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ABSTRACT. We construct a theory of de Rham epsilon factors. Given a smooth projective
variety X over a field of characteristic 0 and a Zx-module .#, we may consider the determinant
of de Rham cohomology det(RT 4z (X,.#)) as a graded super line. Let S be the singular support
of #,U anopeninX,Y =X \U, and v a 1-form on U C X such that v(U) NS = 0. Then we
show the existence of a canonically defined graded super line €, y (.#) canonically isomorphic
to det(RT'yr(X,.#)). The key property is the local nature of the epsilon factor: it only depends
on the restriciton of .# and v to any open neighborhood of Y. Restricting to the case of curves
gives a theory of epsilon factors for curves previously defined by Beilinson, Bloch, Deligne, and
Esnault.

1. INTRODUCTION

Let X be a smooth variety over a field k of characteristic zero. A complex .# of holonomic
Px-modules gives rise to a homotopy point [.#] of the K-theory spectrum Kj,(Zx) of holo-
nomic Zx-modules. If X is projective, then we also get a homotopy point [RT yz(X, )]
of the K-theory spectrum K (k). The structure morphism X — Spec(k) induces a morphism
of spectra Kj,(%x) — K(k). The determinant construction induces a morphism on the corre-
sponding fundamental groupoids I1(Kj,(Zx)) — I1(K(k)). The latter groupoid is just the Picard
groupoid of Z-graded lines on k. Furthermore, after passing to determinants, the homotopy
point [RT'yr(X,.#)] gives rise to the object det(RI'yg(X,.#)) of II(K(k)). The corresponding
element of Ky (k) is just the Euler characteristic of ./ .

In this article we give a micro-local description of the homotopy point [RT 4x(X,.#)]. Let
S = SS(.#') denote the singular support of .# contained in the cotangent bundle 7*X. Given
a closed subvariety ¥ C X and a 1-form v on X \ Y taking values in the complement of S,
we construct a natural homotopy point &y y(.#) of K(k). The homotopy point &y y(.#) has
local nature and is determined by restrictions of .# and v on any open neighborhood of Y.
There is also a natural identification of the homotopy points &, y(.#) and [det(RT s (X,.#)].
Passing to determinants gives a graded line &, y (.#) := det(&, y(.# ). If Y is a disjoint union
of finitely many Yy,’s then we have [RI'yr(X,.# )| = Y. &y v, (.4 ). Applying the determinant to
this formula gives det(RU g(X, 4 )) = @a€y v, (A ).

The construction of &-factors follows from a micro-local K-theoretic animation of the charac-
teristic cycle CC(.#) of . . 1t follows form the the work of Quillen ([Qui73]) that there is a
morphism of spectra K(Zx) — K(T*X). We construct a lifting of this morphism to K-theory
with supports in S. More precisely, let Kg(Zx) denote the K-theory spectrum of perfect com-

plexes of Zx-modules with supportin S and Ks(7*X) the K-theory of perfect complexes on T*X
1



2 DEEPAM PATEL

with support in S. Then we construct a natural homotopy morphism grg : Kg(Zx) — Ks(T*X).
If .# has singular support in S, then we get a natural homotopy point grg([.#]) of Ks(T*X).
The induced morphism gr : Ko s(Zx) — Kos(T*X) is given by sending .# to the associated
graded with respect to some good filtration. The image in the Chow groups is precisely CC(.#).
Therefore, we may view the homotopy point grs([.#]) as a micro-local K-theoretic animation
of CC(.#). On the other hand, intersecting CC(.#) with the zero section Ty X gives the Euler
characterisrtic of .. One has the classical Dubson—Kashiwara formula:

%(Xv//) = <CC(///)7T;X>'

If we restrict the homotopy point grg([.#]) to the zero section and apply RT, then this identifies
with the homotopy point R yg(X,.#). In particular, we get a K-theoretic animation of the
Dubson—Kashiwara formula.

The idea that such an e-factorization of det(RI") could exist comes from number theory. If X is a
smooth curve over a finite field of characteristic p > 0, and .# an etale constructible sheaf, then
a precise factorization format for the determinant of the Frobenius action on the cohomology
of .# was conjectured by Deligne ([Del73]) and proven by Laumon ([Lau87]).1 On the other
hand, it is still an open question if there is a geometric €-factorization in the /-adic case which
would give rise to the classical e-factorization by passing to traces of Frobenius.> There does
not exist, even in the classical sense, an €-factorizaion format in the higher dimensional /-adic
case.

In the case of curves, Deligne ([Del84]) gave a construction of the geometric €-factorization
in the de Rham setting. These were reinvented in [BBE02], where the €-factors were further
endowed with an €-connection. Beilinson ([Bei09]) showed that these de Rham e-factors have
much richer structure. In particular, they form an €-factorization theory. We refer the reader
to ([Bei09]) for the definition. The key property is that, in addition to the global factorization
fomat, the e-factors come equipped with an additional local factorization structure. Beilinson
shows that such local factorization structures are fairly rigid in a certain precise sense ([Bei09]).
When restricted to curves, our €-factors also give rise to an €-factorization theory in the sense of
Beilinson. When combined with the rigidity mentioned above, this should allow us to identify
our de Rahm epsilon factors with the previous ones (the details will appear elsewhere). There-
fore, we may view the constructions of this article as a generalization of the previous theory to
the higher dimensional case.

A geometric factorization format in the Betti setting (where X is a real analytic variety and .7 is
a constructible complex) was constructed by Beilinson ([Bei07]). In fact, Beilinson constructs
the e-factorization format more generally at the level of homotopy points. The constructions
of ([Bei07]) are the main motivation for the constructions of this paper. In particular, the idea
that one could directly microlocalize on the K-theory spectrum and, consequently, obtain a

1Delinge, in fact, proved the conjecture for compatible systems. The general case is proved by Laumon[Lau87]

2In the l-adic situation, since the classical €-factors depend on an additive character of the base field, the
geometric theory will lie in an appropriate gerbe rather than be a super graded line. Furthermore, the Frobenius
trace function should only give the classical counterpart when .# has virtual rank zero. See [Bei09] for more
details on this point.



DE RHAM &-FACTORS 3

factorization of the determinant line is due to Beilinson. The results of this paper are an attempt
to obtain an (algebraic) de Rham version of this story. It is remarkable that such a factorization
exists, given the highly transcendental nature of the Betti constructions.

In analogy to the /-adic situation, Deligne envisoned an &-factorization format for the deter-
minant of the period matrix on a curve. This format was recently constructed by Beilinson
([Bei109]). Given that one now has a geomeric theory of e-factors in both the Betti and de Rham
situations, a natural question is whether one can give a geometric €-format for the determinant
of the period matrix of higher dimensional varieties. We refer the reader to section 3.4 for a
precise formulation.

The results of this article were obtained as a part of the author’s thesis ([PatO8]).There we used
the sheaf of microdifferential operators to microlocalize; here we have chosen to use filtered
Px-modules instead. The use of filtered Zx-modules allows us to work globally and therefore
avoids delicate patching arguments with sheaves of K-theory spectra. We expect that the filtered
Px-modules approach will allow us to compare the construction here with the Betti situation.
Now we give a brief outline of the paper. In Section 2, we recall various preliminaries on K-
theory spectra and their homotopy points. The material in this section is standard. In Section
3, we give a construction of de Rham e-factors and prove various functoriality properties. In
Section 4, we specialize our results to the case of curves. The last section explains the pas-
sage between homotopy points of spectra and the corresponding determinant lines. The results
of this section are well known to the experts , and are included here for the reader’s convenience.

Acknowlegements I would like to thank my thesis advisors Professor Madhav Nori and Pro-
fessor Alexander Beilinson for all that they have taught me over the years. I would like to
especially thank Professor Beilinson for suggesting this thesis problem and teaching me about
epsilon factors. I would also like to thank Professor Peter May for various discussions on the
theory of spectra. Part of this work was written while visiting the University of Munster. The
author would like to thank Professor Christopher Deninger and the University of Munster for
their hospitality.

2. PRELIMINARIES ON K-THEORY SPECTRA

In this section, we recall some basic facts about K-theory spectra. We begin by recalling stan-
dard facts about the category of simplicial spectra. Most of this material is standard, and is
included here for the convenience of the reader. In particular, we discuss the notion of homo-
topy points and homotopy morphisms of spectra. In the last sub-section, we recall some basic
constructions from K-theory and their relation to determinants.

2.1. Simplicial Spectra and homotopy morphisms. In this section, we review some basic
facts and constructions about the category of simplicial spectra (as in [BF78]). We closely
follow the presentation of Beilinson ([Bei07]). Recall that a spectrum is a sequence of pointed
simplicial sets (P,),>0 together with structure maps o, : S 'AP, — P,., where S' denotes the
one sphere. We denote by .7 the category of spectra. The category .#” comes equipped with a
simplicial structure. Given a simplicial set K, we can define a spectrum K A P whose i-th space
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is given by K A P, = K4 A\ P; with the obvious structure maps. Here K is the simplicial set
given by K disjoint union a base point. This gives rise to the functor K A - : . — .’ which has
a natural right adjoint given by P — PX. Then for two spectra P, Q one can define a simplicial
set Map(P,Q) whose n-simplices are given by:

Map(P,Q)(n) = Hom »(P,0*) = Hom (A, A P, Q).

Given a (pointed) simplicial set K, we denote by |K| its geometric realization. Then the ho-
motopy groups of a spectrum P are defined by m;(P) = limm;1,(|P,|) for all i € Z; here the

limit is taken over the maps induced by the structure maps. A morphism of spectra is a weak
equivalence if it induces an isomorphism on the corresponding homotopy groups. A morphism
f: P — Qis a cofibration if the induced maps Py — Qg and P, Usiap, (S1 AQn_1) — O, are
inclusions. The above notions of weak equivalence and cofibration give . the structure of a
stable and proper simplicial model category (see [BF78], [Hir03]). The fibrations are then given
by the morphisms satisfying the right lifting property with respect to acyclic cofibrations (i.e.
morphisms which are both a weak equivalence and a cofibration). The category of spectra has
an initial and terminal object. A spectrum is fibrant if the natural morphism to the terminal
object is a fibration and it is cofibrant if the natural map from the initial object is a cofibration.
Finally, the category of spectra has functorial fibrant-cofibrant replacements.

The homotopy category of .7 is denoted by Ho(.%). By definition, this is the localization of .’
with respect to the weak equivalences. It follows from the general theory of model categories
that for fibrant-cofibrant objects Homygo( o) (P, Q) = mo(Map(P,Q)). A weak equivalence of
spectra P — Q can be inverted as a morphism in the homotopy category. But, in general such a
morphism cannot be inverted as a morphism of spectra. To remedy this situation, one must use
the more general notion of a homotopy morphism of spectra. A homotopy morphism P — Q
consists of a contractible simplicial set K and a genuine morphism of spectra f : KAP — Q. We
refer to K as the base of the homotopy morphism, and by abuse of notation we shall denote the
homotopy morphism by f: P — Q. Given two homotopy morphisms f, g with bases K¢, K, an
identification of f and g is ahomotopy morphism / with base K}, together with morphisms Ky —
K}, + K, such that f, g are the respective pullbacks of 4. One can define the composition of two
homotopy morphisms f: P — Q and g : Q — R as the composition K, AK¢ AP — K, AQ — R.
A homotopy morphism from a sphere spectrum to a given spectrum P will be referred to as a
homotopy point of P. If f and g are identified, then they induce the same maps on homotopy
groups.

We now recall the construction of the homotopy inverse of a morphism. Let P,Q be fibrant-
cofibrant spectra and f : P — Q a weak equivalence of spectra. Then, a right homotopy inverse
to f is a pair (g, h,), where g, is a morphism Q — P and h, is a homotopy A; A Q — Q between
fgr and Idp. Dually, one can define the notion of left homotopy inverses. One has analogs
of these definitions for homotopy morphisms. Recall that in a model category a morphism be-
tween fibrant-cofibrant objects is a weak equivalence if and only if it is a homotopy equivalence.
Furthermore, if it is a simplicial model category then the notion of left/right homotopy is the
same as that of simplicial homotopy: Two morphisms of spectra f,g : A — B are homotopic if
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ioN1d
there is a & : A' AP — Q such that the composition A0 A p & AAP LN Q 1is f and the

composition A0 A p ﬂ AAP LN Q is g. Here iy and i are the face maps corresponding
to the vertices 0 and 1. In particular, the above notion of right homotopy inverse is consistent
with the general model category definition. The following lemma shows that any weak equiv-
alence between fibrant-cofibrant spectra can be canonically inverted as a homotopy morphism;
an outline of the construction is given in [Bei07]. The proof given here works in the general
setting of proper closed simplicial model categories. In this article, we shall be interested in
constructing various micro-localization maps between K-theory spectra. During the course of
these constructions (see section 3), we will often need to invert weak equivalences of K-theory
spectra. The following lemma will allows us to do this in a canonical way.

Lemma 2.1.1. Let f : P — Q be a weak equivalence of fibrant-cofibrant objects. Then there
exists a canonical right homotopy inverse g, and left homotopy inverse g;. Furthermore, there
is a natural identification of g, with g;.

Proof. Since P, Q are fibrant-cofibrant, it follows that Map(P,Q) , Map(A' AQ, Q), and Map(Q, Q)
are all fibrant. Now consider the pull-back square:

Map(A'AQ,0)" —— Map(A' A Q, Q)

| |

1d Map(Q,Q).
Here the bottom horizontal consists of the inclusion of the vertex corresponding to the identity,

and the right vertical is the map induced by the face map A SN Al . Since the right vertical
arrow is an acyclic fibration, it follows that the left vertical arrow is also an acyclic fibration; in
particular, the pull-back is contractible. Consider also the pullback:

K" — Map(A' A Q,0)"

| |

Map(Q7P) — Map(Q?Q)

Here, the right vertical is induced by the face map ip. The lower horizontal is induced by
f:P— Q. Since P, Q are fibrant-cofibrant and f is a weak equivalence, it follows that the bottom
horizontal is a weak equivalence. Furthermore, the right vertical is a fibration. To see this, note
that Map(A' AQ, Q) = Map(A',Map(Q, Q)), and therefore the pull back is just the path space
of Map(Q, Q). Since the category of simplicial sets is a proper model category, it follows that
the pull back of a weak equivalence along a fibration is a weak equivalence. In particular, the
top horizontal is also a weak equivalence. Therefore, K is a contractible simplicial set. Its
vertices correspond to pairs (g,,h,) where g, : Q — P is a morphism and 4, is a homotopy
between fg, and the Id : Q — Q. Furthermore, the canonical map Map(Q,P) A Q — P induces
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a canonical homotopy morphism g, : K" A Q — P. By construction, this is a right inverse to f.
The composition fg, : K" AQ — Q sends a vertex (g,,h,,q) to fg,(q). This is homotopic to the
identity via the map A, : A' AK” AQ — Q which, on vertices, sends (i, g,, h,q) to h.(i,q). At the
level of simplicial sets, /, is induced by the evaluation map Map(A' AQ, Q) A (A AQ) — Q. We
can also construct in a similar manner a left homotopy inverse (g;,K"). Consider the following
pullback diagram:

Map(A' AP, P)14 —— Map(A! AP,P)

| |

Id —— Map(P,P).

