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A brief introduction of finite
element methods

1.1 Motivation and plans
Finite difference method can only be used on a rectangular domain or a
domain which can be transformed to a rectangle such as a disk via polar
coordinates. For complicated problems in real applications, finite element
method is the most successful approach due to its rich theories and flexibil-
ity with geometries. In this notes, we mainly focus on rectangular domains,
on which finite difference method is the most convenient choice. On the
other hand, the finite element method on a rectangular domain can be im-
plemented as a finite difference method when integrals are replaced with
quadrature. For instance, there is no essential difference between grid point
values and piece-wise linear polynomials represented by its grid point values.
Even on unstructured triangular meshes, a linear polynomial on a triangle
can be represented by its point values on three vertices of the triangle, which
is often called nodal representation.

The conventional approach of constructing a finite difference method
that we have seen in Chapter ?? includes two crucial steps: first, develop
a consistent discretization or approximation to the differential operator and
the boundary conditions then try to establish the stability, i.e., try to show
∥A−1∥ ≤ C if the matrix-vector form of the scheme is Au = f . While the
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first step is a relative easy task, the second step seems to be fine with the
second order centered difference because we have eigenvalues and eigenvec-
tors, which is however nearly impossible to find for higher order accurate
schemes and more general problems such as variable coefficient problems. In
general there are quite a few drawbacks and challenges in such a traditional
approach. The key issues include:

• It is not elegant or convenient to design a high order accurate scheme
to use Taylor expansion (for instance, do you actually enjoy solving
Problem ??). It also becomes harder to deal with boundary conditions
in high order schemes.

• Stability is hard to establish in general: estimating the inverse of a
matrix is always hard. If using only linear algebra, singular values and
eigenvalues are impossible to estimate for more general schemes (think
about a high order accurate scheme for −(a(x)u′)′ = f).

Remark 1.1. 9-point discrete Laplacian is successful, but only for Laplacian
operator on uniform meshes with Dirichlet boundary conditions.

Moreover, there are practical concerns:

• Loss of accuracy on non-uniform meshes: if the local truncation error
is obtained by Taylor expansion on uniform grids, the proof of order of
accuracy breaks down regardless of whether the actual scheme is still
as accurate as on uniform grids or not.

• Loss of symmetry in the matrix A: the matrix in general is not sym-
metric and hard to symmetrize (think about −∇(a(x, y)∇u) = f with
Neumann boundary conditions).

Remark 1.2. One of the main reasons why a symmetric A is much better is
for purely Neumann boundary conditions. The exact solution is not unique
for purely Neumann b.c.. So A in the numerical scheme Au = f is not
invertible thus the linear system Au = f may not have a solution (unless f
happens to lie in the column space of A, which is usually not true). So as we
have seen in Section ??, one would have to instead consider Au = f̄ where
f̄ is the projection of f onto the column space of A. The left null vector v
(i.e.. vT A = 0) is needed for such a projection. If A is symmetric, then the
left null vector is also the right null vector, which is usually

[
1 1 · · · 1

]T

since A approximates a differential operator. If A is not symmetric, then one
would have to solve an eigenvalue problem AT v = 0 ∗ v which is even more
expensive (at least 2-3 times more expensive) than solving Au = f̄ . The
difficulty of using a non-symmetric matrix for purely Neumann boundary
conditions will also be explained in Section 1.9.
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Remark 1.3. For solving Au = f̄ as above, it is mathematically equivalent
to solve the least square solution by solving AT Au = AT f , which is however
a lot harder to solve numerically, because the condition number of AT A will
be nearly the square of the condition number of A.

All these concerns and difficulties can be solved by using finite element
method! What is even better is that finite element method on rectangular
meshes (or regular triangular meshes) looks like exactly a finite difference
method. In this chapter, we will first see how a finite element method is
defined then implement it as a finite difference method.

Caution to readers: this is a very brief introduction to the finite
element method because

• We will give up certain math rigor such as complete definition of dis-
tribution and Sobolev spaces, proof of existence and uniqueness of
variational formulation and important estimates. Instead they will be
given and stated as facts.

• We focus mainly on rectangular domains and rectangular meshes.

Despite of these simplifications in mind, you will still learn and understand
the key ingredients of the finite element method.

1.2 Preliminaries

1.2.1 Weak derivatives and Sobolev spaces

Let C∞
0 (R) be the set of all infinitely differentiable functions which are

nonzero only on a finite interval.
If a function f(x) is differentible, then after integration by parts, for any

smooth function v(x) ∈ C∞
0 (R) , we have∫ +∞

−∞
f(x)v′(x)dx = −

∫ +∞

−∞
f ′(x)v(x)dx. (1.1)

The function f(x) = |x| is not differentiable but we can define its weak

or generalized derivative as the step function g(x) =
{

1 x ≥ 0
−1 x < 0

in the

sense of (1.1):

Definition 1.1. A function g(x) is defined to be the weak or generalized
derivative of f(x) if it satisfies∫ +∞

−∞
f(x)v′(x)dx = −

∫ +∞

−∞
g(x)v(x)dx, ∀v(x) ∈ C∞

0 (R).

Example 1.1. It is straightforward to verify that the step function is the
weak derivative of the absolute value function.
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If a function is differentible, then its weak derivative is simply the deriva-
tive. From now on, in this Chapter, derivatives are understood as
generalized derivatives.

Next we need to define a few spaces:

•
L2([0, 1]) =

{
f(x) :

∫ 1

0
f(x)2dx < ∞

}
.

For a general domain Ω, L2(Ω) is similarly defined. Here integral is
the Lebesgue integral if you know what it means. The L2(Ω)-norm
will be denoted as

∥f∥0,Ω = ∥f∥L2(Ω) =
(∫

Ω
f(x)2dx

) 1
2

.

When there is no confusion, we will drop Ω in the subscript, e.g., ∥f∥0
simply denotes the L2-norm.

•

H1([0, 1]) :=
{

f(x), f ′(x) ∈ L2 :
∫ 1

0
[f(x)2 + f ′(x)2]dx < ∞

}
.

The H1(Ω)-norm will be denoted as

∥f∥1,Ω = ∥f∥H1(Ω) =
(∫

Ω
[f(x)2 + f ′(x)2]dx

) 1
2

.

We also define a seminorm:

|f |1,Ω = |f |H1(Ω) =
(∫

Ω
f ′(x)2dx

) 1
2

.

When there is no confusion, we will drop Ω in the subscript, e.g., ∥f∥1
simply denotes the H1-norm.
Fact: in one dimension, H1([0, 1]) ⊂ C([0, 1]).

• H1
0 ([0, 1]) is the subset H1([0, 1]) with the property of vanishing at the

boundary.

• H2 space is similarly defined:

H2([0, 1]) =
{

f(x), f ′(x), f ′′(x) ∈ L2 :
∫ 1

0
[f(x)2 + f ′(x)2 + f ′′(x)2]dx < ∞

}
.

Norm and semi-norm are

∥f∥2,Ω = ∥f∥H2(Ω) =
(∫

Ω
[f(x)2 + f ′(x)2 + f ′′(x)2]dx

) 1
2

,

|f |2,Ω = |f |H2(Ω) =
(∫

Ω
f ′′(x)2dx

) 1
2

.
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• H3 space and its norm are also similarly defined: just add f ′′′(x).

More about continuity:

• The most general statement is from general Sobolev inequalities [1],
which imply for a bounded open set Ω ⊂ R

n with a C1 boundary:

k >
n

2 , f(x) ∈ Hk(Ω) =⇒ f(x) ∈ C(Ω̄).

• The special case for one dimension: f(x) ∈ H1(−1, 1) =⇒ f(x) ∈
C[−1, 1].

• Two dimensions: f(x, y) ∈ H2(Ω) =⇒ f(x, y) ∈ C(Ω̄).

• Three dimensions: f(x, y, z) ∈ H2(Ω) =⇒ f(x, y, z) ∈ C(Ω̄).

• In two dimensions, H1 is not enough for continuity: consider Ω as
a disk centered at the origin with radius R = 1

2 , then the following
function cannot be made continous or even bounded by changing any
point values:

f(x, y) =
(
− log(x2 + y2)

)α
∈ H1(Ω), f(x, y) /∈ C(Ω),

where α ∈ (0, 1
2) is a constant. Let r =

√
x2 + y2, we first have

∫∫
Ω

|f |2dxdy =
∫ 1

2

r=0

∫ 2π

θ=0
[− log r2]2αrdrdθ ≤ C

because [− log r2]2αr is bounded and continuous on r ∈ [0, 1
2 ]. Then

|∇f | = α
(
− log r2

)α−1 1
r

= C(− log r)α−1r−1.

∫∫
Ω

|∇f |2dxdy =
∫ 1

2

r=0

∫ 2π

θ=0
C(− log r)2α−2r−2rdrdθ

= C

∫ 1
2

r=0
(− log r)2α−2r−1dr(t = − log r) = −C

∫ +∞

t=− log 1
2

t2α−2dt < +∞.

1.2.2 Interpolation and quadrature

Finite element methods are built upon basic tools including interpolation
and quadrature (numerical integration).

• Lagrange interpolation is a convenient polynomial approximation to a
function through its point values: given k + 1 point values of f(x) at
k + 1 grid points xi (i = 1, 2, · · · , k + 1), there is a unique polynomial
p(x) of degree k to satisfy p(xi) = f(xi) (i = 1, 2, · · · , k + 1).



6 1. A BRIEF INTRODUCTION OF FINITE ELEMENT METHODS

The linear Lagrange interpolation at xi, xi+1 for a function f(x) is
given by

x − xi+1
xi − xi+1

fi + x − xi

xi+1 − xi
fi+1.

The quadratic Lagrange interpolation at xi−1, xi, xi+1 for a function
f(x) is given by

(x − xi)(x − xi+1)
(xi−1 − xi)(xi−1 − xi+1)fi−1+ (x − xi−1)(x − xi+1)

(xi − xi−1)(xi − xi+1)fi+
(x − xi)(x − xi−1)

(xi+1 − xi)(xi+1 − xi−1)fi+1.

• Quadrature means numerical integration, which is to approximate in-
tegrals on computer.

Trapezoidal rule :
∫ 1

−1
f(x)dx ≈ f(−1) + f(1)

Simpson’s rule :
∫ 1

−1
f(x)dx ≈ 1

3f(−1) + 4
3f(0) + 1

3f(1)

Trapezoidal rule is exact if f(x) is a linear polynomial. Simpson’s
rule is also 3-point Gauss-Lobatto rule or 3-point Newton-Cotes rule,
which is exact if f(x) is a cubic polynomial.

Consider an uniform mesh with grids 0 = x0 < x1 < · · · < xN < xN+1 =
1 with spacing h = 1

N+1 for the interval [0, 1], which consists of N + 1
intervals Ik = [xk−1, xk] (k = 1, · · · , N + 1). Then for each interval we can
use a linear polynomial to approximate f(x) if given fi = f(xi). Let Π1f(x)
denote such a piecewise linear polynomial function.

Figure 1.1: Four grid points and three intervals. For each interval, a linear
polynomial is interpolated.

Next consider an uniform mesh with grids 0 = x0 < x1 < · · · < xN <
xN+1 = 1 with spacing h = 1

N+1 for the interval [0, 1]. And this time we
assume N = 2n−1 is odd. Then there are n small intervals Ik = [x2k−2, x2k]
(k = 1, · · · , n), on which we can define a piecewise quadratic interpolation
polynomial, denoted by Π2f(x).

Here are the facts that we will use without any proof first: for a smooth
enought function f(x), the interpolation error and quadrature error are given
as



1.3. 1D BVP: HOMOGENEOUS DIRICHLET B.C. 7

Figure 1.2: Seven grid points and three intervals. For each interval, a
quadratic polynomial is interpolated.

• L2 and H1 errors of piecewise linear interpolation:

∥f − Π1f∥0 ≤ Ch2|f |2, ∥f − Π1f∥1 ≤ Ch|f |2. (1.2)

• L2 and H1 errors of piecewise quadratic interpolation:

∥f − Π2f∥0 ≤ Ch3|f |3, ∥f − Π2f∥1 ≤ Ch2|f |3. (1.3)

• Quadrature error of trapezoidal rule for each small interval in Figure
1.1 : ∣∣∣∣∣

∫ 1

0
f(x)dx −

N+1∑
k=1

1
2h[f(xk−1) + f(xk)]

∣∣∣∣∣ ≤ Ch2|f |2.

• Quadrature error of Simpson’s rule for each small interval in Figure
1.2:∣∣∣∣∣

∫ 1

0
f(x)dx −

n∑
k=1

h[13f(x2k−1) + 4
3f(x2k) + 1

3f(x2k+1)]
∣∣∣∣∣ ≤ Ch4|f |4.

Notice that the estimate above only needs the minimal assumption on the
function, e.g., for (1.2) we only need to assume f(x) ∈ H2(Ω) (the second
order derivative exists in the weak sense). The same order can be obtained
by Taylor expansion, but obviously we need the derivatives to exist in the
classical sense. All these estimates above can be easily derived from the
Bramble-Hilbert Lemma in Section 1.7.2. On the other hand, you can simply
assume these estimates are true for now.

1.3 1D BVP: homogeneous Dirichlet b.c.

1.3.1 Variational formulation

Given a function f(x) ∈ L2(0, 1), consider solving

−u′′ = f, x ∈ (0, 1),

with boundary conditions

u(0) = 0, u(1) = 0.
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Multiplying a test function v ∈ H1
0 (0, 1), after integration by parts, we get∫ 1

0
u′(x)v′(x)dx =

∫ 1

0
f(x)v(x)dx

which can be denoted as
(u′, v′) = (f, v),

if we define
(f, g) :=

∫ 1

0
f(x)g(x)dx.

