Online homework 4, Problem 9

For each of the following equations, find the most general function N(x,y) so that the equation is

exact.

(a)
(b)

(a)

(3y sin(3zy) + €”)dz + N(z,y)dy =0
(yed®¥ — 8xty + 2)dz + N(z,y)dy = 0

Solution:
We have
oM 0
Ty = 8—y(3y sin(3zy) + €*) = 3sin(3zy) + 9zy cos(3zy),
and the condition guaranteeing exactness is that this is equal to %—1;:. Thus, we obtain the condition
ON
= 3sin(3zy) + 9zy cos(3zy),
x

and we may thus recover N(zx,y) by integrating this expression with respect to x. That is,
N(z,y) = /(3 sin(3zy) 4+ 9xy cos(3zy))dx.

What remains is to evaluate the integral. We have [ 3sin(3zy)dz = %&ry, and to compute

J 9zy cos(3zy)dz, we integrate by parts (v = 9zy and dv = cos(3zy), so that du = 9y and v =
sin(3xy)).
3y :

sin(3zy)
3y

3 ;
- / 3sin(3zy)dz = 9zy - Smé yxy) n COS(yxy).

/Qxy cos(3zy)dr = 9zxy -

Thus, we have
— cos 3zy sin(3zy) . cos(3zy)
3y Yy

where ¢(y) is an arbitrary function depending only on y.

+ 9zy

N(z,y) = +9(y) = 9y

We proceed exactly as in the previous part. We have
oM 0

50 = g e = 82ty +2) = 8V 4 Buye™V — 8zt
Y Y

hence g )
N(z,y) = /(68” + 8xye®™Y — 8xt)dr = —ga?‘r’ + Sy /(e“ + ue)du,

where the substitution v = 8xy was used (so that du = 8ydx). The integral (antiderivative) of
e* 4+ ue* is ue® (check the derivative of this, or to deduce it, integrate by parts again), so we have

8 1 N 8
N(z,y) = —5335 + @(8@)68 Yt g(y) = eV — 51‘5 +9(y),

where ¢(y) is again an arbitrary function depending only on y.



