [14, Main Theorem]|. Explicitly, it is generated by
{es, fi, hi}i]\i_ll, with the Zs-grading
el = Ifil = {(1) i Z i ii’ . |l =0, (A.5)
with the defining relations (A.4) as well as the following Serre relations:
e, e;] =0, [f;,f;]=0 if a;;=0, (A.6)
le;, [ei,e5]) =0, [fi,[fi,f;]] =0 if j=i£1 and «; € Pp, (A.7)
[lei-1,ei],eita],e] =0, [[[fi-1,fi, fipa],fi] =0 if o € D5 (A.8)

A.2. A-type quantum supergroups.

The A-type quantum supergroup U,(sl(V')) is a natural quantization of the universal en-
veloping superalgebra U(sl(V)). Explicitly, U,(sl(V)) is a C(¢*'/?)-superalgebra generated by
{ei, fi, /23N with the Zy-grading as in (A.5), subject to the analogues of (2.18)—(2.20):

[qhi/2’th/2] :O, qihi/quFhi/Z:l’
qhi/erq—hi/Q — qaij/zej’ qhi/ijq—hi/Q — q_aij/ija

hi _ ,—h;
leis fi] = 51‘;‘% :
as well as the following g-Serre relations (cf. [12, Proposition 10.4.1]):
lei,ej] =0, [fi,f;]=0 if a; =0, (A.9)
lei [eise;1l =0, [fi,[fi, /511 =0 if j=ix1l and o; € Pp, (A.10)
[Mlei-1, e, eiral, ei] =0, [[fim1, fil s firal, il =0 if o € 7. (A.11)
Here, we use the notation [-,-] from (2.22), which relies on the natural Q-grading of U, (s[(V'))

defined analogously to (2.21), see (A.12) below. Moreover, U,(sl(V)) is equipped with a Hopf
superalgebra structure via the same formulas as in Subsection 2.4.

A.3. First fundamental representations.
Using the notation of Section 3, we have the following analogue of Proposition 3.1:

Proposition A.1. The following defines a representation o: Uy(sl(V)) — End(V):

o(e;) = e;, o(fi) =fi, o(qthi/?) = ¢thi/? for 1<i<N,
where {e;, f;,h; Y71 denote the action of Chevalley-type generators of sl(V') given by (A.3).

The proof of this result is analogous (but simpler) to that of Proposition 3.1. In particular, all
g-Serre relations hold for degree reasons. Here, we note that both the algebra U,(sl(V)) and the
vector space V have compatible (cf. (3.3)) grading by P = @Y, Ze; via (for any a < N,i < N):

deg(eq) = €4 — €at1, deg(fa) = —€a +€at1, deg(qh“/z) =0, deg(v;)=¢;. (A.12)

A.4. Tensor square of the first fundamental representation.
The following result is an A-type analogue of Proposition 3.2:

Proposition A.2. (a) The following are highest weight vectors in Uq(sl(V'))-module V @ V :

w] =11 V1, Wo = V1 @ vy — (—1)1(1+2)q(_1)1 - V9 @y . (A.13)
b) The U,(sl(V))-representation V @ V is generated by these vectors wi,wy of (A.13).
q

Proof. (a) Let us show that the vectors w; and ws are indeed highest weight vectors for the action
0%% of U,(sI(V))) on V @ V. First, we note that these vectors are eigenvectors with respect to ¢"/2:

Q®2(qhi/2)w1 _ q281(hi/2)w1’ Q®2(qhi/2)w2 _ q(sl+ag)(m/2)w2 V1i<i<N.
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It remains to verify that w; and wo are annihilated by all ¢®2(e;). The equality 0®2(e;)(wy) = 0
follows from o(e;)(v1) = 0. Likewise, 0®2(e;)(w2) = 0 for i > 1 follows from g(e;)v1 = o(ei)v2 = 0.

Meanwhile, combining o(e;)vy = v1, o(e1)v1 =0, o(q hl/z)vl = ¢=1"/2y, and (2.23), we also get:

o (er)wz = (0(4"/?) ® o(e1)) (01 @ v2) = (~1)TTD gV (gler) @ o(g™/2)) (02 ® v1)
_ ((_1)(T+§>T.q<71ﬁ/2_(_ YD) (DT =(= 1)T/) v @v = 0.
art is established in Proposition B.1 from Appendix B.
b) P b blished in P f A d ([l

A.5. Explicit finite R-matrices.

Let p be the Weyl vector of ®, defined by the same formula (4.10). We note that it still
satisfies (4.11). We also define the U, (sl(V))-module isomorphism Ry : V@V =5V @V precisely
as in Proposition 4.3. The following is an A-type counterpart of Theorem 4.6:

Theorem A.3. The U,(sl(V))-module isomorphism Ryy: V@V -5V @V and its inverse Ry,
for the Uy(sl(V'))-module V' constructed in Proposition A.1 are given by

Ryy = 1vv o Ry and 1:2(/%/ =Tyv o Ry (A.14)

with the following explicit operators

N < -
Ro =1+ (q—1/2 1/2) Z(_l)’bq_(&‘i,é‘i)/QEii ® By + (q—l —q) Z(—l)]Eij ® Eji, (A.15)
i<j
Roo =1+ (¢/* — ¢ /%) ¢ PE @ Byt (- )Y (-1 E; @ Eji. (A16)
z:l i>7

Remark A.4. We note that all the summands in (A.15, A.16) already featured in (4.13, 4.14).

Mz~

Remark A.5. In analogy to Remark 4.7, let us also present here the formula for the operator
R = 0o f and its inverse R~!, corresponding to the usual coproduct A’ of (2.24), as follows:

R=7F1206Ry0 fi/2

N - -
=T+ (g "= ¢ Y (-1) g B @ By + (' = q) > (-1)Ei; ® Eji = Ry,
i=1 i<y
R—l — Tof—l/Z oRooofl/2 orT
N - -
=1+ (¢"? = ¢ (1)) 2E; @ Eii+ (¢ — ¢ ") Y (-1) By ® Ej;
i=1 1<j

The proof is analogous to that of Theorem 4.6 and follows from the next four Propositions.

Proposition A.6. For any element x € Uy(sl(V)), the following equalities hold (cf. (4.2)):
RoA(z) = A°P(z)Ry and RooA(x) = A°P(2)Roo

Proof. We shall only verify RooA(x) = A°(2) Roo when x = e, (the proof for the other generators
x = ¢The/2 f, as well as for Ry instead of Re is completely analogous to our treatment in the proof
of Proposition 4.8). Since /2 is a diagonal matrix, we shall write it as ghe/2 = diag(ty,...,tn).
By direct computation, we get:

Roo(eq) = (0® 0)(A(ea)) + (V" = 1>{q<1>“/2 Baa®Eag1 +¢ V2 By ® E}

+ (q - qil) Z(_l)jtj : Eaj & Ej,a-i—l

i<a

+(g— g HY (1)~ @@L B L © By,

i>a
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A%P(eq)Roo = (0 ® 0)(A%(eq))
+ (q(_l)m - 1){q(_1)a+l/2 “Eot1,a41 @ Eg a1 + q_(_l)m/Q Eoat1 ® Ea+1,a+1}
+(g—qH) Z (_1)zle(_1)(a+aTr1)(€+ﬁ)ti—1 - Eiqi1 ® B

i>a+1

+(q—q ") Y. (1)tj  Eyj ® Ejata.
Jj<a+1

Combining these two formulas with
(Q & Q) (A(ea) - Aop(ea)) = (q1/2 - (]_1/2){ ((_1)6Eaa - (—1)mEa+1,a+l) & Ea,a+1

— La,a+1 ® ((_1)6Eaa - (_1)a+1Ea+1,a+1)} y

we obtain the desired equality RooA(eq) — A°P(eq)Roo =0 for all 1 <a < N. O

Next, we evaluate the eigenvalues of 7Ry, T Roo, Ryyv on the highest weight vectors from (A.13).
Proposition A.7. The highest weight vectors wy and wg from 7(A.13) are eigenvectors of Ty o Ry
with, the eigenvalues 19 = (=1)1q= D" and pg = —(—1)LqD", respectively (cf. (4.16)).
Proposition A.8. The highest weight vectors wy and ws are eigenvectors of Tvy o Reo with the
eigenvalues 1° = (=1)1qV" = 1/49 and p3° = —(=1)1q= D" = 1/49, respectively.
Proposition A.9. The highest weight vectors wi and ws are eigenvectors of Ryvy with the
eigenvalues A\; = (—1)1q~ D" = 19 and Ay = —(=1)1qCD" = 49, respectively (cf. (4.18)).

