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A Field Guide to Some formulas

Crucial formulas:
Probabilities:

px = 1px

tpx = Pr[(x) lives to age x+ t]

= px · px+1 · . . . · px+t

=
lx+t
lx

tqx = Pr[(x) dies between ages x and x+ t]

= 1− tpx

t|uqx = Pr[(x) dies between ages x+ u and x+ t+ u]

= upx − t+upx

=
lx − lx+t

lx
(“|u” defers any effect u years)

tpxqx+t =
lx+t − lx+t+1

lx
= tpx − t+1px

= 1|uqx

= |uqx

τ =
1

d
ln

(
Sd+ P − e
P − e− Id

)
Pr(Lg0 ≤ 0) = [τ ]px, [ · ] = greatest integer function
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Discrete

tEx = tpxν
t

A
1
x:n| =

n−1∑
t=0

tpxqx+tν
t+1

A
1 (m)
x:n| =

mn−1∑
t=0

t/mpx 1/mqx+t/mν
t/m+1

A(m)
x = A

1 (m)
x:∞|

Ax:n| = A
1
x:n| + nEx

äx:n| =
n−1∑
t=0

tpxν
t

ä
(m)
x:n| =

1

m

nm−1∑
t=0

t/mpxν
t/m

äx =
∞∑
t=0

tpxν
t

ax:n| =
n∑
t=1

tpxν
t

= äx:n| − 1 + nEx

ex =
∞∑
k=1

kpx

E(Kx) = ex

E(K2
x) = 2

∞∑
k=1

k( kpx)− ex

ex:n| =
n∑
t=1

tpx

= ax:n| with ν = 1 (i = 0)

P =
Ax
äx

P (m) =
Ax

ä
(m)
x

Note: This needs to be divided by m to give the mthly payment.

Lg0 = (S +
P − e
d

)vkx+1 + I − P − e
d

I = initial expense, e = recurring expense
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Continuous:

S(x) = S0(x)

= xp0

Sx(t) = tpx

=
S(x+ t)

S(x)

fx(t) = −

∂

∂t
lx+t

lx

= − ∂

∂t
Sx(t)

= tpxµx+t

A
1

x:n| =

∫ n

0

νt tpxµx+t dt

=

∫ n

0

νtfx(t) dt

Ax = A
1

x:∞|

Ax:n| = A
1

x:n| + nEx

◦
ex =

∫ ∞
0

tpx dt

E(Tx) =
◦
ex

E(T 2
x ) = 2

∫ ∞
0

t tpx dt

ax:n| =

∫ n

0
tpxν

t dt

ax = ax:∞|
◦
ex:n| = ax:n| with ν = 1 (i = 0)
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De Moivre, also called “uniform”:

lx = ω − x

A
1

x:n| =
1− e−nδ

δ(ω − x)

Ax = A
1

x:ω−x|

A
1
x:n| =

δ

i
A

1

x:n|

Exponential, also called “constant force of mortality”

S(x) = e−µx

tpx = e−µt

A
1

x:n| =
µ

µ+ δ

(
1− e−(µ+δ)n

)
Ax =

µ

µ+ δ

ax:n| = µ−1A
1

x:n|

=
1

µ+ δ

(
1− e−(µ+δ)n

)
(1)
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Below is a summary of some formulas and their range of validity,
when suitably modified. In particular discrete formulas use d = i/(1+
i) instead of δ = ln(1 + i). Things payable mthly (m) will use d(m)

and i(m) instead of d and i. “C” means “continuous,” “D” means
“discrete,” and “WL” means “whole life”.
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Table 1: Life Table Formulas

Formula Valid
lx+t = (1− t)lx + tlx+1 UDD, 0 ≤ t ≤ 1

tqx = t(qx) UDD, 0 ≤ t ≤ 1

lx+t = (lx)
(1−t) · (lx+1)

t CFM, 0 ≤ t ≤ 1

tpx = (px)
t CFM, 0 ≤ t ≤ 1

µx+t = qx
1−t(qx) UDD, 0 ≤ t ≤ 1

ax:n| = ax − nExax+n C,D,(m)

äx:n| = äx − nExäx+n C,D,(m)

A1
x:n| = Ax − nExAx+n T, C, D,

Ax = qxv + pxAx+1 D,(m)

Ax + δax = 1 C,D,(m),T,

Ax = i
δ
Ax UDD, De Moivre, WL, T,(m)

Ax = (1 + i)
1
2Ax Claims Acceleration

A
(m)

x = (1 + i)
m−1
2m Ax Claims Acceleration

V ar(“Ax”) = 2Ax − (Ax)
2 C, D,WL, T, E, (m)

V ar(“ax”) = 1
δ2

(
2Ax − (Ax)

2
)

C, D,WL, T,(m)

V ar(Lg0) = (S + P−e
d

)2(2Ax − (Ax)
2) C, D,WL, E, (m)

V ar(“SAx − Pax”) =
(
S + P

δ

)2 (2Ax − (Ax)
2
)

C, D,WL

= S2
2Ax−(Ax)2

(1−Ax)2
benefit premium, C, D,WL

E(tL(x) | L(x) ≥ t) = tV

tV = SAx+t − P äx+t WL

= S
(

1− äx+t

äx

)
benefit premium, C, D,WL,E

= SAx+t−Ax

1−Ax
benefit premium, C, D,WL,E

tV = (bt+1qx+tv − Pt) + px+tv(t+1V ) Discrete, T, WL

V ar(tL(x) | L(x) ≥ t) =
(
S + P

δ

)2 (2Ax+t − (Ax+t)
2
)

C, D,WL

= S2
2Ax+t−(Ax+t)2

(1−Ax)2
benefit premium, C, D,WL

V ar(kL) = px+kqx+k[v(bk+1 − k+1V )]2

+ v2px+kV ar(k+1L) General

ä
(m)
x = α(m)äx − β(m) UDD, not temp., not A

(m)
x

A
(m)
x = i

i(m) Ax UDD, WL, T, De Moivre, not ä
(m)
x


