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Abstract: We show that given a Frobenius algebra there is a unique notion of its sec-
ond quantization, which is the sum over all symmetric group quotients of n tensor
powers, where the quotients are given by symmetric group twisted Frobenius algebras.
To this end, we consider the setting of Frobenius algebras given by functors from geo-
metric categories whose objects are endowed with geometric group actions and prove
structural results, which in turn yield a constructive realization in the case of n' tensor
powers and the natural permutation action. We also show that naturally graded symmet-
ric group twisted Frobenius algebras have a unique algebra structure already determined
by their underlying additive data together with a choice of super—grading. Furthermore
we discuss several notions of discrete torsion and show that indeed a non—trivial discrete
torsion leads to a non—trivial super structure on the second quantization.
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Introduction

In “stringy” geometry evaluating a functor from a geometric to a linear category on a
group quotient is generally a two step process. The first is to evaluate the functor not
only on the object, but to form the direct sum of the evaluations on all of the fixed point
sets. The new summands corresponding to group elements which are not the identity are
usually named twisted sectors. The second step is to find a suitable group action on the
twisted sectors and take group invariants.

If the objects in the linear category also have an algebra structure there is an additional
step, i.e. to find a new algebra structure that is not the diagonal one which is canonically
present, but a group graded one.

If there is also a natural pairing such that the original functors have values in Frobe-
nius algebras, then the result of the “stringy” extension of this functor should have values
in G—twisted Frobenius algebras which were introduced for this purpose in [K2].

In particular, the question of importance is the step of finding the suitable multipli-
cation. The theory of G—twisted Frobenius algebras is exactly tailored to classify the
possible multiplicative structures.

We address this matter in the present paper once more in the general case of inter-
section Frobenius algebras and in the special case of symmetric group quotients which
are naturally intersection Frobenius algebras.

The class of intersection Frobenius algebras incorporates the fact that all geometric
construction of Frobenius algebras via functors from geometric categories with geomet-
ric group actions actually have a much richer structure which can be used to provide
further constraints on the nature of the twisted multiplication.

We apply these general results to the case of symmetric group quotients of powers
of Frobenius algebras.

The main result here is that there is a unique multiplicative structure that makes the
canonical extension of the n'™ tensor power of a Frobenius algebra into a symmetric
group twisted Frobenius algebra.

This uniqueness has to be understood up to a twist by discrete torsion which is always
possible and up to a super re-grading. The former is parametrized by Z2(S,,, k*) and up
to isomorphism by H>(S,,, k*) = Z/2Z and the latter is also a choice in Z/2Z which
renders everything either purely even or super—graded.

This result should be read as the statement that there is a well defined notion of
second quantized Frobenius algebra. Recall that in the spirit of [DMVYV, D1] second
quantization in a monoidal category with a notion of symmetric quotients is given by:

Second quantization of X = exp(X) =), X*"/S,,
where S,, acts by permutations on the factors and the sum may be formal or contain
a bookkeeping variable (e.g. ¢). From our result, we expect that one can also easily
derive a definition of second quantized motives. All the objects are powers of the original
object and the morphisms are given by structural morphisms. It would be interesting to
explicitly see the multiplication in terms of correspondences.

Furthermore we discuss several notions of discrete torsion and show that indeed a
non-trivial discrete torsion leads to a non—trivial super structure on the second quanti-
zation.

The paper is organized as follows. In §1 we review our definitions of [K2, K3] of
G-twisted and special G-twisted Frobenius algebras. In the latter the multiplication
and group action can be described by group cocycles and non—abelian group cocycles,
respectively. Besides fixing and recalling the notation and definitions, we add several
useful practical lemmas as well as a new description of the non—abelian cocycles in terms
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of ordinary group one—cocycles with values in tori. The second paragraph contains the
functorial setup of the general question posed in the introduction, i.e. to identify the
underlying additive data and the possible extensions of this data by “stringy” product to
the right type of group quotient algebra.

In §2 we also introduce the notion of intersection categories, which reflect the geomet-
rical setups with geometrical group actions which are used for the known construction
of Frobenius algebras such as cohomology, quantum cohomology, singularity theory,
etc. This setup is carried over to the Frobenius side in §3 where we prove general results
about the structure of the cocycles in the special G—twisted Frobenius algebra case.
These results are also the key to understanding the second quantization. Furthermore we
introduce the notion of algebraic discrete torsion, which generalizes the case of discrete
torsion for Jacobian algebras of [K3] and provides the discrete torsion that is linked to
the super—structure of second quantization.

In order to give a clearer view of the geometry involved in the second quantization,
it is useful to also consider the case of Jacobian Frobenius algebras and their second
quantization. The relevant notions of Jacobian Frobenius algebras are recalled in §4.

We then start our consideration of S, —twisted Frobenius algebras. Section 5 contains
general results about these structures. The main results of this section are the classifica-
tion of possible non—abelian group cocycles and the uniqueness (up to normalization)
of “stringy” products given a group grading compatible with the natural grading on S,,.
Before applying these results to general symmetric powers, we work out all the details in
the case of the n' tensor power of a Frobenius algebra in §6 and also show the existence
of the natural S,,—twisted Frobenius algebra based on the n'" tensor power. Here we also
recover the known discrete torsion corresponding to the non—trivial Schur multiplier.

Using the geometric insight of the previous paragraph we turn to the general case
of the n'" tensor power of a Frobenius algebra in §7 and show that there is a unique
(up to a choice of parity for the group action) natural extension of n'™ tensor power to a
S, —twisted Frobenius algebra, establishing the existence of second quantized Frobenius
algebras. There are two versions, a purely even one and supersymmetric one. Passing
from one to the other can be viewed as turning on a natural algebraic discrete torsion.
Lastly, we relate our results to the ones of [LS].

There are also two appendices. The first contains a key result on the possible form
of non—abelian S,, cocycles and the second contains the detailed version of the proof of
normalizability of §5.

Notation

We denote by n := {1, ..., n}. Furthermore, we fix k to be a field of characteristic 0.
The reader can think of C if he or she wishes. The theory is the same if k is a super-
commutative Q algebra and (super-)vector spaces and dimensions are replaced by free
modules and ranks. Finally, if we fix a group G then all remains true for a field of a
characteristic coprime to |G]|.

1. Orbifold Frobenius Algebras

Recall the following definitions first presented in [K2] and contained in [K3].
We fix a finite group G and denote its unit element by e.

1.1. Definition. A G-twisted Frobenius algebra (or G-Frobenius algebra for short)
over a field k of characteristic 0 is < G, A, o, 1, n, ¢, x >, where
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G finite group

A finite dim G-graded k—vector space
A= @gEGAg
A, is called the untwisted sector and
the Ag for g # e are called the twisted sectors.

o a multiplication on A which respects the grading:
0:A; ® Ap — Agp

1 a fixed element in A,—unit

n non-degenerate bilinear form
which respects grading i.e. n|a,g4, = 0 unless gh = e

@ an action by algebra automorphisms of G on A,
¢ € Homy_44(G, A), s.t. 9g(Ap) C Aghg—]

X a character x € Hom(G, k*)

satisfying the following axioms:

Notation. We use a subscript on an element of A to signify that it has homogeneous
group degree —€.g. a; means ag € A,—, and we write ¢, := @(g) and x, := x(g). We
also drop the subscript if a € A,.

a) Associativity
(ag o ap) o ay = ag o (aj o ay)

b) Twisted commutativity
ag o ap = @g(ap) o ag

¢) G Invariant Unit:
loag=agso0l =a,
and
(1) =1

d) Invariance of the metric:
n(ag, ap o ar) = nlag o ap, ax)

1) Projective self-invariance of the twisted sectors

¥glAg = Xg lid

ii) G-Invariance of the multiplication
vk (ag o an) = ¢r(ag) o ek (an)

iii) Projective G—invariance of the metric
HOED o

iv) Projective trace axiom
Ve € Afg,p and [, left multiplication by c:
XnTr(le@nla,) = Xg-1Tr(@g-1lclay).

An alternate choice of data is given by a one—form ¢, the co—unit with € € A% and a
three—tensor (-, -, -) € A*QA*QA* whichis of groupdegreee,i.e. (-, -, MNaea,04, =0
unless ghk = e.

The relations between 1, o and €, u are given by dualization.

We denote by p € A, the element dual to € € A% and Poincaré dual to 1 € A,.

In the graded case, we call the degree d of p the degree of A. This means that 7 is
homogeneous of degree d.

1.2. Super-grading. We can enlarge the framework by considering super—algebras rather
than algebras. This will introduce the standard signs.
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The action of G as well as the untwisted sector should be even. The axioms that
change are

b?) Twisted super—commutativity
ag o ap = (=1)%% gy (ap) o ag

iv?) Projective super—trace axiom
Ve € Alg,n and [ left multiplication by c:
xnSTr(egnl a,) = xg1STr(@g1cla,),

where STr is the super—trace.
Here we denoted by a the Z/2Z degree of a.

1.3. G—graded tensor product. Given two G-Frobenius algebras (G, A, o, 1, n, ¢, x)
and (G, A’, o, 1,1/, ¢', x") we defined [K1] their tensor product as G—Frobenius alge-
bras to be the G—Frobenius algebra

(G, Dyec(Ag® A, 0@, 11, @10, 0 ®¢", x ® x').

We will use the short-hand notation A®A’ for this product.

1.4. Grading and Shifts

1.4.1. Notation. We denote by p, € A, the element defining 1, and by d, := deg(p,)
the degree of Ag and s, := deg(1,) will be called the degree shift. We also set

+._ 1 -1 -1 -1
sg = 5(s(g)+s(g ) s = E(s(g)—s(g )

the degree defect.
Notice that d = d, if d denotes the degree of A given by 7.
By considering ’I|Ag®Ag71 we find:

1.4.2. Lemma [K3]
s =d —dj.

Notice there is no restriction (except anti-symmetry) on s .
The shift s~ is not fixed, however, there is a standard choice provided there exists a
canonical choice of linear representation of G.

1.4.3. Definition. In the case that k = C the standard shift for a G—Frobenius algebra
with a choice of linear representation p : G — GL, (k) is given by

sg =d —dy

and

oo

L tonte 1 e LS e S (o
Sg t 2m.tr(10g(g)) tr(log(g™)) := zni(Xi:kl(g) Xi:kl(g )

1
> (G2 =D,

i1 70
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where the A;(g) are the logarithms of the eigenvalues of p(g) using the branch with
arguments in [0, 21) i.e. cut along the positive real axis.
In total we obtain:

1 _ 1 ! !
Sg = E(s; +55) = E(d —dg) + Z (%)\i(g) - §)~
i 70

1.4.4. Remark. This grading having its origin in physics specializes to the so—called age
grading or the orbifold grading of [CR] in the respective situations.

1.5. Special G Frobenius algebras

1.5.1. Definition. We call a G-Frobenius algebra special if all A, are cyclic A, modules
via the multiplication A, ® Ag — Ay and there exists a collection of cyclic generators

1y of Ag such that o (1p) = Qg nlgpe-1 with gg.n € k™.

The last condition is automatic, if the Frobenius algebra A, only has k* as invertibles,
as is the case for cohomology algebras of connected compact manifolds and Milnor rings
of quasi-homogeneous functions with an isolated critical point at zero.

Fixing the generators 1, we obtain maps rg : A, — Ay by setting rg(a.) = a.lg.
This yields a short exact sequence

0> I, > A, -5 A, — 0. (1.1)

It is furthermore useful to fix a section ig of r,.
We denote the concatenation 7, :=ig 0 ig.

1.5.2. Special super G—Frobenius algebra. The super version of special G—Frobenius
algebras is straightforward. Notice that since each A, is a cyclic A,—algebra its parity

is fixed to be (—1)8 := 1; times that of A,. L.e. ag = iz (ag) 1, and thus a, = ig(ag)lz,.
In particular if A, is purely even A is purely of degree g.

1.5.3. Frobenius algebra structure on the twisted sectors. Recall that the A are Frobe-
nius algebras by the multiplication

ag 0g by = ig(ag)ig(by)ly (1.2)
and metric

Nglag, be) :=n(igag)le, ig(bg)ly-1). (1.3)

1.5.4. Definition. Given a Frobenius algebra A, and a collection of cyclic A,—modules
A, : g € G agraded cocycleisamap y : G x G — A, which satisfies

v (g, Wy (gh, k) =y(g, hk)y (h, k) mod Igpy.

Such a cocycle is called section independent if

(g + In)yg.n C Ign-
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Two such cocycles are considered to be the same if y, , = yé . mod gy and iso-

morphic, if they are related by the usual scaling for group cocycles.
Given non—degenerate pairings ng on the Ag, a cocycle is said to be compatible
with the metric, if

Folg) =y (g, 871,

where T is the dual in the sense of vector spaces with non—degenerate metric.

1.5.5. The multiplication. Fixing a cyclic generator 1, € A, the multiplication defines
a section independent graded cocycle y compatible which is compatible with the metric.
The cocycle y is defined via
Lglp = Yenlgn.
The section independence follows from the fact that
(Ig + In)venlgn = (g + In)1glp = 0.
In general, the multiplication is thus given by
agbh = ig(ag)ih(bh)yg,h lgh (1.4)

for any choice of sections i,.

The compatibility with the metric follows from the following equation which holds
foralla € A,:

N(Vg o-1,@) =nlalg, Lo-1) = n(rg(a), Ly-1) = ng(lg, re(a)) = n(Fg(ly), a).

