Week 8 solutions

ASSIGNMENT 18.

3.6.15. Verify that the given functions y1 and yo satisfy the corresponding homogeneous equa-
tion. Then find a particular solution of the given nonhomogeneous equation.

ty" — (L +t)y +y=12* t>0; yi(t) =1+t ya(t) = €.
We have
tyl —(1+ty; +y1=t-0—(1+t)- 1+ (1+1t)=0,

and
tyh — (L +t)yh +ya =te! — (L +t)e’ + e = 0.

So the general solution to the homogeneous equation is

y=Ci(1l+1t)+ Coe.
Now define
y=up - (1+1)+ uge,
where u1 and ug are unknown functions. We will impose the relation
uf - (1+1) + uhe’ = 0.
Then
y' =y + uge’,

and

7 / !t t
Y =uy +uge” +uge.

Substituting these into the inhomogeneous equation gives
tuh + tubel + tuge’ — (14 1) (uy + uge?) + (1 + t)uy + uge’ = t2e*,
or
Ul + ubhe' = te*,

where all the terms involving uq and ug cancel. So u}] = te2t — uéet. Substituting this
into the assumed relation
(14 t)u] +ubet =0

gives
(1 +t)te* —teluh =0

or
uhy = (14 t)e.



This means that u} = —e?’. Integrating, we get

1
Uy = —iezt and us = tel.

(There are constants of integration here, but since we just want one particular solution,
we can choose them to be zero.) Thus,

1+¢ t—1
y=(1+t)u + etug = —7_2‘_ et + te?t = 5 et

. Given that the general solution to t?y" — 4ty’ + 4y = 0 is y = C1t + Cat*, solve the
following initial value problem:

2y —aty +4y = —212, y(1) =2, y'(1) =0.

Although this is not a constant-coefficient problem, since we know the general solution
to the associated homogeneous equation we can solve the inhomogeneous equation
with the method of variation of parameters.

Put y = uit + ust*, and assume that
ujt + uht* = 0.
Then
y' = ug + dugt?,
y" =l + dubt’ + 12u0t?.
We find that
t2y" — Aty + 4y = 12unt? — dust — 16ust? + dut + dugt? + t2u) + 4t°u)
= 12 (u] + duht3).

Thus,
uy + 4uht® = 2,
so that u) = —2 — 4u}t3. Substituting this into the assumption equation gives
0 = uht + ubt* = —2t — 3ubt?,
or

2
U/2 = —gtig
Thus, uy = %t‘Q + Cs. Also,
up = -2+ 8 = 2
! 33

SO Ul = %t + C1. So the general solution to the equation is

1 2
y = C1t + Cot* + §t2 + §t2 = Ot + Cot* + 2.
For this general y, y(1) = C1 + C2 + 1 and 3/(1) = C1 + 4C5 + 2. Solving for Cy and
02 gives Cl = 2, CQ =—1. Thus,

y =2t +t2 —th.