It can be shown that the solution to the PDE is equivalent to the solution
to the following variational formulation

seek u ∈ H1
0 (0, 1), satisfying (u′, v′) = (f, v), ∀v ∈ H1

0 (0, 1). (1.4)

Theorem 1.1. Assume f(x) ∈ C([0, 1]) and u(x) ∈ C2([0, 1]) satisfies (1.4),
then −u′′(x) = f(x).

Proof. After integration by parts in (1.4), we get

0 = (f, v)−(u′, v′) = (f, v)+(u′′, v) = (f +u′′, v) =
∫ 1

0
[u′′(x)+f(x)]v(x)dx.

If u′′(x)+f(x) ̸= 0, then due to continuity, u′′(x)+f(x) is either positive or
negative on an interval [x0, x1] ⊂ [0, 1]. Without loss of generality, assume
u′′(x) + f(x) > 0 on [x0, x1] ⊂ [0, 1]. Consider a test function

v(x) =


0, x < x0

(x − x0)2(x − x1)2, x ∈ [x0, x1]
0, x > x1

,

and we have∫ 1

0
[u′′(x) + f(x)]v(x)dx =

∫ x1

x0
[u′′(x) + f(x)]v(x)dx > 0,

which is a contradiction.

Why the variational formulation implies the PDE is one big step that
we choose to skip. If this is your first time to learn finite element method,
it is the best to accept this fact without spending time pursuing why. But
if this is your fifth or even tenth time to read this chapter, it might be a
good time to start to learn why it should be true, in a different book! Of
course the solution of (1.4) is also the solution to the PDE only when it is
a solution with a second order derivative at least in the weak sense. It can
be shown that the solution of (1.4) has weak second order derivative, which
is called elliptic regularity theorem.



1.3. 1D BVP: HOMOGENEOUS DIRICHLET B.C. 9

Consider the 1D variable coefficient problem

−(a(x)u′)′ = f, x ∈ (0, 1), u(0) = u(1) = 0, (1.5)

where a(x) > 0 is a smooth coefficient, with boundary conditions.
We can introduce a new notation called bilinear form

A(u, v) :=
∫ 1

0
au′v′dx,

then the equivalent variational formulation is

seek u ∈ H1
0 (0, 1), satisfying A(u, v) = (f, v), ∀v ∈ H1

0 (0, 1). (1.6)

1.3.2 The abstract finite element method

Given a mesh with n intervals Ij (j = 1, · · · , n), let V h denote the continuous
piecewise polynomial of degree k approximation to the space H1(0, 1):

V h := {vh(x) ∈ C(0, 1) : vh(x) is polynomial of degree k on each interval Ij}.

We will only consider k = 1 or k = 2, i.e., linear or quadratic polyno-
mial approximation. In general, these small intervals Ij do not have to be
uniform. But for convenience and also for the sake of constructing a finite
difference scheme on a uniform mesh, let us assume they have an uniform
interval size. Then Figure 1.1 and Figure 1.2 are illustrations of elements in
V h.

The space V h
0 is similarly defined as an approximation to H1

0 (0, 1):

V h
0 := {vh(x) ∈ C(0, 1) : vh(0) = vh(1) = 0, vh(x) ∈ P k(Ij), ∀j}.

A continous piecewise polynomial can have a weak derivative as defined by
Definition 1.1, which is the piecewise derivative inside each interval, just like
that the weak derivative of f(x) = |x| is the step function. Thus we have
the following fact:

V h ⊂ H1(0, 1), V h
0 ⊂ H1

0 (0, 1).

Given V h
0 , the abstract finite element method for (1.6) is defined as

seek uh ∈ V h
0 , satisfying A(uh, vh) = (f, vh), ∀vh ∈ V h

0 . (1.7)

We call (1.7) the abstract finite element method because it can never be
exactly implemented. For example, the right hand side integral (f, vh) can
never be computed exactly, unless f(x) is a very simple function.
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1.3.3 The abstract implementation

Assume we know how to compute all integrals in (1.7), e.g., if the coef-
ficient a(x) ≡ 1 and f(x) is a polynomial in (1.6), then all integrands are
polynomials. Then let us think about how the scheme (1.7) should be imple-
mented, e.g., in the scheme (1.7) what does arbitrariness of the test function
vh mean?

First of all, once the mesh is fixed and polynomial degree is fixed, the
piecewise polynomial space V h

0 is a finite dimensional vector space. Assume
it is N -dimensional with basis functions {ϕi(x) : i = 1, · · · , N}.

Second, in the scheme (1.7), both the left hand side and the right hand
side are linear operators with respect to the test function vh. Therefore,
A(uh, vh) = (f, vh) for arbitrary test function vh in an N -dimensional vector
space V h

0 is equivalent to A(uh, vh) = (f, vh) for vh being all basis functions
ϕi(x). Namely, (1.7) is equivalent to

A(uh, ϕi) = (f, ϕi), i = 1, · · · , N.

Third, uh ∈ V h
0 implies that uh is a linear combination of the basis

functions:

uh(x) =
N∑

j=1
ujϕj(x).

Next, plugging in uh(x) = ∑N
j=1 ujϕj(x) and using the linearity of the

bilinear form A, we get that
N∑

j=1
ujA(ϕj , ϕi) = (f, ϕi), i = 1, · · · , N,

which is a system of N linear equations.
The last step is to solve a linear system Su = f where the stiffness matrix

S has entries Sij = A(ϕj , ϕi), and

u =


u1
u2
...

uN

 , f =


(f, ϕ1)
(f, ϕ2)

...
(f, ϕN )

 .

1.3.4 The simple practical implementation on uniform meshes

To implement the scheme (1.7), one needs to address the issue of how to
compute integrals. One convenient choice is to use quadrature. Let us
use trapezoidal rule for P 1 method (and Simpson’s rule for P 2 method).
Let Ah(·, ·) and ⟨f, vh⟩h denote the quadrature approximation to A(·, ·) and
(f, vh) respectively. Then we get a new scheme

seek uh ∈ V h
0 , satisfying Ah(uh, vh) = ⟨f, vh⟩h, ∀vh ∈ V h

0 . (1.8)
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Recall that for both P 1 mesh Figure 1.1 and P 2 mesh 1.2, there are N
interior grid points. Let ϕi(x) (i = 1, · · · , N) denote the basis functions in
V h

0 satisfying

ϕi(xj) = δij =
{

1 i = j,

0 i ̸= j,
, ∀j = 1, · · · , N.

This kind of basis is often called Lagrangian basis or nodal basis. For
instance, ϕi(x) for P 1 method is given as

ϕi(x) =


1
h(x − xi−1), x ∈ [xi−1, xi],
1
h(xi+1 − x), x ∈ [xi, xi+1],
0, otherwise,

and its weak derivative is

ϕ′
i(x) =


1
h , x ∈ [xi−1, xi],
− 1

h , x ∈ [xi, xi+1],
0, otherwise.

For Lagrangian basis ϕi(x), if we set uj = uh(xj), then

uh(x) =
N∑

i=1
ujϕj(x),

thus the numerical solution uh can also be denoted as a vector of point
values

u =


u1
u2
...

uN

 .

Plugging
N∑

j=1
ujϕj(x, y) into the bilinear form, we get

Ah(uh, vh) =
N∑

j=1
ujAh(ϕi(x), vh).

Since it suffices to ask Ah(uh, vh) to hold for vh = ϕi for all i, the scheme
(1.8) is equivalent to

seek u ∈ R
N , satisfying

N∑
j=1

Ah(ϕj(x), ϕi(x))uj = ⟨f, ϕi(x)⟩h, ∀i = 1, · · · , N.

(1.9)
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The right hand side can be explicitly written as

⟨f, ϕi(x)⟩h =
N∑

k=0

1
2h[f(xk)ϕi(xk) + f(xk+1)ϕi(xk+1)] = fih.

So the matrix vector form of (1.9) is Su = hf where the stiffness matrix
S has its (i, j)-th entry as

Sij = Ah(ϕj(x), ϕi(x)).

Consider the simplest Laplacian case a(x) ≡ 1, then

Sij = Ah(ϕj(x), ϕi(x)) = ⟨ϕ′
j(x), ϕ′

i(x)⟩h =


2
h i = j

− 1
h i = j ± 1

0 otherwise.

.

In other words, for solving −u′′ = f, u(0) = u(1) = 0, the matrix vector
form of the P 1 finite element method with trapezoidal quadrature is precisely
the second order centered difference:

1
h



2 −1
−1 2 −1

−1 2 −1
. . . . . . . . .

−1 2 −1
−1 2





u1
u2
u3
...

uN−1
uN


= h



f1
f2
f3
...

fN−1
fN


.

For the variable coefficient problem −(au′)′ = f, u(0) = u(1) = 0, simi-
larly we can derive the matrix vector form for the scheme (1.9) with piecewise
linear basis:

1
h

1
2


a0 + 2a1 + a2 −a1 − a2

−a1 − a2 a1 + 2a2 + a3 −a2 − a3

. . . . . . . . .




u1
u2

...

 = h


f1
f2

...


(1.10)

Recall that the traditional finite difference scheme (??) in Chapter ?? is
given as

1
∆x2


a 1

2
+ a 3

2
−a 3

2
−a 3

2
a 3

2
+ a 5

2
−a 5

2
. . . . . . . . .


u1

u2
...

 =

f1
f2
...

 ,
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and the matrix can be easily written as B = 1
∆x2 DT AD, where A be a

diagonal matrix with diagonal entries a 1
2
, · · · , an+ 1

2
and

D =


1

−1 1
0 . . . . . .

−1 1
−1


(n+1)×n

.

Notice that the two schemes (??) and (1.10) would be exactly the same
if we use an approximation aj+ 1

2
≈ aj+aj+1

2 for the mid point values of a(x)
in (??). For smooth a(x), the approximation aj+ 1

2
≈ aj+aj+1

2 is second order
accurate by Taylor expansion. Because of this, the stiffness matrix S in the
finite element method (1.10) can be easily written as

S = 1
2

1
h

DT AD

where A is a diagonal matrix with diagonal entries a0+a1, a1+a2, a2+a3, · · · .

Problem 1.1. Are there any alternatives to compute or approximate inte-
grals in (1.7) if we do not use quadrature?

Problem 1.2. For the variable coefficient problem −(au′)′ = f, u(0) =
u(1) = 0, derive the equivalent matrix vector form (1.10) for the scheme
(1.9) with piecewise linear basis.

Problem 1.3. Derive the basis functions ϕi(x) for the P 2 method and find
the explicit matrix vector form of the scheme (1.9) for the −u′′ = f, u(0) =
u(1) = 0.

Problem 1.4. Implement both schemes (??) and (1.10), and compare their
errors for a problem with a smooth solution u for a smooth coefficient a(x).

Problem 1.5. For a rectangular domain Ω, consider a 2D variable coeffi-
cient problem

−∇ · (a(x)∇u(x)) = f(x), x ∈ Ω
with homogeneous Dirichlet boundary condition, where a(x) > 0 is a scalar
coefficient. Consider a uniform rectangular mesh and using Q1 finite ele-
ment method with trapezoidal quadrature for both x and y variables. The
finite element method is to seek uh ∈ V h

0 satisfying

Ah(uh, vh) = ⟨f, vh⟩.

Using notation in Chapter 2, the scheme can be written as[ 1
∆x2 (DT

x ⊗ Iy)A1(Dx ⊗ Iy) + 1
∆y2 (Ix ⊗ DT

y )A2(Ix ⊗ Dy)
]

vec(U) = vec(F ),
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where A1 and A2 are two diagonal matrices defined as follows.
Let a1 be a 2D array of size Ny×(Nx+1) satisfying a1(j, i) = 1

2a(xi, yj)+
1
2a(xi−1, yj) and a2 be a 2D array of size (Ny +1)×Nx satisfying a2(j, i) =
1
2a(xi, yj) + 1

2a(xi, yj−1). Then A1 and A2 can be easily generated in MAT-
LAB as sparse diagonal matrices:

1 A1= sparse (diag(a1 (:)));
2 A2= sparse (diag(a2 (:)));

Implement this scheme and test the accuracy for a smooth solution.

1.4 Basic properties of the bilinear form

1.4.1 Coercivity

We consider the bilinear form A(u, v) =
∫ 1

0 au′v′dx with the smooth coeffi-
cient a(x) satisfying 0 ≤ min

x∈[0,1]
a(x) ≤ a(x) ≤ max

x∈[0,1]
a(x) < +∞ for any x.

The first useful concept is called coercivity of the bilinear form:

∀v ∈ H1
0 (Ω), A(v, v) =

∫ 1

0
a(x)v′v′dx ≥ min

x
a(x)|v|21 ≥ C∥v∥2

1,

where C > 0 is a constant.
To establish the coercivity, we have used the fact that the H1-seminorm

| · |1,Ω and the H1-norm ∥ · ∥1,Ω are equivalent in H1
0 (Ω), i.e., there is a

constant C > 0 depending only on Ω s.t. for any

∀v ∈ H1
0 (Ω), C∥v∥2

1,Ω ≤ |v|21,Ω ≤ ∥v∥2
1,Ω. (1.11)

The second inequality in (1.11) is trivial. The first inequalilty in (1.11)
simply says that the function value can be controlled by the derivatives,
which is in general not true. For example, if v(x) ≡ 1 on Ω = [0, 1], then
∥v∥0 = 1 and |v|1 = ∥v′(x)∥0 = 0 thus the first inequalilty cannot hold for
v /∈ H1

0 (Ω).
For Ω = (0, 1), here are some quick arguments to see why it is even

possible to control function values by derivatives for v(x) ∈ H1
0 (0, 1). If

v(0) = 0 and v′(x) exists everywhere in the classical sense, then by the
Mean Value Theorem we have v(x)−v(0)

x−0 = v′(y) for some y ∈ (0, x), thus
v(x) = xv′(y) and |v(x)| ≤ |v′(y)| for any x ∈ [0, 1]. You can simply assume
(1.11) is true for now, and read Poincaré inequalilty in the Appendix for a
rigorous statement.