1.5.6. The G—action on the twisted sectors. Consider a non—abelian cocycle ¢ which is
defined as amap G x G — k* satisfying:

Pghk = Pg hkh—1Ph k (1.5)
and
Ye.g = Wg.e = 1, (1.6)

where we used the notation ¢g , = ¢(g, h)
The G—action defines such a cocycle via

g(1n) = @g.nlgpg-1, (1.7)
and in general the G—action is reduced to the one on the non-twisted sector via
@g(an) = @(&)(in(an))pg.nlgpe—1 (1.8)

for any choice of sections ij.
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1.5.7. The compatibility equations. The cocycles furthermore satisfy the following two
compatibility equations:

gpg,hJ/ghg*',g = VYg.,h (19)

and

Pk, g Pk,hVigk—1 khk—1 = Pk (Vg,h)Ph,gh- (1.10)

We call a pair of a section independent cocycle and a non—abelian cocycle compatible
if they satisfy Egs. (1.9) and (1.10).

1.6. Definition. A special G reconstruction datum is a collection of Frobenius algebras
(Ag, ng, 1g) : g € G together with an action of G by algebra automorphisms on A, and
the structure of a cyclic A, module algebra on each A, with generator 14 such that Ag

and Ag_l are isomorphic as A, modules algebras.

1.7. Theorem (Reconstruction [K2]). Given a special G reconstruction datum the struc-
tures of special G—Frobenius algebras are in 1-1 correspondence with compatible pairs
of a graded, section independent G 2—cocycle with values in A, that is compatible with
the metric and a non—abelian G 2—cocycle with values in k*, satisfying the following
conditions:

i) Pgg = Xg_ly

ii) ne(pg(a), 9g (b)) = xg *ne(a, b),
iii) The projective trace axiom Nc € A[q ) and I left multiplication by c:

xnTe(lepnlay) = xg-1Tr(@g-1lc|a,). (1.11)

1.8. Rescaling. Given a special G-Frobenius algebra, we can rescale the cyclic genera-
tors by A4, i.e. we take the same underlying G-Frobenius algebra, but rescale the maps
rg to 7o with T, = 7o (1) = Ag1,. We also fix A, = 1 to preserve the identity.

This yields an action of Map,,inced spaces (G+ k*) on the cocycles y and ¢ preserving
the underlying G-Frobenius algebra structure.

The action is given by:

- )\g)\h
Yg.h /> Veg,h = Iy Ye.h»
gh
. A
Pg.h > Qg.n = Y Deg,h- (1.12)
ghg™!

1.8.1. Remark. We can introduce the groups associated with the classes under this scal-
ing and see that the classes of y correspond to classes in H>(G, A). We can also identify
the non—abelian cocycles ¢ with one—group cocycles with values in k*[G], where we
treat k*[G] as an abelian group with diagonal multiplicative composition

Q_he8) - Q_mnh) = hgitgg (1.13)
8 h 8
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and G-action given by conjugation:

s@O_anh) =) rnghg™. (1.14)
h h

This is done as follows:
We view the collection ¢, . as an element of k*[G] via

0g =Y penghg™, (1.15)
h

then

Vgn = S(Q)Pn * Yg.

Indeed

s(@)¢n - wg—s(ngwhkhkh ) - Zfﬂgkgkg :
=Z¢h,kghkh‘ g Z(nggkg '
k
= Ph kg pin-1 ghkh ™' g™
k

= genk (ghk(gh)™".
k

In this identification, equivalence under scaling corresponds to taking cohomology
classes.
The trivial cocycles are of the form s(g)a - a~! witha = D Mg 8

s@aa = pashs™ P oith =3 = (1.16)
h

Hghg=1

and

-1

=g - (s(g)a-a™")

Ge =D Penghe™ = wenghg™ D~ il

ghg
n n ghg™!

(1.17)

witha =), Aph.

It is clear that we could also take logarithms of the ¢ and then we would get cocycles
with values in k[G], but there is the problem of choosing a cut as it manifests itself in
the setting of special G—Frobenius algebras in the definition of the degree shifts.

1.8.2. Lemma. Let A and Ag be a graded Frobenius algebras with the top degree of
Ag being dg then for a section independent cocycle y, -1 C L C A, with dim(L) =

. d .
dim(Ag*), where the superscript denotes a fixed degree.
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Proof. By section independence

Igyg -1 =0.
Thus

. _ ot
Vg1 € (ig(Ag)") 7%,

where * is the dual w.r.t. the form 5 and we use the splitting induced by the sections i
(N.B. if 7 is also positive definite, we could use an orthogonal splitting)

AR =TE @ (ig (A, (1.18)
and superscripts denote fixed degree. Furthermore
dim((ig(Ag)*)%) = dim(ig(Ag)%) = dim(A%) — dim(/,)
= dim(A%) — dim(Ker(rg)| 4d) = dim(Im(rg)| 4a,) = dim(Agg),

where we used the non—shifted grading on A,. Thus y, ,-1 is fixed up to a constant.

If dim A, = 1 then y, ,-1 is fixed up to normalization by the condition of section
independence. The freedom to scale y, ,-1 is the same freedom one has in general for
choosing a metric for an irreducible Frobenius algebra. Recall that in this case the space
of invariant metrics is one dimensional. 0O

1.9. Lemma. Ifa =iz (ag) € ig(Ag) then aYg o1 = Fg(ag) and furthermoreiqz(Ag)* =
Ye.g-1ig(Ag), where * is the Poincaré dual w.r.t. n and the splitting (1.18). Moreover if
alg = 0thena = ay, ,-1 for some a € ig(Ayg).
Proof. For the first statement notice that:

n(ig(ag)yg’g_l ) b) = ng(aga rg(b))a

the second and third statement follow from this using the non—degenerate nature of
1, ng and the splitting (1.18). N.B. The statement is actually independent of the choice
of splitting. 0O

1.10. Proposition. [f y, n = 0 then 7 (yy o-1) = 0 and 74 (yj, -1) = 0.

Proof. 1f yg , = 0 then

0= nh(yg’l,ghyg,h) = ﬂh(ngl,gJ/e,h)
= Th(Yg-1,¢) = Th(Vg,¢-1)

and also
0=mg(Ve.nVenn-1) = Tg(Vg,eVn—1,1) = gV, p-1)-
O

1.11. Definition. We call A, and Ay, transversal if s + sp = Sgn and Sg-1 + §p-1 =
s(gh)_l .
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From the section independence, we obtain:
1.11.1. Lemma. If A is irreducible and Ay and Ay, are transversal and yg j, # 0 then
Io + Iy = Igp.
1.12. Proposition. The converse of 1.10 it true if A, and Ay, are transversal.

Proof. If Ay and Ay, are transversal then deg(y,,n) = 0 and y,,;, € k. The same holds
for y,-1 o-1. By associativity:

1glh1h*l 1g—1 = '}/h’h—lyg’g—l = Vg,th*I,g*IV(gh),(gh)*l y

and since y(gp) (gn)-1 7 0, we see thatif y, , # 0 and y,-1 ,—1 7 0 then
Yih—1Vg,g-1 7 080 (Vg o-1) # 0and g (yy, 5-1) #0. O

1.13. Lemma. If[g, h] =,
$g.h = Prgk—1 khk—!- (1.19)
Proof. By applying (1.5) repeatedly

-1
Prgk—1 khk—1 = Pk,h Pk khk—! = PhkhPg hPk—1 khik—! = Pk, h¥g.hP p = Pg.h-

2. Discrete Torsion

2.1. The twisted group ring k*[G]. Recall that given an element @ € Z>(G, k*) one
defines the twisted group ring k*[G] to be given by the same linear structure with mul-
tiplication given by the linear extension of

g§®h > a(g, h)gh 2.1

with 1 remaining the unit element. To avoid confusion we will denote elements of k*[G]
by £ and the multiplication with. Thus

§-h=a(g hgh.

For « the following equations hold:

ag.e)=ale,g) =1, alg.g ) =alg " . (2.2)
Furthermore
1 —
A—1 _ —1
=—>-8
a(g. g1
and
~ 7h ha -1 - ah — 3 3
5. h . g—l — a(g )a(g : g )g g_l — a(g l) ghg_l — E(g,h)ghg_l
o(g. 87" a(ghg™'. )
with

a(g, h)

= lehs T )

(2.3)
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2.1.1. Remark. 1If the field k is algebraically closed we can find a representative for each
class [a] € H?(G, k*) which also satisfies

a(g, gH =1

2.1.2. Supergraded twisted group rings. Fixa € Z*(G, k*), o € Hom(G, Z/2Z); then
there is a twisted super—version of the group ring where now the relations read

¢h = a(g, h)gh (2.4)
and the twisted commutativity is

gh = (=1)7®* My, (g, (2.5)

and thus
pg(h) = (=17 @ Wa(g hya(gh, g~ ghg™ =: 9 nghg™!, (2.6)

and thus

a(g, h)
€(g h) = ggp = (—1)7®7W _—=— 2.7)
e a(ghg™', )

We would just like to remark that the axiom iv?) of 1.2 shows the difference between
super twists and discrete torsion.

2.2. Definition. We denote the o-twisted group ring with super—structure o by k*°[G].
We still denote k*9[G] by k*[G] where 0 is the zero map and we denote k99 [G] just by
k° [G] where O is the unit of the group H*(G, k*).

A straightforward calculation shows

2.3. Lemma. k“°[G] = k*[G] ® k°[G].

2.3.1. The G—Frobenius Algebra structure of k*[G]. Fix o € Z?>(G, k*). Recall from
[K1, K2] the following structures which turn k*[G] into a special G-Frobenius algebra:

Ven =a(g, h), n(g, g =alg, g™ ",

; al(g, h)
Xe = (=D, @op = —"""— =1¢€(g,h). (2.8)
# 1T a(ghg™!, )
2.3.2. Relations. The €(g, h) which are by definition given as e(g, h) = a(‘;jf%
satisfy the equations:
€(g,e) =€(g,8 =1, 2.9)
e(g182. h) = e(g1, g2hgs Ne(ga, h),
kgk™V, khk!
(k. gh) = e(k. g)e(k, iy 2 E8E AT
a(g, h)
_ _ a(lg, hl, h)
e(h,g) =g, ghg™") (2.10)

a([g, hl, hgh—1)"



Second Quantized Frobenius Algebras 45

This yields for commuting elements:

e(g.e)=€(g.9) =1, e(g)y=€eth™ ', g) =€, g,
€(g182,h) = €(g1, h)e(ga, h), €(h, g182) = €(h, g)e(h, g2). (2.11)

In the physics literature discrete torsion is sometimes defined to be a function €
defined on commuting elements of G taking values in U (1) and satisfying Eqgs. (2.11).

2.4. The trace axiom. The trace condition for non—commuting elements reads

(D" D20, e Vignngn-1 = (CDE D 0pmt g1 Vg mh3

stripping off the sign, we rewrite the L.h.s. as

i, g Vg heh-18h = Pn gV, (8, Hlhgh=1h,

15 15
= $h.gVig.hlhgVhgh— .h Ve n 81 = Vig.hlhgVh.gV, p8H

and the r.h.s. can be rewritten as

—_— _l /\AA
Pg=1,ghg=1 Yig.n.h8h = Pg—1,ghg! Vghg—l’g[ga hlhg,
—1 - -1—7
= @Pg—1 ghg! V[g,h],hgyh,gyghgflyggh = V[g,h],hg)’h,gyg,hgh,

which coincides with the calculation above.
This is of course all clear if [g, h] = e, but there is no restriction that the group be
commutative.

2.4.1. Remark. The function € can be interpreted as a cocycle in Z LG, k*[G1)), where
k*[G] are the elements of k[G] with invertible coefficients regarded as a G module by
conjugation (cf. [K1, K2]). This means in particular that on commuting elements € only
depends on the class of the cocycle «.

2.5. Theorem. The possible super G Frobenius algebra structures on A = @ 2cG k are
the structures of super twisted group rings. The isomorphism classes of these alge-
bras correspond to pairs of a class (@] € H?*(G,k*) and a homomorphism o €
Hom(G, Z/27Z).

Proof. Assume that we have a G Frobenius algebra structure on A then it is a spe-
cial G-Frobenius algebra since 1 € A, is the unit. Then due to the non—degeneracy
of the metric y, ,-1 € k* furthermore 7, (y, ,-1) = ¥, ,-1) € k™ and thus by 1.10
Vg,h € G : yop € k¥, thus y € Z2(G, k*) and by compatibility the ¢ are fixed.
Lastly, since yg, € k* and 9, , = 0 the supergrading” must be a homomorphism, i.e.
“e Hom(G, Z/27).

Vice versa the construction above shows that given a cycle « € Z*(G, k*) and a
homomorphism o € Hom(G, Z/2Z) we get a structure of super G Frobenius algebra
with the underlying data.

The statement about the isomorphism classes follows directly from rescaling. O
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2.6. The action of discrete Torsion

2.6.1. The action of Z*(G, k*). The group Z*(G, k*) acts naturally on Z*(G, A) via
(,y) = y% := y -« and on H' (G, k*[G]) via (a, ) — ¢% = €4 - ¢ where

Lh
ca(g. ) = ot

We call this action by « twist or by the discrete torsion «.

2.7. Definition. Given a G—Frobenius algebra A and an element a € Z*(G, k), we
define the a—twist (or the twist by the discrete torsion o) of A to be the G—Frobenius
algebra A* := AQk*[G].

2.8. Proposition. Notice that as vector spaces

AY = Ag®k = A, (2.12)

Using this identification the G—Frobenius structures given by (2.12) are

Oa|A£gx®Az = a(gv h)O, @gMZ = G(g, h)(pg’

Mlagoas, = (@8 Xg = Xe: (2.13)
29. Lemma. Let (G, A,o,1,n,¢, x) be a G=Frobenius algebra or more generally
a super Frobenius algebra with super grading”™ € Hom(A, Z/27Z), then A ® k°[G]
is isomorphic to the super G—Frobenius algebra (G, A, %, 1,n%, 9%, x°) with super
grading ~°, where

o agoa, = (—DFWo, 7, = (=1)7@ Wy,
ng = (=% ®n,, %7 =(=1)"®y,,

~0 __

ag ags +o(g).

