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Abstract

We present a new strategy for filtering high-dimensional multiscale systems characterized by high-order non-
Gaussian statistics using observations from leading-order moments. A closed stochastic-statistical modeling
framework suitable for systematic theoretical analysis and efficient numerical simulations is designed. Optimal
filtering solutions are derived based on the explicit coupling structures of stochastic and statistical equations
subject to linear operators, which satisfy an infinite-dimensional Kalman-Bucy filter with conditional Gaussian
dynamics. To facilitate practical implementation, we develop a finite-dimensional stochastic filter model that
approximates the optimal filter solution. We prove that this approximating filter effectively captures key non-
Gaussian features, demonstrating consistent statistics with the optimal filter first in its analysis step update,
then at the long-time limit guaranteeing stable convergence to the optimal filter. Finally, we build a practical
ensemble filter algorithm based on the approximating filtering model, which enables accurate recovery of the
true model statistics. The proposed modeling and filtering strategies are applicable to a wide range challenging
problems in science and engineering, particularly for statistical prediction and uncertainty quantification of
multiscale turbulent states.

1 Introduction

Complex turbulent phenomena are widely observed in various science and engineering systems [51], 14} 42]. Such
systems are characterized by a wide spectrum of nonlinearly coupled spatiotemporal scales and high degrees of
inherent internal instability [37,21]. A probabilistic formulation containing highly non-Gaussian statistics is required
to quantify uncertainties in the high-dimensional turbulent state [44] [38]. Traditional ensemble approaches using a
particle system representation to approximate the probability evolution quickly become computationally prohibitive
since a sufficiently large sample size is necessary to capture the extreme non-Gaussian outliers even for relatively
low dimensional systems [35] [55]. As a result, rigorous analysis often becomes intractable and direct numerical
simulations are likely to be expensive and inaccurate.

Filtering strategies [50, 33, [52] have long been used for finding the optimal probability estimates of a stochastic
state with large uncertainty based on partial and noisy observation data. Applications to improve the probability
forecast can be found in various practical dynamical systems [23, 29, B, [5]. In predicting nonlinear turbulent signals,
ensemble Kalman filters [18] 26, [T9] as well as the related particle methods [I3], (15} [7] provide an effective tool for
state and parameter estimations. Filtering theories [58, [8, [45] and corresponding numerical solutions [32], 4, 9] for
general nonlinear systems have been investigated through different approaches. Despite wide applications [I7], [40]
12], difficulties persist for accurate statistical forecast of turbulent states especially when non-Gaussian features
are present in the target probability distribution. Conventional ensemble-based approaches often suffer inherent
difficulties in estimating the crucial higher-order moment statistics and maintaining stable prediction with finite
number of particles [53, 24] [54]. On the other hand, in many situations observations of the statistical states, such
as the mean and covariance, are easier to extract from various sources of data [39]. Therefore, a promising research
direction is to propose new ensemble filtering models to recover the highly non-Gaussian probability distributions
using statistical observations from the leading-order mean and covariance [IJ.
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1.1 General problem setup

We start with a general mathematical formulation [38] modeling a high-dimensional stochastic state variable u; € RY
involving nonlinear multiscale interactions satisfying the following stochastic differential equation (SDE)

% :Aut—l—B(ut,ut)—l—Ft—l—UtWt. (11)
On the right hand side of the above equation, the linear operator, A : R — R?, represents linear dispersion and
dissipation effects. The nonlinear effect in the dynamical system is introduced via a bilinear quadratic operator,
B : R? x RY — R The system is subject to external forcing effects that are decomposed into a deterministic
component, F;, and a stochastic component represented by a Gaussian white noise W; € R® with o; € R?%*. The
model emphasizes the important role of quadratic interactions through B (u,u). This typical structure is inherited
from a finite-dimensional truncation of the continuous system, for example, a spectral projection of the nonlinear
advection in fluid model [34]. Many realistic systems with wide applications [27] [48, [22] can be categorized in the
general dynamical equation (ITJ).

The evolution of the model state u; depends on the sensitivity to the randomness in initial conditions and
external stochastic effects, which will be further amplified in time by the inherent internal instability due to the
nonlinear coupling term [37, [49]. Assuming that the stochastic solution satisfies a continuous probability density
function (PDF), the time evolution of the PDF p; is given by the associated Fokker-Planck equation (FPE)

0 1
S = Leepe = =V [(Au+ B(w,w) + F)p) + 5V - [V (@0]p)]s pio = po, (1.2)

where Lpp represents the Fokker-Planck operator with V- (V- A) =3 k.l %. However, it remains a challenging
task for directly solving the FPE (L2) as a high-dimensional PDE. As an alternative approach, ensemble forecast
by tracking the Monte-Carlo solutions estimates the essential statistics through empirical averages among a group
of samples drawn i.i.d. from the initial distribution u(® (0) ~ po at the starting time ¢ = 0. The PDF solution
p: (u) and the associated statistical expectation of any test function ¢ (u) at each time instant ¢ > 0 are then
approximated by the empirical ensemble representation

mwmfw:%éﬂwwﬂ,&mw:%wwzﬁZwMﬂ, (1.3)

i=1

In practice, large errors will be introduced in the above empirical estimations since only a finite sample approximation
is available in modeling the probability distribution and statistics in a high dimensional system.

It is expected that the model errors in the predicted PDF of the stochastic states from the finite ensemble
simulation can be effectively corrected through the available observation data. In designing new filtering strategies,
we propose to use statistical observations from mean and covariance to improve the accuracy and stability in the
finite ensemble forecast using the finite ensemble approximation. However, the general formulation (ICT]) as well as
the associated FPE (IZ2) becomes inconvenient to use since all the multiscale stochastic processes in the equation
are mixed together containing all high-order statistics. The main goal of this paper is thus to develop a systematic
modeling framework with strategies to accurately capture the (potentially highly non-Gaussian) PDF p; with the
help of statistical measurements in the leading moments.

1.2 Overview of the paper

In this paper, we study nonlinear filtering of the general multiscale turbulent system (T]) according to the two-step
filtering procedure. In the first forecast step, a new modeling framework is designed combining statistical equations
@3) for the leading moments and stochastic equations (23) for capturing higher-order statistics. In the second
analysis step, we propose the observation process from the statistical equations of the leading-order mean and
covariance to improve the probability prediction of the stochastic model. The statistical equations for observation
processes ([B.1D) then become linearly dependent on the PDF of stochastic state, while the evolution of the PDF is
also subject to conditional linear dynamics ([BIa)). Therefore, optimal filtering equations can be explicitly derived
based on the linearity in both signal and observation processes. Finally, the expensive optimal filter equations are
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Figure 1.1: Diagram illustrating main ideas in constructing the modeling framework

approximated by an efficient filtering model demonstrating equivalent statistics according to the most important
observation functions (B.4)).

The new multiscale nonlinear filtering model is constructed under the following step-by-step procedure, which
will finally be combined to build a practical ensemble filtering strategy able to recover non-Gaussian PDFs:

e First, we propose a precise coupled stochastic-statistical formulation (27 as the forecast model for multiscale
turbulence: the stochastic dynamics will serve as the signal process in filtering including high-order non-
Gaussian features, while the reinforced statistical equations provide the observation process;

e Second, the optimal filtering problem is formulated based on the particular coupling structure in the multiscale
stochastic-statistical model: the optimal filter solution ([B:I2]) is given based on the PDF of the stochastic state,
combined with the mean and covariance as a natural choice of the observed state;

e Third, an effective statistical filtering model [B.I0) is developed approximating the optimal filter solution
in key leading-order statistics: an equivalent McKean-Vlasov SDE containing higher moments feedbacks is
adapted from the optimal filter solution;

e Last, discrete ensemble filtering schemes (5.2) are constructed as a particle approximation of the statistical
filtering model: the filter SDE is approximated by interacting particles and the statistical moments are
computed by empirical ensemble averages.

The coupled stochastic-statistical model (27)) by itself can serve as an effective tool for statistical forecasts and
uncertainty quantification. Efficient computational algorithms have been developed [47, [48] that demonstrate high
skill in capturing crucial non-Gaussian phenomena such as extreme events and fat-tailed PDFs. Then combined
with the observation data, the resulting filtering McKean-Vlasov SDE (3.16) is only implicitly dependent on the
probability distribution, which can be computed directly from the statistical equations. This enables efficient
computational strategies to effectively improve the accuracy and stability in capturing high-order non-Gaussian
features based on only observation from the lower moments. We illustrate the main steps in building effective
models for capturing probability distributions in Fig. [[.1]

Our main focus of this paper is to provide a detailed description of the forecast and analysis step of the filtering
method so that various applications can directly follow based on this highly adaptive general framework. We provide
detailed discussion in each component of the proposed model and methods: i) we show in Proposition 2] that the
highly tractable closure model (7)) demonstrates consistent statistics as the original system (I which plays a
fundamental role in the construction of the filtering methods; ii) the filter solution (812) is shown optimal in the
mean square sense by exploiting the conditional Gaussian structure of the forward equation, and the approximation
model is shown to recover the same key statistics during the analysis step update in Theorem [T} iii) the long-
time convergence in statistics to the optimal filter is demonstrated in Theorem [ concerning the complete filtering
procedure using the statistical filtering model ([BI6); and iv) the ensemble approximation with discrete time step
is shown to recover to the true statistics at the large ensemble limit.

The structure of the paper is organized as follows: In Section Pl we first set up a statistically consistent
formulation for the general multiscale system (LI that is suitable for the construction of the statistical filtering
models. SectionBlshows the major ideas of finding the optimal filter solution and constructing approximate filtering
models. Long-time convergence and stability of the approximation filter model is then discussed in Section Ml
Combining each component of the ideas, the final ensemble statistical filtering model is developed in Section
Finally, a summary of this paper is given in Section



2 A statistically consistent modeling framework for multiscale dynami-
cal systems

In this section, we first introduce a new formulation for the original system (IIJ) using an explicit macroscopic
and microscopic decomposition of the multiscale state. In particular, we show that the new formulation provides
consistent statistics with the original system in the explicit leading moment equations, as well as higher-order
statistics in the stochastic equation. In addition, the new formulation also enjoys a more tractable dynamical
structure to be adapted to the filtering framework.

2.1 The statistical and stochastic equations as macroscopic and microscopic states

In order to identify the detailed multiscale interactions in the general system (IIJ), we decompose the random
model state u; into the composition of a statistical mean @; and stochastic fluctuations u} in a finite-dimensional

. . (and 1 oA a
representation under an orthonormal basis {Uk}k:1 with 0y - 0 = g
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Above, 1; € R? represents the dominant largest-scale structure (for example, the zonal jets in geophysical turbulence
or the coherent radial flow in fusion plasmas); and Z; = [Z14,- -+ , Za4)T € RY are stochastic coefficients projected
on each eigenmode ?y,, whose randomness illustrates the uncertainty in each single scale of u}. In particular, we will
show that the dynamics of the stochastic modes Z; contain nonlinear interactions among a large number of coupled
multiscale fluctuations, which demonstrate the charactering feature in turbulent systems demonstrating forward
and backward energy cascades |21, [37].

2.1.1 Statistical equations for the macroscopic states

First, we define the leading-order mean and covariance according to the state decomposition (2.1])
1_145 = E;Dt [U] = / up¢ (du), Rkl,t = ]Ept [Zk,tZl,t] = / @k . (U — ’ELt) (U — ’ELt) . {)lpt (d’LL) y 1 S k,l S d, (22)
Rd R

where the expectations are with respect to the law p; from the PDF solution of (L2). Above, statistical mean
u; and covariance R; can represent the macroscopic physical quantities that are easiest to achieve from direct
measurements. The dynamical equations for the mean and covariance can be derived by the following statistical
equations for 1 < k,1 <d

_ d
d
SRt gy - [N + B (1, 1)) + Z VimnEp, [Zm,tZnt] + Ok - Fy, (2.3a)
dt m,n=1
dR 4
% = Z [Ligm (@t) Re.mi + Re kom Lim (41)] + Q. ki, (2.3b)

m=1
d
+ Z ’YkmnEpt [Zm,th,tZl,t] + ’WmnEpt [Zm,th,tZk,t] .
n=1

Above, we define the nonlinear coupling coefficients Ygmn = U - B (Om, 0n ), and the white noise coefficient is defined
as By = [(0]o)" - ,(@;at)T]T with Q; = ¥, %] € R¥?. The mean-fluctuation coupling operator L (i;) € R4*?
dependent on the statistical mean state u; is defined as

Lkl (’U,) = f)k . [Af)l + B (u, ’0[) + B (’0[, u)] . (24)

Notice that the right hand side of (2.3h) involves the fluctuation modes Z; defined from wu; in (21I), then the
expectations on third moments are taken w.r.t. the PDF p;. Therefore, the resulting statistical equations (2.3)) are
not closed and need to be combined with the FPE (2] to achieve a closed formulation for the leading-order mean
and covariance in the nonlinear system.