The above three results are proved completely analogously to Propositions 4.9, 4.10, and 4.11.

A.6. Factorization of finite R-matrices.
For the order 1 <2 < .-+ < N —1 on the alphabet I = {1,2,..., N — 1}, the dominant Lyndon
words were computed in [7, Proposition 6.1]:

LY ={[i...j]|1<i<j<N-1}.
This results in the following lexicographical order on the (reduced) root system:
<ot <o+ Ftay<ag <o <any—2<any—2t+an_1 < aN_1-

Let v = a; +---+a; for 1 <i < j < N — 1. Then, the assignment v + (a, 3) corresponding to
the costandard factorization of Lyndon words is explicitly given by ~;; — (Vi j—1, ;) for i < j.
The following is the counterpart of Lemmas 5.7-5.9, which has been carried out in [7, §6.1].

Lemma A.10. For ¢ =[i...jl with 1 <i<j <N —1, we have:
j—1

(R, Re)tw = H(ak, k1) - (g — q_l)j_i . qN(degf)‘
k=i
Combining this lemma with (5.26), we obtain the following counterpart of Lemmas 5.13-5.15:

Lemma A.11. If y=¢; —¢; with1 <i<j <N, then

(frren)s = (1) (71— )7t

The rest of this Subsection proceeds completely analogously to Subsection 5.9, hence we shall
only state the results (skipping identical proofs). First, we compute the action of the root vectors:

Lemma A.12. For v =¢; —¢; with 1 <i < j < N, we have:
oley) = Eij,  o(fy) = (=) By

Combining the above two lemmas, we obtain:
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Lemma A.13. The operators ©, of (5.32) act on the Uy(sl(V'))-module V @V as follows:
Oe, =1— (1Y (g—q 1) -Ej@E; V1<i<j<N.
For any 1 <4 < N — 1, we now evaluate explicitly the product ©; = O, . --- O, ¢, ,:
Lemma A.14. For1 <i< N — 1, we have:

N -
©;=1-(q—q ") Z (1) E;; ® Ej; .
j=it1

Combining the above result with the factorization © = O _1 --- ©1, we finally get:
Proposition A.15. The action of the operator © on the Uy(sl(V'))-module V& V is given by

©=1-(q—q¢ ") (-1YE;®Ej. (A.17)
1<j
Combining the above formula with (5.42), we obtain
Ryv =1vvoRyy = Y2000 f1/2 = Zq_(a"’sj)Eﬁ ® B+ (@' —q) Z(_l)jEij ® Ej;

1,J i<y

=1+(q q'?)

Dﬂz

—(giyei /QEZZ ® E” + ( q) Z(_l)jEU & E]’L 3

z:l 1<j

which precisely recovers Ry from (A.15). This provides an alternative proof of Theorem A.3.

A.7. Explicit affine R-matrices.

Let 0 =e1 —eny = a1+ -+ any—1 be the highest root of sI(V') with respect to the polarization
(A.2). Define the symmetrized extended Cartan matrix (aij)ﬁ]j;lo of sI(V') as in Subsection 6.1. The
A-type quantum affine supergroup, denoted by Uq(saA[(V)), is a C(g*'/?)-superalgebra generated by
{ei, fi, qihi/z}fi_ol U {y*!, D*1}, with the Zo-grading

= 0 if oy i
P = 1DF = | =0, el =1fil =17 TN for 0<i<N,
1 if oy is odd
where ag is a root of the same parity as 6, subject to the analogues of (6.1)—(6.5):
D*.D¥ =1, [D,d"/*=0, De,D™'=q¢™e;, DfD ' =q if;,

ho/thl/QH hn-1/2
3

ATl ATL =1, y=¢q -q ~ — central element ,

[¢"/?,¢"* =0, ¢
qhi/2 . 7h1‘/2 — aij/2 j; qhi/ijq*hi/Q — qfai]'/2fj’
—h;

¢" —q
6i7 - 5 77
[ f]] qg—q 1

together with the g-Serre relations specified in (A.9)—(A.11), whereas the indices ¢ + 1 are now
understood modulo N, and the following relations if mn = 2:

lej, lex lej, [ex, 1101 = lex, lej, lew, [ej, eal]IT
L Ufies Ufys U 0D = s U U U5 31000
Wit}}\{i,j, k} ={0,1,2}, o; being even, and «;, o, being odd. The Hopf superalgebra structure on
Uy(sl(V)) is given by the same formulas as in Subsection 6.1. Similarly to the last paragraph of
Subsection 6.1, we also define the superalgebra Ué(g[(V)) by ignoring the degree generators D*!.

ihi/Qq:Fhi/Q — 1 ,

(A.18)

Proposition A.16. For any u € C* and a,b € C* satisfying ab = (—1 )N the Uy (sl(V))-action
0 on'V from Proposition A.1 can be extended to a U}(sl(V'))-action o3 on V(u) =V by setting

Qz’b(x) — Q(]j) fOI' all S {eiv fi?qihi/2}i:_1
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+ho/2 ~+
0/2 5

and defining the action of the remaining generators eg, fo,q L as follows:

0%(eo) =au-Eny,  0%°(fo) =bu"t- BN,

:l:ho/2) q:((—l)TEu—(—l)ﬁENN)ﬂ’ Qg,b(,y:tl) —1

b
0y (q =q

Proof. The proof is analogous (though much simpler) to that of Proposition 6.1. We extend the
P-grading (A.12) on Uy(sl(V')) to that on U, (sl(V')) via deg(eo) = enx —e1, deg(fo) = €1 —en, and
deg(qtho/2) = deg(y*!) = 0. With respect to this grading, all ¢-Serre relations except for (A.18)

hold for degree reasons. Meanwhile, the remaining relation (A.18), which occurs only if mn = 2,
is straightforwardly verified in the basis vectors vy, vo,v3 of V. ]

We also note the following analogue of Proposition 6.2:

Proposition A.17. Let u be an indeterminate and redefine V (u) via V(u) = V @c Clu,u™}].
Then, the formulas defining o™ on the generators from Proposition A.16 together with

(DY (v @ uF) =¢FF v YveV, keZ
give rise to the same-named action o%° of Uq(sA[(V)) on V(u).
We shall now present the explicit formula for R(z), cf. Theorem 6.3:

Theorem A.18. For any u,v, set z = u/v. For Uq(g[(V))—modules 0%°, 0% from Proposition A.17

u

(with ab = (—1)N), the operator R(z) = 7 o R(z) satisfies (6.10), where

R(z) = (2 — 1){1+ @2 =) Y (~1)qE=I 2 By Byt (g - ¢ Y (-1 Ey ®Eﬁ}
1<i<N (]

+(q—q¢Hr. (A.19)

Similarly to the observation made after Theorem 6.3, we conclude that R(z) coincides, up to a
prefactor, with the action of the universal R-matrix, and thus R(z) of (A.19) does satisfy (6.11).