Here, the right vertical is induced as before by the face map at the vertex corresponding to 1.
Just as before, all the corners are fibrant and the left vertical is a weak equivalence. We can
form the following pull-back as before:

K! — Map(A' AP,P)!?

| |

Map(Q,P) —— Map(P,P).

The bottom horizontal is induced by pre-composing with f, and the right vertical is induced by
the face map at the vertex corresponding to 0. Again, the corners are all fibrant, the right vertical
is a fibration and the top horizontal is a weak equivalence. This gives a canonically defined
left homotopy inverse g; : K' A Q — P. Finally, we identify these two homotopy morphisms.
Consider, the following pull-back square:

Hy ———— Map(Al A Q,P)

| |

Map(A' NQ,P) ——— Map(Q,P).

Here, the right vertical and bottom horizontal are induced by i : A — Al. In particular, both
of these arrows are acyclic fibrations. Therefore, all the arrows in the diagram are acyclic
fibrations. Note that the vertices of H; are pairs of homotopies (A1, /;) which are the same at 0.
Consider the face maps ijy 1], 02 : Al — A? corresponding to the inclusion of the edges [0, 1]
and [0,2]. These induce maps if 1,i[o 2 : Map(A> AQ,P) — Map(A' A Q, P) which are acyclic
fibrations. This follows from the fact that the inclusion of the faces are acyclic cofibrations.
Since these maps agree when restricted to the 0-th vertex, we get a map f : Map(A> A Q,P) —
Hj. Furthermore, the resulting morphism is an acyclic fibration. Finally, consider the morphism
p: K! x K" — H\ which on vertices sends (g;,h;,g,,h,) to (h;g.,gih,). We get the pull-back
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diagram:

H——— Map(A’\Q,P)

| |

K!x K —— H.

Since the right vertical is an acyclic fibration, it follows that so is the left vertical. In particular,
H is contractible. Note that H is the simplicial set with vertices given by (g, 4, g, hy, 71) where
(gr hr,g1,hy) are left and right homotopy inverses as before and h:A>ANQ — P. The map h
is given by g;fg, at the vertex 0, g, at the vertex 1, and g; at the vertex 2. Furthermore, it is
given by /;g, along the [0, 1] edge and g4, along the [0, 2] edge. We have a canonical homotopy
morphism v : A> A H A Q — P which on vertices sends (i,g,,h,,g;,h;,h,q) to h(i,q). We shall
use Y to identify the homotopy morphisms g, and g;. To do this, it is enough to identify each
of these with . First, consider the homotopy morphism 1 : A° A H A Q — P which on vertices
is given by sending (i,g,, A, 81,1, h,q) to g,(¢). The inclusion of A — A? given by sending 0
to 1 gives an identification of i with y. On the other hand, the projection H — K" gives and
identification of 1 and g,. A similar argument allows one to identify g; and y. 0

Remark 2.1.2. Note that the composition of g, or g; with f induces the identity maps on the
homotopy groups.

Suppose P is a fibrant-cofibrant spectrum. Then K A P is also cofibrant. It follows from the
lemma that any homotopy morphism between fibrant-cofibrant spectra which is a weak equiva-
lence can also be inverted as a homotopy morphism.

One also has a notion of homotopy sum for spectra. Let I be a finite set. Then one has a
canonical morphism of spectra e; : VP — P! induced by the identity on the (i,i)-th component
and trivial on other components. For k € I, let iy : P — VP denote the inclusion onto the k-th
component.

Lemma 2.1.3. Suppose P is a fibrant-cofibrant spectrum. Then one has a canonical homotopy
morphism (the sum) X1 : P — P such that the composition Xjejiy : P — P is given by idp.

Proof. Consider the morphism f; € Map(V;P,P) induced by identity from P — P. Let E(P);
be the pull-back defined by the square:

E(P)r —— Map(P',P)

| |

fi—— Map(V(P,P).

The right arrow is induced by the morphism e;. Since P is fibrant-cofibrant, so are ;P and P'.
Furthermore, e; is an acyclic cofibration. It follows from the theory of proper closed simplicial
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model categories that the right vertical map is an acyclic fibration of simplicial sets. In particu-
lar, the left vertical arrow is also a weak equivalence, and hence E(P); is contractible. Further-
more, the canonical morphism Map (P!, P) AP — P, induces a morphism E (P); AP! — P. Note
that by definition of the pull-back, the vertices of E(P); are morphisms from P/ — P which are
the identity when composed with each copy of P. The resulting homotopy morphism, denoted
by X7 : P — P, is the required construction.

O

We say that a square diagram of homotopy morphisms

PL>Q

o,

R——S§

is commutative or commutes if the homotopy morphisms g’ f and g are identified as homotopy
morphisms.
Suppose one is given a diagram of fibrant-cofibrant spectra:

T

y
PL>QL>R

where g o h is homotopic to zero and the bottom row is a homotopy fiber sequence. Then, given
a choice of homotopy of g o to zero, one has a homotopy morphism 7 — P ! such that the
following diagram commutes (up to homotopy):

ny

P——Q——R
Here we can replace all the morphisms by homotopy morphisms.

Remark 2.1.4. We refer the reader to ([Hir03]) for details on homotopy fiber/cofiber sequences
of spectra.

2.2. K-theory spectra. Let & be a small exact category. Then Quillen’s K-theory construction
gives a functor from the category of small exact categories to the category of spectra. Since
- has functorial fibrant-cofibrant replacements, we assume from now on that the associated
spectrum K (&) is fibrant-cofibrant. More generally, if & is an essentially small exact category
then we can associate to it a spectrum K (&) by taking the K-theory spectrum of an associated
small model. An equivalence of small exact categories gives a weak equivalence of the cor-
responding spectra; therefore, two different small models can be canonically identified in the

I general, such a lifting is not unique. However, once a choice of homotopy is fixed, any two can be identified.
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world of homotopy morphisms. In particular, we can associate to any essentially small exact
category a K-theory spectrum, and any exact functor between essentially small exact categories
gives rise to a homotopy morphism of the corresponding K-theory spectra. If Fj : &1 — &> and
F, : & — &3 are exact functors, then the homotopy morphisms K(F,) o K(F;) and K(F; o F)
are canonically identified. From now on we assume that all our categories are essentially small.
More generally, Waldhausen associates to any category with cofibrations and weak equivalences
a corresponding K-theory spectrum. Furthermore, an exact functor between Waldhausen cat-
egories induces a homotopy morphism between the corresponding spectra. In this article, we
shall mostly be interested in complicial bi-Waldhausen categories and complicial exact functors;
we refer the reader to ([TT90]) for details. If & is an exact category, then c’ (&) is a complicial
bi-Waldhausen category with weak equivalences. We will recall briefly this structure. Again,
we refer the reader to ([TT90]) for details. Any exact category & can be embedded into an
abelian category .7 such that a sequence in & is exact if and only if the corresponding sequence
in o7 is exact. Then we have a fully faithful embedding C?(&) — C”(7). This gives C?(&) the
structure of a complicial bi-Waldhausen category. The cofibrations are given by the degree-wise
strict monomorphisms. The weak equivalences are morphisms which are quasi-isomorphisms
in C? (7). A fundamental result of Thomason—Trobaugh—Waldhausen—Gillet ([TT90]) shows
that the inclusion of & into C?(&) as degree zero morphisms induces a canonical weak equiva-
lence of spectra K(&) — K(C?(&)). Here the right side is the Waldhausen K-theory spectrum
associated to K(C?(&)). This allows us to canonically identify various Quillen and Waldhausen
K-theory spectra. Similar statements apply to the categories C~ (&) and C*(&). In the follow-
ing, we shall always assume all our spectra to be fibrant-cofibrant. In particular, the machinery
from the previous section will allow us to invert various weak equivalences canonically as ho-
motopy morphisms.

Remark 2.2.1. There is another structure of a bi-complicial Waldhausen category on C?(&)
commonly used in the literature. The weak equivalences are the same as above, but the cofibra-
tions are degree-wise split monomorphisms whose quotient lies in C?(&). Let & denote C?(&)
with this structure of bi-complicial Waldhausen category and &> denote C?(&’) with the structure
of bi-complicial Waldhausen category described in the previous paragraph. Then the inclusion
&1 — &, is a complicial exact functor such that the induced morphism K (&) — K(&) is a weak
equivalence (1.11.7, [TT90]). In this article, we shall always use the complicial structure given
in the previous paragraph.

Given a Waldhausen category <7, we denote by .7 the associated homotopy category given
by inverting the weak equivalences; note that this is a triangulated category. If F : o/ — X
is a complicial exact functor between two complicial bi-Waldhausen categories such that the
induced map on homotopy categories is an equivalence of categories, then the induced map on
K-theory spectra is a weak equivalence. We will often consider derived functors which are a
priori only defined on .7'". Usually, these can be lifted to functors on certain full complicial
bi-Waldhausen subcategories 4 C 7 such that the inclusion induces an equivalence on the as-
sociated triangulated categories. Using the formalism of homotopy morphisms, we can lift the
derived functor to a morphism of K-theory spectra. A typical application is the following: Let
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X be a proper scheme over k, and let K(X) be the K-theory spectrum of perfect complexes on
X. Since X is proper, we can define RI": Dgerf(X ) — Dgerf(k). The above approach allows us

to lift this to a homotopy morphism RI" : K(X) — K(k), where K(X) is the K-theory spectrum
of category of perfect complexes on X and similarly for K (k). First, we may consider the (full)
complicial bi-Waldhausen sub-category of flasque perfect complexes. On this subcategory, RI’
is represented by I'. Furthermore, the properness assumption implies that I" preserves perfect-
ness. We refer to the article by Thomason—Trobaugh ([TT90]) for more details.

In the following, we will sometimes consider Waldhausen categories #  with two different
notions of weak equivalences given by subsets Vv C @ of morphisms in #". We will use the
notation v# and @%# to distinguish between the two induced Waldhausen category structures.

2.3. Determinants. In this section, we briefly recall the determinant philosophy at the spec-
trum level; we refer the reader to section 5 for details. Given a Waldhausen category 7, any
object F in o7 gives rises to a homotopy point [F] of the associated K-theory spectrum K (.o7).
In the situation of an exact category &, this construction gives a canonical homotopy point [F|
of K(C?(&)) for all F € Ob(C?(&)). Furthermore, to any [0,1]-connected Q-spectrum K we
can associate a canonical Picard groupoid denoted by I1(K); any homotopy point of K gives
rise to an object of the associated Picard groupoid. For any spectrum K, we can functori-
ally associate a [0, 1] connected Q-spectrum denoted K 1] with a morphism K — K 1] In
the case of K(C?(&)), we can apply the above to get an object Det(x) € II(K(C?(&£))1)) for
any homotopy point x of K(C?(&)). Furthermore, the homotopy point construction induces
a determinant functor Det : (C?(&),w) — II(K(C?(&))%1]), which is a universal determinant
functor in the sense of Knudsen ([KnuO2]). This functor factors through the derived category
(Db(&),qis) — TI(K(C?(&))1%1)) as a tensor functor. Here D?(&) has tensor structure com-
ing from the additive structure. Furthermore, an identification of homotopy points gives rise
to an isomorphism of the corresponding determinants. If x and y are two homotopy points of
K(CP(&)), then one has a canonical isomorphism -y, : Det(x) ® Det(y) — Det(x+); here x+y
is the homotopy sum described in 2.1.

Remark 2.3.1. If F and G are objects in a Waldhausen category o7, then the homotopy point
[F @ G] of the direct sum of F and G in </ is identified with the homotopy sum [F] 4+ [G]. See
5.15 for details.

Let Pic”(k) denote the Picard groupoid of Z-graded lines on k, whose objects are ordered pairs
of one dimensional k-vector spaces and an integer n, the degree of the line. Then there is a
canonical determinant functor det : C?(k) — Pic”(k). If V is a vector space in degree zero, this
functor sends V to the usual determinant line graded by the dimension of the vector space. In
the particular case of a scheme X proper over k, the determinant of RI'(X,F) is just the usual
determinant of cohomology graded by the Euler characteristic. If S is a scheme, then we can
define the Picard groupoid Pic”(S) of Z-graded lines on S. The grading will be a Z-valued
locally constant function on S. Then, as in the case of a field, one has a determinant functor

dety : CZ erf(S) — Pic%(S). By universality, there is a canonical morphism of Picard groupoids
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Detg : TI(K(S)) — Pic”(S) such that the following diagram commutes:

Cb

perf(S) % H(K(S))

det
\‘ lDetS

Pic%(S).

In particular, if A and B are perfect complexes, then the image of DetS(-[A] [B}) is just the usual
isomorphism dets(A) ® detg(B) — dets(A @ B).

Suppose we have an exact functor of exact categories &1 — &>. Then we get an induced map
F:K(&) — K(&). If A € Ob(&)), then there is a canonical identification of the homotopy
points F([A]) and [F(A)]. Furthermore, an identification of homotopy points gives rise to an
isomorphism of the corresponding determinants.

3. THE EPSILON FACTORIZATION

Let X be a smooth variety over a field k of characteristic zero. For a closed subset S of 7*X,
let Kg(Zx) denote the K-theory spectrum of Zx-modules with singular support contained in
S. Similarly, let Kg(7*X) denote the K-theory spectrum of perfect complexes on 7*X with
cohomology supported in S. The construction of de Rham epsilon factors proceeds in two
steps: First, we construct a microlocalization morphism Kg(%x) — Ks(T*X). Then, we further
localize with respect to a non-vanishing 1-form v to get the required epsilon factorizations.
In the first subsection we construct the microlocalization morphism. The second section is
devoted to the construction of epsilon factors. The third section is devoted to the study of
various functoriality properties of epsilon factors. The last two subsections briefly discuss the
connection with Betti epsilon factors and the Dubson—Kashiwara formula. For the Betti analogs
of the results in this section see [Bei07].