2.1.2 Stochastic equations for the microscopic processes

Second, we introduce the SDE describing the time evolution of the multiscale stochastic processes Z; as the micro-
scopic state consisting of the many subscale fluctuations

A7 = L () Zedt + I (Z:Z] — Ry) dt + S dW,. (2.5)

Above, L () is the same mean-fluctuation coupling operator defined in ([24]) involving the statistical mean %, and
we define the quadratic coupling operator I" : R?*? — R? as a linear combination of the entries of the input matrix
R € R4*4 describing the nonlinear multiscale coupling involving the covariance R;

d
T (R)= Y o B(im,on) Ron. (2.6)

m,n=1

Similar to the statistical equations, the dynamics on the right hand side of (ZX)) is linked to the macroscopic
quantities 4; and R;, which in tern requires additional information of p; from the original model state u;. This
makes the stochastic equation also unclosed requiring additional information from the PDF solution (2] from the
original system. The derivations of the above statistical and stochastic equations (Z3]) and (23] from the original
general formulation (L)) are shown in the proof of Proposition

2.2 A coupled stochastic-statistical closure model with explicit higher-order feed-
backs

Combining the ideas in the closely related stochastic equation (Z3) and the statistical equations (2.3]), we propose
a statistically consistent stochastic-statistical closure model based on the following self-consistent coupling of the
microscopic stochastic processes Z; and the macroscopic statistics u, Ry

AZ, = L () Zydt + T (Z,Z] — Ry) dt + S,dW,

% =M () + Qm (E[Z; ® Zt]) + F, -
2.7
% =L () Ry + R L(u)" + Qo (E[Z, ® Zy @ Zy))

+ 52T+ e YN (E[Z:Z]] - Ry).

Above, the expectations are all w.r.t. the PDF p; of the stochastic states Z;. In the first moment equation

for @, with a bit abuse of notation, we denote @, = [tU1,,- - ,ad,t]T € R¢ with each component Uy = U - O,
M = [Ml,"' 7]\4d]1- S Rd where Mk (’ELt) = qu{)k . [A@pﬂp7t+B(1}p,ﬁq) ﬂp,tﬁq,t] for 1 S k S d and Ft =
[0 - Fy,-++ 04 - Fy]; in the second moment equation for R; € R?X? the operator L (i;) € R¥*? indicates mean-

fluctuation interactions defined in (24)); and in the stochastic equation for Z;, I' : R%*? — R is the quadratic
coupling operator defined in (2:6). The two higher-moment feedbacks for the mean and covariance, Q,,, Q,, related
to the second and third moments of Z; respectively, are defined as

d
Qi (B1Z:® Zi) = Y Yhpa [Zp.1Zq4]
Pt (2.8)

d
Quit (B[Zi @ Zy @ Z4]) = Z VipgB [Zp1Zg.4Z14) + Yipg B [Zp1 2,4 2k t]
p,q=1

for 1 < k,l < d with coupling coefficients Yimn = Ok + B (O, 0n). Above, @,, models the feedback in the mean
equation due to the second moments E[Z, ® Z;], and @, 5 is the symmetric feedback in the covariance equation
due to all the third moments E [Z; ® Z; ® Z;|. Notice that @, @, can be both viewed as linear operators w.r.t. p;.
Besides, in the second moment equation an additional relaxation term with a parameter e > 0 is introduced. This
term will not modify the model dynamics with statistical consistency, but is playing a crucial role as a ‘reinforcement’
term in maintaining stable numerical performance (for example, see [47]) especially with highly instability induced
by the strong mean-fluctuation coupling from L ().



Different from the inherently coupled stochastic and statistical equations (2.3 and (23] through the PDF p; of
the original model state u;, the new closure model (Z7) provides a clean self-consistent formulation for tractable
theoretical analysis and direct numerical implementations. A new PDF p; of the stochastic process Z; is introduced
to close the system. The statistical states u;, R; are first treated as new individual processes subject to higher-order
moments w.r.t. p;. Then, the microscopic stochastic equation for Z; models the high-dimensional multiscale process
with explicit dependence on the macroscopic states u; and R;. Thus, the whole system is closed by the law of the
stochastic state Z; itself. No additional information about the intractable PDF p; will be needed for solving the
FPE of the original system.

In the rest part of this section, we built precise link between the new closure model [27) and the coupled
equations (Z3) and (23) from the original system. First, the following lemma provides the self-consistency in the
leading moments of the stochastic modes Z and statistical states u;, Ry in (Z.71).

Lemma 1. With consistent initial conditions E[Zy] = 0 and E[ZoZ]] = Ry, the leading moments of the stochastic
modes Z; of the closure model [2Z7) satisfy that for all t >0

E[Z] =0, E[Z:Z]]= R, (2.9)

where the expectation is taken w.r.t. the PDF py of Z;, and Ry is the solution of the second moment equation in
2.1).

The proof can be found through the direct application of Itd’s formula and we put the detailed proof in Ap-
pendix [Bl Lemma [I] demonstrates that the law of Z; indeed recovers the same covariance of the fluctuation modes,
while it also contains more information in the higher-order statistics. Furthermore, the closed coupled stochastic-
statistical model generates the same statistical solution as the original system (II). The following proposition
describes the statistical consistency between the coupled model (27 and the original system (L.II).

Proposition 2. Assume that the solution us of the system (L) has a continuous PDF p;, and the solution
{us, R; Z} of the stochastic-statistical closure model (210) has the continuous PDF p; for Z; together with the
deterministic solutions for u; and Ry. Then from the same initial conditions, the two models give the same statistical
solution, that is, for all t > 0

E;Dt [ut] = ’ﬁt, Ept [’U,;’U,;T} = Rt, (210)

where uj, = uy — Ky, [uy]. Furthermore, for both models with any function ¢ € C* (R?) we have

d
v <Z Zk,tﬁkﬂ : (2.11)

The proof of Proposition 2] can be found in Appendix [Bl through detailed computation of each moments of (L1])
compared with that of (277). Notice that the left hand sides of (ZI0) and (2II]) consist of the statistics requiring
solving the PDF p; of the original system, while the right hand sides are purely from the PDF p; of the closure
model. This confirms the direct link between the new stochastic-statistical closure model [27) to the statistics
in the original fully coupled multiscale system. From this detailed formulation, quantification of non-Gaussian
statistics in Z; relies on the accurate estimation of the leading-order mean and covariance, which can be assisted
from the observation data. This leads to effective filtering methods for improved probability forecast for Z; that
will be discussed next in Section [3

Ep, [0 (u)] = E

Remark. The second-order closure model ([Z7) provides explicit statistical dynamics for the mean and covariance.
We can also propose a first-order closure model involving only the statistical mean equation coupled with the
McKean-Vlasov SDE
dZ; = L (uy) Zedt + ' (Z: 2] — B[ Z,:Z]]) dt + L dWr,
day

_ o 2.12
—= =M () + Y E[Zy1Z44] B (0, 09) + Fr, (2.12)
p:q

dt

However, the above equations may introduce an unbalanced approximation to the mean and fluctuation interactions
since the dynamics of the SDE for Z; will directly involve expectation w.r.t. its law p,. Thus, this model will be
prone to numerical errors in practical applications. Still, (2I2]) can serve as an intermediate model for the analysis
of filtering schemes discussed in the next section.



2.3 The stochastic McKean-Vlasov equation as a multiscale interacting system

From the closed stochastic-statistical formulation ([Z7), the SDE for Z; is given by a stochastic McKean-Vlasov
equation depending on its own probability distribution p;. In particular, the resulting McKean-Vlasov SDE can be
viewed naturally as the mean-field limit of the ensemble approximation of N individual trajectories

4z = L (@]) Zdt + T (Zﬁzﬁ” ~ RN ) dt+SdW”, i=1,---,N, (2.13)

N YN
where {Wt(l)} are independent white noise processes, and the initial samples {Zéz)} are drawn from the
i=1 .

i=1
same initial measure py of Z;. Notice that the ensemble members Zt(z) as interacting particles are not evolving
independently with each other, but are coupled through feedbacks of the leading-order statistics @ and R
according to the statistical equations

duN N v
3 = M () + Qm (BY [Z; @ Z4]) + F,
N
dff =L (@) R} +RYLT (4))) + Qv (EN [Z; ® Z; @ Zy)) (2.14)

+ 5,57 + e ' (EV [Z,Z]] - RY).

Above, the expectations are computed through the empirical average of the interacting particles Z; = {Zt(i)}
i=1

from the ensemble simulation

N
EVp (2] = o (27).

i=1
The coupled ensemble approximation equations (2.I3) and (ZI4]) have advantages in practical applications. Unlike
the general McKean-Vlasov SDEs [41], (ZI3) avoids the direct inclusion of the PDF of Z;, which is very difficult
to approximate accurately from finite particles. Instead, the PDF only implicitly enters the mean and covariance
equations (ZI4) through the computation of higher moments. Effective computational algorithms with consistent
statistics then can be proposed (such as using the efficient random batch methods [47, 48]) for the straightforward
ensemble model approximation. Besides in practical computation, the relaxation term in R} provides additional
restoring forcing as a correction term to numerical errors with finite sample approximation to reinforce stable
dynamics and consistent statistics especially in the case where internal instability is involved.

In particular, it is well-know [25] that the empirical measure converges weakly to the true distribution, p — py,
as well as the leading-order statistics in (ZI3)), a’¥ — @, RN — Ry, as N — oo under relatively weak assumptions
(see Proposition in Section B]). The dynamical equation for the continuous density function p; of Z; is given by
the corresponding equation

% =L} (s, Re) pr ==V - [L(us) zps (2) + I (227 — Ry) pe (2)] + %VZ V. - (ST e (2))] (2.15)

where £} is the adjoint of the generator £; that is also dependent on the law of Z; shown in the statistics of the
mean 4; and covariance R;. We postpone the detailed analysis for the convergence of the ensemble approximation
model in Section [B] together with the filter approximation.

In general, the probability density p; will demonstrate non-Gaussian features due to the nonlinear stochastic
coupling effects. On the other hand, though the equations for the stochastic state Z; contain nonlinear structures, its
PDF p, is subject to only linear dynamics [2I5) with £ (@, R;), which is dependent on the mean and covariance.
These desirable features inspires the construction of effective filtering methods in the next section to include leading-
order statistical observations to improve forecast of highly non-Gaussian statistics.

3 Filtering models using observations in mean and covariance

In this section, we exploit the ideas in filtering to propose improved approximation of probability distributions of
the model state containing highly non-Gaussian statistics. The optimal filter is developed by combining the stochas-
tic forecast model describing unobserved microscopic states and leading-order statistics introduced as macroscopic



observations. We start with a precise description of the optimal filter equations satisfying a conditional Gaus-
sian process, then a new statistical filtering model are proposed approximating the optimal filtering solution with
equivalent statistics.

3.1 Filtering probability distributions using statistical observations

We first formulate the filtering problem for predicting probability distributions based on observations from the
leading-order statistics. From the stochastic-statistical equations ([27), we can reformulate the general multiscale
system (I.I)) for u; as a composition of the macroscopic state from the first two moments @;, R; and the microscopic
stochastic processes Z;. In practice, measurements are often available in the macroscopic statistical states (such
as the locally averaged mean state and variances as the deviation from the mean). Therefore, it is natural to
incorporate the statistical observation data to improve the estimation of the unobserved microscopic processes,
especially to recover the unobserved higher-order statistics (such as the deviation from the normal distribution
indicating the occurrence of high impact extreme events).

Using similar idea of the Fokker-Planck filter introduced in [I], we assume that the signal process of the filtering
problem is from the model state PDF p, € P (Rd) belonging to the space of continuous probability density functions
on R¢ with all finite moments. The observation process is generated by the finite-dimensional statistical moments
denoted as y; € RP. This leads to the general infinite-dimensional filtering system with statistical observations

dpr = L (y¢) pedt, Pr=0 ~ fo, (3.1a)
dyr =[Hpe + he ()] dt + Ted By, yi=0 = Yo, (3.1b)

where p is a probability measure of the P (Rd)—valued random field p. Given y;, we will have p; € P (Rd) for all
t > 0. Above, L (y:) is the infinitesimal generator of the corresponding SDE for Z, with the explicit form given by
[2I0); the general observation process y; satisfies the dynamical equation subject to a linear observation operator
H:P (Rd) — RP acting on the PDF p;, as well as h; : RP — RP. Detailed equations for y; = (@, R;) will be given
next in ([B3]) based on the first two moments. Notice here p; becomes a random field (with a precise definition given
in (B5)) due to the randomness in y; as well as its initial uncertainty.

