ORTHOSYMPLECTIC SUPEROSCILLATOR LAX MATRICES

ROUVEN FRASSEK AND ALEXANDER TSYMBALIUK

ABSTRACT. We construct Lax matrices of superoscillator type that are solutions of the RTT-
relation for the rational orthosymplectic R-matrix, generalizing orthogonal and symplectic oscillator
type Lax matrices previously constructed by the authors in . We further establish
factorisation formulas among the presented solutions.
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1. INTRODUCTION

1.1. Summary.

The study of supersymmetric solutions to the Yang-Baxter equation goes back to the works of
Kulish and Sklyanin in the early 80’s, see e.g. , who introduced the R-matrix that generates
the supersymmetric Yangian of gl(n|m), see [N]. As common for Lie superalgebras, the underlying
vector space is equipped with a Zs-grading to incorporate bosonic and fermionic degrees of freedom.
Similarly to the purely bosonic case, there exists an evaluation map ev: Y (gl(n|m)) — U(gl(n|m))
from the Yangian of gl(n|m) into the universal enveloping algebra of the Lie superalgebra gl(n|m),
see , which facilitates the study of the spectrum of supersymmetric spin chains. In particular,
the algebraic Bethe ansatz for a large class of representations in the quantum space and the
construction of the corresponding transfer matrices are well-understood, see . The same is
true for the functional relations (7-systems and Q@Q-systems) among such transfer matrices and
Q-operators, see [Ts1}|Ts2,[KSZ, Ts3| as well as for an overview.

The construction of the Q-operators has been carried out more recently in employing
certain degenerate Lax matrices of superoscillator type (see also for a different approach).
The Lax matrices for Q-operators in the trigonometric case were obtained in forn+m =3
and in for arbitrary n, m. The degenerate solutions of the Yang-Baxter equation with a
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rational (resp. trigonometric) R-matrix arise naturally by taking certain limits of the evaluation
representation of the Yangian (resp. quantum affine algebra) in the parabolic Verma modules of
the underlying Lie algebra, realized in terms of superoscillator algebras. The crucial difference
between the solutions that arise from the ordinary Yangian and the degenerate solutions is that the
coefficients of the leading power of the spectral parameter are not of full rank in degenerate case.
Therefore, this class of solutions does not arise through the ordinary Yangian, but is rather related
to the so-called (RTT antidominantly) shifted Yangians, as has been recently realized in |[FPT]
(cf. [CGY] for an interpretation via the 4d Chern-Simons theory). The latter are usually defined
in terms of Drinfeld’s current realization, see e.g. [BFN] Appendix B], and the identification
with the aforementioned RTT ones goes through the Gauss decomposition of the generating
matrix 7'(z) as in the ordinary case [BK], see [FPT, Theorem 2.54]. For the bosonic case of gl(n),
the degenerate Lax matrices that are linear in the spectral parameter were constructed in [FP],
while the reconstruction of degenerate Lax matrices at any order of the spectral parameter has
been achieved in |[FPT]| using the results of [BFN]|. Using the S(n)-invariance of the rational
R-matrix of gl,, one can further obtain other degenerate Lax matrices which do not admit a Gauss
decomposition (and thus are no longer directly related to the shifted Yangians). Thus, the transfer
matrices are constructed from representations of the ordinary Yangian, while the Q-operators are
constructed from representations of the shifted Yangian, cf. [HZ] and references therein. We note
that this approach allows to deduce functional relations among transfer matrices and ()-operators
directly from the Yang-Baxter equation using certain factorisation properties of the Lax matrices
combined with the BGG-type resolutions for the underlying Lie algebras, see [BLZ||BHK| FKT].

The situation changes drastically for the Yangians of the orthosymplectic Lie superalgebras
05p(N|2m) which unify the bosonic cases in BC D-types, that is, Yangians of orthogonal sox and
symplectic spo,, Lie algebras. Similarly to BC'D-type, the evaluation map no longer exists and
representations of the orthosymplectic Lie superalgebra cannot be always lifted to representations
of the corresponding Yangian. The R-matrix in the defining vector representation was obtained
in [AACFR]|, generalizing the BC D-type R-matrix of |ZZ], but other solutions of the Yang-Baxter
relation or the RTT-relation (for the Lax matrix) are scarce, see [FIKK[IKK] and references therein.
The algebraic Bethe ansatz has been obtained for spin chains in the defining vector representation
in [GM], but little is known about other representations as well as the underlying functional relations.
A glimpse towards the latter appeared in the study [BCFGT] of the AdS/CFT-correspondence in
relation to the quantum spectral curve for AdS,/CFT3, but remain to be confirmed from the first
principles. Further results for more general Lie superalgebras were recently obtained in [Ts6]. The
full understanding of the Q@-system may yield new methods of solving Bethe equations similar
to the method developed in [MV] for gl(n|m).

In this paper, we enlarge the class of representations of the orthosymplectic (shifted) Yangians
by introducing several Lax matrices of superoscillator type, which can be used to construct
transfer matrices and Q-operators. We anticipate the BGG-type functional relations among those,
generalizing our recent BC' D-type results of [FKT].

Finally, let us note that there has been an increased mathematical interest in the theory of
quantum supergroups. In the context of orthosymplectic Yangians of osp(N|2m) specifically, their
Drinfeld realizations were established recently in [MR] and [M] for the cases N =1 and N > 3
with the standard parity, respectively. In the sequel paper [FT2], we present uniform Drinfeld
realizations of orthosymplectic Yangians for any N, m and, most importantly, any parity sequence.

1.2. Outline.
The structure of the present paper is the following:

e In Section [2, we recall the key results of [FLMS| on gl(n|m)-type Lax matrices that serve as
motivation and prototype for our new constructions in the orthosymplectic type.

e In Section [3| we set the notation for the orthosymplectic R-matrix and the corresponding Lax
matrices, as well as discuss the invariance of this R-matrix that is needed for our latter results.

e In Section [4] we construct some linear superoscillator Lax matrices of orthosymplectic type.
First, we construct a degenerate linear Lax matrix in Theorem Fusing two of those, we then
construct a non-degenerate linear Lax matrix in Proposition whose normalized limits recover
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back the degenerate Lax matrices, see Remark In the special cases m = 0 or n = 0, we
recover the corresponding orthogonal and symplectic Lax matrices of [Fr1L[FT1[FKT], respectively.

e In Section [5] we investigate some quadratic orthosymplectic Lax matrices of superoscillator
type. First, fusing two degenerate linear Lax matrices from Section [, we construct a Lax matrix
of size (N + 2m) x (N + 2m) for even N in Theorem We call this matrix degenerate
quadratic Lax as its diagonal is ~ (22, x,...,x,1) with respect to the spectral parameter z. A
further degeneration of this matrix, depending only in N 4 2m — 2 pairs of superoscillators, is
obtained in Proposition A similar formula provides an orthosymplectic Lax matrix for odd
N, see Conjecture Finally, fusing two degenerate quadratic Lax matrices we derive explicit
non-degenerate quadratic orthosymplectic Lax matrices in Proposition and Theorem [5.85

whose normalized limits recover back the degenerate quadratic Lax matrices, see Remark

e In Appendix[A] we present explicit formulas (A.1] [A.2) and (A.4] A.6) for the twists needed

to define both the transfer matrices and the Q-operators, as mentioned in the Introduction above.

While the constructions of Sections are presented for the specific parity sequences (3.4)) or ((5.58]),
similar Lax matrices exist for other parity sequences as well, according to Remarks [3.16] [.62] [5.89]
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2. GENERAL LINEAR LAX MATRICES

The first results on superoscillator type Lax matrices for Q-operators and their factorisation
formulas were presented in [FLMS]| for the rational R-matrices of gl(n|m)-type. The Lax matrices
for the trigonometric case were obtained in [BT] for n+m = 3 and in [Ts4}Ts5] for arbitrary n, m.
In this section, we briefly recall the results of [FLMS]| that are relevant to the rest of the paper.

