Math 303, Homework 1 solutions

August 28, 2019

1. Find a solution to the initial value problem:

x) = 3x; — 4y, 21(0)
xhy = 4x1 + 3a, x2(0)

Let x = (i;) We can write this system as:

x'—3_4x
~\4 3 )7

The characteristic polynomial of the matrix is

'BZAgiﬂw_@—AY+1@_v—ﬁA+%.

The roots of this polynomial are the eigenvalues. They are

_ 6+£36—4-25
- 2

A =3+ 4.

Let’s take the eigenvalue A = 3 + 47¢. An eigenvector for this eigenvalue is a
solution to the system of equations

(=) ()= ()

There are many solutions to this, but one possible one is

()= 0)
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This eigenvalue-eigenvalue pair gives us a complex-valued solution to the differ-
ential equation:
X — G) p(BH4i)t

(Since the matriz has real entries, the conjugate of this x, which is the function

x = (1)@ is also a solution to the differential equation, and the two
solutions together form a basis of the space of complex-valued solutions.)

Let’s rewrite our x in a form where we can see its real and imaginary parts.
AN T A . [ —sin(4t) +icos(4t)\ 3
X = <1> et et = (1) e’ (cos(4t) +isin(4t)) = ( cos(dt) + i sin(4¢) e’

Then we define N (1)
—e”tsin(4t
X1 = RG(X) = ( 63t COS(4t) ) y

x5 = Im(x) = (e3t cos(4t)) '

3 sin(4¢)

These are a basis of the space of real-valued solutions. (You might want to check
for yourself that these solutions are linearly independent, and that, if we took
the real and imaginary parts of X, the solutions we’d get are linearly dependent
with x; and X3.)

Thus, the solution to the initial value problem is of the form
Xg = Clxl + CQXQ.

Plugging in the initial values, we get

2 0 1
()= ()+6)
Clearly, C'y = C'y; = 2. The solution is

(:Ul) - (—263t sin(4f) + 26 cos(4t)>

xo )\ 2e% cos(4t) + 2e* sin(4t).

(Even if you chose different eigenvectors originally, you should have gotten to
this solution! Here’s an unorthodox thing you could do: instead of finding the
space of real-valued solutions at all, you could use the complex-valued basis x,X,
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and try to find complex numbers Cs and Cy such that Csx+ CyX solves the IVP.
This is entirely possible to do! If you then use Euler’s formula to replace the
complex exponentials with sines and cosines, you’ll arrive at the same answer
as the one above.)

. Find a system of the form x' = Ax, where A is a constant coefficient matriz,
such that two solutions are

x(t) = (g) M and  x(t) = (i) ety (_11) .

The first thing you might want to notice is that the function

()~

is also a solution to the differential equation. This is because the differential
equation is linear and homogeneous (so its set of solutions forms a vector space),
and this function is a linear combination of the two given. You don’t have to
do this, but it does clean things up a bit.

There are now two ways to go. One is to remember that, if we solve the equation
x' = Ax using the eigenvalue method, we get solutions of the form

X =ve",

where A is an eigenvalue of A, and v is an associated eigenvector. So, to produce
the solutions above, (3) should be an eigenvector of A with eigenvalue 4, and
(_11) should be an eigenvector with eigenvalue —1. Since A is a 2 x 2 matrix,
it only has at most two linearly independent eigenvectors. Then you could use
this data to find the matrix.

The other, which is in some ways more straightforward (and will work in prob-
lems like this where you don’t have access to something like the eigenvalue
method!), is to just plug in the two solutions to the differential equation and
solve for the entries of A. That is, let A = (¢%). Plugging the first given
solution into the differential equation gives

(=)0

We can cancel the e** (which is never zero) to get

12\  (3a+2b
8) \3c+2d)°



Doing the same to the solution (1) gives

()-(2)

(Again, if you didn’t find (1), you could have gotten a second set of equations
from the second solution given.) Now we just solve for the unknown matrix

entries. We end up with
2 3
e

. For each of the following scenarios, write a differential equation, or system
of differential equations, describing the situation. Make sure to say explicitly
what all your variables mean, any relevant initial values, and any tmportant
assumptions you make. Then, make an educated guess as to what will happen
to the variables over time. You don’t need to solve your equations.

A 10-kg mass hangs from a ceiling by a spring with spring constant 2 N/m.
Another 10-kg mass hangs from the first mass by another spring with spring
constant 1 N/m. Both springs are undamped.

Let’s first consider a single mass m, hanging from a single spring with spring
constant k. (You don’t have to have done any of the next two paragraphs; the
point is to convince you that you don’t have to worry about gravity.) When the
system is at equilibrium, the weight mg of the mass is exactly balanced by the
upward force of the spring. By Hooke’s law, this force is k¢, where ¢ is the
length that the mass causes the spring to stretch (at equilibrium), beyond what
its length (at equilibrium) would be if no mass were attached. That is,

mg = k.

Now, if the system is not at equilibrium, the displacement z from equilibrium is a
function of time ¢. I'll orient x so that positive  means an upward displacement,
meaning the spring is compressed. I'm also defining it so that x = 0 is the
equilibrium position of the mass, at which point the spring is already stretched
a length ¢. For an arbitrary value of x, the total stretch in the spring is then
¢ — x. Using Newton’s second law, we then have

ma” = (force due to gravity) + (force due to spring) = —mg + k(¢ — x).

Let’s check the signs. The gravitational force is down, so it has a minus sign.
If the spring is stretched further, then ¢ — z is positive, and we have a positive
(upwards) force for the spring, as expected.
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Since mg = k/, this equation simplifies to
ma" = —kzx.

