Dynamic Analysis of Chevron Structures in Liquid Crystal

Cells

Lidia Mrad and Daniel Phillips

ABSTRACT. If a surface stabilized ferroelectric liquid crystal cell is cooled from
the smectic-A to the smectic-C phase its layers thin causing V-shaped (chevron
like) defects to form. These create an energy barrier that can prevent switching
between equilibrium patterns. We examine a gradient flow for a mesoscopic
Chen-Lubensky energy F (1, n) that allows the order parameter to vanish, so
that the energy barrier does not diverge if the layer thickness becomes small.
The liquid crystal can evolve during switching in such a way that the layers

are allowed to melt and heal near the chevron tip in the process.

1. Introduction

In surface stabilized ferroelectric liquid crystal [SSFLC] cells smectic layers usu-
ally deform into a characteristic chevron pattern [1, 2]. The chevron structure (see
Fig. 1) is believed to arise due to the mismatch between the natural smectic layer
thickness and the periodicity imposed by the layer pinning at the surface in the
smectic-A phase, where this surface memory effect has been confirmed experimen-
tally [3]. In the past, several theoretical models have been presented to describe
the director and layer structure in smectic-C chevron cells. This work has been mo-
tivated by a potential use of [SSFLC] cells in display devices. The original model
was put forward by Clark and co-workers [1, 4]. Theirs is a macroscopic description
where the molecular alignment varies slowly across each chevron arm, restricted so
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that the molecules lie on the arm’s smectic-C cone. The chevron tip is idealized to
have zero thickness; the smectic layers form a sharp bend at the tip so that their
normal is discontinuous there. A key assumption in their model is the continuity of
the equilibrium director pattern across the cell. Assuming the cone angle is larger
than the layer tilt, these conditions lead to two out-of-plane states determined by
the intersection of the cones from each side of the tip. This means that chevron
cells exhibit two stable director states between which the cell can be switched by
the application of an external electric field. An important reason to model surface
stabilized cells is to describe the switching dynamics between these stable director
states. The model of Clark et al. has been extended to include continuity of the

biaxial ordering at the chevron tip [5].

)

FIGURE 1. Switching in a Chevron Structure

The development of models to describe ferroelectric switching has a number of
difficulties. These are largely due to the contrasting length scales associated with
the chevron arms and tip. The macroscopic models such as the one described above
require that the director at the chevron tip leaves the cones from the adjacent arms
during the switching process. The models account for this by allowing the director
to be discontinuous at the tip during the transition and an ad hoc energy barrier
is included in the free energy penalizing the director’s jump across the tip. (See
Maclennan et al. [6, 7], Ulrich and Elston [8], and Brown et al. [9]).

A number of models of the chevron structure have been reported which take
into account continuous layer bending at the chevron tip and the director rotation

on the cone [10 - 15]. These models however, enforce specific couplings between
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the molecular cone angle from the smectic layer tilt angle that permit a continuous
pattern near the tip but are also ad hoc.

In this paper we use a Chen-Lubensky model to characterize the director and
layer structure of surface stabilized smectic-C cells in an external electric field. This
approach has been developed in the papers Kralj and Sluckin [16], Vaupoti¢ et al.
[17, 18], Hazelwood and Sluckin [19], and Cheng and Phillips [20]. We build on
these works here. The advantage of this phenomenological model over others is that
the formation of chevrons and the nature of the director pattern near the chevron
tip follow from energetic considerations as opposed to features that are directly
inserted into the model. In [20], the smectic layer thickness is introduced as a
small parameter and the static model of Clark et al. described above is captured
as a singular limit having smectic layers with a sharp chevron tip and its two out-
of-plane equilibrium director patterns. In this work we consider a more complete
Chen-Lubensky model that allows the smectic layers to melt near the chevron tip
under the application of a finite electric field allowing for the switching from one
state, tending to the other assuming gradient flow dynamics. Our contribution here
is that we establish existence and uniqueness results for the gradient flow problem.
Many open questions for this model remain to be explored. For example once the
switching occurs the model allows the smectic layers to reform near the chevron
tip. Just how robust this regeneration is remains an open question. This is an
important point since the studies of Willis et al. [21] showed that there should be
no significant change in smectic layer thickness or chevron layer structure under

typical director switching conditions.

2. Model

We consider a cross section of an SSFLC cell of width 2L and place the origin
of the axes at the midpoint of the lower cell aperture. The domain is then written

as {(z1,22); —L < z9 < L}.
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To model a smectic phase, we need two types of ordering, orientational and
positional. The former is described by a unit vector n that indicates the average
local orientation of the rod-shaped molecules, called the nematic director field.
The latter is described by a complex-valued order parameter, ¥, whose amplitude
indicates the degree of smectic ordering and whose phase indicates the position of
the smectic layer. If |¥| = 0, then the phase is completely nematic. For a smectic
phase, |¥| > 0, with |¥| > 1 for well-structured smectic layers.

An essential parameter in our analysis is the wave number ¢, which equals
27 /dy, where dp is the layer thickness in the bulk smectic-C phase. In a realistic
model, dp is very small (typically L/dp is in the range 300 — 400 [17]) , so one
eventually would like to study the limiting problem letting ¢ — oco. For the present
work, ¢ is assumed to be a large number. Let ds denote the layer thickness at the
surface. This is a spacing inherited from the material initially being cooled from

the smectic-A phase. We use the parameter b = tan (cos_1 %

) to measure the
mismatch between the different layer thicknesses. Lastly, let 8 denote the bulk tilt
angle of the molecules from the layer normal in the smectic-C phase.

We base our model on a covariant form of the Landau-de Gennes free energy,

introduced by Chen & Lubensky [22]. The density for our free energy F(n, V)

consists of three parts, nematic, smectic and electrostatic

F(n,0) = /{fN(n) + éf@(n,\p) + fa(n, U))

The nematic density, fy(n), measures the uniformity of n and we take it to
be the one-constant approximation of the Oseen-Frank energy density, %K |Vn|?
where K > 0. The smectic part, % for(n, ¥), measures the uniformity of the layer
structure and is a variation of the Chen-Lubensky energy density. We split this
energy density into two components, F(n, ¥) and G(|¥|?). The first component is

the elastic energy density,

a a c c c?
Fn,¥) = 2. D9’ + Lp.pyw) - Ep,wp 4+ Lpywp + Lo jgp,
q q q q da |
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The second component we call the smectic penalization density,
1 1
G(1P?) = 92> = 1)% + |V *]* + ?\VQI‘I’IQI2 + q7|V3\W|2\2~

D is the covariant derivative, D = V — iq cos fn with its parallel component (to n)
Dy = (n- D)n and perpendicular component (to n) D, . The parameter constants
aj,ay,cy,cy,g are positive and determined by the material. Lastly, we write the
electrostatic part, fp(n,¥) = —P-E, where P = %%{@V\IJ} x 1 is the spontaneous
polarization field and E = (0, E,0) is the applied electric field directed across the
cell.

Due to the periodicity of ¥, we are able to reduce our model to be one-

iqaq

dimensional. Specifically, we write WU (z1,22) = e Vi+?9h(z2) where ¢ is complex-

valued. Expressing periodicity in this form was used by Kralj and Sluckin [16],
wherein to enforce the smectic density wave in the x; direction, ¥ was written in
the form ¥ = nei % such that n > 0 was assumed to be a constant and
x1 = g(x2) is the graph of a uniformly smectic layer in their setting. The same
idea was also used in [20]. Our approach, however, is different in that it aims to
explain the whole process through the model without invoking any ad hoc energy
terms added later. Particularly, we want the system to allow for phase changes in
certain areas if that is less costly in an energetic sense (by melting, for instance).
The tool to do that is to keep the complex-valued order parameter in a general

form, allowing 1 to vanish.