Fix n,m > 0 and consider a superspace V = V5 @ V7 with a C-basis vi,...,Vy4m such that
each v; is either even (that is, v; € V) or odd (that is, v; € V1) and dim(Vg) = n,dim (Vi) = m.
For 1 <i <n+m, we define |i| := |v;| € Zy. We define the parity sequence associated to V via

5 T nt
Ty = ([vil, -, [Voaml|) € {071}71 " (2.1)
For a superalgebra A and homogeneous elements a,a’ € A, their supercommutator is defined as
[a,d'] = ad’ — (1)l ¢/ | (2.2)

where |a| denotes the Zs-grading of a. Given two superspaces A = Az @ A7 and B = By & By,
their tensor product A ® B is also a superspace with (A ® B); = Aj ® By & A; ® B; and
(A® B)] = Ay ® By @ A7 ® By. Furthermore, if A and B are superalgebras, then A ® B is also a
superalgebra, called the graded tensor product of A and B, with the multiplication defined by
(a@b)(a @t) = (=11l (ad’) @ (b) (2.3)

for any homogeneous elements a € Ajq,a’ € Ajq|,b € By, b’ € By
Let P: V®V — V®V be the permutation operator defined by

n—+m

P =3 (-Dley®e, (2.4)
ij=1

whose action is explicitly given by:
P(v; ®v;) = (—D)1ilv; @ v; . (2.5)
Consider the corresponding rational R-matriz (of general linear type, or super A-type for short):

R(z) =RY(z) = 2Id + P, (2.6)
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which satisfies the famous Yang-Bazxter equation (with a spectral parameter):

Riz(z) Raz(w + y) Ras(y) = Ras(y)Ras(x + y) Ria(z) . (2.7)

For any superalgebra A, an even matrix L(z) = LV(z) = (Lw(l‘))?;_:”i € EndV ® A[[x,z71]] is
called an (A-valued) Laxz matriz if it satisfies the corresponding RTT-relation with R(x) of ([2.6))
Rio(xz — y)L1(x)La(y) = La(y)L1(x) Riz2(z — y), (2.8)

viewed as an equality in EndV ® EndV ® A[[z,y, 2!, y~!]]. Coefficient-wise, the equation (2.8)) is
equivalent to (see [G]) the well-known system of equations for all 1 <4, j,k, ¢ <n+ m:

(—1) el lal el 111Kl
(L), Lael)] = = (L) L) — Lag ) L) (29)
Remark 2.10. (a) Here, we identify the matrix (L,](x))?j:"{ with Z?;;”}(—l)mmﬂﬂ eij ® Lij(x).

Evoking (2.3), the extra sign (—1)l71+l7l ensures that the product of matrices is calculated as
usual. The above “even” condition means that Zs-grading of all coefficients of L;;(x) is |i| + |j].

(b) The data of a Lax matrix LY (z) = (Lw(x))f;;"} with L;j(z) € 6;; + 2 LA[[z71]] for all 4, is

equivalent to an algebra homomorphism Y™ (gl(V)) — A from an RTT super Yangian of gl(V).

(c¢) Unless we want to emphasize the dependence on Yy, the superscript V will be ignored.

Remark 2.11. Let V be another superspace with a C-basis Vi,...,Vp4m such that each v; is
even or odd and dim(Vg) = dim(Vp), dim(V7) = dim(Vy). Pick a permutation o € S(n + m) such

that v; € V and V,(;) € V have the same Zs-grading for all 1 <4 < n+m, and define a superspace
isomorphism J,: V =5V via v; — V(7). The corresponding R-matrices (2.6) are related via

RV(z) = (J, ® o) RY(2) (J, ® Jy) L. (2.12)
As a result, if LV(z) = (Lj; (m))ﬁjﬂ is a solution of ([2.8]), then Lv(m) .= J,LV(2)J;! is a solution

of (2.8]) for V used instead of V. In other words, having constructed some Lax matrices, a natural
S(n 4+ m)-symmetry allows for analogous Lax matrices for all parity sequences ([2.1)).

Among other Lax matrices, the following family {LY (x)}"%{" was constructed in [FLMS]H

Lo(z) =LY () = | -=—==cm—d - (2.13)

with
Elat1 Slavr2 - Elndm
— 52,(1 1 gQ,a 52,71 m
K=| > o ’ (2.14)
ga,a—&—l ga,a—‘r? ga,n-l—m
and
(DM (DPlggygn o (D)l 0,
—DMn (mD)PlEan o (D)llg 0,
o | Mt D (D | .
(_1)|1‘£n+m,1 (_1)|2‘£n+m,2 T (_1)|a|£n+m,a

Here, (&5, k) are superoscillators with Zg-grading |&;;| = |i| + |5] and |éxe| = |k| + |€] that obey
the following commutation relations:

i Exe] = Siebi [&ij: &) = 0, [€ke, €ji] = 0O (2.16)

11t is obtained from the linear canonical L-operator of [FLMS, (2.20)] for the trivial representation of the
additional generators of gl(p|q) in loc.cit., i.e. setting Eqp — 0, and an appropriate shift of the spectral parameter x.
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for any 1 < j,k < a < i,{ < n+ m, with the supercommutator [—, —] defined in .

It was further noticed in [FLMS]| that for any 0 < a < n 4+ m, one has a total of ("J;m) Lax
matrices analogous to (2.13), see [FLMS] (2.12)] onwards, corresponding to the number of choices
to distribute a spectral parameters z on the main diagonal of the Lax matrix of size n + m.
Evoking the invariance of the R-matrix (2.6) under the symmetric group S(n + m), see '@,
these Lax matrices can be obtained by permuting rows and columns of the one in @ , see
Remark The following family of such Lax matrices will be relevant to us in the following:

|

Lo(y) = LV(y) = _Iiiil _____ IE ______ 217

ay)_ a(y)_ | _ : ( )
K | ylduimo + KK

Let us first explain how these Lax matrices are related to those in (2.13)). To this end, let V be
the superspace with a basis {v;}72{" whose parity sequence (2.1]) is opposite to that of V, that is

The corresponding rational R-matrices are related via (2.12) with o(i) =n+m + 1 — ¢, so that

Jo=Jnim=| + - - 0|, (2.19)
0 .77

Then, as noted in Remark the matrix ﬁg +m—a(2) obtained from ([2.17) through
ierm—a(@‘) = Jn-&-mf/;/(x)‘];im (2.20)

is Lax and has opposite Zo-grading to that of LY(z), i.e. the underlying vector superspaces have
opposite parity sequences. Using the notation a =n +m — a and ' = n +m + 1 — i, we find that
_

G wlda +QQ 1 Q
B(@) = |---22-=4om—om- (221)
Q : Idn+m—a
with
Sa+nyr Savy2 o Savya
_ Savayn Cavayy o Eavaya
Q- (a+2)’,1 (a+2)’,2 (a+2), (2.92)
g(n—i—m)’,l’ g(n+m)’,2’ T g(n—&-m)’,&’
and
(—1)|(d+1),|51/,(a+1)' (—1)|(d+2)/|51',(a+2)' . (_1)|(n+m)l|£1’,(n+m)’
Q- (—DI@Hgy gy (D)@ Gioy oo (D) Iey (2.23)
(DI Gy (D@D Groy o (=D,
Applying further the particle-hole transformation
Gy =~V G (DG Vi<ji<a<i<ntm, (2.24)
we obtain the Lax matrix of (2.13) defined on the vector space V with the opposite grading, i.e.
LY(@) = L (@) . (2.25)

It thus follows that LY () of ([2.13) and LY (z) of (2.17) satisfy the same RTT-relation (2.8)).
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Remark 2.26. The Lax matrix is obtained through a particle-hole transformation
from that of [FLMS, (3.4)] for I = {1,...,a},J = {a+1,...,n+ m}, the trivial representation of
the additional copy of gl(p|q), and an appropriate shift of the spectral parameter, cf. Footnote
[r] é[r]) a<i<n+m
ij 0551 ) S1<j<a 7
where the superscript » = 1,2 indicates whether they appear in L}z/’m (x) or E{’m (y), respectively.
The subsequent factorisation was considered in [FLMS| §3.1]:

Let us now consider two copies of mutually supercommuting superoscillators { (£

|
Vv old, ~ KK | (g - o)ld, + KKK (10,1 K
L L = | o ______ - ____ ————————— . 2.27
V() YRl (y) i - - (2.27)
_Kl : yIdnerfa + K1K1 i ntm-—a

where
K, =K;-K;, K]|=Kj, (2.28)
I_{,QZKQ—FKl, K,QZKQ, '

and the subscript r = 1, 2 denotes the corresponding family of oscillators. As noted in [FLMS, §3.1],
the generators (2.28)) are related to those in (2.13)—(2.17)) through a similarity transformation:

K, =S,K,S;!, K.=S,KS;! (r=1,2) (2.29)
with
a<j<n+m o
Se=exp| . N (2.30)
1<i<a

We note that all the summands in the exponent above are bosoni(ﬂ and pairwise supercommute.

Remark 2.31. It immediately follows from (2.29)), but can be also directly checked from ([2.28)),
that the entries of the matrices K/, K. encode mutually supercommuting pairs of superoscillators.

It follows that for any x1,z9 € C, the matrix
- I - —
v (l’ + fL'l)Ida - KiK; : ((:L'Q — :El)Ida + K1K1> K,
Lovan(®) = LY, @) = [l A | ey
—K1 : (.T + xz)ldn+m_a + K1K1

is a solution to the RTT-relation (2.8)), hence, is Lax. Moreover, it arises through the fusion
LY@+ o) LY P (2 + 29) =S LY, ,,(x) | ———d - S,’ (2.33)
with the similarity transformation S, of (2.30)).