But this is exactly the same equation as if there were no gravity. The only
difference is that the equilibrium position of the mass would be higher if there
were no gravity. The upshot is that, if we define x = 0 to be the equilibrium
position of the mass, we can ignore gravity in setting up the equations. This
applies just as well to our two-spring system — and if you're not convinced, you
should try doing the same sort of argument there for yourself!

Now we turn to actually solving the problem. Let x; and x5 be the displacements
of the two masses in meters, chosen so that z; = x5 = 0 when the masses are at
equilibrium, and so that the positive direction is upwards. Let spring A be the
top spring (connected to mass 1 and the ceiling) and spring B the bottom spring
(connected to mass 2 and mass 1). Using Newton’s second law, and ignoring
gravity as discussed above, we have two equations,

1027 = (force due to spring A) + (force due to spring B),
10z = (force due to spring B).

The stretch in spring A is —z;. Thus, it exerts a force on mass 1 of —2x;
Newtons in the upwards direction. The stretch in spring B is 1 — x5 — note
this is a positive number if the spring is stretched and a negative number if it’s
compressed. So it exerts a force on mass 1 of —(z; — z3), and a force on spring
2 of 1 — x5. The equations we get are

10x] = —21 — (21 — T9) = 19 — 2771,

"
10z5 = 21 — xa.

Since the springs are undamped, if they're given any initial displacement at
all they will oscillate forever, though how they do so depends on how they’re
displaced.

. A forest contains deer and wolves. If there were no wolves, the deer popula-
tion would grow at a rate proportional to the current population. If there were
no deer, the wolf population would decrease at a rate proportional to the cur-
rent population. When the two animals live together, each wolf eats a constant
amount of deer per year, and this increases the population of wolves at a rate
proportional to both the deer population and the wolf population.



Let D be the population of deer and W be the population of wolves. Each pop-
ulation’s rate of change is affected by two separate factors: how that population
interacts with itself (its natural birth and death rate) and how it interacts with
the other population (in the deer’s case, the wolves eat them; in the wolves’
case, access to prey gives them more energy for reproduction.) Assuming these
two interactions work independently, we have

D" = (natural birth/death rate) + (rate of being eaten by wolves),
W' = (natural birth/death rate) + (increased reproduction due to eating deer).

We just have to figure out these four terms. We can observe the “natural
birth/death” rates by observing each population in isolation. The problem tells
us that

(W=0) D' =aD,
(D=0) W =-4W,

where v and 3 are positive proportionality constants. Let v be the amount of
deer each wolf eats per year. Then the total amount of deer eaten per year is
~W, so the second term in the expression for D" is —yW. Finally, the increase
in the wolf population due to predation is proportional to D and W, so of the
form 0 DW, where § is a fourth positive proportionality constant. The answer
is

D' =aD — AW,
W' = —BW + 6DW.

All the constants are positive, and all are different (they’re even in different
units).

This is almost the standard predator-prey system but not quite: in that system
the term —~W would be replaced by one of the form —yDW. So if there are
fewer deer around, the wolves eat fewer deer, which is perhaps more realistic.

It’s impossible to predict what happens without assigning values to the con-
stants. For example, if 3 is very large compared to §, the wolves will die off,
and then the deer will grow exponentially. If v is very large compared to «,
the wolves will eat all the deer and then die off. If the coefficients are balanced
in the right way, it’s possible for the two populations to oscillate, with more
deer leading to more wolves to eat them, leading to fewer deer, leading to fewer
wolves, et cetera.



5. A house has a main floor, which is insulated from the cold outdoors, and an
attic, which is not. Heat flows from the main floor to the attic, and from the
attic to the outdoors, following Newton’s law of cooling: the rate of temperature
change of one space caused by its interaction with another space is proportional
to the temperature difference. Initially, the temperature outside is 40°F, and
the temperature in the attic and main floor is 50° F. There is also a heater on
the main floor which increases its temperature by 20°F per hour.

Newton’s law of cooling says that, if one object A is in contact with another
object B, then the temperature of A changes according to the equation

T\ (t) = k(T — Th).

Here k is a positive constant that depends on the two substances. Note that if
B is hotter than A, then 77 is positive, as expected.

Here, there are two variables worth worrying about, the temperature of the attic
T4 and the temperature of the main floor Ty;. (The temperature of the outdoors
won’t be noticeably affected by the heat coming from one house, though you’re
welcome to include it; what this means is that the corresponding proportionality
constant is really really small.) There are three interactions: the interaction of
the main floor with the attic, the interaction of the attic with the main floor, and
the interaction of the attic with the outdoors. (We’re ignoring the interaction
of the main floor with the outdoors because of the insulation. In reality, no
insulation is perfect, but again, the proportionality constant that would appear
would be quite small.) Finally, there is also the heater, which contributes an
additional 20° F /hr to T},. Combining all these effects and including the initial
values, we get

TA = kan(Tor — Ta) + kao(40 — Ty), Ta(0) = 50,
T]’w = kya(Ta — Tr) + 20, Ty (0) = 50.

Here, kanr, kao, and kpra are three different proportionality constants, the
temperatures are in degrees Fahrenheit, and the differential equations are in
degrees Fahrenheit per hour.

What happens over time depends on the values of the constants. T}, cannot
decrease much because of the heater, but it may level off if ky; 4 and ko are
large (meaning that a lot of heat is lost to the outdoors). T4 will not decrease
below 40, but may sink near there if k40 is large, or rise considerably if k4, is
large compared to k4. If the heat loss rates are small, the heater will allow T},
to grow nearly linearly, which is not very realistic after even an hour or two!