Remark A.19. We note that rescaling R(2) of (A.19) by -1, setting g = e M2 7 = el and further
taking the limit 7 — O recovers the rational R-matrix (super-analogue of the Yang’s R-matrix):

. R(z2)
A { -1 qe”/27zeh”} =

The proof of Theorem A.18 is straightforward and crucially relies on the expression of R(z)
from (A.19) through Ry, R of (A.15, A.16), which is a special case of the Yang-Baxterization
from [17]. Recall that the R-matrix ]:Evv =R= Ty Ro has two distinct eigenvalues A; and Ag, in
accordance with Propositions A.2, A.7, A.9. In that setup, the Yang-Baxterization of [17, (3.15)]
produces the following solution to (6.11): R(z) = A\ 1R+ 2\ R~

S

Proposition A.20. The affine R-matriz R(z) of (A.19) coincides (up to T and a scalar multiple)
with the Yang-Baxterization of Ryy = 7o Ry. To be more specific, for R(z) =7 o R(z):

MR(2) = A\ ' Ryv + 2Ry, (A.20)
with A1, Ao precisely as in Proposition A.9.
Proof. By straightforward computation, based on (A.15, A.16, A.19), one verifies that
MR(2) = My 'Ry + 2A R - (A.21)
Composing with 7 on the left, and using (A.14), we obtain (A.20). O
Remark A.21. Due to (A.21), one recovers Ry, R of (A.15, A.16) as renormalized limits of R(z):
Ro= —R(z)lso,  Roo = lim {R()/2}.
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A.8. Proof of the main result in A-type.
Due to Proposition A.20 and Theorem A.3, it only remains to verify (6.10) for z = ey and
x = fo. We shall now present the direct verification for x = eg, while x = fy can be treated
analogously to the finite case. We shall also assume that @ = 1, as in the orthosymplectic case.
Since p%*(¢"/?) is a diagonal matrix, we shall write it as o®%(¢"°/?) = diag(ti,...,ty). By
direct computation, we get:

RoA(eg) = Aleg) + (q(_l)ﬁ - 1){(1(_1)N/2U -EnN ® Ent + q_(_l)ﬁ/Qu -En1 ® ENN}

_ = _ ~N (_1\N
+@—-a" DY ()t -En;@Ejp—(¢—q )(-)N¢"V 20 Eyy @ Ent,
1<GEN

A°P(eg)Roe = A% (eg) + (q(_l)T - 1){q(_1)1/2v - F11 ® Eny + q_(_l)T/QU -En1 ® En}

_ NitT NaTi.— _ T (_T
+(g—q ") D ()N By @ Eni - (g — g D(=1)1q"Y 20 By @ En .
1<i<N
Collecting the terms together, we thus obtain:
RooA(eg) — A%(eg) Roo =
(g—q o > (-1t Enj@Ej—(g—q Do Y (DN By @ By
1<j<N 1<i<N

Evoking the paragraph after (6.18), we immediately obtain:
RoA(eg) — A°P(eg) Ry =

(@—q Hu- > (14 Enj@Ejn—(g—q Hu- Y (DY By © By
1<j<N 1<i<N

Combining the above two equalities with formula (A.21), we get the desired result:

R(z)A(eg) — AP (eg)R(z) = 0.

APPENDIX B. GENERATING VECTORS FOR TENSOR SQUARE

B.1. Two vectors in A-type.
We first define the following elements uf; inVeViorl<i<j<N:

uly =vi @ v+ (1) (=1)g D gy @,

uy =0 @v; — (1) (=1)7g D g @ ;.

In particular, we note that ult =0iff i # 71 and u;; = 0 iff i = 1. We define subspaces W= of
V ® V to be spanned by the corresponding (nonzero) vectors:

W+:Span({u;;‘l§i<j§N}U{u;H5:T}>,
o (B.1)
W = Span ({u; |1 <i<j < NyU{u; |1 £1}).

Proposition B.1. (a) The subspaces Wt and W~ are Uy (sl(V'))-subrepresentations of V@ V.
(b) The Uy(sl(V'))-representation V @ V' decomposes as a direct sum of these subrepresentations
VeV=Wwrew.

(¢c) W+ and W~ are irreducible Uy(sl(V))-representations generated by the corresponding highest
weight vectors wy and we of (A.13), respectively.

Proof. (a) We first verify that W is stable under the U,(sl(V))-action via direct computations.

The generators {eq, fa}—," act on the above vectors u;; as follows:
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e Case 1: uj; for i =T1.
(1 + q_(_l);g)_lQ@z(ea)“Z = Oa+1i - q(_l);/z ) u;_,a-i-l )
(~1)7(1 4~V

e Case 2: u:; for i < j.

—1 I — =
Q®2(fa)U;E = 0qi - (—1)a(a+a+1)q(_1) /2. U(J{,a+1 :

(€a,€i)/2 . +

i,a 0

®2( 1)2(6+ﬁ) .

0 q

(—1)EQ®2(fa)uZ;' = Go; - qEre)/2 “Ll,j + 0aj - (—1)/@ter) '“Zaﬂ )

+ +
€a)U; = Oat1,i - Uqj+dat1j - (=

where we recall that uj] =0if j #1.

This shows that W is stable under the action of {eg, fa}]avgll. As each u;; is homogeneous of
degree ¢; + ¢ with respect to the P-grading defined by deg(v, ® vp) = €, +¢€p for all 1 < a,b < N,
of. (A.12), we also have g®%(¢"/?)uf; = q{#T<)(ha)/2 . 4, £ This establishes part (a) for WT.

The proof of (a) for W~ is analogous (the above formulas hold with each u}, replaced by u_;).

(b) It is enough to show that the vectors entering (B.1) form a basis for V ® V. As there are
precisely N2 = dim(V ® V') of such vectors, it suffices to show their linear independence. Moreover,
since each such vector is homogeneous with respect to the above P-grading, it suffices to verify
the linear independence in each weight spaces, which can be easily seen.

(c) Let us first prove the “generating” property of W ™. To this end, it suffices to show that each

* is contained in the U,(sl(V))-submodule generated by u]; (a nonzero scalar multiple of wy),

ij
which can be done by acting with the generators {f, iV:_ll iteratively on uﬁ. According to the

explicit formulas in part (a): 0®2(f;j—1... fof1)ui; is a nonzero scalar multiple of ufj and further
0%2(fiq ... fgfl)ufj is a nonzero scalar multiple of u;; This shows that indeed W = U, (sl(V'))w;.

The proof of the irreducibility of W7 is similar. Since any nonzero submodule of V' ® V has a
weight space decomposition, it is enough to show that for any nonzero P-homogeneous element
w € W, i.e. a nonzero scalar multiple of some u;;, we can obtain a nonzero scalar multiple of w;
by acting with the generators {e, }2' ! iteratively on w. Due to the explicit formulas in part (a), we
have: 0%?(eqes . .. ei_l)u;; is a nonzero scalar multiple of ufj, and 0%2(ees . .. ej_l)ufj is a nonzero
scalar multiple of wy. This establishes (c) for W. The proof of (c) for W~ is analogous. O

u

B.2. Three vectors in orthosymplectic type.

Motivated by Subsection B.1, we shall now present a similar analysis for the structure of
Uy(osp(V'))-representation V' @ V. To this end, we consider three cases separately: m is odd, m is
even and 5 = 0, m is even and 3 = 1. Besides lengthier calculations, the orthosymplectic setup is
considerably harder due to the higher dimensional degree 0 component of this tensor square. In
particular, our presentation emphasizes in full details the importance of the special case n =m
when V ® V is not semisimple. We note that it is this major difference that forced us to work
with the vectors ws, w3 instead of the highest weight vector w3 in Section 4.