Remark 2.34. Similarly to [FKT}, §8], we note that we can vice versa obtain the degenerate linear
matrices LY (x) and LY (z) of (2.13] ) from the non-degenerate linear Lax matrix LY, , ()

1,22
of (2.32)) via the renormalized limit procedures (which clearly preserve the property of being Lax):
Vig) = 1 v - di 1 1
La(x)—tlggo {Eo,t(m) dlag(l,...,l,t,...,t)},
. ©oom " (2.35)
L = lim {diag(1,...,51,....1)-C :
(2) 0 { 1ag(\_\t, L t’%/;/) t’O(x)} &ijr—Eij , Eijr—Eij

a n+m—a
3. ORTHOSYMPLECTIC LAX MATRICES

In this section, we set the notation for the orthosymplectic R-matrix and the corresponding
Lax matrices, as well as discuss the invariance of this R-matrix that will be instrumental later on.

2Elements of a superalgebra are called “bosonic” or “fermionic” if their Zo-degree is 0 or 1, respectively.
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3.1. Orthosymplectic setup.
Fix N,m > 0, and consider the set I:={1,2,..., N + 2m} equipped with an involution ’:

i/ =N+2m+1—i. (3.1)
Let V be a superspace with a Zo-homogeneous basis vy, . .., Untom such that
dim(Vj) = N, dim(V3) = 2m, (3.2)

and the grading is Zs-symmetric in the following sense:
il = |ve|  V1<i<N+2m. (3.3)

For the major part of our constructions (except for Subsections 5.4)), we shall assume that NV
is even: N = 2n. In this case, we pick the following specific Zo-grading of V:

0 for1<i<n
li| .= |vi| =<1 forn+1<i<n+2m (3.4)
0 forn+2m+1<i<2n+2m

which corresponds to the following parity sequence, cf. (2.1)):
Ty =(0,..,0,1,...,1,0,...,0). (3.5)
—_—— —— ——
n 2m n
Similarly to (2.4), we consider the permutation operator P: V@ V — V ® V defined by

N+2m

P = Z (—1)‘j‘eij®eﬁ. (36)
ij—1

We also consider the operator Q: V@V — V ® V defined by

N+2m .
Q=Y (=), e;; @ eiryr. (3.7)
ij=1
Here, the sequence 6 = 0y = (01,...,0n12m) of £1’s is determined uniquely by the conditions
0, = (—1)llg; | Ocinpm) =1, (3.8)
so that
G:HV:(1,...,1,—1,...,—1,1,...,1) (3.9)
—_—— —o o —— ——
n+m m n

for the specific Zo-grading (3.4)). Explicitly, the action of Q is given by:

0 if b+#d
Q(va ® vp) =  SSNA2™ 0, 0; @ vy ifo=d,a>n+m . (3.10)
(—1)'“‘ Zi]ifm&ivi@vi/ ifb=ad,a<n+m

We also introduce a constant x via:

N
/s:?fmflznfmfl. (3.11)

Consider the rational R-matrix (a super-version of the one considered in [ZZ]):
R(z) = RV (z) = z(z + k)Id + (z + k)P — 2Q, (3.12)

which satisfies the Yang-Baxter equation with a spectral parameter (2.7) according to [AACFR].

For any superalgebra A, an even matrix L(z) = LY (z) = (Lj; (a:))”flm € EndV ® Al[z, 2]

will be called an (orthosymplectic) Lax matriz if it satisfies the RTT-relation (2.8]) with R(x)
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of (3.12). Coefficient-wise, this is equivalent to the following system of relations (see [AACFR]):
(—1)lElla eIkl

[Lij(x), Lie(y)] = (ij(y)Lié(x> - ij(x)Liz(y)) +

r—vy
& i+l 1+ 51l
ERKIVIERK] .
| 2 Ly @)Lyely) COTTEREERO0, - (313)
N+2m

Z Lkp,(y)Lip(x)(_l)lerj+|i|k+|ipl+|j||k|9p9j) )
p=1

Remark 3.14. The data of a Lax matrix (L”(ﬂv))fv]”lm with L;;(z) € §;;+2 L A[[z7!]] is equivalent

to an algebra homomorphism X" (0sp(V)) — A from an RTT extended orthosymplectic Yangian.

Remark 3.15. We recover orthogonal and symplectic types as special cases of the above setup:

e For m = 0, we have § = (1,...,1) and |i| = 0 for all 1 < i < 2n, so that R(z) of (3.12)
2
n
coincides with the D,-type rational R-matrix of [FKT)} (1.19)].
e For n =0, we have 0 = (1,...,1,—1,...,—1) and |i| = 1 for all 1 <4 < 2m, so that our
—_—— ———

m m
R(—z) of (3.12)) coincides with the Cy,-type rational R-matrix of [FKT) (1.19)].

Remark 3.16. Let V be another superspace with a C-basis 71, . .., Un4om satisfying .
Pick a permutation o € S(n +m) such that v; € V and 9,(;) € V have the same Zy-grading for all
1 <i < n+m,and extend it to o € S(N +2m) via o (i) = O'( ) Define a superspace isomorphism
Jo: V=5V via v — Ug(s)- The corresponding R-matrices are related via

RY(z) = (Jo ® I5) RY (z) (3o ® j{,)*l . (3.17)
As a result, if LY (z) = (Llj(x))fvji%m is a Lax matrix corresponding to the fixed parity Yy, then

Lv(x) :=J, LY (x)J;! is a Lax matrix corresponding to the parity Y, cf. Remark

3.2. Symmetries of the orthosymplectic R-matrix.

In this section, we establish the invariance of the R-matrix (3.12)) under certain graded per-
mutation matrices that will be used in the later constructions. The proofs are based on direct
computations of the commutators of the corresponding operators with P, Q of (3.6) . To this
end, let us recall the explicit formulas for the action of P and Q, cf. (2.5} [3.10]):

P:v@uj = () @ v,
i N+2m (318)
Q: v ®vy — (—1)"6; Z ijj®vj/, Vg @ Uyetir > 0
j=1
Henceforth, J, will denote the r x r matrix with “1” on the antidiagonal, cf. (2.19).

Lemma 3.19. The R-matriz (3.12) commutes with the tensor product of two matrices
[
0 1 -Jy
Jog=|-—————- JI-———- (3.20)
Jn+2m 1 0

Proof. The tensor product of the matrices Jy acts explicitly via

J9 ® Je: v; @ v; — (_1>5i>n+2m+5j>n+2m vy Q vy . (321)

that is, [R(z),Jp ® Jg] = 0.

We thus have:
P(Jo®Jp): v; @vj (_]_)‘i"'j"+5i>n+2m+5j>n+2m vjr ® vy, (3.22)
(Jo @ Jp) P: v; @ vj s (—1)[lliH0mnrom+dinszm o gy (3.23)
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so that [P, Jp ® Jg] = 0 since |¢| = || for all ¢.
To check the invariance of @), we first note that
QJe®Jp) (v;®v,) =0=(Jp® Jp) Q(v; ®v,) for 7#74.
It thus remains to compare the images of v; ® vy under both Q (Jg ® Jg) and (Jg ® Jg) Q:

Q(Jo ®Jp): v; ® vy s (—1)FHomnt2mtoisnizmg,, Nim 0;v; @ vy, (3.24)
N+2m -
(Jo ®J9) Q: v; @ vy = (—1)l1lg; > (—1)%5>n+2m 0t ons2m v @ vj . (3.25)
j=1
The right-hand sides of coincide due to the first equality in and the identity
(—1)nt2mtsniam — (—1)diniomtdicn — ()l
that follows immediately from . This verifies [Q, Jy @ Jg] = 0.
As Jg ® Jg commutes with both P and Q, so it does with the R-matrix (3.12)). ]
Lemma 3.26. The R-matriz commutes with the tensor product of two matrices
0 0 1
J=1| 0| Idyiom—2a |0 (3.27)
1 0 0

that is, [R(x),J ® J] = 0.

