Math 303 Final

Instructions: This exam is 2 hour long and has 15 questions, worth 200 points in total.
No calculators or notes will be permitted.

If you want your work graded, make sure it’s understandable and it’s clear which question
it’s referring to. If you tear poges out, write your name on top of them. If you finish early,
you can hand the exam in up front and leave.

Name:

_AM e~ K&y

Section (circle one): 9-10:15 10:30-11:45



Part I: Multiple Choice
FEach question is worth 5 points, and has a single correct answer. There will be no partial

credit.

1. A 0.5 kg mass is attached to a spring with spring constant 1 kg/s* and damping
constant 2 kg/s. The spring is stretched by 0.1 m and released. How does the mass
move over time?

(a) The mass oscillates forever with the same amplitude.

(b) The mass oscillates with amplitude that increases over time.
(c)_The mass oscillates with amplitude that decreases over time.
d)/The mass moves back towards equilibrium without oscillating.

(e) None of the above.
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Let f(z) be the 4-periodic function such that f(z) = 2% for —2 < z < 2. The Fourier

series of f is
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3. Which of the following is the phase plane of the system

¥ =z -y,
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4. Which of the following problems, consisting of a partial differential equation with some
boundary conditions, satisfies the following property?

(P) If u; and uy are solutions to the problem, then so is any linear combination Cju; +
Cous.

a) Ugg + Uy + Uy, =0 for £ >0, u(0,y, 2) = e’(yz“Q), u is bounded.

b) r®ul +ruZ+ufy=0for 0 <r < 1; u(r,8) = ulr, 0+ 27); u.(1,8) = 0.

(i Uy = Kugg for 0 < z < 35 hu(0,t) — u(0,t) = hu(L, t) +uz(L,t) = 0.

(d) et + a*Yzoee = 0 for 0 <z < L; (0, 1) = 4,5(0,t) = y(1,1) = 0, sl i) = 1,
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5. Suppose that
("3) _ (F(w,y))
Y G(z,y)

is an almost linear system with a critical point at (1,1}, and that the Jacobian of the
system at (1,1) has two negative eigenvalues. What sort of critical point is (1,1)7

(a) Nodal sink

{

(b) Center

c) Spiral sink
(d) (a) or (b)
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6. An undamped spring-mass system with mass 1 kg and spring constant 4 kg/s? is forced

by the sawtooth wave
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What happens to the system over time?

(a) The spring oscillates with constant amplitude and period .
(b) The spring oscillates with constant amplitude and period 2.
The spring oscillates with an amplitude that increases over time.

(d) The spring oscillates with an amplitude that decreases over time.

{(e) The spring does not move.

X‘”% Yy = F(E)

T‘\e V\m‘?Lt/-"ﬂ/ (:‘féfj,mcy 5 Vim & L

; : ] . )
SO f'LC -,Lg/‘m - E B (2'€> (’qv’}ﬁ S s Arancl .



7. The displacement function of a metal bar with one end clamped and one end free
satisfies the following differential equation and boundary conditions:

Yt =+ a4yzmxm = 01
(0,8 = 1al0,8) =1,
yzm(L:t) = ym:cw(L; t) =

Suppose that the bar oscillates steadily and periodically, so that
y(z,t) = X(x) cos(wt — 9).
What is the boundary value problem satisfied by X7

(a) X@ —w?2X =0, X(0) = X"(0) = X"(L) = X®)(L) = 0.

(b) X" —a®w?X = X" + a*w?X =0, X(0) = X"(L) = 0.

(¢) X&) — X =0, X(0) = X(L) = X"(0) = X"(L) =
@)X(‘*) _ X =0, X(0) = X"(0) = X"(L) = XO(L) =

(e) X® —uw2X =0, X(0) = X®(0) = X"(L) = X(S)(L) = 0.
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. Vibraticns of air in a pipe of length L which is open at both ends are described by the

equation
ag = nTL nmut
T,t) = —  COS (———) cos [ —— — 6, | .
4o = 3+ ancos (7 (- 5)

Note that y, = 0 at both ends of the pipe — this is true wherever the pipe is open to
the surrounding air.

Suppose that a hole is drilled at z = L/2. How does this affect its fundamental
frequency?

(a) /Tzhe new [undamental frequency is twice the old fundamental frequency.
-
(b) The new fundamental frequency is the same as the old fundamental frequency.

(c) The new fundamental frequency is half the old fundamental frequency.
(d) The new fundamental frequency is 1.5 times the old fundamental frequency.

(e) None of the above.
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9. Consider the Sturm-Liouville problem given by

y'(z) + MAy(z) =0 (0<z <L)

together with one of the following sets of boundary conditions. Under which one of
the sets of boundary conditions does the problem have a negative eigenvalue?

(a) y(0) =y(L)=0

(b) ¥'(0) =y (L) =0

(c) y(0) =¢(L)=0

(8 y(0) =0, y'(L) = 2y(L)
(e) ¥'(0) =2y(0), y(L) =0
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10. The following are all equations of motion of mechanical systems. Which system has
an unstable equilibrium at z = 17

g

b) 2"+z+z3=0

(b}
c) z'+x'+zxz—-213=0
(d) " +sin(z) =0

(e) " —sin(z) =0
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Part II: Long Answer Problems

Each of these questions is worth 30 points. You can get partial credit on these, based on
the work you do towards an answer. To get the most partial credit, make sure your work is
legible and understandable.

11. Find all the critical points of the following nonlinear system, and describe the type and
stability of each critical point as fully as you can.
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12. Find the Fourier series of the even 6-periodic function which is given on the interval
[0,3] by

0 0<t«1
fiiyi =41 1st«?
0 2<t<3.
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13. Find all the eigenvalues and eigenfunctions of the Sturm-Licuville problem

y'(z) + =0 (0<z<L)
¥'(0) =y(L) = 0.
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14. The general solution to the steady-state heat equation on a washer is, in polar coordi-
nates,

u(r, 9) = Ay + Bg In(r) lgb fy\sin(ﬂg)
+ Z(Anr'”‘ cos(nf) + Bnrlsin{d) + C,,r " cos(nf) + D,r " sin(nf)).
n=1 '

Suppose that the inner radius of the washer is 1 and the outer radius is 2. Find the
steady-state temperature subject to the boundary conditions,

u(1,6) =0,
u(26) = i-1 :éeez;r.
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15. Find the general solution to the following problem:

Use + Uy =0 (052<2,0<5y<1)
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