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1. Introduction

We consider the vortex motion for the Ginzburg—Landau heat flow

1
(1.1) w=Au+ —(1—|uPu in QXR,,
£
(1.2) ulx,t) = glx) forx e dQ, t >0,
(1.3) ulx,0) = uy(x) forx e Q.

Here 2 is a two-dimensional, smooth, bounded domain, ¢ is a positive parameter,
u:QXR, — R% g:9Q — R? is smooth, and |g|(x) = 1,x € 6Q. Naturally we
also assume the compatibility condition that ug(x) = g(x) on 9Q.

The system (1.1)~(1.3) can be viewed as a simplified evolutionary Ginzburg—
Landau equation in the theory of superconductivity ([4], [5], [11], [18]). The
same system also appears in a canonical way when one expands a large class
of second-order dissipative systems about bifurcation points ([3], [15], [19]). It
serves, therefore, as one of the fundamental models in the study of the dynamics
of nonequilibrium patterns ([21], [22]).

The aim of this article is to understand the global (in time) dynamics of vortices,
or zeros, of solutions u of (1.1)(1.3). Our study has some interesting implications
for the problem of “pinning the Ginzburg-Landau vortices”; see, for example, [6]
and [16]. Its importance to the theory of superconductivity and applications are
addressed in many earlier works ([6], [7], [10], [14], [18]).

To understand the behavior of solutions u of (1.1){1.3) as ¢ — +c0, one has to
look at steady state solutions u,, that is, the critical points of the energy functional

_ 1 2 _1_ 2 _ 2
L9 £ =3 [ [19ul? + 555 (1) v

A complete characterization of asymptotic behavior (as ¢ — 0%) of vortices of u,

is given in the recent book [2].
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THEOREM 1.1. Let €, g be as above, and let {u.,} be a sequence of steady
state solutions of (1.1)«1.2) (with & = &,). Then there is a subsequence {u.,} such

that u, (x) — u*(x) in Cllof(ﬁ/{al,..‘,ak}) with k = k(S), g) where u*(x) is given
by

k . dj
(1.5) u(x) = H( - ) M xeq,

lx — a;l

Zl;=| d; = d = deg(g,0N),u* o = g and Ah = 0 in Q. Here we assume d = 0,
and in the product we naturally identify a two-vector with a complex number.

If, in addition, the {u.,} are minimizers of (1.4), then, in the above formula for
u' k=d,d;=1for j=1,...,d. Moreover, the pointa = (ay,...,a;) € ¥ is a
global minimum point of the renormalized energy W, (b) defined in 0 where for
b=(bi,....by) €X',

1
Web) = -7 loglb; — b;| + ~/ (g A gr)
T 2 Jon

(1.6) y
= —71 3 _R(b)),
j=1

® is a solution of

d
AD =21 &, in,
(1.7 i=t

o
— =gAg, onif,
ov

(g- is the tangential derivative of g along 9%)), and R(x) is given by

d
(1.8) R(x) = ®(x) = > log|x — bj].
j=t

Remark 1.2. The above theorem was shown in [2] under the additional as-
sumption that (2 is star-shaped. This additional assumption was later removed in
[16] and [25]. We point out that the proof of theorem A in [17] also leads to a
proof of the latter fact.

The dynamics of the vortices in the limit ¢ — 0 can be considered within the
framework of a general program initiated by J. Neu [18] and later extended and
improved by many others ({7], [20], [22]). They formally used the method of
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matched asymptotic expansions to derive equations of motion for the vortices. To
leading order in & (or ﬁ), the equations are of the form:

d

mi—ai(t) = -V, W,a), i=12,....4d.
dt

The constants m; are called the mobilities of the vortices. One of the key facts

that has been derived is that m; ~ [log £|. In fact, it is derived in [18] and [7] that

(1.9) log - dia(t) —grad W, (a)

where alt) = (a,(?),....a4(t),a;(t), i = 1,....d, are vortices.

It is a challenging problem to give a rigorous mathematical proof of (1.9). Since
the right-hand side of (1.9) is generically bounded, it follows that the vortices
move slowly; that is, it takes a period of time that is O(log é) for a vortex to move
an appreciable distance. Under certain conditions on the initial data uy and the
assumption that Q2 is convex, the following result was proved in [22]:

THEOREM 1.3. Let u(x,t) be a solution of (1.1)(1.3). Assume that at each
time t > 0 there exists exactly one zero of u., denoted by q.(t), with deg(u,, B, =
(q.(1)) for all positive r < dist(q.(t), 3Q). Let xy be any point in Q|{0} and denote
by T, the infinimum of the set {t : q,(t) = xo}, assuming this set to be nonempty.
Where uy(0) = 0, then

> 0.

lim inf
=0 | log el

The result of Theorem 1.3 shows that vortices can only move in no less than
log L scale time. Iti is, however, almost impossible to verify the assumption of this
theorem in general. Indeed, in the same paper the authors exhibited examples in
which the number of vortices increases in the course of the evolution. In Section
3 of this paper, we show, under a suitable condition on the initial data uy, the
solution u.(x, t) will not create any additional vortices whenever 0 < ¢ = o(log ).

The main results of this paper can be roughly described as follows. Let ue(x t)
be the solution of (1.1)~(1.3), and suppose the initial data satisfy some natural
conditions (see Assumptions 3.1 and 3.2 in Section 3); then, in any finite time
T, we show the vortices of u.(-,1),0 = t = T, remain roughly the same as the
initial data, and the phase function of u.(-,t) satisfies the standard heat equation
(see Theorem 3.3) whenever ¢ is sufficiently small.

Next, we consider the evolution equations of the form

18 1
— —u, = Aup + s 8, (1 - |u,|?
(1.10) » or Aug + 5 u (1= lue|?)
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in Q@ X R, and u, satisfies (1.2) and (1.3). We show (see Theorem 3.7) that as
e — 0, u, converges to

in L3.(9 x R,) whenever

lim ,—0 and N\, — o0 ase — 0.
e—0 Iog -
Here by, ..., b, are d distinct points in . They are vortices for the initial data uo

(see Assumptions 3.1 and 3.2) where Ah(x) = 0 in Q and h(x) = hy(x) on 92 so

that
d

x=bj 4w
II()X — (x)
I;IIIx—bI -é

The case that A,/ log - — o0 as &€ — 0 is studied in Section 4. Our main result
there is Theorem 4.5, which states that, for any sequence of &, | O, there is a
subsequence of {u., (x,#)} that converges in some generalized sense. Moreover,
for a.e., t > 0, and any w-limits of {u, (-, #)} are functions of the form

d

x—a; .
H I piha(®)
=1 —ajl

1 lx

with the property that Ak, = 0 in Q,h, = hy on 99, and a = (ay,...,a,) are
critical points of W(-).

The proofs of these results are based on some basic facts concerning the func-
tion class Sg(A, K) (see Definition 2.3). Theorem 2.4, Theorem 3.3, and Lemma
4.1 (see also (4.5)) are each clearly of interest. They show that the function class
S,(\, K) possesses properties similar to those of functions U, that minimize the
energy (1.4) and such that U, = g on 99 (cf. [2]).

As can be seen from the above discussion, the case \, = logi is obviously
most interesting for the motions of vortices. Though we are unable to show in
this paper that the precise dynamical law (1.9) is valid, we can nevertheless show
that (cf. Theorem 5.1) vortices move continuously in this time scale. (See the
remark following this paper.) Moreover, vortices have to move at positive speeds
whenever they are away from the critical point set of the renormalized energy.
These statements show, in particular, that the mobilities of vortices have to be
=~ log L

As ‘our proofs are mostly based on a careful investigation into the class of
functions S,(\, K), the key method involved is naturally energy comparison. It is
clear that, when £ — 0, we will lose control on both continuity in time and conti-
nuity in space variables for the solutions u.(x, ) of (1.1)1.3). Thus there is little
hope that the standard elliptic or parabolic theory will have many implementations
here.
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2. Preliminaries
2.1. Maps with Prescribed Vortices

Let by,b,,...,b; be d distinct points in  where d = deg(g,9Q)) > 0. By
lemma VIIL1 and its proof in [2], there is some p; depending only on b =
(by...,by) and Q such that for every 0 < p = py and every ¢ > 0, one may
find some w,(x) € c'(R) with w, = g on 92 and

1
(2.1) E.(w:) = dl(e, p) + W,(b) + nd log — + 0(p).
p
Moreover, |Vw.(x})| = c/g, x € §, and
1 2 2
(2.2) 5 [ (wl*=1)"dx=c.
e Ja

On the other hand, lemma VII.2 of (2] asserts that

min {E.(u) : ulyo = g}

23) = dlfe, p) + nd log i + O(p?) + min {Wg(a) ‘a € ﬁd}

whenever & = &(p).
In inequalities (2.1) and (2.3), the quantity I(g, p) is defined by

X

I(g, p) = min { /B o e(u)dx : ulx) = — on 6Bp(0)} ,

x|

where e (u) = 3 [IVuI2 + 5 (lu]? - 1)2]. Maps that satisfy (2.1) and (2.2) will
provide the particular class of initial data for our discussion below.