Remark 1.4. The estimates in (1.11) hold even for a function v(x) which
vanishes only along a part or a very small part of the boundary of Ω.
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1.4.2 Continuity

The continuity of the bilinear form is simple implication of Cauchy Schwartz
inequality:

∀u, v ∈ H1(Ω), A(u, v) =
∫ 1

0
au′v′dx ≤ max

x
a(x)

∫ 1

0
u′v′dx

≤ max
x

a(x)
√∫ 1

0
[u′]2dx

√∫ 1

0
[v′]2dx ≤ C∥u∥1∥v∥1.

1.4.3 Coercivity is stability

Recall that the abstract finite element method can be casted as a linear
system:

N∑
j=1

ujA(ϕj , ϕi) = (f, ϕi), i = 1, · · · , N.

Whenever a scheme is given as a linear system for an elliptic equation,
it must be addressed whether the linear system has a solution. In other
words, we need to show the solvability, i.e., the invertability of the stiffness
matrix S with entries Sij = A(ϕj(x), ϕi). In Chapter ??, we computed
eigenvalues of K matrix for constant coefficient problems so that we can
show the nonsingularity of the matrix K.

Obviously, for a variable coefficient problem, e.g., the scheme (1.10), the
eigenvalues of the stiffness matrix should be estimated rather than computed
because it is nearly impossible to compute. Such an eigenvalue estimate can
be done by the coercivity. In this section we only focus on the bilinear form
A and we will discuss Ah later. For any vh ∈ V h

0 , we have

A(vh, vh) = A(
n∑

i=1
viϕi,

n∑
j=1

vjϕj) =
n∑

i=1

n∑
j=1

A(ϕj , ϕi)vjvi = vT Sv.

The coercivity says that

A(v, v) ≥ C1∥v∥2
1 ≥ C1∥v∥2

0, ∀v(x) ∈ H1
0 (Ω),

where the constant C1 only depends on the domain Ω. Thus

vh(x) ∈ V h
0 ⊂ H1

0 (Ω) ⇒ A(vh, vh) ≥ C1∥vh∥2
0.

Notice that ∥vh∥0 and ∥v∥ are both norms of the same finite dimensional
vector space V h

0 , thus they are equivalent:

C2∥v∥2 ≤ ∥vh∥2
0 ≤ C3∥v∥2,

where the constants C2, C3 depends on the dimension N of the vector space
V h

0 .
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Thus coercivity gives us

vT Sv = A(vh, vh) ≥ C1∥vh∥2
0 ≥ C1C2∥v∥2 ⇒ vT Sv

vT v ≥ C1C2.

Recall that A(u, v) =
∫ 1

0 a(x)u′(x)v′(x)dx, thus A(u, v) = A(v, u) im-
plies that S is real symmetric. By the Courant-Fisher-Weyl min-max prin-
ciple (see Appendix ??), vT Sv

vT v ≥ C1C2 implies that the smallest eigenvalue
of S is greater than or equal to C1C2 > 0. Therefore S is invertible.

In Section 1.6.4, we will further show that we can get a useful estimate
for ∥S−1∥ from the coercivity.

1.5 Error estimates of the abstract finite element
method

We have just seen that the finite element method with linear basis and
quadrature recovers the K matrix for approximating second order deriva-
tive. Even though a finite element method with quadrature becomes a finite
difference scheme, it is much more useful to understand the same scheme
from the finite element perspective. In Chapter ??, we had to find eigenval-
ues of K to discuss the stability thus convergence rate for the FD scheme
1

h2 Ku = f . Obviously, eigenvalues of a matrix are difficult to find in general,
e,g., the matrix (1.10).

We first prove the error estimates for (1.7), i.e., the finite element method
without quadrature. We will focus on the analysis for P 1 finite element
method for the one-dimensional problem with homogeneous Dirichlet bound-
ary conditions to understand the key components in the finite element
method anaylysis, but keep in mind that all discussions in this section ap-
ply to much more general cases such as solving variable coefficient elliptic
equations by P k polynomial finite element method with Neumann boundary
conditions on unstructured meshes for a curved domain in multiple dimen-
sions.

1.5.1 H1-norm estimate: stability and consistency imply con-
vergence

The continuous piecewise polynomial has weak derivatives, thus we have
V h

0 ⊂ H1
0 (Ω), and such a finite element method is called conforming. Here

is one simple example of nonconforming finite element space for the Poisson
equation: the discontinuous piecewise polynomial space is not a subspace of
the H1

0 (Ω) function space.
Theorem 1.2 (Galerkin Orthogonality). Let u be the solution to (1.6). The
solution uh to the conforming finite element method (1.7) satisfies:

A(u − uh, wh) = 0, ∀wh ∈ V h
0 .
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Proof. The exact solution u satisfies

A(u, w) = (f, w), ∀w ∈ H1
0 (Ω)

thus
A(u, wh) = (f, wh), ∀wh ∈ V h

0 ⊂ H1
0 (Ω).

The numerical solution uh satisfies

A(uh, wh) = (f, wh), ∀wh ∈ V h
0 .

Subtracting these two equations, we get Galerkin Orthogonality, which is a
straightforward implication from the choice of approximation space V h

0 ⊂
H1

0 (Ω).

Galerkin Orthogonality simply says that the true error u−uh is somehow
“orthogonal” to any test function wh in V h

0 through the bilinear form A.

Remark 1.5. Galerkin Orthogonality is the analog of the consistency or
truncation error in Chapter ??. Since A(uh, wh) = (f, wh),

A(u − uh, wh) = A(u, wh) − A(uh, wh) = A(u, wh) − (f, wh).

So Galerkin Orthogonality is the same as

A(u, wh) − (f, wh) = 0, ∀wh ∈ V h
0 ,

which is nothing but replacing uh by u in the numerical scheme. On the other
hand, it seems that the “truncation error” is zero here, which is due to the
direct approximation of the variational form. Notice that the “truncation
error” A(u, wh) − (f, wh) is zero only when the test functions are in the
approximated space V h

0 .

Theorem 1.3 (Céa’s Lemma). Let u be the solution to (1.6). The solution
uh to the conforming finite element method (1.7) satisfies:

∥u − uh∥1 ≤ C inf
wh∈V h

0

∥u − wh∥1.

Proof. First of all, we have uh ∈ V h
0 ⊂ H1

0 (Ω) thus u − uh ∈ H1
0 (Ω). The

coercivity implies

C∥u − uh∥2
1 ≤ A(u − uh, u − uh).

Next, we have

A(u − uh, u − uh) = A(u − uh, wh − uh) + A(u − uh, u − wh).
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Galerkin orthogonality implies A(u − uh, wh − uh) = 0. So we get

A(u − uh, u − uh) = A(u − uh, u − wh) ≤ C∥u − uh∥1∥u − wh∥1,

where continuity is used.
Finally, we have

C∥u−uh∥2
1 ≤ A(u−uh, u−uh) = A(u−uh, u−wh) ≤ C∥u−uh∥1∥u−wh∥1,

thus
∥u − uh∥2

1 ≤ C∥u − uh∥1∥u − wh∥1.

So we have ∥u − uh∥1 ≤ C∥u − wh∥1 for any wh ∈ V h
0 .

Céa’s Lemma says the finite element solution error is controlled by the
best piecewise polynomial approximation error, which we do not know. On
the other hand, we do know polynomial interpolation error estimates (1.2)
and (1.3). Assuming u ∈ H2(Ω) or u ∈ H3(Ω) (i.e., assuming u is smooth
enough), we easily obtain error estimate in H1-norm:

∥u−uh∥1 ≤ C inf
wh∈V h

0

∥u−wh∥1 ≤ C∥u−Πku∥1 =
{

Ch|u|2, k = 1
Ch2|u|3, k = 2

. (1.12)

Céa’s Lemma gives (1.12), which is the convergence of the finite element
method. On the other hand, Céa’s Lemma is implied by both Galerkin
Orthogonality (consistency) and Coercivity (stability). So we get the same
conclusion as in Chapter ?? and Chapter ?? for linear schemes solving linear
PDEs:

consistency + stability −→ convergence.

Recall that uh ∈ V h
0 ⊂ H1

0 (Ω) and u ∈ H1
0 (Ω), thus the error function

u − uh is an element in the H1
0 (Ω) space, in which H1-norm is equivalent to

the H1-seminorm. So the H1-norm estimate above simply implies that P 1

finite element method generates a numerical solution satisfying that√∫ 1

0
|u′(x) − u′

h(x)2|dx = O(h).

For function values, we will get one order higher, explained in the next
subsection.

1.5.2 L2-norm estimate: elliptic regularity and duality argu-
ments

Notice that H1 estimate cannot explain why P 1 method gives a second order
accurate scheme. Recall that H1-norm, i.e., ∥u − uh∥1, measures the error



1.5. ERROR ESTIMATES OF THE ABSTRACT FINITE ELEMENT METHOD19

both in the function value and the first order derivative. The L2-norm, i.e.,
∥u−uh∥0 measures the error in the function value. For example, we already
know that the P 1 finite element method on a uniform mesh gives exactly
the standard centered finite difference, which is second order accurate for
the function value.

The L2 estimate will be one order higher than H1 estimate:

Theorem 1.4 (Aubin-Nitsche Lemma). Let u be the solution to (1.6). The
solution uh to the conforming finite element method (1.7) satisfies:

∥u − uh∥0 ≤ Ch∥u − uh∥1,

where h is the mesh size.

For proving the Aubin-Nitsche Lemma, we need a basic fact about the
Poisson equation, which is called elliptic regularity: the solution to (1.6)
satisfies ∥u∥2 ≤ C∥f∥0, which simply says that the second order derivative
of u and lower order ones are controlled by function value of f(x).

Even though we only seek u(x) ∈ H1
0 (Ω) in (1.6), the elliptic regularity

theorem guarantees that f(x) ∈ L2(Ω) ⇒ u(x) ∈ H2(Ω). In particular, if
f(x) is infinitely differentiable, then so is u(x). The elliptic regularity can
be proven under certain assumptions for the domain Ω.

We also need a dual problem to help us here. A dual problem of (1.6) is
to find w ∈ H1

0 (Ω) satisfying

A(w, v) = (u − uh, v), ∀v ∈ H1
0 (Ω). (1.13)

The equivalent PDE form of the dual problem above is

−w′′(x) = u(x) − uh(x),

if the original PDE we want to solve is −u′′(x) = f(x).
The elliptic regularity theorem on the dual problem gives the following

∥w∥2 ≤ ∥u − uh∥0.

For the dual problem, its finite element solution for finding wh ∈ V h
0

satisfying
A(vh, wh) = (u − uh, vh), ∀vh ∈ V h

0 ,

where we have used the symmetry of the bilinear form A(w, v) = A(v, w).
By Céa’s Lemma and H1-estimate applied to the finite element solution wh,
we have

∥w − wh∥1 ≤ Ch|w|2 ≤ Ch∥w∥2.

where we have used the interpolation error estimate.
So with elliptic regularity for the dual problem ∥w∥2 ≤ C∥u − uh∥0, we

get
∥w − wh∥1 ≤ Ch∥w∥2 ≤ Ch∥u − uh∥0.
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Proof. Let wh be the finite element solution for the dual problem. Then
Galerkin orthogonality implies A(u − uh, wh) = 0, thus

A(u − uh, w) = A(u − uh, w − wh) + A(u − uh, wh) = A(u − uh, w − wh).

Continuity implies

A(u − uh, w − wh) ≤ C∥u − uh∥1∥w − wh∥1.

Recall that w is the solution to the dual problem thus plugging in v =
u − uh ∈ H1

0 (Ω) in (1.13), we get

A(u − uh, w) = A(w, u − uh) = (u − uh, u − uh) = ∥u − uh∥2
0

Finally, putting everything together

∥u − uh∥2
0 = A(u − uh, w) ≤ C∥u − uh∥1∥w − wh∥1 ≤ C∥u − uh∥1h∥u − uh∥0,

which gives
∥u − uh∥0 ≤ Ch∥u − uh∥1

With the H1-norm estimate (1.12), the Aubin-Nitsche Lemma gives us
the L2-norm error estimates:

∥u − uh∥0 ≤ Ch∥u − uh∥1 =
{

Ch2|u|2, k = 1
Ch3|u|3, k = 2

. (1.14)

This is consistent with what we already know: P 1 finite element method
gives a second order accurate scheme for function values. The P 2 finite
element method gives a third order accurate scheme for function values,
which is consistent with the interpolation error order (1.3). However, if we
implement P 2 finite element method as a finite difference scheme, we can
actually get a fourth order accurate finite difference scheme, which is called
superconvergence. It will be explained in the rest of the chapter.

Remark 1.6. In estimates like (1.12) and (1.14), it is already assumed that
u should be smooth enough such that either u ∈ H2(Ω) or u ∈ H3(Ω). The
elliptic regularity theorem implies that f(x) ∈ L2(Ω) ⇒ u ∈ H2(Ω) and
f(x) ∈ H1(Ω) ⇒ u ∈ H3(Ω).

1.5.3 Summarization and comparison

Now let us just focus on the P 1 finite element method and think about
how the second order accuracy is proven differently from the one we did in
Chapter ??. In Chapter ??, we computed the eigenvalues of the K matrix
for proving stability ∥A−1∥ ≤ C in a matrix-vector form of the scheme
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Au = f . On the one hand, it only requires simpler knowledge of linear
algebra. On the other hand, it is highly restrictive because we cannot even
compute eigenvalues for a one-dimensional variable coefficient problem.

The discussion in this section obviously applies to the variable coefficient
problem, but we need so many much more advanced tools such as Solobev
spaces and elliptic regularity. Recall how exactly we can prove the second
order error in P 1 finite element method for function values:

1. The homogeneous Dirichlet boundary condition is built into the func-
tion space H1

0 (Ω), which in return gives the Poincaré inequalilty:∫ 1

0
|v′(x)|2dx ≥ C

[∫ 1

0
|v′(x)|2dx +

∫ 1

0
|v(x)|2dx

]
, ∀v(x) ∈ H1

0 (Ω).