‘We consider the admissible set
X ={(n,¢) € H'((-L,L);S*) x H*((—~L, L); C);
¥ — 4o € H3((—L, L); C) and [¢|*" (L) = [¢[*"(L) = 0}

where ¢y € H?((—L,L);C) such that |[¢o(£L)| = 1 and }ihy(£L) = j:\/%

The boundary conditions enforce uniform smectic layers at the cell surfaces and for

simplicity there are no boundary conditions on the director. We rewrite the smectic

energy by integrating by parts and taking into account the boundary conditions to
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get an integrand that is bounded below. We then carry out the dimension reduction
with our variable denoted by x rather than zs. Within the above admissible set,

our total free energy ( per unit length with respect to x1 ) becomes

B Lofay o { v, q q o
]:(wan)—/_L{q|q—[(mnﬂ/)‘f'?hq)”ﬂ - 1+b2w+ 1+b2n1¢

¢ 2
e 121 1/J|

a 1 q L
;Km —COSG)(—WTllw"'ZTLQw +qCOSG¢)
i (A
2.1 4 (19 + 12 L — i cos B o] |2
1) (g e —icostwinal|
+qc |#n Y+n ﬂ—icos@zﬂz
AR T

1
rg

1
+o(ll* =17 + (J9')* + 7<|w|2”> ([[*")* + q%W”P

1
+§K[n’12 + 0 +n] + \/—b2|¢2”3} dz

REMARK 2.1. We have added a regularizing factor q%\w'"|2 , with p a small

positive constant, to aid with the analysis. We will let p — 0 later.

3. Static Analysis

To set up for the dynamic analysis, we highlight the quantities that are bounded
uniformly (in ¢). We are able to find well-prepared initial data, specifically we

can construct a family of possible initial configurations. One such example is
g(z2)

n’ = (cos V1 + 2,0, /1 —cos20(1 + b2)) and ¢° = e v where ¢'(z2) =

—btanh(gzs)/ tanh(gL).

LEMMA 3.1. For q sufficiently large, there exists (n°, %) € X such that F(n°, %) <

Cy, where Cy is independent of q.

Our dynamic analysis is based on energy minimization, so we only consider the
states (n, 1) € X with F(n,) < F(n° ¢"). Through out this paper it is assumed
that the constants appearing in (2.1), with the exceptions of 0 < p < 1 and ¢ > 1

are fixed. We use C; to denote a constant in our estimates such that Cy(C) is
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independent of p, states (n, ) for which F(n,v) < C, and all ¢ sufficiently large

q > qo(C). Since the energy for our initial data is uniformly bounded, we can deduce

211
using Sobolev’s embedding theorem in 1-dim that || and Wq'Q at later times are

uniformly bounded as well. We also prove a Modica-Mortola type estimate.

LEMMA 3.2. For q sufficiently large,

!
] < Cy on [—L, L], where Cy is inde-
q

pendent of q.

This specific boundedness, in fact, has an important physical implication for

our system: the coupling between n and || weakens for a sufficiently large q.

PROOF. Note ¢ € C1[—L, L] and we seek a specific bound in terms of q. We

write {z : |[¢(x)] > 0,—L < = < L} as a countable union of disjoint intervals

{
|

a;,b;) for j € Z}. Since % =0 on (—L,L)\_Uz(aj,bj), it is enough to prove
Jje
']

q

< C on each interval (a;,b;) for a constant Cy independent of j € Z. The plan
is to prove the real and imaginary parts of % are bounded.

We first note that since F(n, ) < F(n°,4°) we have
g 4 2/\2 1 211\2 1 2/11\2
/L((|1/J| + ([17) +q7(|¢| ) +$(|1/1| )7)dz < Ch.

It follows that ||wq|#| + || < M; where C; and M; are independent of ¢ for ¢ > 1.
Fix j € Z. Using the fact that the initial energy is bounded, and after carrying out
some algebraic manipulations, we get

2

bjl N ,l/)//E 2 L, w//@ b Ly
s [ e[ R ¢ | i <
7/)//¢ B2 3 ww ¢/2 _
b 211 2 b2 2
o[ L —'“;2' b om0l | da

J
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Consider the set E = {x € (aj,b)); ‘q;‘z > 2M} where M is such that % +
li—;W\Q < M. On E, we have

q W@I ] o q [W} 2
and
w/ 2 2 _
(3.3) q/E [|q2| —QM] || "2 dx < C.

We now utilize the equality

(rci) - () (

Knowing that

Y'Y 1 'Y
)*M( 7 )

1 b 211\ 2
= f/ ] drdx < (4
qJa, 2q

J

Q| =
—
&
| — |
/N
3
~
<
Q ~
<
-
N———
[
jsW
|

and that
1 ’l)[}"(/} |’l/1/’l)Z}|2:|2 72
oo M dz < C by (3.2
o qlwl}‘ =1 1/EL]2|1/’|2 [V~ dz < Cy by (3.2),
we conclude that
1 IR
(3.4) q/E‘w (%{qw)'})

Adding Inequalities (3.3) and (3.4),

2
1 W' ' } "
oz [ () | a8 2] ot

|y [ o] e () [() -]

J J
noting that the second inequality above is a Modica-Mortola type estimate.

dx,

. / 2 + "\ Py
If @ is such that ®’'(y) = [y*—2M] ", then (aojsbcj)fID ( ) = (aoibcj)fb (iﬁ{qw }) < (.

If -L < a; <bj <L then [¢(a;j)| = |¢(bj)| = 0 and it follows that [¢)(x)|" = 0 for
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some z € (aj,b;). If either a; = —L or b; = L then it follows from the boundary
conditions that ||" = 0 at that point. In either case it follows that |%| is uniformly
bounded independent of ¢ and j on (aj,b;). A similar reasoning can be applied to

the imaginary part to get the conclusion. O

One last static result we present is the existence of minimizers.
THEOREM 3.3. For q sufficiently large, there exists (m,§) € X such that

Flm,&) = inf Fln).

PROOF. By coercivity and initial boundedness of the energy (2.1), we can guar-
antee the existence of a subsequence (nj, ;) that converges weakly to (m,¢) in
H' x H3. Weak convergence, however, is not enough due to the nonlinearity of
the terms. We invoke a Sobolev embedding theorem to deduce that {n;} and {¢}
are uniformly bounded in C%'/2(—L, L), followed by Arzela-Ascoli theorem to get
uniform convergence to m and £’ respectively. By convergence proved thus far and

lower semicontinuity of the L?-norm,
F(m,§) < liminf F(nj, 1),
proving that F(m,¢) is a minimizer. O

4. Dynamic Analysis

4.1. Method of Rothe. We begin the dynamic analysis of a chevron struc-
ture under an applied electric field by constructing a discretized-in-time gradient
flow. We follow the Method of Rothe [23], through which we construct an ap-
proximate elliptic-type problem. Convergence of the approximate solution to the
continuous solution is the main goal of our analysis. An advantage of this ap-
proach is that it not only exploits the variational feature of the problem, but also

accommodates for its nonlinearity, as will be seen later.
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Let (n% %) € X be any initial data (which we showed exist in lemma 3.1).
Consider any time period [0,7] and let 7 > 0 be any step size in ¢. Choose the
number of steps M such that M7 > T. Minimize:

L 012 02
Jo(n,z/)):/ {'n ol W 2;”' }dw+]:(n,¢)

I 2T

where F(n,v) = /L {fN + 2fCL +fE} dz, with the given initial values, on
[0,7]. We know that _stLlch a minimizer exists by theorem 3.3. Denote the minimizer
by (n!, ). Use the minimizer (n', ') as the initial values for the second time step
[7,27] and minimize the new energy functional J!(n,). Repeating the process,
we get a sequence of minimizing problems and a family of minimizers (n™,¢™),
m=0,1,..., M.