B.2.1. Generating property for odd m.
We first define the following elements u;'; imnVeVforl<i<j<Nand(,j)#(s+1,s+1):

v ®v;+ (~1)1(=1)iTg~ D g oy, @ for j # i
u;; = {vi R vy + (—1)T+gq—(—1)1q—(%ai)vi, Q U’i} _ (_1)E+mq—(si,5i)/2q—(5i+1,ei+1)/2
'ﬁiﬁ”l{v”l B V(iy1y + (_1)T+mq_(_1ﬁq(ai“’€i+1)“(i+1)’ ® Ui+1} for j =14
and
v @ Uj — (_1)T(_1)53q(—1)Tq—(ei,ej)vj ® v; for j £ i
u = | {vs @ vs — (C)THGED ey, @} — (<)) 2 e )2

.191-19”1{1)”1 ® V(it1y — (i1)T+mq(_1)1q(5i+175i+1)v(i+1)/ ® Ui+1} for j =i
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In particular, we note that uj; = 0 iff i # T and u;; = 0 iff i = T. We define subspaces W+ of
V ® V to be spanned by the corresponding (nonzero) vectors:

W+:Span({uz+j]1§i<j§N}U{u;Hi7és+1j:T}
W= = Span ({u; |1<i<j < NyU{u; [i£s+1,i#1})

(B.2)

We also consider a one-dimensional subspace W3 = Span(ws) of V ® V, cf. (3.5).

Proposition B.2. (a) The subspaces W, W=, Wy are Uy(osp(V'))-subrepresentations of V@ V.
(b) The Uy(osp(V))-representation V @ V' decomposes as a direct sum of these subrepresentations
VVeWreW o Ws.

(c) Both w3 = v1 ® v/ and W3 = vy @ v1 do not belong to W+ & W, while
@3 — (~1) gD g e e W @ W (B.3)
(d) Wt, W=, Ws are irreducible Uy(osp(V'))-representations generated by the corresponding highest

weight vectors wy, wa, and ws of (3.5), respectively.

Proof. (a) Let us first show that W is stable under the U,(osp(V))-action through direct but

rather tedious computations. The action of the generators {f,}5_; on the above vectors u; is

ij
summarized in the following formulas (split into five cases):

e Case 1: u:g fori =1.

()7 (14 C2) T 2 f )

g 501, . (_1)a(a+m)q(il)l/2 . ui_’a+1 —_ 5(a+1)/72 . ’lgaﬁa_l'_lq(il)z/Q . uE;+1)/7a/ .

e Case 2: u;; fori<jandi+j# N,N+1.
(_1)69®2(fa)uz+j
— 5(11 . q(€a+175j)/2 . u:—‘rl,j + 60,] . (_1);(64*0,7“) . uj_a_’_l
(ga,e5)/2

a+1(a+a+1) 9,0 (i+a+1)(a+a+1) o,

— 5(a+1)’,i . (—1) a+1q7 . ’U/;—/j — 5(a+1)/,j . (—1) a+1 U;Z/ y

where we recall that u;rj =0if j #1.

OCase3:u;9f0ri<jandi—|—j:N.

(_1)EQ®2(fa)uz_"—(i+l)’ = g - (—1)T Y0 g2yt

) aa
o Case 4:ujj fori<j,i+j=N+1landi#s.
(=10 (fa)uy
= 5@1'(567(17_’_1 . q(‘s‘“E‘Z)/2 (1 + q_(aayaa)'Q)u;:_l w

— 6a,i+l : (—1)a_1+519a7119aq_(6a71’6a71)/2 . u:—i—l,a'

— 5a+1,i . 19a19a+1q_(6a+176a+1)/2 . U:_’_La/ .
e Case 5: u;; for (i,7) = (s, ).

(_1)EQ®2(fa)u;:/

= e (1T 2 (1 U

- 5(1,5—1 : 198_1,[98(]—(53,63)/2 : U:’(sfl)/ .
The above computations show that W is stable under the action of {f,}5_,. To check that
W is also stable under the action of {e,}5_;, we consider a vector space isomorphism

¢: V-5V givenby wv;—cpvy forall 1<i< N, (B.4)
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where the coefficients ¢;’s are determined by ¢; = 1 and the following relations:

Cat+1 = —(—1)E+m+am19a19a+1 ‘ Cq for 1<a<s,
o = — (=10t cupay  for 1<a<s.
In particular, we note that
(—1)%acy = (-1)'cicyy  V1<a<N. (B.5)

Evoking w from (5.15), it is straightforward to check that

o(x)v = (¢~ o o(w(@)) © §)(v) (B.6)

holds for any v = v; and = € {eq, fa, ¢*"*/?}3_;. Thus (B.6) holds for all v € V,z € U,(osp(V)).
It is also easy to check (verifying on the generators) that A¥ = A°P, cf. (4.25, 4.27), where

AY = (wW@w)oAow L.

Furthermore, we note that W= are invariant under 7 o ¢®2 due to the following equality:

(v o (9® o)) (ub) = (~1)cucy -ub, .

Combining all these results, we finally obtain:
0% (ea)u; = Alea)ufy = ((69%)7 0 A%(w(eq)) 0 672) ()
= (=)™ (0% 0 A¥(fa) 0 62) (ufy) (B.7)

(L) (_qyatat ((Tvv 0 ¢®*) o A(fa) o (tvy o ¢®2)) (u),

which proves that W is stable under the action of {e,}5_;. Finally, each ujj is homogeneous of

degree ¢; + ¢ with respect to the P-grading defined by deg(v, ® vp) = €, +¢€p for all 1 < a,b < N,
so that g®2(qh0/2)u:; = gleitei)(ha)/2., u;; This completes the proof of part (a) for W+.

The proof of part (a) for W~ is completely analogous. Therefore, we shall only present the
explicit formulas for the action of the generators {f,}5_; on the vectors u,.:

ij
e Case 1: uy; for i # 1.

_ 7o\ 1 _
(=) (1+¢7 V") 02 (fa)u;
= i - (—1)F@HATD) (-2

U i1 — O(at1y,i - Valarrg V2 UYar1) o -
o Case 2: u;; fori <jandi+j# N,N+1.
(_1)EQ®2(fa)ui_j
= i - q(6“+1’€j)/2 “ugy Oaj - (_1)5(E+a7+1) Uy
(easej)/2

a+1(a+a+1) (i+a+1)(a+a+1) 9,0 -

= 8(ag1y,i - (=1) Ya¥at19~ Uy = O(at1y i+ (—1) at+1 " Wigs s

where we recall that u,; =0 if j = T.
e Case 3: u;; for i < jand i+ j=N.

(—1)6Q®2(fa)u;(i+1)/ = g - (—1)THTLY 9, g2 Ly

aa *
o Case 4: u;; fori<j,i+j=N+1andi#s.
(=)0 (fa)uzy

= 04i0-— - q(sa,sa)/Q (1 + qf(sa,sa)z)

a,a+1 ua+1,a’

—1+a “—\Ca—1ca— 2 - —\Ca Ca 2 -
— bayit1 - (1)1 9,q Eetrat)/ “Ugi o — Oat1,i - Yalatr1q (at1,att)/ “Ugira
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o Case 5: uy; for (i,7) = (s, 8').
= o0 B
(_I)QQ@) (fll)uss’
:5as{(_1)s+s+1 ~Ene/2 4 gy (eé,aé)/2<1+q( 1)l 2)}u_+1 /
s+1,s

- 5(1,5—1 : 198_1,198(]*(55,85)/2 : us_,(s—l)’ )
where 67 45 equals 1 if 1 # 5 and is 0 otherwise.