2. The Poincaié inequalilty gives the coercivity

A(vh, vh) ≥ C∥vh∥2
0,

which is the stability.

3. From the fact that it is conforming V h
0 ⊂ H1

0 (Ω), Galerkin orthogonal-
ity is easily obtained:

A(u − uh, vh) = 0, ∀vh ∈ V h
0 .

Galerkin orthogonality is the consistency.

4. With Galerkin orthogonality and coercivity, we get Céa’s Lemma, which
says the finite element solution error is controlled by the best piecewise
polynomial approximation error:

∥u − uh∥1 ≤ C inf
wh∈V h

0

∥u − wh∥1.

This is step is nothing but saything that consistency and stability
imply convergence.

5. We know the interpolation error using P k polynomials, so the H1-
estimate is simply by Céa’s Lemma:

∥u − uh∥1 ≤ C inf
vh∈V h

0

∥u − vh∥1 ≤ C∥u − Πku∥1 ≤
{

Ch|u|2, k = 1
Ch2|u|3, k = 2

.

6. Finally, with the elliptic regularity on a dual problem and almost ev-
erything above, we get the Aubin-Nitsche Lemma

∥u − uh∥0 ≤ Ch∥u − uh∥1 ≤
{

Ch2|u|2, k = 1
Ch3|u|3, k = 2

.
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1.6 V h-ellipticity: properties of the bilinear form
with quadrature

Since in practice quadrature is used to implement the finite element method,
we also need to know whether coercivity and continuity hold for Ah. Usually
the discrete continuity can be easily derived from Cauchy-Schwartz inequal-
ity. The discrete coercivity is called V h-ellipticity.

We only consider the continuous piecewise linear space V h
0 as an example

in this section. Let xi (i = 0, 1, · · · , N +1) be an uniform mesh for the whole
interval [0, 1], where x0 = 0 and xN+1 = 1 are boundary points. The grid
spacing is h = 1

N+1 .

1.6.1 Equivalent norms of the piecewise linear polynomial
space

Everything in this subsection can be derived by abstract arguments. But
instead we use some explicit elementary tools to derive what we need for
coercivity.

For any vh ∈ V h
0 , let vi = vh(xi) and v =

[
v1 · · · vN

]T
. So ∥vh∥0 and

∥v∥ are both norms of the same finite dimensional vector space V h
0 , thus

they are equivalent:

C2∥v∥2 ≤ ∥vh∥2
0 ≤ C3∥v∥2,

where the constants C2, C3 depends on the dimension N of the vector space
V h

0 .

It is useful to figure out the exact dependence of of these constants on
the dimension N or the mesh size h. For the one-dimensional problem
continuous piecewise linear polynomial space V h

0 on a uniform mesh with
mesh size h, we have

∥vh∥2
0 =

N∑
j=0

∫ xj+1

xj

|vh(x)|2dx =
N∑

j=0

∫ h

0

[
vj+1 − vj

h
x + vj

]2
dx

= h
N∑

j=0

(1
3v2

j+1 + 5
6v2

j − 1
6vj+1vj

)
.

Recall that vh(x) ∈ V h
0 ⇒ v0 = vN+1 = 0. With two simple inequalilties

−1
2v2

j+1 − 1
2v2

j ≤ −vj+1vj ≤ 1
2v2

j+1 + 1
2v2

j ,

we can derive
h∥v∥2 ≤ ∥vh∥2

0 ≤ 4
3h∥v∥2. (1.15)
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Let us consider v′
h(x), which is only piecewise constant. Recall that

vh(x) ∈ V h
0 is weakly differentiable thus v′

h(xj) is double valued unless
j = 0, N + 1. Let v′

h(xj)− and v′
h(xj)+ denote two values obtained by

taking derivatives in the intervals [xj−1, xj ] and [xj , xj+1] respectively. For
convenience, we will also abuse the notation by denoting

v′
h(xj) := v′

h(xj)− + v′
h(xj)+

2 , [v′
h(xj)]2 := [v′

h(xj)−]2 + [v′
h(xj)+]2

2 .

Recall that v0 = vN+1 = 0. Let v′ denote the following vector

v′ =


v′

h(x0)
v′

h(x1)
v′

h(x2)
...

v′
h(xN+1)

 = 1
h


v1 − v0

v1−v0+v2−v1
2

v2−v1+v3−v2
2...

vN+1 − vN

 = 1
h


v1
v2
2

v3−v1
2...

−vN

 ,

Remark 1.7. Here for j = 1, · · · , N , we have [v′
h(xj)]2 := [v′

h(xj)−]2+[v′
h(xj)+]2

2 =
vj+1−vj−1

2h , which of course can be regarded as the centered finite difference
approximation to the first order derivative at xj.

Remark 1.8. From these happy coincidences with the second order centered
difference, we should see that the piecewise linear space V h

0 is the better way
to understand or derive the centered difference.

Let V̄ h denote the vector space of piecewise constant on the intervals
Ij . Then v′

h(x) corresponds to an element in V̄ h, and obviously ∥v′∥ and
∥v′

h∥0 can be regarded as two norms for measuring this element in the finite
dimensional vector space V̄ h, thus they should be equivalent. However, to
derive the coercivity of Ah(vh, vh), we need to be careful with the dependence
of constants on the dimension N or mesh size h. Similar to (1.15), we can
derive

1
2h∥v′∥2 ≤ ∥v′

h∥2
0 ≤ 2h∥v′∥2. (1.16)

Problem 1.6. Derive (1.16), where ∥v′
h∥0 is the L2-norm for the function

v′
h(x). Hint: let


c1
c2
...

cN+1

 denote the constants that v′
h(x) corresponds to.

Notice that the boundary condition v0 = vN+1 = 0 implies that
N+1∑
j=1

cj = 0.

Then ∥v′
h∥2

0 = h
N+1∑
j=1

c2
j . Derive what ∥v′∥2 should be in terms of cj.
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1.6.2 Coercivity

If using trapezoidal rule for P 1 finite element method in each cell Ij =
[xj , xj+1] in Figure 1.1, then for any vh(x) ∈ V h

0 we have

Ah(vh, vh) =
N∑

j=0

h

2
(
a(xj)[v′

h(xj)+]2 + a(xj+1)[v′
h(xj+1)−]2

)

≥ min
j

a(xj)
N∑

j=0

h

2
(
[v′

h(xj)+]2 + [v′
h(xj+1)−]2

)

= min
j

a(xj)

h

2 [v′
h(x0)]2 + h

N∑
j=1

[v′
h(xj)]2 + h

2 [v′
h(xN+1)]2


≥ min

j
a(xj)h

2 ∥v′∥2 ≥ min
j

a(xj)1
4∥v′

h(x)∥2
0

= min
j

a(xj)1
4 |vh(x)|21 ≥ C min

x
a(x)1

4∥vh(x)∥2
1,

where we have used (1.16) and (1.11) in the last two lines, and the constant
C is independent of h or N .

1.6.3 Continuity

The continuity for Ah is straightforward: for any wh, vh ∈ V h
0 , we have

Ah(wh, vh) =
N∑

j=0

h

2
(
a(xj)[w′

h(xj)+][v′
h(xj)+] + a(xj+1)[w′

h(xj+1)−][v′
h(xj+1)−]

)

≤ max
j

a(xj)h

2

N∑
j=0

(∣∣∣[w′
h(xj)+][v′

h(xj)+]
∣∣∣ +

∣∣[w′
h(xj+1)−][v′

h(xj+1)−]
∣∣)

≤ max
j

a(xj)h

2

√√√√ N∑
j=0

(
[w′

h(xj)+]2 + [w′
h(xj+1)−]2

)√√√√ N∑
j=0

(
[v′

h(xj)+]2 + [v′
h(xj+1)−]2

)
,

where we have used the Cauchy Schwartz inequality for vectors∑
i

aibi ≤
√∑

i

a2
i

√∑
i

b2
i .

Recall that we have defined [v′
h(xj)]2 := [v′

h(xj)−]2+[v′
h(xj)+]2

2 , thus

[v′
h(xj)−]2 + [v′

h(xj)+]2 = 2[v′
h(xj)]2

and √√√√ N∑
j=0

(
[v′

h(xj)+]2 + [v′
h(xj+1)−]2

)
≤

√√√√ N∑
j=0

2[v′
h(xj)]2 =

√
2∥v′∥.
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With (1.16), we get the continuity

Ah(wh, vh) ≤ max
x

a(x)h

2
√

2∥w′∥
√

2∥v′∥ ≤ 2 max
x

a(x)||w′
h||0||v′

h||0

≤ 2 max
x

a(x)||wh||1||vh||1.

1.6.4 Coercivity implies stability of the finite difference scheme

Recall that in Section 1.4.3 we have shown the nonsingularity of the stiffness
matrix for the abstract finite element method without any quadrature.

Now we are ready to discuss how the V h-ellipticity or the discrete co-
ercivity can imply nonsingularity of the stiffness matrix S with entries
Sij = Ah(ϕj , ϕi) for the finite element method with quadrature. In partic-
ular, for P 1 finite element method with trapezoidal rule solving a variable
coefficient problem, from (1.10) we know the stiffness matrix can be written
as

S = 1
h

1
2


a0 + 2a1 + a2 −a1 − a2

−a1 − a2 a1 + 2a2 + a3 −a2 − a3

. . . . . . . . .


Since vh(x) = ∑N

j=1 vjϕj(x), we have

Ah(vh, vh) = Ah(
N∑

j=1
vjϕj(x),

N∑
i=1

viϕi(x)) =
N∑

i=1

N∑
j=1

Ah(ϕj(x), ϕi(x))vivj = vT Sv.

With the coercivity in Section 1.6.2 and (1.15), we have

Ah(vh, vh) ≥ C∥vh∥2
1 ≥ C∥vh∥2

0 ≥ Ch∥v∥2

So we have vT Sv ≥ Ch∥v∥2 for any v ∈ R
N , which implies S is positive

definite. The symmetry of S is implied by Ah(wh, vh) = Ah(vh, wh). So S
is invertible. By the Courant-Fisher-Weyl min-max principle (see Appendix
??), vT Sv

vT v ≥ Ch implies that the smallest eigenvalue of S is greater than or
equal to Ch > 0. Therefore S is invertible.

The matrix-vector form of (1.10) is Su = hf , thus u = hS−1f . Since we
have shown S is real symmetric positive definite, thus singular values are
also eigenvalues for both S and S−1. So ∥S−1∥ is the simply the reciprocal
of the smallest eigenvalue of S. Therefore we get ∥hS−1∥ = h∥S−1∥ ≤ C,
which is precisely the stability in the sense of traditional finite difference
method in Chapter ??.
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Problem 1.7. Recall that the traditional finite difference scheme (??) in
Chapter ?? is given as

1
∆x2


a 1

2
+ a 3

2
−a 3

2
−a 3

2
a 3

2
+ a 5

2
−a 5

2
. . . . . . . . .


u1

u2
...

 =

f1
f2
...

 .

Apply the discussion in this section to prove the stability of this scheme. The
consistency or the truncation error of the scheme (??) is straightforward
to derive. Once we have the stability, we have its convergence following
Chapter ??. Hint: it becomes trivial if we can have an equivalent scheme in
the following form

1
h

1
2

b0 + 2b1 + b2 −b1 − b2
−b1 − b2 b1 + 2b2 + b3 −b2 − b3

. . . . . . . . .


u1

u2
...

 = h

f1
f2
...

 .

So how do we define bi so that they are equivalent?

1.7 Error estimates of the finite element method
with quadrature

In order to derive the error estimates of the finite element method with
quadrature (1.8), we need to show all the lemmas and theorems in Section
1.5 also hold when A(·, ·) is replaced by Ah(·, ·). If this is your first time to
read this chapter, you can assume that this is true and skip this section.

1.7.1 First Strang Lemma

The First Strang Lemma is the Céa’s Lemma for the scheme (1.8).

Theorem 1.5. [First Strang Lemma]

∥u − uh∥1 ≤ C inf
vh∈V h

0

∥u − vh∥1 + sup
wh∈V h

0

|A(vh, wh) − Ah(vh, wh)|
∥wh∥1


+C sup

wh∈V h
0

|⟨f, wh⟩h − (f, wh)|
∥wh∥1

.

Remark 1.9. Compared to Céa’s Lemma, the extra terms in the First
Strang Lemma is nothing but quadrature error terms.

Proof. First, we can rewrite the bilinear form

Ah(uh−vh, uh−vh) = Ah(uh, uh−vh)−Ah(vh, uh−vh)+A(u−vh, uh−vh)−A(u−vh, uh−vh)
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= Ah(uh, uh−vh)−Ah(vh, uh−vh)+A(u−vh, uh−vh)+A(vh, uh−vh)+A(u, uh−vh).
By coercivity of Ah, and the facts Ah(uh, uh − vh) = ⟨f, uh − vh⟩h and
A(u, uh − vh) = (f, uh − vh), we get

C∥uh−vh∥2
1 ≤ Ah(uh−vh, uh−vh) = A(u−vh, uh−vh)+A(vh, uh−vh)−Ah(vh, uh−vh)

+⟨f, uh − vh⟩h − (f, uh − vh), ∀vh ∈ V h
0 .

With A(u − vh, uh − vh) ≤ C2∥u − vh∥1∥uh − vh∥1, we have

C∥uh−vh∥1 ≤ C2∥u−vh∥1+A(vh, uh − vh) − Ah(vh, uh − vh)
∥uh − vh∥1

+⟨f, uh − vh⟩h − (f, uh − vh)
∥uh − vh∥1

thus

∥uh−vh∥1 ≤ C∥u−vh∥1+C sup
wh∈V h

0

|A(vh, wh) − Ah(vh, wh)|
∥wh∥1

+C sup
wh∈V h

0

|⟨f, wh⟩h − (f, wh)|
∥wh∥1

.

