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DEFINITION 6.1.1

Let V and W be vector spaces. A mapping 7 from V into W is a rule that assigns to
each vector v in V precisely one vector w = T'(v) in W. We denote such a mapping

byT:V — W.
——
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Example 6.1.2 The following are examples of mappings between vector spaces:

1. T: M,(R) - M,(R) defined by T(A) = AT.

w—’“—\'

2. T: M,(R) - R defined by T(A) = det(A).
N~ ——————

3. T: Pi(R) > P>(R)defined by T (ap +a1x) = 2ap+a; + (ap + 3ay)x + 4a; x2.
—

4. T : Ca, b] — R defined by T(f) = [* f(x)dx. O
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DEFINITION 6.1.3

Let V and W be vector spaces.! A mapping T : V — W is called a linear transfor-

mation from V to W if it satisfies the following properties:

L T(u+v)=T()+T(v)forallu,veV. % RE§PEC7IH6> ThE
2. T(cv) =cT(v)forall ve V and all scalars c. VEC T2 SPACE

STRUC TLRE

We refer to these properties as the linearity properties. The vector space V is
called the while the vector space W is called theicodomain of T.S




Example 6.1.2| The following are examples of mappings between vector spaces:

: M, (R) = M, (R) defined by T(A) = AT 3/3 LZ HFF N

: M,(R) — R defined by T (A) = det(A). %.—-; S G 4 ~E A R
: PI(R) - P>(R) defined by T (ap + a1x) = 2ap+ a1 + (a0+3a1)x+4a1x2.§ > Lzt xg
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: C%0a, b] — R defined by T(f) = [” f(x) dx. O
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Example 6.1.4 Define 7 : C'(I) — C°(I) by T(f) = f’. Verify that T is a linear transformation.
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Example 6.1.5 Define 7 : C>(I) — C°%(I) by T(y) = y” + y. Verify that T is a linear transformation.
T
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Example 6.1.6 | Define 7 : M33(R) — M>(R) by
(¢ b c _ | et+37F —b
d e f|) | —-b 4a-—3d|’
Verify that T is a linear transformation.
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A SINGLE (RITER ToN.

L CTE G YA A mapping T @ V. — W is a linear transformation if and only if

T(c1vi+cava) =c1T(vy) + 2T (v2),

for all v, vo in V and all scalars ¢y, 5.
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Example 6.1.8

Define T : P>(R) — R? via

U/WA

J T(p(x)) = (p(2), p'4)).
< 1

Verify that 7' is a linear transformation.
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If T : R3 — RZ is a linear transformation such that

Example 6.1.9

7(0,0,1) = (0, —8),

T'(1,0,0)=:1,=2), (O, 1,0)= (1,5),

then we can compute

T (4,3, 2
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Example 6.1.10

(

Let T : P2(R) — P>(R) be a linear transformation satisfying

T(l)=2-3x

J T(x) :2x+5x2, T(xz) =3 —x + x2.
SNe— ~—— —

For an arbitrary vector p(x) = ap + ajx + arx? in P>(R), determine T(p(x))
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el EE  Let T : V — W be alinear transformation. Then
L. T(Oy) =0, /

2. T(—v)=—-T(v)forallve V.
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Example 6.1.12

Define 7 : R — R* as follows: If x = (x1, x2), then

T(x) = (2x1 + x2, 3x1 — x2, —=5x1 + 3x, —4x7).

Verify that T is a linear transformation from R? to R*.,

— =50 - -
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ILCCTE R R Let A be an m x n real matrix, and define 7 : R” — R” by T(x) = AX. Then T is a
linear transformation.
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Example 6.1.14  Determine the matrix transformation 7 : R? — R?* if x4
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Example 6.1.12  Define T : R?2 — R* as follows: If x = (x1, x2), then

T(x) = (2x1 4+ x2, 3x; — X2, —5x1 4+ 3x7, —4x7).

Verify that 7 is a linear transformation from R? to R?.




IGETER RN Let 7 @ R” — R™ be a linear transformation. Then 7 is described by the matrix

transformation
T (x) = Ax,

where A i1s the m X n matrix
A=[T(e1), T(e2),...,T(es)]

and er, e, . .., e, denote the standard basis vectors in R”.
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DEFINITION 6.1.16

If T : R" — R™ is a linear transformation, then the m x n matrix

A=[T(e1), T(ez),..., T(e,)]

1s called the matrix of 7.
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