To prove part (a) for W3, we recall that 0®2(e;)ws = 0, g®2(qhi/2)w3 = wsg for any 1 < i < s,
as established in our proof of Proposition 3.2(a). The remaining vanishing ¢®?(f;)ws = 0 for
1 <i < s follow from ¢%2(e;)ws = 0 via (B.7) and (1yy 0 ¢®2)(ws3) = (—1)'cicy - w3, due to (B.5).

(b) It is enough to show that the vectors entering (B.2) together with ws form a basis for
V ® V. As there are precisely N2 = dim(V ® V) of such vectors, it suffices to show their linear
independence. Moreover, since each such vector is homogeneous with respect to the above P-
grading, it suffices to verify the linear independence in each weight spaces. This is clear for nonzero
weight spaces. Finally, for the zero weight space the proof is done by straightforward computation,
which is analogous to the even m case treated in full details below, cf. Remark B.5.

(c) The proof of w3, w3 ¢ W+ @W ™ is completely analogous to that of part (b) with ws replaced
by either w3 or ws3. Meanwhile, the proof of (B.3) is completely analogous to that of (B.8) below.
Here, we shall only state the explicit linear dependence:

S

Z (bfu;g, + bi_ui_i’) =01 QU — (_1)Tq(71)1qn7m+1v1, X v1

=1
where
1+Z s— T s—
b;‘ — ( q)—’_ qﬁll Zk 1(psou) (q(sl’sl)qZkl(p’ak) _ (_1)1q(€¢,5¢)*(85,as)q— Eki(pﬂk)) 7
T+i ) . s
by = (_ql)+ qﬁllﬁzq— (o) ( —(e1,61) Zk H(pao) +(=1) q(&,&) (Esfs)q— ki(ﬂyak))
forl1 <i<s.

(d) Let us first prove the “generating” property of W+. To this end, we need to show that each

is contained in the U,(osp(V))-submodule generated by uf; (a nonzero scalar multiple of wy),
which can be done by acting with the generators {f,}5_; iteratively on uﬁ:

e Case 1: u cfori+ g5 < N+ 1.
Accordmg to the explicit formulas (Cases 1, 2) in part (a): 0®?(fj—1... faf1)uf; is a
nonzero scalar multiple of ulj for j < s+1, Q®2(f] e ]"8_1fs)u175,+1 is a nonzero scalar

multiple of uj ;for j>s+1, and 0%2(fii1... fa fl)ufj is a nonzero scalar multiple of u;’;
e Case 2: u forz+j—N+1
We note that o®2(f;)u; L
e Case 3: u+ fori+j=N+2.
Accordlng to the explicit formula (Case 4) in part (a): 0®2(f1)ugy is a nonzero scalar
multiple of u21, and 0®2(f;)u; i1, (i— 1 is a nonzero scalar multiple of u;:“ for 2 <i<s.

e Case 4: u:; fori4+j > N+2.
According to the explicit formula (Case 2) in part (a): 0%%(fi—1... firp2fy +1)uJ5+17j

+
u;);

due to Case 3 from (a).

y is a nonzero scalar multiple of u“,,

is a nonzero scalar multiple of u for ¢ < s+ 1 and likewise Q®2(fz o feo1fo)ul Ugiyjisa
nonzero scalar multiple of u+ for 1>s5+1.

This proves that w; generates the entire W+ under the action of Uy(osp(V')). The proof of
the irreducibility of W is similar. Since any nonzero submodule of V ® V has a weight space
decomposition, it is enough to show that for any nonzero P-homogeneous element w € W, we
can obtain a nonzero scalar multiple of w; by acting with the generators {e,}5_; iteratively on w
(the corresponding formulas can be deduced from those of part (a) through (B.7)):
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e Case 1: w—u for2+]<N+1
First, we note that o® (6162 61U J; is a nonzero scalar multiple of ul It For j > s+1,
we further note that 0®%(eses_1 . .. e )uf] is a nonzero scalar multiple of “1,s+1 Finally,

we likewise note that 0®2(ejes. .. ej,l)ufj is a nonzero scalar multiple of uj; for j < s+ 1.
This shows that we can get a nonzero multiple of wy by acting with e,’s on w.
e Case 2: deg(w) = 0.

Since ws is the unique (up to scaling) highest weight vector in V' ® V' of degree zero (see
Remark 3.3) and w3 ¢ W+ according to part (b), we have w’ = 0%2(e,)w # 0 for some
1<a<s. Replacing w by w’, we thus reduced the setup to Case 1 treated above.

e Case 3: w—u fOI‘Z-I—j>N—|—1

For i > s+ 1 we first note that 0®2(eges_1 . )u;; is a nonzero scalar multiple of
:H j and likewise 02 (ejiejiin ... 1)U + is a nonzero scalar multiple of u pyfori < s+1.
Thus, w' = uj, ; € W™ and we reduced thls setup to Case 2 treated above

This proves the irreducibility of W, thus establishing part (d) for WT.
The proof of part (d) for W~ is completely analogous. O

B.2.2. Generating property for even m with 3 = 0.
Similarly to the odd m case, we define the following elements u nVeVirl<i<j<N:

v; ® vj + (—1)T(—1)53q*<:1>Tq*(€i»6f>vj ® v; if §/ #i
{vi ® 'Ui’ + (_1)1+’iq7(71)1qf(si,si),vi, ® ,UZ} _ (_1)’L.+Z'+1q*(€7j,Ei)/2q7(€i+1,€¢+1)/2
uf = '791‘791‘4-1{7)1‘—}—1 ® v(i+1)y + (_1)1+i+1q_(_1)1q(6i+1’€i+1)v(i+1)’ ® Ui—H} ifj'=i#s

{Us—l ® 7)(571)/ + (_1)1-&-8—71(1—(—1)1q_(esfl,ssfl)v(571), ® Us—l} _ (_1)5—714-3
q e )22y 9 Loy @ v+ (- D gy @0y} i =i =s

and
v; ® vj — (—1)T(—1)53q(j1>Tq*<€fv€j>vj ® v if j' £
{vi ® vy — (_1)T+gq(—1)lqf(si,si)vi, ® Ui} _ (_1)z+mq*(€i,€¢)/2q*(€i+1,Ei+1)/2
U = -19ﬂ9i+1{vi+1 ® V(1) — (—1)T+mq(71)1q(”“’s"“)v(iﬂ)' ® Ui+1} ifj'=i#s.

{Us—l ® V(s_1)y — (_1)T+Eq(—1)1q_(5571,55 1y V(s—1y ® Vs— 1} (— 1)@—&-5
_q—(6571,6571)/2q—(€s,63)/2198_1195,{US/ & Us — ( )T q( 1) (63,63)”5 & US/} if j/ =7==:s

Again, we note that uj; = 0 iff i # T and u;; = 0 iff i = T. For convenience, let us define
Usg = {v871 ® U(S_l)’ _ (_1)8—1 .q- q_(€sfl,5571)v(8_1)/ X /Usfl}
. (_1)ﬁ+§q—(5s—1,Es—l)/2q—(ss,es)/2198_1198,{Us/ ® vy — (_1)§. q- q(as,as)vs ® Us’} )

+ .t - _ T = + - - T L=
Then u,, = Ug_ 1 (s—1y and u_, = usy if 1 =5, and u_, = usy and u_, = Uy (s_1y if 1 #35. We

define subspaces W* of V ® V to be spanned by the corresponding (nonzero) vectors:
—Span({u |1<i<j<N}uU{uf ]2—1})
W= —Span({u |1<z<j<N}U{u“|z7é1})
We also consider a one-dimensional subspace W3 = Span(ws) of V@ V, cf. (3.5).