The proof is done after using the triangle inequality:

∥u − uh∥1 ≤ ∥u − vh∥1 + ∥uh − vh∥1

1.7.2 Quadrature estimate: Bramble Hilbert Lemma

The first Strang Lemma means that the Céa’s Lemma holds up to the
quadrature error, which can be estimated by the Bramble Hilbert Lemma:
Theorem 1.6 (Bramble Hilbert Lemma). For some integer k ≥ 0, let L
be a continuous linear form on the space Hk+1(0, 1) with the property that
∀p(x) ∈ P k(Ω) (all polynomials of degree k), L[p(x)] = 0. Then

|L(f)| ≤ C∥L∥∗
k+1|f |k+1,

where ∥ · ∥∗
k+1 is the operator norm and |f |k+1 =

√∫
Ω |f (k+1)(x)|2dx is the

Hk+1-seminorm.

Remark 1.10. The notation in the Bramble Hilbert Lemma are abstract
but one typical example of such a linear operator is the interpolation error
operator. For instance, given point values fi of some function f(x) on a
uniform mesh, we can do a piecewise linear polynomial interpolation as in
Section 1.2.2. The interpolation error is a linear operator w.r.t. f(x), and
the interpolation error is always zero if f(x) is a linear polynomial. Then
the Bramble Hilbert Lemma implies that this piecewise linear interpolation
error is controlled by |f |2, which contains the second order derivative (in
the weak sense). On the other hand, we can also get similar conclusion that
the piecewise linear interpolation error is dominated by or related to f ′′(x)
through Taylor expansion. So if you prefer, you can think of the Bramble
Hilbert Lemma as the better alternative as opposed to performing Taylor
expansion.
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Remark 1.11. The power of the abstraction in the Bramble Hilbert Lemma
lies in the fact that we easily extend the interpolation and quadrature error
estimates in Section 1.2.2 to unstructured meshes on any shape of domain.
Recall that the H1-norm error estimate is built upon the the interpolation
error estimate. This is why the arguments for deriving error estimates in
this chapter also apply to any general setup such as problems in multiple
dimensions.

Consider the quadrature error operator, which is linear and also zero for
polynomials of certain degree. For instance, if considering the trapezoidal
rule for each interval in Figure 1.1, then

∫ 1

0
f(x)dx−

N∑
i=0

1
2h[f(xi)+f(xi+1)] =

N∑
i=0

(∫ xi+1

xi

f(x)dx − 1
2h[f(xi) + f(xi+1)]

)
.

Consider a mapping from the small cell [xi, xi+1] to the reference cell [0, 1]
by

x = hx̂ + xi, f̂(x̂) = f(hx̂ + xi).

Let
Ei(f) =

∫ xi+1

xi

f(x)dx − 1
2h[f(xi) + f(xi+1)]

be the quadrature error on a small inverval, and

Ê(f̂) =
∫ 1

0
f̂(x̂)dx̂ − 1

2[f̂(0) + f̂(1)]

be the quadrature error on a reference interval [0, 1]. Then Ê is the linear
operator L in the Bramble Hilbert Lemma on Ω = [0, 1] and we have

|Ei(f)| = h|Ê(f̂)| ≤ hC|f̂ |2 = hC

√∫ 1

0
[̂f ′′(x̂)]2dx̂ = h2.5C

√∫ xi+1

xi

[f ′′(x)]2dx.

With Cauchy Schwartz inequality for vectors ∑
i aibi ≤

√∑
i a2

i

√∑
i b2

i , we
get the total quadrature error as

N∑
i=0

|Ei(f)| ≤ Ch2
N∑

i=0

√
h

√∫ xi+1

xi

[f ′′(x)]2dx ≤ Ch2

√√√√ N∑
i=0

h

√√√√ N∑
i=0

∫ xi+1

xi

[f ′′(x)]2dx

= Ch2|f |2.

So we have just proven that∣∣∣∣∣
∫ 1

0
f(x)dx −

N∑
i=0

1
2h[f(xi) + f(xi+1)]

∣∣∣∣∣ ≤ Ch2|f |2. (1.17)
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1.7.3 Error estimates

We only demonstrate the main idea why the error estimates for the abstract
finite element method can still hold after quadrature error is involved. We
focus on the simplest example. Consider the scheme (1.8) for a(x) ≡ 1, i.e.,
the scheme 1

h2 Ku = f . The integrand in the bilinear A(uh, vh) is simply
piecewise constant because uh and vh are piecewise linear. Thus we have
A(uh, vh) = Ah(uh, vh) and the first Strang Lemma reduces to

∥u − uh∥1 ≤ C inf
vh∈V h

0

∥u − vh∥1 + C sup
wh∈V h

0

|⟨f, wh⟩h − (f, wh)|
∥wh∥1

.

For a piecewise polynomial wh, its second order derivative only exists on
each interval, thus we abuse the notation by letting |wh|2 denote (this is
usually called Broken Sobolev space, i.e., the Sobolev space on each small
interval)

|wh|22 =
∑

i

∫ xi+1

xi

[w′′
h(x)]2dx.

With this modification of seminorm (you can verify that (1.17) still holds if
replacing f by wh), by (1.17), we have

|⟨f, wh⟩h − (f, wh)| ≤ Ch2|fwh|2.

Notice that in each interval (fwh)′′ = (f ′wh+fw′
h)′ = f ′′wh+2f ′w′

h because
w′′(x) ≡ 0 within each interval. Thus with Cauchy Schwartz inequality, we
have

|⟨f, wh⟩h − (f, wh)| ≤ Ch2|fwh|2 = Ch2|f ′′wh + 2f ′w′
h|0

≤ Ch2(|f ′′|0|wh|0 + 2|f ′||w′
h|) ≤ Ch2∥f∥2∥w∥1.

Therefore we obtain the H1 estimate as

∥u − uh∥1 ≤ Ch|u|2 + Ch2∥f∥2.

Similarly, the Aubin-Nitsche Lemma also holds up to quadrature error.
The conclusion is very simple: the orders in the estimates in (1.12) and

(1.14) still hold in the estimates for the scheme with quadrature (1.8).

1.8 Generalization: general domain in two dimen-
sions

We will have a quick glance at how everything can be easily extended to a
general setup. Consider solving a two-dimensional Poisson equation:

−∇ · (A(x, y)∇u(x, y)) = f(x, y), (x, y) ∈ Ω
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Figure 1.3: Left: the domain Ω. Right: the approximated domain Ωh via a
triangular mesh.

with homogeneous Dirichlet boundary conditions u(x, y) = 0 along the do-
main boundary Ω for a bounded region Ω, where A(x, y) is a 2 × 2 matrix
coefficient.

We just mention some key ingredients in the generalization to see how
an easy extension is possible in the first place:

1. Multiplying the test function and integration by parts, we get the
equivalent variational formulation for the PDE:

seek u ∈ H1
0 (Ω),

∫∫
Ω

∇vT A∇udxdy =
∫∫

Ω
fvdxdy, ∀v ∈ H1

0 (Ω),

which can be denoted as A(u, v) = (f, v).

2. Construct an unstructured triangular mesh, which gives an approxi-
mated domain Ωh as shown in Figure 1.3. Notice that the approx-
imated boundary ∂Ωh is a piecewise segment approximation to the
curved boundary ∂Ω, which induces a second order geometric error
thus any finite element method defined on this Ωh can be at most
second order accurate even if using very high order polynomial basis.
On the other hand, we can easily fix this issue by using curved trian-
gle along the boundary, but quadrature on curved triangles are more
expensive. For simplicity, we just consider the mesh shown in Figure
1.3.

3. We define V h
0 as the continuous piecewise linear polynomial space on

the mesh shown in Figure 1.3, with the property of vanishing on ∂Ωh.
An abstract finite element method is natually given as

seek uh ∈ V h
0 ,

∫∫
Ω

∇vT
h A∇uhdxdy =

∫∫
Ω

fvhdxdy, ∀vh ∈ V h
0 ,

which can be denoted as A(uh, vh) = (f, vh).
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4. Now let us consider what kind of coefficient A(x, y) can ensure coerciv-
ity. For instance, if we assume that A is real symmetric and its smallest
eigenvalue has a uniform positive lower bound, i.e., λ(A) ≥ C > 0 for
any (x, y), then by the Courant-Fisher-Weyl Min-Max principle,

∇vT A∇v

∇vT ∇v
≥ C ⇒ A(v, v) ≥ C|v|21 ≥ C∥v∥2

1, ∀v ∈ H1
0 (Ω).

where we have used the fact that H1-seminorm and H1-norm are
equivalent in H1

0 (Ω).

5. Assume V h
0 is N -dimensional. We can define Lagrangian basis (also

called nodal basis) functions ϕi(x, y) on Ωh just like the one-dimensional
case. For instance, a linear polynomial is completely determined by
its point values at three vertices on the triangle, and a quadratic poly-
nomial is completely determined by its point values at three vertices
and three edge centers on the triangle.

6. Plugging in uh(x, y) = ∑N
j=1 ujϕj(x) we get a linear system

N∑
j=1

ujA(ϕj , ϕi) = (f, ϕi), i = 1, · · · , N,

and the stiffness matrix S has entries Sij = A(ϕj , ϕi).

7. It can be shown that weak partial derivatives of any vh ∈ V h
0 exist thus

it is conforming: V h
0 ⊂ H1

0 (Ω). So the proof of Galerkin Orthogonality
holds. Coercivity and Galerkin Orthogonality imply Céa’s Lemma.
Once we have Céa’s Lemma, the H1-norm error is controlled by the
interpolation error, which can be given via Bramble-Hilbert Lemma.
Similary, the Aubin-Nitsche Lemma also holds.

8. The quadrature using only three vertices is exact for linear polyno-
mials on a triangle. The quadrature using three vertices and three
edge centers is exact for quadratic polynomials on a triangle. With a
suitable quadrature, the finite element method can be represented as

seek uh ∈ V h
0 , Ah(uh, vh) = ⟨f, vh⟩h, ∀vh ∈ V h

0 .

9. Finally, if you are curious whether this is still a finite difference scheme
if using a structured triangular mesh, e.g., one rectangle is splitted into
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two triangles in a rectangular mesh, then the answer is yes! With no
surprises, the P 1 finite element method will give the same 5-point dis-
crete Laplacian scheme as in Chapter ??. The P 2 polynomial finite
element method for −∆u = f gives a fourth order accurate (supercon-
vergence) finite difference scheme with the following stencil:

edge center
−1

−1 4 −1
−1

vertex

1
−4

1 −4 12 −4 1
−4
1

.

1.9 Generalization: purely Neumann b.c.
Consider a one-dimensional problem

−(a(x)u′(x))′ = f(x), x ∈ (0, 1)

u′(0) = σ0, u′(1) = σ1.

Recall that f(x) must be compatible with the boundary conditions:∫ 1

0
f(x)dx = −a1σ1 + a0σ0, (1.18)

which is obtained by integrating the PDE.

1.9.1 Quotient space H1(Ω)/P 0(Ω)
Recall that this boundary value problem does not have a unique solution:
if u(x) is a solution, then so is u(x) + c for any constant c. This non-
uniqueness issue must be addressed properly. To this end, it is natural to
consider a quotient space in which two functions differing by only a constant
are regarded as the same function.

Let P 0(Ω) be the linear space of all polynomials of degree zero, i.e., all
constants. We first introduce an equivalent class by

v̇(x) := {w(x) = v(x) + c, c ∈ P 0(Ω)}.

In other words, if two functions v(x) and w(x) are different only by a con-
stant c, then we regard them to be in the same equivalent class, which is
a set. Any element w(x) in an equivalent class v̇(x) is called a representa-
tion of the equivalent class v̇(x). For instance, in this section, v(x) means a
representation of the equivalent class v̇(x) which v(x) belongs to.

The quotient space H1(Ω)/P 0(Ω) is defined as

H1(Ω)/P 0(Ω) = {v̇(x) : v(x) ∈ H1(Ω)}.
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The norm the quotient space H1(Ω)/P 0(Ω) is defined as

∥v̇∥1 := inf
w∈v̇

∥w∥1,

where ∥w∥1 is the H1-norm of the representation w(x). This definition can
be explicitly written as

∥v̇∥1 := inf
c∈P 0(Ω)

∥v(x)+c∥1 = min
c∈R

√∫
Ω

|v(x) + c|2dx +
∫

Ω

∣∣∣∣ d

dx
(v(x) + c)

∣∣∣∣2 dx.

So we get
∥v̇∥2

1 := min
c∈R

∫
Ω

|v(x) + c|2dx +
∫

Ω
|v′(x)|2dx,

which is nothing but a minimization with respect to c. Also, it is a simple
quadratic function of the number c, so the minimizer is the average of v(x),
c = 1

|Ω|
∫

Ω v(x)dx. For the domain Ω = (0, 1), let v̄ =
∫ 1

0 v(x)dx be the
average of the function v(x) over Ω. Then the quotient space H1(Ω)/P 0(Ω)
can be equivalently written as

∥v̇∥2
1 =

∫
Ω

|v(x) − v̄|2dx +
∫

Ω
|v′(x)|2dx.

This quotient space norm is also equivalent to the seminorm |v|1:

C∥v̇∥1 ≤ |v|1 ≤ ∥v̇∥1, C > 0.

The first inequalilty is true because of the following Poincaré inequalilty (see
Appendix for a generic statement):∫

Ω
|v(x) − v̄|2dx ≤ C

∫
Ω

|v′(x)|2dx.

1.9.2 Variational formulation and coercivity

Multiplying a test function and intergration by parts, we can get a varia-
tional form:∫ 1

0
a(x)u′(x)v′(x)dx =

∫ 1

0
f(x)v(x)dx + a1σ1v(1) − a0σ0v(0).