2.10. Definition. Given a G—Frobenius algebra A a twist for A is a pair of functions
A:GxG—=k*, u:G x G — k*) such that A together with the new G—action

" (9)(@) = ®nr(g. We(8)(an)
and the new multiplication
ag o by = (g, h)ag o by,
is again a G—Frobenius algebra.

A twist is called universal if it is defined for all G—Frobenius algebras.

2.10.1. Remark. We could have started from a pair of functions (A : A X A — k™, u :
G x A — k*) in order to projectively change the multiplication and G action, but it is
clear that the universal twists (i.e. defined for any G—Frobenius algebra) can only take
into account the G degree of the elements.
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2.10.2. Remark. These twists arise from a projectivization of the G—structures induced
on a module over A as for instance the associated Ramond—space (cf. [K1]). In physics
terms this means that each twisted sector will have a projective vacuum, so that fix-
ing their lifts in different ways induces the twist. Mathematically this means that the g
twisted sector is considered to be a Verma module over A, based on this vacuum.

2.11. Theorem ([K4]). Given a (super) G—Frobenius algebra A the universal twists are
in 1-1 correspondence with elements o € Z*(G, k*) and the isomorphism classes of
universal twists are given by H*(G, k*). Furthermore the universal super re—gradings
are in 1-1 correspondence with Hom(G, Z/27Z) and these structures can be realized by
tensoring with k° [G] for o € Hom(G, Z/2Z).

Here a super re—grading is a new super grading on A with which A is a super G-
Frobenius algebra and universal means that the operation of re—grading is defined for
all G-Frobenius algebras.

We call the operation of forming a tensor product with k*[G] : « € Z*(G,k*) a
twist by discrete torsion. The term discrete refers to the isomorphism classes of twisted
G—Frobenius algebras which correspond to classes in H>(G, k*). Furthermore, we call
the operation of forming a tensor product with k° [G] : 0 € Hom(G, Z/2Z) super—twist.

2.12. Remark. If k is algebraically closed, then in each class of H 2(G, k™) there is a
representative with a(g, g~!) = 1. Using these representatives it is possible to twist
a special G-Frobenius algebra without changing its underlying special reconstruction
data.

3. Functorial Setup

The functorial setup of orbifold Frobenius algebras and reconstruction is discussed in
the following.

Let FROB be the category of Frobenius algebras, whose objects are Frobenius
algebras and morphisms are morphisms which respect to all the structures.

3.1. Definition. A G—category is a category C where for each object X € Ob(C) and
each g € G there exists an object X8 and a morphism iy € Hom(X#, X) with X¢ = X

and i, = id and there are isomorphisms V¥, ,—1 € Hom (X, ngl).

We call a category a G intersection category if it is a G category and for each pair
(g, h) € GxG and object X € Ob(C) there are isomorphisms ¥ € Hom((X®)", (X")g)
and morphisms i?hh € Hom((X®)", X&),

A G-action for a G—category is given by a collection of morphisms ¢o(X, h) €
Hom(X", Xghgfl) which are compatible with the structural morphisms and satisfy
$e(X, 8'hg' Ny (X, h) = dgg (X, h).

3.2. Examples. Examples of an intersection G—category with G—-action are categories
of spaces equipped with a G—action whose fixed point sets are in the same category.
Actually this is the category of pairs (X, Y)) with X say a smooth space with a G—action
and Y a subspace of X. Then (X, Y)8 := (X, Y N Fix(g, X)) with Fix(g, X) denoting
the fixed points of ¢ € G in X, and iy = (id, tg) with (g : Y N Fix(g, X) — Y) being
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the inclusion. It is enough to consider pairs (X, Y), where Y C X is the set fixed by a
subgroup generated by an arbitrary number of elements of G: H := (g1, ..., gk)-

We could also consider the action on the X¢ to be trivial and set (X¢)" := X$. This
will yield a G—category.

Also the category of functions f : C" — C with an isolated singularity at O together
with a group action of G on the variables induced by a linear action of G on the linear
space fixing the function is an example of a G—category. This is a category of triples
(C, f: C" - C), p € Hom(G, GL(n)) such that f has an isolated singularity at zero
and f(p(z)) = f(z) forz € C" with morphisms being linear between the linear spaces
such that all structures are compatible. The functor under consideration is the local ring
or Milnor ring. Again we set (X¢)" := X8,

Here the role of the fixed point set is played by the linear fixed point set and the
restriction of the function to this fixed point set (cf.[K1]). Again we can consider pairs
of an object and a subobject as above in order to get an intersection G—category.

Our main examples are smaller categories such as a global orbifold. As a G category,
the objects are the fixed point sets of the various cyclic groups generated by the element
of G and the morphisms being the inclusion maps. Again we set (X£)" := X%, For a
global orbifold, we can also consider all fixed point sets of the groups generated by any
number of elements of G as objects together with the inclusion maps as morphisms.
This latter will render a G—intersection category.

The same is true for isolated singularities. Here the objects are the restriction of the
function to the various subspaces fixed by the elements of g together with the inclusion
maps or for the G—intersection category we consider all intersections of these subspaces
together with the restriction of the function to these subspaces as objects, again with the
inclusion morphisms.

Now, suppose we have a G—category C and a contravariant functor F from C to
FROZB. In this setting there might be several schemes to define a “stingy geometry” by
augmenting the functor to take values in G-Frobenius algebras. But all of these schemes
have to have the same additive structure provided by the “classical orbifold picture” (see
3.2.1) and satisfy the axioms of G-Frobenius algebras (see §2). Furthermore there are
more structures which are already fixed in this situation, which is explained below. These
data can sometimes be used to classify the possible algebra structures and reconstruct
it when the classification data is known. In the case of so—called special G-Frobenius
algebras a classification in terms of group cohomology classes is possible.

There are some intermediate steps which contain partial information that have been
previously considered, like the additive structure, dimensions, etc., as discussed in 3.2.1.

3.2.1. The “classical orbifold picture”. Now, suppose we have a G—category C and a
contravariant functor F from C to FROB, then for each X € Ob(C), we naturally
obtain the following collection of Frobenius algebras: (F(X$) : g € G) together with
restriction maps r, = F(iy) : F(X) — F(X8).

One possibility is to regard the direct sum of the Frobenius algebras Ag := F(X¥).

The first obstacle is presented in the presence of a grading, say by N, Z or Q; as it is
well known that the direct sum of two graded Frobenius algebras is only well defined
if their Euler dimensions (cf. e.g. [K3]) agree. This can, however, be fixed by using the
shifts s discussed in 1.4. If the grading was originally in N these shifts are usually in
%N, but in the complex case still lie in N.

Furthermore, if we have a G—action on the G category, it will induce the structure of
a G—module on this direct sum.
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Each of the Frobenius algebras A, comes equipped with its own multiplication, so
there is a “diagonal” multiplication for the direct sum which is the direct sum of these
multiplications.

Using the shift s it is possible to define a “classical theory” by considering the
diagonal algebra structure and taking G—invariants. This is the approach used in [AS,
T and AR]. The paper [AS] shows that this structure describes the G—equivariant rather
than the G—invariant geometry.

One can of course forget the algebra structure altogether and retain only the addi-
tive structure. This was done e.g. in [S] in the setting of V—manifolds (i.e. orbifolds).
Concentrating only on the dimensions one arrives for instance at the notion of “stringy
numbers” [BB].

3.2.2. The “stringy orbifold picture”. The “diagonal” multiplication is however not
the right object to study from the perspective of “stringy geometry” or a TFT with a
finite gauge group [K1, CR]. The multiplication should rather be G—graded, i.e. map
Ay ® Ap — Agp. We call such a product a “stringy” product.

Here the natural question is the following:

Question. Given the additive structure of a G—Frobenius algebra, what are the possible
“stringy”” products?

A more precise version of this question is the setting of our reconstruction program
[K2, K3].

3.2.3. The G—action. One part of the structure of a G—Frobenius algebra is the G—action.
If the G—category is already endowed with a G—action we can use it to reconstruct the
G-action on the G—Frobenius algebra, which in turn limits the choices of “stringy”
products to those that are compatible.

3.2.4. Invariants. By definition G—Frobenius algebras come with a G action whose
invariants form a commutative algebra. Due to the nature of the G action this commu-
tative algebra is graded by conjugacy classes, and under certain conditions the metric
descends and the resulting algebra is again Frobenius. The induced multiplication is
multiplicative in the conjugacy classes and we call such a multiplication commutative
“stringy”.

3.2.5. Examples. Examples of commutative “stringy” products are orbifold (quantum)
cohomology [CR]. For cohomology of global orbifolds it was shown in [FG] and recently
in [JKK] that there is a group graded version for global orbifold cohomology which has
the structure of a G Frobenius algebra, as we had previously postulated [K2]. For new
developments on quantum deformations of the G-Frobenius algebras see [JKK].

3.2.6. Special G—Frobenius algebras. The special reconstruction data reflects this situ-
ation in the special case that the A, algebras are cyclic A, modules. This is a restriction
which leads to an answer in terms of cocycles for a large class of examples. This class
includes all Jacobian Frobenius algebras as well as symmetric products and special cases
of geometric actions on manifolds.

The general idea can be generalized to the non—cyclic case although computations
get more involved.
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3.3. Definition. Given a G—category C, we call the tuple (X38) : g € G a G—collection.

The category of G—collections of a G—category is the category whose objects are
G—collections and whose morphisms are collections of morphisms (f¢) s.t. the dia-
grams

commute.

3.4. Definition. A G—Frobenius functor is a functor from the category of G—collections
of a G—category to G—Frobenius algebras.

3.5. Reconstruction/classification. The main question of the reconstruction/classifica-
tion program is whether one can extend a functor from a G—category C to Frobenius
algebras to a G—Frobenius functor, and if so how many ways are there to do this.

One can view this as the analogue of solving the associativity equations for general
Frobenius algebras. Some of the solutions correspond to quantum cohomology, some
to singularities, etc. and maybe others to other “string”—schemes. The structures of pos-
sible “stringy” products provide a common approach. The systematic consideration of
all possible products confines the choices of string equivalents of classical concepts and
allows to identify diverse approaches.

The answer to the main question of reconstruction/classification can be answered in
the special case where all of the twisted sectors are cyclic in terms of group cohomolog-
ical data (see below). This is the content of the Reconstruction Theorem of [K1].

The consequences are sometimes quite striking as in the case of symmetric products,
where there is only one possible “stringy” orbifold product.

The restrictions on the possible multiplicative structures are even stricter if one is
considering data stemming from a G—intersection category.

This is the content of the next section.

4. Intersection G-Frobenius Algebras

We will now concentrate on the situation of functors from G—intersection categories to
Frobenius algebras.

Given a G—class in such a category a functor to Frobenius algebras will provide the
following structure which reflects the possibility to take fixed point sets iteratively. Say
we look at the fixed points with respect to elements g, ..., g,. These fixed point sets
will be invariant under the group spanned by the elements gy, ..., g, and they are just
the intersection of the respective fixed point sets of the elements g;. The underlying
spaces are therefore invariant with respect to permutation of the elements g;, and if g
appears twice among the g; then one can shorten the list by omitting one of the g;. Also
if a list g; includes g~! we may replace it by g. Finally, the fixed point set under the
action of the group generated by two elements g and / is a subset of the fixed point set of
the group generated by their product gk. Translating this into the categorical framework,
we obtain:
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4.1. Definition. A G—intersection Frobenius datum of level k is the following: For each
collection (g1, ... , &) withn < k of elements of G, a Frobenius algebra Ag, .. o, and
the following maps:
Isomorphisms
‘IIO' : Agl,...,g - Agﬁ(l)v"'sgﬁ(ll)

n

for each o € S, called permutations.

Isomorphisms
‘.Ijgl,---sgia-mgn - A ] S A _1
Gloeensg g T BBl 8n Qlvee8 veenr8n
commuting with the permutations.
Morphisms
8lsees8iyen8n . )
rgl,“.,g,',‘..gn . Agl,-‘.,g;,u-,gn - Aglw-,gn

commuting with the permutations. (Here the symbol” is used to denote omission.) Such
that the diagrams

A 810 8i ..8n
gla“'vél;v"')é?_,]:s"'agll glsn-;g'lsmagn
81s+:8is+>8jr--8n 815--:8j>--:8n
r ~
4 81588 AT
S8 8ivenr8n
8150 8n
Agy,Birern - Agi..in

are co—Cartesian.
Isomorphisms

(81sen s

8lyer8s CAgy g A

8118rees8rennBn

commuting with the permutations.
And finally morphisms:

81s+-:8i8i+15--:8n .,
Fglongi it - Al 8iittsnn > Al i 818

commuting with the permutations.
If this data exists for all k we call the data simply G—intersection Frobenius datum.

4.2. Notation. Wesetry, .. g, = rgll,’f.':':gg_] o---org andwesetly, o :=Ker(rg, . g.).
Notice that this definition of /g, .., is independent of the order of the g;.

4.3. Remarks.

1) In order to (re)—construct a suitable multiplication on € A ¢ it 1is often convenient to
use the double and triple intersections (i.e. level 3). Where the double intersection
are used for the multiplication and triple intersections are used to show associativity.
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2) We can use the double intersections to define G—Frobenius algebras based on each
of the Ag, i.e. on P),cz(,) Ag.n for each fixed g, where Z(g) denotes the centralizer
of g.

4.3.1. Definition. A G-action for an intersection G—Frobenius algebra of level k is
given by a collection of morphisms

.....

Go(Agy.gns 818 Ny (Agyans 1) = Poor(Agy . ens ).