LEMMA 2.1.  Let u be a minimizer of the functional

_l 2 L 2 _1\2
Es(u)—Z/B[IVul b o (ul? = 1)

in the unit disc B with u = g on dB. Suppose that

1
A2+ —(gl? - 2]5
[ s+ 5ster - 17 s .

for a constant K. Then, for all sufficiently small ¢ > 0 (depending only on K) we
have

E.(u) = C(K)
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whenever deg(g, OB) = 0, and

1
E.(u) = r|d| log - — C(K)
&
if deg(g,0B) =d # 0.
Proof: See lemma 1 of [17].

LEMMA 2.2. Using the hypothesis in Lemma 2.1, suppose deg(g,0B) = Q.

Then |u(x)| = % in B whenever 0 < & = si for some ek. In general, if v € H'(B)
with v = g on OB and |Vv(x)| = c/e, then

E.(v) = min {E () : u|yp = g} + Co(K)
for some Cy(K) > 0 provided that |v(0)] = %

Proof: See proof of lemma 2 in [17].

DEFINITION 2.3. Let Q,g be as in (1.1)«(1.3). We say a map u : Q — R?
belongs to the class S,(\, K) if

i) ue H(Q), u=gondf, and ju(x)| = 1in Q;
(ii) if Julxp)] = % and xg € Q, then |u(x)| = % whenever x € Q and |x—xy| = \e;
(iii) E,(u) = rdlog + K.

It is not hard to check whether u,(x, 1) is a solution of (1.1)—(1.3). Then, for any
t >0, u(-,t) € S;(\,K) provided that E (uy) = nd logé + K and |Vuy(x)(x)| =
co/e where N\ may depend on ¢, g, and 2. We note that A depends only on g and

Q whenever ¢t = £2. Therefore, it is useful to get some general knowledge about
those maps in Sy(A, K).

THEOREM 2.4.  There are two positive numbers gy and oy depending only on

N K, g, and ) such that, for any O < & = g, u € S;(\,K), there are N, disjoint

balls B; of radius €%, j = 1,...,N,, with the following properties:

() ag=aj=lforj=1,...,N.and N; = N.(\,K).

(ii) The set {x € Q2 : |u(x)| = %} is contained in 2 N (U?’;l B)).

(iii) The estimates &% f,,(Bjm) e.(u) = clag,\,K), j = 1,...,N,, are valid. In
particular, the degrees d; = deg(u, 0(B; N ) are well-defined.

(iv) There are exactly d balls, say B,, ..., By, such that the corresponding degrees
d; are not zero. If we let x,,...,x4 be the centers of balls B,,...,By, then
min{|x; — x;|,dist(x;,0Q) : i # j, i,j = 1,....d} = 6(\,K) > 0. Moreover,
each d; equals 1 for j=1,...,d.

(v) If B;NQ # O, then if B; N\ is scaled by a factor of size =~ &, the resulting
domain is of diameter 1 and is uniformly Lipschitz (independently of € and j).
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Proof: Step I. Starting with a map u € S,(\, K), we are going to construct
a finite sequence of maps such that each map is a simple modification of the
preceding one and the final map v has the following properties:
(P1) v € S,(\,K);
(P2) theset {x € Q: |v(x)| = %} 1s contained in d disjoint balls D; centered at y,
and of radius &” for j = 1,...,d, where 8; = B\, K) > O for j = 1,....d.
(P3) the balls D;, j = 1,...d, satisfy &% Jop, €:(V) = c(B,\,K), min{|y; — y;|,
dist(y;, 00 :i # j, i,j=1,...,d} = 6(\,K), and d; = deg(V,0D;) = 1 for
j=1....d
For this purpose we assume that ¢ is so small that K = %logé and thus
E.(u) = nld+ %)log % Set @ = 27¢7% where ky is chosen so that 275! < Wlﬂ).
As in [25], for any x € ( there is 8 € [, 2a] such that

2.4) & /_)B wna e.(u) = cld)/a.

In particular, Ju(x)| = % for x € O(Bs(x) N ), and the degree (u, I(Bys(x) N Q) is
well-defined whenever ¢ is sufficiently small (depending only on X, d, g, and ).

Let yy be a point in the set {x € Q: [u(x)| = 1}, Then we choose a ball D of
radius £° for some 8 € [, 2a] and centered at yy so that (2.4) is valid (with y, in
place of x). If deg(u, d(D N ) = 0, then we replace « inside D N €2 by u, where
i minimizes the energy [pnq e:(V)dx with i = u on (D N Q). It is not hard to
see that e #(D N Q) is a Lipschitz domain for which we may apply Lemma 2.2
so that |u(x)| = % in D N . In this way we obtain a new map u'(x) that equals &
on D N §, that coincides with # on 2{D such that

E(u'(x)) = E.(w),

and that still possesses the property (ii) in the definition for the class S (A, K).
Indeed, since |u(x)| = 2 on &(D N Q), for any point xo € QD with |u(xp)] = %
the ball {x : |x — x| = A&} will not intersect (D N Q). In other words, u'(x) €
S,(\,K). We then apply the same modification procedure to u'(x) as we did to
u(x) above to obtain the second new map u"(x), and so on. After finitely many
repetitions of this procedure, say N, times, we arrive at a new map u,(x), a point
yeEfxe: juk)l = %}, and a ball D, centered at y, of radius £* for which
the corresponding estimate (2.4) is valid. Moreover, deg(u;, 3D, N Q) =d; # 0.

At this stage we will keep the ball D, and let Q; = Q|D,. We apply the same
arguments as above for u on Q to u; on §; with 8 € [2a,4a]. The reason we
change the range of values for § is as follows: For any x € Q, let D be a ball
centered at x and of radius &? for some 8 € [2a,4ca]; then D N Q; is a uniformly
Lipschitz domain after normalization (its Lipschitz character is independent of
B € [2a, 4a], small positive €, and x € 2y).



330 E. H. LIN

As in the previous stage, we modify u; on £, a total of N times to find
another map u,, a point y; € {x € Q; : o) = %}, and a ball D, of radius
&%, B € [2a,4a], and centered at y, such that deg(u, 8(D2 N Q) = dy # 0.
We keep the ball D,, let 2, = Q;|D,, then apply the same procedure to u; on %
with B € [4a, 8a], and so on.

We claim the above procedure has to stop after d iterations of modifying the
maps. Indeed, if we find d + 1 balls, d,, ...,d4+1, then by Lemma 2.1 (which may
apply to all domains D;NQ;_y, j=1,...,d+1, Q = £, since all these domains
become uniformly Lipschitz after a proper scaling), we have, for j = 1,2,...,d+1,
that ’

1 .
/ e.(u;) 2 7 |d;| log —(1 — 2/a) - cla,d).
D;N%Y_, £

Therefore,

d+1
1 .
E.) Z Ecluge) = )_wldj| log = (1 - 2/a) — Cla,d)
j=1 &
d+1
(2.5) =l 1 1 — 2]2—(/-/(0
= mlog Z ( )

j=1

éw(d+ g)log1 —cla,d).
3 P

This result contradicts the fact that u € S,(X, K) whenever ¢ is sufficiently small.
In summary, after finitely many modifications we obtain a new map v. More-
over, v satisfies both (P1) and (P2). From our constructions, it suffices to verify
(P3). Since Z;Ll d; = d, the fact d; = 1 follows from (2.5). To show that the
centers of the balls D; are distinct and lie strictly inside €2, we consider a new
mapvsuchv=vonD;NQ, j=1,...,d, and ¥ minimizes

/ e{u)dx
QUL D;

with v = v on J(Q| U‘J‘Ll Dj). Then, the arguments in the proof of theorem A of
[17] show that

1
(2.6) E.(V) = ndlog — + dl(e, p) + O(p) + W,(3),

p
whenever € is suitably small and where p = ple), ¥ = (3i,...,¥4), and y =
(y1,...,yq) satisfy |y — y| = p? since W,(3) — +o00 whenever two points y; and

yi(i # j) coalesce or one of the point y; tends to 952. Thus we conclude that
(P3) is also true. Note that the value (for all sufficiently small &) of min{|y; —
yil,dist(y;, 8) : i # j, i,j = 1,...,d} is bounded below by a positive constant
depending only on K, g, and (2.
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Step 2. 'We want to show that the total number of modifications N = Zd“
that take place in constructing the map v with properties (P1), (P2), and (P3) is um-
formly bounded by a constant depending only on \,K, g, and Q. Here N, is the

number of modifications that have to be made to cover the set {x € Q2| Uj{zl D

|Uglx)| = %} so that the resulting map v has the property (P2).
To show the above fact, we use (2.3) to obtain first that

E(w)-E.(v) =K +C(g0Q).