3.1. Preliminaries on filtered Zx-modules. We begin by reviewing some preliminaries on
filtered Yx-modules (see [Lau83]). Recall that the sheaf of differential operators Zx comes
with an increasing filtration by 0x submodules:

Ox =9y C 9 C - C Y, @i@j = -@i—O—jangi = Yx
where each Z; is a locally free Ox-module. A filtered Px-module consists of a pair (4 ,.F.)
where .# is a Yx-module and .Z. is an increasing Z-filtration of .# by Ox-submodules such
that #; =0 fori <<0,; #i = A, and 9,7 ; C F;,;. Afiltered Zx-module is quasi-coherent
if each .%; is a quasi-coherent Ox-module. It follows that .# is a quasi-coherent Zx-module.
Let MFyon(Zx) denote the category of quasi-coherent filtered Zx-modules where the mor-
phisms preserve the filtration. If .#. is a filtration on ., then we can define a new filtration
F [k] where .F [k]; = F;1r. We denote by Zx|[j] the filtered Zx-module Zx with the standard
filtration shifted by ;. In general, if ./ is a filtered Zx-module, we denote by . [/] the filtered
Zx-module with same underlying module, but with filtration shifted by j.
Let gr.(Zx) denote the associated graded sheaf and MGcon(gr.(Zx)) the corresponding cate-
gory of quasi-coherent graded modules. We have a natural functor gr. : MFycon(Zx) — MGgeon(gr.(Zx)).
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We denote by gr(Zx ) the same sheaf as before, but where we forget the grading. Let Mycon(gr(Zx))
denote the corresponding category of quasi-coherent gr(%yx)-modules. Forgetting the grad-
ing gives a natural functor gr : MFycon(Zx) — Macon(2r(Zx)). The categories Mgcon(gr(Zx))
and MGeon(gr.(Zx)) are abelian categories. The category M Fycon(Zx) has all kernels, coker-
nels, images, and coimages. For example, the kernel of a morphism f : (#,%.) — (N,9)
is the Zx-module ker(f) with the filtration induced from .%#.. We say that a sequence 0 —
(M, F.) = (N, 9G) = (P, ) — 0in MFycon(Zx) is exact if , for all i, 0 = F; — G; —
H; — 0 is an exact sequence of Oy-modules. This is equivalent to requiring that uv = 0 and
0— gr( ) — gr(AN) — gr(F) — 0 be exact as a sequence of gr(Zx)-modules. The above
notion of exact sequences makes MFycon(Zyx) into an exact category. We shall also consider
the category MF Fycon(Zx) of doubly filtered quasi-coherent Zx-modules. The objects are
triples (., f}% ,F2, ), where ./ is a Zx-module and .7 . are filtrations by quasi-coherent
Ox-submodules as above. We will usually drop the subscript .# and denote it simply by
(M, F',F?)or (M, F"',.F?) if no confusion arises. The category MF Fyeon(Zx ) is an exact
category where a sequence is exact iff it is exact at the i-th filtration level for both filtrations. If
A is a doubly filtered Zx-module, then .Z [}, k| is the doubly filtered Z-module with the same
underlying filtration, but with the first filtration shifted by j and second filtration shifted by k.
Given an exact category &, let C*(&) (for x = 4, —,b) denote the corresponding category
of chain complexes and D*(&’) the associated derived category. We will use the notation
CF*(9x),CFF*(%x), and CG*(gr.(Zx)) for the categories of chain complexes associated to
the categories above; similarly, DF*(Zx),DFF*(9x), and DG*(gr.(%x)) will denote the cor-
responding derived categories. Recall that CF*(%x) and CFF*(%x), are both complicial bi-
Waldhausen categories (see section 2.2). Let wcr and wcrr denote the weak equivalences in
CF*(9x) and CFF*(Zx). If

(A, F', F?) is a doubly filtered complex, then H'(.# ), with filtration induced by F! and F?,
is a doubly filtered Zx-module. We will use the notation H'(.# ,.7"',.%2) to denote this doubly
filtered Yx-module. Similar notation will be used for filtered Zx-modules.

We will say that an object of MF (%) is free of finite type if it is isomorphic to an object of
the form &!,_, Zx[— ja| for some jo € Z and r > 0. An object of MF(Zx) is a projective
filtered Yx-module if it is locally a direct summand of a free module of finite rank. We have
analogous definitions of free and projective doubly filtered modules where @7, _; Zx[— jqa] is
replaced by ®f,_; Zx[— ja, —ka]. One can now define various categories of perfect and coherent
complexes ([Lau83], [[SG71]). In particular, we have the categories CFerf(.@X), CF prerf(-@x)’

DF&rf(@X), and DF prerf(.@X) of perfect complexes. An object in the respective category is
a complex which is locally quasi-isomorphic to a bounded complex each of whose terms is
projective (i.e. a strictly perfect complex). If (.#,. 7, .F?) is perfect, then each H" (gr g« (&)
is a coherent gr(Zx )-module (4.4.3, [Lau83]).

Any exact category & can be embedded in an abelian category ./ such that a sequence in
& is exact if and only if the corresponding sequence in .o/ is exact. If & is an exact cate-
gory, then C?(&) comes equipped with a homotopy pushout, induced from the one in C?(.%7).

Let f: M — N and g : M — P° be morphisms in C’(&£). Then set (N"U}. P)" = N" @
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M"1 @ P with the differential given by d(n,m, p) = (dy(n) + f(m), —dp(m),dp(p) — g(m)).
If the induced morphism M~ — N' @ P’ is a strict monomorphism, then the canonical map
from the homotopy pushout to the pushout is a quasi-isomorphism. This follows from the
analogous statement for abelian categories (applied to .«7). There is a dual notion of homo-
topy pullback. Given f: M — P and g: N — P, let (M xg N )¢ = M* @ P*=1 @ N¥ with
d(m,p,n) = (dy(m),—dp(p) + f(m) — g(n),dy(n)). If the induced map M &N — P is a
strict epimorphism, then the canonical map from the puhout to the homotopy pushout is a quasi-
isomorphism. In particular, both CF perf(-@X) and CFpl;rf(@X) come equipped with homotopy
pushouts and pullbacks.

Lemma 3.1.1. The category of perfect filtered complexes CF, perf(.%() (resp. CFF perf(.%() ) is

a full subcategory of CF®(9x) (resp. CFF®(Zx)) which is closed under extensions, fiber
products along strict epzmorphisms, and push-outs along strict monomorphisms. In particu-
lar, CFperf(@X) and CF Fperf(@X) are complicial bi-Walhausen categories.

Proof. The statement for CFF, perf(‘@X) follows from that for CF;’erf

(Zx). Recall that the com-
plicial Waldhausen structure on CF?(%x) comes from an embedding into C(.27). Furthermore,

CF;erf(-@X) is a full exact subcategory of CF?(Zy). The cofibrations and weak-equivalences

b
in CFperf

CF%(9x). This will give a bi-complicial Waldhausen structure on CF, perf(.%() if it is closed un-
der extensions, fiber products along strict epimorphisms, and push-outs under strict monomor-
phisms (1.2.11, [TT90]). The closure under extensions is proved in ([Lau83]). We show closure
under fiber products along strict epimorphisms. Consider a diagram of objects in CF, perf(.@x):

(Px) are defined to be morphisms which are cofibrations or weak-equivalences in

where g is a strict epimorphism. Since g is a strict epimorphism, the homotopy pullback is quasi-
isomorphic to the pullback, so it is enough to prove the analogous statement for the homotopy
pullback. As the statement is local, we may assume all our complexes are quasi-isomorphic
to strictly perfect complexes; in fact, since X is smooth, we can even assume this globally. In
any case, the homotopy pullback of the corresponding strictly perfect complexes will be quasi-
isomorphic to the initial one. On the other hand, it is clear from the construction of homotopy
pullback that the homotopy pullback of strictly perfect complexes is strictly perfect. A similar
argument works for the homotopy pushout. 0

Let KFF(Zx) and KF(Zx) denote the K-theory spectra of CF perf(-@X) and CFrf’erf(.@X). We
also have the K-theory spectrum K(Zx) of the category of perfect complexes of Zx-modules.

We have two functors F!,F? : CFFIf’erf(.@X) — CFperf(@X) where F' sends (.4, %', 7?) to
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(M, F'). We also have the forgetful functor @ : CF, perf(.%() — Cf)’erf(.%(). These are all com-

plicial exact functors of complicial bi-Waldhausen categories. In particular, we have the induced
homotopy morphisms of spectra F* : KFF(%x) — KF(Zx) and @ : KF (Zx) — K(Zx).

Theorem 3.1.2. The square of spectra

KFF(%x) s KF (%)

is a homotopy pushout square.

The theorem is proved in two parts. First, the fibers of the two horizontal rows are computed via
Waldhausen’s localization theorem (1.8.2, [TT90]). Then these fibers are canonically identified.
We begin by setting up some notation. Let w; denote the morphisms f : (.#Z", F L7 2)

— (AN, FLF2) in CFFPZHC(@X) such that the induced morphism grz1(f) : gra (A") —
grz1(47) is a weak equivalence; we define @, analogously using .# 2 instead. Let v denote
the morphisms in CF perf(.%() which induce a weak equivalence on the underlying complex.

b
Then vC Fp o

wcrrCFF erf(@X)“’l consisting of the full subcategory of @; acyclic objects in CF F;’erf(@;()
with weak equivalences given by @Ocrr.

(Zx) is also a Waldhausen category. Finally, one has the Waldhausen category

Lemma 3.1.3. The Waldhausen category wCFF. ert(@;() satisfies the saturation and extension
axioms.

Proof. Let f: (M, F), 72) — (N, F', F ) and g: (N, F}, F2) — (P, F!, F?)be mor-
phisms in @;CFF, erf(@X) The saturation axiom states that if any two of f,g,go f are in @
then so is the thlrd By definition, this amounts to checking that if two of grzi(f),grz1(g),
and gr z1(go f) are quasi-isomorphisms of complexes of sheaves of gr(Zyx)-modules, then so
is the third. Since grzi1(go f) = grz1(g) o gr#1(f), the result follows from the corresponding
statement for complexes of sheaves of gr(Zx )-modules.

For the extension axiom, we must show that for a diagram of cofibration sequences:

(%.7917§~2)>—> (</V.7y~17y-2) - ((ﬂ.vgz-l?tgh-z)

| l I
(A" T2 (N TN T > (1T F),

if a and c are in @, then so is b. The image of the above diagram of cofibration sequences under
F! is also a cofibration sequence. Furthermore, f € w; if and only if F 1 (f) € acp. The result
follows since wcpCF erf(%() is a complicial bi-Waldhausen category.

0J
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Before proceeding, we briefly recall the notion of a cylinder functor on a Waldhausen category
</ (see ([TT90], 1.3) for details). Let Car(1,.47) denote the category of morphisms in <7. A
cylinder functor on 7 is a functor T : Cat(1,47) — <7, together with three natural transforma-
tions satisfying the following properties. By definition, 7 assigns an object T f € o/ to each
morphism f : A — B and a morphism T (a,b) : Tf — T f’ to each commutative diagram:

a—1-p

"

oy
The natural transformations are maps j; :A — Tf, jo:B— Tf, and p: Tf — B such that
pJj1 = f, pj» = 1 and such that the following diagram commutes:

J1Uj2 p

AUB Tf B

Jaub lT(a,b) Jb
i

A/UB/jl J2 Tf/ p B/

The above data is also required to satisfy the following conditions:

(1) j1Ujr: AUB — T f is a cofibration.

(2) If a and b are weak equivalences, then T (a,b) is a weak equivalence.

(3) If @ and b are cofibrations, then T (a,b) and T f U p (A’ UB’) — T f’ is a cofibration.
4)T(0—A)=Awith p=j, =1d.

A cylinder functor satisfying the following additional axiom is said to satisfy the cylinder axiom:
(5) (Cylinder axiom) For all f, p: T f — B is a weak equivalence.

Suppose <7 is an abelian category. We have seen that C’(.<7) is a complicial bi-Waldhausen
category. For any f:A — B € C’(/), let Tf = A UZ B denote the homotopy pushout of f
and Id : A — A. Let j; and j, denote the canonical inclusions. Finally, let p be given by
p(a,d’ ,b) = fa+Db. It is shown in ([TT90], 1.3.5) that this defines a cylinder functor satisfying
the cylinder axiom on C?(.7). In particular, the category C?(gr(Zx)) has a canonically defined
cylinder functor. We shall denote this cylinder functor by 78". Since Cgerf(gr(%g)) is closed

under homotopy pushouts in C?(gr(Z2x)), T¢" induces a cylinder functor satisfying the cylinder
axiom on C?

perf(gr(‘@X))'

Lemma 3.1.4. CFF?

perf(-@X) has a cylinder functor which satisfies the cylinder axiom.

Proof. Recall, we have already seen that homotopy pushouts exist in CF Flferf(.%(). For a given

morphism f: A — B in CF F;?erf(-@X) , we let Tf = AU" B denote the homotopy pushout of
fand Id : A — A. The maps j; and j, are the canonical inclusions. The map p is given by

pla,d',b) = fa+b. One can check directly that this construction satisfies the axioms above.
For example, since cofibrations are degree-wise admissible monomorphisms, (1) follows from
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the definition of the homotopy pushout. Alternatively, one can deduce properties (1)-(5) from
analogous statements in C perf(gr(@X))

One has grpi(T f) is isomorphic to 78" (grpi(f)). Furthermore, a and b are weak-equivalences
if and only if grpi(a) and gryi(b) are weak equivalences. Similarly, for cofibrations (i.e. admis-
sible monomorphisms). Now (2), (4), and (5) follow directly from the analogous statements in
Cgerf(gr(_%()). For (3) it is enough to show that T f Usup (A’ UB’) — T f” is a cofibration since
clearly Tf — T f Uaup (A’ UB’) is a cofibration. Therefore if the first map is a cofibration, then
so is the composition, which is precisely T'(a,b) : Tf — T f'. On the other hand, gryi(M UpN)
is isomorphic to gryi(M) U, ,(p) grri(N) for all N,M,P € CF prerf(.%(). Therefore, the claim
follows from the analogous claim in Cgerf(gr(.@)()).

O
Corollary 3.1.5. The following sequence is a homotopy cofiber sequence:
K(a)CFFCFFp’;rf(@X)“’CFF) — KFF(Zx) — K(0'CFFL (x)).

Proof. Given the previous two lemmas, this is a direct consequence of the Localization Theorem
(1.8.2, [TT90]). OJ

Lemma 3.1.6. (1) vCFE perf(.%() satisfies the saturation and extension axioms.

(2) CE perf(.%() has a cylinder functor given by the homotopy pushout and satisfies the cylin-
der axiom.

Proof. The proof is similar to that of Lemmas 3.3 and 3.4. U

Corollary 3.1.7. The following sequence is a homotopy cofiber sequence:

K(wCFCFerf(‘@X) )HKF('@X) HI<(VCFerf(‘@X>)'

The forgetful functor F2 induces a functor F? : wcprCFF" (.%()“’ —

wcrCF erf(.%()v. To see this, note that if (. ,. %! .%2?) is ®'-acyclic, then the underlying
complex of Yx-modules is also acyclic. Furthermore, F' preserves cofibrations, pushouts, and
weak equivalences. It follows that F? is a complicial exact functor, and we have an induced

homotopy morphism F? : K(a)CFFCFFb(.@X)“’ ) — K(ocrCF, perf(.%()").

