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Problem 1 ( USAMO 1991). Show that, for any fixed integer n > 1, the sequence

2,22,22° 22" ... (mod n)

is eventually constant.

Problem 2 (77, from [1]). Prove that every polynomial f(z) # 0 has a multiple g(z) = f(z)h(x) #
0 in which every exponent is prime. That is,

g(z) = Z apa”

where the sum is over primes.

Problem 3 (++, Pairs at Mazimum Distance from Alex’s copy of [2]). Let X C R? be a finite
set. Suppose X contains n points, and the maximum distance between any two of them is d. Prove
that at most n pairs of points of X are at distance d. @

Problem 4 (777, translated from the Soviet Student Olympiads in Mathematics by Firdavs). Let
{an}22, be a decreasing sequence of positive real numbers such that

o)
an

D =
n

n=1

Show that

flz) = Z ap sinnx
n=1

is not Lebesgue integrable on [0, 27].
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Hints

. If {A, B} and {C, D} are pairs of points in X such that AB = CD = d, then what can you say about the line
segments AB and CD?

*+ indicates hardness; the more plusses there are, the harder I think the problem is. Conversely, — indicates
easiness. 7 indicates I don’t know the solution, and the number of ?s indicates how hard I think the solution
probably is.
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