Proposition B.3. (a) The subspaces W, W~ W35 are U,(osp(V))-subrepresentations of V@ V.
(b) For n # m, the Uy(osp(V'))-representation V ® V' decomposes into the direct sum of those:
VoVeeWreWwW & Ws.
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(c) Frm=m, W C Wt ifT=0=35and W3 C W~ if1=1#35, and Wrae W~ isa
codimension 1 subspace of VR V.
(d) Both w3 = v1 ® vy and W3 = vy ® v1 do not belong to W+ & W, while

T

@5 — (—1)gEV g s e W W (B.8)

(e) W, W=, W3 are Uy(osp(V'))-representations generated by the corresponding highest weight
vectors wi, ws, ws. Moreover, these representations are irreducible if n #£ m.

Proof. (a) The proof is analogous to the odd m case, so we only present the key difference in
formulas. The action of the generators { f,}3_; on the above vectors u;’; is given by the exact same
formula unless f, = fs or (4,7) = (s,5’). The action in the remaining cases is given by:

e Case 1: uj; for i =1 and f, = fs.
_ Ton—1
(114 g7 02) 0P (fo)uf

= 68—1,i . (_1);(‘9_71+§)q(_1)2/2 . U/:_—175/ — 681 . ﬁs_lﬁs/q(_l)l/2 . u;’:(s_l)/ .

oCase2:u;;fori<j,i+j7$N—1,N+1andfa:fs.

(=1 ™2 (fo)us
= 55—1,2‘ . qi(ES’gj)/z : 'LL‘:;] + 55—17j ’ (_1)i(871+§) ’ Uj;/

— 5y - (=1 Y g, q(Esm1e)/2 U?;,l)/ 0 (1) FDNETHy 9t

oCaseS:u;;fori<j,i+j:N—1andfa:fs-

(_Dsjgm(fs)“j(iﬂ)’ = b1 (=) aqlesresm )2yt

R ss

oCase4:u;;fori<j,i+j=N+1,i7ésandfa:fs.

(—1)EQ®2(]CS)U?;/
1T —(—1)L.
= 05107577 q" Y /2(1+q = 2)“;,(3—1)/

- 5571,1#1 : (*1)8_24—8_11957219571q_(6572’6572)/2 : U;r/y(sfl)/ .

e Case 5: u;; for (i,7) = (s,8') and fo # fs.

- T (DT
(=170 (fa)udy = das10r53 - a2 (14 g )l
e Case 6: u;; for (i,7) = (s,8') and fo = fs.

(_1)8—71Q®2(f5)us+5/ = 0575 q(SS’ES)ﬂ(l + q_(as’esﬂ)u;’(rl)/ .

We also have the following counterparts for the vectors U
e Case 1: uy; for i # 1 and f, = fs.

7T )

= Gy (—1) LTI (D2

—1, 1,8

— by D1 0wg I T

o Case 2: u;; fort < j,i+j#N—1,N+1and fo = fs.

(—1)" 0™ (fo)uy;

= 55—1,2‘ . qi(gs’gj)/2 : 'LL;] + 55—1,j ’ (_1>i(871+§) ) ui_s’

— 5y - (=1 Y g, g (Esm1E)/2 Uoyy; = Osj - (—1) DTy 9, U1y
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Case3:u;jfori<j,i+j:N—1andfa:fs.

(—1)%~ (fs) (i12) 58_1’7:.(_l)ﬁ-i-g,lgs_lﬁs,q(ﬁs—l,Es—l)/2.U;S/.

Case 4: u;; fori < j,i+j=N+1,i# sand f, = fs.
(—=1)° 0% (fs)uy
1\ _1)1. _
= 051,107 4577 - gV /2 (1 +q¢0Y 2)“3',(3—1)'

— 051,641 " (—1)E+E195—2195—1q_(€s*2’6572)/2 Uy (51 -

Case 5: u;; for (i,7) = (s,s) and fo # fs.

(—1)EQ®2(fa)u;9/ = a5 1075571 * 4 (= )/2( 1+ ¢ 1)1.2>u$—7(s_1),'

Case 6: U for (i,7) = (s,8') and fo = fs.

(_1)371Q®2(f8)us—s/ = q(as,ss)/Z(l +q —(&s,85) 2)u5 o1y

We also have an analogue of the isomorphism ¢: V — V from (B.4) satisfying (B.5, B.6) and
consecutively (B.7), but the coefficients c;’s determining ¢ should be rather chosen to satisfy:

—(—1)5+m+am19a19a+1 - Cq for 1<a<s-—1,

Cat+1 =
Co = _(_1)674-11%19&“ “Clat1) for 1<a<s-—1,
Cy = _(_1)571+§+571§198_1§8/  Cot .

This allows to show that W¥ is also stable under the action of {e,}5_;.
(b) Analogously to the odd m case, it is enough to show that the following set of vectors

{u 11<i<j<N,(i,5) # (s,8)U{uf |i =T} U{u; | i # T} U {use} U {ws} (B.9)

is linearly independent in each weight space, with the only nontrivial verification in degree 0 € P.
For convenience, we consider the following multiple of ws:

s—1 <, = s—1
U)3 —q Zk 1 (psak) 191 wy = Zﬁ {q_ Ek:i(p’ak)vi ® vy + (_1)1+S . qzk:i(p7ak)vi, ® Ui} .

Let us now assume that
s—1
> (bfufy 4 b ug) 4 bsugy = b (B.10)
i=1
for some constants bli, bs,b € (C(ql/2). Comparing the coefficients of v, ® vy in (B.10), we obtain:
e For v; ® v1/ and vy ® vy, we have
bi +b] =g S () b,
gD e (—1)+59 g i (Por) .
e For v; ® vy and vy ® v; with 2 <7 < s — 2, we have
—_— = s—1
(b+ + b-_) . (_1)171+119i_119iq7(€¢717€i71)/2q7(5i,€¢)/2 . (bj;l + bi_fl) = 9iq” Zk:i(p,ak) b,
( )14’7/ (61751)( ( ) . b:‘ — q(fl)l . bz_) — (_1)T+;19’L—1191

g EmrEi)/2 ()2 (q%—lﬁ bt — gt b)) = (= 1) 59, i (Pen) .
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e For vs—1 ® v(4_1y and v(;_1y ® vs—1, we have

(b5 y 4 by +bs) — (—1)7 2T g qq B2 2 Eemnsa )2 (b7 )
= 9y_1q Ps-1) . p,
()T g o) (OO g ) ()T g e,
— ()R g, g e 2genea)/2 (=D gD )
- (_1)E+519S_1q(p7a571) b,

e For v; ® vy and vy ® v, we have

_ (—1)ﬁ+§193—1’193q_(88_1’53_1)/2(]_(&5’55)/2 . (b;ll +b, — (1) -q- qeses) . b,
_ (—1)T+S_71’l9571193q_(657176571)/26](63’&)/2 . (q_(_l)l . b:_l _ q(—l)l by, + ( 1)T . (63753) b )
= 193 -b.