Proposition 3.1.8. F? is a weak equivalence of spectra.

Proof. We apply the Approximation Theorem (1.9.1, [TT90]). First, note that both
wcrrCFF?(2x)? " and wcrCF perf(.@X)" satisfy the saturation axioms. A morphism f € a)cppCFF”(.%()“’1
is a weak equivalence if and only if grz1 and grs» are weak equivalences. Since objects
of wcppCFF? (.@x)“’l are grgi-acyclic, grz1 is automatically a weak equivalence. It fol-
lows that f is a weak equivalence iff F2(f) is a weak equivalence. Finally, to apply the
Approximation Theorem we must verify the following statement: Given any (.#",. %!, .#?) €

wcrrCFFY (2x)° and x: (M, F2) — (N, F2) € wxcpCF. perf(.@X)" there exists (4", 7!, 72) €
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a)cppCFFb(@X)“’1 amorphism a : (/// FVF2) — (", F), F?), and a weak equivalence
(M F?) — (N, F2) in ocpCF, erf(%()v such that x = x0F2( ). Note that, for each i,
there exists a k; such that ﬁ’/l/ﬂ’j =0 for all j < k;. Furthermore, since .# is a bounded com-
plex, we can find a k which works for all i. Fix such a k. Let .#' = .4 and & 2%/ =72,
Let ,93}1/ be the filtration such that .% fl =0ifi <k and ,931 = /" if i > k. Since /4 is

acyclic, grz, (/") is also acyclic. It follows that (A", 7!,.F. 2) w1th F!, =.F!, is an object
of wcppCFF? (@X)“’ . Furthermore, we have x(Z',) C .Z! .. This gives the required mapping
a and ¥ = Id. UJ

LetG: @'CF Fp”erf(.%() — wcrCF, perf(%() denote the functor which sends

(M, T, F2) to (M, F!). Then G is a complicial exact functor and induces a morphism of

spectra: G : K(w 1CFprerf(.@X)) — KF(%x).

Proposition 3.1.9. G is a weak equivalence of spectra.

Proof. According to Theorem 1.9.8 of ([TT90]) it’s enough to show that the resulting map on
the associated triangulated categories is an equivalence of categories. Let DFF” .(Zx) and

perf
DFperf(.@x) denote the corresponding triangulated categories. First, note that essential surjec-

tivity is clear. Given perfect filtered (.#,.%), we can lift it to (.#,.7,.%). Therefore, we
must show that the resulting functor on homotopy categories is fully-faithful. To show that the
functor is full, we must show that the following map is surjective:

HomDFFp,,eﬁ(@X)((///,yl’yz)7(,/V,ﬁl’gzz)) — Hompps (g )((//1,91)7(,/1/,91))

perf
By the following lemma, any perfect filtered complex is quasi-isomorphic to a strictly perfect
complex. In particular, we can assume (.#,. %', .#?) and (AN ,.F', . F?) are strictly perfect.
Now, by part (3) of the following lemma:
HomDFh (9 )((%,yl>, (e/V,gl)) = Hom

perf

kit () kr0 ) (AT ) (AN FD)

Now, morphisms ¢ on the right can be represented by a diagram
(M F) e (P, FN) = (N, F)

where f is a quasi-isomorphism and (22,.#!) is strictly perfect. In particular, all the .#' are
good filtrations. It follows that we can lift f to a morphism (.#,. %', #2[k]) «— (2, F', F").
To see this note that f(.%# ‘1@) is a good filtration on the image and so is the restriction of 35%/[
In particular, for each i, there exists k;, such that f(.# (1@1',]') C ﬁ’ﬁ/ﬂ’ki i Since our complexes
are bounded we can find one k which works for all i. Then f(#),) C #2,k]. A similar
statement holds for g. Now if k > 0, then the identity induces a morphism (.#,. %!, 7?) —

(M, F', F2k]). If k < 0, the identity induces a morphism (.7, Z !, . Z2[k]) — (M, F ', F?).
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In either case, both morphisms are weak-equivalences in ®'CF perf(.%() and, therefore, iso-

morphisms in DF perf(‘@X) In particular, we can lift ¢ to a morphism in DF szrf(.%(). To
show that the functor is faithful, we must show that the following is injective:

HomDFF;’erf(@x)«%?glvyz)?('/Vaglagz)) —>HomDszrf(@X)((%’gl)’(’/V’yl))

Again, we may assume that both (.#,.Z!,.%2) and (W, F!,.F?) are strictly perfect. It is
enough to show that if f: (4, 7!,.72) — (A ,.F',.#?) is a morphism such that G(f) is null
homotopic then there is a weak equivalence a : (A, F1,.F?) — (N, F!, .F2) such that the
composition a o f is null homotopic. Let & denote the homotopy of G(f) to zero. Although h
is not a morphism of complexes, the above argument still applies to show that there is a k such

that (.7 2// ) C ,@jﬂl 1 [k] for all n. If k < 0, the & lifts to a homotopy of f. On the other hand,

if k > 0 the identity gives a weak equivalence a : (A, F, . F?) — (A, F', Z2[k]). Then h
give a homotopy of a o f with zero.
U

Lemma 3.1.10. (1) Let .# be a bounded perfect complex of Yx-modules. Then there is a
bounded strictly perfect complex of Px-modules &7 and a quasi-isomorphism of & —
M.
(2) Let (M ,.7) be a bounded perfect complex of filtered Px-modules. Then there ex-
ists a bounded strictly perfect complex (£?,%) and a quasi-isomorphism (2 ,.F) —
(A, f)
(3) Let KFy] p(ﬁx) denote the homotopy category of bounded strictly perfect filtered com-
plexes of Yx-modules, and KF, S, D (.@X) the full (thick) subcategory of acyclic complexes.

Then the canonical functor KF, stp(.%() /KF, Stp( x) — DFp}ferf
categories.
(4) Similar statements hold for doubly filtered perfect complexes of Px-modules.

(Px) is an equivalence of

Proof. (1) It is a standard result that any Zx-module . has a finite resolution by locally pro-
jective Yx-modules ([HTTOS], 1.4.20). Furthermore, if .# is a coherent Zx-module then we
can find a resolution by finite rank locally projectives. Now one can extend this result to a
perfect complex of Zx-modules just as in the case of usual perfect complexes of Ox-modules
([[SG71], Expose 2). For example, one can apply ([TT90], Lemma 1.9.5) where <7, Z,% in loc.
cit. are the categories of Zx-modules, locally projective Zx-modules, and perfect complexes.
The above statement guarantees that hypothesis (1.9.5.1) of ([TT90], Lemma 1.9.5) holds. The
other hypotheses required to apply the lemma hold trivially since in our care ¥ — <7 is fully
faithful. In particular we can apply the conclusion of ([TT90], 1.9.5) exactly as in the proof of
([TT90], 2.3.1) where the analogous result for &x-modules is proved.

(2) Suppose every coherent filtered Zx-module (.#,.7 ) has a finite resolution by locally pro-
jective filtered Zx-modules. Then we can again proceed as in (1) and apply ([TT90], 1.9.5),
where 7 will denote the ambient abelian category of the exact category of quasi-coherent fil-
tered Zx-modules. The existence of filtered resolutions as above, and the explicit description
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of o/ given in ([Lau83]) show that the hypothesis of loc. cit. is satisfied. So suppose (.#,.%)
is a coherent filtered Zx-module. Then .% is a good filtration. In particular, there exists an
ip such that for all j and i > io: 9;%;( M) = Fiyj(A). Since A is a coherent Zx-module,
one can find a coherent Ox-submodule .#( which generates .# as a Yx-module ([HTTOS],
1.4.17). Furthermore, since .%;(.# ) are all coherent Ox-modules, we can assume (by making
A larger) F, (M) C M. Consider the filtered Ox-module (.#,.7 ). The filtration is the one
induced from .#; in particular, it is finite since .# is coherent. By construction, one has an
epimorphism of filtered Zy-modules: Zx ®g, (A, F) — (M ,F ). The filtration on the left
term is the tensor product filtration (Zx with the canonical filtration). Now, we can also find a
surjection & — # where & is a locally free Ox module. Pulling back the filtration from .7
gives a surjection (2, %) — (My,-F) of filtered Ox-modules. Furthermore, we may assume
that the &7 is filtered by locally free &-submodules. We prove this by induction on the length n
of the filtration on &?. By induction and after possibly re-indexing or shifting, we can assume
we have a filtered &’x-module

0CFp1C - CTpp1 &P

where .7 5 ; is locally free for 1 <i<n and & is locally free. Let .#' — Z 5 ,.1 denote
a surjection from a locally free Ox-module. Pulling back the filtration on %5 . gives a
filtration on .%’. This is of length n so that again we may assume by induction that these are
locally free. Now let &2/ = .7’ @ 2. This has a natural filtration of length n+ 1 by locally free
subsheaves, and there is a natural surjection of filtered Ox-modules (£, %) — (2,.%). So
we assume now that we have a surjection (Z,.%) — (#p,.7 ), where the filtration on & is
by locally free Ox-modules. Then the resulting Zx-module Zx ®4, (Z,.F) is a locally free
filtered Zx-modules. Locally the filtration gives a flag (not necessarily complete) of &5 where
r is the rank. The corresponding filtration on the induced Zx-module is locally just shifts of the
canonical filtration. Finally, the composition Zx ® ¢, (£, F) — Ix Qg (Mo, F ) — (M, F)
has the required property. Continuing in this way gives a resolution by filtered modules

0—(Ly,F)— - — (L, %)= (M, F)—0

where (.%;,.7) is a locally free filtered Zx-module for i < 2d and d = dim(X). But, over an
affine open U, the global dimension (as a filtered ring) of Zx(U) is less than or equal to 2d. It
follows that (%54, .%) is locally projective. This gives the desired resolution.

(3) This is a direct consequence of (2).

(4) The proof is the same as that for (2). If .#! and .#? are good filtrations on ., i(l) and i(% as

in the proof of (2), then choose . such that it contains both ﬁ’ill () and ﬁ’i% (A) O
0 0
Let @ : vCFferf(.@X) — a)CSerf(_@X) be the forgetful functor. Since @ is a complicial exact

functor, we have an induced morphism & : K ( VCprerf< Px)) — K(Px) of spectra.

Lemma 3.1.11. If &2 is a strictly perfect complex of Px-modules, then it can be lifted to a
strictly perfect complex of filtered Yx-modules.
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Proof. We may assume that the 2% = 0 for k ¢ [0, n]. We will proceed by induction on n. If n =
0, then the claim follows from the standard fact that any coherent Zx-module admits a global
good filtration. By induction, we can assume that the complex [--- — 0 — PO — .ol
0 — ---] lifts to a perfect complex |-+ — 0 — (P, F 50) — - (2", Fput) = 0— ---].
Choose a good filtration .7 an on 2", since .¥ g1 and F an are good filtrations, there exists
an integer [ such that for all r, dy—1(F -1 ;) C Fpn ., |- Replacing F 7, by F (] gives the
desired lift. OJ

Proposition 3.1.12. ® is a weak equivalence of spectra.

Proof. According to Theorem 1.9.8 of ([TT90]) it’s enough to show that the resulting map on the
associated triangulated categories is an equivalence of categories; let Dperr(Zx ) and DFperf< Dx)
denote these triangulated categories. First, a morphism f is in v if and only if ®(f) is a weak
equivalence. It follows from the previous lemma that if & is a strictly perfect complex of
Z-modules then we can lift it to an object of Cprerf(.@X). Since any .Z € Cgerf(.@x) is quasi-
isomorphic to a strictly perfect complex, it follows that the functor is essentially surjective.
We first show that the functor is full. Let (.#,.#) and (.4",.%) be two objects of CFIi:rf<-@X)
and x : .# — ./ a morphism in Dpe,r(Zx). Again, we can assume that (.#,.%) and (A, F)
are strictly perfect. Now we can proceed as in the proof of Proposition 3.9. An element x €
Homp_ (gy)(-# /") can be represented by a diagram:

M P N

where & is strictly perfect and f is a weak equivalence. Now lift &7 to a strictly perfect filtered
complex (Z2,.%). Then we can lift the above diagram to a diagram:

for some k and /. On the other hand, (.#,.Z[k]) is isomorphic to (A, F) in DFpers(Zx)
and similarly for (.#",.%[l]). This shows that the functor on homotopy categories is full. To
prove faithfulness, one can proceed as in the proof of 3.9. Again it is enough to show that if
[ (M, F)— (N, F)is amorphism of complexes such that @( f) is null homotopic then there
is weak equivalence a : (A, F) — (A,.F) such that ao f is null homotopic. As before, we
may assume that everything is strictly perfect. If 4 is a homotopy of ®( f) with zero, then the is a
k such that h(.Z_yn) C .Z 4u-1]k| for all n. If k <0, then £ lifts to a null homotopy of f. If k > 0,
we can compose f with the weak equivalence induced by the identity (A, %) — (A, Z[k]).
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Proof. (Theorem 3.2) From Corollary 3.5 and Corollary 3.7 we have the following commutative
diagram where the rows are homotopy cofiber sequences:

K(0crrCFEL () %) —— KFF(Px) —— K(0}ppCFEpe( )

l | |

K(0crCFL(Zx)") —— KF(Zx) ——— K(VCF «(Px))-

It follows that the square on the right is a homotopy pushout square. This gives the following
commutative diagram where the left square is a homotopy pushout square:

KFF(9x) — K(a)gFFCFFpirf(.@X)) —— KF (%)

J | |

KF(Zx) —— K(VCE., ((Px)) ——— K(%x).

Since the two horizontal arrows on the right are weak equivalences, the right square is also a
homotopy pushout, and It follows that the outside square is also a homotopy pushout. On the
other hand, the composition of the two top arrows is just the map F', and the bottom row is ®.
Since the left vertical is F2, the result follows. U

We will now construct a homotopy commutative square:

KFF(9x) —— KF(Zx)

J J

KF(9x) —— K(gr(%x)).

The universal property of the homotopy pushout will then give a morphism K(%x) — K(gr(Zx)).
Furthermore, there is a natural map from K(gr(Zx)) to K(T*X). Finally, the above methods
will then give the desired microlocal version of this morphism: Kg(Zx) — Ks(T*X). We begin
with some preliminaries on K-theory.

Taking complexes with coherent cohomology instead of perfect complexes, we can also de-
fine the categories CF Fcboh(@x) and CFC%h(@X). We then have the corresponding G-theories,
GFF(Zx) , GF(Zx) and G(Zx). We could also consider the categories of (locally) projective
filtered Zx-modules PFF(%x) and PF(%x), and similarly the categories of coherent filtered
Px-modules MF Foop(Zx) and MFuon(Zx). Let KFF () = K(PFF (%)) and similarly for
KF' (Zx) and K (Zx). Also, let GFF' (Zx) = K(MF Fyon(Zx ) and similarly for GF' (Zx) and
G (Dx).