Proof. The tensor product of the matrices J acts explicitly via

- L (i =11
JoJ:vi®vimv;@v;  with Z:{z‘ ifi=2,...,2" (3.28)
We thus have:
PJ®J): v ®@uv; — (—1)ll] v; @ vz, (3.29)
(TR I)P: v; @, — (—1)l] v; ® v, (3.30)
so that [P,J ® J] = 0 since |z] = |¢| for all ¢.
To check the invariance of @), we first note that
QUeN(vi®v)=0=J2J)Q W @) for g#4.
It thus remains to compare the images of v; ® vy under both Q(J ® J) and (J ® J)Q:
~ ~ . N+2m
Q(J@J): Vi @ Vi > (—1)""0; Z 9jvj®vj/, (3.31)
j=1
B 5 ] N+2m
T 1)Q: v @vy > (—1)119; >~ 005 @05, (3.32)
j=1
and the two images coincides as 6; = 6; (which uses that |v1| = 0).
As J ® J commutes with both P and Q, so it does with the R-matrix (3.12]. O
Lemma 3.33. The R-matriz (3.12)) commutes with the tensor product of two matrices
il o 1 o |o
. 0 0 Gupaml| O 0 1 —Jno1
Jo=|-——-t-——-—- t————— -——- with Gp_1.m = ———JI— ————— (3.34)
0 Jn—i—m—l : 0 0 Jm 1 0
0 o | 0 |[-1

that is, [R(z),Jg © Jg] = 0.
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Proof. As Jg = J - Jg, the result follows immediately from the previous two lemmas. O

Lemma 3.35. For N =0, the R-matriz (3.12)) commutes with the tensor product of two matrices
Idy, 1 0
ldg=|-——"————- (3.36)

that is, [R(z),1dp ® Idg] = 0.
Proof. For N = 0, the 6 of (3.9) are given by §; = (—1)%>m, so that
Idg ®Idy: v; ® vy = 919] V; QU5 . (3.37)

The commutativity [P,Idg ® Idg] = 0 follows immediately from

P (Idg ® Tdg): v; @ v; — (—1)11116,0,0; @ v; (3.38)
(Id@ (039 Idg) P:y® Vi = (—1)'7'”]'910] Vj X v; . (339)
Similarly, for the operator Q we have:

2m
Q (Idg & Idg) DU Q Uy (—1)“'92‘/ Z 9j v; @ vy, (3.40)

j=1

] 2m
(Idg ® Idg) Q: v; ® vy = (=1)116; >~ 0 v; @ vy, (3.41)

j=1

and the two images coincide as 6, = —0,/ for all ¢. This implies [Q, Idy ® Idy] = 0.
As Idg ® Idg commutes with both P and Q, so it does with the R-matrix (3.12)). O

Remark 3.42. (a) More generally, the R-matrix (3.12) commutes with 314" (ajei +bieii +ciei+
die;ryr) with either a;,d; € {+1} and b; = ¢; = 0 (for which we set v; := a;d;) or b;,¢; € {£1} and
a; = d; = 0 (for which we set v; := (—1)|i|b¢ci), and such that 7; are the same for all 1 < i < n-+m.

(b) According to Remark using some other permutation matrices (J, from loc.cit.) will rather
produce orthosymplectic Lax matrices for other Zs-gradings of V', see Remarks and

4. LINEAR ORTHOSYMPLECTIC LAX MATRICES

In this section, we construct some linear orthosymplectic Lax matrices of superoscillator type.

4.1. Degenerate linear orthosymplectic Lax matrices.
In this subsection, we construct a degenerate linear orthosymplectic Lax matrix for the parity
sequence (3.5). To this end, let us consider first bosonic pairs of superoscillators:

{ (a5, a5i)

n4+2m+1<i<2n+2m-1,1<j<n-—1, i—i—j§2n+2m}, (4.1)

{(bij,Bji) ntm4+l1<i<n+2m,n+l1<j<n+tm,itj< 2n+2m+1}, (4.2)
with |a;;| = |a;i| = |i|+[j| = 0, |bsj| = |bji| = |i|+|j| = 0, and the only nonzero supercommutators
[aij, aj'i] = aijéji — éjiaij =1 s [bij7 Bﬂ} = bijt_)j'i — Bjibij =1. (43)

In addition, we also consider fermionic pairs of superoscillators
{(cis &)

with |c;;| = |€js| = |i] + |7] = 1 and the only nonzero supercommutators

ntm+1<i<n+2m, 1<j<n} (4.4)

[Cij, Eji] = Cijéji + Ejicij =1. (4.5)
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We encode the above bosonic and fermionic generators by the corresponding three pairs of matrices:

51,n+2m+1 e Z_il,2n—|-2m—1 0
- 0 —a1 2n+2m—1
A= , (4.6)
5—n—l,n—&—2m—l—1 0
0 —8p—1,n4+2m+1 e —a1 p4om+1
An42m+1,1 e An42m+1,n—1 0
0 —an42m+1,n—1
A= ’ (4.7)
A2p49m—1,1 0
0 —a9n42m—1,1 e —an42m+1,1

that are (skew-symmetric along the antidiagonal) n x n matrices encoding (4.1),

bn+1,n+m+1 te bn+1,n+2m—1 2bn+1,n+2m

2bn+2,n+2m—1 bn+1,n+2m—1
bn+m—1,n+m+1 2bn+m—1,n+m+2

2bn+m,n+m+1 bn+m71,n+m+1 te bn+1,n+m+1
bn+m+1,n+1 te bn+m+17n+m—1 bn+m+1,n+m
bn+m+2 n+m—1 bn+m+1 n+m—1
B = ’ ’ (4.9)
bn+2m71,n+1 bn+2m71,n+2
bn+2m,n+1 bn+2m71,n+1 te bn+m+1,n+1
that are (symmetric along the antidiagonal) m x m matrices encoding (4.2)),
61,n+m+1 to E1,n+2m Cn+m+1,1 *°° Cntm+ln
c=| |, oe=l (4.10)
En,n—&—m—i—l T En,n+2m Cn+2m,1 e Cn+2m,n

that are n x m and m x n matrices encoding (4.4)).
Now we are ready to present the main result of this subsection:

Theorem 4.11. The following is a solution to the RTT-relation (2.8]) with the R-matriz (3.12]):

_ |
21dym — KK K

L(;p) = | —m—— = _I_ ————— (412)
-K : Idp+m
with | |
B Cl A Ci -B
K g _j_}____,___ and K — ___: _____ - . (413)
B -J,C'J, A J,C',,
1

Here, t denotes the standard (bosonic) transpose, J,, is the nxn matriz with “1” on the antidiagonal,

and the matrices A, A,B,B,C, C are as in (4.6)—(4.10)).

Proof. The proof is straightforward and is analogous to that for C- and D-types, directly verifying
the commutation relations using Lemma below. In the first step, we insert the relations
and into and split the resulting equations into 4 x 4 block structure according to
the block structure of the Lax matrices . The supercommutator on the left-hand side of
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indicates that the right-hand side is symmetric under the combined exchange of i < k,
j ¢ £ and = <> y when multiplied by the factor —(—1)H+FDUKHE)  This symmetry also holds for
both terms individually on the right-hand side. For the first term, proportional to (z — ), the
symmetry follows from the relation

Lij(y) Lie(x) — Lie(w) Lij(y) = Lij(z) Lie(y) — Lie(y) Lij () - (4.14)

For the second term, proportional to (z — y + &)™}, the symmetry is less obvious. It follows by
noting that

! llpl (—1)llld A
mZLl’j(f")LW@)(—l)] o, + P Lpe(y) Ly j(2)(—1)7P10,, =
’ g (4.15)
5l k(x4 y+ k)
W@ —y+r)y—a+r)
and
# Z Lkp/(y)Lip(x)(—1)|i\|P|9p, + ﬂ Lz’p’(x)Lkp(y)(—l)Wlp‘@p/ _
e y_x+n/2xj—y+m) (4.16)

0ir0;

(z—y+r)(y—z+r)

These equations are verified using Lemma [£.24] Thus, the 4 x 4 = 16 equations arising from the
block structure are reduced to 10 equations. In the following, we verify the remaining commutation
relations.

