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Problem

What is the probability that a polynomial with random integer coefficients
has all real roots?




Problem

What is the probability that a polynomial with random integer coefficients
has all real roots?

How to choose a random integer?

» Choose uniformly from {—k,—k +1,..., k}.
» Let k — oo.




Random Linear Polynomial
p(x) = A kx + Aok,
A1k, Aok random integers in [—k, K]

Question: what is the probability that p(x) has all real roots?
Answer:

Solve p(x) =0
A
x = — 9K is real = Ak #0
Atk
p _ 2k(2k+1)
KT 2k +1)2

P=lim P,=1
k—o00



Random Quadratic Polynomial

p(x) = Ao kx® + A1 kx + Aok,
Aok, A1k, A2k random integers in [—k, k]

Question: what is the probability that p(x) has all real roots?
Answer:

Solve p(x) =0

x is real <= Aik —4A0 A2k >0
p =




Solution:

Define F on R3:
F(A,B,C) =1if A>—4BC >0,
F(A, B, C) = 0 elsewhere.

k k k

=> Y > FABOQ

A=—k B=—k C=—k
k k k

A B C C B A
3 —_— —_— —_— —_— —_— —_—
=k Z Z ZF/( k'’ k (k)A(k)A(k)
A=—k B=—k C=—k
where, for example, A(%) represents the change in %, that is, 1.
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Proof

Since T(k,3) = (2k + 1)3, thus

N(k,3)
koo T(k, 3)

A B C C B A
= . G 17 Z Z > ACL2 OaDadiach

—k C=—k

_/ / / F(A, B, C) dC dB dA since F is Riemann integrable
—1J-1

1



Proof

Therefore, we have

1 1 1
P(3):%/1/1/1F(A,B, C)dCdBdA:%(41+3Iog4)
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Theorem

Discrete:

fk,n(X) = An,an + A,,_l,an_l +...+ Al,kX + A07k
Aj k random integers in {—k,—k +1,..., k — 1, k}

P(k, n) = NUk:)

T(k,n)
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Theorem

Discrete:

fn(X) = AppX™ 4+ Ap_11x" 4+ Apx + Aok
Aj k random integers in {—k,—k +1,..., k —1,k}

P = e

Continuous:

fo(x) = Apx" + Ap1x" 14+ 4+ Aix+ Ao
Ak € [—1,1] uniformly random
P(n)




Theorem

Discrete:

fn(X) = Apsx" + Ap1 X" T+ L+ ALkx + Aok
Aj k random integers in {—k,—k +1,..., k —1,k}

Pl = T

Continuous:

fo(x) = Apx" + Ap1x" 14+ 4+ Aix+ Ao
Ak € [—1,1] uniformly random
P(n)

limg—o0 P(k,n) = P(n)
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General Approach

Discrete problem — Continuous problem

Riemann Sum works when F is “almost” continuous

F is continuous except on a set of measure zero
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General Approach

f(x)=Anx"4+ ...+ Aix+ Ao

1 if f has all real roots
F(An, ..., A1, Ap) = {

0 otherwise

Discriminant D(f) = [[(ri — r;)* = p(An, A1, .-, Ao)
i<j

p(An, An-1,...,A0) = 0 on a set of measure zero.



Rouche's Theorem

If |f(z) — g(z)| < |f(2)| for z on a contour ~,
then f and g have the same number of zeros inside ~.

Small change in coefficients = small change in roots.
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Result

Since F is almost continuous except at points where f(x) has double
roots, thus

lim (P(Anix" + ...+ Ay kx + Aok has all real roots))
k—00

= P(Apx" 4+ ...+ A1x + Ap has all real roots)




Application

p(x) = A3 13 + Ag i x® + Apkx + Aok,
Aj k(0 <j < 3) random integers in [—k, k]

Question: what is the probability that p(x) has all real roots?
Answer: Cubic Discriminant

D(As, Az, A1, Ag) = A2A2 — 4A0A3 — 4A3 A3 + 18A0A1 AyAs — 2TAZA2
1 ifD>0

F(As,Ax, A1, Ag) =
(A3, Az, A1, Ao) {0 otherwise

1 1 1 1 1
lim P(k,n):P(n):—/ / / / F dAs dA; dAr dAo
k— o0 16 1J-1J-1J-1
~ 0.2219
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Question

Questions?