4.4. Definition. We call an intersection G Frobenius datum a special G intersection
Frobenius datum, if all of the Ag, .. ¢, are cyclic A, module algebras via the restriction
maps such that the A, module structures are compatible with the restriction morphisms
r. Here the generators are given by rq, . 4, (1) and the A, module structure is given by
a-b:=rg g (@b

.....

4.5. Remark. In the case of special G—Frobenius algebras, the presence of special inter-
section data gives a second way to look at the multiplication. The first way is to use
the restrictions rg and sections i, to define the multiplication as discussed in §1.5. (see
Eq. (1.4)). A second possibility is to use the intersection structure. This can be done in
the following way: first push forward to double intersections, second use the Frobenius
algebra structure there to multiply, then pull the result back up to the invariants of the
product, but allowing to multiply with an obstruction class before pulling back. This is
discussed below in §4.8.

The precise relation between the two procedures is given by the following proposition
and 1.4.

4.6. Proposition. Given a special G intersection datum (of level 2), the following decom-
position holds for section independent cocycles y :
vgh , ~ .gh , ~ vgh -
ren(Ven) = P (Fen) = i85 (e )51 (e i) = Ve n Ve (4.1)

for some section igp of rg.h, Vo € (Agn)’, Van € ig, h)(Ag, h) of degree e, and

vgh .
V;,_h = "j,h(lg,h)- Here e = sg + sp — Sgh — s;h + S;h with s;h i=d —dgp and
dep = det;;(pg,h), and we again used tﬁze unshifted degrees. (In particular if the s~ = 0
thene = 5(s& + ;7 +s) — s, = 5(d — dg — diy — dgn) + dg ).
Proof. We notice that I, + I, = I, 5 and (Ig + Ip)ye n C Igp, and set J :=rgp (I p).
Choosing some section ighh of rg}z, we can define the splitting

.gh
Agh = g1 (Ag.n) ® J, (4.2)
where again ¥ means the homogeneous component of degree k. Now
.gh
Yg.h € (l;h(Agh)*)ea

where * is the dual w.r.t. the form 7, and the splitting (4.2) and e = s¢ + 5, — Sgp +
s;h — s;h.

From which the claim follows by an argument completely analogous to the proof of
Lemmas 1.8.2and 1.9. O
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Also generalizing the fact that
Iyyg = IgFg(lg) =0 (4.3)
we obtain

4.7. Lemma.

g+ )y C g (4.4)

4.8. Multiplication. From the section independence of y, we see for a special G—Frobe-
nius algebra which is part of a special G—intersection Frobenius datum of level > 2 that
the multiplication Ay ® A, — Ay, can be factored through Ag j,. To be more precise,
we have the following commutative diagram:

m
A @A, — Agp
8 h w8 g
‘L rg,h ® rg,h T rgh © l)/g,h’
"
Agyh ® Ag,h — Ag’h

where /5, , is the left multiplication with y, ;. That is using the multiplication in A, 5,
gh -
ag o by = L (aQIry (o) Ve n)- 4.5)

4.8.1. Remark. The decomposition into the terms 7 and - can be understood as decom-
posing the cocycle into a part which comes from the normal bundle of X% < X&" which
is captured by 1 and an additional obstruction part.

4.9. Associativity equations. Furthermore in the presence of a special G intersection
Frobenius datum of level > 3 the associativity equations can be factored through A, 5 .
More precisely, we have the following commutative diagram of restriction maps:

Aghk
v N
Agh — Agn ik 2 Ag.hk < Ank (4.6)
\2 N v 2
Ag,h — Ag,h,k <~ Apk

More technically: Using the associativity equations for the y, we set

Fenk (Vg nVgh,k) = Vg.h.k 4.7)
and associativity says that also

rehk (Yh.kYg,hk) = Ve,h.k- (4.8)
By analogous arguments as utilized above one finds
.ghk , ~ vghk vghk , ~
Vek = i kDo 5 i (g n ) = Fo 1 i (P, ) 4.9)

- .ghk . T
for some Yy .k € l§ .k (Ag.nk). So vice—versa to show associativity one needs to show
that

vghk h ,~gh  ~ ~ vghk , ~
rgh’k(r(gh,k(r;h(Vg,h))ygh,k) = r;h,k()/g,h,k) (4.10)

for some y, j, x Which is a symmetric expression in the indices.
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4.10. Intersection G Frobenius algebras. Vice—versain the given G—intersection Frobe-
nius datum using the diagram (4.8) as an ansatz for a multiplication we will arrive at a
special type of Frobenius algebra. The associativity of this ansatz can then be checked
on the triple intersections.

4.10.1. Definition. An intersection G—Frobenius algebra is an intersection G—Frobe-
nius datum of level k > 3 together with a G—Frobenius algebra structure on A :== @ A,
whose multiplication is given by the diagram (4.8) and whose associativity is given by
diagram (4.6).

4.10.2. Remark. Reconstructing from special reconstruction data one can define the
algebras Ay, g, via the following procedure. Set Iy . o = Ig + ---+ I, and
Ag..gn = Ac/lg . .. g, In order to get G—intersection Frobenius data one has then
only to show that the Ag, ., are indeed Frobenius algebras and choose a metric for
them. If this is possible then Proposition 4.6 shows that any reconstructed special G
Frobenius algebra is an intersection G Frobenius algebra.

4.10.3. Examples

i) We will show that the structures of Remark 4.10.2 are indeed present in the case of
symmetric products.

ii) The G—Frobenius structures for the global orbifold cohomology ring as presented in
[FG] are intersection G—Frobenius algebras.

4.11. The Sign. Given a preferred choice of character, it is possible to define a sign
which corresponds to a super—twist from a preferred choice of super—grading.

4.11.1. Remark. Given a special G-Frobenius algebra A we denote the eigenvalue of
o W.I.t. ¢; by A, and furthermore denote the eigenvalue of goi,’ on iy(pp) by Ag i.e.

@g(p) = Agp and (p;’,’ (in(on)) = Azih (pn)- By the projective G—invariance of the metric
=0 (4.11)

and we can regard the ensembles A, and Ai as characters.

4.11.2. Definition. We define a sign sign to be an element of Hom(G, k*). Fixing an
element sign € Hom(G, Z/2Z) we can define the associated character by

Y(g) 1= (—1)%8"®) y,. (4.12)

Vice—versa given a character ¥/ € Hom(G, k*) with the property that /> = x2 we
define the sign given by i to be

(—1)"8n®) = oy (g) 7" (4.13)

Finally, any choice of root of A defines a sign.
Given sign and sign8 for A and A8 forall g, h € G, [g, h] = e we set

v(g, h) = sign(g) + sign®(h) + h® + g (2). (4.14)
sign and sign$ are said to be compatible if for all 4 € g,

(g, h) = v(gh,h) = v(h, &) =v(g~", h). (4.15)
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4.12. Algebraic Discrete Torsion. In certain situations it is also possible to distinguish
one G-Frobenius algebra as initial under the action of discrete torsion. This is the case
for instance for Jacobian Frobenius algebras. In general, we can define a similar struc-
ture for intersection Frobenius algebras, which then incorporates the trace axiom into
the definition of discrete torsion. This shows that the compatibility with the trace axiom
in principle fixes the action up to a twist by discrete torsion.

Denote the centralizer of an element g € G by Z(g) and fix a sign of A. We will
consider G—intersection Frobenius data of level 2.

4.12.1. The induced Z(g)—Frobenius algebra structure. If we are in an intersection
Frobenius algebra of level kK > 2, given A, we can consider

THE UNDERLYING ADDITIVE STRUCTURE.

Ag= P A= P Agn (4.16)

heZ(g) heZ(g)

Notice thatif & € Z(g), ¢n : Ag — A,z and ¢ descends to a Z(g) action on Ag. How-
ever, we have that ¢, (1g) = @j ¢1g, but 1, should be invariant under the Z(g)—action
as the new identity. Therefore we set

THE Z(g)—ACTION.
O = Py Ph- (4.17)
With this definition ¢} (15) = ¢, on ¢1g = 1.

THE CHARACTER. Given a G—action on the level 2 G—intersection algebra, we can aug-
ment the picture with a character x f , which will be determined by the trace axiom.

SUPERGRADING. We fix the super—degree of A, ; in A ¢ and denote it by he.

4.12.2. Definition. An intersection Frobenius algebra of level k > 2 is said to satisfy
the discrete torsion condition, if the above data satisfy the projective trace axiom and
forall g, h € G there are isomorphisms between Agp j = Ag p.

4.12.3. Proposition. In an intersection Frobenius algebra A of level k > 2 that satisfies
the discrete torsion condition, the following equality holds for all g, h € G, [g, h] = e:

XeSTr(@gla,) = @enxe (X))~ (—DE (=D dim(Ag 1), (4.18)
or given roots r, 8 of A, A8:
_ . o h ~ = .
XgSTr(@gla,) = Qg (¢l ™" (—1) @+ @) ()& ()" dim(Ag p). (4.19)
Proof. From the discrete torsion condition we obtain

(—DF dim(Ag p) = xjiSTr(} |a,.).
and furthermore

STr(pglay) = (=D¥e ,STr(@}la;.,)-
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4.12.4. Corollary. If { and ¥8 are compatible then
XeSTr(pgla) = @entrg (@)~ (=17 @OFW (V&P dim(A, ). (4.20)

4.12.5. Definition. Ifsign and the sign® are compatible, we setforg, h € G, [g, h] = e,

T(h,g) = (_1)Si8n(8)~vig"(h)(_1)Sign(g)+sign(h)(_l)lvg,hl dim(Ag ), 4.21)

it satisfies for g, h € G,[g,h] = e,
T(g,h)=T(h,g)=T(gh,h) =T M), (4.22)
€(h, g) = g n(—1)"8" @58 Wy, iyt (4.23)

Due to the projective trace axiom and by definition € viewed as a function from
G x G — k* satisfies the conditions of discrete torsion which are defined by

e(g.h)y=€th™,g), eg.8) =1, e(g1g,h) =e(g he(g,h). (4.24)

5. Jacobian Frobenius Algebras

We first recall the main definitions and statements about Jacobian Frobenius algebras
from [K2, K3].

5.1. Reminder. A Frobenius algebra A is called Jacobian if it can be represented as the
Milnor ring of a function f. Le. if there is a function f € OAf st A= OAZ/Jf, where
J 7 is the Jacobian ideal of f. And the bilinear form is given by the residue pairing. This
is the form given by the Hessian of p = Hessy.

If we write OAZ = k[x1...x,], Jr is the ideal spanned by the E?Ti'

A realization of a Jacobian Frobenius algebra is a pair (A, f) of a Jacobian Frobe-
nius algebra and a function f on some affine k space A7, i.e. f € OAZ = klxy...x,]

st. A =k[x;...x,]and p := det(—af,.zsa,)-

5.2. Definition. A natural G action on a realization of a Jacobian Frobenius alge-
bra (A., f) is a linear G action on A} which leaves f invariant. Given a natural G

action on a realization of a Jacobian Frobenius algebra (A, f) set for each g € G,
Og = OFiXA’(AZ)'

We also write V(g) := Fixg(A}).

This is the ring of functions of the fixed point set of g for the G action on Aj. These
are the functions fixed by g: O, = k[xy, ..., x,]8.

Denote by Jg 1= Jy|.. AT the Jacobian ideal of f restricted to the fixed point set

1X k

of g.

Define

Ag i= Og/ . 5.1)

The A, will be called twisted sectors for g # 1. Notice that each A, is a Jacobian Frobe-
nius algebra with the natural realization given by (Ag, f|Fix g). In particular, it comes
equipped with an invariant bilinear form 7, defined by the element Hess( f [Fix, )-
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For g = 1 the definition of A, is just the realization of the original Frobenius algebra,
which we also call the untwisted sector.

Notice there is a restriction morphism 7, : A, — Ag given by a — a mod Jg.

Denote r¢(1) by 1. This is a non—zero element of A, since the action was linear.
Furthermore it generates A, as a cyclic A, module.

The set Fix, A} is a linear subspace. Let I, be the vanishing ideal of this space.

We obtain a sequence

0> I, > A, -5 A, — 0.

Let i, be any splitting of this sequence induced by the inclusion: fg 0, = O,
which descends due to the invariance of f.

In coordinates, we have the following description. Let FixgA} be given by equations
x; = 0:i € N, for some index set Ny.

Choosing complementary generators x; : j € Ty, we have Oy = k[x; : j € T,] and
Oc =klxj,x;i:jeT,,i € Ngl. Thenl, = (x; :i € Ng)p, is theideal in O, generated
by the x; and O, = I, ® iz (Ay) using the splitting i, coming from the natural inclusion
fg tklxj:jeTgl — klxj,x; : j € Ty, i € Ng]. We also define the projections

Mg :Ap —> Apy g =igory

which in coordinates are given by f > f |x,-=0: jENg- Let

A=A,

geG

where the sum is a sum of A, modules.