Since X is smooth, the canonical morphisms K'(Zx) — G'(Zx ) is a weak equivalence. This can
be proven as in the case of usual K-theory of schemes ([TT90], 3.2.1). Any exact category &
can be considered a complicial bi-Waldhausen category ([TT90], 1.2.12). One fixes an ambient
abelian category .7 for & as before, and considers the complexes C- in C(.7) such that C° € &
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and C' = 0 for all other i. The cofibrations are level-wise admissible monomorphisms and the
weak equivalences are quasi-isomorphisms (for such complexes they are just isomorphisms in
&). Now we have already seen that K(&) is the same as K(C?(&)) (section 2.2). Therefore, it is
enough to show that K(C?(P(Zx))) — K(C?(Coh(Zx))) is a weak equivalence, where P(Zyx)
and Coh(%x) are the categories of projective and coherent Zx-modules respectively. This is an
equivalence if the corresponding map on homotopy categories is an equivalence. Since P(Zy)
is a full subcategory of Coh(Zx), by ([TT90], 1.9.7) it is enough to show that the functor on
homotopy categories is essentially surjective. But, this can be proved as in Lemma 3.10. In
particular, any bounded complex of coherent Zx-modules is quasi-isomorphic to a bounded
complex of projective Zx-modules. A similar argument shows that KF F /(.@X) — GFF'(9x)
and KF'(9x) — GF'(Px) are weak equivalences.

Furthermore, the canonical map K'(Zx) — K(Zx) is also a weak equivalence. Again, it is
enough to show that the map on homotopy categories is a weak equivalence. It is clearly
fully-faithful, and essential surjectivity follows from Lemma 3.10. A similar argument shows
that the canonical maps KFF'(9x) — KFF(%x) and KF'(%x) — KF(Px) are weak equiva-
lences. This result will be used in the proof of the Theorem 3.13 below. Note, it also true that
GFF'(9x) — GFF(Zx) is a weak equivalence and similarly for GF’(Dy) and G'(Zx ), but we
will not use this below.

Recall that Zx comes with a canonical good filtration with associated graded denoted by gr(Zx)
. Let Cgcoh( gr(Zx)) denote the category of bounded chain complexes of quasi-coherent gr( Py )-
modules (see section 2.2 for a description of the Waldhausen category structure). We will say

that a complex in Cgc on(&r(Zx)) is perfect if it is locally quasi-isomorphic to a bounded complex

all of whose components are projective of finite type. Let Cgerf(gr(.%()) denote the category of

perfect complexes of gr(Zx)-modules and K(gr(%x)) = K (Cgerf(gr(gx))). Recall (section
2.2), we take the Waldhausen structure where the weak equivalences are quasi-isomorphisms
and cofibrations are degree-wise admissible monomorphisms. We have induced complicial
exact functors gr : Cprerf(-@X) — Cgerf(gr(%()) and gr', gr’ : CFprerf(.@X) — Cgelf(gr(%())
of complicial bi-Waldhausen categories. In particular, we have induced homotopy morphisms
of the corresponding K-theory spectra. As in the previous paragraph, we have the K-theory
spectrum K’ (gr(%y)) and a weak equivalence K'(gr(%x)) — K(gr(Zx)) ([TT90], 3.2.1).

Let .# be a coherent Zx-module. Suppose (.#!,.72) are two good filtrations on .#. Then
there exist integers r and s such that fkl C ﬁka_, C ?kl s+ We will say that .7 Uand .#? are
(r,s)-adjacent if there exist r and s as above. If we can take r = 0 and s = 1, then we will
say that Z! and .Z#? are adjacent. Let PFF (r’s)(.@x) denote the category of doubly filtered
projective modules such that the corresponding filtrations are (r,s)-adjacent. Since every exact
sequence of doubly filtered projective modules splits locally (with filtration), this is a full exact
subcategory of PFF(%x). Denote the corresponding K-theory spectrum by KFF (rs) (Px). Let
# denote the set Z x Z with ordering (r,s) < (r/,s') iff r </, s <s,and ¥ —r < s’ —s. For

each pair (r,s) < (,s') we have the embedding PFF ") (Zy) c PFF")(yx). The colimit
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over the directed set I of the PFF ") () is PFF(Zx ). It follows that the canonical morphism
of spectra colim s KFF ") (2y) — KFF'(Zx) is a weak equivalence. >

Theorem 3.1.13. One has a canonical homotopy commutative diagram:

KFF(Zx) — KF(%Zx)

J J

KF(2x) —— K(gr(%x))-

In particular, gr' and gr? are canonically identified as homotopy morphisms.

Proof. It is enough to prove that the following diagram is commutative:

KFF'(9x) — KF'(Jx)

| |

KF'(9x) —— G'(gr(Zx)).

Recall that G'(gr(Zx)) is the K-theory of the category of coherent gr(%y )-modules; there is
a canonical weak equivalence G'(gr(%x)) — K(gr(Zx)). We must construct a homotopy be-
tween grp1 : KFF'(9x) — G'(gr(2x)) and grp2 : KFF'(2x) — G'(gr(Zx)). By the remarks
of the previous paragraph, it is enough to construct homotopies between grp1 : KFF (rs) (Zx) —
G'(gr(Zx)) and grp2 : KFF")(9x) — G'(gr(Zx)) which are compatible under the inclu-
sion mappings for varying (r,s). If (.#,.F',.Z2) is an object of PFF"S)(9x), let H(n) =
F1 + .Z2[n], which is a good filtration on .. Let 8TH(n) KFFU3)(9x) — G'(gr(Zx)) be the
morphism induced by sending (.7 ,.7!,.7?) to 8ra(n)(A ). If n=r, then H(n) = F?[n]. Tt
follows that gry, is canonically homotopic to grp2[n]. On the other hand, gr» n] = 8TF2, SO
forn=r, 8TH(n) is homotopic to grg2. If n =r —s, then H (n)=F 1. therefore, it suffices to
construct a homotopy between gry(,) and grg,1)- Note that H(n) and H(n+ 1) are adjacent
filtrations. It follows that we have exact sequences of coherent gr(Zy )-modules:

0— @H(n+1)i/H(n)k — graw)(A) — ©H(n)i/H(n+ 1)1 — 0
0 — ®H(n)i/H(n+1)i-1 = gru(ni1)(A) — ©H(n+ 1) /H(n)i — 0.
If we let f(n)((A, 7', 72)) =H(n+1);/H(n); and g(n) (A, F',F?)) =
H(n)i/H(n+1);_1, then the above exact sequences give us with canonical homotopies gr(,) =
f(n)+g(n) = gry(y41)- Combining everything gives the required homotopy between grp1 and

grp2 on KFF9)(9y). Tt is clear that the construction is compatible for varying (r,s), and the
result follows.

O

2In the case at hand, the transition maps are all inclusions and therefore the colimit is just the union over all
(r,8) in PFF(Zx). In particular, it is just PFF(Px). The weak equivalence of the resulting spectra follows as in
([TT90], see proof of 3.20.1).
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If Y is a scheme, we let K(Y) denote the K-theory spectrum of perfect complexes on X. Let
7w : T*X — X denote the canonical projection map; then we have a canonical isomorphism

m.Or+x = gr(Px). Since 7 is affine, we have an equivalence of categories: 7, : Cgerf(ﬁr*x) —

perf(gr(@X)). It follows that we have an equivalence of K-theory spectra: m, : K(T*X) —
K(gr(Zx))-
Corollary 3.1.14. There is a canonical morphism of spectra gr : K(Zx) — K(T*X).

Proof. By the universal property of homotopy pushout and Theorem 3.13, we have a canonical
morphism K(Zx) — K(gr(%x)). Composing this with 7,1 : K(gr(Z2x)) — K(T*X) gives the
required morphism. U

We will now construct a microlocal version of the morphism in the previous corollary. For
a perfect complex .Z € perf(.%(), let SS(.#) C T*X denote the singular support of .Z in
the cotangent bundle. The singular support of a bounded complex of Zx modules is defined
to be the union of the singular supports of the corresponding homology sheaves. Given § C
T*X, let CF Fperfs(-%f) CCF perf(_@x) denote the full subcategory of complexes such that
the underlying complex has singular support contained in S. These are again comp11c1al bi-

Walhausen categories with the induced structure. Similar statements apply to CF perf §(Zx) and

perf §(Zx). Let KFFs(Zx), KFs(Zx) and Ks(Zx) denote the corresponding K-theory spectra;
similarly, let Ks(gr(Zx)) denote the K-theory spectrum of perfect complexes such that the
corresponding complex on 7*X has support in S. The support of a perfect complex on 7*X is
defined to be the union of the supports of the corresponding homology sheaves.

Theorem 3.1.15. (1): The following diagram is a homotopy pushout:
KFFs(9x) — KFS(.@)()
KFs(@x) E— Ks(gx).
(2): There following diagram is commutative:
KFFS(.@)() E— KFS(.@)()
KFs(@)() E— Ks(gr(@X)).

Proof. The proof proceeds exactly as the proofs of Theorems 3.2 and 3.13. One needs only to
note that the singular support is independent of the choice of good filtrations and only depends
on the underlying perfect complexes. 0

Corollary 3.1.16. There exists a canonical map grs : Ks(Zx) — Ks(T*X).

The following is a naturality property for the microlocalization as S varies.
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Proposition 3.1.17. If S C S’ then one has a homotopy commutative diagram:

KS(-@X) E— Ks(T*X)

J |

Ksl(@){) E— Ksl (T*X)

Proof. Let g1 denote the composition Kg(Zx) — Ks(gr(%x)) — Kg(gr(%x)) and g denote
the composition Ks(Zx) — Kg(Zx)) — Kg(gr(Zx)). Using the canonical equivalence T, :
Kg(T*X) — Kg(gr(Zx)), it is enough to show that g; and g, are canonically identified. Since
S C §', we have a canonical commutative diagram given by taking the associated graded:

KFFs(.@)() _— KFS(.@)()

| |

KFs(Zx) —— Kg(gr(Zx)).

The universal property of homotopy pushouts then gives a morphism f : Ks(Zx) — K¢ (gr(Zx)).
The morphisms K Fs(Zx) — Kg (gr(Zx)) in the above diagram factor as KFs(%x) — Ks(gr(Zx)) —
Ky (gr(Zx)). It follows that the composition g; is also a solution to the homotopy pushout
problem given by the above square. Another application of universal property of homotopy
pushouts gives a homotopy equivalence between f and g;. A similar argument shows that f is
also canonically identified with g».

OJ

Corollary 3.1.18. The following diagram commutes: If S C T*X then one has a homotopy
commutative diagram:

K(Zx) —— K(T*X)

T T

Ks(gx) —_— Ks(T*X)
Proof. Apply the previous proposition with §' = T*X. O

It follows directly from the construction that the induced morphism gryg : KS?O(@X)

— Ks o(T*X) on Grothendieck groups is given by sending a Zx-module .Z to

grz (M) where Z is some good filtration on .#. This morphism was previously constructed
by Laumon ([Lau83]). The above construction can be viewed as a lifting of this morphism to
the whole K-theory spectrum.

3.2. Construction of epsilon factors. Any perfect complex of Zx-modules .# with singular
support in S gives rise to a homotopy point [.#] of Kg(Zx ). The results of the previous section
then give a microlocalized homotopy point grs([.#]) of Ks(T*X). We shall now construct a
morphism, depending on the choice of a 1-form v on U C X (. will be smooth off Y = X \ U
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i.e. on U it will be a vector bundle with connection), from Ks(7*X) to Ky (X). This will then
give us the required epsilon factors. We begin with a lemma.

Lemma 3.2.1. Let v be a I-formonU =X \Y, with Y C X closed such that v(X \Y)NS = 0.
LetV =T*X\S. Then one has a commutative diagram:

K(v) Y K(U)

e

K(T*X) —— K(X)

T

Ks(T*X) — Ky(X)

Proof. The columns are just the usual localization sequences. The homotopy morphism v*
is just pullback by the given section. Furthermore, the middle horizontal is induced by the
structure map 7 : 7*X — X. Since mwo v = Id the top square commutes. Since both vertical
columns are homotopy cofiber sequences we get a map from Kg(7*X) — Ky (X). O

Note that the morphism Ks(7*X) — Ky (X) depends on v; we shall denote this morphism by
&y. Denote the composition grso &, by &y y. Now given a complex .# € Dg(@x) we get a
homotopy point [.#] of Ks(Zx). Then, composing with &y y gives a homotopy point &y y (%)
of Ky (X). This give us the required localization of the determinant of cohomology. We need to
show that our epsilon factor satisfies a global product formula. We recall the statement of the
global product formula.

Suppose f X — Zis a proper morphism of smooth varieties. Then we have pushforward maps
Rf.: perf(%() — Dperf(.@z). If X is projective, then we get RI 'y, : perf(%() — Dperf(k). On
the other hand, we also have the usual pushforward RT": Dgerf(X )— Dgerf(k). These induce mor-
phisms of K-theory spectra RI": K(X) — K(k), RT': Ky(X) — K(k), and RUy, : K(Zx) — K (k).
The global product formula states that the homotopy points [RI (X, .#)] and [RU(&y y (A))]
of K (k) are canonically identified.

In fact, the push forward functors exist at the filtered level ([Lau83]): Laumon’s construction
of filtered direct images also works for doubly filtered Zx-modules. In particular, we have

functors Rf, : DF Fperf(.%() — DF F;ﬁ:rf(@X) and Rf; : DFIf’erf(.@x) — DFIferf(.@X), which are

furthermore compatible with the forgetful functors DF perf(.%()

— DF;?erf('@X) — Dperf(@X)'

We prove a few preliminary lemmas in preparation for the proof of the global product formula.
First, we give another construction of the morphism gr : K(Zx) — K(T*X) due to Quillen. If
X is affine, then Quillen shows that the natural morphism K’'(X) — K’(Zx) given by sending an
Ox-module . to the left Zx-module Yx ®¢, .# is a weak equivalence. These can be glued
to get an analogous weak equivalence in the non-affine case ([Hod89]). On the other hand, we

have a canonical weak equivalence K'(X) — K'(T*X) given by pullback along the projection.
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Then, inverting the above homotopy morphism gives us a morphism gr€ : K(Zx) — K(T*X).
Here we also use the identification of K'(Zyx ) and K'(X) with K(X) and K(%x).