We start with the “diagonal terms” where the indices are chosen such that the commutator
on the left-hand side is among the elements of the Lax matrices within the same block. In this
case, the second term on the right-hand side always vanishes because of the Kronecker deltas.
Further, unless we are considering the upper left block the first term on the right-hand side has to
vanish as the entries of the Lax matrix will not depend on the spectral parameter. The case with
1<i,5,k, £ <n+m follows from the following equality:

[(KK)yj, (KK)ge| = (1)U (65 (KK )i — 630 (KK ;) - (4.17)

This equality follows in turn from

(D RHDR, L Kogmisty =

(_1>Ij|5m5jk — (_1)|i|\j\+lj|5ik5ﬂ

Kintm—i+1,jKntm—er1 = (—1) (4.18)

for 1 <i,j,k, £ < n+m, or equivalently (written in terms of the Lax matrix)

[L()irj, L(y)rer] = (—1)110H016,,.550 — (—1)1916;00 5, (4.19)

This leaves us with 6 equations to verify. The case

[Lij (@), Liee (9)] = — i y(—1)|illjl+|i”k‘+|j”k| (ij(y)Lw(x) — Ly;(z) L (y)) -
4.20
1 gj(_1)IJI+\inI+\ijI5Zj ZLkp,(y)Lip(x)(_1)|p|+|i|\p|9p (4.20)
p

r—y+ekK
with 1 <4,7,k, ¢ <n+m is reduced to proving

(KK) i, Kpnrm—es1] = (_1)\i\|j|+\illk|+ljllk|5kj Kimim-_t11+ (_1)(|i|+ljl)\k\52j, Khontm_it1-

(4.21)
Similarly, the case
1 o
[Lij (@), Live()] = f_yFl)'””'*“”’“'*“”’“' (Laj () Lio(w) = Lioj () Lae(w)) +
L 1+l | (4.22)
m(_l)hHlllmaiékiZij(x)Lp,e(y)(_l)UHMgp
p
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with 1 <4,7,k, £ <n+m is reduced to proving

(KK )i, Koo ps1.e] = — (1)U EIREGIR S e )l il K
(4.23)

Both equations (4.21)) and (4.23]) can be derived directly from (4.18)).
The case with i, 5/, k', ¢ for 1 <i,j,k, ¢ < n+m is verified using (4.19) and Lemma while

the remaining three equations follow directly from Lemma [4.24]
This completes our proof of the theorem. O

Lemma 4.24. For the matriz L(z) of (4.12] -, we have the followmg matriz equalities:

—(r—y+r)JprmK : (x 4+ K)Jntm

0, Z DI, Lyj (@) Lye(y) = | -———————Fmmm b (4.25)
an+m ] 0 )
1 7.l
and |
i ($_y+K)KJn m I an m
6,5 (~)PHlg, L (4) Lip(a) = [ -2m—2 =22 TSI @)
p (x + K)Jntm : 0 L

Proof. Let us verify (4.25). For the lower right block, we use that

(=)0, Ly (2) + (~1)910;Lji(z) =0 for n+m+1<i,j<2n+2m, (4.27)
which can be shown using the equality
Kjnimit1 = — (D)Ko oy for 1<i,j<n+m. (4.28)
For the upper right block, we use that
) ] n+m
<_1)\]\|K\+|J|9j92 Lej(z) + Z 0;( IJHPIHJ\HPI@ Ly (x) Ly (y) = (x + K)o (4.29)

for any 1 < 7,4 <n+m. The proof of this follows from the equality
_ Z \JHPI+|J|+\P| Ko EDJFIJI(an%eJF1 _ (_1)\j\lé\+\f|(f{K)£j =rKdjg (4.30)

for any 1 < j, Z < n + m. For the lower left block, we use the relation

n-+m
)+ 6; Z DIIPlO, Lo (2)Lyo(y) = yd;e  for 1<jl<n+m (4.31)
based on
n+m
(KK)je+ > (-D)WPIK, i1 Kpgmepi10 =0 for 1<j0<n+m, (4.32)
p=1
which follows from . Finally, for the upper left block, we note that
n+m
Z (-1 )|J||PH‘|J|L ) + Z \JHpI+IJI+\pIL (@) Lpe(y) = —(x =y + K)Knom—ji1e
p=1
(4.33)
for any 1 < j,¢ < n + m. This relation is equivalent to
n+m
Z( )|J||P|+‘]‘(KK)pJKn+m prie Z DblP++P —pi1, (KK) =
p=1 p=1

- ’iKn—l-m—j—l-l,é . (434)
Due to the symmetry
(—)IEHIH R oy = Ky jrre for 1< §,0<n+m, (4.35)

the relation (4.34]) can be easily verified using (4.30)).
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The proof of (4.26) is completely analogous; we leave details to the interested reader. O

Remark 4.36. In particular, we recover orthogonal and symplectic degenerate linear Lax matrices:

e For m = 0, we recover precisely the D,-type Lax matrix of [FT1] (2.231)], constructed
first in [Frl, (4.3)].
e For n =0, we get

|
L(—z) = |20 222020 ) = Lpger(a) (——— :——9——> 7 (4.37)
!

where Lpgr(x) is the Cp,-type Lax matrix of [FKT), (8.55)], discovered first in |[F'T1] (3.50)].
We note that the constant matrix above is Idg of (3.36)) and hence it can be dropped out
of the RTT-relation due to the invariance [R(x),Idg ® Idg] = 0 established in Lemma

4.2. Non-degenerate linear Lax matrix through the fusion of two degenerate.
Similarly to the gl(n|m)-case of Section [2] one can fuse two degenerate orthosymplectic Lax ma-

trices to obtain a non-degenerate linear one. The main result of this subsection is Proposition
Evoking the Lax matrix L(z) of (4.12)), we define

Lo(z) = JgL(x)J," (4.38)
with Jp as in (3.20)):

0 : —Jn 1 0 : Jn—|—2m
J@ = | -——— '{-———' 5 Je — ____l_ _____ . (439)
Jn+2m | 0 _Jn | 0

Due to the invariance [R(z), Jg ® Jg] = 0 of the orthosymplectic R-matrix (3.12)), established in
Lemma the matrix Lg(z) in (4.38) is a solution to the same RTT-relation ({2.8)), hence, is a

Lax matrix.
Remark 4.40. In contrast to (2.20), Zo-gradings of the Lax matrices Ly(z) and L(x) coincide.
Explicitly, we have:

— Idn+m : KO
R e —o— (a.41)
K’ [yld,m + KK’
with
_ [ _ |
_ ct 1J,BJ ct 1 J,AJ
7 R and K= |______L TCIT_ (4.42)
—JnAJ, : JnClm JmBJm | —JnCJy
We further apply the fermionic particle-hole transformation
Cij — Cji, Cj; > Cjj for 1<j<n,n+m+1<i<n+2m, (4.43)
as well as the bosonic particle-hole transformation
al-jr—>—5jz-, éjin—>a,-j for 1<j<n—-1,n+2m+1<:<2n+2m—7j, (444)
— — 1
bij — (1+5ij’)bjz'> bji — _l—i—75bij for n+1< i<n+tm<i<2n42m+1-—j. (4.45)
i

This yields the following Lax matrix:

{
L(y) = Lo(y)|p.n. = | -———— :T————————;— (4.46)
|

with K, K precisely as in ([#.13).

Remark 4.47. In particular, we recover orthogonal and symplectic degenerate linear Lax matrices:
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e For m = 0, we recover precisely the D,-type Lax matrix L_ _ _y(z) of [FKT, (8.84)]
(after swapping indices in the generators, i.e. a;; — aj;, a;; — a;;).
e For n =0, we get

! _
_ Idy, | B Id,1 0 )
L(—z)=|-——7—————————- = |-—-d--=-- Lypr(z), (4.48)
-B | —zld,, — BB 0 —Idn
where Ly r(z) is the Cy,-type Lax matrix equivalent to L_ _y(x) of [FKT), (8 56)]

(after swapping indices and redistributing factor 2, i.e. by — (1+9;;/ )bﬂ, bji 1+6 b;;).

We note that the constant matrix above is Idy of (3.36)) and hence it can be dropped out
of the RTT-relation due to the invariance [R(z),1ds ® Idg] = 0 established in Lemma [3.35]

Let us now consider two copies of mutually supercommuting superoscillators labelled by the extra
superscript ¢ = 1,2, which will be now encoded by the corresponding matrices A;, A;, By, B;, C;, Ci,
hence also, the Subscrlpt in K;, K;. We consider the following two orthosymplectic Lax matrices:

2ldyem — KK 1 K _ Idpm | K>
W)= |22 2200 T Ry = |-t LS (4.49)
-K; : Idpim K> I yldpym + KoKo
of (I3} [i46) with
_ _
_ G A C,1 -B;
K= |[-——F-————- and K;=[-——b-———-—- . (4.50)
The Lax matrices in (4.49)) obey the following factorisation formula, cf -
i My~ KK (0= 2)1dy g + KUK ) K T im | K}
LM@) LRy = | o ______ AU NN (P Fo———-
|
Kp 1 gl KK 0 | Maim
(4.51)
where we set
' =K; - Ky, K| =K,
oo e (4.52)

I_{,QZKQ—FKl, K2 K.

Moreover, similarly to (2.29} [2.30)), the transformation (4.52)) can be expressed through a similarity
transformation in the superoscillator space:

=SK;S™', K/=SK;S7' (i=1,2) (4.53)

with
S =exp Za a2]—|—2b 2]—1—20?21 5 , (4.54)
where the indices i,j take all pOSSlble values as given in f. We note that all the

summands in the exponent above are bosonic and pairwise supercommute.
We thus obtain the key result of this subsection:

Proposition 4.55. (a) For any z1,x2 € C, the matriz
|
|
['xl,xg(x) -l - }— ——————————————— ———— (456)
|
1

is a solution to the RTT-relation (2.8)) with the R-matriz (3.12)), hence, is a Lax matriz.
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(b) The Lax matriz from (a) is a fusion of two degenerate Lax matrices in (4.49) through:
LWz + 20) L (2 4 29) = S Loy 4y (1) | =222 A s (4.57)
|

with the similarity transformation S of (4.54)).

