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(Note: The exercises below are independent of each other)

Let n € Nyn > 2, and ™! = {z € R" : || = 1} with the surface
measure o defining integration on the unit sphere. A set A C S"! is §-
separated for some ¢ > 0 if z,y € A and = # y implies |z — y| > 6. The
characteristic function is denoted by 1g(z) =1if x € Q and 0 if z € Q.

The Stein-Thomas restriction conjecture [S] is
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An equivalent discrete version (see [BD]) is that for all 0 < § < 1, for all
A C 8"t sets which are §'/2 separated, all ¢ € C and all balls By (of any

center) where R ~ 6~'/2, the following holds
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(Here |Br| denotes the volume of Bg)

1. Prove the exponent in (*) is necessary by applying (*) to

f(x) = 1pw.s)nsn-1(T).

Here N € S"~!is a point and B(N, d) is a ball of radius § centered at N.
(Estimate f by 1g, where Qs is a § X - - - X § x 6% rectangle; the Fourier
transform of 1¢, is “essentially supported” ona d ' x - x §~1 x §72
rectangle).



2. For p > 2(:—:“11), conjugate ¢ and some C' > 0, show the equivalences:

(@) 1 Follr < Cllfllee)-
®) 172200 < CI o
(©) 113 % fllze < C|| L.

3. Show the equivalence between (*) and (**).

Remarks:

The inequality (**), although discrete is richer than the continuous coun-
terpart (*). For example, looking at higher spatial scales R ~ §71, it is
possible to obtain an improvement on the § exponent,
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I found this fact, that a discretized version can be riched than its contin-
uous counterpart, quite interesting and wanted to share it with you.
This improvement (<) is a direct application of the I decoupling inequal-

ity recently proven in [BD]. For this and numerous other applications, see
[BD].
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