On the other hand, all maps in this modification procedure are in class S,(\, K). We
employ the proof of Lemma 2.2 (cf. {17], lemma 2) to obtain that each modification

decreases the total energy of the map by at least whenever ¢ is small enough

(depending only on A\, K, g, and £2). Thus N - E = K + C(g, ), that is,

N = N(\K).

Therefore, the values of the maps v and u can be different only on a union of
at most N balls of sizes = &%. In other words, the set {x € Q : |u(x)| = %} is
contained in a union of at most N + d balls of sizes = ¢°.

Step 3. 'We can now complete the proof of Theorem 2.4. Since the set {x €

0 |ulx) = %} is contained in a union of at most N + d balls of size = &%, we

want to employ the grouping and induction argument as in [25] and theorem 2.8

in [12] to these at most N + d balls of size = &*. As a result, we want to find

N, balls B; of radius %, j = 1,...,N,, with the following properties whenever

€ = gq:

() @; € [ag,a] for j = 1,....N;and N, = N +d = N.(\,K). Here o is a
positive constant that may depend on N ..

(I) The set {x € Q : |ulx)] = %} is contained in 2 N U7;, Bj, and the ball
¢ %/3B; (scale B; by a factor £ %3 about its center) are pairwise disjoint for
j=12,...,N

To prove properties (I) and (II), we need the following:

LEMMA 2.5. Let B, B,,...,By be N balls in R? with radii not larger than &*
for some a € (0, %) and for j = 1,...,N. Then there are a positive number «
(depending only on a and N) and balls B; of radius &% for j = 1,...,.N. £ N
such that properties (I) and (II) are valid provided that ¢ is sufficiently small.

Proof: Let A = U?Iz, B;. We are going to prove this lemma on covering by
induction on the number of connected components of A. If A is connected, then
we simply take @ = § and a ball B, of radius & ;_ZNS" (this inequality will
be valid whenever ¢ is suitably small) such that A C B;. The conclusion of the
lemma follows automatically.
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Suppose that the conclusions of Lemma 2.5 are true whenever (the number of
connected components of A) = k = N — 1. Moreover, these @;’s satisfy &; = 3
for each j. We want to show that Lemma 2.5 is true when the number of the
connected components of A is k + 1 = N, and that each @, in the lemma can be
chosen to be not less than % whenever ¢ is small enough.

For this purpose, we let Ay, ..., As, be connected components of A. Without

loss of generality, we may assume that the diameter of A is larger than 3(k+1)s "7,

for otherwise we may simply choose a ball B of radius = ¢**" that covers A

entirely (whenever & is small enough), and then the conclusion of the covering
lemma is obvious.

2u

Now we let x',x” € A be such that |x' —x"| = diam A = 3(k+1)e** 7. We may

2u
find a pg € (0,3(k + 1) ¥ ) such that the boundary 8B,(x’) of the ball B,.(x') will
not intersect any of the Ajsfor j=1,...,k+ 1 and for any r € [po — 83;_*',p0 +

2a

¥ T]. Then it is obvious that ANB,(x') = A, and A” = A ~ A’ contains some of
each Ay,..., A¢4;. We may apply the induction step to both A’ and A" to conclude
that A = A’ U A” can be covered by balls B; of radius &%, @; = % Now since

2a 2a
dist(A’, 0B, (x')) = £¥*7, and since dist(A",dB,,(x') = ¥, the conclusions of
the covering lemma follow. This completes the induction argument.
Now we can apply Fubini’s theorem to find balls B; (having the same center
as B)) of radius £, a; € [@ i/3,a}, such that (i), (ii), and (iii) of Theorem 2.4 are
valid. Parts (iv) and (v) follow from the same proof as in Step 1.

COROLLARY 2.6. Let u € S;(\,K) and Bj, j = 1,...,N.;,0 < & = &, be as
in Theorem 2.4. Suppose that X; is the center of B; and that deg(u,0B;) = 1 for
j=1,...,d. Then N, = d whenever

1
E.(u) = wdlog — + W,(x) + co
£

where ¢p = dy + ;‘—; and v is the value defined in theorem IX.3 of [2].

Proof: Suppose N, > d. Then we replace valuesof uin Bj, j = d+1,..., N,
by its corresponding values of minimizers of the energy functional on B; (with
the Dirichlet boundary condition given by u). The resulting map v has the similar
property (2.6) as for v.

By theorem IV.3 of [2}, I(e,p) = ndlog? + dy + o(l) as ¢ — 0" whenever
p = ple). By choosing p small, we have

E.(v) =z nd logl + yd + W, (@) + o(1).
£

Here o(1) is a quantity that goes to zero when ¢ — 0*. Since E.(u) = E.(v) + ?—2
(see Step 2), we obtain a contradiction to the assumption on the boundedness of
E_(u).



SOME DYNAMICAL PROPERTIES OF GINZBURG-LANDAU VORTICES
COROLLARY 2.7. Letu € S¢(\,K) be as in Corollary 2.6 and
E.(u) = ndlog é +dy + W)+ .
Then
2.7 ww =C

Q, €

where C is a constant depending on \ and K and where Q, = Q| U‘}=| B;.

Proof: By Corollary 2.6, |u(x)| = % on §2.. By Lemma 2.1

d
/U" , elu)dx = ;wlogé(l -a;)—c.

j=154

On the other hand, by Theorem 2.7(iv) and proposition 3.4 of [26], we have
10 . 5\, K)
= Vul"dx = log—— -C.
/Q 3 [Vul®dx ;w g
Therefore, as u € Sy(\, K), we have

1
—2/ (1 = |u)®)dx = const
e Jo,

where the constant depends only on )\, K, g, and Q.

3. The Lower Bound of the Mobilities

333

Let us consider first the finite time behavior of solutions u.(x,1) of (1.1)~(1.3).

The initial data u; are assumed to satisfy the following:

ASSUMPTION 3.1.
() ug is smooth with |ug(x)| = 1 in §;
(ii) E.(up) = ndlog é + K| for a constant K|, and

(i) [ p (e (up)dx = K, for a constant K, where p(x) = dist(x, {by,..., by}),

and by, ..., b, are d distinct points in §Q.

Under Assumption 3.1 and our hypothesis on g and (2, the global existence of
the unique smooth solution u,(x, t) of (1.1)~(1.3) can be shown by a rather standard

method (cf. [1]). Moreover, we have

d
2 E (o 0) = - /Q

2

dx,

%w@ﬁ
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and thus

! 0
sup/ —u(x,7)
(3.1) >0Jo Ja | Ot

1
= Eclu) = wdlog; +K.

2
dxdr + E.(u:(-, 1)

By using a scaling argument and usual parabolic estimates, it is also easy to see
that

2, |9 \ = ¢
(3.2) [Vulx, )" + ‘atus(x,t) =2

for a constant c. depending only on g and  and for all r = &?. The estimate
{3.2) will be also true for 0 < r < £ provided that ug(x) = uoplex) is such that

Vugx) — Vug(y)
(3.3) IVugl ~ + sup | uO(va)- yI:O ) =K;,

for some constants « and K3. In this case, the constant c. in (3.2) will, of course,

also depend on K3 and a for 0 < ¢ = &2
(3.1) and (3.2) imply that u.(x,?) € S,(\,K) for constant \. Also, by (2.3), we
have

1
E (u.(-,0) = 7rd10g; - Cy,

and hence

(3.4) /0 N /Q

Next, we calculate

2
dxdt =C; +K,.

aug(x, 1)

2
dx.

a1, 175 / ‘2
(3.5) dt/gp K)e (u.(x, 1) dx = 2/“p ()| Vug | dx + 2 ) atus

Here we have used the fact that [Vp(x)| = 1 in . Therefore,

(3.6) /Q p2(x)es(us(x, 1) dx = 2¢' /0 /s 2 }%us

For any T € (0, o0) and any § € (0, §y) where

2
dxdt +K;.

260 = min { |b; — byl dist(b;, 8Q) i # j, i,j = 1,....d} ,
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we let Q5 = O\ U7, Bs(b;) and Q51 = Qs X [0, T). From (3.4) and (3.6), we have
U, & H'(Q&_T) with

(3.7) /Q e.(u(x, Ndx = c(6,K,,Kr)e", Vielo,T].

To study the asymptotic behavior of solutions u. of (1.1)H1.3) as ¢ — 0%, we
need to make the following additional assumption on uy (which, in general, may
depend on &):

ASSUMPTION 3.2.  The initial data uy(x) converge to

d X —
ziu(x
="

j=1

as € — 0% where hy(x) is a function in H'(Q).