Some of the conditions of the reconstruction program are automatic for Jacobian
Frobenius algebras. The conditions and freedoms of choice of compatible data to the
above special reconstruction data are given by the following:

5.3. Theorem (Reconstruction for Jacobian algebras). Given a natural G action on a
realization of a Jacobian Frobenius algebra (A., f) with a quasi-homogeneous func-
tion f withd, = 0 iff g = e together with a natural choice of splittings iy the possible
structures of a naturally graded special G twisted Frobenius algebra on the A, mod-
ule A := P 2€G Ag are in I-1 correspondence with the set of section independent G
graded cocycles y which are compatible with the metric together with a choice of sign
sign € Hom(G, Z/2Z) and a compatible non—abelian two cocycle ¢ with values in k*,
which satisfy the condition of discrete torsion

Vg, hst.[g, h]l = e: @gnpngdet(gln,) det(h|y,) =1 (5.2)
and the supergrading condition
[Ngl + [Nl = [Ngnl| (2) or yg,n = 0. (5.3)

This means in particular that the trace condition is replaced by (5.2). Also notice that
if y, » # O then the factor ¢, p¢p, ¢ = 1in (5.2) by the compatibility equations so that
(5.2) reads

det(gly,) det(h|y,) = 1. (5.4)
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Notation. If[g, h] # Othendeg(g|y, ) is taken as an abbreviation for deg(g) det~ ! (g| 7,)-

5.3.1. Character and Sign. The character and parity are fixed by a choice of sign sign
and are given by:

Xg = (=D (=1)Neldet(g). (5.5)
The sign is defined by
Xg = (=1 det(g),
i.e. we choose ¥, = det(g) and it satisfies

sign(g) == g +|N,| mod 2. (5.6)

5.3.2. Bilinear form on the twisted sectors. If the character x is non—trivial, we have to
shift the natural bilinear forms n, on Ag by

(=¥ xe)ng, (5.7)

where we choose to cut the plane along the negative real axis. For more comments on
this procedure see [K3] and the following remarks.

5.3.3. Remarks about the normalization. We would like to point out that the setup of
reconstruction data already includes the forms 7. This is the reason for the above shift.
Indeed there is always a pencil of metrics for any given irreducible Frobenius alge-
bra. The overall normalization is fixed by y, ,-1. More precisely, we always have the
equation:

Yo.g-1ig(Pg) = p. (5.8)

Notice that since y, g—ll ¢ = 0 this equation determines Pg uniquely at least in the
graded irreducible case since py is necessarily of top degree in Ag. So if we were not to
include the 7, into the data, the only conditions on the y, ,-1 would be that they do not
vanish, live in the right degree and satisfy the compatibility but there would be no need
for rescaling.

Another way to avoid the shift is to include it in the restriction data by setting

Ag 1= Oy, with fy = (=% xg)"ng flFix(e)- (5.9)

5.3.4. Natural discrete Torsion for Jacobian Frobenius algebras. We can write

xnSTr(gnla,) = €(h, )T (h, g),
where
T(h, g) = (—1)Si8n(@sign(t) _q)sign(@)y+sign(n (_1)|TeNThl+N
dim(ig(Ag) Nin(Ap))
— (_1)sign(g)sign(h)(_l)sign(g)ﬂign(h)(_l)lNg,hI dim(Ag ), (5.10)
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where we introduced the notation |N, | for dim(Fix(g) N Fix(k)) and Ag, for
Of|Fix(g)ﬂFix(h)’

€(h, 8) = g p(—1)*8M&i8n() det(g| ). (5.11)

The projective trace axiom is satisfied in the graded case if € satisfies the equations of
discrete torsion

e(g.h)=eh™g) e(g,9)=1 e(gig,h) =eg,he(g,h) (5.12)

which in terms of the ¢ is equivalent to the condition (5.2).

5.3.5. Remark. This definition of discrete torsion agrees with the more general one
of 4.12 if we set ¥ = det(g) and Y4(h) = det(h)|r,. Indeed we find signé(h) =

he + |Nggy ,| with |N§’ »| = codimpiy (Fixg N Fixy) and thus

v(g, h) = sign(g) + sign(h) + h® + g (2)
= sign(g) + codim(Fixg N Fixp) + [Ng| + 8 = [Ngnl (2).  (5.13)

5.3.6. Examples
1) (pt/G). Recall (cf. [K3]) that given a linear representation p : G — O(n, k), we
obtain the G—twisted Frobenius algebra pt/G from the Morse function f = z,ll +

Lot Z%.
All sectors are isomorphic to k:

A:@k,

geG

all the d, = O and all the ry = id. In particular, we have that y, ,—1 = Fg(1) = 1 and
g (Ypp-1) = 1 # 0, so we see that the yg , € k* and are given (up to rescaling) by
group cocycles y € H>(G, k*) and since the 8¢.h # 0, the ¢ and hence the discrete
torsion are fixed by the compatibility v, 1n = @g,nVeng—1 o-

Explicitly: Fix a parity € Hom(G, Z/2Z).

The sign and character are given by

sign(g) =8 xg = (—1)*8"& = (—1)8. (5.14)

2) Another example to keep in mind is A,, which is the Frobenius algebra associated to
2l together with the Z/(n + 1)Z action z — ¢,z where ¢! = 1 [cf. [K3]].

3) A®" together with the permutation action. We will consider this example in depth
in §7 and §8. This example has appeared many times in different guises in [DMVYV,
D1, D2, LS, U, WZ]. Our treatment is completely general and subsumes all these
cases. Also, there is an ambiguity of signs which is explained by our treatment.

5.4. Theorem. Jacobian algebras naturally give intersection algebras.
Proof. This is straight forward. We set
Agi gy i= Ofgl ,,,,, & with fo, g = f|m§=lFix(gi) (5.15)

and use the obvious restriction maps. Here again the remarks of 5.3.3 apply. O
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6. Special S,,—Twisted Frobenius Algebras

6.1. Notation. Given a permutation o € S,;, we associate to it its cycle decomposition
c(o) and its index type I (o) := {1, ... I}.}, where the I; are the independent sets in the
cycle decomposition of o. Notice that the /(o) can also be written as (o) \7n, where this
is the quotient set of 7 w.r.t. group action of the group generated by o.

The length of a cycle decomposition |c(o)| is defined to be the number of indepen-
dent cycles in the decomposition. The partition gives rise to its norm (ny, ..., ng) of n
where n; := |I;]. And the type of a cycle is defined to be (N(o), Na(o), ...), where
N; =#ofnj =iin(ny,...,n),i.e. N; the number of cycles of length i in the cocycle
decomposition of o.

We define the degree of o € S,, to be |o| := the minimal length of ¢ as a word in
transpositions = n — |c(o)|.

Recall the relations in S,; are

2 = 1, (6.1)
' = v't” where T = (ij), T’ = (jk), 7" = (kI). 6.2)

6.2. Definition. We call two elements o, 0’ € S, transversal, if |oo'| = |o| + |o/].

6.3. The linear subspace arrangement. A good deal of the theory of S, Frobenius alge-
bras is governed by the canonical permutation representation of S, on k" given by
p(0)(e;) = es () for the canonical basis (e;) of k".

We set V, := Fix(o) and V,, o, :=()i—; Vo, Notice that

l(0) = dim(Vy) = [(0)\n] (6.3)
and
lo| = codim(V,). (6.4)
In the same spirit, we define

l(o1,...0n) =dim(Vy,,. 6,),
o1, ..., 00| == codim(Vg,,. q,)- (6.5)

This explains the name transversal. Since if ¢ and ¢’ are transversal then
Va,o’ = VU N Vo’ = Vao’s

and the intersection is transversal.
Furthermore notice that

l(o1,...,00) = {01, ...,00)\1], (6.6)

where again the last set is the quotient set of 72 by the action under the group generated
by o, ..., 0.

6.4. Definition. We call a cocycle y : S, x S, — A normalizable if for all transversal
pairs 1,0 € Sy, |t| = 1: Yo € A}, ie. is yo ¢ is invertible, and normalized if it is
normalizable and for all transversal 7,0 € S;, || =1:y,, = 1.



Second Quantized Frobenius Algebras 61

In the example of symmetric products of an irreducible Frobenius algebra or in gen-
eral A, irreducible the invertibles are of degree 0 and are given precisely by k*.

6.4.1. Lemma. Ifa cocycle is normalized then for any transversal o, 0’ € S, : Y5 5 =
1.

Proof. We write 0’ = 1 - - - t/ with k = |o’| where all 7; are transpositions.
Thus by associativity:

oo’ = (((...(ct)T) - )T,

SO

k k
Yoo! = oo’ (Vo,0') = n(”’/(l_[ Yo ii;ll(fj),ri) = 77(7(7/(1_[ D=1

i=1 i=1

]

6.4.2. Remark. Recall that y; ; = ?g( 1;) for a transposition .

6.4.3. Lemma. Let o € S,. If y is a normalized cocycle, then for any decomposition
into transpositions ¢ = Ty -+ Tg| : Vg 5! l—[lill Vi,

Proof. Let k = |o|. Thus by associativity:

ool =(t(n(- (mm - 1211) - ),

and if 7 and o’ are transversal
ﬂa’(yt,ra/) = na/(Vr,ra’Vt,a’) = ”U/(Vr,r)/e,cr’) = ”o’(yr,r)-

k
So Yo,o-1 = Hi:l Vr,1- O

6.5. Theorem. Given special S, reconstruction data, a choice of normalized cocycle
y S, XS, — A is unique. Furthermore a choice of normalizable cocycle is fixed by
a choice of the yr o with T and o transversal.

Proof. We have that the y, ,-1 are given by y,, ;-1 = 7+ (l,) and thus fixed after the
normalization which fixes the r,. Again choosing any minimal decomposition o’ =
T ‘C‘/U‘ and by using the normalization and associativity repeatedly, we obtain that

lo’| lo”|

Vo,0' = 77:00’(3/0,0’ 1_! Vrifﬂ’l‘[;:l .[]’) = no,o’(l_! Yo Hl/=1 Ti/—l'ri,)
1= 1=
= 77(7(7/(1_[ Vrl.’,ri/),
iel
. i—1 i—1
where [ = {i : |a(]_[lj=l r]f)ti/l =lo ]_[’j=1 r]’.| — 2L
Thereby the y, , are already determined by the y; . which are in turn given by

Fr(lo).
If the cocycles are only normalizable, we obtain the result in a similar fashion. O
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6.6. Discrete torsion for S,. It is well known (see e.g. [Ka]) that HZ(Sn, k*) =7Z/2Z.

6.7. Lemma. Let ® be a cocycle corresponding to the non—trivial central extension of
S, defined as the group generated by t; i = 1,...n,

Lt =2, zz=e, Titit1Ti = Ti+1TiTit1s fi‘fj = ij‘f’i i —jl = 2.
and let k®[S,] be the corresponding twisted group ring (here z — —1) then

€o(ti, i) =1 €e(z, 1) =—1:0#].
Proof. Sincet? = —1, 5%t = —(—t) = .0 li—j| = 2%:¢;% " = 15 (—%) =
—%;. O
J

6.8. Supergrading and Parity p. Since S, is generated by transpositions which all lie in
the same conjugacy class, we see that the choices of Z/2Z—grading ~€ Hom(S,,, Z/27Z)
are given by

i) pure even Yo : 6 = 1. We call this the even case and set the parity p = 0.
ii) The sign representation 6 = |o| (2). We call this the odd case and set the parity

p =1
6.9. Lemma. For the (super) twisted group ring, the following equations hold:
€(0,0") = (=1PI,
in particularVz, 7' € Sy, |t =|7'| =1, [, T ] = ¢,
e(r, 1) = (=17 e(zr,7)=(=D7.

This follows from the general result 2.1.2.

6.10. The non—abelian cocycles ¢

6.10.1. Remark. Due to the relation (1.5), we see that ¢ is determined by the ¢, , with
It| = 1.

6.10.2. Lemma. For any non—abelian S, cocycle ¢ there is a fixed p € {—1, +1} s.t.
forallt €S, |t]| =1 ¢ = (=1)'" = (=1)P. Furthermore if ¢ is compatible with a
section independent cocycle compatible with the metric, then p is the supergrading as
an element in /27 (see 6.8).

Proof. By the definition of a non—abelian cocycle, we see that Vt : ¢ € {—1, 1}.
Furthermore all transpositions are conjugate so that by 1.19 ¢; ; = ¢y for 7,7’ €
S : |t| = |7/| = 1 which shows the claim. In the case of a compatible pair furthermore:

Ver = @re (=D yrcand yrr # 0,50 that o, r = (1)’ = (=T, O

6.10.3. Lemma. Fort,v €S, t # v, |t|=|t| =L [r, ] = e ¢ = (—1) for
afixedq € {—1, 1}.
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Proof. Since 1t = [1,7'] = ¢, by (1.5) ¢, = %1 and by (1.19), the value is indeed
fixed simultaneously for all commuting transpositions, since all pairs of commuting
transpositions are conjugate to each other. O

6.11. Definition. We call a non—abelian cocycle ¢ normalizable ifforallt, v’ € S,, T #
ot =1t =1, [v, T'] = e, o1, = (=1)? for some fixed p € {—1, 1}.

We call a non—abelian cocycle ¢ normalized if Vo, t € Sy, |t] =1,

o0 = (=1)7T = (=Dl

6.12. Lemma. After a possible twist by any discrete torsion o with [a] # 0 all non—
abelian cocycles ¢ are normalizable.

Proof. By Lemmas 6.10.2 and 6.10.3, we have that indeed for 7, 7" € S,,, |t| = |7/| =
Lt, T ] = eqp(rt,t) = (=1)? and ¢(z, 7)) = (—1)? with p,q € {—1,1}.If p = ¢
then the cocycle ¢ is already normalizable. If p # g, let ® € Z*(S,, k*) be the class
given in Lemma 6.7 then ¢®(z, 1) = (—=1)? and ¢® = (—1)? since if p # g then
p = q + 1. But on commuting elements ¢, only depends on the cohomology class of
o and thus we could use a twist by « for any class with [a] # 0 € H 2(S,,, k*) instead
of .

If ¢ is the non—abelian cocycle of a special S,, Frobenius algebra A then the non—
abelign cocycle ¢® can be obtained via tensoring with k®[S,,] as the non—abelian cocycle
of A™.