Statistical observations from leading-order moments containing errors

Let p; be the (unknown) PDF of the state u; in (II]), that is, the deterministic solution of the FPE ([2)). Then,
we can assume that observations are drawn from the mean or covariance of the state u; as

Ut = Ep, [us -0k,  Rire = Ep, [(0k - uy) (uy - 01)] (3.2)

projected to the observed large-scale modes ¥y, k < d' in [2.1I). We refer it as the full observation case with d' = d
and partial observation case with d’ < d. For simplicity, we may always consider the full observation case d’ = d
(that is, y; = (g, R¢) € RP with p = d + d?) in this paper without confusion. The dynamical equations for i, R;
can be introduced according to the closure model [27)). According to Proposition [2 the statistical equations for
tt, Ry in ([277) provide statistical solutions consistent with the law p, of the state u;.

On the other hand, model errors are usually introduced due to the finite truncation of the originally infinite-
dimensional continuous system as well as measurement errors. Therefore, additional correction terms, using inde-
pendent white noises, By, and B, ;, are added to the equations ([Z3]) for observed statistics accounting for errors
from the imperfect model approximations. The detailed equations for the observations ([BIB) can be rewritten
according to (Z3) as the following SDEs for 4; € RY, R, € R

day =[Hmpt + hmt (@) dt +Tpd B s,

h (3.3)
th = [vat + hv,t (’th, Rt)] dt =+ FUdBrU’t.

where hy, ; (1) = M (2)+ F; and hy ¢ (i, R) = L (a) R+ RL (@)" +3,3] are deterministic functions, while the linear



observation operators, H,,, H,, are defined by the high-order statistical feedback functions (2.8))

d
,Hm,kp:/Rd Hi" (z) p(2)dz = Z ”Ykpq/ Zpzep (2) dz,

p,q=1 R
p (3.4)
Hokip = /Rd Hp (2)p(2)dz = Z [ykpq /Rd Zpzqzip (2) dz + Yipg /]Rd ZpZqZip (2) dz} .
p,q=1

We assume p € P (Rd) the probability density with finite moments in all orders, thus we have H,, yp < oo and
Hoykip < 0o for all k,I. Then (B3) fits into the general observation equation ([B.1D) by setting y; = (u, R)T € RP
with p = d + d? in a column vector, and letting H = (Hum, Ho)T, bt = (hnt, ho )T, and Ty = diag (T, T',). With
this explicit setup of the filtering problem, we will consider the optimal filtering solution for the probability density
pt of Z; based on the statistical observation data Y; = {(us, Rs),s < t}.

3.2 The optimal filter with conditional Gaussian structure

Let (Q,F,P) be the complete probability space, and denote P (Rd) as the space of probability density functions
with bounded all moments. We first define the P (Rd)—valued stochastic process p; as

pr i RYx Q= RY, (z2,w) = py (23w), with p; (sw) € P (RY), (3.5)

which is thereafter referred to as a random field. In contrast to the standard filtering problem concerning the
nonlinear SDE of the random model states Z;, for derivation purpose of the exact optimal equations, we lift the
problem into filtering the random field p; based on the observation information in y, s < ¢ as in (3J). A stochastic
model on R ([3I6)) will be then proposed for practical implementations next in Section@ Let G; = o {w : y,, s < t}
be the o-algebra generated by the observations up to time . We define the space as the collection of G;-measurable
square-integrable random fields

V= L? (G, P;P (RY) N L? (RY)), (3.6)

satisfying [ ||u(-;w)|\iz(Rd) dP(w) < oo and v (;w) € P (R?) N L? (R?) for v € V;. In this infinite-dimensional
filtering problem, we aim to find the optimal approximation of p; in the space V;. The optimal filtering solution p;
is then introduced as the least-square estimate with the minimum variance as

o= exgminE [[lpn = vil7eqes) | = Py oi) (3.7)
veVy

where the optimal solution p; can be viewed as the unbiased projection of p; onto the space V;. ([B.7) indicates

that p; gives the PDF estimation closest to the true distribution p; in the mean square sense in agreement with the

observations in G;.

Accordingly, we define the optimal filter distribution p; : P (Rd) x 2 — [0, 1] as the regular conditional measure
of the stochastic process p; given G;. That is, for any Borel set A € B (73 (Rd)), 1t gives the conditional probability
of p; given G,

pe (A;w) =P(p€ A G) (w), as.we. (3.8)
Notice that p (A;-) € G, is still a stochastic process. For any functional F € C (P (Rd)) and ¢ > 0, we can
introduce the conditional expectation w.r.t. the measure p; given G; as

E[F (p1) | Gi] = / F (p) e (dp) .

P(R)
Therefore, the optimal filter solution ([B7) is a random field
pe=Elp | G (3.9)

given by the conditional expectation of p; w.r.t. u,. For any linear operator M : L? (Rd) — RP, we have
Mp: = E [Mp; | G¢]. Furthermore, second moment of Mp; is given by

E[(Mp; — Mpe) (Mpy — Mp)T | G| = MCM*,



where C; (w) : L? (R%RP) — L? (R% RP) with Cr = C, is the self-adjoint covariance operator for any f € L? (R%;RP)
Cr =800 [ (0= 1 (a1 6. 3.10)
R

Notice again (ft f(z;+) is also a random field conditional on G;. For clarification of notations, we will call p; and (ft
the optimal filter solution for the mean and covariance, and u; the optimal filter distribution in the rest part of the
paper.

In particular, we can characterize the optimal filter solution p; as the best estimate in each order of moments.
The following result describes the accuracy of the filter approximations under any finite-dimensional projections.

Proposition 3. Let p; be the random field from the system BI) and pr = E[p; | Gi] the optimal filter solution
given the observations in G,. For any linear operator M : P (R?) — RP defined by Mp = [ M (z) p(dz) with
M e C (Rd;RP), Mp: = E[Mps | Gi| gives the best unbiased estimate of Mp: in the sense of minimum mean
square error, that is,

E [|Mpt - Mﬁﬂ ~ min E [|Mpt - Muﬁ] . with E[Mp] =E[Mp]. (3.11)
Proof. For any G;-measurable square-integrable stochastic process v, we have from direct computation

E {|Mpt — MVIQ} -E {lMPt - Mﬁtﬂ
=E [(Mp; — Mv) - 2Mp; — Mv — Mp;)]
=E{E [(Mp; — Mv) - (2Mp; — Mv — Mpy) | Gi]}
=E {(Mpy — Mv) - [E[2Mp; | Gi] — (Mv + Mpy)]}

—E {|Mp} - Muﬂ > 0.

Above, the third equality uses the fact Mp, — Mv = E[Mp; | Gi] — Mv is G-measurable. Thus, we get Mp,
minimizes the mean square error. The consistency under the expectation in Mp; and Mp; can be directly implied
by definition. O

By taking the operator M as the expectation on M (Z;) = Z}™ with any integer m, Mp; and Mp, give the m-th
order moments of Z; under the random field p; in (335]) and optimal filter approximation g;. A direct implication
from (B.II)) shows that we have the unbiased statistics in all high-order moments E [Mp;] = E[Mp,] with the

minimum error E [|Mpt - M ﬁtﬂ from the optimal filter solution.

Importantly, the model equations (3] satisfy the desirable conditional Gaussian process [36], that is, given the
observations of Y; = {ys = (us, Rs),s < t} and Gaussian initial state pg, the random field p; follows a Gaussian
distribution at each time ¢. Let p; = p; (-;w) be the (unknown) signal state satisfying linear dynamics (B1al),
and y; = y: (w) the observed statistical process subject to linear observation operators ([3.1D). The optimal filter
distribution p; (B8] conditional on Y; then becomes an infinite-dimensional Gaussian distribution, . (-,w) =

N (ﬁt,ét) (w), where the mean p; (-;w) and covariance C; (w) give the solution to ([39) and (BI0) respectively.
Therefore, the equations for the mean and covariance are given by the generalized version of Kalman-Bucy (KB)
filter for the infinite-dimensional conditional Gaussian processes

dpe = L (e, Re) pedt + CoH, T2 {dty — [Honpe + hom,e ()] dt}

+CHT 2 {dRy — [Hopr + hoy (W, R)) dt} (3.12)

AC, = [ £} (@, Re) G+ Culey (g, o) dt = Cy (M3, 75,2 Hon + HIT2H,) Codt,
The equations of the conditional Gaussian processes and the uniqueness of the solutions are developed in Chapter
12 of [36] for finite dimensional systems. The results are then generalized to infinite-dimensional Hilbert space
[10, 20] (see a summary of the main results in Appendix [Al). The system (B3:12)) gives a closed set of coupled SPDEs

(due to the randomness in @, R;) for the optimal filter solution p; enabling more detailed analysis and development
of practical methods for computing the optimal solution.

10



Remark. The filtering problem using statistical observations is originally introduced as the ensemble Fokker-Planck
filter in [I]. We propose the filtering equations (B:I12)) as a further generalization where nonlinearly coupled condi-
tional processes are involved. In particular, this new filtering model directly fits into the coupled stochastic-statistical
modeling framework (27).

3.3 A surrogate filtering model for approximating the optimal filter solution

The resulting optimal filtering problem from B.]) requires to solve the infinite-dimensional system (BI2)) concerning
the function g, € P (Rd) and operator C; on P (Rd). It usually becomes intractable in finding such infinite-
dimensional solutions from direct methods. In developing practical strategies to realize the optimal filter solution,
it is more useful to find a surrogate model for the stochastic process Z;, based on which effective ensemble-based
approaches can be built. Therefore, we aim to construct an approximating filtering model from designing a new
dynamical equation for Z;,, whose PDF j, can effectively represent that of the optimal filter solution p.

3.3.1 Filtering updating cycle in a split two-step procedure

For a clear characterization of the filtering process, we follow the general procedure in [7] to first describe the
filtering process by concatenated iterations of transporting maps on the corresponding probability distribution. We
propose a new stochastic process Z;, whose law pr € Vy is still a P (Rd)—valued random field in G; dependent on
the same statistical observation y; as in the optimal filter (8.12). Thus, the filtering updating cycle during the time
interval [t,t + 7] can be characterized by the transport of the probability density j; of Z;.

The discrete time update of the approximation filter PDF p; is carried out in a split two-step procedure. First,
the forecast step can be viewed as the push-forward operator acting on the probability density function at time
instant ¢ with time step 7 > 0

~ _— -~ t4T1 * -
Pt = Pryr = F{ pr = el B w)ds 5y (3.13)

where F] represents the forecast updating operator with forward time step 7, and £; (y¢) is the same generator as in
ZI5). Second, the analysis step updates the prior distribution s~ to the posterior distribution g% by incorporating
the observation data up to Yii, = {ys,s <t -+ 7}, that is

Prir = Pirr = A7 (Priri Yerr) s (3.14)

where A] represents the analysis updating operator. Therefore, the full filtering cycle from ¢t to ¢ + 7 can be
summarized as the composition of the forecast and analysis maps

Prvr = AL (F{ pt; Yir) - (3.15)

Notice that FJ is a linear operator on p;, while A] could contain nonlinear actions due to the normalization of
the probability distribution. Continuous equation for d,5; = lim; o  (p¢+- — f¢) is then achieved by letting the
discrete time step 7 — 0. Next, we first propose the general structure of the new filtering model for Z, ~ p; as
a combination of the above two-step procedure, then detailed analysis can be done according to the design of the
forecast and analysis step operators F; and .A] accordingly.

3.3.2 Construction of equivalent statistical approximating filter

For simplicity of notations, we still use the general statistical observation processes (83) for y: = (¢, R:) taking
the compact form
dy, = [Hpe + he (y)] dt + T'ed By,

where the general observation operator [4), Hp, = [ H (z)p:(z)dz, is defined with the general observation

function H € C (Rd;RP) acting on the density function p;. Following the general construction in [8] 45], we seek

the approximating filter model adopting the following McKean-Vlasov representation with undetermined functionals
a, Ky

dZ, = L () Zodt + T (ZtZtT - Rt) dt + 2,dW,

_ _ _ _ (3.16)

“+a; (Ztyﬁt) de + Kt (Zt, [)t) {dyt — |:H (Zt) + ht (yt)i| dt — FtdBt} .
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We use the name ‘statistical filtering’ to refer the above new model emphasizing our main goal of filtering statistical
moments different from the common filtering case. The first row of the above equation models the forecast step of the
filtering process, while the second row is the analysis step. The forecast step accepts the same dynamical model of
(BIa) dependent on the mean and covariance (@, R;). On the other hand, the analysis step serves as an additional
control correction over statistical observations y;. New functionals known as the drift a; : RY x P (Rd) — R% and
the control gain operator K, : R x P (Rd) — RI*P are introduced, resulting in an approximating filtering model
about the process Z;. Most importantly, as will be shown next in Theorem [[l under proper condition, a; and K; are
only implicitly dependent on p; through the leading moments, without the need to compute the (potentially highly
non-Gaussian) density function p; explicitly.