Remark 3.2.2. Note that the construction of Quillen does not give us a grs. This is the main
reason for the complicated constructions of the previous section. On the other hand, Quillen’s
theorem, which is a statement about positively filtered rings, can be generalized to Z-filtered
rings. This then leads to a construction of a grg : K(&x) — K(T*X \ X), where & is the
sheaf of micro-local differential operators. The microlocal gre allows the construction of a grg
as before. This was the approach taken in the author’s thesis ([Pat08]). Unfortunately, with
this method, one has to work with affine opens and then glue together the resulting grs using
Mayer—Vietoris, and such gluings at the level of K-theory spectra require delicate arguments
with sheaves of K-theory spectra. Furthermore, whereas these methods do not generalize to
the analytic situation, the constructions using filtered Zx-modules do generalize. We hope to
report on the analytic situation (and the connection with Betti epsilon factors) elsewhere. The
use of filtered Zx-modules allows us to make arguments globally and avoid the use of sheaves
of spectra as well as the theory of microdifferential operators. It also makes various functoriality
properties (see subsections 3.4 and 3.5) easier to see.

Lemma 3.2.3. The homotopy morphisms gr€ and gr are canonically identified.

Proof. Note that we have a commutative diagram:

KFF(Zx) — KF(%Zx)

| J

KF(%x) —— K(T*X).

The arrows KF (%x) — K(T*X ) come from the composition KF (Zx) — K(Px) —8r? K(T*X).
It follows from the universal property of the homotopy pushout that gr and gr¢ canonically
identified. 0

Lemma 3.2.4. Let X be a smooth projective variety over k. Then the composition

" *\—1
K(@X)LK(T*X)(”) K(x) 2

K(k)
is homotopic to RU 'y, : K(Px) — K (k).

Proof. By the previous lemma we may replace gr by gr¢. Now gr¢ : K(Zx)
— K(T*X) was defined to be the composition

*

T

K(Zx) K(X) K(T*(X).
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Therefore it is enough to see that the following diagram commutes:

K(Zx) — K(X)

RUyy
RT

K(k)
In fact, it is enough to show that the following diagram commutes:

K(X) — K(%x)

& Jer,.

K(k)

here the top arrow sends . to Yx ®g¢, .# . The result is now a standard fact from the theory
of Yx modules at the level of derived functors and derived categories. U

Corollary 3.2.5. (Global Product Formula) With the notation as before, the homotopy points
[RU4(X, 4 )| and [RU(8y y(#))] are canonically identified.

Proof. By Lemma 3.18 and Corollary 3.17 we have a commutative diagram:

K(Zx) —— K(T*X) —— K(X)

T [ ]

Ks(Zx) — Ks(T*X) — Ky(X)

Our .# gives a homotopy point of [.#] of Ks(Zx). By the previous lemma, composing with
the top row followed by RI": K(X) — K(k) gives the homotopy point [RT 4,(X,.#)]. On the
other hand, the following diagram commutes:

K(X) 25 K (k)

i

Ky (X)

Therefore, composition with the bottom row followed by RI": Ky (X)) — K (k), whichis [RI'(&y y (.#))],
is canonically identified with [R[ (X, .Z)]. O

Let &y y(.#) = det([RT(&y.y(.#))]) be the corresponding element of Pic% (k). Passing to de-
terminants gives a canonical isomorphism 7y, : det(RI'(X,.#)) — &y y (.#); the former is by
definition the determinant of de Rham cohomology. Note that the epsilon factor has a local na-

ture in the sense that it only depends on the values of the form and .# on an open neighborhood
of Y.

Lemma 3.2.6. Let 9,7 € Dg(.@x), and v be as above. Suppose F |y = 9|y for some open
U' C X suchthatY CU'. Then &, y(F) and &y y(¥) are canonically identified.
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Proof. First we can restrict everything to U’. This gives rise to homotopy points

Evy(4|U") and &, y(F|U’) of K(Y). Furthermore, by the given hypothesis these two are
canonically identified. Therefore, it is enough to show that &, y(.%) is canonically identified
with &, y (#|U’). This follows from the following commutative diagram:

Ks(9x) — Ks(T*X) —— Ky (X)

| J |

KSU’ (.@U/) E— KSU/(T*U/) — Ky(X).

Here Sy = T*U N S; the left two vertical arrows are the natural restriction maps and the right is
the identity map. U

Lemma 3.2.7. Suppose v = . on an open neighborhood U’ of Y. Then &y y (.F) and &,y (.F)
are canonically identified.

Proof. The proof is similar to that of the previous lemma. 0

Remark 3.2.8. (1) Since X is smooth, one can identify K(X) with G(X), where G(X) is the
K-theory of the abelian category of coherent sheaves on X. It follows from comparing with the
localization sequence for K-theory, that the fiber Ky(X) of K(X) — K(U) can be canonically
identified with G(Y).

(2) It follows from the previous comment that if Y is the disjoint union of ¥; then Ky (X) =
[1Ky,(X). In particular, one has homotopy points &y y,(.% ) of K(Y;) and a canonical identifica-
tion &y y(F) =Y, évy (F).

(3) If £ is a finite extension of k, then &y y (F) @k’ = &y, v, (Fp).

3.3. Compatibility properties of epsilon factors. In this section we discuss the compatibility
of epsilon factors under pushforward and pullback.

Let f: X — Y be a smooth morphism of smooth varieties over k. Then one has pullback functors
Lf*: Dgerf(.@y) — Dgerf(@x). These pullback functors can be lifted to the categories of filtered
Zx-modules which are compatible with the forgetful functors. One has a commutative diagram:

T*X <—pr Xy T*YPLX

J{PrT*Y lf
b5

Ty —— Y.

Here the arrow on the left is the natural one induced by f and the right commutative square
is cartesian. It is well known that for a complex of perfect Py modules .#, SS(Lf*(#)) C
pfpr}*]Y(SS (#)); in fact, since f is smooth, the inclusion is an equality. For Y’ closed in Y,
let v be a non-vanishing 1-form on Y \ ¥’ such that v(Y \ Y') N SS(.#) = 0. Suppose f is etale.
Then f*v is a 1-form on X \ f~1(Y’) such that f*v(X \ f~'(Y"))NSS(Lf*(A)) = 0.
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Proposition 3.3.1. Let XY, f, and v be as above. Furthermore, denote f~1(Y') by X'. One
has a commutative diagram of spectra:

8v,Y’

Ks(.@y) EEE— Ky/ (Y)

lLf* Jf*

K (s) (9X§VL> Ky/(X)

PrPITAy
In particular, the two homotopy points [f*(&, y/(A))] and (&, x/(Lf*.4))| are canonically
identified.

Proof. In fact, in the situation of the proposition f* is exact. Furthermore, the pullback of the
cotangent bundle of Y is isomorphic to the cotangent bundle of X. The diagram in question
factors as:

Ks(gy) —_— KS(T*Y) E— Ky/(Y)

b

Ky pr) (5)(Zx) — Ko (T*X) — Ky/(X).

The arrow in the middle is given by pull-back to 7*Y xy X followed by pushforward along the
natural isomorphism 7*Y xy X — T*X . It is clear that the right square commutes. For the left
square, it is enough to show that the following square commutes:

KFs(Zy) — Ks(gr(%y))

J |

KFg(Zx) — Ky (gr(Zx))-

The right vertical is given by pullback along f and pushing forward along the natural isomor-
phism f*(gr(%y)) — gr(%x). The diagram commutes since, by construction of the filtered pull
back, gr(f* (A, 7)) = f*(grz (A )). B

Now we consider the behavior of epsilon factors under pushforward. In [Lau83], Laumon has

defined push forward maps [ : Dprerf(.@X) — Dprerf(.@y) for proper morphisms f: X — Y.

The idea is to factor the morphism into a closed immersion followed by a smooth projection.

Lemma 3.3.2. One has a commutative diagram of spectra:

KF(Zx) LKF(@Y)

Jo Jo

K(T*X) —S5 K(T*Y),

where G is induced by sending M to Rprr+y «p }M |df). Here dy is the relative dimension of f.
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Proof. This is just a restatement of Laumon (5.6.1, [Lau83]). There it is shown that the diagram
commutes at the level of derived categories. In fact, Laumon constructs a canonical morphism
at the level of complexes. The idea is to factor the given morphism into a closed immersion
followed by a smooth projection. For closed immersions, the pushforward is exact, while for
smooth morphisms, the pushforward can be defined canonically at the level of complexes using
the relative de Rham complex. In particular, we can define the pushforward functors at the
level of complexes. The same is true for G as long as we work with appropriate models for
the K-theory spectra. For smooth morphisms, p} is given by the usual pullback twisted by
the sheaf of relative differentials. So if we work with perfect complexes of flat modules, then
the two morphisms gro [ 7 and G o gr can be defined at the level of complexes. Furthermore,
there is a natural morphism of functors Gogr — gro [ #» which is an isomorphism on the derived
categories. There is also a canonical choice for such a factoring using the graph of f. Therefore,
we get a canonical identification of the corresponding homotopy morphisms. U

Remark 3.3.3. We could make the homotopy constructed in the previous lemma even “more”
canonical. The homotopy constructed in the proof depended on a certain factorization of f
into a closed morphism followed by a smooth morphism. On the other hand, it follows from
([Lau83]) that the homotopies constructed from two different factorizations are canonically
identified, and we could take the colimit over all such homotopies. Then we would even get
naturality for composition of proper maps f : X — Y and g : Y — Z. Another way to do this is
to compare the corresponding graphs and relate the resulting relative de Rham complexes; this
gives rise to a canonical morphism |, gof S g© il 7 on the level of complexes ([Lau83]).

The homotopy constructed in Lemma 3.28 is essentially a Riemann-Roch theorem for higher
K-theory of Yx-modules; it is a lifting of Laumon’s construction from Ky to the whole K-
theory spectrum. We can now microlocalize to get a microlocal Riemann—Roch. Let § =
SS(.#) C T*X. Then SS([,(A4)) C prT*y(pfl(S)) = §'. Therefore, the above lemma gives a
commutative diagram:

S
KFs(Zx) — KFy(%y)

igr lgr

Ks(T*X) —% Ko (T*Y).

We need only check that if .7 is a perfect complex on 7*X with support in S then Supp(G(.%)) C
S’. More generally, let f: X — Y be a morphism of schemes. Let .% be a quasi-coherent sheaf
on X with support in § C X. If f is proper, then the support of f.(.%) is contained in f(S). If .#
is a quasi-coherent sheaf on ¥ with support S, then the support of f* (%) is contained in f -1 (S).
Let f: X — Y be a proper morphism with S and S’ as above. Let v be a non-vanishing 1-form
onY \ Y’ such that v(Y \Y')NS =0 and f is etale. Then f*v(X\X')NS = 0.
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Corollary 3.3.4. Let X, Y, X" Y' and v be as before. Suppose that f is etale. One has a canoni-
cal commutative diagram:

Ks(Zx) — Kg(%Zy)

lsf*‘/’x/ \LSV,Y/

Rf
le (X) E— Ky/ (Y) .

Proof. It is enough to check the commutativity of the following diagram:
Ks(T*X) = Ky (T*Y)
|,
Kx/(X) —_— Ky/(Y)
Consider the following diagram:

Kx/(X) K(X) K(Ux)

/ / (fv)*
KS(T*X) lRf* K(T*X) lRf* K(V) Rf
G /KY/(Y) [} /K(Y) [} /K(Uy)
KS/(T*Y) K(T*Y) K(V’)

Here Uy = X \ X',V =T*X \ S and similarly for Uy and V'. Since f is etale, T*Y xy X = T*X.
It follows that the morphism G : K(T*X) — K(T*Y) is just the usual push-forward by an etale
morphism. This also gives a morphism G : Kg(T*X) — Kg(T*Y) simply by restriction. On
the other hand, the morphism G : K(V) — K (V') is not defined in general. However, for the
purposes of proving our commutativity we may replace S by f~!(S’). To see this, note that the
following diagram commutes:

Ks(T*X)

N

Kffl(sl) (X) —_— K(X/)

The arrow on the bottom exists since f*v(X \ X')N f~1(S") = 0. In particular, we may assume
that V gets mapped to V' under the natural etale morphism T*X — T*Y. Therefore, we can
again define G : K(V) — K(V') by the usual push-forward by an etale morphism. Now we
have already seen that all the squares commute except possibly the ones with G in them. The
two squares in the front clearly commute. We would like to show that the three vertical slits
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commute. The left-most slit is the one in the theorem. The horizontal rows are homotopy cofiber
sequences; furthermore, the horizontal arrows in the left-most slit (i.e. the &) are defined by the
universal property of these cofiber sequences. So we need only show that the left two vertical
slits commute. The right-most vertical slit is commutative by base change ([TT90], 3.18). For
the middle slit, we have to show that the following commutes:

K(T"X) «—— K(X)

Ty
JG JRf*

K(T"Y) ——K(Y).

Recall that G sends .# to RprT*y7*p}e///[df]. But, since f is etale, pj1 = py+ and dy = 0.
Then we have RprT*y.,*p}(ﬂ;(///))[df] = Rprreyp;(mg (A ) — Rprrey, o pr(M) — 7y o
Rf. (%), where the arrows are quasi-isomorphisms. The last one follows from the cartesian
square:

Xxy TV o x

JP”T*Y Jf
b5

T*Y —— Y.

O

3.4. Comparison with topological epsilon factors. In this section we explain a conjectural
relation between de Rham and Betti epsilon factors. We begin by rendering the story of the
last two sections to the holonomic setting. Let C? (Zx) C Cgerf(@X) denote the full sub-
category of complexes with holonomic cohomology. We can also consider the corresponding
filtered categories CF? (Zx) and CFF? (2x). We will use similar notation for the corre-
sponding derived categories DZ ,1(Zx), etc. We denote the corresponding K-theory spectra by
Ko1(Zx), etc. The results of the previous sections give us canonical morphisms of spectra
grs : Knoi.s(Zx) — Ks(T*X).

Remark 3.4.1. We could have started with complexes of holonomic Zx-modules, as the re-
sulting derived categories are equivalent to the ones above. For the non-filtered versions this
is a well known result of Beilinson. One can prove a similar result in the non-filtered case.
However, this result will not be used in the following.

Let X be smooth and proper over C. The de Rham complex construction gives a functor DR :
Db (Zx) — Db(X™), where D%(X") denotes the derived category of constructible sheaves in
the classical topology on X. If ./ € D? (Zx) and v is a 1-form X \ X’ such that SS(.#) N
V(X \X’) = ¢, then we have constructed a de Rham epsilon factor 8“,15(, (). This factor comes

equipped with a global period isomorphism: 7yg : det(RT(X,.#)) — €4R (.#). On the other

hand, Beilinson ([Bei07]) has constructed a Betti epsilon factor €7 ,,(DR(.#)). The Betti ep-

silon factor also comes equipped with a global period isomorphism: 1 : det(R['(X“", DR(.#))) —
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85,)(’ (DR(.)). Finally, we have the global de Rham isomorphism:
DR : det(RT(X, /) — det(RT(X“",DR(.A)).