Theorem A.1 contained in Appendix A implies that all normalizable non—abelian
cocycles ¢ can be rescaled to a normalized cocycle. 0O

6.13. Theorem. Any normalizable graded S,, cocycle y with normalized ¢ can be nor-
malized by a rescaling 15 — Ay 1,.

And vice-versa, given any normalized S, cocycle and a choice of parity p € {0, 1}
there is only one compatible non—abelian cocycle ¢ given by

Yoo = (=PI, (6.7)
Proof. First notice that by assumption of normalizability the y, , € k* for transversal
7, o we define the rescaling inductively on |o| by A; := 1 and Ay = Ay Y4’ 1/, Where

o = o’'t’ and T and o are transversal.
More precisely: let 0 = o’t’ with |t| = 1, || = |o| — 1. With induction on |o | we
define

Ao 1= Ag'Vo! /- (6.8)
Then after scaling we obtain:
- Ay hgr
yU/,‘L'/ = reo '}/O./’.r/ = )\,.L./ = 1
)\,G/T/

We have to show that (6.8) is well defined, i.e. is independent of the decomposition.
This can again be seen by induction.

First notice that if |o| = 1, A, = 1 poses no problems. If |o| = 2 either there is a
unique decomposition into two disjoint transpositions or

o=t =17, (6.9)
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where T = (ij), T’ = (jk), t” = (kl). The first case again poses no problem. For the
second one notice that A; = A = 1 and t/1”7/ = 7, thus

Yo' o = §0r’,r”(_1)r : Ve'e/'e' v = @r’,r”(_l)r ‘ Yoo/ = Ve, o'- (6.10)

Assume the A, are well defined for |o| < k. Fix o with |o| = k and decompose
o = o't’ = ¢”1” in two different ways. Then we have to show that

)Lcr’yﬂ’,r’ = )‘o’Vcr”,r”y
’ !
. . o o . ..
where by induction A, = ]_[1_{ VTt ol ando’ = ]_[l L1/ is any minimal represen-
=17

T i=1"i
"1
T

tation. We observe that in S,, we can obtain ¢'7’ from o by using the relation (6.9)

repeatedly. Thus by using associativity and (6.10) we obtain:
lo”| lo’|

Ao Vo 1 = (| |V1—[i,—1 o e WVel o = (| |J/l—[f,—1 o )Vol i = Ao Vol 7
i1 J=17jr i—1 Jj=170r
1= 1=

The fastidious reader can find the explicit case study in Appendix B.

For the second statement notice that by Lemma 6.4.1 given a normalized y we have
for all transversal o, 0’ : Y55 = 1.

Thus for transversal 7, o,

1= Yr,0 = (pr,a(_l)f(} Yior,t = (pr,a(_l)f&9

since to T and t are transversal |tot| = |o|, |tott| = |to| = |t| + |o].
And if o, T are not transversal, then 0 = to’ with |0/| = |0 — 1| and ¢/ and 7
transversal,

Ve = Vo = ¢ro (Do = (=1)Ny, o,
and since y; ; # 0, we find
$ro = Por = (—DP. (6.11)
And finally if o = []17, 7,

o]

Yoo = l_l(pfi’f}i/ = (_l)plallo |

i=1

by using (6.11) with &; = ([T, ., )’ ([17),,, w) " I6il = 10’ O

7. Symmetric Powers of Jacobian Frobenius Algebras

In this paragraph, we study S,, orbifolds of A®" where A is a Jacobian Frobenius algebra.
We also fix the degree d of A to be the degree of p — the element defining 7.

The most important result for Jacobian Frobenius algebras (or manifolds) is that
Ar ® Ay = Ayyg [K1]. Therefore

®
Af?z) = Af(Zl)+"~+f(z,,)a

where z is actually a multi-variable z = (z', ..., z™).
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7.1. Remark. Inthe above notation, we should keep it in mind that for functions gy, . . . g,
we have that

81® - ®gn=2g1z1) - &nzn).

7.2. Sy—action. In this situation there is a natural action p of S, by permuting the z;,
ie. foro €8,,

,O(O')(Zi-() = Z(k,(i)-
It is clear that the function f,, := f(z1) + - - - + f(z,) is invariant under this action, so

that we can apply the theory of [K2, K3]. We see that the representation p is just the
dim A—fold sum of the standard representation of S, on k".

7.3. The twisted sectors. To analyze the twisted sectors, we have to diagonalize the
given representation. To this end, we regard the cycle decomposition and realize that for
each cycle with index set [; there is a m—dimensional eigenspace generated by

1
—sz forl=1,...,m.
ni ¢
i€l

The other Eigenvectors being given by

1 i

}’l_ Z Cr{l f(l)Zi

! iel

with Eigenvalue ;“,{,, where f : [; — {1, ..., n;}is a bijective map respecting the cycle
order.

Restricting f;, to the space where all the variables with Eigenvalue different from
one vanish

fo=fGi=zj=u)ifi, j €.
Using the variables uy it is obvious that
Ay = Ay, = AL,

7.4. Restriction maps. With the above choice of u; as variables and using Remark 7.1,
we find that the restriction maps are given as follows:

k
re (81 ® - ®gn) = ®(H gi) € A®Dl.

i=1 jel

Thus these maps are just contractions by multiplication.
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7.5. Fixed point sets. By the above, we see that
m
Fix(0) = @ Vo € ,K")", (7.1)
i=1

where we used the notation of 6.3. Notice that

dim(V,) = ml(c) codim(Vy) = [Ny | = m|o|. (7.2)

7.6. Bilinear form on A®". We notice that if the bilinear form on A is given by the
element p = Hess(f) then the bilinear form on A®" is given by p®" = Hess(f;) and
it is invariant under the S, action. Indeed det?(p (o)) = 1. To be more precise, we have
that

det(p(0)) = (1)1,

(Here p is of course the representation, not the element defining the bilinear form.)

7.7. The Character and Sign. Notice that the character is either the alternating or the
trivial one depending on the choice of the sign, which is determined by the choice of
parity p and on the choice of the number of variables m. (We have to keep in mind that
we can always stabilize the function f by adding squares of new variables).

Using Eq. (5.6), we find however:

Xo = (=17 (=) det(0) = (—1)° (7.3)
and find the sign of ¢ to be
sign(o) =06 +mlo| = (m+ p)lo]. (7.4)

Thus only the sign, but not the character depends on the number of variables!

7.8. Bilinear form on the twisted sectors. Since it is always the case that (—1)? o = 1,
we do not have to shift the natural bilinear forms on the twisted sectors. They are given
by n®@) or equivalently by p, = p®/@).

7.9. Remark. Notice also that since det(p (o)) = %1 (i.e. the Schur-Frobenius indicator
is 1) the form n will descend to the S,, invariants (see e.g. [K3]).

7.10. Proposition. After a possible twist by discrete torsion any compatible cocycle y
is normalizable.

Proof. We check that 7, (yr ;) # 0for 7 and o transversal. Then the claim follows from
Proposition 1.10.

Suppose t and o are transversal and say t = (ij), then i and j belong to differ-
ent subsets of the partition /(o) (say I(0); and I(0);). So since y; ; # O neither is
o (Vr,0)-
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More explicitly:
; j
y | v
Ver=F(l) =) 1® - @10a @10 - ®lehele - ®1l,  (15)
k
where ), ar @by = A(1) #0 € AQ Aand A := 1 : A - A ® A is the natural
co—multiplication on A, and
(o) 1))
1 s
rg(y,,t)221®-"®1® a 1R V1R by VIR ---® 1. (7.6)
k

Thus yr ; is not in the kernel of the contraction r, and thus not in the kernel of 7.
m}

7.11. Algebraic discrete Torsion. The choices of algebraic discrete torsion are given by
the choices of cocycles ¢ and the sign. Since there is only one ¢ for a given choice of
parity and fixing the parity the sign is determined by the number of variables m.
Recall (5.11)
€(0,0") = 9o (=) det(aly,) = (=1)"717 det(o]x,)
and
T (o, O'/) = (- l)sign((r)sign((r/) (— 1)sign(0)+sign((r’) (— l)m|0,0'| dim(Ag 4)

— (_1)17(\0\+|0/|+\U\\U/l)(_l)m(\0\+|0/|+\0\\U/|+|0,0/\) dim(Ay o).

7.12. Reminder. Recall that the centralizer of an element o € S,, is given by
Z(o) = [ [Sn, x Z/kZM,
k

where N; is the number of cycles of length i in the cycle decomposition of o (cf. 6.1).
This result can also be restated as: “discrete torsion can be undone by a choice of sign”.
We note that Z (o) is generated by elements of the type t; and c; where t; permutes
two cycles of length k of o and ¢ is a cycle of length k of 0.
Also € is a group homomorphism in both variables, so that by 4.24 € is fixed by its
value on elements of the above type.

7.12.1. Proposition. The discrete torsion is given by
: (=Dl (—pm &= if el = 4
€lo,0)= (—1)ymk=D (o |=1) ifo' =’
where T and cy are the generators of Z (o) described above.
Proof.

det(w)ly, = det(z)det™ (wlz,) = (=" (=1)"
and

det(c)|w, = det(cp)det™ (cxlz,) = (=1)"* D,
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7.12.2 Remark. What this calculation shows is that we are dealing with the m™ power
of the non—trivial cocycle which in the case m = 1 has been calculated in [D2]. We again
see the phenomenon that the addition of variables (stabilization) changes the sign and
hence the discrete torsion — as is well known in singularity theory. Actually the whole
trace i.e. the product of € and T is constantly equal to (—1)”(“’”"/”'"'“‘7/') dim(As 4/)
which coincides with the general statement cf. (8.14).

7.12.3. Corollary. The discrete torsion condition holds.

7.13. Grading and shifts
7.13.1. Proposition

sh =dlo|, s, =0, (7.7)

o
| I d
So = E(Sg +5,) = EIGI, (7.8)
where s and s~ are the standard shifts for Jacobian Frobenius algebras as defined in
[K2, K3].

For the calculation of s, we fix some o € S,,. Let c(0) be its cycle decomposition
and I (o) := {I1, ... It} be its index decomposition. Then the shift s, can be read off
from the definition and the identification

le(o)]
Ay ~ ® A ~ A"l
i=1

with the degree of A®! being dl, we obtain
sf =nd —(n—lo|d =dl|o|.

The shift s_~ is again calculated via the natural representation p : S, — GL(n, k).
Recall (cf. [K3])

1 1
s = z—Tr(log(g)) — Tr(log(g™")) := %(Z ri(g) — in )

2mi
1
= 2 2k - .
i:Ai#0 T

For a cycle ¢ of length k, we have the eigenvalues {,ﬁ, i=0,...k— 1, where ¢ is
the k™ root of unity exp(27i %). So we get the shift

k—1
se =20> (
Jj=1

For an arbitrary o, we regard its cycle decomposition and obtain the result.

Lo kk=1
N=—F—-k-D=0

| ~.

7.14. Theorem. Given a Jacobian Frobenius algebra A up to a twist by a discrete tor-
siona € Z%(S,, k) and supertwist & € Hom(S,,, Z/2Z) there is a unique S, Frobenius
algebra structure on A®",

Proof. The uniqueness follows from §6. The existence result is deferred to §8 which
can be carried over verbatim. O
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8. Second Quantized Frobenius Algebras

Given a Frobenius algebra A with multiplication © : A ® A — A, we can regard its
tensor powers T" A := A®", These are again Frobenius algebras with the natural tensor
multiplication u®" € A®3" = (A®")®3 tensor metric n®” and unit 19",

We can also form the symmetric powers S” A of A. The metric, multiplication and
unit all descend to make S” A into a Frobenius algebra, but in terms of general theory
[K] we should not regard this object alone, but rather look at the corresponding orbifold
quotient T"A/S,,.

8.1. Assumption. We will assume from now on that A is irreducible and the degree of
Aisd.

8.2. Notation. We keep the notation of the previous paragraphs: /(o) is the number of
cycles in the cycle decomposition of o and || = n — [(0) is the minimal number of
transpositions.

8.2.1. Lemma. Let p be the permutation representation of S, on A®" permuting the
tensor factors. Then the following equations hold:

Tr(p(0)) = dim(A)l (o), 8.1)

1 dim(A) =0o0r1(4)

, ) (8.2)
(=Dl dim(A) =2 or 3(4)

det(p(0)) = (—1)I"5") {

Proof. For the first statement we use the fact that entries in the standard tensor basis of
the matrix of p(o) are just 0 or 1. A diagonal entry is 1 if all of the basis elements whose
index is in the same subset of 7 defined by the partition c¢(o) are equal. The number of
such elements is precisely dim(A)l (o).

For the second statement we notice that

det(p(0)) = det(p(2))],

where t is any transposition. For T = (12) we decompose A ® A = @?;"}A ei Qe D

(eai,jeﬁ,i;éj e; ®e;) for some basis e; of A. Using this decomposition we find that indeed
det(p(o)) = (— 1)“"(dlrl12(A)). For the last statement notice that

0(2) if dim(A) =0or 1(4)

1 . . -
3 dim(A)(dim(A) — 1) = {1(2) if dim(A) =2o0r3(@)’

8.3. Super-grading. As is well known there are only two characters for S,: the trivial
and the determinant. We will accordingly define the parity with values in Z/2Z,

(8.3)

- 0(2) if we choose the trivial character
o = .
|lo| (2) if we choose the non-trivial character



70 R.M. Kaufmann

To unify the notation, we set the parity index p = 0 in the first case, which we call even,
and p = 1 in the second case, which we call odd.
In both cases

&= (=Pl (8.4)

8.4. Intersection algebra structures. For o1, ...,0, € S, we define the following
Frobenius algebras:

Ay = (Al(d), n®l(‘7), 1®l(f7)), (8.5)

Agyoy 1= (A®|<0'1w~.0'm)\’7‘|’ n®|(0|,m,0m)\ﬁ\’ 1®|<U|~~~,Um)\ﬁ\). (8.6)

Notice that the multiplication p gives rise to a series of maps by contractions. More
precisely given a collection of subsets of n we can contract the tensor components of
A®" belonging to the subsets by multiplication. Given a permutation we can look at its
cycle decomposition which yields a decomposition of 7 into subsets. We define (o)
to be the above contraction. Notice that due to the associativity of the multiplication the
order in which the contractions are performed is irrelevant.