In a more clear identification of the filtering updates involving several levels of approximations, we take the
split-step strategy to analyze the coupled forecast step and analysis step of the filtering equation ([B.I0) separately.
In particular, the forecast step in the first row of (310 is given by the exactly same form as the stochastic-statistical
closure equations ([Z71) developed in Section 2l Thus in practice, the updating step with the forecast operator can
be implemented adopting the efficient uncertainty prediction methods such as [38] [47]. Then, the remaining task is
to propose proper analysis step update in the second line of (BI6]) concerning consistent statistics with the optimal

solution p; in (I2).

3.4 Statistical consistency in analysis step update of the approximating filter

Now, we focus on updating posterior PDF 5, in [B.I4) of the proposed approximating filter ([B.I6) based on the
statistical observation y; satisfying ([B.3]). Concentrating on the analysis step, the resulting optimal filter equations

BI2) for the mean and covariance (p}, ét) become

dpe = CH'T 2 {dys — [Hpe + he ()] dt}

. X s (3.17)
dC, = — C,H*T; 2 HC dt.

Correspondingly, the approximating statistical filtering model for Z, satisfies the second line of the SDE BI4) as
dZt = Q¢ (Zt) dt + Kt (Zt) {dyt — [H (Zt> + ht (yt)} dt — FtdBt} . (318)

Following the similar idea in the McKean-Vlasov representation of the filtering equation [45] 57], we expect the

PDF j, of Z, to satisfy the following Kushner-Stratonovich-type equation (with requirements on at, K given next

in (3.21))

O — B ) = M | = i b )| (3.19)
t dt

Again, the goal here is to approximate the optimal filter mean p; in (BIT) by p: generated by the surrogate SDE

model ([BI])) in the sense of consistent statistics.

Unfortunately, the approximation (3I9) and the optimal filtering equation BI7)) will in general have different
continuous solutions for p; and p; due to their distinctive dynamics. In order to compare the statistical moments
of the two distributions, we apply the linear operator H to the optimal equations (BI7) as a finite-dimensional
projection on leading moments. The resulting equations optimal mean and covariance equations become finite
dimensional as

A (Hpr) = (HCH" ) T {dy, — [Mpu + hy (y)] d}
. . . (3.20)
d (Hcm*) _ (Hcm*) r;2 (Hcm*) dt.

Above, remind that the observation operator #H : L? (Rd) — RP and its adjoint H* : RP — L2 (Rd) are defined
based on the observation function H € CZ? (Rd; R”) as

sz/H(z)p(z)dz, [H*u] (z) =u-H(z),

and the covariance operator C; : L? (Rd) — L2 (Rd) is defined in (BI0). Therefore, (3:20) gives the equations for
the finite-dimensional quantities Hp; € R? and HC,H* € RP*P as the first two moments of H w.r.t. j;. The idea

12



is to design the analysis step operator A7 for the approximating filter process Z; in (3I8), so that consistency in
the first and second-order moments can be achieved.
Denote the expectation, E[-] :=E[- | G;] = E;, [-], w.r.t. the conditional density p; in (B.19) given the same obser-

_ . . - - _ - 9T
vation process in G;. We define H; = EH (Zt> = [H(2)pt(z)dz and Cff =E [Ht (Zt) — Ht} [Ht (Zt> — Ht} as
the first and second-order moments of H w.r.t. p; . Assume that the drift a; and gain K; in the SDE approximation
BI8) satisfy the following identities

a =V (KI2K]) — K2V - K7, —V - (K] p) = pil (H (2) — fEH) : (3.21)
where the divergence on a matrix is defined columnwise as (V- A), = 3, 9., A;;.We first have the following result

concerning the evolution equations of H; and C}! given the realization Y; = {y,, s < t}.

Lemma 4. Given that T'y > 0 in BI) and the identities B21) are satisfied, the evolution equations for the mean
and covariance of the observation function H (Zt) associated with the SDE (BI8) are given by

dH, = CIT? {dyy — [Hy + he ()] dt}

‘ - ~ (3.22)
dcf = QT {dy, — [Hy + he (y)] dt} — CAT2Cf dt,

where QF : RP — RP*P is defined as }
QF = B [(HHI) & H]T],

containing third moments of H, = H (Zt> — H,.

We put the detailed derivation of ([3.22) in Appendix [Bl Notice that ([3:22) goes back to the Kalman-Bucy
filter if we set linear observation H (Zt> = 7, satisfying a normal distribution as in [1, ©]. Although here we are
considering the more general nonlinear dynamics and observation functions from (3.4]).

Comparing (3:22) and (3.20) implies that the same statistical solution can be reached in (Hy, C}!) and (Hﬁt, 7—[(?{;’-[,*)

if we have Qff = 0. In order to achieve this, we further introduce the projection operator on the space of probability
distributions using the Kullback-Leibler (KL) divergence [30] as an unbiased metric.

Definition 5. Define the operator Sy making symmetric projection on the probability density p € P (Rd)

Spp = argmindky, (v || p), (3.23)

vEVYH

where dki, is the KL divergence between two probability measures. The minimization is among the probability
measures in the following set

Ve (H,C")={vePRY):E,H=H, E,[HHT]=C", andE, [H/H, H,] =0},
for all ,m,n < dand H' (Z) = H(Z)—-E, [H (Z)].

In Definition Bl Sy acts as a symmetric approximation of probability measures with vanishing third-order
moments of the observation function H, while maintains consistent first two leading moments of H. It is clear that
given H,CH | the set Vy is closed with respect to weak convergence of measures. From Proposition 2.1 of [46] and
[16], we have for any p and weakly convergent sequence {v,} to v

liminf dyy, (v || p) = dw (vs | p).-

It follows immediately that there exists v, € Vg that reaches the minimum. Therefore, we have the following lemma
guaranteeing the existence of the minimizer in the proposed projection (3:23)).

Lemma 6. Assume that there is one v € Vi such that the KL-divergence dgy, (v || p) < oo for given p € P (Rd).
Then a minimizer exists in (3.23)).
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Even though Lemma [6] does not guarantee the uniqueness of the minimizer, we can always find one minimizer
given the same mean and covariance H = E[H (2)],CH" = E[H' (Z) H' (Z)"]. This provides the desirable target
density function satisfying the required symmetric statistics about H (Z;). Denote the push-forward operator for
the new SDE (BI8) with the structure functions B21I) as pi+s = Qf (pt; Yits) for any s > 0. Under the above
construction, we can finally propose the forward operator in analysis step ([B.14) as

A3 (71) = Q} (Strpes Yis) (3.24)

where the projection Sy in (3:23) is a linear operator acting on the random fields in space V; in [B.8]). In a similar
fashion as in the proof of Lemma[4 by applying the addition projection Sgp¢ in the expectations on the SDEs for

- - NT

H (Zt) and H (Zt) H, (Zt) (see also (BIQO) and (BII) in Appendix Bl), QF = 0 is automatically guaranteed in
(322) w.r.t. the new projected density Sy ;. In addition, the first two moments H; and Cf (322) will stay the
same w.r.t. Sgp:. The continuous filtering process by letting s — 0 will satisfy the equations (8:222) with Q;" =
Therefore, under the same initial condition and the uniqueness of the solution, the same solution will be reached

in both (BI7) and (322). This leads to the main result of this section concerning the analysis step update in the
approximating filter solution.

Theorem 7. Consider the analysis step update [B24)) of the statistical filtering model BI8). Assume that as, Ky in
the statistical filtering SDE are designed to satisfy 321 and the probability set Vg according to H defined in ([3.23))
is not empty. Under the same statistical observations y,t € [0,T] and the same initial conditions, the following
relations hold for t € [0,T]

Hp =R [1 (2)], Heaw =B [w (2)m (Ztﬂ : (3.25)
where (ﬁt,(ft) is the solution of BIM), and p; is given by the solution of [BI9) with H = H — Hp;.

Theorem [7] validates the use of the statistical filtering model density p; by solving ([B.I8) to approximate the
optimal filter p; from ([B.I2). Though restricted only on the first two moments of the observation function H, the
resulting consistent statistics during analysis step play a key role in accurate statistical forecast. Notice that based
on the statistical model in (271), accurate prediction of the important leading statistics, @, Ry, is determined by key
higher-order feedbacks in the related functional Hp; (more specifically, the terms H,,p: and H,p:). According to
Proposition 3] the optimal Hp, gives the least mean square estimate of the random variable Hp; given the statistical
observations. Thus, consistent approximating filter EH (Zt) for Hp: as well as its error estimate guarantees accurate

recovery of key model statistics. For example, applying the explicit forms of the observation function (B4, the
quadratic observation operator H,, in the mean equation gives

EH™ (Zt) =Hmpt < Z'Ykpq~ { pth t} Z"Ykpq/zpzq[)t (Z) dz,
p,q

which implies consistent statistical feedbacks from the statistical filtering model p; and the optimal filter solution
p+. This demonstrates that the new approximating filter maintains the accuracy in the statistical mean prediction
. In addition, the covariance operator characterizes the essential uncertainty in the optimal filter estimate p; as
a random field, that is,

HinCiHe, = By [(Hinpe — Hunbe) Hunpe — Hune) ] -

It is also linked to the approximation by CH" = E [(Htm - ﬁt’”) (Htm — H{”)T] =H Ct’H, , demonstrating a
consistent error estimate in the statistical filtering model. Similar conclusion can be reached for the accurate
prediction in the model covariance prediction for R; based on the cubic observation operator H.,.

Remark. Still, the statistical consistency in the analysis step does not guarantee the consistency in the entire
two-step updating procedure in (BI5). In particular, the forecast models of BI2]) and [BI06) have the following
updating equations during the forecast step

oo —ripy OO =ML = [ (L) ()

Owpr = L pr o, (fEH) —ELH = / (LeH) pr (2) dz
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where the generator is defined with y; = (@, Ry)
1
Li(yt)p=Vap-{[H (2) — Re)] + L(tz) 2} + 52,52 : V. V..

The analysis step update only gives consistent first two moments of H, while higher moments may be included
in £,H. Tt is not guaranteed that the forecast model can give consistent forecast in Hpy and EH as well as their
covariances. More work is still needed for the complete consistency analysis combining the approximations in both
the forecast and analysis step of the filtering method.

4 Stability and convergence of the statistical filtering model

Here, we discuss the long-time performance of the full filtering problem for the statistical filtering system (&1
for finding the optimal filter PDF p; based on statistical observations G; = o {ys,s < t}. In Section Bl it shows
that the statistical filtering model (316) constitutes the approximate filter solution p; with consistent mean and
covariance, H; and CJ, in the analysis step update. We show further here that the full filter approximation of the
observation function H; will approach the optimal filter Hp; at the long-time limit as ¢ — oo. This guarantees the
stable performance of the proposed new filtering strategy.