Evoking (4.11), one can inductively deduce:

b+ b = (—1)g” S e (Z(—l)jq Z?;f'@p’“”) 5,

J=1

' (B.11)
_ i ie
g Vb — g Ht by = (—1) T glEne) s (pa) Z(_lﬁqzk:j(zf’:ak) 9; b
j=1
for any 1 <i < s — 2, as well as the following four equalities:
—_— s—1 - s—2
biy 4 by 4 by = (—1) g o) | ST (—1)igm 2o |y, (B.12)
j=1
¢ Vb =g b — (<1)Tg by
s—1 _ o

— (—1)T+§+5_71q(65*1765*1)q(p7a5*1) (Z(—l)]qzk:j(2p7ak)) 19871 . b, (B13)

j=1

i b — % by = —(—1) IR/ 2gee) 2y (BL14)

¢V b =g b+ ()T b = ()T g2 2y (BL1G)
Subtracting (B.14) from (B.12) and evoking (4.11) implies
R d - s—1
(1 +q2)bs — (_1)s—lq(p,ot571) (Z(_l)]q Zk:j(2p7ak)) 1987117‘
j=1

Likewise, subtracting (B.15) from (B.13) and further multiplying by (— 1)lq, we get

S — s—1
_(1 +q2)bs _ (_1)sflq(p,a3_1) (Z(_l)]qij(vaak)> 9s_1b.
Jj=1

Adding the above two equations, we obtain:

S — s—1 s—1
Z(_l)] (qZk—j(zp’ak) + q_ Zk—j(zp’ak)) b=0. (B.16)

J=1
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However, similarly to (5.39), we have:

s—1 - s—1 — s 1
(q— q—l) ' 1(_1)]q2k_j(2p’ak Z ( (e5.85) _ q (gj:€5 ) po —;(2pak)
J: :
s—1 s s— s—
(4 11) (q(sj,sj)qzk;(2pvak) _ q(5j+1,5j+1)q ke ;+1(297ak)> — q(El,El)qZkzll(Zp,ak) _ q(Es,ES)
j=1

and therefore

S

(= q71) S (~1)gormsBrow) — gleren i Coan) _ g~(enes)
j=1

= q =) <q(1)1'2+'”+(1)s'2 - 1) =g =)@ = 1), (BAT)

Combining (B.17) and its version with ¢ replaced by ¢! allows us to rewrite (B.16) as

m—n—1 _  —(m—n—1)

z 1 +1)b=0.
q—4q

Since n # m, we get b = 0. Then, the equations (B.12)—(B.15) imply that b ; = b, ; = bs = 0,

and analogously b;” = b; = 0 for all 1 <4 < s — 2. This proves the linear independence of (B.9).

(c) For n = m, iterating the argument from the above proof of part (b), we obtain the following
linear dependence

s—1
S (b + ) + bty = u3
=1

where by = 0 and the coefficients {bF}5=] satisfy the following relations (arising from (B.11)):

b 0] = (1) Dm0 (Z(—l)ﬂ‘q Ziﬁj@p’“k))
j=1

- -~ s—1 o .
_ (—1)Z79iq Zk:i(P’ k) <q(€i7€i) _ q_(al’al)q_ 22_11(2,0,0%))
q—q!
- _ s—1 aw ) .
_ (—1)Wyq Zkl—l(p7 k) (q(ei,a)qzlﬁ(ﬂvak) _qf(s1,e1)q— 2211(970%)>
q—q
7.9 (€1,61)/24+(es,65)/2
_ (—1) 19161( ! 1)/1+( )/ ( (gi,e4) Zk 1 (pror) _ q (e1.61) Zk 1 (pscri >
q—q

and

R R G R
_ (_1)T+§+g,l9iq(si,si)qzz;:(p,ak) (i(_l)jqzz_; (2/)70%))

=1

- _ = o s—1 o )
_ (—1)1+8+1’[9,L'q(5z751)q2k:i (P, k) <q(€1,€1)q2211(2p704k) B q(Ei,EZ‘))
1

q9—q
- _ = s—1
_ (_1)1+s+119iq(61,61)qzk:1(P»O‘k) <q(51,51)q22__11(p,ak) —q (€4,€4) Zk L (pya )
—1
q9—4q
_ (_1)1+S+’L,ﬂiq(€i76i)q_(€l,61)/2_(65783)/2 (q(sl,sl)qZZ_ll(p,ak) . qf(si,si)q— Z_ll(p,ak)>
1 )
q—4q
derived in analogy with (B.17), where we used
Si(p’ o) = M (Ene) —(ened) | (ene) +(emes)

P 2 2
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Solving the above two equations, we obtain:

b — (_1)iq9i (q(51,61)/2+(as,€s)/2+(_1)T+§q—(51,51)/2—(53,85)/2>

1 q2 _ q—2
: <q<al,el>+<si,ei>qz:;_i(m) o :;_i<p,ak>)
_ 5T§ . (_1)11911' (q(€1,EI)JF(Eiin)qZZ_ll(Puak) —q Ez_ll(p,cxk)> 7
] q—q
b — (“D)"i [ (1 e1)/24(c0.00)/2 D45 (e1.01)/2— (20,00) 2
i_q27q72(q _(_) q )
. (q(iiﬁi)qzz_ll(l’,ak) —q 51,51) Ek 1 (psou )
= 0745 - é__l)qii (q(a“ai)qzzzll(p’a’“) ey X Wk) '

This implies that ws € WT if T =3 and ws € W™ if T # 5. Furthermore, any solution of (B.10) is
clearly a multiple of the above one, which implies the codimension 1 property of WTe&W = Cc VV.
(d) The proof of w3, w3 ¢ WT & W™ is completely analogous to the above proof of part (b),
with a simpler computation when ws in (B.9) is rather replaced by either ws or ws.
On the other hand, iterating the argument from the above proof of part (b), we establish (B.8)
by explicitly presenting the linear dependence:
s—1 _ - -
Z (b:r Uy -+ b u ) -+ bsuss’ = v QU — (_1)1+Sq(*1)1+(*1) qnfmvll ® vy
i=1
where

T+i _

bt = (=D "0 q (o) <q(€1,61)q22_1(p,ak) — (-1)% (eiei) g > (e )

’ q+q! ’
1+i . . s— - _ s—

b — (—1)+ _7911191 o~ i aw) <q—(el,el)q2k;(p,ak> (=) g Zk;(p,ak))

q-dq

for1 <i<s-—2,

T+s—1
bt = >++ LECIS P Sl
qgT4q

. <q(517€1)q(0704s—1) _ (_1)T+§q(as_1785_1)q—(p,as_1)(1 _ 517@@03—1195)) ,

T+s—1
by, = (=D 191195*1(1— S (par)
’ q+q!

. <q—(a17e1)q(p7as_1) + (_1)T+§q(55—1755—1)q_(p7as—1)(1 . 5T§198_1193))
and _
14+s—1
_ (—=1)1 =1y, (es-1,25-1)/2=(€5,55) /2 S (peo)
S —1 .
q+q
(e) The proof of part (e) is completely analogous to that of Proposition B.2(d). O

B.2.3. Generating property for even m with 5 = 1.
Similarly to the previous cases, we define the following elements u inVeViorl<i<j<N:

vi @ v;+ (~1)(=1)7Tg VgD @ v, if j £ i
N {vi ® vy + (—1)Hg= (Dl g=Eiedy, @ vz} — (= 1)+ e /2= (e /2
u.. = - —
] "191'191'4—1{1)1‘—}—1 ® V(i) 4 (_1)1+1+1q—(—1)1q(si+1,€i+1)v(i+1)/ ® Ui+1} if j/ =4 7& s

Vs @ Vg + (_1)T+§q—(—1)Tq_(ss,ss)vs, ® vg if / =i=s



ORTHOSYMPLECTIC R-MATRICES 61

and
v @ vj — (=11 (~1)Hg Vg oy, @ if ' # i
B {vl- ® vy — (=1)HigD (e, @ Ui} — (1) (i) 2 (i i) /2
o D {vis © vy — (DTG gty @ viga | ifj =is#s
Vs ® Vg — (_1>I+§q(71)Tq,(ss,ss)vS, ® v, =i

Again, we note that u;; = 0 iff i # T and u;; = 0 iff i = T. For convenience, let us define

(Es,es)

Ugs! = Vs @ Vg +q-q Vgt @ Vs .