Now, for any sequence of &, | 0, there is a subsequence (still denoted by &,)
so that u,(x,1) — uglx, ) weakly in Hio . (Q\{by,...,bs} X R,) and strongly in
L,zoc(ﬁx R, ). The latter is because |u,(x,1)] = 1. Moreover, |ug(x, )i = 1 are a.e.
in QxR

Since u, A %us = div(u. A Vu,) in Q X R, we deduce that (via |ug|(x,z) = 1
ae.)

d
% = Aug + |Vu0|2uo in Q/{b],...,bd} X R, ,
d
—b;
(3.8) wo(x,0) = [T 2 o)
o(x, ]]:[l TRk

=g ondQXR,.

Since the images of uy(x, ) lie in the unit circle, the function uy(x, r) is smooth
in O\{by,...,bs} X R, (cf. [17]). Moreover, by (3.4) and (3.7), we can deduce
that, for any ¢ > 0,0 < 6 = &, the degrees deg(uo(-,1),0B,(b;)),j = 1,...,d, are
well-defined and all equal to I by Assumption 3.2. Therefore, we may write

(3.9) x t) = H |x b | thoxr

It is obvious that

g;ho(x, 1) = Ahglx,t) in Q\{by,....,bs} X R,

(310) hO(x, t) = ho(x) on N X R, ,
ho(x,0) = ho(x).
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At this stage, we do not know if hy(x, t) satisfies the heat equation in 2 X R,. We
also do not know if such hg(x, t) is determined by the limit of the whole family

u.(x, 1) instead of a special subsequence {u,, (x,1)}.

THEOREM 3.3.  The function ho(x,t) in (3.10) satisfies

sup[||Vh0(x,t)||i:]+/0/Qlg—tho(x,t)

>0

2
dxdt =C,

and C depends only on g, Q, and K = max(K|,K,,K3). In particular, hy(x,t)
satisfies the heat equation in } X R,. Consequently, we have

d
x—b; .
u(x, 1) — I I bj gholx)
J=1 lx — jl

in leoc(ﬁ X Ry) and weakly in

Hioe (Q\{by,....bs} X R,)

when ¢ — Q.

Proof: Let us consider a function u € S,(\, k), and let By,..., By, be balls

given in Theorem 2.4. Let xi,...,x; be centers of By,..., By, respectively; then
d x—xt . N,
(3.11) utx) = [ | gle'h»:w -pelx) forallx € Q\|J =9,
x —_— T

j=1 J j=1
where h.(x) is a well-defined function, single-valued in 2., and

1
—=p)=1, x€Q..

Such A, is uniquely determined if h.(xy) € [0,2n) for some given xo € 9. We
note that (3.11) is true because

deg(u,0B;)) =0 for j=d+1,...,N,.

We have, on the one hand,

d
1
/ efwdx =n ajlog— + C(\K).
Q, J=1 &

On the other hand,

/ e (u)dx 2/ P2 VO + p|Vhy|? + 202V, - Vh,
Q, Q.
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where 0, is a multivalued-harmonic function on . so that

d

£
I X — X5
ez(),.z II J .
ls

) |x — x;

Since |VO,|(x) = £ for x € Q,, we have

3

1
[ -1 |vee|2§e--2n(/ <pz—1>2dx) 1!
0. Q,

1
)

= C(K,Q)e 2! (log 1)
&

Note a < % (see Step 1 of the proof to Theorem 2.4). Since

d
1
/Q |V®€|2dx§7r ajlog;—C()\,K),
. —1

J

we have
/ P2 |Vh,|* +2p2V0, - Vh, = CLK).
Q.

Similarly,
/Q 2= 1] 198,] |Vh| = o1) VAl

To show fp, |Vh.|* = C(\, K), it suffices to verify

/ VO,Vh,dx
Q.

is bounded by a constant. We calculate

00, & _ . 00
Ve, Vh = h—= + / h, — h, £ =C(\K).
/Q,. oo Ov ; ’B,( ) ov . K)

Here h, = fos, he. Note we have used the facts that L)Bj ‘)(;) =0and |h, - h.| =
C(\,K) oneach 8B, j=1,...,N,.

We then apply the above arguments to each u.(x,t) € Se(\,K),t > 0. From
(3.7), we see x; — bj as & — 0 for j = 1,...,d. Since, for ae. 1, ug, (x, 1) —

e, Ii:—:ﬂé“*”l we see ho(x, 1) is a weak limit of h,, (x, ) in H'($). Here to avoid
s

the trivial ambiguity, we also assume hy(xp) € (0, 27) for the given xp € o0, Thus,
iy |Who(x, 1)|2 dx = C(\,K) for all ¢ > 0. From the latter fact one easily shows
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that hy(x, 1) satisfies the heat equation in 2 X R.. The conclusion of Theorem 3.3
follows.

Remark 3.4. Since

d

X=bj i hten
ug, (x,1) — gt Ml
) ,I=11|x—bj|

in L3.(Q x R,) and weakly in H,.(Q[{b1,..., by} X R,), we see that

T 2 T
/ / (x,r)dxdt = lim / /
0 Q 0 Q

COROLLARY 3.5.  Suppose the initial data uy in (1.3) satisfies Assumptions 3.1
and 3.2 with K| = Wy(b) + ¢y where b = (by,...,b,) and cy is as defined in
Corollary 2.6. Then, for any T > 0, the sets G(t) = {x € Q : |u.(x,)| = 1}t €
(0, T, converge uniformly in t to {b,,...,bs} in the Hausdorff distance as € — 0.

2
dxdt = C(K).

Oho Ous
ot ot

Proof:  The proof is an easy consequence of Corollary 2.6, the estimate (3.7),
and Lemma 2.1.

Remark 3.6. Corollary 3.5 shows that with some suitable initial data, there
are no new essential vortices created in a finite time outside any neighborhood
of the initial vortices whenever ¢ is sufficient small. (Compare with the result of
[22], section 4).

Let us now consider the following scaled equations:

LU= Aug+ L (1w u, in QXR,,
(3.12) us(x, t) = g(x) 80 % R+ ,

u:(x,0) = uj(x)

Here we assume that

(3.13) limA, = oo and limL =0.
£=0 e~0loge

THEOREM 3.7.  Suppose the initial data satisfy Assumptions 3.1 and 3.2. Then
as € — 0, solutions u.(x,t) of (3.12) verify:

d
xX—b; . _
u(x,t) - I | Ix—bj'le' hw iy LIZOC(QX R,),
=1 j
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where Ah(x) = 0 in Q and h(x) = hy(x) on 99.

Proof: As for (3.1), one has

sup — Ug
(3.14) s //’6’

=E, (uf) §7rdlog— +K;.
€

dxdt + E (u.)(¢)

Also, as for (3.5), one gets

% p (e, (u (x, 1)) dx
)
(3.15) 0
é/ 2(x)e, (us(x, 1)) dx + 2\, - dx .
Q

Therefore,
<

(3.16) /p (x)es(u(x, ))dx = 2\.€' ; )\ u8 dxdt+K2
= CK)\e€'.

Note also that u.(,f) € S;(\,K) for any t > 0 whenever ¢ is sufficiently small.
We claim the following: For any ¢t > 0 and any sequences of ¢, ! 0, there is a
subsequence of u,, (x,t) that we will still denote by u,, such that

d

x—a; .

u, (0, 0) = [ =L, xeq,
j=1 |x_aj|

in L*(2) and weakly in H\.(Q|{ay,...,a4}) where ay, ..., a, are d distinct points
in Q. Moreover, h,(x) € H'(Q?). This claim shall be proved in the next section
(see Lemma 4.1).

Given the estimate (3.16) and the claim above, we geta; = b; for j = 1,...,d.

Since
en/ /lAusn uen(l

we see that there is a subsequence (stlll denoted by &,) such that

2
dxdt = C(K),

() -0 forae. t>0.
LAY

1
Au, + Sue, (1 - |ug, )
En

This, together with the claim above, yields h,(x) = A(x), Ah(x) = 0 (cf. (3.8)).
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To summarize, we have shown that, for any sequence of &, | 0, there is a
subsequence of {u.,} such that, for almost all 1 > 0,

d
-b: .
e, (5,1) — [ oe—loe™)  in LA(2), Ah(x) = 0,
j<1 1x = bjl
In particular,
2
T & x-b;
/ us, 0, 1) = [ x—b—Jle”"") dt -0
0 j:l |'x_ f LZ(Q)

as g, | 0, for any 7. The latter follows from Egorov’s theorem and the fact that

d
x—b; .
U, (x, 1) — [ [ —Fef "0

e =C([), Vr>0.
j=1 |x - bj|

L2(5)

Since &, | 0 is arbitrary, the conclusion of Theorem 3.7 follows.