4.1 Complete statistical filter equations based on the observation operator

We consider the optimal filter solution based on the conditional Gaussian model (B). The finite-dimensional
statistical states Hp, € RP and C}* = HC,H* € RP*P under the observation operator are solved by the Kalman-

Bucy equations (812) as
d(Hpe) = (Lo (ye) H, po) At + CHT > {dy, — [Hpe + by (y0)] dt},

aCH = [{0 (o) H,CHT ) + (CoH, £ () HT )| dt — CHT2CHat. @1

Above, (F,G) = [ F (z) G (z) dz denotes the componentwise integration of the product of matrix-valued functions
F,G. For simplicity, we use constant observation noise, I'y = I". In the first equation for the mean, we rewrite the
forecast step dynamics as

HE; (0e) e = / H (2) £ () po () dz = (L0 () H. po)

Similarly in the covariance equation, we rewrite using the definition of C; in (BI0) under the conditional measure
pe () =P(pe-[G)

HLE (o) CH* = B, / H (@) L (p— po) (2) da / (0= po) () H (2)7 dz = (Lo, CHTY,
HCL: (1) H* = Epey, /H (2) (p— pr) (z)dz / (p—pt) () Lo H ()T do = <(ftH, EtHT> ,

where C;H (z) = E, [(p—pe) (x) [ (p— pr) (2) H (2) dz] € R? can be viewed as a unnormalized density.
Correspondingly, consider the approximating filter model (3.16) with ¥; = 0. Let p; be the PDF after the
symmetric projection ([B:23)), that is, satisfying vanishing third-order moments E [H,’lHZ',H ;] =0 for all n,p,q. The
_ - - - - N\T
moments H; = E [H (Zt)} and CHf = E {H{ (Zt) H] (Zt) ] according to the observation function H satisfy the
following equations (by combining the forecast step update with generator £; and the analysis step dynamics (3:22)))

dH; = (L (y) H, pr) dt + CIT 7> {dy; — [Hy + hy ()] dt}

N } g (4.2)
dCH = [(Ls (ye) H, o HT) + (5. HY, Lo (yo) HT)] dt — CFT2Cdt,

where H] (z) = H (z) — H,.
First, we introduce the following assumptions for the approximating filter PDF p, approximating the optimal
filter solution p; as random fields according to the same observation process Y = {y;,¢t > 0}:
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Assumption. Assume that the optimal filter B12) and the approzimating filter model BI6) have a continuous
probability density functions p; and p; respectively that satisfy the following conditions:

e Unique equilibrium solutions (’Hpoo,coo) and (Hpoo, CE) exist to the systems @) and @2) respectively.

o There exist deterministic matrices L7, LY € RP*P. The generator L, (Z15) reaches the same statistical limit
under H w.r.t. both p; and p¢, that is,

(Lt (yt) H, pr) — Lt Hpoo, <£t (ye) H, étHT> — LU.CH,
(Li(ye) H, pr) = LT Hpoos (Lo (ye) H, peHT) — LECY

o0 [oon)

(4.3)

a.s. ast — oo given the observation data y;.
o Further, the real parts of eigenvalues of the limit matrices L — (f;"off2 and LY — (f;"off2 are all negative.

The first condition in assumption ([3]) guarantees that both filter equations will finally converge to finite
solutions. The second condition requires consistent first and second-order moments under H w.r.t. the optimal and
approximate model PDF, such as for the covariance as ¢t — oo

/,ct (ye) H (2) C.H (2)7 dz —>LZO/H(z) (fooHT) (2)dz,
/Et (y¢) H{ (2) H] (2) Tpy (2)dz — LY, /H' YH. (2) Tpoo (2) dz.

In addition, we may further introduce the convergence rate, that is, there exist constants A > 0 and K > 0 such
that a.s. B B

(e (o) Ho o) = LisMpoc] < Ke ™, || (20 () HCHT) = LECR| < K, w
(Lo (o) H. p) = LEMpoo] < Ke ™, |[(Lo () H. o HT) = L CX| < Ke

where |[|-|| is the matrix norm. And the third condition asks that the filter solutions will be stabilized at the long
time limit. Next, we ask the limit behaviour in the mean and covariance (Ht, CcH ) from the approximation model

([#2) in comparison with the optimal filter solution (’Hpt, ) from (@.1)).

4.2 Asymptotic stability of the equilibrium covariance matrix
With the assumption ([&3]), we have consistent equilibrium covariance at ¢ — oo in the two model solutions
LY.CH 4+ CHLYT — CHr—2CM =0,
Lo el — clir—2cf <.

Uniqueness of the solution directly implies that the final equilibrium covariances satisfy (ff;‘o = CH with no random-
ness. Further, we have that the covariance CH in the approximating filter will approach the optimal equilibrium
covariance C% as described in the following result.

Lemma 8. Suppose that Assumption[{.] is satisfied, CH is the covariance solution to the statistical filtering model
@2) and C¥ is the unique equilibrium solutions to the optimal model @I)). Then there is

HOfH - cggH -0, (4.5)

a.s. ast — oco. Further, the convergence rate will be exponential if (@A) is also satisfied.

Proof. Combining the covariance equation in (£2) and the equilibrium equation of (@I]), we have
. 1 . .
a(cf -ct) = [Lgo -5 (e +ck) r—ﬂ (ct —cx)ar
A 1 A
+ (e - ) {ng -5 (cf +c§g)} d

+ [(CeH, pe H,T) — LECF| dt + [(peHy, L,HT) — CHFLYT] dt.
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For the last row of the above equation, using the uniqueness of the solution we have C/! — CZ ast — co. Then

denote
Fy = (L:H, p:H,T) — L. CH.

We get |F;| — 0 as t — oo by using
[(CeH, p HIT) — LCH || < |(CoH, peHLT) — LE,CE| + || 2%, (CE — )| — 0.

Also by taking A, = min { ReA : Aisthe eighenvalue of — LY + (f?jol"_2}, we have A, > 0 from Assumption ATl

Hefst [Le—3(cF+cX)r—=]ar < Ke Mwlt=s) Together with F} vanishing as ¢ — oo, we have for any

This implies
t>T

t
HCtH - CA;Z‘)H <K HC%I - C;“OH e P (=T) 4 2K/ "= F | ds < Kiem 2t + Ky sup |Fy| .
T s>T

Therefore, by first letting ¢ — oo then letting 7" — oo, we reach a.s. lim;_, o HC’tH — CAg{OH =0.

Further, if we assume exponential convergence rate A in the covariances under the generator £; as in (@4, we
can have exponential convergence rate in both C; and Cf ast — oo a.s.

R P o

O
In addition, from the definition of the optimal filter solution ([B.ITl), the covariance is defined as
rECH = By, tr [(Hpr — Hpe) (Hpe — Hpr))
=Epu tr [(Hpe — Hp)T (Hpe — Hppe)]
=Ky, “HPt - Hﬁtﬂ :

Notice that Hp; and C}* are still random field in G;. Under Assumption G — C* a.s. with the observations in
G:, we have as t — oo

E[i#p, — Hpu"] = 0 [CF] — 0xC2. (4.7)

This confirms that the total uncertainty at equilibrium in the optimal filter solution Hp; is estimated by the total
variance trC2.

4.3 Convergence of the statistical state under the observation operator

Next, we consider the convergence of the statistical observation function H; from the approximating filter to the
optimal filter solution Hp;. We have the long-term stability in the statistical solution in the following theorem.

Theorem 9. Suppose that Assumption [{.1] holds and the covariances goes to the same deterministic limit
CHt—Ct, CcHCR,

a.s. ast — oo. Then there is o,
E [|’H[)t — | } o0, (4.8)

as t — oo. Furthermore, assume exponential convergence rate in CJt,CH as in ([@6), and let X = min {\p, Ay}

where Ay, and X\, are the minimums of the real parts of the eigenvalues of —L7. + C;Z"OI‘*Q and —LZ_ + C?;’;"ol"’2
respectively. There is also exponential convergence as

E [”Hﬁt - E[tyz} S KHe_klt, (49)

with some A1 < min {)\, ;\} and Ky a constant only dependent on the observation function H.
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Proof. By taking the difference of the mean equations in (£1]) and (£2]), we have
A (Hp — H) = (L2 = CAT2) (Mpy — Hy) i+ (CF = CF ) T2 [dye — e (o) ]
+ {(c;ﬁ - éﬁ) I 2Hp, — ((f;ﬁ - OtH) F*H@ dt
+ (L (ye) H, pr) — L Hpe) At + [(Ly (ye) H, pr) — L Hy) dt.
By applying It6’s formula to the above equation, there is
d [e {(FR=CET) (3, — Flt)} = e H(ER-CLr?) {(c}” —CH ) T2 [dy, — he (y2) dt] + Gy () dt}
femt(Lm-cir) {(égﬁ - éﬁ) I Hp, — (é;g - OtH) r-%ﬂ dt.
Above, we denote the residual term as
Gy (ye) = [(Le (ye) H, pe) — LEHpe) + [(Le (ye) H, pr) — LT Hy| .
By similar computation in Lemma [§] according to assumption (£3)), there is

(Lt (ye) H, pt) — LI Hpoo| + |LT (Hpoo — Hpr)| 5

G| < . _ _ _ <Ke™M—0
+ (Lo (ye) H, pr) = L Hoo| + |LE (Hoo — Hy)

a.s. as t — oo using the uniqueness of the solutions Hp; — Hpoo and H, — H (with exponential decay in the
stronger convergence case (AG])). Equivalently, the above SDE can be written as (ignoring initial condition by
assuming Hpo = Hp)

Mo = [ o) (G0 OB 02 4y, — by () 0]+ o 02) )
Ot
+/0 TR CET) [ - e T2, — (C — ) 1211, ds.

Therefore, by taking the expectation for each term on the right hand side of the above identity

2

E|[#p - 1] < 5B /0 o (rz-exr?) (cr -l r2ay,

t X 2
+5E / =L =CLT) G, (y,) ds
0

t N _ R 2
+5E / e(t=) (L —CLr?) (Cf — Of) I 2hy (ys) ds
0

t . R 2
+5E / et=9) (L —CXr?) (éié—cz“‘) I 2Hp,ds
0

t . 2
wgm| [0t (e o) r2iay
0

The second line above follows the same argument as in Lemma [§] and using Cauchy-Schwarz inequality

2 t 9 t
g/ ’dsE/
0 0

t
0

E e3(t=9) (L —CLT™?) I PR

t .
/ e(t—s)(Lg_C:‘oF72)Gs (ys) ds
0

< Ke Mt 0.
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Similar results can be achieved for line three to five following the convergence (or exponential convergence) of the
integrants. Finally, for the first line using the observation equation in (B1l), that is, dy: = [Hp: + ht (y:)] dt + T'd By,
there is

2

¢ .
o / Qli—9) (L7 —CHr—2) (CAZ{ B Cf) I2dy,
0

2

t a2\ [ A
<E / et=s) (LR —CET2) (c} - Cf) T2 [Hpe + he (y1)] ds
0

1R /t o2(t=s) (L —CHD?) ‘
0

t
SKl/ e*Am(t*S) <]E‘
0

SKe_)‘lt — 0.

. 2
Cf—Cf‘ ds

~ N 2 N 2
eH _cggH +EHOf _cggH >ds

Above in the second to the last inequality, we use the uniform boundedness of E |Hp:| and E |h: (y)| as t — oo, and
the last line uses the convergence (or exponential convergence) of the covariance (&H) or ([@6]). Combining all the
above bounds, we finally get [A8) and (£9). O

Together with the equilibrium estimate in (A7) combining the result in Theorem [l we can also get the same
error estimate compared with the target field as t — oo

E DHpt . Eﬂ <E [mpt - Hﬁtﬂ +E []H[)t . Ffﬂ =t

Thus, we show that the statistical filtering model solution H; converges to the optimal filter solution with the same
mean square error, and exponential convergence is reached if the forecast model has exponential convergence to the
equilibrium.

As a final comment, we can further relax Assumption A1] as there exist deterministic uniformly continuous
functions, L (y) and LY, (y), so that for any y; — Yoo, t — 00

(Lt (ye) H, pe) — L3 (Yoo) H oo, <£tH7 étHT> — LY (yoo) CZ,

(4.10)
(Lo (ye) H, pr) —= L2 (yoo) Hpoos (LeH, prH{T) = LY (yoo) CL,
a.s. as t — 0o0. And the limiting matrices are uniformly bounded by negative-definite matrices A, A,
L7 (y) —CHI 2 2 A, <0, LY (y) —CAT ™2 < A, <0. (4.11)

In addition, non-zero noise in (B.16) can be included satisfying ¥; — 0 as t — co. Then, the same result applies for
the convergence of the observation mean and covariance at long-time limit as in Lemma [8 and Theorem

5 Ensemble approximation of the statistical filtering model

Finally, we discuss the construction of practical ensemble methods for solving the statistical filtering model (B16])
with explicit model parameters that is easy to implement. We demonstrate the accuracy of the numerical approxi-
mation at the limit of large number of samples and small integration time step.

5.1 Numerical methods for the approximating filter with discrete observations

Assume that the observation data comes at discrete times ¢,, = dn with a constant observation frequency 6. We
can introduce the linear interpolation of y,, = (4, , Re,) € RP as

d_y? _ Yn+1 — Yn _ AynJrl (5 1)
At tpi1 —tn 5 '
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during time interval ¢ € [t,,t,11]. We propose ensemble algorithms to approximate the filtering distribution
Pt ~ Ztn conditional on the statistical observations Y;° = {ys, s < t} based on the statistical filter equation (3.16]).

N
First, NV independent particles, 7, = {Z @ } , are drawn to sample the initial distribution of the stochastic state.