Remark 4.58. Similarly to Remarks and we note that the orthosymplectic Lax matrix
Ly, 2o () of (4.56) generalizes the authors’ previous work for orthogonal and symplectic types:

e For m = 0, we recover precisely the D,-type Lax matrix of [FKT) (6.2)] when setting
z1=tand x9 = —t—n+ 1.

e For n = 0, setting 1 = —t and 29 = t + m + 1, we recover the C,,-type Lax matrix
,CFKT(—SC) of ’FKT, (53)]

— I - -
(z = t)ldy, + BB | B ((2t +m + 1)Id,, - BB)
Loy=—tao=ttmt+1(®) = | o __ el ~Lrgr(—2).
B | (z+t+m+ 1), ~ BB

(4.59)

Remark 4.60. Similarly to Remark and generalizing [FK'T, §8], we can vice versa obtain
the matrices L(z) and L(x) of (4.12} |4.46)) from the non-degenerate linear Lax matrix Ly, 4,(z) of
(4.56) via the renormalized limit procedures (which clearly preserve the property of being Lax):

L(x) = Jim {Eo,t(x) 'diag(17...,1;%,...,%)},
n+m n+m

%,...,%;L---J)‘Et»ﬂ(x)}’ z

Ko—K,Ko>—K

|

(4.61)

n+m n+m

Remark 4.62. According to Remark [3.16] the Lax matrix L(z) from Theorem and the
Lax matrix L4, 2, (z) from Proposition [4.55(a) give rise to the corresponding degenerate and
non-degenerate linear Lax matrices for all Zs-gradings of V.

5. QUADRATIC ORTHOSYMPLECTIC LAX MATRICES

In this section, we investigate some quadratic superoscillator orthosymplectic Lax matrices.

5.1. From linear to quadratic Lax matrices.
In this subsection, we consider a factorisation formula different from the one presented in
Subsection [£.2] that allows to derive a degenerate quadratic Lax matrix, see Theorem [5.44]
Consider the Lax matrix of written in the block form with blocks on the diagonal of size
Ixl,(n+m-1)x(n+m-=1), (n+m—1)x (n+m—1), and 1 x 1, respectively:

[
T —VV —vK° ! % 0
Ve TR ale) — — I o _
—K°v | #ldpim-1 — KK® + Jp 1 VVIG L | K Jntm-1V
el R T e (1)
-V -K | Idnerfl 0
]
' |
Here, we expressed K, K of ({#.13)) via
_ v | 0 v | K°
K = — 5 K - ¢ 1 (52)
K° | —Jpim1¥ 0 | VG
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with |
0 1 —Jnfl
Gpo1m = ———JI— ————— (5.3)
Jni1 O
as in (3.34), and used the (n 4+ m — 1)-dimensional vectors
V= ( Clntmtl Clnt2m Alnt2mtl aj ontom—1 ) ) (5.4)
t
V= ( Cn+m+1,1 Cn+2m,1  An+2m+1,1 A2n+2m—1,1 ) . (5.5)
Finally, the submatrices K°, K° of K, K appearing in (5.2) read as follows:
_ _ |
_ (Gh! A° C -B
K°=|-——1-—————-————- and  K°=|-——f————=———- , (5.6)

where the block matrices A°, A° and C°, C° encode the bosonic and fermionic superoscillators via

a2y 12m+1 as 9n4-2m—2 0
_ : - 0 —a32n4+2m—2
A° = , (5.7)
5n—1,n+2m+1 0
0 —an_1nt2mtl —ag piomtl
Apt2m41,2 Ant2mt1,n—1 0
° 0 —An42m+1,n-1
A° = , (5.8)
a2n4+2m—2,2 0
0 —a2142m—2,2 —ap42m+1,2
E2,n+m+1 E:2,n+2m Cn+m+1,2 Cn+m+1,n
C°= : : ; C°= : : ; (5.9)
Emn—l—m—‘rl En,n-‘,—?m Cn+2m,2 Cn+2m,n

while the block matrices B, B encoding the bosonic superoscillators are precisely as in (4.8} [4.9).
To construct the degenerate quadratic Lax matrix, we define

Lo(x) = JoL(z)J ;" (5.10)
with Jp as in (13.34)):
1] o 1 o0 o 1l o 1 0 Jo
) 0] 0 !Guim| O ool 0 B | 0
7 Bl R Bl N PRl e St | (5.11)
0 Jntms ! 0 0 0| Gl ! 0 0
o] o 1 o [-1 o] o ; o |-
as Gl,_y,, = G;El’m. The matrix Lg(z) in (5.10) is again a solution to the RI'T-relation (2.8)) with

the R-matrix (3.12)), hence, is a Lax matrix. This follows from the invariance [R(z),Jg @ Jg] = 0
of the orthosymplectic R-matrix (3.12)), established in Lemma [3.33]

We rename the fermionic superoscillators

Ci1 —> Cir1, Ci3 = Cyy for n+m+1<i<n+42m (5.12)

and also rename the bosonic superoscillators

a;1 — —ay, ay; — —ayy for n+2m+1<i<2n+2m-—1. (5.13)
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We further apply the following particle-hole transformation of the remaining superoscillators:

Cij'_)éji, Ejl-—>cl-j for 2<j<n,n+m+1<i<n+2m, (514)
aij»—>—éji, §j¢—>aij for 2<jij<n—-1, n+2m+1<:<2n+2m —j, (515)
bij = (1+8;5)bji, by ﬁsz for n+1<j<n+m<i<2n+2m+1-j.(5.16)
ij’
Applying the above operations (5.12)—(5.16)) to (5.10)) yields the following Lax matrix:
| _
y—ww | w : wK° 0
T —
. . —w Id ! K° 0
L) = Lo()lpn. = | -—————f == ) S (5.17)
~K°w | K71 yld + K°K°® + G lwiwlJ | G tw!
0 | o wt] 1
with
W= ( ajs - aln Ciptrl 0 Clatm ) ) (5.18)
¢
w = ( a1 ... ap1 Cptll “°° Cpymydl ) ; (5.19)
and the (n +m — 1) x (n +m — 1) matrices Id, J, G defined via:
Id=Idnsmo1, J=Jntm1, G=GCpim. (5.20)

Similarly to (2.27) and (4.51)), let us factorise the product of the Lax matrices in (5.1)) and
(5.17). As before, we shall use the subscript i = 1,2 to distinguish between the superoscillators

and the corresponding matrices (using ¢ = 1 in the context of L(x), i = 2 in the context of L(y)).
One has the following factorisation:

1o o o
. 0(1a! (&) [0
LU (@)EP (y) = Ly | 2L 0 (5.21)
0 I Id |0
|
0
where B - B
(K3)'=K;+Kj,  (Kj)' =K3, (5.22)
and L'(z,y) is further factorised as
1 i’ lﬁ’M(ﬁ’)t Ty 0 0 ! 0 0
/ 2 —ll/ IdN+2 —2 0
L (x,y) = 0 IdN+2m—2 M(l—l/)t 0 L (x,y) 0 1
0 0 ) 0 0 1 §mwa —(u)'M |1
(5.23)
with |
0 1-J
M= -—=-+-=]. (5.24)
11
G0

u = ( EV ) : u = ( W: ) , (5.25)

v
where the vectors v/, v/ and w', w’ are given by (cf. (5.4 5.19))
v =v - wKj, v =v, (5.26)

w =w+Kjv, w=w. (5.27)
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The matrix £'(x,y) in the middle factor of the factorisation (5.23)) reads (cf. (4.56]))

L(wy) = | e }_____________t _______ (5.28)
|
1

—(K9)’ yld + (K7)'(K7)
where
(KY) = KjS — KS +vw — G lwiviGT!, (K9) = Kj. (5.29)
Remark 5.30. In the derivation of (| , we used the following two equalities:
(V)= JKOG wt, (W) =w! +vIGTIK]T, (5.31)
where v/ and w’ are given by (5 and (| -, respectively. To verify , we use
wlvt = —VG*lv—vt, wilv = —viGlw, (5.32)
as well as
vIGTIKv=0=wK{G'w' and wJ(WK;)'=0=(Kv)Jv, (5.33)
where we take into account the Zo-grading of the superoscillators. It also follows from that
a'M®{@) =aM(a), (W) Mu' = (u)'Mu (5.34)
with
a=(w v), u—(w>. (5.35)
v

Let us also note that the first and third terms in the right-hand side of the factorisation ([5.23))
can be written as exponential expansions that truncate after the second term, cf. [Frl} (3.2)].