These contractions have several sections. The simplest one being the one mapping
the product to the first contracted component of each of the disjoint contractions. We
denote this map by j or in the case of contractions given by / (o) for some o € S,, by
j(©).

E.g. n((12)(34))(a®b®@c®d) = ab®cd and j((13)(24))(ab®cd) = ab®cd ®
I® 1.

Thus we define the following maps:

To i Ae = Ag 5 1o 1= u(0), (8.7)
ig 1 Ag = Ap; ip := j(O). (8.8)

Moreover the same logic applies to the spaces Ag, ... 5, and we similarly define
Toy,....om boy,....om» Where the indices are symmetric and maps

Ol seens Op— L0,y Opp—
Tor, om ' Act ot = Aoy,sons ot om Avt o = Acropors (8.9)
where the again the indices are symmetric.
We also notice that A, = A,-1 and As s = Ao
8.5. Remark. The sections i, also satisfy the condition
i (abs) = m(a)is (by). (8.10)

8.6. Proposition. The maps r, make Ay, 1y into a special S, reconstruction data. A
choice of parity & fixes the character to be:

Xo = (=)7L, 8.11)

yeees

Furthermore the collection of maps rgll ,,,,, ;’;;—' turns the collection of Ay, .. o, into

special intersection S, reconstruction data.
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Proof. 1tis clear that all the A, are cyclic A, modules and it is clear that A, = A, -1.

Also the 7, remain unscaled since (—1)?1°ly, = 1.

What remains to be shown is that the character is indeed given by x, = (—1)7l°!
and that the trace axiom holds.

This is a nice exercise. We are in the graded case and moreover the identity is up to
scalars the only element with degree zero — unless (dim A = 1) and we are in the case
of pt/S, which was consideredin 5.3.6. Soif ¢ € A5 4/] : ¢ # A1, then the trace axiom
is satisfied automatically.

Therefore we only need to consider the case ¢ = 1 € A, 5 With [o, oc'l=-e.In
this case, we see that o’ acts on A, ~ A®I0) a9 4 permutation. Indeed the normalizer
of o is the semi—direct product of permutations of the cycles and cyclic groups whose
induced action on A, is given by permutation and identity respectively.

We claim the trace has the value

Tresla,, = dim(Ag 47). (8.12)

This is seen as follows. Looking at the permutation action on the factors of A,, we
see that the trace has entries 0 and 1 in any fixed basis of A, induced by a fixed choice
of basis of A. The value 1 appears if the pure tensor element has exactly the same entry
in all tensor components labelled by elements which are in the same cycle of o (acting
on A, ). But these are precisely the elements that span A, ;. To be more precise there
is a canonical isomorphism of these elements with A, ;- given by tensors of iterated
diagonalmaps A: A - A® A, A(a) =a Qa.

Thus the trace axiom can be rewritten as:

Xo @00 (=PI = x =l o (— 1P, (8.13)

In particular if 6’ = e

(=17l dim(Ay) = x5 Tr(p(0)] gsn)

so that

x(0) = (=Pl

Combining the above we find that:
XoSTr(@a,) = (=DPI7IHHD dim (A, 1) (8.14)

which is an expression completely symmetric in o, ¢’ and invariant under a change
oo L

For the last statement we only need to notice that consecutive contractions yield
commutative diagrams which are co—Cartesian. The structural isomorphisms being clear
since they can all be given by the identity morphism — there is no rescaling. O

8.7. Proposition (Algebraic Discrete Torsion). Fix the sign = 1 and sign® = 1
and set (—1)°" = dety, (o) = (—I)COdlmvo/(V”'), where detyy (o) is the determi-
nant of the induced action of o on the fixed point set of o'. Furthermore fix xJ by

(-=1? (codimv, Vo.o)) Then si gn and the sign® are compatible and

€(o,0') = (_I)P(IUIIG'I)(_I)PIUI(_l)P(COdimV(,/ (Va.a’))’ (8.15)
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or in the notation of 7.12

, (_1)p(k|<7|+k+1) l:fO‘/ _—
€l0’,0)= k-1 k=1) e s :
(—PE=Dlol+k=1) o’ = ¢,

Proof. First:
v(0,0") = codimy_, (V4,6/) + codim(V,)(2)
which satisfies 4.15, since
codimy,, (Vg,07) + codim(Vy) = codim(V, o) = codimy _, (V4 5) + codim(V/).
Now just by definition

€(o,0') = (_1)P(|U||U/|)(_1)P\U\(_1)P(C0dimV5/ Vo))
and lastly: codimy, (V, ») = 1 and codimy, (V¢ o) =0. O

8.7.1. Remark. This algebraic discrete torsion indeed reproduces the effect that turning
it on yields the super—structure on the twisted sectors as postulated in [D2]. The com-
putation of the discrete torsion in [D2] was however done for pz/S, with the choice
of cocycle y given by a Schur multiplier, see 2.3.2. The current calculation explains
how the non—trivial Schur—multiplier used to twist by a discrete torsion behaves like a
supertwist. In terms of 6.10.3 one can see this as the fact that in both twists —super and
non-trivial discrete torsion—g = 1.

8.8. Proposition. After possibly twisting by discrete torsion any cocycle y compat-
ible with the special reconstruction data is normalizable and hence unique after the
normalization.

Proof. Verbatim the proof of 7.10. O

So from now on we can and will deal with normalized cocycles.

8.8.1. Lemma. For any minimal decomposition T of o' into transpositions o' =
T ... To/|

Folle) = [ ven- (8.16)

Proof. Notice that I, = @ I; and thus I, [[;; ¥, = 0. Furthermore deg([[;; vz;) =
dlo| = sT(0) = 2dy = deg(y,4-1) and dim(I5)¥®) = dim(A®") — 1, where the
superscript denotes the part of homogeneous degree. This follows from the equalities:
dim((I,)¥@) = dim(Ker(r&')) = dim(A®") — dim(Im(r&*))) = dim(A®") — 1.
We split (A®")41@) = (1,)4©) g [, where L is the line generated by i, (00 ).

We have to show that

n([ ] e, b) = 1o (1o 76 (B)).
iel

This is certainly true if deg(b) # dn — d|o| = dl(o) since then both sides vanish.
This is also the case if b € I,. It remains to show that ([ [;c; ¥z, 5 i (o)) = 1.
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We do this by induction on |o |, the statement being clear for || = 1. Let 75| = (i)
and set 0’ = o 7)5| then

io' (Do) = Vriy),710 10 (Po)
which follows from the equation p ® 1y(12),(12) = p ® p and its pull back. So

lo|—1 lo|—1

I =n( l_[ Y.t i (pg)) = 1( 1_[ Yti.ti» Vng‘,rk,‘iapa)-

i=1 i=1

Another way to see this is to use the isomorphism A, =~ A1 and the iterated
restriction maps for the pull-back, noticing that indeed the y; ; pull back onto each other
in the various space. O

Using the same rationale we obtain:

8.9. Corollary.

% (Lo = Taor( [ | Voim) (8.17)

i€l 5

where 1, o = {i € I : |{o0’, T)\nt| < [{o0')\n1|} or in other words the yr, 1, that do
not get contracted.

8.10. Grading and shifts. The meta—structure for symmetric powers is given by treating
A" as the linear structure, just like the variables in the Jacobian case. In particular we
fix the following degrees and shifts

deg(ly) = d|o|,

=dlc(o)l, s; =0,

—1(++ 7)—d|()|
So = 5(S +55) = lc(@)].

Notice that as always there is no ambiguity for s, not even in the choice of dimen-
sion of A, but the choice for s~ is a real one which is however the only choice which
extends the natural grading if A is Jacobian.

This view coincides with the realization of A®" as the nM tensor product of the
extension of coefficients to A of the Jacobian algebras for f = z2.

8.11. Notation. The geometry of S,,—Frobenius algebras is given by the subspace arrange-
ment of fixed point sets V, = Fix (o) C k" of the various o € S, acting on k" as well
as their intersections V, 5+ = Vi, N Vv, etc., which were introduced in §6.
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Recall that |o| = codimy (V,). We also define |0, ¢’| := codim(V, N V) and set

1 1
da,a’ = _deg(ya,a’) = =(lo|+ |U,| - |GU/|)a
d 2
= L deg(79)(15.0) = codi A%
Ng o' = d eg(ro”o'/( a,a’)) = Co lme/( O‘,(T/)

= |o,0| — |UO'/|,

- 1 -
80,0 ‘= 3 deg(ya,a/) = dcr,cr’ — Ny, o’

1
= z(|o|+|o/|+|ao’| —2|o, o’]). (8.18)

Now given two elements o, ¢’ € S, their representation on k" naturally splits k" into
a direct sum, which is given by the smallest common block decomposition of both o

and o’. More precisely:
Fix the standard basis e; of k". For a subset B € i we set Vp = ;g ke; C k".
Given o, ¢’ we decompose

vi=k"= @ Vs

Be(o,0’)\n

and decompose

Vo = @ VU;B§ Voo = @ V(T,O';Ba (8.19)

Be(o,0')\n Be(o,0')\n
where Vi.p 1= V5 N Vp; V4.5 := Vi.o N Vp and we used the notation of 6.1.

Notice that dim(Vy 4/, g) = 1 and we can decompose V¢ 4 = Q5 Ve.1: B-
Using the notation:

lo|g := codimyy (Ve:B), o, 0'|p := codimyy (Vs o:B),

set

1
door B = §(|U|B +1o'|g — lo,o'|p),

. / / .
Ng.o';B = lo,o'|p —loo’|p = COdlmVaa/;B (VO',O',;B)9
- 1 .

80,0/;B = do,o’;B —Ng6';B = 2 deg()/a,a’;B)

1
= 5(ols + lo’|p +loo’|p — 2|0, o”[p). (8.20)

Notice that all the above functions take values in N.
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8.11.1. Triple intersections. For any number of elements o; we can analogously define
the above quantities. We will do this for the triple intersections, since we need these to
show associativity and although tedious we do this in order to fix the notation.

We regard the triple intersections Vy o/ o7 = Vi N Vgr N Vrr.

Recall that |o| = codimy (V). We also define |0, 0/, ¢”| := codim(V, 4 5#) and
set

1
da,a’,a” = dEg(VJ,G’VJJ’,U”)a

d
1 / / / ” ’n
= §(|U|+|0|—|UU|+|GU|+|0 | —loo'o™])
1 ’ " ’n
= §(|0|+|0|+|0 | —loa’a™]),
1 VUU/O// .
Ng ol o = 2 deg(”a,g/,g//(la,a/a” ) = COdlmv(m,”/, (Va,a’,a”)
_ ro_n ’_n
= |o,0', 07| —|oo'o"|
gﬂ,d/,ﬂ/ = E deg();d,ﬂ/,d”) = da,a/,a” — na,a/,o”
1
= §(|a| + 1ol + 16"+ |oo’'d”| = 2|0, 0, o). (8.21)

where V5 o o Was defined in (4.7).

As above given three elements o, 6’, ¢” € S, their representation on k" naturally
splits k" into a direct sum, which is given by the smallest common block decomposition
of 0, 0’ and o’. More precisely:

Again, fix the standard basis e; of k”'. Forasubset B € nn weset Vg = (D, ke; C k".
Given o, o’ we decompose

and decompose

Vo = @ VJ;B; Va,o’ = @ Va,a’;Bs

Be(o,0’,0")\it Be(o,0’,0")\it

Vooror = B Voo (8.22)

Be(o,0’,0")\nn
where V.5 1= Vo N Vp; Vo 51,8 := V5,60 N VB Vs 60678 := Vg,6/,67 N VB.
Notice that dim(V 4 o7.5) = 1.
We will also use the notation:
lo|p := codimyy (Vo). |0, 0’| := codimyy (Ve.4:B)

and

g, le 0//|B = CodimVB (VU,U,UU;B)'
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8.12. The cocycle in terms of yr ¢s. Let y5 o be given by the following:
For transversal o, o’ we set Y5 o+ = 1.
If o and o’ are not transversal using Theorem 6.13 we set

ra,a/(ya,a’) = rmr’(l_[ Vri,r,-) = 1_[ noa’(yr,-,r,-) l—[ raa’(yrj,rj)

iel iel’ Jjel”
= VoV 8.23
= Yo,0'V5,6'" (8.23)

where

I'= {iel: ”a,a/(yri,r,-) = ﬂaa’(yr,-,ri)}a
I// = {l € 1 : ”a,o’()’r,-,r,-) ;é nO'O'/(J/T,',Tl‘)}s (824)
— .oh
and y,. o € lgh(Ag’h).

8.13. Proposition. The equations of 8.12 are well defined and yield a group cocycle
compatible with the reconstruction data. Furthermore

Yoo =Tegloq), (8.25)

Voo =135, R)  es@B), (8.26)
Be(o,0’)\n

Voo =100, Q) €5 T7 B =¥ (7o ). (8.27)
e(o,0")\ni

Proof. We need to check that indeed Eq. (8.23) is well defined. From Lemma 8.8.1 and
Corollary 8.9 we know that (8.25) is true and that the product over I” is well defined.
For (8.26) we notice that if a y;, ;, gets contracted, then

Moo Vi) =1®-- @1Q@e®1I®---®1, (8.28)

where e = pi(1) is the Euler class which sits in the image of the k™ factor which is the
same as the image of the ™ factor under the map g o if T; = (kI).

The well definedness then follows by decomposition into V. p from the statement
for one—dimensional V,; ,» where it is clear from grading.