Then, the particles are evolved according to the following SDE with drift terms a}*, a} and control gains K{", K}
Az =L (a) ZPdt + 1 (Zt(“ Z0T _ RgV) dt + Dpd?
+ar (Zt“) dt + K (Zt“) {daf - [Hm (Zt“) + Bt (ut)] dt — Pm,tdéni{t} (5.2)
+a? (Z“)) dt + K7 ( 20 >) {dR5 [HU ( (”) ¥ Ry (ut,Rt)} dt — I‘UytdBj%}

where the expressions for h,, h, are defined in [B3]), H™, H" are defined in (3.4]), and B,(fl o B( ' are independent
white noises. Above, in the first line of (5.2) for the forecast step of the filter, the first two moments (ut R, ) can
be explicitly solved by the statistical equations according to the stochastic-statistical model (27

dai” =M (@) + Fo+ BN [H™ (2]
d (5.3)
dtht =L (@) RY + RYL (@) + %] + BN (B (2)] + ¢ (BY [22]] - RY) .

The expectation is computed through the empirical average of the ensemble, EV f (Z) =% El L f ( ) In this

way, the particle simulation of (B.2]) can be carried out easily for each individual sample Zt( ), and the dependence on
the distribution of the whole interacting particles is only introduced through the empirical average in the statistical
equations (B.3)). We summarize the ensemble filtering strategy in Algorithm [Il

Algorithm 1 Ensemble statistical filter with observations in mean and covariance

Model Setup: Get the interpolated sequence of observation (5.I)) of the mean and covariance y! = {ﬂf , Rf} ,te
[0, T); and introduce discrete time integration step 7, and the initial distribution py of the model state.

oy N
Initial condition: At the initial time ¢ = 0, draw an ensemble of samples {Zél)} from the initial distribution
i=1

po, and compute initial mean and covariance {ﬁé\’ Ry } consistent with the statistics w.r.t. pg.
1: for n = 0 while n < |T/7], during the time updating interval ¢ € [ty, t,11] with ¢, = nT do
2: Compute the gain functions K{" and K} using (5.6) and the associated drift terms aj” and af .

N
3. Update the samples {Z( i) } using (5.2) with the statistical states {@}', R} } and observation data .
i=1

tni1
4: Update the statistical mean and covariance {ai\i o B, +1} by integrating (5.3)) to the next time step using

the average of all samples.
5: end for

Remark. Solving the equations (B.2]) may still demand high computational cost for resolving the multiple nonlinear
coupling terms in high dimension d > 1. One potential approach to address the computational challenge is to adopt
the efficient random batch approach [47, 48] developed for the coupled models [2.7). A detailed investigation of the
numerical methods will be performed in the follow-up research.

5.2 Construction of explicit model operators in the analysis step

In the second and third lines of (5.2) for the analysis step update of filtering, we still need to propose explicit
expressions for functions aj*, K{* and af, K} according to the observations of the mean and covariance respectively.
According to Theorem [7] the gain function K} needs to be solved from equation ([B.21]), that is,

=V (K[ pe) = pel'7 2 (H (2) — Hy) -
Then the drift function a; can be directly computed from the solution of K; as

a, =V - (KI7K]) — KT}V - K]
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In general, it is still difficult to find solutions of the above equations. By multiplying H on both sides and integrating
about z, the identity for K; implies a necessary condition

E[K]VH]=T;2CH, (5.4)

N . _ - _NT
where CH = E [(H (Zt) - Ht> (H (Zt> - Ht> ] is the covariance of H. Therefore, we can first design proper

gain functions K; by solving (5.4)) according to the specific structures of H™ : RY — R? and H" : R — R? required
in our problem in (B.4)

H" (z) = Z’ykmnzmzn = 2T Az,
m,n

Hllc)l (Z) = Z'Ykmnzmznzl + VimnZmZnZk = (ZTAkZ) 21+ Zk (ZTAIZ) s

m,n

(5.5)

for all 1 < k,I < d where we rewrite the quadratic and cubic functions using the symmetric coeflicient matrix,
Al = A € R%*4 using the assumed structural symmetry in the coupling coefficient ygmn. The resulting gain
functions are then constructed with the following specific expressions.

Proposition 10. The matriz-valued functions K™ = f(mI‘;ft and K} = f(“F;f with K™ (z) € R and KV (2) €

RI*4” i the following expressions

_ 1 _
K7, (2) =57 [(ZTAkZ) — H;T] ,
5.6)

~ 1 1 1 (
gk (2) =325 (2TAR2) 2+ 525 (2T Aiz) 2 — S Hy.

for 1 <kl <dand 1< j <d satisfy the equation [B4) according to the structures of the functions H™ and H" in

the form of (B5.5) respectively, and H™ = E {Hm (Z)} and H* = E [H” (Z)]

The proof of Proposition is put in Appendix Bl The average terms, H™, H", are already computed in the
statistical equations (3] thus no additional computational cost is needed. On the other hand, it is noticed that
(BE6) can only give a necessary condition for the gain operators and may not guarantee the original identity for
K, in general. However, in the proof of Theorem [T it shows that (G.4]) is the main relation used to derive the

consistent analysis statistics on the mean of H (Zt) Therefore, (5.6]) provides a desirable candidate for practical

implementations of the algorithm concerning the consistency in the leading moments.

5.3 Ensemble approximation in the discrete filtering model

At last, we discuss the accuracy in the finite ensemble approximation. Let gy (z) = & sz\il 0 (z - Zt(l)) be the

random field from the empirical PDF of the ensemble approximation with finite ensemble size N, and p; is the
random field from ([BI6) conditional on the observations G;. Additional assumptions are needed for the structures
of the model.

Assumption 11. We assume that the functions M : R — R% and L : R* — R**? in the mean and covariance
equations [BIQ) are Lipschitz continuous, that is, there is a constant 8 > 0 so that

[M (u) = M (v)] < Blu—wv|, [L(u) =L@ <pBlu-0v]

In addition, the coefficients in Ty (R) = Zm,n Yemn Bmn are uniformly bounded, that is, there exists a constant
C >0, so that for all k,m,n

First, we direct use the conclusion from the McKean-Vlasov limit of the N-particle system [43] 25]. Under
the above assumptions of the model coefficients, the ensemble representation (5.2) will converge to the continuous
system [B.I0) as N — co. In particular, assume that the a unique solution exists for the McKean-Vlasov SDE, and
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N
the initial ensemble {Zél)}‘ is drawn from i.i.d. random samples. Given the observations G;, we have for any
€ Cp (RY)
1 & ~
(i) =20 (27) = Ele(2Z) 1G] = (0.0 (5.7)
z:l

a.s. as N — co. Furthermore, there is the error estimate for the empirical estimate EN¢p = % NP ( (Z))

B | sup (6. i2) = (o] < SF el 5.9
0<t<T
Detailed proofs on (57) and (5.8]) can be found in such as Chapter 9 of [2].

Next, we consider the finite ensemble and discrete time estimation of the leading-order mean and covariance
from the filter model. With the ensemble approximation of the density function ¥, the mean and covariance
estimates are computed from the equations (B3]

du, =M F N H™ (79
at ( o<t>)+ d“ﬁzg ( o<t>)’

5T c
djzi: =1L ( g(t)) Ro(t) + Rtjvv(tT)L ( U(tT)> U(t * Jif ZIHU ( ‘(TZ()t )

where a finite time integration scheme is also applied with o (¢) = n7 for t € [ty, tn41]. Above, we neglect the last
relaxation term with e since it will automatically vanish with the resulting consistency. For clarity, we show below
again the continuous forecast model from (27

(5.9)

di . .
% = M (@) + F, + EH™ (Zt) :

o (5.10)
S = L) Re+ ReL ()T + 7 + EH" (Zt> .

Notice that @Y, RN and @, R, are stochastic processes due to the random samples {Zt(i)} and Z, is still dependent
on the observations G;. We have the following convergence result for the finite ensemble N and finite time step 7
approximation to the continuous model.

Proposition 12. If Assumption [[1 is satisfied, under the same initial condition the statistical solution of the
ensemble approximation model (B9) with discrete time step T converges to that of the continuous model [I0) with

C
E[sup |ty — i, | ] < (01,T7'+ 2T) H™ | oo

nt<T

’ (5.11)
N 2 C m v
E | sup |R; — Ry, | Ciom+—5 ) (IH" I +1H"]l) -
nt<T N
Proof. First, consider the mean equations from the same initial state, we have
t t
AN, = / [M (uiv(f)) - M (as)} ds + / [Fl) — Fy] ds
0 0
t
+/ KH’” ﬁ{,v(s)> <Hm,ﬁs>} ds.
0
Therefore, using Holder’s inequality and Lipschitz condition for M there is
N 2 T 2
T at‘ < 3TB]E/ N — | ds
t<T 0
T 2
+ 3T]E/ KHW ﬁg,v(s)> (H™, 5\ ds + Cpr
0
< cl/ Esup (@)™ — ay| ds+ Cor |H™|? + WB [ Hom 12, (5.12)
0 s'<s
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In the first term above on the right hand side, we follow the same procedure to estimate the error in the corresponding

. . _ . . . . . _N,
continuous solution %Y compared to the time discretization solution uU(ST)

2 2 2 2
Uy — | < |l =T 4 [a) T —as|” < O | H™|[5, + a7 — a,|

And in the second line for the term related to H™, combining the discrete time estimate with ([B.8]) gives

m ~N mo o~ 2 2 CT m |2
E Sup‘<H 7pg(s)> - <H 7pt>‘ < Cr + = ||H ||oo
t<T N
Therefore, applying Gronwall’s inequality to (B.12]), we get the mean estimate in (G.IT)).
Next, under a similar fashion, we can compute from the covariance equation and using the Lipschitz condition
for L

2
Esup |RY™ — R, ds

t<T

2 2 r N
< C1BEsup ||at||00/ ’Ra(; ~ R,
t<T 0

2
abeh = | sup || Roo |
+<T

+ C56E sup
t<T

T 2
+C3]E/ ’<H”,ﬁff(s)> —(H", )| ds + Cpr.
0

2

)

Using the uniform boundedness of 4, R; and (5.8]) for H" together with the previous estimate for E sup, .- }ﬂiv(;) — Uy

we reach the final covariance estimate in (G.IT]). O

Theorem shows that the discrete approximation scheme of the approximating filter model can recover the
key model statistics in mean and covariance. It again demonstrates the central role in achieving accurate prediction
of the nonlinear observation functions H™, H” in the filtering method.

6 Summarizing discussions

We developed a systematic statistical filtering strategy that enables effective ensemble approximation of non-
Gaussian probability distributions of multiscale turbulent states using observations in the leading-order moments
of the mean and covariance. The filtering model is based on a closed set of coupled stochastic-statistical equations
established for modeling general turbulent dynamical systems involving nonlinear coupling. The non-Gaussian
features then can be characterized by a McKean-Vlasov SDE taking into account both the stochastic forecast
equation and corrections according to the observed first two moments. Importantly, the proposed McKean-Vlasov
SDE for the finite-dimensional stochastic state does not require the explicit computation of the infinite-dimensional
probability distribution, but just relies on the feedbacks from the leading moments that can be computed from the
associated statistical equations. This leads to straightforward numerical algorithms using ensemble approximations.
The stochastic—statistical formulation offers a flexible approach for recovering essential model statistics, making it
applicable to a wide range of problems in uncertainty quantification and data assimilation. In the immediate appli-
cations of this research, the performance of the new filtering strategy will be tested on a series of turbulent systems,
starting from prototype models to realistic applications in really high-dimensional systems. Also, currently,we are
only able to show the statistical consistency of the approximating filter in the first two moments of the obser-
vation function under restricted conditions. Further explorations exploiting specific model structures such as the
conservation properties will be used to provide a thorough understanding of the approximation skill of the filter
predictions.
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A General background about filtering

Here, we summarize the useful results needed in the main text of this paper following mostly [2] [36] 20].

A.1 Filtering equations for general stochastic systems

Let (92, F,P) be the complete probability space. The signal process u; € R? and the observation process y; € RP
are defined on the probability space satisfying the following SDEs

duy = F (ug) dt + XdWy,  ug—o = uo, (Ala)
dy, = H (uy) dt +dBy,  yi—o0 = yo, (Alb)

where F : R — R? and H : R? — RP are bounded and globally Lipschitz continuous functions, and W; € R*, B, €
RP are independent standard Wiener processes with matrix coefficient ¥ € R4**. The aim of the general filtering
problem is to determine the conditional probability distribution p; of the signal process, u, given the accumulated
observation process, Y; = {ys, s < t}.

Define the observation filtration G, = o {ys, s < t}. The random conditional distribution p; : R% x Q — [0,1] is
defined as the P (Rd)—valued stochastic process which is measurable w.r.t. G, so that for any function ¢ € C? (Rd)
a.s.