These minimizers satisfy Euler-Lagrange equations as well as an energy dissipa-
tion inequality. Specifically, the minimizer (n}*, nJ*, ng*, ™) satisfies the following
four equations over the time interval ((m — 1)7, m7] - see details of the derivation

in Appendix A,

(4.1)
L
{(1- n2)6rny — ningdrng — ninzdynz + (1 —nd)E,, —ningFy, + (1 — n%)’Fn/1
L

PE
V1402

+{(1- n%)Fn/l —ningFy + Kni}u)de =0

— (ning)' Fpy — K(nf? +n% +nf)ng —

¢|2n1n3} uy

(4.2)
L

/ {—ninad,n1 + (1 — n3)d:n2 — nangdrng — ninoFy, + (1 —n3)F,, — (n1ng) Fyr
-L

PE
V140b?

+ {—ninaFy, + (1 —n3)Fyy + Knhfuhde =0

+(1- ng)/Fn/2 - K(n’l2 + n/22 + n?)ng - ¢|2n2n3} Us
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(4.3)

L
2 /
/ {—nlngéTnl — ngngdrne + (1 — n3)d-ng — ningFy, — nensFy, — (n1ng) Fo
L

PE
V1462

+ {—n1n3Fn/1 — nanzFyy + Knji}uyde =0

- (ngng)/Fné — K(TL/12 + Tl/22 + n§2)n3 +

e —n§>}u3

and

(1.4)
Ly _ B o o 7 7
MR [ 3005+ Fu+ Furd + Py + 200) (01 = 1) + 2(0) o

2 Y/ 1 2 TN " p ///7 PE R _
+ qj(¢¢) > + qj(Wi’) > + qiﬁ(w ") + mns(wﬁ) dr =0,

where (u1,us,us, @) are the test functions such that (u1,us,us3) € H'(—L,L), ¢ €
H¥(~L, L) with ¢ € H3(~L, L) and R{¢"F}(~L) = R{¢"F}(L) = 0.

The elastic part of the smectic free energy density from (2.1) is

ar iq N @
F(n1,n2,n3,9) = quW —[( T +b2n1¢+n2¢ Jna]’ — 1 +b2¢+ 1+b2”1¢
—\/%nmzd/—k c;aqu|2
+ %I( 1”; == cos@)(—\/%nﬂ/)—kiqnzz/}' + ¢2 cos )
+[( fj_ = n1t + ngy’ — ig cos 01p)ns)'|?
+ %| \/123_7()2”11/) + nat)’ — iqcos 0.

We have used the notation F,, for 0, F and the fact that 9,|z|> = 2R{z,2}

for a complex number z. However, in the fourth equation, for Fy where F' =

ai|g1]? + az|g2|? + aslgs|* means a191591 + 0292992 + a3G3593. In addition, 0,14 is

the difference quotient defined by L(ny —nf*™").
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LEMMA 4.1. (Energy Dissipation)

—~

4.5
m

DU e gy HI6 Y e g )+ F @7 ™) < F(0°,9°)  for 1 <m < M.
k=1

~

N |

PROOF. Let m be an integer such that 1 < m < M where M7 > T. Since

(n™,9™) is a minimizer of J™(n, ), we have
Jm(nm’wm) < Jm(nm—l,wm—l) — ‘F(nm—17,¢m—1).

Adding the (m — 1)t difference quotient to both sides of the above inequality,

L m—1 _ ..m—2]|2 m—1 _ ,ym—2|2
/ |Il n | + ‘¢ ¢ | d$—|—Jm(nm,¢m) S Jm—l(nm—l’wm—l).
L 2T 2T

With Jm=H(n™m=1 ¢pm=1) < F(n™2, 9™ 2), we get
1 m
) kiz_l T(H‘s'rnk”%Z(_L,L) +H5T¢k||2L2(_L7L)) +F (0™ y") < Fn™gme?).
Adding the (m — 2)"? difference quotient to both sides of the above inequality and

iterating, we deduce the desired inequality. O

Set Q@ = (=L, L). To extend the Euler-Lagrange equations to 2y = (—L, L) x
(0,T), we construct piecewise constant (in t) functions, for instance, nj(z,t) =
nl(x,mr) = n*(z) for t € ((m — 1)7,m7],m = 1,..., M for n;; and similarly for
the other components. For piecewise constant test functions, we multiply the first
Euler-Lagrange equation (4.1) by 7 and add up the equations as m spans 1 to M.

As the integrand is independent of ¢, we get:

(4.6)
T L
/0 [L {(1 — (n{)z)&nl(x,t) —ninydrna(x,t) —ninid ng(z,t) + (1 — (n'{)z)FnI

—ning Fpy + (1= (1)) Fupr — (nin3) Fogr — K[(n1")? + (n3")? + (n}")*]n]
PE )
————— 7 |*nInk pui(x,t
mhp | 1 3} 1( )

+{(1 = (n])*)Fpyr — ning Foy + Kn]'} u)(x,t) dedt = 0
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We define the Sobolev-Bochner space H*'(Q7) by
HPY(Qr) = {u(z,t) € L*(Qr); du(z,t) € L2(Qr),0 < j < k and dyu(z,t) € L*(Qr)}.

Since our piecewise constant functions fail to belong to such a Sobolev space,
we construct piecewise linear (in t¢) functions (n7(x,t)), for instance, nJ(z,t) =
Mn?(m) + mI=tp" ()t € [(m — 1)7,m7) for m = 1, ..., M; and similarly

for the other components.

LEMMA 4.2. {77 (x,t)} is uniformly bounded in H>*(Qr) for any 7. Similarly,
{3 (x,t)} and {#f(x,t)} are uniformly bounded in H(Q7), {47 (x,t)} is bounded
in H2Y(Qr), and {|¢7 (x,1)[2} is bounded in H3'(Qr) for any 7.

ProOOF. We have

m _ m—1
i (1) = ") Tnl @) b (m—1)rmr) form =1, ..., M.

T L M mr L m(.\_ ,m-1 2
// |8tﬁ{(x,t)|2dxdt32/ / (@) = nt @
0 J-L =1/ (m-1)7J-L T
M L m _ m—1 2
_ Z 7_/ ny (x) n (l’) dx S Ol,
m=1 -L T

where that last inequality is true by (4.5). From the well-prepared initial data, we
get the uniform bound. In a similar way, we can prove fOT f_LL |V, (z,t)|* dedt is

uniformly bounded. O

Since {#A]} is uniformly bounded in H'1(Q7), there is a subsequence, still
denoted by {77}, which converges strongly to some n; in L?(Qr). Also, by weak
compactness of Sobolev spaces we can find a subsequence, {n]} converging weakly
to ny in HY1(Qr). Similarly, we can prove strong convergence of 73, i}, 12;7, and

|47|?; and weak convergence in the corresponding Sobolev-Bochner spaces.
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In the analysis of the discrete gradient flow, it is more convenient to work with
the piecewise constant approximations than with the piecewise linear approxima-
tions and since the two have the same asymptotic behavior, we use (n],nJ,n%,¢7)

from now on.

4.2. Convergence of the Discrete Gradient Flow. Due to the high non-
linearity of the discrete system, the above convergence of subsequences is not enough
to prove convergence of the discrete gradient flow. It turns out that we need higher
regularity, which is achieved through the following three major steps that are car-
ried out for g sufficiently large.

Step I. Local Regularity. We utilize the Euler-Lagrange equations them-
selves, and replace the test functions by convenient ones. For instance, in equation
(4.6), we let u; = A_,[(ApnT)p?] for a small h > 0, where ¢ € C§°(—L, L) is a
cut-off function s.t. 0 < ¢ <1 and

1 ifxe(-L+nL-—
(4.7) o(x) = ( ! ) for n > 0.