Obviously, both side stay the same if we replace u(x) by u(x) + c for any
constant c. Now if we replace v(x) by v(x) + c, the left hand side stays the
same, and the right hand side also stays the same because of the compati-
bility condition (1.18).

So the equivalent variational formulation is to seek u̇ ∈ H1(Ω)/P 0(Ω)
such that∫

Ω
a(x)u′(x)v′(x)dx =

∫
Ω

f(x)v(x)dx+a1σ1v(1)−a0σ0v(0), ∀v̇ ∈ H1(Ω)/P 0(Ω).
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It can be denoted by the same short hand notation as:

A(u, v) = (f, v) + a1σ1v(1) − a0σ0v(0), ∀v̇ ∈ H1(Ω)/P 0(Ω).

The Cauchy-Schwartz inequalilty implies the continuity of the bilinear
form. Since quotient space norm is also equivalent to the H1 seminorm, we
also have the coercivity:

A(v, v) ≥ C∥v̇∥1, ∀v ∈ H1(Ω)/P 0(Ω).

1.9.3 The finite element method

On a mesh with intervals Ij , we define the space V h as an approximation to
H1(0, 1):

V h = {vh(x) ∈ C(0, 1) : vh(x) ∈ P k(Ij), ∀j}.

We can also define a quotient space V h/P 0 similarly:

V h/P 0 = {v̇h(x) : vh(x) ∈ V h}.

The finite element method is to seek u̇h(x) ∈ V h/P 0 such that

A(uh, vh) = (f, vh) + a1σ1vh(1) − a0σ0vh(0), ∀v̇h ∈ V h/P 0.

Notice that we use representations uh and vh in the bilinear form A(uh, vh),
instead of their equivalent classes u̇h and v̇h. All the previous arguments
for error estimates can be established similarly, and the only difference is
that the underlying function space is the quotient space H1(Ω)/P 0(Ω), even
though we just plug in functions into the variational form as before.

1.9.4 Coercivity implies the stiffness matrix null space

For simplicity, we assume homogeneous Neumann boundary condition σ0 =
σ1 = 0, and constant coefficient a(x) = 1. Then for the P 1 basis finite
element method, the bilinear form with trapezoidal quadrature Ah(uh, vh)
is the same as A(uh, vh).

Recall our uniform grid points are

0 = x0 < x1 < · · · < xN < xN+1 = 1.

Let ϕi(x), i = 0, 1, · · · , N + 1 be the Lagrangian basis or nodal basis of V h.
Then the stiffness matrix S ∈ R

(N+2)×(N+2) has entries Sij = Ah(ϕj , ϕi) =
A(ϕj , ϕi). Here we have abused notation by allowing indices i, j to take
value 0.

With similar notation as before, e.g., v ∈ R
N+2 denoting a vector of

point values vh(xj), we have

vT Sv = A(vh, vh) ≥ C∥v̇h∥1 ≥ 0,
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thus S is still real symmetric and positive semi-definite.
Since the boundary value problem does not have a unique solution, the

stiffness matrix S must have a nontrival null space. As a matter of fact, the
constant one vector 1 is in its null space. We first have

∀v, vT S1 = A(1, vh) = 0 ⇒ v ⊥ S1, ∀v ⇒ S1 = 0.

Next, we want to show that the coercivity implies that the null space of
S is one-dimensional:

Sv = 0 ⇔ vT Sv = 0 ⇔ A(vh, vh) = 0 ⇒ ∥v̇h∥1 = 0,

where the last step is due to the coercivity. Thus

Sv = 0 ⇒ ∥v̇h∥1 = 0 ⇔ v̇h(x) = 0̇ ⇔ vh(x) ≡ c ⇔ v = c1,

because a function in the quotient space has zero norm if and only if it is 0̇,
which is the property of a norm.

1.9.5 The finite difference form

For simplicity, just consider the constant coefficient case a(x) = 1, for piece-
wise linear basis with trapezoidal quadrature on the uniform grid, the finite
element method can be equivalently written as

1
h

(u1 − u0) = h

2 f0 + a0σ0

1
h

(−uj−1 + 2uj − uj+1) = hfj , j = 1, · · · , N

1
h

(uN+1 − uN ) = h

2 fN+1 + a1σ1

which is exactly the same as the traditional finite difference scheme in Sec-
tion ??.

Now the finite element theory can give error estimates like (1.12) and
(1.14). On the other hand, it is straightforward to check the truncation
error at x0 or xN+1 is only first order, even though the Neumann boundary
condition was approximated by a second order centered difference in Section
??. It is quite difficult to show that this scheme is second order accurate
following arguments in Chapter ??, epsecially for a variable coefficient prob-
lem in multiple dimensions. But we know this scheme is indeed second order
accurate in the sense of (1.14), which demonstrates the superiority of the
finite element method compared to traditional finite difference method.
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For a(x) = 1, the stiffness matrix S with entries Ah(ϕj , ϕi) can be written
out as

S = 1
h



1 −1
−1 2 −1

−1 2 −1
. . . . . . . . .

−1 2 −1
−1 1


(N+2)×(N+2)

.

In general, we have

S = 1
h

1
2


a0 + a1 −a0 − a1

−a0 − a1 a0 + 2a1 + a2 −a1 − a2
−a1 − a2 a1 + 2a2 + a3 −a2 − a3

. . . . . . . . .


(N+2)×(N+2)

.

1.9.6 How to solve the singular linear system

Now consider the finite element method with quadrature for a variable co-
efficient problem:

Ah(uh, vh) = ⟨f, vh⟩h + a1σ1vh(1) − a0σ0vh(0), ∀v̇h ∈ V h/P 0.

For piecewise linear finite element method, if using a Lagrangian basis or
nodal basis ϕj(x), by plugging in vh = ϕi(x), we get a singular linear system

S


u0
u1
...

uN

uN+1

 = h



1
2f0
f1
...

fN
1
2fN+1

 +


a0σ0

0
...
0

a1σ1

 .

Since the null space of S is Span{1}, the least square solution of this sin-
gular linear system corresponds to the facts that the finite element method
is defined on a quotient space V h/P 0, and we look for a solution in a quo-
tient space H(Ω)/P 0(Ω) in the original variational formulation. We do not
elaborate more about it here, but at least all discussions about quotient
spaces and the null spaces are consistent.

Let Su = f̃ denote this singular linear system. The first question we
should ask is whether it has a solution since S is not invertible. A linear
system Su = f̃ if and only if f̃ is in the column space of S, denoted by
Col(S). To this end, we need the orthogonal complement of Col(S), denoted
by Col(S)⊥:

Col(S)⊥ = {y ∈ R
N+2 : yT S = 0.}
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Since S is symmetric, yT S = 0 ⇔ Sy = 0, thus Col(S)⊥ is the null
space of S. In particular, we know that 1 is the basis of Col(S)⊥. We have

f̃ ∈ Col(S) ⇔ f̃ ⊥ Col(S)⊥ ⇔ f̃ ⊥ 1

⇔ 1
2hf0 + h

N∑
j=1

fj + 1
2hfN+1 + a0σ0 + a1σ1 = 0

which is nothing but a discrete compatibility condition.
For a function f(x) satisfying the compatibility condition, its point val-

ues may not necessarily satisfy the discrete compatibility condition. We can
simply project f̃ to the column space of S. Let f̄ be the projection vector,
then Su = f̄ is ensured to have a solution, and we can use iterative solvers in
Chapter ?? such as conjugate gradient method or its preconditioned version
directly on Su = f̄ to find the least square solution to Su = f̃ . Since we
know what Col(S)⊥ is, the projection f̄ is quite easy to find. We summerize
it as follows:

1. The projection f̄ is computed as

f̄ = f̃ − ⟨1, f̃⟩
∥1∥2 1.

It is easy to verify ⟨1, f̄⟩ = 0.

2. Solve Su = f̄ by direct or iterative solvers. See Chapter ??.

Remark 1.12. Iterative solvers like conjugate gradient may not work well
directly on Su = f̃ epsecially if the discrete compatibility error is large.

Remark 1.13. To find the least square solution to Su = f̃ , it is mathemat-
ically equivalent to solve the normal equation ST Su = ST f̃ which is ensured
to have a solution for any f̃ . However, ST Su = ST f̃ is much harder to
solve. For example, if S is invertible, then the condition number of ST S is
about the square of the condition number of S.

Remark 1.14. If S is not symmetric, in order to find the projection f̄ , we
need to compute the left null vector y first: solving ST y = 0 = 0 ∗ y is
an eigenvector problem, which is much more expensive than solving a linear
system of the same size. For instance, for a nonsingular system Ax = b,
iterative solvers are based on minimizing a function f(x) = 1

2xT Ax − bT x.
For Ax = 0, if minimizing f(x) = 1

2xT Ax, we simply get x = 0, which is
a solution that we do not want at all. For getting the nonzero solution to
Ax = 0, roughtly speaking, we would have to minimize f(x) = 1

2xT Ax over
the sphere {x : ∥x∥ = 1}.
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Remark 1.15. For all remarks above, it is highly desired to have a sym-
metric S. The symmetry of the matrix S with entries Sij = Ah(ϕj , ϕi) =
Ah(ϕi, ϕj) holds trivially even for a two-dimensional or three-dimensional
problem −∇ · (A∇u) = f with a real symmetric matrix coefficient A. This
is one of the key advantages of using finite element method for purely Neu-
mann boundary conditions. It is in general quite difficult to construct a real
symmetrix matrix for variable coefficient problems with Neumann boundary
in multiple dimensions by traditional finite difference method.

1.10 Generalization: nonhomogeneou Dirichlet b.c.
Consider solving

−u′′(x) = f(x), x ∈ (0, 1),
u(0) = σ0, u(1) = σ1.

The standard approach is to assume that there exists a smooth enough
function g(x) satisfying the same boundary condition. Then the function
ũ = u − g satisfies

−ũ′′(x) = f(x) + g′′(x), x ∈ (0, 1),

ũ(0) = ũ(1) = 0.

Obviously everything in Section 1.3 can be easily applied to construct
and anaylze a finite element method for ũ ∈ H1

0 (Ω), provided that we know
what g(x) is, which is easy to construct in one-dimension but not necessarily
in multiple dimensions.

However, we only need to know existence of the smooth function g(x)
and an actual implementation can be made irrevelant to what exactly g(x)
should be. The same order from the L2-norm error estimate (1.14) can still
hold.

By multiplying a test function v ∈ H1
0 (Ω) and intergration by parts, we

get the equivalent variational form for seeking ũ ∈ H1
0 (Ω) satisfying∫ 1

0
ũ′(x)v′(x)dx =

∫ 1

0
f(x)v(x)dx −

∫ 1

0
g′(x)v′(x)dx, ∀v ∈ H1

0 (Ω),

which can be denoted as

A(ũ, v) = (f, v) − A(g, v), ∀v ∈ H1
0 (Ω).

1.10.1 A scheme in theory

An abstract finite element method that we should never implement is to find
ũh ∈ V h

0 satisfying

A(ũh, vh) = (f, vh) − A(g, vh), ∀vh ∈ V h
0 .
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Assume g(x) is a nice function so that we can still derive the error estimates
(1.12) and (1.14). For example, if g′′(x) exists, then after integration by
parts for test function vh(x) ∈ V h

0 , the abstract finite element is equivalent
to seeking ũh ∈ V h

0 satisfying

A(ũh, vh) = (f + g′′, vh), ∀vh ∈ V h
0 .

If we treat f − g′′ as the right hand side function, then the error estimates
(1.12) and (1.14) can still hold for ũh − ũ.

The numerical solution that we want is

uh := ũh + g(x).

Be careful that we no longer have uh ∈ V h. By moving A(g, vh) to the left
hand side, we get

A(uh, vh) = (f, vh), ∀vh ∈ V h
0 .

Also uh − u satisfies the error estimates (1.12) and (1.14).
Next, assume we use quadrature, so we have

Ah(ũh, vh) = ⟨f, vh⟩h − Ah(g, vh), ∀vh ∈ V h
0 , (1.19)

or equivalently
Ah(uh, vh) = ⟨f, vh⟩h, ∀vh ∈ V h

0 . (1.20)
Assume the estimates (1.12) and (1.14) still hold after using quadrature for
the scheme (1.19).

1.10.2 A scheme for implementation

We consider the piecewise linear Lagrangian interpolation polynomial for
g(x) at grid points xi, denoted by gh(x) = Π1g(x) ∈ V h. For nodal basis
{ϕj(x)}N+1

j=0 of V h, we simply have

gh(x) =
N+1∑
j=0

gjϕj(x) ∈ V h,

where g0 = σ0, gN+1 = σ1, x0 = 0, xN+1 = 1. Then we consider a new
scheme seeking ũh ∈ V h

0 satisfying

Ah(ũh, vh) = ⟨f, vh⟩h − Ah(gh, vh), ∀vh ∈ V h
0 . (1.21)

The difference between the scheme (1.21) and the scheme (1.19) is where
using g(x) or its polynomial interpolation gh(x).

Let uh(x) = ũh(x) + gh(x) ∈ V h, then we can rewrite (1.21) equivalently
as

Ah(uh, vh) = ⟨f, vh⟩h, ∀vh ∈ V h
0 . (1.22)
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This time, since uh(x) = ũh(x) + gh(x) ∈ V h, we have

uh(x) =
N+1∑
j=0

ujϕj(x),

where ui = uh(xi).
Here I need to emphasize that V h is (N + 2)-dimensional with basis

{ϕj(x)}N+1
j=0 , whereras the test function space V h

0 is only N -dimensional
with basis {ϕj(x)}N

j=1.
Obviously, plugging this representation into (1.22) and test function

space basis ϕi(x) for i = 1, · · · , N , we get a linear system
N+1∑
j=0

Ah(ϕj , ϕi)uj = hfj , ∀i = 1, · · · , N.