Bl (u) |6 = e () = [ | (u) e (du).
In particular, the optimal filter solution, 4; = E [us | G¢], can be defined based on p;. It shows that 4, is the minimizer
E {|ﬂt - utﬂ = min, E [|v — utﬂ among all v € L? (€, G, P) in the set of G;-measurable square-integrable random

variables for any fixed ¢. The filtering equation for the conditional probability distribution u: is verified to satisfy
the Kushner-Stratonovich equation

dpe (0) = pe (L) dt + o (H, @5 pe) dus. (A2)

On the right hand side of the above equation, the first term is the drift due to the infinitesimal generator £ =
F-V+ %EZT : VV of the signal process (Ala)); the second term represents the correction from the observation
process (ATD). The innovation process, dvy; = dy; — ug (H)dt € RP, is a G;-Brownian motion under the probability
measure P, and o (H, ¢; pr) = pe (9HT) — e (p) e (HT) € RY*P gives the coefficient with finite quadratic variation,
where p; (H) is the componentwise measure of the vector-valued function H. In addition, the filtering equation (A2)
is shown to have a unique solution under proper conditions (Theorem 3.30 and 4.19 in [2] and Theorem 7.7 in [56])
that is also stable (Theorem 2.7 in [6]). Therefore, this guarantees that the solution of the Kushner-Stratonovich
equation ((A2) uniquely characterizes the filter distribution yu; as a P (Rd)—valued stochastic process.

Next, assume that the conditional probability u; possesses a square integrable density, u; (dz) = p; (z) dx, with
respect to the Lebesgue measure. It can be shown under proper conditions (Corollary 7.18 in [2] and [31]), the
conditional probability solution 4, of (AIl) has a probability density p; € W2 (R?). According to (A2) for the
conditional probability, p; can be found to be the unique solution to the following SPDE

8tpt = L*ptdt + Pt (H - Ht)T (dyt - tht) 5 Pt=0 = PO, (Ag)

where H; = fRd H (z) pt (x)dz and pg € L? (Rd) is the absolute continuous density of py. The randomness of the
above SPDE only comes from the innovation process dvy = dy; — i (H) dt as a finite-dimensional white noise in
time.

At last, if the functions on the right hand sides of (Al satisfy the Ornstein-Uhlenbeck processes with matrix
coeflicients, that is, F'(u) = Fu + f; and H (u) = Hu + h;. With Gaussian initial condition, ug ~ N (dg, Co),
the conditional distribution p; = N (i, Cy) given G, in (A2)) becomes a multivariate normal distribution, where
Gy = Eug | Gt] and Cy = E[(us — ) (us — 0¢)T | G¢]. The filtering equations for 4; € R? and Cy € R?* are given
by the Kalman-Bucy filter [28]

d’&t = (F’&t + ft) de + Kt [dyt — (H’&t + ht) dt] N (A4a)
Cy=FC, 4+ C.FT — K,KJ + X307, (A4b)
with the Kalman gain matrix K; = C; HT. Above, (A4a)) is an SDE coupled with the deterministic Riccati equation

(A4h).
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A.2 Infinite dimensional filtering in Hilbert space

It is shown that the linear Kalman-Bucy filter can be generalized to linear stochastic equations on a Hilbert space
[10, 20]. Let H be a Hilbert space. Denote L? (Q,G,P; H) as the collection of all H-valued G-measurable square-
integrable random variables. The expectation of u € L? (2, G,P; H) is denoted by

E[u] = /Qu (w)dP (w). (A5)

The inner produce for u,v € L?(Q,G,P; H) can be defined as (u,v), = E[(u,v),] = [, (u(w),v(w))y dP (w).
With the above notations, the covariance operator C can be introduced as an element in the linear transformations
L(H,H).

Definition 13. Let u,v € L?(Q,G,P; H) be two H-valued random variables. Then the covariance of u and v is
given by
C(u,v) =E[u®v] —E[uQE], (A6)

where u (w) ® v (w) € L (H, H) is a linear transformation of H into H defined for any f € H as

(u@v) f=ulv,fly-
It is easy to check that the adjoint C (u,v)" = C (v,u) and C (u,u)” = C (u,u) is self-adjoint since

<f7 (U®U)9>H = <u7f>H <U79>H

Notice that if H = R? is finite-dimensional, for any z,y € L? (Q, g,Pp; Rd), @y = 2yT € R4¥¢ then the covariance
C(x,y) € R¥*4 becomes the d x d matrix

C(r,y) =E[zy"| —E[z]E[y]" =E[(z —E[2]) (y —E[y])T].

Then, we call the u; (w) from [0, 7] x Q to H an H-valued stochastic process. An infinite-dimensional H-valued
Wiener process W; can be defined accordingly and the It6 integral can be generalized to infinite-dimensional Hilbert
space accordingly (see Chapter 2 of [44] with precise validations). Therefore, the signal process u; of filtering can
be given by the following H-valued SDE

dut = Atutdt =+ Qtth, Ut=0 = UQ, (A?)

where A, € L™ ([0,T]; L (H, H)) is a regulated mapping of [0, 7] into £ (H,H) (which is further generalized to
unbounded operators in [I1]) and Q; € L?([0,T]; L (H, H)), and W; is the H-valued Wiener process. It can be
shown (Theorem 2.13 in [44] and Theorem 5.1 in [20]) that (A7) has unique solution in L? (Q, G, P; H) with initial

value E [|u0|§4 < 00. The observation stochastic process y; € RP can be generated by the SDE

dyt = ’Htutdt + dBt7 Yt=0 = Yo, (Ag)

where H; is a linear mapping of [0, T] into £ (H,RP?), and B, is the Wiener process in R? independent of W;. The
infinite-dimensional filtering problem can be then described as: given ys, s < t, determine the optimal estimate
of u; that minimizes

B |lu—olf], ve L (@GP H), (49)

where G; = o {ys, s <t} is generated by the observations up to time ¢.

Finally, in parallel to the Kalman-Bucy filter [A4]) in finite-dimensional space, similar result can be extended to
the above infinite-dimensional filtering problem (A7) and (AS]). Below, we summarize the main results in Theorem
7.10, 7.14 of [20].

Theorem 14. The optimal filter solution 4, of (A9) exists and is unique, which satisfies the following infinite-
dimensional SDE
dﬁt = Atﬂtdt + ICt (dyt - Htﬁtdt) y ﬂt:O = Uug, (Al())

where Ky = CeHF € L(RP, H) with H; the adjoint of Hy. And the covariance operator Cy = E [(uy — 1) ® (ur — )]
satisfies the following Riccati equation

Co = Ay + CLA; — KiK; + ©1Q;,  Cieo = C (ug, uo) - (A11)
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A.3 Kalman-Bucy filter with conditional Gaussian processes

The linear Kalman-Bucy filter can be generalized to nonlinear filtering accepting the conditional Gaussian processes
[36]. The conditional Gaussian process (v¢,y:),0 < t < T is given by the solution of the following coupled equations

dvg = [Fy (ye) ve + fe (yo)] dt + Xed Wy, v4—o = o, (Al2a)
dy: = [He (ye) ve + he (y)] dt + T4d By, ye=0 = Yo, (A12b)

where Wy, B; are mutually independent standard Gaussian white noise processes, and the initial states (vg, yo) are
random variables independent of W;, B;. In general, v; € R? represents the signal process and y; € RP represents the
observation process. The functions f;, F; and h;, H; are globally Lipschitz continuous and uniformly bounded on the
observed state y; over the time interval 0 < ¢ < T. Assume that the sequence (v¢,y;) is obtained from a realization
w and the initial condition, {vg,yo}. We can then define the observation sequence Y; = {y; (w),s <t} as well as
the unobserved target signal v; = v; (w). The above system (AI2) is called the conditional Gaussian process since
the conditional distribution p; = P (v € - | Y;) given Y; becomes a Gaussian distribution a.s. if po =P (vg € - | yo)
is Gaussian (Theorem 12.6 of [36]).

Next, let G; = 0 {ys, s < t}, and define the mean &, = E [v; | G;] and covariance C; = E [(v; — 0;) (v, — 0,)7 | Gi]

w.r.t. the conditional Gaussian distribution p; = N ( oy, ) . Then, it shows that the explicit dynamical equations

for (f;t, C’t) can be derived based on the conditional Gaussian process (A12). As a result, filtering equations

from the linear Kalman-Bucy filter (Ad]) can be directly applied to the conditional linear system regardless of its
essentially nonlinear dynamics. The equations of the conditional Gaussian processes and the uniqueness of the
solutions are proved under suitable conditions for the model coefficients in Chapter 12 of [36]. We summarize the
results according to Theorem 12.7 of [36] for the nonlinear conditional Gaussian filter.

Theorem 15. The conditional distribution p: of the stochastic processes vy given Yy from (AI2) is Gaussian,

N (f}t, C’t> Then, with T4T'] = 0 and the initial mean and covariance 170,6'0, the solutions for the mean v, and

covariance matriz Cy are uniquely given by the following closed equations
doe = [Fy (ye) 0 + fe (ye)] dt
+ Ky () (DT ™ {dye — [Hy (o) 60+ by ()] dt} (Al3a)
dC, = [Ft (ye) Co+ CoFy (y)T + %37 | dt
= K () (NT]) 7 KT () dt, (A13b)

where Ky (y:) = C, (y¢) Hy (y¢)T. The matriz C, will remain positive-definite for all 0 <t < T if Co = 0.

B Detailed proofs of theorems

Proof of Lemmall. First, consider the model (2.7) without the relaxation term in Ry, that is, set ¢! = 0. Applying
Itd’s formula for Z; with any test function ¢ € C? (Rd) gives

dgﬁ (Zt) :,C (1_1,,5, Rt) (2 (Zt) de¢ + V(p (Zt)T Etth
=V (Z)V L () Zy + T' (Z: Z] — Ry)] dt (B1)
1
where £ is the generator of Z;. Given any statistical solution (%, R:) and taking expectation using ¢ (Z) = Z, the
equation for the first moment of Z; can be found as

SE(2) = [L@)E (2] + I (EZ.2]) - R). (83)
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Next by taking ¢ (Z) = ZxZ;, we have

d(Zk.iZiy) = Z [Lim (U1) Zim.tZit + Zit Zon,t Lim, ()] At + oo, 1 i, edt

m

+ Z Ymnk (Zm,th,tZl,t - Rmn,tZl,t) dt + Ymnl (Zm,th,tZk:,t - Rmn,tZk:,t) dt

m,n

+ Z Skmt Z1 AWt + Eim e Zi 1 AW ¢

This implies the second moment equation of Z; as

d
EE (Z:2]] = Z [Lim (0) E[Zm1Zi4t) + E[Zk.t Zm i) Lim ()] dt + 3,257 (B4)

+ ) Vmnk (B[ Zm.tZn e Z14] = Ronn aB [Z04]) At + Yt (B [Zin 1201 Zk 4] — R 1B [Z 4]) dt.

Assuming E[Z;] = 0 and E[Z;Z]] = R; for any time instant ¢, first we see that the right hand side of (B3)
will always stay zero. Then, with the same statistics in the third moments of Z;, the right hand side of (B4)
becomes equal to the right hand of the statistical equation of R in (217) with (Z38). Uniqueness of solution in the
statistical equations given the same initial values implies that the leading two moments of Z; satisfy E [Z;] = 0 and
E [ZtZ;r] = Rt for all t > 0.