0 ife¢ (-L+2,L—-1)
From the resulting equation, we are able to deduce an estimate on fQT |ApnT p|? dodt
in terms of the initial energy bound and small multiples of the integral itself (See
Appendix B). We repeat the process for the remaining Euler-Lagrange equations,
as the equations are coupled, and get the following estimate
T L—n
L] P 18w o Al - p |Ano™ ) o dadt < Clp0).
0 —L+n
Letting h — 0,
T L—n
/ / |n-r//|2 + |,¢7—///|2 + ||,¢7—‘2(4)|2 +P|¢T(4)|2 dxdt < C(p, Q)-
0 —L+n

We are able to remove the dependence on p in the final estimate (See Appendix B)

to get the following theorem.
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THEOREM 4.3.
(48) QL,mWP+www”+wa““ﬁ+mwﬂwdmﬁscm>
T

where Q. = (L —n, L+n) x [0,T].

Step II. Higher Local Regularity. Due to the nature of the local regularity
achieved thus far, we are not able to attain the convergence required. We therefore
prove higher local regularity by following a similar method. Specifically, the test
function in the first equation is now replaced by u; = A_,[(Apn™))e?] for a small
h > 0 and with the same cut-off function as before. The difference here is that
we require more of the initial conditions on n (See Appendix C). We complete the

estimates by removing the dependence on p, as before, to get the following result.

THEOREM 4.4. Under the assumption that |n®"|? dx is initially bounded,
Q/
we have
(4.9) /|NW”HWWF+MHMW+MW@FMﬂSC@»
Q/

T

To be able to extend the estimates to the full domain, we need to get rid of
the regularization term at this stage. The regularity results, (4.8) and (4.9), are
set up in a way that allows for this, due to their independence of p. However, to
recover the Euler-Lagrange equations when we let p — 0, more should be done (See

Appendix D). Specifically, the fourth Euler-Lagrange equation recovered is

(4.10)
T Ly B _ o L B B
m/ / 3OV + Fyrd+ Fym i@l + Fyrng” + 297 G) (W71 = 1) + 2(476) 97|
0 —L

PE _n3(476) dudt = 0.

3 TN, T |21 3 TN, T | 2101
T+ ST TR

Step III. Regularity up to the Boundary.
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THEOREM 4.5.

(a.11) [ o 4 PO dedt < Cla),

Qr

PROOF. Our analysis will deal with the right boundary point z = L, the left
boundary point is analogous. Since [¢7|?(L,t) = 1 and f_LL(WT(m,t)\Q’)?dx <
uniformly in ¢, we can assume that [¢7|2 > 1/2 over (L — A, L) for some A >
0. Fix L — % < L' < L. In the following, we let R; denote a sum of terms
that are integrable over (L — A\, L’) and whose square integrals are bounded by a
constant and small multiples of fLLi/\ In]"|? dx, fLLLA In3"|? dx, fLLLA [n3"|? dz and
fLLi)\ || dz. And let S; denote a sum of terms such as [§,n1|, |6-n2], |6;n3],
|0,9] and their integrals over (L — A, L).

We replace the test function in (4.10) by ¢ = C% where ( is a compactly
supported smooth function over [0,T] x (L — A, L). The higher estimates (4.9),

together with integration by parts, allow us to write the Euler-Lagrange equation

(4.10) in explicit form,

(4.12)

) ] . wT/ 1" W a . . 1prl " W
|7 [20) = 23‘%{?;2'(1 —n3?) ((1 - n22)q> [T 2 T ?!n22 <n22q> ¢T|2}

+Ri+SforL-d<y<L.

Now we go back to the first three weak Euler-Lagrange equations, write them in

explicit form, and deduce the following estimate:
(4.13) InT"[+ In3"| + [ng"| < ClY™"| + | Ra| + |52

We also go back to the weak equation (4.10), integrate by parts, and write the

explicit equation. We replace 17 |47 [2(6) by (7 [(p7[2()) =™/ |37 [25) | plug equation
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(4.12) into (4.10), and then take anti-derivatives to get the estimate
(4.14)
xT xT
< dnd g+ [ i+ [ dngiae [T+ (Rl IS
L=\ L=\

Provided g is sufficiently large we have e small and can insert inequality (4.13) into

the above to get
(4.15) ()] < C / 7| + |Ra| +1Sal-
L—X\

So [ —C fL [ } < e 9| Ry|+e7C"|S,|. Integrating from L — X to L', we get
an estimate on fL_A |tp™""|, which we use to bound the integral on the right-hand
side of (4.15). We square the resulting inequality, as well as (4.13), and integrate
both from L — X to L’. The result is the following inequality
(4.16)
L % o
/ 7" [P ng " P+ ng " P+ da < C/ 167101 [*+16- 12 [*+|8 75|+ 87 dar+-C
Y L-X

where crucially C is independent L’. Integrating from 0 to 7', and since the resulting

right-hand side is bounded by (4.5), we can let L’ 1 L to conclude that
(4.17) / / ‘ -r//|2 + |n7—//|2 4 |n7'/l‘2 4 |w7‘ll/|2 dzdt < C.
L—X

Going back to (4.12), it is now easy to see that fOT fLL_)\ |7 2) |2 dzdt < C. Note

that we gain one more order of regularity for [1/7|? through this method. O

4.3. Existence. With the higher regularity bound (4.11) thus obtained, we

define the solution set X,,; then state and prove the existence theorem. Let

KXot ={(n(z,t),¥(x,t)) € X for almost everyt;

L
S5 Sup / 0 + g + [ + o+ oo + [P+ o+ Y00 ] dz < 00,
te[0,T —L

/ 0?4 05 ]* + aa|® + [0 + oo+ ool + [OP1? + oo+ Y] gl dadt < oo,

Qr

and / g |2 4 |4y daedt < oo}
Qr
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THEOREM 4.6. Given C > 0. We can find qo(C) so that, if ¢ > qo and
F(mO %) < C for some initial data (n°,4°) € X with n®” € L?(Q), there exists a

solution (n(z,t),¢¥(x,t)) € Xgo to the time-dependent Euler-Lagrange equations:

(4.18)

., {omi + (1 - n2)F,, —ninaF, + (1 — n%)’Fn/1 — (ning) Fny — K(n? +n +n)m
T

PE
_mWPmns} uy + {(1 = ni)Fy, — nminaFyy + Knl }u) dedt = 0
(4.19)
/ {Oima — nanaFy, + (1 = n3)Fr, — (mino) Fyy + (1 —n3) Fyy — K(nf + 0% + nf)ny
Qr

PE
V1+0?

|1/)|2n2n3} uy + {—ninaFy + (1 —n3)Foy + Knj} uy dodt =0

(4.20)

o {6{!13 — nlngFm — n2n3Fn2 — (nlng)’Fnll — (TLQTLg)IFn/Q — K(TL,12 + Tl/22 + ng)ng
T

PE
V1 + b2

_|_

[9)%(1 — ng)} ug + {—nin3F —nongF,, + Kny}uydedt =0

(4.21)
MR [ SO0+ Fyd ot Py + Ford+ 20(0) (0P = 1) + 2005) [ + (05" ol
2 T\ " PE oy
+ F WO W + st dudt = 0

for any (u,¢) € HYL(Qr;R3) x H31(Qp;C) such that ¢(-,t) € HE(—L, L) with
R{d"Y}(—L,t) = R{¢d"Y}(L,t) = 0 for almost every 0 <t < T.

PROOF. Let (n”,47) be a discrete gradient flow. Write equation (4.6) as

{(1 —=n]?)86,n1 — nin5d g — ningd.nz + UJ yuy + Vi, dadt = 0,
Qr
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where U] and V] are nonlinear functions of n],n3,n3,4” and their derivatives.