Remark 3.8. Theorem 3.7 shows that the mobilities of vortices cannot be
much smaller than a multiple of log é

Remark 3.9. If we replace \. in (3.12) by élog i for a small positive number
o, then it follows from the proof of Theorem 3.7 that for any &, | 0, there is a
subsequence of u,, (x, ) such that

Moreover, for any + > 0, there is a subsequence of u. (x,?) that converges to
d -a; . e e = .
IT5- ‘—i%;le"’“(") in L?(Q) and weakly in H;,.(Q{a,, ..., a4}) for some a € Q¢ with

|b —al = n(6,K) where n(6,K) — 0 when § — 0. Finally, for a.e. t, Ah,(x) = 0 in
Q.

1
Au,, + 2l (1 = |ug, 1?)

n

(t) = 0 forae.t.

L2(5)

4. The Upper Bound on the Mobilities

For a steady state solution u.(x) of (1.1)«1.2) with E.(4,) = =nd log% + K,
chapter X in [2] implies the following: For any sequence of g, | 0, there is a
subsequence of {u,,} that converges to a map of the form

X —a;

d
e M9 in L2Q) N Hi (Qay,...,a4}) ,
=1 j

J

for some d distinct points ay,...,a, in 2. Moreover, Ah = 0 in (2, and the point
. .. . . . =d .
a = (a|,...,ay) is a critical point of the renormalized energy W, () in & . If in
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addition u.(x) minimizes (1.4), then by a theorem of [1], we can conclude that for
a solution u,(x, t) of (1.1)«1.3) with the initial data u, satisfying Assumption 3.1,
there is a time T'(e, uy, g, ?) such that u,(x, r) has exactly d distinct zeros of degree
1 whenever t = T(s,up, g, ). Moreover, if ai(?),...,a5(t) are zeros of u.(x,1),
then all a}(r) € C'(T, 00) and lim,_ . a}(t) = aj exists for j=1,...,d.

The aim of this section is to establish various facts similar to the above-stated
theorem of [1] for all times ¢ = T, where T, is chosen so that

. T.
4.1) lim — = oo
e—0 log -

For this reason, we consider the following

T_l,% Au€+_‘ue(l—|u9| in @ X R,

4.2) us(x, 1) = g(x) on 9
u:(x,0) = uj(x)

where T, satisfies (4.1) and where u; satisfies Assumptions 3.1 and 3.2.

LEMMA 4.1.  (GENERAL CONVERGENCE THEOREM) Let u, € So(\,K). Then,
for any sequence of &, | O, there is a subsequence of {u.,} that converges to a
map of form

—b: . _
,i — | "™ in L2(Q) and weakly in Hoc(@){b\, ..., bs})

where b, ..., b, are d distinct points in Q) and h(x) € H'(Q).

T

Proof: For u, € S,(\, K) we let B;, j =1,...,N,, be balls in Theorem 2.4.
We replace u, on each B; by U., which minimizes f 8, € (V)dx with V = u, on 0B;
for j=d+1,...,N,. Thus, mpartlcular |U| =z on eachBj, j=d+1,...,N..

We denote the resulting map U..
Let 6 € (g™, 6(\, K)) where ag, 8(\, K) are given in Theorem 2.4, and suppose

that Ule OBs(x;) does not intersect with Ulj\-’;d+l B;. Except for a set of 6 €
(e, 6(\, K)) whose measure = N .(\, K)e™, the latter assumption is valid.
For such a é, we have

7rdlog -—-C(\K) = / e.(U,)dx

4.3) Bl

é/ e.(U.)dx + C\,K)
A,

where

d
= Ussixp\ U 8
j=1

jzd+1
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Here the first inequality is true because

/ e.(U,)dx =/ e(u)dx = ﬂdlogl(l —aj) - C(\K)
B; B 1

i j

and

~ 1 ~
/ e.(U,)dx = —/ |VU,|?dx
By(x;\B, 2 J By(x)1B;

= ﬂdlog% - C(\K) forj=1,2,...,d;
e/
see [26], where, in the second inequality of (4.3), we have used Lemma 2.1 for
U.oneachB;, d+1=j=N,=N.(\K).
Since u, € Sy(\, K), we deduce from (4.3) that

1
4.4 e\Uge = ’ _
(4.4) /szbu( ", ) e.(u)dx = C(\,K) + nd log 5

B

j=d+1 2

where Q, = O\ U‘jlzl Bs(x;).

Now, for a sequence of ¢, | 0, we may assume, without loss of generality,
that x; — b; as g, | 0. Note that x; may also depend on &. We may also
assume, by taking a subsequence if necessary, that u. (x) — u*(x) weakly in
H,.(Q\{b,,...,bs}) and strongly in L%(£2). The conclusion that

d
-b;
W =] Ii e with hC) € H'S)

j=1

follows from the proof of Theorem 3.3.

Remark 4.2. The claim made in the proof of Theorem 3.7 follows from
Lemma 4.1.

Remark 43. Let ©, = Q\ U}, B;; then

N,
. i B 2 -
.5) 3 Aies(UG)dx-f- 82/&: (1 - [u,]?)?dx = COLK).

j=d+1

In fact, if we choose a suitable 6 = %6(c, K) in the proof of Lemma 4.1, then one
has

1
e.(u)dx = mlog — i+ C\K
/(;\U(il—lB/’ ( ) " gs '=laj ( )

J
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and

\inlogi—c(xx)<i/ Ak
j=1 & = Bo(m\Bj 2077

g/U U5, 2|VU] +C(\K)

= ~|Vug|°d </ X({TH
/ Vi d Q\Ud:IB,-e(u)

d
Zaﬂrlog +C(\K).

j=1

(again using Lemma 2.1)

The estimate (4.5) then follows.
Let us now consider (4.2). Taking an arbitrary sequence {e,},&, | 0, we may
find a subsequence of {u,,(x, 1)}, still denoted by {u,,}, such that

1
@) Au,, + zus, (1 — | u, |2) () —~0ae.t,

L)

as a function of ¢ when ¢, — 0, and

1
(ii) ||Vue,||(t)i Au,, + L (1 — fu,, |2) () ~0ae.rase, -0

Here we used the fact that || Vu,, (1)[|* = Clog ei,

r

and Ts”/log;"—] — o0 as e, — 0.

Auy, + - e (1= [, %) 2 (K)/T,,

4.1. Class S(f)

DEFINITION 4.4.  For the given sequence {u,, (x, #)} and for any #, we introduce
a function class S(¢) that, in principle, may also depend on the choices of {g,}.

We say a function V(x) of form [}, li:—:le"""(‘) belongs to S(¢) if there is

a subsequence of {u,(x)}, u,(x) = u,,(x,1), that converges to V(x) in L*(§?) and
weakly in Hi (Q\{ay,...,a.}).
By Theorem 2.4, the proof of Theorem 3.3, and Lemma 4.1, we conclude that

min{|a; — a;|,dist(a;, 00) :i £ j, i,j=1,....,d} Z 6(,K) >0
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and that
1A, iy = CONK)
for all V € S(¢).

Moreover, for a.e. ¢, from Theorem 3.7 we have Ah,(x) = 0 for all V € S().
We want to show next that, for a.e. t and all V € S(7), the corresponding a =
(a1,...,ay) is a critical point of W,(-) in Q. To do so, we let {u,} be the sequence
of {u.,(x,1)} with ¢t satisfying (i) and {u,} converging to V € S(t).

Juy

Multiplying Au, + Eizu,,(l — |u,|?) by & and integrating over Bg(a;) for some

Oy
small, suitable R and a given a;, we find

Oy Oty | 1 Vit )> (v - &)
(4.6) oBe Ov Oxy 2 Josy

1 2 2

where o(1) is a quantity that goes to zero as n — oo. This follows from the fact
that (ii) is valid for ¢.

As n — oo and for a suitable R € (0, 6(\, K)), we claim the following is true:

(4.7a) u, — V strongly in H'(OBg)
and

1 N
4.7b — - —=1) =0
@.7b) = [, (m=1)

for a subsequence of n — oo.
Let us assume (4.7) for the moment and proceed with our proof that a is

a critical point of W,(). Let &) = 7=, and write V(x) as e *#4D; then
AH(x) = 0 in By k)(a;). Because of (4.6) and (4.7), we have

vV 1
4.8) 0=- V.o + = [VVI2 (v - er).

0B Ov Oxi 2 JoB,

A direct calculation (see pp. 74-75 in [2]) implies

OH (OH 1T1-¢ 16H 1
0=—f —(—+ )+/ (——+—VH2) ex.
By Ov \Ox; R oBx \R OT 2| %) v e

This and the fact that AH = 0 in Bg implies VH(0) = 0. Therefore, VW ,(a) = 0
by Theorem VIIL.3 in [2].