Then one expects canonical local (i.e only depending on X’ and v around X’) isomorphisms
DRy : €9R (.#) — €B . (DR(.#)) such that the following diagram commutes:

det(RC(X,.2)) —2X det(RT (X, DR(.A)))

l Nar J NB
DR

edR, (M) ——"" B\, (DR(.M)).

It follows from the work of Beilinson ([Bei09]) that the conjecture is true for curves. More
generally, one expects an identification at the level of homotopy points of spectra. The above
picture would result after taking determinants.

3.5. Animation of the Dubson—Kashiwara Formula. Let X /k be be a smooth variety of di-

mension d. Given .# € Dgeﬁ(gx),we can associate to ./ its characteristic cycle CC(.#) €

CHY(T*X). Then the classical Dubson-Kashiwara formula states that the Euler characteristic
of .# is equal to the degree of the zero cycle obtained by intersecting CC(.#') with the zero
section Ty X: x(X,.#) = (TyX,CC(.#)). This formula has a natural animation at the level
of K-theory spectra. A similar animation was given by Beilinson in the case of constructible
sheaves on real analytic X ([Bei07]).

We have constructed a morphism grg : Ks(Zx) — Ks(T*X) such that the following diagram
commutes:

KFs0(Zx)

e
(0]
Kso(Zx) —22 Kso(T*X).

Let tx : Ko(X) — CH*(X) denote the usual Riemann—Roch morphism. The image of the ho-
motopy point gr(.#) in Ko(Zx), denoted also by gr(.#), is given by gr(.# ,%) for some
(A, 7)€ DFIf’erf(.@X) lifting .#. Furthermore, if .#/ € D? ,(Zx), then it follows from Lau-
mon ([Lau83], 6.6.1) and the above commutative diagram (with § = 7*X) that the image of
gr(.#) € CH*(T*X) is given by CC(.#) € CHY(T*X), where d = dim(X). It follows that the
image of gr(.#) in CH(X) is given by the intersection of CC(.#') with the zero section. The
image in CH® (k) = Z is just (T4 X,CC(.#)). On the other hand, the image of gr(.#) in Ky(k)
is given by RI'(X,.#). Finally, its image in CH® (k) = 7 is just the Euler characteristic. In fact,
we even get a microlocal animation of CC(.#) given by grs(.#).

4. THE CASE OF CURVES

In this section, we render our story to the case of curves. In particular, we will see that our theory
of epsilon factors gives rise to a classical theory of epsilon factors. Let us recall the definition
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of such a theory in the de Rham case (see ((BBEO2]). Let k be a field of characteristic zero and
F =K' ((x)) for some finite extension k' of k. Let ZF be the ring of differential operators on
F and M;,,/(2F) the category of Zp-modules such that the underlying F-vector space is finite
dimensional. If X is a curve and x € X is a closed point, then we let K, denote the function field
of O, := Oy, and k(x) denote the residue field at x. Any holonomic Zx module ./ can be
pulled back to an object .#; € My,,/(Zk,). Similarly, a non-vanishing meromorphic 1-form v
on X gives rise to a 1-form vy € @(Ky). If ¢, is a uniformizer at x, then we have O, = k(x)[[ty]]
and K, = k(x)((ty)).

A classical theory of epsilon factors is rule which associates to a datum (F,.#), where .# €
My,01(Zr), a function &(F,.#) : w(F)* — Ob(Pic”(k)) such that the following properties hold:
(1): For a short exact sequence 0 — .#| — .# — .#>» — 0 one has

e(F, M ,v)=¢(F, M ,vV)RQ€(F, #,V).

(2): Let F’/F be a finite separable extension, .#’ € Mj,,/(Zr/) and v € o(F)* C o(F')*. Then
one has

e(F', M \v)=¢e(F, ' Vv)Qk.

(3): Most importantly, one has a product formula: Given a smooth projective curve X over &,
a divisor D C X, U = X \ D, v a non-vanishing 1-form on U, and a holonomic Zx module .#
smooth off D such that j. j*.# where j: U — X, one has a global product isomorphism:

€qr - det(RU(X, A )) — Qx€(Ky, My, Vy).

Let Mp01(Z0,) denote the category of finitely generated % -modules .# such that .Zk, :=
A @0, Ky is a finite dimensional K, vector space. We have the associated K-theory spectra
Knoi1(Z0,) and Kpy(Zk, ). The rings of differential operators &, and Pk, come equipped with
filtration by order of differential operator. We denote by 7,"X the pull-back 7*X xx Spec(Ox).
Just as before, we have the categories of Z-modules with good filtrations MF,,;(Z%p,) and
MF,,/(Zk,). Recall that a filtration .# on . is good if and only if the corresponding gr 4 (.4 )
is finitely generated; in particular, we have the usual notion of the singular support. There is a
natural pushforward functor: j. : My, (Zk,) — Mpoi(Z0,). This is an embedding with essential
image consisting of .# with invertible z,-action. In particular, it consists of % -modules with
singular support contained in #,z, = 0, where zy is the image of d;, in the associated graded.
Denote this set by Sy C 77X, and V, be its complement.
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Proposition 4.0.1. Let v, € 0(K,)*. We have a commutative diagram of spectra:

K(Vy) —=— K(Ky)

Lo )

Khol(gO ) 4>K(T X) — K

T C T

8rs x

Kol Sx<901) — KS ( ) k(
Proof. The existence of gr, and grs , are proved exactly as for the global case from section

3. The two vertical columns on the right are the usual localization sequences. Finally, &, is
constructed exactly as in Lemma 3.19. UJ

The proposition gives rise to a classical theory of epsilon factors: Apply the proposition to F
and Op. Forevery F and v € 0(F)* as above, we have a sequence K,,;(Zr) — Ks(gr(ZF)) —
K(k'). We denote the composition by €(F, V). Any holonomic Zr-module .# gives a homotopy
point of Kj,,;(2F). Then (F, v)(.#) is a homotopy point of K (k), and passing to determinants
gives £(F,.#,v) € Pic”(k'). This gives rise to a classical theory of epsilon factors satisfying
(1) and (2) above.

The inculsion j : Spec(O,) — X gives rise to a commutative diagram:

T*X xx Spec(Oyx) — Spec(Oy)

| |

T°X X.

Proposition 4.0.2. The following diagram commutes.

Knor.s(Zx) =2 Kg(T*X) -2 K(Y)

J |

8rSs x

Khot,5.(%0,) — Ks (T X) 2 K(k(x))

Proof. First note that for any open neighborhood U of x, the corresponding diagram for the
open immersions U — X commutes. In particular, we may assume that X is affine. We can
further assume that Y consists of a single point by passing to U small enough. We will first
prove that the following diagram commutes:

Kpors(Zx) —25 S Kg(T*X) ——2 S K(Y)

| |

8T, %
KhOl,Sx(‘QOXﬁx) %SKSX(T*X X x Spec(OX;)j —— K(k(x))
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Here, S, is defined as before in 7*X x Spec(Ox ). Let V, denote the complement. Also, we can
pull back v to get a section Vy : Spec(F (x)) — V,, where F (x) is the fraction field of Spec(Ox ).
To show that the right square commutes it is enough to show that the following diagram given
by base change commutes:

}( Xx Spec(Ox x)) K(Vy)
K(T*X) l K(V)
K(Spec(Ox x)) l /K(F(X))

K(X) K(U)

For this it is enough to check that both vertical slits commute. But this is a consequence of flat
base change ([TT90], 3.18). Now to show that the left square commutes, it is enough to show
that the following commutes:

KF(Zx) ———— > K(T*X)

| |

KF(.@OXJ) —— K(T*X xx Spec(Ox x))

Here KF (%) is K-theory of Zx-modules with filtrations and similarly for

Spec(Ox x). A filtration on a Zx-module can be pulled back to give one on the resulting Doy .-
module. The result follows from the compatibility of taking associated graded and passing
to stalks. This proves the result before passing to the completion. On the other hand, since
completion is faithfully flat, a similar argument allows to pass to the completion. U

If ./ is aholonomic Zx-module on X such that j, j* (A4 ) = .4 ,then ey y (M) =Y scy &vx(A).
It follows from the previous proposition that the homotopy points &y, (.#;) and &y (.#) are
canonically identified as homotopy points of K(k(x)). Therefore, the resulting &(F,.#,V) sat-
isfy a global product formula. In particular, the €(F,.#,v) give rise to a classical theory of
epsilon factors.

In the case of curves, a classical theory of epsilon factors constructed was constructed by
Deligne and the rediscovered in ((BBE02]). In ([BBEO2]), it is shown that the &(F,.#,V)
glue together for varying v into a local system &(F,.#) on o(F)*. Furthermore, the epsilon
factors are expected to have an even more precise local nature. In particular, they should form
a de Rham factorization line (see [Bei09]). Our theory of epsilon factors also gives rise to
de Rahm factorization lines. For example, the connection on the epsilon line results from the
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fact that K(S,.4) is equivalent to K(S) for any scheme S. Furthermore, this line is canonically
identified with that of ([Bei09]). The details will appear elsewhere.

Above we constructed a theory of epsilon factors at the level of homotopy points of spectra.
One gets the result for determinants by truncating the K-theory spectrum at K;. If we truncate
at Ky, we get a local description of the Euler characteristic. On the other hand, the constructions
of ([BBEO2]) are already at the level determinants. The above construction can be thought of
as a lifting of this construction to the whole K-theory spectrum.

5. APPENDIX

Let & be an exact category. Then Ky(&') can be thought of as the universal Euler characteristic.
More precisely, any function on isomorphism classes of objects of & into an abelian group,
which is additive on short exact sequences, factors through Ko(&'). One can ask for a similar
universal description for the K-theory spectrum K(&’). In this section, we show that the [0, 1]-
connected cover of K(&'), denoted by K(&) 911 can be thought of as the universal determinant
functor on &. The description of K(& )[0’1] as a universal determinant is certainly known to
the experts; in particular, Deligne ([Del87]) constructs a universal Picard groupoid &?(&’) such
that 1o (P (&) = Ko(&) and 1 (P (&)) = K1(&'). Here we show how to associate canonically
a Picard groupoid to a K-theory spectrum. Furthermore, we show that this Picard groupoid
satisfies the properties of a universal determinant for &. We begin by showing that the category
of Picard groupoids and that of [0, 1]-connected spectra are homotopically equivalent. Next, we
recall the notion of universal determinant functors on exact categories and the result of Deligne
mentioned above. Finally, we show that the homotopy point construction allows us to construct
a universal determinant functor on & taking values in the Picard groupoid associated to the
spectrum K (& )[071]. In this section, we shall assume all our categories are small.

5.1. Picard groupoids and spectra. In this section, we prove an equivalence between the
homotopy category of [0, 1]-connected spectra and that of Picard groupoids. This equivalence
is well known to the experts ([Bei07]). On the other hand, we could not find a reference in the
literature. We include a proof here for the sake of completeness. Recall that the category of
spectra, denoted by .7, has two natural closed simplicial model category structures (strict and
stable). We shall denote by Ho(.#)*" and Ho(.)*" the corresponding homotopy categories.
A spectrum P is [0, 1]-connected if all its homotopy groups vanish except in degrees 0 and 1.
We shall denote by Ho(.7[%1)5? the full subcategory corresponding to the [0, 1]-connected
spectra. We refer the reader to ([BF78]) for details on these model structures and their relation
to I'-spaces.

Definition 5.1.1. A Picard groupoid is a category &7 with the following additional data:
(1) A bifunctor ® : # x & — L.
(2) For X,Y,Z € Ob( %), associativity constraints §xyz: (X ®Y)®Z - X ® (Y ®Z) nat-
ural in X,Y, and Z.
(3) For X and Y, commutativity constraints Yy y : X ®Y — Y ® X.

We require these data to satisfy the following:
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A: Every morphism in & is an isomorphism.
B: For all W, the functor X — X ® W is an autoequivalence.

C: yxyovyyyx =Idyey.
D: The following commutes (Pentagonal axiom):

(XRY)®(ZQT)

-1
Oxevzr
Ox v zeT

X@YeZeT)) (XRY)®Z)T
lldx 0y 71 Mx,y.z@ldT
Xo(YoZz)oT) Orest XR(Y®Z)oT.
E: The following commutes (Hexagonal axiom):
X®(Y®Z)

/ wz
(PX Y.z

XRY)®Z ®(Z®Y)

lllfxw,z J‘Px.lz,y

ZR(X®Y) X®Z)QY

¢z XY
yx z®ldy

(ZeX)®Y

Definition 5.1.2. A unit in a Picard groupoid consists of (I,A,p) where I € Ob(Z), Ax : X —
I®X is a natural isomorphism and similarly for py : X — X ® L.

Every Picard groupoid has a unit which is unique up to unique isomorphism; we shall always
assume our Picard groupoids already come equipped with a chosen unit. Let (%) be the
abelian group of isomorphism classes of objects of & with the mulitplication given by ® and
m(Z) = Aut»(I). Let Pic denote the category of Picard groupoids. A morphism of Picard
groupoids will be a functor preserving the monoidal structure. Such a morphism induces a
map of the 7y and 7;; we say that two Picard groupoids are homotopic if there is a morphism
which induces an isomorphism on 7y and 7;. Let Ho(2?) denote the corresponding homotopy
category (i.e,. localized at the homotopy equivalences).

Theorem 5.1.3. There is an equivalence of categories F : Ho(.7!%1)"* — Ho(Pic). Further-
more, F preserves T,;.

To prove the theorem we first construct functors in both directions. These constructions are due
to May and Segal, and are achieved via the Segal machine of I'-spaces. Accordingly, we first
recall some basic aspects of the theory (see [Seg74]). Let I'” be the category of pointed finite
sets and pointed maps. For n > 0, let ny = {0, 1,...,n} with base point 0. Let C be a pointed
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category with initial and terminal object . A I'-object over C is a functor I'> — C such that
04 maps to *. A I'-space is a I'-object over Sset, (the category of pointed simplicial sets). A
I"-object is determined by its values on n ; therefore, in practice we shall only specify its values
on such sets. We’ll denote by Iy the category of I'-spaces.

Now we recall how to construct functors between I'y,. and .7, following Segal ([Seg74]). Let
A be a I'-space. Then we can extend A to a functor Sset, — Sset,, also denoted A. First let
A(W) = colimycwA(V), where W is a pointed set and the limit is over all V € I, If K is a
simplicial set, then K|[n| denotes the set of n-simplices. Now for K € Sset, define A(K)[n] =
A(K|n])[n]; this gives a simplicial set A(K). Given K,L € Sset. one has a natural morphism
LANA(K) — A(LAK) where x Ay € Ln] NA(K)[n] goes to the image of y under the natural map
A(xA—=):A(K[n])[n] — A(L[n] AK|n]). Given a spectrum P define a spectrum A(P) by setting
A(P), = A(P,) with structure maps S' AA(P,) — A(S' AP,) — A(P,.1). Given spectra P and
P’ let (P, P') be the I'-space defined by ®(P,P')(V) = Hom o (PY,P') for V € I'?; thus, given a
spectrum P we can associate to it the [-space ®(S, P). We shall denote this I"-space associated
to a spectrum P by I'(P). Conversely, given a ['-space A we can associate to it the spectrum
A(S). These constructions give us well defined functors and in fact induce equivalences of
various homotopy categories.