Knowing that n] — nq and §,n7 — 9yny in L*(Q7), with nn; = 0 since |n| = 1,

lim {(1 =n7%)6,n1 — nind,ny — ningd,ng u; dedt
T7—0 Qr

= {01 — n1(n10my + nadina + n3deng) puy dedt = Oyniu dxdt.
QT QT

It remains to prove that U7 — Uy and V7 — V; in L?(Qr). In fact, it suffices to
prove that U7, V[ are bounded in L?(Qr) and U7 — Uy, V{7 — Vi in LY(Qr). To
show how this can be achieved, we consider a typical nonlinear term, Cn3’¢y"¢7™".

Before estimating this, note that it follows from (4.5) and the coercivity of F that

ess sup / ™2+ TR+ 7P dr < C
tejo,7] Jo

uniformly in 7. Applying Nirenberg’s interpolation inequality [24], we can see that

T T
| ngwrur R dade < C [ ey [ 03P dodt < C [ 16 e oyt
Qr 0 Q 0

T
< C/O {CHY™" 2@ ™" | 2) + CllO™" |72 () bt

T 1/2 T
/0 IIwT”II%z»(Q)dt] [/ 672 dt

< ™| L2i@n 17" lz20z) + ClT" L2 @r) < 00,

1/2

<C +Cl™" L2

where the last inequality is true by (4.11). This proves L2-boundedness. To prove
L'-convergence, we utilize Nirenberg’s interpolation inequality and higher regular-

ity again to improve the convergence of subsequences.

H”F"”FHQL?(QT) < O||nT*" —ny’ ”||L2(QT)||n71—k —”Ij||L2(QT)+CH”?“ —ny’ ||%2(QT)'
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{nT} is Cauchy and {n]”} is bounded in L?(Q7) so {n]’} is Cauchy in L?(Qr),

hence convergent to n/. Similarly, we obtain ¥ — ¥"" in L?(Q7). We have
/Q [n3" Y™™ — np)” | dxdt < O [0 || 22 )l In3" — nall L2000
T
5™ |2 @) 197 = ¥ll2 @) + InellL2@n 197" = ¢l L2 (1))

and

/ /|n 72 dadt = Z/ / ™ ? ddt < erupw"ﬁ/ I ? de
—-1)r ’ Q
<C Z Tsup|¢m”|2 <C Z </ |p™" |2 da +/ ¢m"|2dx>

m=1

:C/ /|1/}m’”|2dxdt+0/ /|1/Jm”\2da:dt§0.
0 Q 0 Q

So
| mgrorur =i dod
Qr
< C[|Iny = nbll2r) + 07 = YllL2@m) + 07" = 4" ||L2(0m)] = 0 as T — 0.
O

The higher convergence obtained in the proof of theorem (4.6), along with

energy dissipation statement (4.5), result in the following energy inequality.
COROLLARY 4.7.
1
(4.22) 5/ |0 ]? + |0y dadt + F(n(s),¥(s)) < F(n®,¢°%)  for 0<s<T.
Qs

4.4. Uniqueness. Now that we established the existence of a continuous gra-
dient flow, we prove uniqueness of the solution independent of the choice of mini-

mizing sequence and the time discretization.

THEOREM 4.8. Given C > 0. We can find ¢1(C) so that, if ¢ > q1 and

F(m° %) < C for some initial data (n°,4°) € X then there ewists at most one
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solution (n(x,t),v¥(x,t)) € Xsor to the time-dependent Euler-Lagrange equations,

(4.18), (4.19), (4.20), and (4.21), satisfying the energy inequality (4.22).

PROOF. We consider two solutions (n, ¥) and (8, 9 of the weak Euler-Lagrange

equations with the same initial data (n°,+°) and that satisfy the energy inequality.

We take the difference between the corresponding Euler-Lagrange equations and

highlight the terms we need.

~ / ~/ /
t - ) - ) = U
{(On1 — Oy) + Ay ui(x,t) + {B+ Knj — Knjfuj(x,t)dedt =0
Qr

Replace uy(x,t) by vi(z,t)x—s4s) for each t € [0,T] then let § — 0. By the

Lebesgue Differentiation Theorem, we get for a.e. ¢ € [0,T):

/ (Bumr — yin) + Ay o1 (2, 8) + {B + Kn!, — K, } vl (2, £) dz = 0.
Q

Letting vy (z,t) = nq — 71,

/8tn1—n1) + K(n —n1 / —A(ny —ny) — B(ny — 1)) de.

We want to estimate the right-hand side, so we consider one of the terms,

1 P —_ o~
;FAK%WW—ﬁWWNm—ﬁmdr

IN

1 _ ~ ~ = ~ _ =
o /Q oY (9" = ") (n1 = fa) + " (ny — 75) (na — fin) = "ny (¢ — ) (na — )| do

o _ . T _ ~
Istlee [ 1= i = faf o+ L0 [ g o —
Q

”wMM/w Fline — | da

2 2 P
< vl /Wﬁwmd+nm /m IWMH@%Amwam

T 2 T 2 2

Note that |¢| and |1Z | are uniformly bounded independent of ¢, in the first and third

terms above. We repeat the process for the remaining equations and add up the
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final estimates to get, for ¢ sufficiently large,

%at/ﬂ Iny — 71 |? + |ng — fg|? + |ng — as|® + | — ¢> da

e [t = T+ oy P = i [~ P o

< Cft) [ = 4y = i 4 g — o+ 0 = D da
where

n(t) = |15 + 175115 + 1n5]1% + 1725115 + [In5l1% + 175115 + 11”115 + [1"]1%

1136 + NP 1126 + 112136 + 11212 + P @12 + 119 P@]1% + O

As a consequence of the global estimates (4.11), n(t) is integrable over [0,7]. By

the differential form of Gronwall’s inequality, we conclude that
/ Iny — 71| + |no — fol® + |ns — fig|?> + [ — ¥|*dez =0 for any t € [0, 7).
Q

Consequently, ny —ny =ng — s =ng —ng =Y — 1Z =0. O

5. Conclusions

Our analysis of the switching dynamics of chiral smectic-C falls within the
Landau-de Gennes theory. It also serves as an example of investigating defects us-
ing geometric flows, particularly in problems arising in Materials Science. We build
our mathematical model upon the free energy introduced by Chen and Lubensky
[22]. This energy is closely related to the work of Vaupotic¢, Kralj, Copi¢ and Sluckin
in [17], and Shalaginov, Hazelwood and Sluckin in [25]. The main difference is that
|th| = 1 is assumed throughout their analyses. While this does not present a major
obstacle in the statics, it results in a high energy barrier to overcome in the dynam-
ics. The construction and an analysis of the gradient flow under the assumption
|| = 1 was done by Cheng in [26]. In the present work, we use a full complex-

valued order parameter allowing the smectic structure to relax, which leads to a
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well-posed flow problem for a realistic energy barrier.

Appendices

A. Derivation of the Weak Euler-Lagrange Equations. Write the En-

ergy Functional as

J(m, ) = Ji(n,¢) + Jo(n) + Js3(n,9) + Ja(n, ¥) + J5(¢) + Je(4")

= /LLE(n,w)dzs—i-/LLH(n)dx—F/L I(n,zb)dx—!—/

—L

L L
2 "2
+ [ arydes [y

(n1 —n9)? n (ng —n9)? . (n3 —nj)? n [ — 0
2T 2T 2T 2T ’

1 PE
H:fKn’2+n’2—|—n/2, I: 2”,
2 [ 1 2 3] m|w| 3

where E =

F:&W”—[( g n1Y + natp’)ng) — < Y+ < niy —
¢ 1+ b2 1+ b2 1+0?
2
c1q 2
* Sar Y|
aj,, m ¢ o
+ — —co80)(————n1v¢ + iqn + q“ cos
Sy ) Ty iyt V)
7 .
+ [(ﬁﬂﬂﬁ + ngth’ — iqcos 01)ns]|?
c .
+g|\/ﬁ7b2n1¢+nz¢'—iqmsa¢|27

and G(P) = g1l = 17 + (WP + (W) + & ()2

—L

F(n,vy)dz

iiqnlnglb'
V1+0?