Of course the linear system should have only N unknowns because of
Dirichlet boundary u0 = σ0 and uN+1 = σ1. The scheme is precisely

1
h

(−uj−1 + 2uj − uj+1) = hfj , j = 1, · · · , N, (1.23)

where u0 = σ0, uN+1 = σ1.
Remark 1.16. Notice that the scheme (1.22) is equivalent to the following
scheme seeking uh(x) ∈ V h

0 satisfying

Ah(uh, vh) = ⟨f, vh⟩h − Ah(σh, vh), ∀vh ∈ V h
0 , (1.24)

where σh ∈ V h is the Lagrangian interpolation of the trivial nonsmooth
extension function:

σh(x0) = σ0, σh(xN+1) = σ1, σh(xi) = 0, i = 1, · · · , N.

Remark 1.17. The scheme (1.22) or (1.24) has nothing to do with what
g(x) is. On the other hand, with the existence of smooth g(x), the error
estimates can be easily established via the analysis of the scheme (1.19). To
establish error estimates for (1.22) or (1.24), notice that their only difference
from (1.19) is the following

Ah(g, vh) − Ah(gh, vh),

which can be analyzed through the interpolation error estimates on ∥g −gh∥1
and ∥g − gh∥0. For instance, for convergence in H1 norm, similar to the
First Strang Lemma Theorem 1.5, we will have to deal with

sup
wh∈V h

0

|Ah(g, wh) − Ah(gh, wh)|
∥wh∥1

,

which can be easily done by discrete continuity of the bilinear form:
|Ah(g, wh) − Ah(gh, wh)|

∥wh∥1
≤ C∥g − gh∥1.
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The scheme (1.23) is exactly the same as taking the scheme for purely
Neumann boundary at interior grid points j = 1, · · · , N in Section 1.9.
This is not a coincidence at all. This fact remains true even for high order
polynomial basis with variable coefficients, which means that we have a neat
treatment of boundary condition in finite element method. In particular, for
a variable coefficient problem, by taking the scheme at interior grid points
j = 1, · · · , N in Section 1.9, we obtain the P 1 finite element method with
trapezoidal quadrature for the nonhomogeneous Dirichlet boundary as

−(aj−1 + aj)uj−1 + (aj−1 + 2aj + aj+1)uj − (aj + aj+1)uj+1
2h

= hfj , j = 1, · · · , N,

where u0 = σ0, uN+1 = σ1.

1.10.3 A scheme in theory for 2D general domain Ω

Consider solving a two-dimensional Poisson equation with nonhomogeneous
Dirichlet boundary condition for a bounded region Ω:

−∇ · (A(x, y)∇u(x, y)) = f(x, y), (x, y) ∈ Ω,

u(x, y) = σ(x, y), (x, y) ∈ ∂Ω.

where A(x, y) is a 2 × 2 matrix coefficient.
Assume there exists a smooth extension function g(x, y) satisfying that

g|∂Ω(x, y) = σ(x, y), then ũ = u − g ∈ H1
0 (Ω) satisfying

A(ũ, v) = (f, v) − A(g, v), ∀v ∈ H1
0 (Ω)

where the bilinear form is A(u, v) =
∫∫

Ω ∇vT A∇udxdy.

Given a triangulation of the domain Ωh as shown in (1.3), assume either
Ω is polygonal or we use curved triangles, so that ∂Ωh = ∂Ω. Define a
continuous piecewise polynomial space V h

0 ⊂ H1
0 (Ω), then an abstract finite

element method that can be easily analyzed is to find ũh ∈ V h
0 satisfying

A(ũh, vh) = (f, vh) − A(g, vh), ∀vh ∈ V h
0 .

The scheme with quadrature is written as

Ah(ũh, vh) = ⟨f, vh⟩h − Ah(g, vh), ∀vh ∈ V h
0 .

or equivalently

uh = ũh + g, Ah(uh, vh) = ⟨f, vh⟩h, ∀vh ∈ V h
0 . (1.25)
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1.10.4 A scheme for implementation for 2D general domain
Ω

The error estimates of (1.25) can be easily established. For the ease of
implementation, we define gh(x) as the Lagrangian interpolation of g(x)
over nodal points in the mesh, which will be explained below.

Then we implement a different scheme

ũh ∈ V h
0 , Ah(ũh, vh) = ⟨f, vh⟩h − Ah(gh, vh), ∀vh ∈ V h

0 .

or equivalently

uh = ũh + gh ∈ V h, Ah(uh, vh) = ⟨f, vh⟩h, ∀vh ∈ V h
0 . (1.26)

For convenience, let x denote (x, y). Now we need to make some as-
sumptions which are quite practical at least for P 1 and P 2:

I. V h
0 is N -dimensional and V h is (N + n)-dimensional.

II. V h has a Lagrangian basis (nodal basis) {ϕj(x)}N+n
j=1 satisfying

ϕj(xi) = δij =
{

1, i = j

0, i ̸= j
,

for the points xi : i = 1, · · · , N + n.

III. V h
0 has a Lagrangian basis {ϕj(x)}N

j=1 satisfying

ϕj(xi) = δij =
{

1, i = j

0, i ̸= j
,

for the points xi, i = 1, · · · , N . For example, xi are three vertices of all
triangles for a continuous piecewise linear polynomial on a triangular
mesh. For a continuous piecewise quadratic polynomial on a triangular
mesh, xi are three vertices and three edge centers of all triangles.

IV. The quadrature points used in Ah(·, ·) is a subset of {xi, i = 1, · · · , N}.
For instance, the quadrature using three vertices with equal weight is
exact for integrating a linear polynomial on a triangle thus second
order accurate by Bramble-Hilbert Lemma, and the quadrature us-
ing only three edge centers with equal weight is exact for integrating
a quadratic polynomial on a triangle thus third order accurate by
Bramble-Hilbert Lemma.

So the points {xi}N
i=1 are interior points inside the domain Ω and the

points {xi}N+n
i=N+1 are boundary points, along the boundary ∂Ωh = Ω (not

true in general but we assumed it).
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Let uj = uh(xj) and σj = σ(xj), then

uh(x) =
N+n∑
j=1

ujϕj(x) =
N∑

j=1
ujϕj(x) +

N+n∑
j=N+1

σjϕj(x).

Under these assumptions, the scheme (1.26) is exactly the same as

Ah(
N+n∑
j=1

ujϕj , vh) = ⟨f, vh⟩h, ∀vh ∈ V h
0 . (1.27)

or equivalently

N∑
j=1

Ah(ϕj , ϕi)uj = ⟨f, ϕi⟩h −
N+n∑

j=N+1
Ah(ϕj , ϕi)σj , i = 1, · · · , N.

If you ever wonder what the simplest boundary treatment for a high
order accurate scheme should be, (1.26) gives a perfect answer.

To establish the convergence in H1-norm and L2-norm for the scheme
(1.26) or (1.27), we first can have the error estimates for (1.25), then analyze
the only difference between (1.26) and (1.25):

Ah(g, vh) − Ah(gh, vh),

which is related to the interpolation error estimates on ∥g − gh∥1 and ∥g −
gh∥0.

1.10.5 The error in the 2-norm over grid point values

Obviously, the implementation in previous subsection has absolutely nothing
to do with what g(x) is. As a matter of fact, the implementation (1.23) is
our classical finite difference scheme. But there is still one catch that I
have not mentioned, for implementing the finite element method as a finite
difference scheme.

To be specific, in (1.23), we can only get point values of uh(x) at xj ,
even though in practice we are quite happy with that already. On the other
hand, if we have g(x) and we solve (1.19), then we get uh(x) = ũh(x) + g(x)
for any x ∈ (0, 1).

In terms of the error estimates, the L2-norm (1.14) measures the error
for all x in the interval (0, 1). In the scheme (1.23), since we only have
uh(xj), the errors can be measured only at these grid points. For P 1 finite
element method, it is straightforward to show that (1.14) for uh(x) implies
the scheme (1.23) is second order accurate in the 2-norm:

∥e∥2 =

√√√√h
N∑

j=1
e2

j =

√√√√h
N∑

j=1
|uj − u(xj)|2.
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The 2-norm above is an approximation to L2-norm error ∥eh∥0 by the
trapezoidal quadrature for the error eh = uh − u:

∥eh∥0 =
√∫ 1

0
|eh(x)|2dx,

where eh(0) = eh(1) = 0 because uh(x) satisfies the boundary condition.

Remark 1.18. For P k basis finite element with k ≥ 2, the error order
for function values at (k+1)-point Gauss-Lobatto quadrature points are (k +
2)-th order in the 2-norm. This one order higher phenomenon is called
superconvergence of function values. We can use finite element method with
quadratic polynomial to get a fourth order accurate finite difference scheme!
Of course it can no longer be derived from L2-norm estimate (1.14), which
is only third order accurate for P 2.

1.11 Generalization: a general elliptic operator
Next, we consider an elliptic equation in the following form

−(a(x)u′(x))′+b(x)u′(x)+c(x)u(x) = f(x), x ∈ (0, 1), u(0) = u(1) = 0,

where a(x) ≥ minx a(x) > 0 and c(x) ≥ 0.
The variational form is still A(u, v) = (f, v) where

A(u, v) =
∫ 1

0
a(x)u′(x)v′(x) + b(x)u′(x)v(x) + c(x)u(x)v(x)dx.

First of all, unless b(x) = 0, we lose the symmetry of the bilinear form,
and A(u, v) = A(v, u) is not true in general. Thus the stiffness matrix will
no longer be symmetric. But other than this, almost everything above can
be extended, under suitable assumptions.

For simplicity, we will just focus on how to establish the coercivity. Since
c(x) ≥ 0, we have

A(v, v) ≥
∫ 1

0
a(x)|v′(x)|2dx +

∫ 1

0
b(x)v′(x)v(x)dx.

For the second order derivative term, recall that by Poincaré inequality we
have∫ 1

0
a(x)|v′(x)|2dx ≥ min

x
a(x)|v|21 ≥ C min

x
a(x)∥v∥2

1, ∀v ∈ H1
0 (Ω),

where the constant C depends only on Ω.
For the first order derivative, after integration by parts, we get∫ 1

0
b(x)v′(x)v(x)dx =

∫ 1

0
b(x) d

dx

v2(x)
2 dx = −

∫ 1

0
b′(x)v2(x)

2 dx, ∀v ∈ H1
0 (Ω).

(1.28)
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In two dimensions, for a first order derivative term like b · ∇u, after
integration by parts, we have

∫∫
Ω

(b · ∇v)vdx = −
∫∫

Ω

v2

2 (∇ · b)dx, ∀v ∈ H1
0 (Ω). (1.29)

So we can get the coercivity A(v, v) ≥ C∥v∥2
1 under the following as-

sumptions:

1. If b′(x) ≡ 0, then the term in (1.28) is gone. In two dimensions, if
∇ · b ≡ 0, i.e., b is incompressible, then the term in (1.29) is gone in
two dimensions.

2. If b′(x) ≤ 0 in one dimension or ∇ · b ≤ 0 in two dimensions, then we
have

A(v, v) ≥
∫ 1

0
a(x)|v′(x)|2dx ≥ C∥v∥2

1.

3. If b′(x) ≥ 0, then we have to assume maxx b′(x) < 2C minx a(x) where
C is the constant in the Poincaré inequality, thus

A(v, v) ≥ min
x

a(x)C∥v∥2
1−max

x
b′(x)1

2∥v∥2
0 ≥ (C min

x
a(x)−1

2 max
x

b′(x))∥v∥0
1.

Remark 1.19. For the case b′(x) ≥ 0, obviously we need the diffusion term
−(au′)′ to be strong enough to dominate the convection term bu′. However,
if the diffusion coefficient is very small compared to b′(x), then the coercivity
will be lost, thus all arguments in finite element theory based on coercivity
will also break down. In pratice, this reflects on the difficulties of using finite
element theory to construct a scheme for convection dominated problems,
e.g., maxx b′(x) >> maxx a(x) or a(x) is nearly zero.

1.12 Generalization: higher order accuracy via P 2

We only discuss the constant coefficient case. If you are interested, you can
find the variable coefficient case in [3].

1.12.1 Dirichlet b.c.

Let V h and V h
0 denote the corresponding spaces of continuous piecewise

quadratic polynomial was shown in Figure 1.2. The difference between V h

and V h
0 is that elements in V h

0 are always zero on the boundary.
The scheme (1.8) with piecewise quadratic basis and Simpson’s quadra-

ture (3-point Gauss-Lobatto quadrature) has a matrix form Su = M f where
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S is stiffness matrix and M is the lumped mass matrix. On a uniform mesh,
it can be written as Hu = f with

H = M−1S = 1
h2



2 −1
−2 7

2 −2 1
4

−1 2 −1
1
4 −2 7

2 −2 1
4

−1 2 −1
. . . . . .

1
4 −2 7

2 −2
−1 2


For the nonhomogeneou Dirichlet boundary value problem, the scheme

(1.25) can be written as

−ui−1 + 2ui − ui+1
h2 = fi, if xi is a mid point, (1.30a)

ui−2 − 8ui−1 + 14ui − 8ui+1 + ui+2
4h2 = fi, if xi is a cell end, (1.30b)

where u0 = σ0 and uN+1 = σ1

Remark 1.20. The finite difference scheme (1.30) can only be defined on
a grid with odd number of grid points, because it is obtained by taking end
points and midpoints in a finite element mesh as shown in Figure 1.2. This
is the only drawback when using (1.30) as a finite difference scheme.

(a) The quadrature points (b) Finite difference grid

Figure 1.4: An illustration of Q2 element and the 3 × 3 Gauss-Lobatto
quadrature.