Finally, we note that there is a similarity transformation in the superoscillator space such that
(Ki)'=SK{S™', (K3)'=SK3S™', (Ki)=SKi{S™', (K3 =SKiS',

5.36
w =SwS!, v =8SvS!, w =SwS!, v =SvS~!. (5.36)
Here, S is given explicitly by
S =S,S3 (5.37)
with -
S5 = exp (—v—vK‘;v) (5.38)
and

So =exp Zajl] []—i—Zb[l 2]+chz ci| s (5.39)

where the indices i,j take all pos&ble values as they appear in . It is obvious that the
summands in the exponents of (5.38)) and ([5.39)), respectively, are bosonic and pairwise commute
(however, S, and S3 do not commute!).

Remark 5.40. The equalities in ([5.36]) are verified by direct computations. Let us only evaluate
the transformation of K$ under S3 (the rest of computations being much simpler), cf. ([5.29)):

SS(Ki)ijsgl = (K7)ij — V_VK v(K7i)i + (K )ZJWKlv
= (K9)ij — Wi(K])reve(KY)ij + (K7)ijwi (K5 ) eeve
= (K7)ij — wi(K9) MV@(KC{)W + (=) mm DR, (K S (K keve
= (K})ij + viw; — (G'wh);(v!G™ )

(5.41)
where we summed over all possible k, . The last equality above follows from (4.18)) which yields
(_1)(|n+m_i+1|+‘j+1‘)|k+1lwk(Ki)ij(K(i)kévé _

. ) (5.42)
Wk(K(lj)kevf(K(lj)ij + VW, — ( )|n+m Z+1H_|J+1|W n+m—iVnt+m—j
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with
(G_lwt)i = _(_1)\n+m—z+1|wn+m_i’ (VtG_l)j = _(_1)|]+1|Vn+m—j . (5'43)
We thus obtain the key result of this subsection:

Theorem 5.44. (a) For any x1,x € C, the matrix

LE17I2 (x) =
1
1 a —aMu' (4 z1)(z + 22) 0 0 ! 0 0
2 -u Idyiom—2 [ O
¢ 0 Loy zo() [0
0Idyyom—2 | Mu ’ 1, )
—u'Mu —u'M 1
0 0 1 0 0 1 2
(5.45)
with
w
u= ( W v ) and u= , (5.46)
v

cf. [5.19), and Ly, o, (x) being the linear osp(2n — 2|2m) type Laz matriz of (4.56):

—_ I — -
(2 +21)1d — K7KS | (22 — 21)1d + KK]) K?
['zhzg ({L’) -]l - -}- ————————————— ———— > (547)
-Kj ! (x + z2)Id + K{KJ

cf. (5.28), is a solution to the RTT-relation (2.8) with the R-matriz (3.12)), hence, is a Lax matriz.

(b) The Lax matriz from (a) is a fusion of two degenerate Lax matrices through:

1|oio]o
R 0[Id| K5 |0
Lz 4 20) L (2 + 29) = STy () | L1 2L [ 87! (5.48)
L 1d | 0
010 |1

with the Laxz matrices L(x), L(x) of and the similarity transformation S of (5.37))—(5.39).

Remark 5.49. For m = 0, we recover precisely the D,-type Lax matrix of [Frl} (5.24, 5.25)]
when setting x1 = s, 29 = —s —n + 2.

5.2. Degenerate quadratic Lax matrices: even IN case.

Dropping the index 1 in the oscillators of (5.4} 5.19)), we consider the vectors

t
u= < az ... ap Cpt1 " Cntm Cptm+1 *°° Cpd2m And2m+1 *°° A2p4-2m—1 ) (550)
and
u= ( az -+ Ap Cptl “° Cpgm Cntmtl “°° Cng2m Ant2m+1 °° A2pn42m—1 ) ) (551)

cf. ‘ , SO that a; = a1, ¢ = Cj, 5.]' = 510‘, and Ej = 617]'.
As an immediate corollary of Theorem we obtain the following result:

Proposition 5.52. The matriz

1
1 a iﬁMﬁt z(x—kKk+1) 0 0 ! 0 0
—u Idyyom—2 | O
L =
() 0| Idntam—2 Muat 0 wldyam—2 [0 1, t
—u'M —u'M 1
5 5 I 0 0 1 5w Mu u

(5.53)
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with w of (5.50), u of (5.51), M of (5.24), is a solution to the RTT-relation (2.8)) with the
R-matriz (3.12)), hence, is a Lax matriz. It can be explicitly written as

1 1 1
r(rx — Kk +1) — zuu + ZﬁMﬁtutMu T — §ﬁMﬁtutM 5ﬁMat
1
L(z) = —zu+ iMﬁtutMu rldyyom_o — Ma'u'M | Mu' . (5.54)
1 t t
§u Mu —u'M 1

Proof. According to Theorem the matrix Ly, 4, (x) of is a solution to the RTT-relation
(2.8) with the R-matrix . The superoscillators used in u and u pairwise supercommute with
the ones used in the construction of Ly, »,(x). Furthermore, the coefficients of the latter generate
an orthosymplectic subalgebra. To prove that the matrix L(z) in is a solution to the
same RTT-relation, we consider the trivial representation of the aforementioned orthosymplectic
subalgebra. It is obtained from the action of the Lax matrix £, z,(z) on the Fock vacuum [0) (in
the Fock module for the superoscillator algebra generated by the entries of K° K° from ,
so that K°[0)=0) and further fixing zo = 21 — k + 1 with Kk =n —m — 1 as in (3.11)). Using the
simple equalities
K°K°|0) = (k — 1)1d|0), K°K°K°|0) = (k — 1) K°|0), (5.55)
we find
Lo zy=21—r+1(2)[0) = (z + x1)IdN12m—2(0) . (5.56)
Specializing further z; = 0, we conclude that is indeed an orthosymplectic Lax matrix. [

Remark 5.57. For m = 0, we recover precisely the D,,-type Lax matrix of [Frl], (4.12)].

5.3. Degenerate quadratic Lax matrices: odd N case.
In this subsection, we consider the case N = 2n+ 1. In this setup, the operators P, Q are defined
as in , where we choose the following specific Zs-grading of the superspace V:

0 for1<i<n
1 forn+1<i<n+m
li| :==|vi| =40 fori=n+m+1 . (5.58)
1 forn+m+2<i<n+2m+1
0 forn+2m+2<i<2n+2m+1
This Zo-grading corresponds to the parity sequence
TV:((),...,(),i,...,1,6,1,...,1,6,...,6) (5.59)
T T T T

and the following choice of 8;’s:

9:9V:(1,...,1,—1,...,—1,1,...,1). (5.60)
—_—— — o ——— — —
n+m+1 m n

In this case, we upgrade ([5.50} |5.51)) by adding extra bosonic superoscillators:
t
u= ( az ... an Cpy1 *° Cpym Antm+l Cntm+2 - - - Cni2m+1 Ant2m+2 *°° A2n42m ) > (561)

u= ( az -+ ap En—‘rl T (_:n—i—m 5—n+m+1 En—i—m—&—2 T én—i—2m—i—1 E_’—71—&—2771—1—2 T 5271—}—2771 ) : (562)

We also modify ((5.24]) by introducing the following (N + 2m — 2) x (N + 2m — 2) matrix:

010 1-J
S R I
M=| o t—-11o0 |. (5.63)
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Conjecture 5.64. The matriz L(x) given by with u of (5.61)), u of (5.62), M
of (5.63)) is a solution to the RTT-relation (2.8) with the R-matriz (3.12)), hence, is a Lax matriz.

Remark 5.65. (a) This has been confirmed for n,m < 2, but a general proof is currently missing.

(b) For m = 0, we recover precisely the B,-type Lax matrix of [FKT) (9.1)].