We take the first variation of J(n,) with respect to n and v respectively. Let

(u, ®) be test functions where u € H*(—L,L), ¢ € H3(—L, L) with ¢ € HZ(—L, L)

with R{¢"}(~L) = R{"F}(L) = 0.

Let €9 > 0. For every € € [—¢q, €g], define n, = ‘EIZE‘

Since |n.| = 1, n. belongs

to the same space as n . Write n. = n+ eP(n)u+ o(e) where P(n) =I—n®nis

a projection tensor. We have:
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=3 o V(Pm)) + o(d)
d L oE OF L oFE
hmen)| = [ S8 P O (P de = [ T8 P
d
The components of —J;(ne, ) are:
de o
L _ 0 _ 0 _ 0
/ {(1 —n?) <nlnl) — ning (n2 n2> —ning <n3 e }ul dz
L T T

L _ _ 0 _ .0
[ (52) 000 (52 (22
L T T

L .0 0 _ 0
/ {—nmg (nl nl) — nong ( n2> + (1 —n2) <n3 n3> } us dx.
_L T

Similarly, we have

L
OH
- ovn - V(P( dx—K/ Vn.V Ju) dx

= K/ Vn - Vu — |Vn|?n - udz, since [n| = 1.
-L

d
The components of d—Jg (ne) are:
€

e=0

L
12 2 12 !’
K/ —(ny" +n5 + ng )niuy + nju) de
-L
2 12 2 ’ o
K/ —(ny” +n5 + ng )ngug + nyuy d
-L
2 2 2
K/ —(n + n% + nf)ngus + nhub do.
-L

%Jii(nevd))

I
= / or. P(n)udz, with components
—L on

L
PE
/L ~ i s d

e=0
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L
PE
/ - |1/)|2n2n3uQ dx
L

V1402
L PE |, )
LL mhﬂ (1 —n3)us du.
d L oF OF ,
£J4(n6,1/)) T [L o Pn)u+ n V(P(n)u) dz, with components

L
/ (1 —=ni)Fy, — nanoFy, + (1 — nf)'F,Lfl — (nang) Foy ) ur + ((1 - n%)anl
-L

—nlnané) uy dz
L
/ (—ninaFp, + (1 = n3)Fy, — (mang) Fur + (1= n3) Fyp ) ug + (—ningFyy
-L
+(1 —n3)Fyy ) uh da

L
/ (—ninsFy,, —nonsFp, — (nin3) Fyy — (ngns)’ Fuy) us 4+ (—ningFy, — ngngFyy ) us da.
=)

Note that we use F,, to denote the derivative of F' with respect to ni, and we

calculate it using the fact that 9, (|z|?) = 2R(Z,2). For instance,

aL i ,— 24 2q )
Fo =20 — | ——==no¢) + "+ ——=n
' {q (\/1+b2 W+ e e
P i / i / 2 Y’
—_— — —=N1MN — —FN1Nn — —N1MN 277,77,*
(q \/7[)212770 1+b2121/1 \/72121/) an2

29" g M
nzq 1+b2¢+1+b2 1¢+ 1/)

+a”<2qnw 2% 7 >
g \1+02"" Ty2 0 \/ b2 \/ 2

cos Onqvp — 2i cos Ongr)’

ningy’ +

—q n21/J n 21 2q
1+02 T T2 V1+2
- !
———nnbth + 2n’2n2?

— gcos? Oy +

\/1177’7,1 2¢ + F

w//
+n2— —icos Gnéd))
q

o (ﬂ_ww) (mlsz””/’*”?ﬁ ‘“OSW)}

Adding the components of the above variations, we get the first 3 Euler-

Lagrange Equations in weak form, (4.1), (4.2) and (4.3).
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For the fourth Euler-Lagrange equation, we note that the energy has the general

form /a1|g1|2 + az|ga|* + ... + ai|gk|® dz where gy, go, ... and gj are linear in
P, ", We'll take for example f (1)) = / a1|b11p|* +az|botp|? dz. Then f(+ep) =

/a1 [b1(+€0)][b1(V+€9)|+azba (v +€)][ba(h+ed)] dz, where ¢ is a test function.

2w+ o)

= / a1b1b1Y + a1b1bi g + asbadbarh + asborpbad dx
e=0
:2%/(a1%g + aghyh)d da.

Proceeding in a similar way as in deriving the first three equations, we add the

different variations to get

L
2%/_5671&% Fy+ Fy ¢ + Fynd” +29(00) (I¥1° = 1) + 2(6) [0

PE

mn?,(d)a) dI = Oa

2, — 2 — _
4 ?(¢¢)//|w|2// 4 q76(¢¢)//l|1/)|2//l 4 %(¢///¢///) 4

Note that Fy, Fy/, Fyyr, Fy are not derivatives but notation for expressions that

are sums of terms like Gy 9, Gy’ 9, Gy g, Gy7 g Tespectively.

B. Proof of L?-Local Estimates (4.8). We replace the test function in (4.6)
by A_p[(Apni)e?] for a small h > 0 with ¢ as in (4.7). We drop the superscript 7
for convenience throughout this proof.

2 2
{(1 —ni)0rn1 — ningdrng — ninzdrng + Fn, —niF,, —ninaFy,, — 2n’1n1Fni
Qr

PE )
ﬁld)l ning

+ (Fuy — niFy —minaFyy ) A_p[(Arn})e” + 2(Apny )¢’ @] dadt = 0.

—n’1n2Fn/2 — nln'QFn/2 — Kn’fnl — Kn’22n1 — Kng2n1 —

} Anl(Arnn)e?)

Using the fact that [ fA_,gdz = — [ Apfgdz and rearranging the terms,

(B.1)

K (Apnyp)? = / [(1 = n2)6,n1 — ninedrng — nynzdns|A_p[Apng?]
Qr Qr

2 /! / /
— Ap[Fn, —niFy, —ninoFy, — 2nyna By — ning By — nang Fyy
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PFE
\/ﬁ |¢|2n1n3]Ahn1¢2

— Ap[Fo — n%Fn/l - nlnané][(Ahn'l)goQ + 2(Apna) ¢’ @] dxdt.

— Kn'12n1 — Kn’22n1 — Kngnl —

We want to estimate the right-hand side by a constant or a small multiple of the
left-hand side. We highlight a few terms, the remaining terms are approximated in

a similar fashion. Recall that n| =1 and |¢| < Cy, where C} is independent of g.

1
*/ |(1 = n2)6,miA_pApnyp?| dedt < 6/ |A_ L Apnyp|? dedt + 7/ In10,m1 0% dedt
Qr Qr € Qr

M
1
Se/ |Ahn’1g0\2dxdt+z E 7(|67n1 | L2(0)
Qr

m=1

Se/ |Apnyp|? dedt + C,
Qr

where we have used Young’s inequality for conjugate Holder exponents and the
energy dissipation property (4.5).
2

K
*/ |nf 1 Apn Apnyp?| dedt < e/ |Apnyp|? dedt + —/ |n), Apnip|* dedt
QT Q € QT

T

K2 T prL—n/2
= e/Q |Apn)@|? dedt + - / / |n), Apnp|* dedt
T 0

—L+n/2
KQ T L—n—2
< 6/ |Apn)p|? dedt + —/ sup |Ahn1<p|2/ |n),, |2 dadt
Qr € Jo (-L+n/2,L—n/2) —L+n/2
K* [T
< e/ |Apn)@|? dedt + —/ C sup |Apnypldt
Qr € Jo  (~L+n/2,L-n/2)

< 6/ |Apn)p|? dzdt + C
Qr

where we have used the fact that for f € H'(Q), sup|fe|? < e/ |f'o?dx + C.
Q Q

We estimate Ap Fyr, [ApFyr | < % (IAwul + ) )

q

A " A //A I
*ﬁ n¥ Apnyp? dxdt:C'l/ hib hlnlga dxdt
q Jar Qrl g+ g
Ay 2 N 2
<G / ol e+ "ol dudt
2 QT q4 2 QT q4
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el

1
3 |Ap" p|* dadt + T/ |Apn] | drdt + C.
20" Jar q2 JQr

Going back to equation (B.1), we estimate all the right-hand side terms and deduce

(B.2)

K |Apn)p|? dedt < e/

|Apn)o|? dedt + e/
QT QT

Ahnétp 2dxdt + € Apnl, %) 2 dxdt
3
QT

Qr

C C

+%/ |Ap"o|? dadt + =+ |Ahn’1<p|2dscdt+f1/ |Apnp|? dadt
q9° Jar q2 Jor q Jor

O

C; 1
+— |Apnbp|? dedt + —11*3 / |ARY" o|? dadt + C,
q Jor qz 9 Jor

where C] is independent of ¢ and 7.