Finally (8.27) follows from (8.25) and (8.26) via Proposition 4.6.

For the associativity we use the general theory of intersection algebras 4.9. Here we
notice that indeed the number of yy, -, : i € I” contracted in each component B by

0.0’

roe,
oo’,0

» 18 given by

No,0';B — lo, o’ U”|B + |GG/7 UN|B

=lo,0'|p —loo'lp = lo, 0", 0"|p + 00", 0"|p :=q(0,0",0"; B) (8.29)

so that by commutativity of (4.6)

/ [ ro_n ro
oo __ ;00,0 q(o,0",0";B)\x00",0
rao”,a”(yaﬂ/) - la,a”,a”(®e T )ro,a’,,a”(lasa/"’”)
B
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and thus the y+ match also by commutativity. What remains to be calculated is the
power of e in each of the components B. This power is given by

1
§(|00/|B +l0"|p 4 loo'a"|p —2lo0’, 0" |p)

1
+ §(|U|B +1o'|g + oo’ |p — 2|0, o'|p)

+ (|U7 U/lB - |GU/|B - |Gv OJ, 0//|B + |00/’ U//|B)

1
= §(|0|B + 10| +10"|p +loo'c"|p —2lo,0’,0"|p)

= ga,a’,a”;B .

Putting together Propositions 8.8 and 8.13 of this section we obtain:

8.14. Theorem. There exists a unique normalized cocycle compatible with the above
special reconstruction data. There is only one compatible cocycle in the all even case.
In the super—case there are two choices of parity for the twisted sectors: all even or
the parity of plo| = |o|(2). Fixing the parity fixes the non—abelian cocycle.
In other words, there is a unique multiplicative S,, Frobenius algebra structure on
the tensor powers of A and there are two G—actions labelled by parity.

8.15. Definition. We call the symmetric power of a Frobenius algebra the S,—twisted
Frobenius algebra obtained from T" A, (r) by using the unique normalized cocycle with
all even sectors and the super—symmetric power of a Frobenius algebra the S,—twisted
Frobenius algebra obtained from T" A, (r,) by using the unique normalized cocycle
with the parity given by A, = |o| (2).

8.16. Definition. We define the second quantization of a Frobenius algebra A ro be
the sum of all symmetric powers of A and the second super-symmetric quantization of
a Frobenius algebra A o be the sum of all super—symmetric powers of A. We consider
this sum either as formal or as a direct sum, where we need to keep in mind that the
degrees of the summands are not equal.

8.17. Comparison with the Lehn and Sorger construction. In[LS]Lehn and Sorger con-
structed a non—commutative multiplicative structure in the special setting of symmetric
powers. By the uniqueness result of the last section we know —since their cocycles are
also normalized— that their construction has to agree with ours. In this section we make
this explicit. Our general considerations of intersection algebras explain the appearance
of their cocycles as the product over the Euler class to the graph defect times contribution
stemming from the dual of the contractions.

The equality of the two multiplications infers that in the particular case of global
orbifold cohomology for symmetric products our results coincide with the calculations
of [FG]. In fact in [FG] all the axioms for G—Frobenius algebras except for the trace
axiom are verified for their construction. The trace axiom was verified in [JKK], where
global orbifold cohomology was considered from the more general point of view of
moduli spaces and maps which encompass its quantum deformation as well.

From the point of view of orbifold cohomology [CR], the S, invariants of the S,
Frobenius algebra for the symmetric product yield the Frobenius algebra for orbifold
cohomology. This then coincides with the calculations of [FG, U].
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In the special case for the n symmetric power of a K3 surface S, after twisting
with the discrete torsion o € Z2(S,, k*) defined by a(r,7) = —1 one obtains the
cohomology ring of the Hilbert scheme Hilb"1(S).

Lastly, there is a family of discrete torsions «(r, T) = A, A € k* which gives rise
to the family of multiplications found in [QW] by twisting. In the complex case, the
existence of this family also shows the triviality of the cocycles [a] € H*(S,, C*).

A more detailed discussion of these remarks can be found in [K5].

8.17.1. Definition (The graph defect). For B € (o, o')\ define the graph defect as [LS]
1
g(o,0'; B) := E(IBI +2 — [o)\B| — {o")\B| — [{o, 5")\ B). (8.30)

The equality of the two multiplications follows from:

8.17.2. Proposition

. 1
g(o, 0/; B) = 8o0,0;B = §(|U|B + |G/|B + |UG/|B - 2|0'/’ O'/|B) = da,a’;B —Ns,6';B
Proof. By the above:

§(0.0"; B) = 3 @im(Vp) + 2dimy, (Vo o1.5) — dim(Vy p)
—dim(Vy;p) — dim(Vo7:5))
= %(dim(VB) — dim(Vy, p) + dim(Vp) — dim(V,. p)
+dim(Vp) — dim(Vy4,5) — (2dim(Vp) — dimy, (Vs 67:8)))
= %(|U|B +10'lg + loa’|p = 2|0, o'|p).
O
8.17.3. Remark. The above equation makes it obvious that g € N, since dy 4.5,

neo:g € N and both |o| + |0/| > |o,0'| and |oo’| > |0, o’|. The first inequality
follows from V;; 5+ = V; NV, and the second one from Vj 5+ C V4.

8.18. Remark. The change of sign needed to recover the cohomology algebra of the
Hilbert scheme of a K3 surface can also be obtained by a twisting with a discrete tor-
sion. To be precise, by the normalized discrete torsion class « defined by a (7, 7) = —1
(r €8S,,|t| = 1), for a more detailed discussion, see [K5].

Appendix A

A.l. Theorem. Any normalizable non—abelian S,, cocycle ¢ with values in k* can be
normalized after a rescaling and then one of the following holds: Vo, T, |t| = 1:

Yo, v = 1.
We call this case even and set the parity p = 0. OrVo, t|t| =1

ol

Yo,r = (=1)
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We call this case odd and set the parity p = 1. In unified notation:
¢o.c = (=D7°!
with p € {0, 1}.
Proof. By assumption
vo, v |t =t = 1L, [r, ] =e: ¢r v = (=1)7P.
We will show by induction that we can scale (cf. 1.8) such that
Vo, ot =l =1L [0, Tl #e: o= (=P
Combining (A.2) and (A.3):
vr, ot =t =1: ¢ = (=DP.

Induction for (A.4). Assume that (A.4) holds for 7,7’ € S, C S,41.
Now scale with

rijy = (=D @u—1nt1),(ant1) fori, j <n,
Aint+1) == (=D @in),un+1) fori <n,
Amn+1),ma+1) = 1.

Notice this implies that

~ )\(n n+1)
P(in),(nn+1) = P(in),(nn+1)
AGin+1)
= (—D? @(iny,(nnt1) = (=17,

P(in),(nn+1)
- -]
Phn), (i n+1) = Piin),(nn+1) = (=17,

@),k = @i,y = (=D if i, j kI <n,

where the last statement follows by induction.
We need to show

(ﬁr,r’ = (_1)17.

For n = 2 the statement is true.
So we assume n > 2 and by assumption:

vi,tiltl = = Lntl=e: @ = (D7’

Thus by induction (A.6)—(A.8) and (A.10), we need to check the cases

) t=Gj)t=Gn+Dii,jell,....n—1};i # j,
i) r=(@Gn+D,7'=Gn+1);i,jel{l,....n},i # ],
iii) 7 = (in+ 1,1t = Gj)i, jefl,....nhi#].
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(A1)

(A2)

(A.3)

(A4)

(A.S)

(A.6)

(A7)
(A.8)

(A.9)

(A.10)
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Notice that ¢ n11),ij) = (,5(724_1) (j n+1) and thus ii) implies iii). Else iii) follows by
(A.6) and thus it suffices to show i) and ii).
For i)
)\(jnJrl) _ Pn)(nn+1)
PGt ) = ), (k)
(in+l) P(in)(nn+1)
= Q(n),(an+1)Pn),( n+DPG)),(j n+1) = Pin)ij)(jn),(nn+1)

= @ij),nt1) = (=P

Pij),(jn+1) =

by (A.10).
For ii) If j = n then
- Ann+1) (=P
PG n+1),(nn+l) = Y Pin+l),(nn+1) = P(in+l),(nn+l)
@j) Pn—1n+1)(nn+1)

soifi=n—1 (;Z(nfl n+1),(nn+1) = (=DP.
Ifi 2 n — 1 then
(—1)P PG nt1),(nn+1)
Pm—1n+1)(nn+l)
= (=P @ n1)(n—1n+1),(n—1n)
= (=DP@u-1i)i n+1),(1—1n)
= (=DP@u-1i),(0=1mPGi n+1),(1—1n) = (=DF.

= (—=DPQu—1n+1),(01=1 )@ n+1),(n n+1)

Ifj#n

A(jn+1) @G+
Pln+),(jn+l) = —— —— Pin+1),(jn+l)
AGij) Pn—1n+)(nn+l)

= Q@in),nn+1D)Pn—1n+1),(n—1n) PG n+1),(j n+1)
= @in+1)(jn)(n—1n+1),(n—1n)-

Plin+1),(jnt+1) =

Now first assume {i, j} N {n — 1, n} = @ then
P n+1)(jn)(n—1n+1),(n—1n) = Pm+1n—1)(n—1i)(jn),(n—1n)
= Q(jn), (- 1) Pn—11),(1—1 )HPn—1n+1).ij) = (=D,
Case2a)i =n, j =n — 1 then
Pin+1)(jn)(n—1n+1),(n—1n) = Pmn+1)(n—1n)(n—1n+1),(n—1n)
= Qu—1n).(i—1n) = (=DF.
Case2b)i =n,j#n—1
P n+1)(jn)(n—1n+1),(n—1n) = Pmn+1)(jn)(n—1n+1),(n—1n)

= Pn—1n)(jn)(jn+1),(n—1n)
= Q—1n),(j n—1)P(jn),(n—1m) PG n+1),(a—1n) = (=D7.

Case3d)i=n—1,j#n

@i n+1)(jn)(n—1n+1),(n—1n) = P—1n+1)(jn)(n—1n+1),(n—1n) = P(jn),(n—1n) = (_1)p~
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Cased) j=n—1,i #n

P n+1)(n—1n)(n—1n+1),(n—1n) = Pmnn—1)(n—1i)(i n+1)),(n—1n)
= O n—1)(in)P—1i),(n—1m) PG n+1)),(—1n) = (—1DF.

Finally if o = ]_[‘U‘] 7
o]
Yo, v = H%,-,fi = (_1)p|0|

i=1

with 7; = ]_[ il r,)r(]_[j i1 T U |1%| = |t| = 1 which proves the theorem. 0O

Appendix B
B.1. A detailed proof of Theorem 6.13. We will assume by induction on r that
Yoo = 1for|t'|=1,|0'| <r—1land 1, = 1for|o| <r. (B.1)

Fix o with |o| = r + 1. We need to show that indeed for two decompositions

o=0c't'=0¢"1" (B.2)
indeed
Yo' .t! = Vo 1" (B.3)
Weseto”' = ot/t” and v = t/t"7’. Tt follows

/ n_rn " n_mn " "
o' =0"t, 0" =", " #£ 1.
flo”| = i
If || =r — 1, we find
J/U’,‘L” = VO'W'L’”,T’VUW,T” = )/UW,T”T,J/‘L’”,'E,
= )/o.///’.[///.r//y.r///’.r// = VUW‘EW,‘L’N)/O'W,TW = VU”,T”'

If |o”'| = r+1thenift’ = (ij), 1" = (kl),i, j, k, [ mustall lie in the same cycle.

Without loss of generality and to avoid too many indices, we assume that this cycle ¢
isjustgivenbyc = (12--- h) forsome h < r+2. Firstassume that {i, j}N{k, [} = . We
canthenassumei < j,k < landi < k.Thenthere are three possibilities:i < j < k <,
i <k<l<jandi <k < j <, where the first two have |c”'| = r — 1.

Sofixi <k < j < I. We see that we can decompose

=a(ilh)(kj), o =ac@ikh)(jl)
with

5 = o (hljki)and || = r — 3.
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Yo', o = Vo (lh)(kj),@j) = Vo @lh)(kj), i)Y Gthy, ki) = V& @lh), k)i Vkj).(i))

= Y& (ilh), (ik) (kj) Yik),(kj) = V& (ilh)(ik),(kj) V5 (ilh),(ik) = V& (ikih),kj)
= Y (ikh)(kl),(kj) V5 (ikh),(kl) = Y& (ikh), ki) (kj) Y &D), (kj)
= Y& (ikh), GOKD YD, (k) = Y& ikh)(jl), kD) V5 (ikh),(j1) = Y& (ikh)(jl), (k1)

= )/0,//’.[//

since |6 (ilh)| = |6 (ikh)| =r — 1.
If |{i, j} N {k,1}] = 1 then we can assume that j = k and i < [ which leaves us with
thecases:i < j <I,j <i <landi <1 < j;where in the first two cases |c”| = r — 1.
Now assume i < j < k. We can decompose

o’ =6&(ilh), o =&(ijh)

with
o =o(hlji)and |6| = h — 4.
And
Yo', ©/ = V& (ilh),(ij) = Y&@l(Ih),ij)Ys @ D,0h) = Y& (il),(h)(ij)Yh),3j)

= Ys@l), () A YaEj),Ah) = Y&l (ij),dh) Ve @l),(ij) = Y&(ijl),(h)
= Y5ij)HGD,AnYsij),(j) = V& ij),(GhUR)Y(jl),(h)
=VYeij).(GhGDYGM.GD = Y i) (jh).(iDYs0j).(ih) = V& (ijh).(jI)
= )/O.//’.[//,

since |6 (il)| = |6 @@j)| =r — 1.
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