4.2. Proof of (4.7)

Since u, € Sg(\,K) and u,(x) converges to

d
x—a; .
Vix) = J e’h"(x),
lj[l Ix—ajl
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we deduce from Theorem 2.4 and the proof of Llemma 4.1 (see (4.4) and (4.5))
that there is an R € [6/2,6],6 = 6(\, K) such that the annular domains A i

6 5
Aj=9x:R- =Elx-al = j = )
D) {x . |x — aj] 4N*}, i=12,....d,

has the property that
d

(4.9) > / es(u,)dx = C\K).
i Ay

Moreover, for all suﬁ"lciently large n (again by taking a subsequence of such n’s
if necessary), lu,, ) = on U j=1A(j). The latter follows from the fact that those
balls B;, j =1,...,N,, m Theorem 2.4 for u, converge to a set consisting of at

most N . points.
Next, for each point y, Iy a;l =R, j =1,...,d, we let B be a ball centered

[ ]
8N* 4N*

(4.10) /es(u,,)dx +/ e.(u,) = C(\,K),
B B

such that

is valid for a subsequence of n — oo (see p. 57 in [23]).
From (4.10), it is not hard to derive that deg(u,, 9B} = O and that {{|u,| —

Hix) = C\K Jen for x € OB. We want to show next that the subsequences of
u, that satisfy (4.10) and

are strongly convergent in H'(B), and

-0

1
Au, + —Un (l - lunlz)
& L)

n

1

H

(‘un| - 1)dx -0,
B

as n — +00. ‘
For this purpose, we write u, = pne'’" on B so that , and p, satisfy the
following equations:

(4.11) div (p2Vi,) = fa € LAB), Wulos € H'(OB),
and

4.12) Ap, + @(1 p2) = |Viu20n = g1 € L*(B)
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with
1 1
Iow— 1]00) = COLK)el . x € 9B, / IVonl? + (1 = ) = COLK),
a8 n

and

1
lpan(x)| = , on B

where || fullz28) + l|gnll28) — 0 as n — oo (cf. (id)).

It is then easy to see i, e Yo as n — 0o where Ay = 0 in B, and ¢o|ss

is the weak limit of ¢,|), in H'(0B). By the reverse Holder inequality and a

Caccioppoli-type estimate for |V, |?, we see g, + pn|Vip,|? € LP(B) for a fixed

i

p > 1. This combines with (4.12) and the boundary estimate 1 — p, = C(\,K)en
to imply that 1 — p, =C e» for some constants B and C.

We then multiply equation (4.12) by p, and integrate it over B. Then
1

—2/(1 - pRdx = / IVoul® + |Viha|* + | ongal

48'1 B B

Opn
o Ov

(4.13)

-pn = C(\K).

Therefore,
1
—2/(1—p3)2dx§C85—>0 asn — 0o.
&, JB

Next, let V,, = pz — 1. Then

~AV, + 2y
(4.14) { e "
V.l = C(\, K)ex on OB.

—202|Vipa|? + 28npn = 2|Vpa|?> in B,

=

&

We multiply (4.14) by V,, and integrate it over B to obtain

|
V.2 + 1%
/B | | 283

@.15) < —2/vnp%(|wn|2+2|gn| —2|Vul?) dx+/ v, Vo
B o Ov

=o(1)+C(>\,K)/ V20 asn— 0.
oB

Note that |[VV,|? = |2p,Vp,|? = |Vp,|%; we conclude that u, — V in H'(B). We
cover the annular domains

5 5
‘R~ = lx—ajl = i=1,...
{x Ton, = -l =R+ 1o } J=1....d,
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by a finite number of such B’s as above and find a subsequence of u, such that it
strongly converges to V on these annular domains and

1 & ) 2
2 § : . . ('unl - 1) dx
En j=1 = sovs Elr—aj| =R+ 5

T6N &

goes to zero as n — oC.
Finally, we apply Fubini’s theorem to obtain (4.7).

4.3. Summary of Findings

To summarize, we have proved the following:

THEOREM 4.5. Let u.{(x,t) be the solution of (4.2) with the initial data uj
satisfying Assumption 3.1. Then, for any sequence of , | 0, there is a subsequence
of {x}), still denoted by {€,}, such that the corresponding sequence {u,,(x,t)} has
the properties
(i) for any t > 0, dist(u,, (x,1),5(s)) = 0 as n — oo; and
(ii) for almost allt > 0 and all V € S(t),

X—a; .
Ve = [ =™ Akt = o0,
j=1 J

and a = (a,...,ay) is a critical point of W(-) where dist(U, S()) =
inf{llu - V”LZ(Q) Ve S(t)}

Remark 4.6. {S(¢) : t > 0} is dependent on the starting choices of &, | 0.
We do not know if part (ii) of Theorem 4.5 remains true if we define S(¢) to be
the set of all possible w-limits of {u.(-,t), & > 0}, that is, limits of any sequence

{un,,(‘, l)}, TIn 1 0

COROLLARY 4.7. Assume the hypothesis of Theorem 4.5 and suppose that
W,(-) has a unique critical point (which has to be the global minimum point of
W,(-)). Then, as ¢ — 0,

d

xX—a; .
) = [[ 2 o
i=1 Ix —ajl

in L. (U X R,) where a = (ay, ..., ay) is the critical point of W,() and Ah(x) =0
in 2 with hix) = hy(x) on 0Q.

Proof: It follows from Theorem 4.5 and the same arguments as in the proof
of Theorem 3.7.
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Remark 4.8. Theorem 4.5 and Corollary 4.7 show that the mobilities of vor-
tices cannot be much larger than a multiple of log i In [17], we also showed
that when the initial data u§ has vortices located near a local nondegenerate min-
imum point a = (ay,...,a,) of W,(:) and the energy E. (1Y) is close to nd logé +
yd + W,l(a) (cf. Corollary 2.6), then the vortices of u®(x,1), t > 0, the solution of
(1.1)~1.3), will stay near the given vortices ay, ..., a, for all time ¢t > 0.

S. The log é-Scale Time Dynamics

In Section 3 we showed that the vortices of u.(-, 1), > 0, do not move much in
the initial time interval 0 = ¢t = § logé whenever ¢ is sufficiently small and 6 is a
small number where u,(x, ) are solutions of (1.1)-(1.3) with initial data satisfying
Assumptions 3.1 and 3.2. We also showed, in Section 4, that all the dynamics are
essentially finished after a time of size M log é where M is a sufficiently large
number. Since the initial vortices, say by, bs, ..., by, may not be critical points of
W (), and since after a time much larger than log { all the vortices form a critical

point of W,(-), we conclude that vortices have to move in the logé time scale.
Thus we consider the evolution equations:

1 14 ) .
@E;Tr"ezA“s"';zua(l—luglz) in xR, ,

(51) us(x, t) = g(x) on 90 X R+ ,
u-(x,0) = uglx).

As we mentioned in the introduction, various formal asymptotic matching argu-
ments (cf. [7] and [18]) show that the vortices a(t) = (a;(?), ..., a,(t)) of a solution
u:(-, 1) of (5.1) satisfy

d
(5.2) Ea(t) = —grad W,(a).

We are still not able to prove (5.2) is the case, even though our analysis indicates
that such a law should be true. (This is shown in the remark following this paper.)
We do, however, have the following theorem.

THEOREM 5.1.  Let u.(x,t), € > 0, be solutions of (5.1) with the initial data uj
satisfying Assumptions 3.1 and 3.2, and let {u,,}, €, | 0, be a sequence of such
solutions. Suppose that S(t) is the class associated with the sequence {u,,} (see
the definition in Section 4) for t = 0. We define

Al = {a(t) = (ai(t),...,a4(t)) : There is a V € S(t) of the form

d —_— .
Ve = [] 4. e""m}.

j=1 lx — aj(t)|

(5.3)
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Then we have Hausdorff distance (A(t), At + At)) = n(A1) forall t > 0, At > 0,
and n(At) — 0 as Ar — 0; and

t+Af
/ inf | grad W(a(7))|* dr
t

alr)EA(T)
= r-lim [E,, (4, (1) - E;, (ue, (1 + AD)] .

&,—0

(5.4)

Moreover, we may choose a suitable subsequence of {u.,}, call it {V,}, such that
the class S'(1) associated with {V ,} has the property that, for each V € S'(t),

d
X —a; g
V(X) - H J eth,,(.x)’

=1 Ix —ajl

for some d distinct points a,, ...,a, in §). That is, the corresponding A'(t) consists
of one point.