Then ujs, = ugy if 1 =5, and u,, = usy if T # 5. We define subspaces W* of V@V to be
spanned by the corresponding (nonzero) vectors:

W+:Span({u27|1§i<j§N, (i,7) # (s,8")} U {u} ]z—l}u{u , if Tz?}),
W_—Span({u |1<i<j <N, (z])#(s,s')}u{uiﬂf#i}u{u;ﬁifT#E}).

We also consider a one-dimensional subspace W3 = Span(ws) of V ® V, cf. (3.5).

(B.18)

Proposition B.4. (a) The subspaces W, W=, W3 are Uy(osp(V))-subrepresentations of V@ V.
(b) For n # m, the Uy(osp(V'))-representation V&V decomposes into the direct sum of those:
VoVaWreWw o Ws.

(c) Form=m, W3 CWt ifT=0#5and Wy CW~ if l=1=35, and Wr o W~
codimension 1 subspace of V@ V.

(d) Both w3 = v1 ® vy and W3 = vy ® v1 do not belong to W+ & W, while
@3 — () gC D g e W e W (B.19)

(e) W, W=, Ws are Uy(osp(V'))-representations generated by the corresponding highest weight
vectors wy, ws, ws. Moreover, these representations are irreducible if n # m.

Proof. (a) The proof is analogous to the previous cases, so we only present the key difference in
formulas. The action of the generators { f,}5_; on the above vectors u - is given by the exact same
formula unless fa = fsor (i,7) = (s,s’). The action in the remaining cases is given by:

o Case 1: u fori=1and f, = f,.

_ T\ —1 T
(D%a+a D) (1 OV) P (fu = b Yy

This is the only case when u+, arises in the RHS, explaining when to include u;;, in (B.18).

e Case 2: uj; forz<j,z+]75N+1andfa—fs
(=1)%(qg+q ) 0P (fo)usf; = bsi - uf; + 655 - u
° Case?):u;; fori<j,i+j=N+1i%#sand f, = fs.
(=1)%(g+a ") o (fo)ufy = —bsit - (—1)8_71+§195—119sq_(85_1’85_1)/2q(55’55)/2 uby
e Case 4: u;; for (i,7) = (s,8') and fo # fs.
(=170 (fa)usy = bapr - (F1)F TG

e Case b: u:; for (i,7) = (s,¢') and f, = fs.

- T -1
(—1)S(q + q—l)—10®2(fs)u;:l _ q(_l)l (1 n q_(_1)1.4) (1 + q—(_1)1‘2> u;;Sl.

We also have the following counterparts for the vectors w,;.



62 KYUNGTAK HONG AND ALEXANDER TSYMBALIUK

e Case 1: u; fori #1 and f, = fs.
T

_ - -1
(CD%a+a D) (1) o (g = g Y gy

This is the only case when u__, arises in the RHS, explaining when to include u_, in (B.18).
o Case 2: u;; fori<j,i+j# N+1and f, = fs.

(=1)%(qg+q ) 0P (fo)ug; = bsi - ug; + 05 -y -
e Case 3: Uy fori<j,i+j=N+1,i#sand f, = fs.
(—1)%(q+q ) 0P (fo)ugy = a1 - (—1)° T, qyqm e ) 2g(Ene) /2y
o Case 4: u,; for (i,j) = (s,8') and fo # fs.
(1) 0™ (fa)tuy = Gaamr - (~1)T g (C0e2

o Case 5: uy; for (4,j) = (s,8') and fo = fs.

usa(sfl)/ ’

. T T Ty —1
(—1)%(q + q_l)_lg®2(fs)U;8/ _ q—(—1)1<1 —l—q(_1)1'4> (1 —|—q(_1)1-2) w .

§'S

We also have an analogue of the isomorphism ¢: V — V from (B.4) satisfying (B.5, B.6) and
consecutively (B.7), but the coefficients c;’s determining ¢ should be rather chosen to satisfy:

Catl = _(_1)5+ﬁ+aa+119a19a+1 Cq for 1<a<s—1,
o = — (1) bory a1y for 1<a<s—1,
cov=—(q+q") cs.

This allows to show that W¥ is also stable under the action of {e,}5_;.
(b) Analogously to the previous cases, it is enough to show that the following set of vectors

{uj [1<i<j<N, (6,5 # (s8N0 {uf [T =T} U{uy |7 # T} U {use } U {ws} (B.20)

is linearly independent in each weight space, with the only nontrivial verification in degree 0 € P.
For convenience, we consider the following multiple of ws:

s—1 i s—1 - _ s—1
wg = ql—zkzl(p,ak)ﬂl.wg - Zﬁi {q g Zk:i(p,ak)vi ® vy — (1) gt qzkzi(p,ak)vi, ® Uz’} ]
i=1
Let us now assume that (cf. (B.10))
s—1
> (bF ik 4 b5 ug) + baugy = bus (B.21)
i=1
for some constants b;-t, bs,b € (C(ql/ 2). Since the proof is completely analogous to that of Proposition
B.3(b), we only present here the key formulas:

b+ by = (—1) g g Zinen (Z(—l)qu_—?@”""“) 9i b,
j=1

q—(—l)1 bf — q(—l)T by = _(_1)T+§+i gt q(anai)qZZ;(p,ak) (Z(_l)quﬁ@p,%)) ;b
j=1
forany 1 <i<s—1, and
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For n # m, adding these two formulas we get bs = b = 0 and hence b;L =0b, =0foralll <i<s—1,
so that (B.21) has only the trivial solution, thus establishing the linear independence of (B.20).
(c) The proof of part (c) is completely analogous to that of Proposition B.3(c). For n = m,
iterating the argument from the above proof of part (b), we obtain the following linear dependence
s—1
Z (b:ruj;, + b; ug;) + bsusy = ws
=1
where by = 0 and

b= oo, % e+ it ) _ = Y (e ) |
#q—q

b, = 5Ts

(2

(=1 <q<ai,ai) (i ian) e = Y, (p,aw) ,
qQ—q
This implies that w3 € W~ if 1 =5 and w3 € W7 if T # 5. Furthermore, any solution of (B.21) is
clearly a multiple of the above one, which implies the codimension 1 property of WTeW ™~ C VQV.
(d) The proof of w3, w3 ¢ W @& W™ is completely analogous to the above proof of part (b),
with a simpler computation when ws in (B.9) is rather replaced by either ws or ws.
On the other hand, iterating the argument from the above proof of part (b), we establish (B.19)
by explicitly presenting the linear dependence:

S_Zl (b + by uzy) + bsusy = v1 © v + (—1)T+§q(_1ﬁ_(_l)§qn_mv1/ ® v1
=1
where
b = (q)+1+qwll S ) ( Cren) g Tic (o) +(_1)1+sq(a,ei)q(ss,ss)-zq—221<p,ak)> ,
b, = WQ— o (po) <q (e1,61) Zk i) _ (1) (i) = (€s.80) 2 g k= Z(ﬂ@k))

for1<i<s—1and
bs = (_1)T+§191198q_ ZZ;%(P@%) )
(e) The proof of part (e) is completely analogous to that of Proposition B.2(d). 0

Remark B.5. We note that analogues of Propositions B.2, B.3, B.4 already hold at ¢ = 1 case.
In particular, the respective “generating” properties by w; = wllqzl = v QUi, Wy = w2|q:1 =
V1 Q vy — (—1)T(T+§) - ve @ vy, and either of Wy = W3lg=1 = V1 ® vy, W3 = W3|g=1 = v1r ® vy, Or
Wy = W3|g=1 = 01 V7 "V;v; @vy if n # m can already be observed there (via simpler calculations).
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