Now consider solving −∆u = f on a rectangular domain with homoge-
neous Dirichlet boundary condition. We can use (1.8) with piecewise Q2

(tensor product of quadratic polynomial) basis and Simpon’s rule or 3 × 3
Gauss-Lobatto quadrature rule on an uniform rectangular mesh as shown
in Figure 1.4. With the same array notation in Chapter ?? The equivalent
matrix vector form of the scheme (1.8) is

(H ⊗ I + I ⊗ H)vec(U) = vec(F ), (1.31)
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or equivalently

(S ⊗ M + M ⊗ S)vec(U) = (M ⊗ M)vec(F ).

Remark 1.21. The linear system in (1.31) can be easily solved by first
computing eigenvalue decomposition of H then the eigenvector method as
in the Chapter ??. The eigenvalue decomposition of H can be computed
in MATLAB, which is affordable since H is a small matrix compared to
H ⊗ I + I ⊗ H.

Remark 1.22. The stiffness matrix S is always symmetric and the lumped
mass matrix M is diagonal. The matrix H or H⊗I+I⊗H is not symmetric,
but S ⊗ M + M ⊗ S is real symmetric. If a symmetric linear system is
preferred, then the original symmetric form can be used.

1.12.2 Neumann b.c.

For one-dimensional homogeneous Neumann boundary, the scheme can be
written as

7u0 − 8u1 + u2
2h2 = f0,

−ui−1 + 2ui − ui+1
h2 = fi, if xi is a mid point

ui−2 − 8ui−1 + 14ui − 8ui+1 + ui+2
4h2 = fi, if xi is a cell end but not a boundary point,

uN−1 − 8uN + 7uN+1
2h2 = fN+1.

1.12.3 The fourth order accuracy as a finite difference scheme

The fourth order accuracy of (1.31) is proved in [3].
The standard finite element error estimate for schemes in this section is

third order in L2-norm. But it can be proven that (1.30) is actually fourth
order accurate in the 2-norm over grid points.

First of all, we can check that the finite difference approximation to the
second order derivative in (1.30) is only second order accurate, even for the
one in (1.30b). Second, if we use this second order approximation to solve
a second order PDE such as −u′′(x) = f , we get a fourth order accurate
scheme! As a matter of fact, it can be rigorously proven that this scheme
is fourth order accurate for commonly used linear second order PDEs [3, 2]
for

• Elliptic equation −∆u = f .

• Parabolic equation ut = ∆u.

• Wave equation utt = ∆u.
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• Schrödinger equation iut = ∆u.

• Variable coefficient version of the equations above.

All error estimates in this notes are a priori error estimates, which means
that the order holds if the exact solution u(x) is smooth enough. For in-
stance, the fourth order accuracy of (1.31) can be proven only if assuming
u ∈ H4(Ω). In practice, we often use high order accurate schemes for nons-
mooth solutions, for which high order a priori error estimates can no longer
hold. So a natural question is whether it still makes sense to use a high order
accurate scheme like (1.30) on uniform meshes, which is nonethesless often
used in applications. In Figure 1.5, there is a comparison of between the sec-
ond order finite difference (1.23) and the fourth order finite difference(1.30)
for solving the following generalized Allen-Cahn equation

ϕt + uϕx + vϕy = µ∆ϕ − F ′(ϕ)
ε

, (x, y) ∈ Ω, (1.32)

where u, v are given incompressible velocity field, and F ′(·) is some fixed
energy potential term. With the first order accurate implicit explicit (IMEX)
time discretization, it becomes

ϕn+1 − ϕn

∆t
+ un+1ϕn+1

x + vn+1ϕn+1
y = µ∆ϕn+1 − F ′(ϕn)

ε
. (1.33)

For the differential operators in (1.33), we can used two finite difference
schemes derived from P 1 and P 2 finite element method with quadrature.
For the second order derivative, they are (1.23) and (1.30). In Figure 1.5,
we can see that the solution has a sharp interface, which gives large gradient
thus smoothness or regularity of ϕ(x, y) is lost, yet the fourth order spatial
discretization is still superior because the second order spatial discretization
gives a wrong solution on the same coarse 239×239 grid. Higher order time
accuracy here does not help the second order spatial discretization on the
same coarse 239 × 239 grid. This is somehow intuitive since usually time
evolution is a lot smoother thus spatial error is dominant in these problems.

1.13 Superconvergence
For the scheme (1.30), the error order at quadrature points (two cell ends
and the middle point) is one order higher than L2 error, which is computed
for all x in the domain. Such a phenomenon that error at certain points is
smaller is called superconvergence. On the other hand, it is straightforward
to verify that the local truncation error of (1.30a) and (1.30b) is only second
order. Recall that the local truncation error is not the true error. The
phenomenon that local truncation error at particular locations has lower
order than the true error order is called supraconvergence. The full proof
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(a) Second order scheme with first order
IMEX on a 239 × 239 grid
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(b) Fourth order scheme with first order
IMEX on a 239 × 239 grid
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(c) Second order scheme with third order
IMEX BDF on a 239 × 239 grid

0 2 4 6
0

1

2

3

4

5

6

-0.5

0

0.5

(d) Reference Solution

Figure 1.5: Allen-Cahn with log energy at T = 1.8.
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of why the scheme (1.30) is fourth order accurate in 2-norm over all grid
points is quite complicated, see [3, 2]. In this section, we will only see some
quick reasons why superconvergence is even possible.

1.13.1 The delta function

Our heuristic understanding of the delta function is δ(x) =
{

+∞, x = 0
0, x ̸= 0

,

which is however not a conventional function at all. One rigorous under-
standing of it is to define it as a functional, mapping any continuous function
with compact support f(x) linearly to a number f(0). It is often denoted
by an integral, i.e., the definition of the symbol δ(x) is defined to satisfy∫ +∞

−∞
f(x)δ(x)dx = f(0), ∀f(x) ∈ C0(R).

Recall that the function f(x) = |x| is not differentiable but we can define

its weak or generalized derivative as the step function g(x) =
{

1 x ≥ 0
−1 x < 0

.

Now let us compute the weak derivative of the step function by integration
by parts:

∀v(x) ∈ C∞
0 (R),

∫ +∞

−∞
g(x)v′(x)dx =

∫ +∞

0
v′(x)dx−

∫ 0

−∞
v′(x)dx = −2v(0).

With the definition of δ(x) above, we have

∀v(x) ∈ C∞
0 (R) ⊂ C0(R),

∫ +∞

−∞
v(x)δ(x)dx = v(0),

thus

∀v(x) ∈ C∞
0 (R),

∫ +∞

−∞
g(x)v′(x)dx = −

∫ +∞

−∞
v(x)1

2δ(x)dx.

Therefore, we have obtained d2

dx2 |x| = 2δ(x), in the weak derivative sense.
The symbol δa(x) := δ(x − a) satisfies∫ +∞

−∞
f(x)δa(x)dx =

∫ +∞

−∞
f(x)δ(x − a)dx = f(a), ∀f(x) ∈ C0(R).

Thus we also have d2

dx2
1
2 |x − a| = δ(x − a).

1.13.2 The one-dimensional Green’s function

For the boundary value problem −u′′(x) = f(x), x ∈ (0, 1), u(0) =
u(1) = 0, its Green’s function Ga(x) is defined to satisfy

− d2

dx2 Ga(x) = δa(x), Ga(0) = Ga(1) = 0,
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where a ∈ (0, 1) is a fixed number.
Following the discussion in the previous subsection, it is straightforward

to verify that

Ga(x) =
{1

2(1 − a)x, x ≤ a

−1
2ax + 1

2a, x > a
,

thus
d

dx
Ga(x) =

{1
2(1 − a), x ≤ a

−1
2a, x > a

,
d2

dx2 Ga(x) = δa(x).

Notice that Ga(x) is a continous piecewise linear function, but this is true
only for one-dimensional problem.

1.13.3 Superconvergence at knots in one dimension

For the one-dimensional problem −u′′(x) = f(x), x ∈ (0, 1), u(0) =
u(1) = 0, assume we have a mesh of intervals Ij , on which we define contin-
uous piecewise polynomial spaces V h and V h

0 .
The abstract finite element method is to seek uh ∈ V h

0 satisfying

(u′
h, v′

h) = (f, vh), ∀vh ∈ V h
0 . (1.34)

Recall that the solution uh has Galerkin Orthogonality:

(u′ − u′
h, v′

h) = 0, ∀vh ∈ V h
0 ,

Let e(x) = u(x) − uh(x) ∈ H1
0 ([0, 1]) ⊂ C0([0, 1]), then Galerkin Orthogo-

nality can be written as

(e′, v′
h) = 0, ∀vh ∈ V h

0 .

Let xi be the cell end of some interval Ij and we call xi a knot. Then
we consider the Green’s function at a = xi, e.g, Gxi(x), which is a piecewise
linear polynomial defined on the same mesh, thus Gxi(x) ∈ V h

0 . Now let us
take a special test function vh = Gxi(x) in the Galerkin Orthogonality:

(e′, Gxi(x)′) = 0 ⇒
∫ 1

0
e′(x)Gxi(x)′dx = 0 ⇒ −

∫ 1

0
e(x) d2

dx2 Gxi(x)dx = 0

⇒ −
∫ 1

0
e(x)δxi(x)dx = 0 ⇒ −

∫ +∞

−∞
e(x)δxi(x)dx = 0 ⇒ e(xi) = 0,

where we have extended e(x) to the whole real line by zero extension.
This means that the error at knots xi are zero! Notice that this is the

property to the abstract scheme (1.34) for any P k basis, which we however
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do not implement. For instance, for P 1 basis on a uniform mesh, the scheme
(1.34) is the same as

1
h



2 −1
−1 2 −1

−1 2 −1
. . . . . . . . .

−1 2 −1
−1 2





u1
u2
u3
...

uN−1
uN


=



(f, ϕ1)
(f, ϕ2)
(f, ϕ3)

...
(f, ϕN−1)
(f, ϕN )


. (1.35)

But usually we implement it by approximating the integral (f, ϕi) by the
trapezoidal rule, which is second order accurate. If we do compute the
integrals (f, ϕi) exactly, then the scheme (1.35) has zero error.

For the P 2 basis on uniform mesh, the Simpson’s rule is exact for the
left hand integral (u′

h, v′
h), thus (1.34) can be written as

2h

3
−ui−1 + 2ui − ui+1

h2 = (f, ϕi), if xi is a mid point, (1.36a)

h

3
ui−2 − 8ui−1 + 14ui − 8ui+1 + ui+2

4h
= (f, ϕi), if xi is a cell end.

(1.36b)
The error of the scheme (1.36) is zero at the cell end xi (knots). Of

course, in the scheme (1.30), we use Simpson’s rule for approximating the
integrals (f, ϕi), which is fourth order accurate. So at least now intuitively
it is not a surprise that the scheme (1.30) should be fourth order accurate
at the knots. For the fourth order accurate at the midpoint, we need some
more arguments, which will not be explained in this notes.

Remark 1.23. In general, by the standard superconvergence theory of P k

(k ≥ 2) finite element method (1.34) (even for a variable coefficient problem
in multiple dimensions), function values of uh(x) are (k + 2)-th order accu-
rate at Gauss-Labotto points for each small interval in 2-norm, as opposed
to (k + 1)-th order in the L2-norm error estimate, and derivatives of uh(x)
are (k + 2)-th order accurate at Gauss points, as opposed to k-th order in
the H1-norm error estimate.

1.14 Comparison with traditional finite difference
method

1.14.1 Advantages of the finite element method

Troughout this chapter, we have seen many things that cannot happen or
cannot be explained in the traditional finite difference method. Even on
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uniform meshes for a rectangular domain, the finite element method is still
superior from any perspective, because it gives us a finite difference with all
desired properties. We summerize some comparsions in Table 1.1.

1.14.2 Limitations of the finite element method

In general, the finite element method is quite successful, for solving an
elliptic equation −∆u = f or some other types of equations including
parabolic equations ut = ∆u, wave equations utt = ∆u, Schrödinger equa-
tion iut = ∆u, etc. These equations all contain the Laplacian operator −∆u,
for which a coercive bilinear form A(u, v) = (u′, v′) can be defined. Another
different example is the biharmonic equation u′′′′(x) = f , for which we can
also define a similar variational formulation with coercivity, thus the finite
element method for this kind of fourth order PDE is also quite successful.

The foundation of the success for the finite element method, when miss-
ing, is also source of the limitations of the finite element method in applica-
tions. It could be quite or extremely difficult to use finite element method
for equations lack of coercive operators. One simple example of such equa-
tions is the simple convection ut +ux = 0 which will be discussed in Chapter
??, or its nonlinear version nonlinear conservation laws ut +f(u)x = 0 which
will be discussed in Chapter ??. Another example is the Hamilton-Jacobi
equation ut + f(ux) = 0, e.g., ut + |∇u| = 0, which is also closely related
to nonlinear conservation laws. A formal application of the finite element
method to these equations, with certain modifications to achieve stability or
even convergence, is always possible, but many provable properties in this
chapter will be no longer true.

Table 1.1: Comparison of traditional FD and finite element method for
solving −∇ · (A∇u) = f on Ω.

traditional FD FEM
Equation approximates PDE approximates variational form
Boundary condition direct approximation absorbed in V h

0 and variational form
Curved domain a mapping to rectangular grid Ω is easily approximated by Ωh

Rectangular Ω a rectangular grid becomes finite difference
S matrix nonsymmetric in general always symmetric
Consistency Taylor expansion Galerkin Orthogonality
Stability singular values coercivity
Convergence in 2-norm H1 and L2 estimates
General tools Calculus & Linear Algebra functional analysis, PDE theory, etc
Error order truncation error order interpolation error order
Higher order schemes large stencil, inducing difficulty near boundary no difficulty at the boundary
Variable coefficient difficult to construct higher order schemes easy to to construct higher order schemes
Superconvergence N/A P 2 gives a 4th order FD
General implementation form a matrix directly computing some Sij = A(ϕj , ϕi) to get S

Rectangular Ω just solve a linear system implement it as a FD scheme
Purely Neumann b.c. left null vector is expensive to compute left null vector is always 1
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