Remark 5.2. The function inf
a(T)EA(T

is a continuous function of 7 € [0, o). In fact, it simply follows from the con-
tinuity in the Hausdorff metric of these A’(f)’s and the continuity of grad W,(-)
near all A(r), 7 € [0, o).
We also note that
lim [E, (u(-, 1)) — E. (uc(,t + An)]

e—0*

= lim [E,, (g, (1)) — E¢, (4, (.t + AD) ]

En—

) |grad W (a(7))|? inside the integral of (5.4)

(5.5)

for a suitable sequence of &, | 0 (which may depend on  and ¢ + At). If we let
S*(#) be the class associated with the family {u,, ¢ > 0}, that is, all w-limits of
{u,, £ > 0}, and let A*(¢) be the corresponding set for each r > 0, then, by our
choice of {u,,},

1+ A7
/ inf  |grad W,(a(r))|>dr
T

alr)}eA™ (r)

1+ Ar
g/ (inf )Igrade(a(T))lsz
t alr

VEA(T

(5.6) < 7 lim [E., (us,(.0)) = Eo, (5, (1 + AD) ]
g,—0

= 7 lim [E,, (4s,(~1)) — Eq, (U, (1 + AD)]

&

= Wl@ [Es (ue(', t)) - Es (us('st + At))] .
e—0

Proof of Theorem 5.1: The final statement of Theorem 5.1 follows from t.he
same line of argument used in proving Theorem 3.7. It therefore syt’ﬁces to verify
both (5.4) and the continuity in the Hausdorff metric of sets A(f) in 7.
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To show the continuity of sets A(f) in the Hausdorff metric, we let a =

(ay,...,as) € A@). Thus there is a subsequence {V,} of {u,}, v, = ug, such
that
i x—a; .
Valx) = vix) = [[ = €@ in L)
j=l |x —da jl

and weakly in H\,.(Q|{a,,...,as}) (cf. Lemma 4.1). Then we consider (5.1) with
the initial data u;(x) = u.(x,t), € = . Let

d
d(x) € C' (Q) with ¢(x) =0 on U Bs(a;),

j=1

and
d

U Baap, >0

j=1

dx)=1 onQ

and § < 6(\, K) (see Theorem 2.4).
By using calculations similar to those in (3.4) through (3.7), we obtain

/ d2(0)es (u(-,t + AD) dx
(5.7 Q |
= C(K)At log; +C(K), e=¢ey.

(cf. also (3.14) through (3.16) with X\, = log - '). When At is a sufficiently small
(independent of &) positive number, any w- _limit of the sequence {ug (-t + An}
is a function V of the form

d

“/(x) — X - aj ih
i=1 Ix d ﬁjl
{cf. Lemma 4.1). Moreover, |a—a| = n(Ar) — 0as At — 0. Herea = (a,...,as),

and the estimate |a—a| = n(Ar) is a consequence of Lemma 2.1, Theorem 2.4, and

the estimate (5.7). In particular, there is an @ € A(t+ Ar) such that [a—a| = n(Ar).

This shows that A(z) is contained in an n(Ar)-neighborhood of A(t + At).
Conversely, let a € A(z + At), and let

x—a; ,
Up(x) = ug, (x,t + At} — H et

L lx —ajl

now consider the subsequence {u.; (-,1)} of {u,, (-,1)}. By Lemma 4.1 again, we
may find a subsequence of {u,; (-,#)}, which we shall still denote it by {V,}, that
converges to a map v(x) of the form

ﬁx

j=1 |x—al
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We consider again (5.1) with the initial data V, (and corresponding &’s). Then,
from the above proof, we see |a — d| = n(Ar) is valid. Thus A(r + As) is also
contained in an 7n(Af)-neighborhood of A(r). This completes the proof of (5.3).

To show (5.4), we employ some of the arguments used in the proof of Theorem
4.5. In particular, the proof of the statements (4.7a) and (4.7b) will be needed.
We want to show

2
inf [grad W(a(r)|> = =- hm/lgu— dx/logi
alr)€A(r) a—0Jal 0 &n

(5.8) d
= lim [——EE,, (ug, (- t))] for all 7 € [0, 00).

a0l dtf

If (5.8) is proved, then (5.4) follows simply by an integration and Fatou’s lemma
from real variable theory.

To show (5.8) for all € [0, o0), we may assume that the right-hand side of
(5.7) is not infinite, for otherwise the inequality is trivially valid. That is, we may
assume

2
1
lim — | (r)dx / log —
e—~0/q Ep
59 . 1
(59) =lin}) Au,, +—"(1—|usn| ) (T log—dx
En— 8,,
= p(1) < 00.

Let u,(x) = ug,(x,7), n = 1,2,..., be a subsequence of {u. (-,1)} that satisfies
(5.9). By Lemma 4.1, we may also assume (by taking a subsequence of {u,} if
necessary) that

d
a:
up(x) — vix) = H -—a] em in 12(Q)
=1 il

and weakly in _
Hlloc (Q\{ah""ad}) .

As a result of (5.9), we have Ah,{x) = 0in Q. As in the proof of Theorem 4.5, we
choose d balls, Bgla;), j = 1,...,d, for some suitable R > 0. Then we multiply
Au, + 2 u, (1 — |u.|?) by and then integrate it over Bg(a;) for j = 1,2,...,d.
Here € = ¢,. We obtain

Ou, 0u 1 2
_/ g Ous 1 A
OBgla;) ov axk 2 IBglaj)

1 Ou, Ou,

(5.10) 1
=-— u |’ 1) v+ —v / . X
4e? J yata;) (Juel ) e log : JBaa) Ot Oxi
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(cf. Theorem 4.5), e = ¢,, n=1,2,....

We note that statements (4.7a) and (4.7b) are both true in the present situation
if we substitute u; (x,7) for u,. Indeed, in all estimates (4.9) through (4.12) as
well as in estimates (4.13) through (4.15), we need only the assumption that

are uniformly bounded. From (5.9), this assumption is certainly justified.
On the other hand, for k = 1,2, we have

Aty + — 1y (1= Jug]?)
&

. (r), e=enn=12...,
L)

ou, . 1

/ M O dx/ log —

Bgla;) 8tk &
(5.1D) <[/ O 2/10 1dx]l/z[/ o, 2/10 1]1/2
= LUy | 01 & B | Oxy L '

As n — oo and for k = 1,2, the left-hand side of the identity (5.10) converges
to

av ov 1
(5.12) —/ + = Vv|Pv-e
ABgla;) a’/ axk 2 OBgla;) l I k

as in (4.8). By calculations in the proof of Theorem VIIL.3 of [2], (5.12) is exactly
the gradient of W,(-) with respect to the a;-variable at the point a = (ay,...,aq),
which is equal to 27 grad H;(a;). Here we write v(x) = ) ¢/ for x near a;
and /") = |X “L. . Therefore, we conclude

x—a;|”
lgrad W,(@)|? = lim Xd:[/ Ous | dx/lo
r Z
& e=gn—0 Bgla;) ot g
1
(5.13) ></ IVuelz(T)dx/log—]
Bgla;) €
i 2 1
=r lim (T)dx/log—.
e=en—0J Q) &

In the last inequality, we have used the fact that

/ IVuslz(T)a'x/log1 =7+ o(l)
Bgla;) €

(cf. the proof of Lemma 4.1). Now the inequality (5.8) follows from (5.13). We
have thus completed the proof of (5.4).

We can now state two consequences of the proof for Theorem 5.1 and statement
(5.4) and the continuity of the A(z)’s in the Hausdorff metric.
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COROLLARY 5.3.  Let {u,} be a sequence of maps in the class S,(\, K) with

corresponding € = €,, n = 1,2,.... Suppose that
d X — a; .
up(x) — vix) = H e in L)
iy Ix —ajl
Then |
|grad W(@)|* = 7 - lim log — 1M, 172
& n
where

1
M. = Au,, + ;us"(l - lus,,lz).
n

Remark 5.4. The above result gives a proof of the observation made in [9).

Proof: If

. 1

llem logs— (1M | iz(m = 400,

then there is nothing to show. If the infimum is finite, then we follow the last part
of the proof of Theorem 5.1 to obtain the conclusion of Corollary 5.3. We should

note that in the latter case Ah, = 0 in .

COROLLARY 5.5. Let u.(x,t), € > 0, be solutions of (5.1) with the initial data
ug, satisfying Assumptions 3.1 and 3.2, and let

8(e) = E.(uf) - lim E,(u,(, 1)), &> 0.

There is a positive constant &y (depending only on W,(-) and K) and a positive

constant gy depending on K, g, and Q such that, for all 0 < ¢ = &, either

&(e) = &y or the following are true:

(i) |b — al = min{|b — d|,a is a critical point of W,(-)} = C(g,6(e)) for some
critical point a of W,(-). Moreover, C(g,6(¢)) — 0 as 8(¢) — 0 and & — 0.

(ii) For any converging sequence {u.,(x)}, &, | O, the limit is a function v of the

form
d

x—a; . .
v(x) = H Lt Ah; =0in Q,
i=1 lx — al
where a = (a,, ...,dq) is a critical point of W,(-) and u,,(x) = rlim ug, (x, 1).
—00

Furthermore, the point G has to lie in the same connected component as a in the
critical point set of W,(-). In particular, W,(a) = W(a).

Proof: Let F = {a € Q¢ : a s a critical point of W,(-) in Q“}. Since W,()
is analytic in a fixed neighborhood of F, say F,,, the po-neighborhood of F. By
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the Lojasiewicz inequality (see [24]), we have two positive constants, ¥ = 2 and
ay € (0, po), which depend only on W,(-) such that

(5.14) |grad W,(y)| = min{oy, dist”(y, F)} .