For the fourth Euler-Lagrange equation, we use the test function ¢ = A_j,[Axvp?].
with ¢ being the same cut-off function.
2R | VA _L[ARDP?] = ApFy[Ante?] — ApFy[Ane®) — ApFyn[Appe?]”

Qr

+29(PA_ L[ AR ([ — 1) + 20 A_n[Dn®]) |1 + q%(wA—h[AhWQ])”IwIQ”

2 _ _ _
+ ﬁ(wﬁ—h[AhWPzDWW\QW + q%l/)mA—h[A}ﬂ/wQ]m + n3YA_p[App?] dadt = 0

E
1402
A "
knowing that Ay Fy» = %(1 - n%)thw + ‘L!(ng)
4 q q
We write 2R{A _ [An @]} = A_p[An 1202 —A_p [AnphA o] —2A A _pihe? ,

Apy”

] + remaining terms.

and isolate the terms we want to estimate.
(B.3)

ayL 242 |Ahw”|2 Ao |Ah¢//|2:| 2 1 2111, 12 P "o 12
2/ [ 1—n5) ———+ o) ———— | @~ + —=|An|Y|*"p|* + = |Ap" p|* dzdt
O q2 ( 2) q qg( 2) q q6| | | | qﬁ‘ ‘

=2R | SPA_R[ARYQ?] — ApFy[Ape®] — ApFy [App?] + {—AnFyr [Aptpe?])”
Qr
2 2
+ |:2ai (1— n2)2 |Ah:f | + a

|Ahw// 2
(- n3 (ngy 20

B e L B V(AN ()

L2 A AL TA) [ + q%wA,h[AhW])"WP” +{ %(¢A,h[Ah@¢2]>"’|w|2’"

1 p — p —
+ $|Ah|¢|2m¢|2 F+{ qT;wWA—h[AhWPZ]W + qT3|Ah1//N<P|2 b+ nsPA_p[Appp?] dudt.

PE
V1+0?
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As before, we want to estimate the right-hand side by a constant or a small multiple

/
Wl e
q

One term we consider,
L

T
/ 2R{—AFy Appp®} dodt < 2/ sup |Ahz/J<p| |Athap| dxdt
Qr 0 (—L,L)

T L

< C’l/ sup |1/)’|/ |ARFyp| dadt
0 (~L,L) -L

< Clq/ |AREyp| dxdt,
Qr

A 1"
where [A,Fy| < <|n1| T ><\hT¢

4.,

A 1 A 1 C
*cl/ |An¥ n'1<p|dmdtgf/ A2 gy L[ 2 gy
Qr q q Jor q € Qr
< %/ |Apt" o2 ddt + C.
q Qr

Another term we consider,

QCLJ_

A 12 2a A "2
2 -l 2y B o e

/ 28% {_Ath// [Ah@@2y, + |: q2
Qr

where |~y Fyr + |4 (1= n3)2 822" 4 2 (nd) 2027 || < G (jngy g, A |+ remain-
ing terms.
Cl / 77 2 Cl / ", 2
*—2 |n2hwhAhn1Ah1/)”go ‘dl‘dt < qu |Ahn1Ah’(/J %) |d.’L‘dt
Qr Qr
1 Apn App”
SClqé/ | —— h 1 ©|? da dt+C1f‘/ \ h:/f ©|? dxdt
Qr q2 qz Jor g2
C Ci 1
:7}/ |Ahn1gp\2dacdt+ ! 3/ |AR" p|? dadt.
qz Jar 249° Jar

A third term we consider,

2

= 23%{ VAL [ARYQ? )" [P} dadt
q

_ 2 / AR PO 2 dedt q2 /Q (A_n[Andh A G2 |02 dadt
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qa Jar
2 2 _
= _?/ (AnYPe®) " Aplp " dedt + = | (ApphAnpg®)" Aply?" dadt
q Qr q Qp
4
7?/@ (A A _ppp? )" [ > dadt
T
2h 21 2 211
*— |ARY """ Ap[p|*" dxdt
T
2h " T A2 211 2h " T A2 211
=— | 2R{A" AR AR |YT dadt + — [ 2R{3ARY" ARy}  Ap[Y[*" dadt
qa” Jar qa” Jaor
2 2 ol
< % (Ah|1/)|2m ) h |Ah{¢)///%¢|2 drdt
q Jar €1 Qrp q

€1 22h2

+—6/ (AR|Y|?" p)? dadt +
q9° Jar

/ |ARY" Apt'op|? dudt
Qr

€1 2C1h2
< (AnllPe)? dudt + | 1800 dade
q9° Jar Qr
122 (T €€1p
+—= sup |Apv’ 2/ "z 4+ h) =" (x)]? dedt (chooseh2<>
flq (—L,Iz) | hw ()0| s W) ( ) w ( )I 4201(]2

< %/ (ALY p)? da:dt+£6/ |Ah1/)"'<p|2dasdt+%/ |ARY" |2 dadt + C.
q° Jor q9° Jor qa Jor

Note that the constant on the right-hand side is dependent on p.

Going back to equation (B.3), we estimate all the terms and deduce

ay A2 a App"|?
2 | L W T e SIS + B8P dst
Qr 4 q q q
C’
< 6/ |Ahn/(p|2dl‘dt —+ %/ |Ahw”§0|2 dxdt + - / ‘Ahn/@‘Z daxdt
Qr q Qp q2? JQr

1
cal / AR ? dudt + < / (A 2" ) dedt + L / A" o dudt + C(p).
q2 9° Jar q9° Jar q9° Jar

However,
200 LN o dedt <2 / s (1= )2 + ay(nd)] = |An " of? dudt
al +a)q° Jor Qr q

A w/l A 1/} 1"
:2/QT 8%{ {C‘;_(l _n§)2hT e e (n2) hq } Apdp } dxdt.
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Therefore,

(B.4)
200 1

2 2
Al dedt + 2 / (Do) + 22 / A" of? duds
al+a)q - @ Jar qa- Jor

Se/ |Ahn'<p|2dmdt—|—i3/ |Ah¢”<p|2dxdt+c—ll/ |Apn’@|? ddt
Qr qa° Jor qz Jor

C
s DL el dndi 4 / (A" ) dudt + L / A" o dadt + C(p)
qz 9 Jar qa Jar qa Jor

We add the two estimates (B.2) and (B.4), along with the corresponding ones for

ny and ng,

2 1
(K —€— G Cl) / |Apn'@|? dedt + (Cua| —€— Oll) —3/ |AR" p|? dadt
q qz Qr ar+aq) q2 /) 4" Jar

F @9 [ QalwPr? dndt v @0 K [l dudt < (o)
Qr

T
Choosing e sufficiently small, and for ¢ sufficiently large, and since ¢ = 1 on (—L +

n, L —mn),
1 1
/ / A2 + | A2 + — | ARl 2 + LAy |? dadt < C(p).
L+n q q q

Letting h — 0, we deduce that ny, ny, nfy, "', ||>@W, W € L2((~L+n,L—n) x
[0,77). To remove the dependence on p, so we repeat all the estimates replacing

difference quotients by derivatives. For instance,
2 — _
=2 [ W@y + BV dadt
Qr
= —36 [(W” + 0" )" WP dedt — / (0" + )20 @] 9> dadt

-2 / (2" — 27 )P [P @ de dt—qg / (01220 o] [ 2D dvdt.