Finally, by adding the additional relaxation term, ¢! (E[Z;Z]] — R;) in the dynamics of R;, the statistical
consistency condition (23] guarantees R; = E[Z;Z]] for all the time. Thus this term gives zero contribution, so
the model (Z7)) will also produce the same statistical solution. (]

Proof of Proposition[2. First, consider Ey (u;) with any test function ¢ € C? (Rd) w.r.t. the PDF p; for the state
of the original system (I)). It0’s lemma shows that

dEp (uy)

TR E [(Aut + B (ug,ur) + Fy) - Voo (ug)] + %E [owo] - VV@ (u)],

where A: VVf =3 amn0u,, Ou, f. By taking ¢ = u and introducing the decomposition v’ = u—Eu = >, u} 0%
with uj , = Oy - uy, we have

dIEut
dt

= E[Aus + B (u,u) + Fi]
= ABu; + B (Bu, EBu) + > B [uj, qu; | B (ik, 01) + Fy. (B5)
k.l
Above, we use the bilinearity of the operator B and Eu’ = 0, such that
EB (u,u) = EB (Eu + v/, Eu + )
= E[B (Eu,Eu) + B (Eu,u’) + B (v/,Eu) + B (v, u)]

= B (Eu,Eu) + EY " B (uj, 0, uj i)
Kl

= B (Eu,Eu) + Y _E [uf ,uj ] B (0, 1) -
Kl
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Similarly, by taking ¢ = (9 - uj) (u} - &) = u,T Auj with A = §,0], we find

L [uf 0] =B [ + B () + F) - (A+ ATy ) + Sovo] : (A -+ AT
=E [(uf - 01) (0] Aup) + (uiT ATor) (0 - up)]
+E [61 - B (Bu,u) up; + 0% - B (Bu,u')up ] + E [0 - B (W, Eu)uy,, + 0 - B (u, Eu) uy,]
+E [B (u;,u;) . (ﬁluﬁm + ﬁkuft)] + (o - 0x) (01 - o)

= Z AUm tu;,t] +E [u;ctu;nt} (ﬁlTATﬁm) + (o¢ - 0x) (01 - 04) (B6)
+ Z [0 B (B, ) E [0, yup ] + E [ug ul, ] 9] B (Eu, o))
+ Z [0 B (0, Eu) E [u,, yuj ] + E [uj qul, ] 9] B (6m, Bu)]

+ Z OF B (0, 0n) E [ug yun, jur, | + 07 B (0p, 0n) E [uf, yur, up, )] -

Above in the second equality, we use the projection of modes (A + AT)uy = (00 + 0x0]") uy = Oy, , + Ouy, ,, and
the bilinearity of the quadratic operator B; and in the third equality, we use the decomposition of fluctuation modes,
up = Y-, up Op. We find the coupling operator Ly, = (0{A0y) + 0] B (0m, Eu) + 0f B (0, Eu), the third-order
coupling coefficients Yk = 0F B (O, 0p), as well as the noise term (oy - 0x,) (91 - 0¢).
In addition, by subtracting the mean equation (B3] from the original system (L)), we find the SDE for the
stochastic state
du;y d

dt = & (’U,t — Eut) =Aut =+ B (ut,ut) + O'tWt

— AEu; — B (Eu, Eu) Z E Uy, tun t B (O, 0n)
=> by [Ny + B (Bu, ) + B (0, Eu)]

+ Z [U;n,tu;z,t —E [u;ntu;lt]] B (0, 0n) + a W,

Again in the second equality, we use the spectral decomposition of the fluctuation state Uk,t = uj} - 0. By projecting
the state u} on the basis 0y, we have

du’ .
at Z L ( Eut) Uy, ¢+ Z"Ymnk Uy, tun +—E [U;ntu;zt” + @ZUtWta (B7)

m,n

with the same parameters Ly, and vm,ni defined before. The generator £} of u} can be written as

LY (py) ZLkm (Buy) u mt T Z”Ymnk (U;n,tuil,t —-E [u;ntu;t]) -V + ;EtET VurVar,

m,n

where L} is dependent on p; in computing the expectations.
Next, we consider the closure model ([Z7) without the relaxation term

di
% = Aty + B (U, ts) + Qum (E[Z; ® Z4]) + Fi,

=L () Re + ReL (4r) + Qo (B [Z: ® Zy @ Zy]) + 22T, (BY)

d
dt

aR,
dt

—E[p(Z)] =E[Ls (us, Re) ¢ (Z4)] -
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where L is the generator from ([2I5) defined from the McKean-Vlasov SDE of Z;
1
Et (’at, Rt) = [L (’at) Zt + F (ZtZ;r — Rt)] . Vz + 52152; . VZVZ.

The closure terms Q,, and @, in (2.8) have exactly the same structure as that in the original system derived in (BB
and (Bf). In addition, by comparing the above SDEs (B7)) and (23], it is realized that their generators, £¥ (p;)
and Ly (u, Ryt), share the same dynamical structure with the dependence on the first two moments w.r.t. p; and
the statistical solutions ¢, Ry in (BS). Therefore, at any time instant ¢ if we assume consistent statistics

Ep, [wi] = e, By, [(ug - k) (u; - 01)] = Ryar,

(ga)]

the right hand sides of the original model (Bf), (Bfl), and (B7) become the same as that of the closure model
(BY). Starting from the same initial condition with uniqueness of the solution, it directly implies that the statistical
solutions of the two systems (LI)) and (BS) will remain the same during the entire time evolution. (]

as well as

Ep, [0 (u)] = E

Proof of Lemma[f We rewrite the filter model (BI8) for Z; by substituting the explicit equation for the observation
process, dy; = [Hpe + he (y2)] dt + I'vd By, in (B.3)

a7, = ay (Zt) at + K, (Zt) { [’Hpt —H (Zt)} dt + T4dB; — FtdBt} .
By applying It6’s formula on the above SDE, we have for ¢ € C} (Rd)
de (Z) =V [(at - K; (H (Z) + hy (yt))ﬂ di
— V- K TwdB; + Vo - Kidy; + K:T2K] : VVdt, (B9)

where we define A : VVp = Z;‘i,jzl Aij0;2;p and take the convention (Vf),; = 0., f; for the gradient of vector-

valued functions f € C* (Rd; R”). Notice that above the coeflicient in the last term is 1 considering the additional
contributions from the independent white noise process I''d By = dy; — [Hp: + he (y)] dt in the observation process
besides the original dB;, that is,

1 |
5VVe:d <KFB, KFB> +5VVp: d(KTB,KTB), = VVp: KiL{K]dt,
t

where we denote (M, N), as the Meyer’s process of two martingales M; and N;.
First, by taking ¢ (z) = H (z) and taking expectation E w.r.t. p; conditional on Y; = {ys,s < t} € G;, we have

dEH (2,) =E [vH (Zt)T a]dt—& [VH (Zt)T Ky (Hy+ H] + by ()] dt
+E[VH (Zt)T K| dy, + B[k 3 K] -9V H (2,)] at
=k [vH (Zt)T a]dt+ B [K3K] - VVH (2,)|dt B [vH (Zt)T K H{| dt (B10)
+ B [VH (2) 1] {dye — [H+ b ()] dt}

In the first line above, we split H (Zt) =H, + H]. Notice that the observation process y; € G; can be brought out
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of the expectation E[] = E[- | G;]. Using the first identity in (32I) for ay, there is
E [VH (Zt)Tat] :/VH (2)T [V - (K,T2K]) — K,T2V - KT oy (2) dz
:/VH (2)7T [V (0K TIK]) — K\ DK Vp — K TPV - Kl py] dz
/VVH (KK )ptdz—/VH )T K2V - (5 K] ) dz

=& {(Kterg) . VVH (Zt - /VH (2)T K. L3V - (5 KT de.

Then using the second identity in 3.21]) for K; and denoting H, = H — Hj, the last term above gets simplified to
—/VHTKtI‘fV (peK])dz = /VH;TKtﬁtHgdz =E [VH, K, H]] .
With the above identities, first line of (BIO) becomes zero. Further with the second identity in (3:21)) for K}, there
) B(rve) =108 (1 (2) ~B) v ()],
for any regular function v with Ey = 0. By taking v = H — H,, there is
E[va (Zt)T K| =&[(H(2)-m)(H(2)- Htﬂ -2 = CHT; 2.

This gives the equation for H; = EH (Zt)

Next, we take ¢ (z) = Hy (2) H; (z). For the convenience of computation, we separate the mean state H; as
¢ (2) = [Hie + Hy (2)] [Hie + Hj ()] = Hy, (2) Hf ; (2) + Hy o Hf (2) + Hy (2) Hip + Hy  H g

The last term above is independent of z, thus will vanish after applying It6’s formula (B9). We have for the first
term on the right hand side

aE [my, (2:) Hi, (Zt)] BV (H),,H],)" [(a0 — K¢ (Ho+ H, + he ()] dt

E [V (H, H,)" K| dy, + E [K,T{K] - VYV (Hj H] )] dt

E [V (H,H))" a;] dt + E [K,7K] - VV (Hy H],)] dt (B11)
E [V (H; H,)" K| {dy: — [H; + by (y)] dt} —E [V (Hj,  H],)" K. H]] .

Using the identifies (B21]) for a; and K, again we can find
E [V (H,,H,) a] = -E[K,?K] : VV (H, H],)] - /v (H, H],)T KTV - (5 K]) dz
~E [K,T{K] : VYV (H| H] )] +E[V (H, H],)" K:H]].

~ T _
Therefore, we have dE [H,’C)tHl t} = (H,’”Hl’t) Kt} {dyt - [Ht + h (yt)} dt}. Further, using the identity for

K., the coefficient becomes third moments of H!
E [V (H, . H,)" K] = / V (Hy Hi,)" Kipdz
—— [ (1, 88) (7 (KD =
_ / (HL L H) [p02 (H (=) — H,)]" de

=E[H] H HT| T2
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Similarly, by repeating the same procedure for Hy, . H] (z), we have

A& [, 01] ()| = B[V (HaH],) Ko {dye— [+ e (90)] )

[Hl tH } ;2 [dyt — (Ht + I’Lt) dt} Hk,t-

E
And similar result can be achieved for E [H ! ( ) Hl,t:|-

Finally, applying It&’s formula for H;H] where dH; = CHT;? (Hpt - ﬁt) dt + CHT;'dB; as we have derived,
there is,

d(HH) = (dH,) Hf + H, (dH]) +d(C"T~'B,C"T'B),
=CHT? [dy, — (Hy + hy) dt] HT
+ Hy [dy] — (Hy +he)" dt] T2CF
+CHT2CHat.
Notice again that the white noise process, CH/ T, LdB,, gives the last term in the first equality above. Putting all
the above equations together, we get the equation for dCH = dE [H (Zt) H (Zt)T:| —d (HthT) where ngt =
E[Hj Hi ) O

Proof of Proposition[I0l. According to (5.4) with K = KI'~2, we need to show
—V- (K7p) HT = pH'HT = E[RTVH| =E[H' (H + H')"] =",
according to the specific expressions H = H™ and H = H". First, we can compute
V. H" =2A1z, V.H,, =220Ap2+ (2TApz) d45é;.
Above in H" for simplicity, we only compute half of the symmetric function and é; is the unit vector with value 1

in the j-th entry.
From direct computations for H™ and using H}" = 2T Az, we have

_OHM 1 -
Xj: Jk 3;]_ =3 (27 Ayz) — H}'] zj:zﬂ(Alz)j

= [(zTApz) — H"| (:TA1z) = H{ H]".

Similarly for H", we can compute
OH?

K? Pa
Z gkl aZJ

J

[(2TApz) 2 — Hy) Z Zj [22(1 (Apz); + (2T Ap2) 5(14

_ 1 _
[(2TAkz) 2 — Hyy| (27T Ap2) 24 + 3 [(2TApz) 2 — Hy| 24 (2T Ap2)

1
3
2
3 —
= [(zTArz) 2 — Hyy| (2T Apz) 2y = HY HY,.

This finishes the proof. O

Proof of Proposition[I2. First, consider the mean equations from the same initial state, we have
t t
AT gy = / (a1 (ahh) = M (@) ds + / [Fye) — Fs] ds
0 0

+ /0 () - ] ds
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Therefore, using Holder’s inequality and Lipschitz condition for M there is

Int

_N,T 2

9 T
Esup |u, " —uy| < 3T[3E/ ﬁiv(;—) — Ug| ds
t<T 0
T 2

+ 3TIE/ ‘<Hm,ﬁ{j(s)> —(H™, 5| ds + Cpr
0
T _N,T — 2 m2 03 2

< Esup |a, " —ty| ds+ Cor ||H HOO+W||Hm||oo' (B12)

0 s'<s

he first term above on the right hand side, we follow the same procedure to estimate the error in the corresponding
—“N,T

continuous solution 4" compared to the time discretization solution ug(’;)

2 2 9 ,
’ﬁiv(x;')—ﬂs aiv(’;')_ﬂévﬁ +"ﬁév’7—@5‘ SCTHHmHio'i“ﬂév’T_as‘

And in the second line for the term related to H™, combining the discrete time estimate with (5.8)) gives

- |2 Cr 2
E |su ’Hm, Ny — (H™, ”§<CT2—|——> H™|| .
ng < P )> (H™, pt) v ) ™

Therefore, applying Gronwall’s inequality to (BI2), we get the mean estimate in (5.1T).

for

Using the uniform boundedness of @, R; and (5.8) for H" together with the previous estimate for E sup, <

we

Next, under a similar fashion, we can compute from the covariance equation and using the Lipschitz condition
L

N,T 2 _ 2 T N,T 2

Esup |R, ™ — Rt‘ < C1SEsup ||ae |2, ‘RU(S) — Ry| ds

t<T t<T 0

2
ah = ] sup|| Rogo[
t<T

+ C56E sup
t<T

T 2
+ CgIE/ ‘<H”,pf,v(s)> (il 5| ds+ .
0

_N,T =
ug(t) Ut

reach the final covariance estimate in (G.1T).
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