5.4. Non-degenerate quadratic Lax matrix through the factorisation.

In this subsection, we present a factorisation formula for quadratic Lax matrices that yields a
non-degenerate quadratic orthosymplectic Lax matrix of superoscillator type. We uniformly treat
both cases of even and odd IV, assuming the validity of Conjecture

The factorisation is analogous to that for the linear case from Subsection As before, we first
introduce another solution to the same RTT-relation via a proper conjugation of the degenerate
Lax matrix L(z) from Proposition or Conjecture To this end, recall the matrix J

of (27

0 0 1
J=| 0| Idysomo |0 |. (5.66)
1 0 0

The R-matrix (3.12) commutes with J ® J: for even N this is proved in Lemma while for odd
N the argument is the same. Thus, we get another solution to the same RTT-relation ({2.8]) via

L(z) = JL(z)J 7! = JL(z)J. (5.67)
We further apply the particle-hole transformation

a; — ay, a; — —ay, (5.68)
c; — 0;c;r, c; — 6;c;r (569)
to obtain the following Lax matrix:
L(y) = L(y)lph. =
1
1 ¥ ~aMit
u ;uMu
_ P S
u yldyrom_o +uu yMua' + §uuMu . (5.70)
1 1 1
§utMu yu'M + §utMuﬁ y(y —k+1) +yu'MMa' + ZutMuﬁMﬁt

Similarly to 1} l , and 1) let us factorise the product of the Lax matrices L1 ()

=[2]
and L (y) from (5.54]) and (5.70)), with two families of superoscillators encoded by (uj, ;) and
(ug, u2), respectively. Explicitly, one obtains the following factorisation:

LU (2)LP (y) = £/ (a,y) H' (5.71)
with
1w | gmM () 1w | sah M)
C@y) =1 0| ldysamo | M@, D(@,y) | 0] Mdyyomn | —M (@) (5.72)
0 0 1 0 0 1
where
z(r—Kk+1) 0 0
D'(z,y) = —au) 2yld N 42m—2 0 ;

(u)'Muy | —y()'M |yly—r+1)

D[
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M is given by (5.24]) for N = 2n or by (5.63) for N = 2n + 1, and

[
1
LLw 1 SuM ()
1 1
H =|""r——=7"77 e 5.73
0} Tdntom—a | M(ay)' o7
e qe—
01 0 ! 1
Here, we introduced the following notation:
11/1 = u; —ug, ﬁll = 1_11 s (574)
and
1_1/2 =ug +uy, u'2 =ug, (5.75)
cf. (2.28)). Furthermore, we used the following simple properties:
ﬁgMﬁﬁ = ﬁlMﬁg s uiMug = uéMul . (5.76)

Finally, we note that there is a similarity transformation in the superoscillator space such that
a,=SwS™!, u=SuS' (i=1,2), (5.77)
cf. . For even N = 2n, it reads
2n+2m
= exp {Za 1]a 24 Z cl! [2} + Z EEI]C?} + Z éz[l]az[%] , (5.78)

i=n+1 i=n+m-+1 i=n+2m-+1
while for odd N = 2n + 1, we have

2n+2m
S = exp [Zam 2 Z C[l]c2]+aﬂm+1aﬂm+1+ Z E[1] [2]+ Z 51[1]611[2]] .

i=n+1 i=n+m-+2 i=n-+2m-+2
(5.79)
We thus obtain the key result of this subsection:
Proposition 5.80. For any x1,xs € C, the matriz
1 i s Mu) 1 - | duMa)
Lover(®) = | 0| Idysomo | Ml " Dayas(®) - | 0| Idyiomo | —Mat (5.81)
0 0 1 0 0 1
with
(x+z)(r+21—K+1) 0 0
Dy 2o (z) = —(z+z1)w (x +z1)(z + 22)IdNt2m—2 0
1ul Muy —(x 4+ z2)ul M (x4 z2)(x+22— K+ 1)

is a solution to the RTT-relation (2.8) with the R-matriz (3.12)), hence, is a Lax matriz. Further-
more, it obeys the factorisation formula

LU (2 + 20) L2 (2 + 22) = SLy, 4y (x) HS ™! (5.82)

with L(x) of (5.54] -, y) of (5.70} -, S of -/ and H given by
|

_______ . (5.83)

Remark 5.84. For m = 0, we recover the soy-type Lax matrix £_;, _g,(x) of [FKT, (7.3)].
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5.5. Full non-degenerate quadratic Lax matrix through the factorisation.
For even N = 2n, the constructions from the previous subsection admit straightforward

generalizations when replacing L(x) with Ly, ,,(x) of (5.45)):

Theorem 5.85. For N = 2n and any x1,x2,y1,y2 € C, the matriz

1w 1, Mt 1 - | gwMaj
Ly w010 (z) = 0 | Idont2m—2 Mﬁfi * Day 2o, (z) - 0 | Idopn42m—2 —Mﬁi
0 0 1 0 0 1
(5.86)
with
(z+y)(x4+y1—r+1) 0 0
D:cl,xg,yhyg (:C) = _‘635173«‘2 (Jf + yl)ul (l‘ + y2)£1'17’£2 (.23 + yl) 0
Fu My —(@t+y)uiM | (z+y2)(r+ye —rm+1)

and Ly, z,(x) being the linear osp(2n — 2|2m) type Lax matriz of (5.47), is a solution to the
RTT-relation ([2.8)) with the R-matrix (3.12)), hence, is a Lax matriz. Furthermore, it obeys the

factorisation formula

LU (@ +y1)LP (@ + y2) = SLuy g g1 (z) HS™! (5.87)

with L(x) of (B70), H of (B83), and Ly, ,(x) of (545).

Remark 5.88. For m = 0, we recover the D,-type Lax matrix £, (=) of [Frl, (5.36, 5.37)],
depending on the extra parameters x1, X2, when setting x1 = s, x9 = —s—n+2, y1 = —X1, Y2 = —Xa.

Remark 5.89. According to Remark[3.16] the Lax matrix Ly, 4, () from Theorem[5.44{a), the Lax
matrix L(z) from Proposition and its generalization for odd NV from Conjecture give rise
to the corresponding degenerate quadratic Lax matrices for any other Zs-grading satisfying |v;| = 0.
Likewise, the Lax matrices Ly, 4,(2) from Proposition and Ly, 24y, ,y,(#) from Theorem [5.85]
give rise to the corresponding non-degenerate quadratic Lax matrices for all Zs-gradings of V.

Remark 5.90. Similarly to Remarks [2.34] [£.60] we can obtain the degenerate Lax matrices (5.53)
and (5.70)) from the non-degenerate Lax matrix (5.81)) through the renormalized limit procedure:

o T -1 1 -2
L(z + x1) —Al_r}noo {Ewlm(x) Chag(l,:v2 R )} e aisd”
N+2m—2
f,(x+x )= lim {diag(:):_2 oyt T 1) L (x)} 9
2 r1—00 1 ’_1 o 1 1,2 u1r—>7u,ﬁ1r—>fﬁ'
N+2m—2

Analogously, for even N = 2n, the degenerate Lax matrices (5.45) and (5.70) can be obtained as
the renormalized limits of the full non-degenerate quadratic Lax matrix Ly, 5.4, .4, (2) from (5.86)).

APPENDIX A. TWISTS FOR TRANSFER MATRICES AND Q-OPERATORS

In analogy to BC'D-type spin chain transfer matrices, see [FKT) (8.69, 9.19)], the diagonal
twists D for the finite-dimensional transfer matrices should be of the following form:

e For N =2n

. -1 -1 -1 —1
D:dlag(71,...,Tn,TnH,...,Tn+m,7'n+m,...,7'n+1,7'n yeees Ty > (A1)
e For N=2n+1

- -1 -1 -1 —1
D:dlag(7’1,...,Tn,Tn_H,...,Tn+m,1,7'n+m,...,Tn+1,Tn NS ) (A.2)
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On the other hand, the twist Dos. used to construct @-operators from the monodromy matrices
M(z)=L(zr)® - ® L(x)

N times

of degenerate Lax matrices L(x) is determined through the following invariance condition:

DL(I')D_I = D_IL(x)Dosc ) (A3)

osc

cf. [FKT)} (8.68, 9.18)]. Here, the twist D of (A.1} [A.2) acts only on the matrix space, while the
twist Dogc acts only on the oscillator space. We thus derive the following explicit formulas:

e For N = 2n and the linear Lax matrix of (4.12), Dog is given by

n n+m

Dose = H (TiTj)_ﬁij'aj’i H (TiTj)_Bij'bj’i H H (TiTj)_Eij/Cj’i (A.4)

1<i<j<n n+1<i<j<n+m i=1 j=n+1
which is a mixture of the corresponding D-type and C-type formulas [FKT), (8.66, 8.90)]
e For N = 2n and the quadratic Lax matrix of ({5.53] , Doge is given by

n - - n—+m - — — — + — -
Dese =7, 2@ tayay) -3 Eetiey) [ 1 T;jaj_aﬂ"aj’ "ﬁ” T;jcj_cﬂcﬂ (A.5)
j=2 j=n+1
which is an analogue of [FKT, (9.16)]
e For N = 2n + 1 and the quadratic Lax matrix of Conjecture [5.64] Do is alike given by
Dosc =

*5n+m+1an+m+1*Z?:Q(éjaj+5j/aj/)*Z::::_l(éjcj‘i’éj/cj/) n éjajféj/aj/ ndm EjCj*Ej/C]-/
1 j II 7
7=2 Jj=n+1
(A.6)
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