T

4 — 42 7
o [ O e < 5 [ O s 2 [ o s
q Qr qa Jor €q Qr

C; 1
<€ / R L
qa” Jar qa Jaor
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We proceed as before and arrive to

¢, C 2 i G\ 1
(K—6—1—11>/ |n//@2d$dt+<m_€_1l_l>/ |¢I//Lp|2d$dt
q Qr 2

ai +a) qz qa) @ Jar

1
+@-a 5 [ WOprdsdt+ -0 % [ wWeldeit <,
SZT QT

which leads to (4.8).

C. Time-Quotient Reasoning in Higher Estimates. To prove higher lo-

cal regularity, we repeat a similar process as in Appendix B. Here we just highlight

where the extra condition, that \no" |2 dx is initially bounded, arises from. For

Q/
that we consider only one piece of the Euler-Lagrange equation, after replacing the
test function by u = A_p[Apn’p?].
/ [6,n — (0,n-n)n]A_,[Apn'p?]) drdt = — Ap[0,n — (6,0 - n)n][Apn'p?]) drdt
Qr

Qr

= Ap[6,0'|[Apn %] dadt + Ap[(6:m-n)n][Apn'¢?) dedt =1+ 11
QT QT

Using the fact that

1 1
(0rw - W)m = = (W™ =™ 1) - 5[(‘”7” — W™ 4 (W™ w™ )]
1 1
= o™ =W T (W ),

we write

I:/ 5+ (Apn’)Apn'p? dadt
Qr
1 1
:/ z\érAhn’\zadexdt—i—/ —|AhnM’|24p2dxdt—/ —|Aun"'?Q* dadt
Qr 2 Qrp 27 S 2

1 1
:/ z\éTAhn'\Qcpzdxdt—i—f/ |ApnM’ |22 dm—f/ |ApnY 2% da.
Qr 2 2 Ja 2 Ja

Using the fact that

1 1
(6rn-m)pm = —(n™ — n"l) 5™~ n” ') 4+ (n™ +n™ )
1 m m—1|2 1 m|2 m—1|2 . m m—1
*E\n —-n |+§(|n | = n™7 %) with [n™| = [n™" ! =1
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— i‘nm _ nm—l 2
2T ’
we write
M= [ Au[(0,n-n)n][Ayn'¢?) dzdt
Qr

= / Ap(6;n - n)ny,[Apn’p?) dadt +/ (6;n-n)Apn[An'@?) dzdt
QT QT

= / Ap (%|§Tn|2) ny,[Apn’?) dadt +/ (6;n-n)Apn[Apn’p?]) dadt.
Qr Qr

We can prove that

1) < e/ |A;Ln”<p|2da:dt—|—e/ 7| AR, p* dedt + e sup [ |Apn'p|? dx + C,
Qr Qr 0,7)Ja

to get the following estimate

1
(C.5) ‘I—FII—/ z|57-Ahn/<p|2d$dt—*/|A}Lan<p|2dl‘
ar 2 2 Ja

1
< 5/ |Ahn0’<p|2dx+e/ |Ahn”<p|2dxdt—|—e/ 7| Apd, ' @|? dadt
Q Qr

Qr

+esup/|Ahn’<p|2d1’+C.
0,1 o

As can be seen from (C.5), in order to get an estimate using the Euler-Lagrange
equations with the terms [, 7|6, Apn’p|* dedt and § [, [Apn™’p|? dz, among oth-

ers, on the left-hand side, we need 3 [, |A,n”¢|? dz to be initially bounded.

D. Recovering Euler-Lagrange equations when p — 0. Recall the en-

ergy functional

L ke ke
JP(“JMZ/ {|n n 1|2_|_|¢ P 1|2}d3;+]-"q(n7¢;p)

L 2T 2T

where we consider (n,) = (n**, %) that minimizes J*. We want to let p — 0,
assuming that the time step k is fixed. From the interior estimates (4.8) we have
that n*? — n*% in HY(—L' L/;S?) and ¢** — ¢*0 in H?(—L',L') for each
L' < L. We want to prove that n®* — n*% in H'(—L, L;S?) and ¢** — ¢*° in

H*(—L,L).
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From the lower semi-continuity of the integrals with respect to these sequences
we have

@b, g0) < lim Jo(mbe, ).
p—0

We first show that this is in fact an equality by constructing test functions

(n.,.). Fix r > 0 so that 2 > |[¢*0

>1/2on (—L,—L+r)U(L—r,L). Set

n. =n"%on (L, L)

e =% on (=L +r, L — 7).

On (—L,—L+7)U(L—r, L) we write 1/*0(z) = |[¢*9]e’®@), Since O(z) € H3(L —
r,L'YNH?*(—L +r, L), we can find ©. € H*(L —r, L) so that ©.(L —r) = O(L —
r),0.(L—r)=0'(L-r),0/(L—r)=0"(L-r),0.(L) = 0(L),0L(L) = ©'(L) and
so that O (z) — ©(x) in H?(L—7, L). We carry out the corresponding construction
on (=L, —L+r). We set () = [¢p*°(2)]e’®<(®) on (~L,~L+r)U (L —r,L).

We find that ¢.(z) € H*(—L,L), ¢¥. — ¢¥° in H*(~L,L) as ¢ — 0 with
e having the correct boundary conditions at zo = £L. This renders (n.,.) a
comparison function for each €, p > 0 for J*.

We now choose, for each € > 0, a p(e) > 0 and small so that
L
o) [ prpde<e
-L
Then we have

JOmM0, ) < lim JP (0, M) < lim 77O (nz, ) = T (00, 940).

p—0 e—0

Thus
JO ("0 ¢"0) = lim JP (n*#, 7).

p—0
It follows that each of the integrals making up J” converge to their counterpart in
JO. Therefore ffL |(n*P)|? dx — ffL |(n*9)’|2 dz which implies that n** — n*°

in H(~L, L).
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Expanding the first two terms in F, out we get

{2 (1 5) + Sty ooy

q
+ {C;é {(1 - (ng’P)Z)Q B (1 — (n§,0)2>1 + % [(nlg,p)4 _ (n§,0)4:|} (P2 4 -
B {C;; (1 - ("5’0)2)2 + Z?J(”S’O)LL} [(¥%P)"12 +1(p) + I1(p)

where f_LL I(p) dx — 0 and f_LL II(p) doz — f_LL I1(0) dz as p — 0. Here we are using
the properties that I1(p) is at most linear in (¢*?)"” and n** — n*0 in H'(—L, L).
Since the integral of this expression converges to the corresponding integral in .J°

we get

L 2
a | 2 a

/L {qs (1-05Y) + *qg (”’5’0)4} |(*P)" 2 da

L 2
a| 2 a
— / {3 (1 _ (’I’LS’O) ) + 3|(n12€’0)4} |(,(/)k,0)//|2 d.

- L4g q

Due to this, ¥** — ¢*0 in H2(—L, L).

Finally using the strong convergence for ¢** and n** we can show that one
recovers the Euler-Lagrange equations (4.1), (4.2), (4.3) with (uy(z, k1), uz(2, k1),

us(w, k7)) € H'(—L, L) upon letting p — 0.
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