Let us show first that (i) is true when &(e) = &, ¢ = €. Suppose, to the
contrary, that (i) is false. Then there would be a sequence of &, — 0, d(g,) — 0
and a sequence of points b, = (b!,...,b}) € Q¢ such that the initial data u),
would satisfy Assumptions 3.1 and 3.2 with b = (b,,...,bs) = b, and such that
dist(b,, F) =2 é6>0forn=12,....

Since the energy bound E., (ul) = =d log sl, + K, one has W,(b,) = C(K).
In particular, the {b,} satisfy property (iv) of Theorem 2.4. That is, b],...,by
are d points that lie strictly inside Q and strictly apart from each other for all
n = 1,2,.... Thus we may assume, without loss of generality, that b, — b as
n — oo. Then dist(b, F) = 6§ > 0.

From (5.6), we can deduce that |grad W,(b,)|? = % - min{c3, 62} for all n
sufficiently large.

Let At > 0, which will be chosen later. Then, by (5.6), one has

At
/ inf |grad W(a(r))|*dr
0

alr)eA™(7)
(5.15) = - lim [E, (ug) — Ee, (4, (-, A1))]
=7- lim 8(e,) = 0.

On the other hand, (5.3) implies that, for all 0 < 7 = At,

sup |a(r) — b| = n(Ar).
a(t)EA* (1)

Therefore
( )inAf " |grad W, (a(1))|? = |grad W(b)|*> — Ln(AD),
a(r)eA™ (7
where L is the Lipschitz constant for the function |grad W, (-)| 2 defined on Bopan(b).
We choose Ar > 0 so that

1
2Ln(At) = Emin{ag, 627},

Then we conclude that the left-hand side of (5.15) is bounded below by At -
3 min{o, 627} > 0. This clearly contradicts (5.15).

We have therefore proved that there are two positive constants 6y and gy so
that either 6(e) = & or (i) is true whenever 0 < ¢ = g. In particular, there is a
critical point a € F of W,(-) such that |a — b| = dist(b, F) = C(e, (¢)).

Next, for any critical point & of W,(-), we let F(d) be the connected component
of F containing the point 4. Since F is analytic, it is obvious that W,(@) = W,(y)
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for all y € F(@). Moreover, there is a small positive constant o, depending on
W,(-), such that for any a,,a,, € F, either F(@,) = F(a,) or dist (F(d,), F(@,)) = 0,
(see [8], sections 3.4.5-3.4.12).

We choose &y, g9 suitably small so that

(28]

1 2
o grmn{ag,(%) }At and C(g,6(e) = 3

whenever ¢ € (0, g9) and 8, € (0, 5y) where Ar > 0 is a number so that

2L n(Ar) = - mm{a(z), ((;' )27},

n: Ry — R is a strictly monotonic function such that n(0*) = 0, and L* is the
Lipschitz norm of the function |grad W,(-)|? on a %a.—neighborhood of F(a).
For such choices of gy and &y, we have both (i) and (ii) in Corollary 35.5.
Indeed, the point b has to be in a —-nelghborhood of F(a) because the number
Cle, 6(e)) = 63'. Let a be as defined in Corollary 5. 5 Then a € F by [2], chapter
7. To show @ € F(a), it suffices to show  lies in a =*-neighborhood of F(a).
The latter fact follows from (5.4) and from the fact that the A*(7), 0 = 7 < o0,
are contained in a ;-nelghborhood of F(a). Otherwise, we would again find a
sequence of &, | 0 and a sequence of initial data u" (satisfying Assumptions 3.1
and 3.2 with b, = (b],..., b)) ina b—;-neighborhood of F(a)) such that there would
be a sequence of time {r,} for which the corresponding

J _
x—b; .

J
e, (-, 7n) — || L g

J=1 |x_bj|

with @ = (by,...,by), dist(b,F(a)) = % Then, as a result of the above arguments,
we would conclude that

li_m Een(us,.('a Tn) - Esn (ue,.("Tn + At))

n—0oG

IIV

1 T+ AL
/ mf |grad W, (a(r)|*dT

a(r)€A

a1 2y
> Z; rmn{ao, (?) }At = b

This resuit obviously contradicts our choices of ég, Az, and so on. We have thus
completed the proof of Corollary 5.5.

6. Final Remarks

In conclusion, we would like to point out that the results in this paper can be
generalized to the gradient flow of the energy functionals of the form

(6.1) /QB |Vul? + W(x (Ju|? - 1)2]deE;(u)
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where W(x) is a smooth, strictly positive function defined on €.

For minimizers of (6.1), the generalizations of [2] to this case has been carried
out in recent preprints [13] and [16]. Both of these two works seem to prove
only the following conclusions. There are a sequence &, | 0 and a sequence of
minimizers of (6.1) {u,,}, with u,, = g on 99, such that {u,, } converges to

d

x—a; .
6.2) u.(x) = H x— a"’.|elh“(X), uslon = 8,
=1 j

in the space LX) N H|.(O\{a,,...,as}) where d = deg(g, ), ay,...,aq are
d distinct points so that a = (a,...,a,;) minimizes certain renormalized energy
W(g,W,b),b € Q¢ (see [16]}). Here Ah, = 0 in .

Here we would like to add a few further remarks pertaining to the works of
{13] and [16].

Remark 6.1. 1If u, is a minimizer of (6.1) with u, = g on 0%, then u, €
S\, K) for some positive constants \, K depending only on g, and the function
Wi(x). Indeed, if we use %, which is a minimizer of (6.1) with W(x) = 1, as a
comparison function, then

o 1
6.3) Ewlu,) = Eyy(u,) = ndlog - +K.

Also, it is obvious that |Vu.(x)| = C/¢ for all x €  and for a constant C =
Clg,Q,W).

Since u, € §,(\,K), we may apply Theorem 2.4 and Lemma 4.1 to u.. It is
clear that N, = d in the statement of Theorem 2.4 for u,. It is also clear from
Lemma 4.1 that, for any sequence &, | 0, there is a subsequence of {u.,} that
converges to a map of the form u, in (6.2). The fact that point a = (ay,...,ay) is
a global minimum point of W(g, w, b) follows from a simple argument as in [16]].

Remark 6.2. When 2 is a smooth domain, we have
(6.4) / (Ju |2 = 1)% dx = Clg, @, W)e?

Q
as a minimizer u, of (6.1) with u, = g on 9.
To show (6.4), we let %, be a minimizer of

1 M 2
/“ [E|VM|2 t s (lul*> = 1) ]dx, ulon = g,

and let #, be a minimizer of

1 m 2
/Q [§|Vu|2 * (lul> - 1) ]dx, ulon = g,
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where m = % ming W(x), M = 2maxqy W(x). Then it is clear that

1 W
/Q[-Z-W 12+ 4(’;)(|u6|2—1)2]dx (. is a2 minimizer)

1 w
< [ [Lioa + ¥ g
(65) 0] 2 4e
’ | M 2
< 1 2, M o
= [ (5190 + 5 (P - 17 ax
1
= ndlog— + CM,g,),
£

and also that

wdlogé—C(m,g,Q) /[—qu |2+4—(|u| —1)]dx

[ 51w + 35 Gl = 1) ax

(6.6)

A

A

Combining (6.5) and (6.6) yields

©67) fW(" (luy)? = 1)2dx = Clom, g, Q) + C(M, g, ).

al- =

[ 519l + W""(! =) |ax.

357

Finally, (6.7) implies that (6.4) is true with C(g, 2, w) = [C(m,g,9) + C(M, g,
4

m*° . .

We also note that if  is simply connected, one may use Riemann mapping

to transform Q into a ball B. Of course, the function W(x) may also change, but
it remains strictly positive and bounded. In this case, we do not have to use the

hard estimate (cf. [2])
1 1 2, M 2 2]
wdlog;—C(m,g,Q)é/Q[zlY@sl e (lu|* = 1) ldx

in (6.6). Instead, we have

/Q[—IVuelz + 29 (a2 - 1)

é/ﬂ[g |V, | + % (lul? ~ l)z}dx

Now, combining (6.8) and half of (6.6), we obtain that

(6.8)

1 5 2 <L B Y
E/Q(W(x)—m)(lus! 1= o [0 - m (] 1)’ dx
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Since we may assume here that ) is a ball, and since [, Z(|u,|* —1)’dx = C(g, )
is valid from the simple Pokhozhaev identity (see [2], IIL.3]), we see that (6.4) is
true.

Remark 6.3. In this paper we do not discuss the cases that u2(x) may have
high-degree vortices or that the assumption E.(u0) = nd logé + K may not be
valid. It will be very interesting to see whether a vortex of degree d > 1 will
immediately split into d vortices of degree 1 in the time evolution (1.1)<1.3).
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