A T-space A is called special if for all n > 1 the maps A(p1) x - X A(pn) : A(ny) — A(14) X
.-+ x A(14) are weak equivalences, where p; : ny — 14 is defined by p;(i) =1 and p;(j) =0
for all j # i. If A is a special I'-space then my(A(14)) is an abelian monoid with multiplication
given by mp(A(14) X mo(A(14)) «— mo(A(2+)) — mo(A(14)). The first arrow is induced by
A(p1) X A(p2) and the second arrow is induced by t : 2 — 14, given by sending 0 to 0, 1 to
1 and 2 to 1. A T'-space A is very special if it is special and my(A(14)) is an abelian group. It
follows from [BF78] that I'(P) is very special if P is an Q-spectrum. Furthermore, if A is very
special then A(S) is an Q-spectrum.

Let & be a Picard groupoid. Given n or more generally a finite pointed set (S, *), let ['(Z)(S)
denote the category whose objects are collections Xy for each U C S\ {x}, where Xy is an object
of &, with isomorphisms Xy ® Xy — Xyuy for all disjoint U and V such that the following
diagram commutes:

Xy @ Xy —— Xyuy

|

Xy @ Xy

Here the vertical arrow is given by the commutativity constraint. We also require that the given
system of isomorphisms are compatible with pairwise disjoint triples, Xy = I and Xy ® Xy — Xy
is the unitin &. Then I'(&?) is a I'-category (i.e. a [-object over the category of categories). Let
Kr(27) denote the associated I"-space obtained by taking nerves. We shall denote the associated
spectrum by K(Z7). See ([May74]) for details of this construction in the more general setting
of permutative categories.

Lemma 5.14. Let & be a Picard groupoid. Then the associated T'-space Kr(2) is very
special.
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Proof. This follows directly from the definitions. The map I'(Z?)(ny) — I'(Z2)(14) x -+ X
['(Z27)(14) is an equivalence of categories. It follows that the resulting map on nerves is a weak
equivalence. Furthermore, since ['(Z?)(11) = &, my(Kr(2?)(11)) = mp(?). The latter is a
group by definition. O

Lemma 5.1.5. We have m;(K(Z?)) =0 for all i # 0, 1.

Proof. By definition the spectrum K(.Z) is given by I'(Z?)(S); i.e., the Gamma space associ-
ated to & evaluated at the sphere spectrum. Since this is an infinite loop space, m;(K(Z?)) =
7 (K(2)o). The zeroth space K(22)y is equal to N(T'(2)(S)o) = N(I'(£)(S°)). The right
side is the simplicial set associated to S° which is just 1, (i.e., the pointed two point set). Since
[N2)(14) =2, ;(N(2)) = mi(Z) for i = 0,1, and 7;(N(Z?)) = 0 for all other i > 2, the
result follows. 0J

Now suppose A is a very special I'-space. Then we can consider the Poincaré groupoid associ-
ated to the space |A(14)|. Recall that this is the groupoid whose objects are points in |[A(1;)]
and whose morphisms are homotopy classes of paths. If P is an Q-spectrum, let [1(P) denote the
Poincaré groupoid of the associated very special I'-space. In general, given a topological space
X we denote by IT(X) the associated Poincaré groupoid. Note that, given an Q-spectrum P, we
have described two ways to associate a groupoid to P. The first is to take the Poincaré groupoid
associated to the very special I'-space I'(P), and the other is to take the Poincaré groupoid of the
geometric realization of the zeroth space Fy. Both of these procedures give the same groupoid
(up to equivalence).

Proposition 5.1.6. If P is an Q-spectrum, then I1(P) is a Picard groupoid.

Proof. Let Py be the zeroth space. Then P is an infinite loop space, and the structure maps
give a homotopy equivalence Py — QP;. Therefore, the induced map on Poincaré groupoids
I1(Py) — TI(QP;) is an equivalence of categories. A choice of homotopy inverse to Py — QP
gives rise to a quasi-inverse to I1(Py) — I1(QP;). Therefore, it is enough to show that TT(QP;)
has the structure of a Picard groupoid. On the other hand, the H-space structure on QP; in-
duces a symmetric monoidal structure on the corresponding groupoid. Furthermore, it also has
canonically defined homotopy inverse. In particular, all the properties of Definition 5.1 are
satisfied. UJ

Note that the Picard groupoid structure constructed in Proposition 5.6 depends on the choice
of a homotopy inverse to Py — QP). However, there is a canonical Picard groupoid structure
on QP;. By abuse of notation, we shall continue to use the notation I1(P) to denote the Picard
groupoid IT(QP;). Let .#/¢ denote the full sub-cateogry of fibrant-cofibrant spectra. Note that
the fibrant objects are precisely the Q-spectra. Recall that we have fixed a fibrant-cofibrant
replacement functor . — S n particular, we have a functor IT: . — Pic. On the other
hand, we have already constructed a functor K : Pic — .. It follows from Lemmas 5.5 and
5.6 that we have induced functors IT : [  Pic : K. To show that these descend to the
homotopy categories, we must show that both IT and K preserve weak equivalences. This is an
easy consequence of the following folklore result about Picard groupoids ([Brel0]).
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Lemma 5.1.7. ([Brel0]) Let &2 and &' be Picard groupoids and A = (M,c) : P — P’ a
moniodal functor. Then the following are equivalent:

(a): M is an equivalence of categories.
(b): M is an equivalence of Picard groupoids.
(¢): M induces an isomorphism on Ty and ;.

Corollary 5.1.8. If f : P — Q is a homotopy equivalence of [0, 1]-connected spectra, then I1f
I1(P) — II(Q) is an equivalence of Picard groupoids. If g : P — Q is an equivalence of Picard
groupoids then the resulting map K(P) — K(Q) is a weak equivalence. In particular, we have
induced funtors 11 : Ho(.!%)"* — Ho(Pic) : K.

Proof. 1t i1s clear that both functors preserve homotopy groups. The second statement fol-
lows. Now, a morphism of [0, 1]-connected spectra induces a monoidal functor of the associated
groupoids. If the original morphism is a weak equivalence then the induced morphism on the
homotopy groups of the corresponding Picard groupoids are isomorphisms. Lemma 5.7 now
shows that the resulting morphism of Picard groupoids is an equivalence. This proves the first
statement. U

Proof. (Theorem 5.3) Let & be a Picard groupoid. Then we have canonical equivalences of
Picard groupoids II(K(Z2)g) — & and II(K(Z)o) — II(QK(Z);); it follows that IT is es-
sentially surjective. If L is a fibrant-cofibrant spectrum in .& 01] then we have a canonical
isomorphism L — K(II(L)) in the homotopy category. It follows that IT is full and faithful on
the homotopy category. 0

5.2. Determinant Functors. In this section we recall the notion of determinant functors on ex-
act categories; the results are due to Deligne ([Del87]). A version of the theory for triangulated
categories is due to Breuning ([Bre10]).

Definition 5.2.1. Let & be an exact category. Let w be a class of morphisms in & closed under
composition and containing the isomorphisms, and let &}, be the subcategory with morphisms
restricted to w. Then a determinant functor for (&,w) is a pair (F,Z?) where & is a Picard
groupoid and F = (F},F,), where F] : &, — & is a functor and F; is a rule which associates to
every short exact sequence § : 0 — A — B — C — 0 an isomorphism F>(8) : F{(B) — Fi(A) ®
F>(C) such that:

(1) For every morphism of short exact sequences

0:0

6':0 Al B’ C’ 0
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where the vertical maps are in w, one has a commutative diagram
Fi(B) — F(A) @ F(C)
lFI (b) lFl (a)®F(c)
Fi(B)— F(A)@F (C)
where the rows are given by F>(0) and F»(6').

(2) For every commutative diagram of short exact sequences:
A——B——(C

o]

A——C——PB

L,

Id

Al N A/
one has a commutative diagram:
F ,
Fi(C) Fi(A) @ Fi(B)
lld@Fz
P Fi(A)® (F(C) ® F(A"))

|

F(B)®Fi(A") — (Fi(A) @ F1(C")) @ F1(A)

where the bottom row is given by /> ® Id.
(3) For every pair of short exact sequences 6 :A - A®B — Cand §' : B— A® B — A the
following diagram is commutative:

Fi(A®B)
F(8)
F(6)
Fi(A)® F1(B) Fi(B)®@F(A).

A morphism of determinant functors F = (F},F;) and G = (G|, G,) from &, — & is a natural
transformation 4 : F; — G| such that (h(A) ® h(B)) o F>(8) = G2(0) oh(B) : F1(B) — G1(A) ®
G1(C) for all short exact sequences 6. The category of determinant functors from (&', w) to &
is denoted by det (&, Z?). The objects of this category are determinant functors and morphisms
are morphisms of determinant functors.

Definition 5.2.2. A universal determinant functor for (&, w) is a determinant functor A with val-
ues in a Picard groupoid ¥ such that for every Picard groupoid & the functor Hompic (¥, &) —
det(8,,, &) induced by composition with A is an equivalence of categories.
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Theorem 5.2.3. (Deligne) A universal determinant functor exists for (&,w), where w is the
class of isomorphisms and & is a small exact category.

Remark 5.2.4. 1: One can also define a notion of determinant functor on any triangulated
category ([Brel0]). Furthermore, there is an analog of the above theorem in this setting as well.
2: One can associate to any exact category & the bounded derived category D?(&). One can
show that any determinant functor on (&, w) extends canonically to a determinant functor on
D?(&) ([Knu02]).

3: Let m;(&) = K;(&). Then the universal determinant functor induces an isomorphism on 7;
fori=0,1.

5.3. Homotopy points and universal determinants. In this section, we will use homotopy
points to construct a universal determinant functor with values in II(K(&’)). As already men-
tioned, the existence of universal determinants on exact categories has already been shown by
Deligne. The point here is that, by using the fundamental groupoid associated to the K-theory
spectrum, we get something which is canonically associated to the K-theory spectrum. In par-
ticular, various decompositions at the level of homotopy points of spectra will descend to the
corresponding Picard groupoids. As a result, we will be able to relate decompositions of ho-
motopy points to factorizations of determinants. The result in the language of DG-categories
appear in the work of Beilinson ([Bei07]). The results here are essentially a rendering of those
results in the language of Walhausen categories (applicable to the constructions in section 3 and
4).

Given an object A in a Waldhausen category W we can associate to it a homotopy point of
K(W). First, we recall some facts about the Waldhausen K-theory construction. Recall that
to each category with cofibrations and weak equivalences % (i.e. each Waldhausen category),
Waldhausen associates a simplicial category S.%4". Each S, % is also a Waldhausen category, and
the classifying space of the associated simplicial category of weak equivalences gives the K-
theory spectrum. The 0/-space is Q|wS.%’|. Waldhausen shows that this is an infinite loop space
(by iterating the S. construction). Now wS|% = w% and wSy% is the category with one object
and one morphism. As observed by Waldhausen, it follows that the 1-skeleton is naturally
isomorphic to S' A [w%’|, which results in an inclusion S' A [w%'| — |wS.€|. Therefore, by
adjunction, one has a map [w%'| — Q|wS.€’|. Now |[w%| is itself an infinite loop space (W% is
a symmetric monoidal category) and the above map is a morphism of loop spaces. An object of
¢ gives rise to a point in |w%'| and therefore in Q|wS.%’|. Now a point in an infinite loop space
gives a homotopy point of the associated spectrum. Thus, we have associated to an object of a
Waldhausen category a homotopy point of the associated K-theory spectrum. Finally, a weak
equivalence in € gives rise to a path in the corresponding infinite loop space. This gives an
identification of the corresponding homotopy points.

Lemma 5.3.1. A homotopy point of an Q-spectrum P gives rise to an object of the associated
(unique up to unique isomorphism) Picard groupoid. Furthermore, an identification of homo-
topy points gives rise to a canonical isomorphism in the Picard groupoid.



DE RHAM &-FACTORS 45

Proof. Let K A'S — P be a homotopy point of P. Then we have an induced map on fundamen-
tal groupoids IT(K A S°) — TI(P). Since K is contractible, the former groupoid is equivalent
T1(S%). Therefore, we get a map from IT(S®) — II(P). Then we can consider the image of the
unique non-identity object in H(SO). Note, a different choice of contracting homotopy of K will
give another object of I1(P) canonically isomorphic to the original one. A similar argument
shows that an identification of homotopy points gives rise to a unique isomorphism between the
corresponding objects. U

As a result of the lemma, we can define a functor Det : (C?(&),gis) — TI(K(C?(&))). The
resulting functor is a universal determinant functor.

Theorem 5.3.2. The functor Det : (C?(&),qis) — II(K(C?(&))) is a determinant functor in the
sense of definition 5.9.

Proof. Let 6 : 0 — A — B — C — 0 be an exact sequence. This is a cofibration sequence in
the corresponding Waldhausen category. Let [A],[B], and [C] denote the correspoding points
in the infinite loop space Q|wS.C?(&)|, and let [A] + [C] denote the composition of the corre-
sponding loops. Then the image in the corresponding Picard groupoid is Det(A) ® Det(B). The
cofibration sequence & gives rise to a path from [B] to [A] + [C]. This gives us an isomorphism
Det(B) — Det(A) ® Det(C). If §' is another cofibration sequence and H a morphism of cofi-
bration sequences, then it follows from the definition of Q|wS.C?(&")| that we get a homotopy
from the path given by & to the one given by &’. In particular, the diagram in (1) of Definition
5.9 commutes. The remaining properties follow in a similar manner. U

Remark 5.3.3. Suppose & is an exact category and A,B € C’(&). It follows from the proof
above that the exact sequence 0 - A — A@ B — B — 0 gives an identification of the two
homotopy points [A @ B] and the homotopy sum (Lemma 2.3) of the homotopy points [A] and
[B] since this homotopy point corresponds to the composition [A] + [B] in the corresponding
infinite loop space.

Corollary 5.3.4. The functor Det : (C*(&),qis) — II(K(C?(&))) gives a universal determinant
functor.

Proof. Let (27" det) be the universal determinant (which is known to exist) functor for C?(&).
One has a commutatve diagram (by universality):

Cb(g) L) gpuni

det J

(K (C"(&)))-

Now, by construction, both the top and bottom rows induce an isomorphism on 7y and 7;.
Therefore the vertical arrow is a morphism of Picard groupoids which induces an isomorphism
on homotopy, and hence, it is an equivalence of Picard groupoids. U
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