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Recrl

LLCCTCO R R  Let A be an m x n real matrix, and define 7 : R” — R” by T(x) = AX. Then T is a

linear transformation.

I I N

ILGCTEO R RS Let 7 : R" — R™ be a linear transformation. Then T is described by the matrix
transformation

T (x) = Ax,

where A is the m X n matrix

A=[T(e1), T(€2); .., T(en)]

and er, e, . .., e, denote the standard basis vectors in R”.
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DEFINITION 6.1.16

If T : R" — R™ is a linear transformation, then the m x n matrix

A = [ T(e1), T(e),. o o T(@yp)]

is called the matrix of 7.
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Example 6.1.17 | Determine the matrix of the@msfor@' — R* defined by

T (x1,x2,x3) = (—x1 + 3x3, —2x3, 2x1 + 5x2 — 9x3, —7x1 + 5x2). (6.1.3)
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DEFINITION 6.3.1 CSO\K(’KE]

Let T : V — W be a linear transformation. The set of all vectors v € V such that

T(¥) = Q‘0 is called the kernel of 7" and is denoted Ker(7'). Thus,
W Ker(T) ={ve V:T(v)=0}.
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Example 6.3.2| Determine Ker(7') for the linear transformation 7 : C 2(D) - C%D) in Example 6.1.5
defined by T(y) = y” + y.
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If T : R" — R™ is the linear transformation with matrix A then Ker(7) is
the solution set to the homogeneous linear system Ax = 0.
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DEFINITION 6.3.3

The range of the linear transformation 7 : V. — W is the subset of W consisting of
all transformed vectors from V. We denote the range of 7' by Rng(7"). Thus,

Rng(T) = {T(v): v € V).
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Every vector in Ker(7) is mapped
to the zero vector in W

Figure 6.3.1: Schematic representation of the kernel and range of a linear transformation.




If A=][aj,as,..., a, ] denotes the matrix of 7', then

Rng(T) = {Ax: x € R"}

={x1a1 +x2a2 + -+ xpa, : X1, X2, ..., x, € R}
= colspace(A).
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Example 6.3.4

Let T : R3 — R? be the linear transformation with matrix A =

Determine Ker(7") and Rng(7).
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To summarize, any matrix transformation 7 : R” — R™ with m x n matrix A has
natural subspaces

Ker(T') = nullspace(A) (subspace of R")
Rng(T") = colspace(A) (subspace of R™)
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Example 6.3.6  Find Ker(S), Rng(S), and their dimensions for the linear transformation S : M>(R) —

M;(R) defined by -
S(A) = A —AT.
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/
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LG O RE (General Rank-Nullity Theorem)

If T : V — W is alinear transformation and V is finite-dimensional, then

dim[Ker(7)] + dim[Rng(7T")] = dim[V].
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Let T : P,(R) — R? be the linear transformation given in Example 6.1.8 by the formula

Example 6.3.9

T(p(x)) = (p(2), p’(4)). Find Ker(T), Rng(T), and their dimensions.
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Example 7.1.2 Let A = [_g 1l Show that vi = (—1, 1) is an eigenvector of A corresponding to
o N —
the eigenvalue A1 = —7, and show that vo = (5, 6) is an eigenvector of A corresponding
to the eigenvalm’4. T~
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Solution to the Eigenvalue/Eigenvector Problem

—
»

Find all scalars A with det(A — A7) = 0. These are the eigenvalues of A.
2. If Ay, A2, ..., Ag are the distinct eigenvalues obtained in (1), then solve
the k systems of linear equations

A-x3Dvi=0, i=12,...,k

to find all eigenvectors v; corresponding to each eigenvalue.




DEFINITION 7.1.3

For a given n x n matrix A, the polynomial p(X) defined by

P =deA—AD),  _ ggymonskl  ET

is called the characteristic polynomial of A, and the equation >\

p(x) =0

is called the characteristic equation of A.

LAY An X n matrix A is invertible if and only if 0 is not an eigenvalue of A.
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Example 7.1.5 | Find all eigenvalues and eigenvectors of A =
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Example 7.1.6

Find all eigenvalues and eigenvectors of

5 12 -6
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Example 7.1.7 Find all eigenvalues and eigenvectors of A = [(1) ﬂM DE F E( T :CUE:
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Example 7.1.10

Let 4 be an eigenvalue of the matrix A with corresponding eigenvector v. Prove that A

is an eigenvalue of A with corresponding eigenvector v.
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Example 7.1.11  Let X and v be an eigenvalue/eigenvector pair for the n x n matrix A. If k is an arbitrary

real number, prove that v is also an eigenvector of the matrix A — k/ corresponding to

the eigenvalue A — k.
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DEFINITION 7.2.7

Ann x n matrix A that has n linearly independent eigenvectors is called nondefective.
In such a case, we say that A has a complete set of eigenvectors. If A has less than
n linearly independent eigenvectors, it is called defective.
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TTMe

LG AR Anon x n matrix A is nondefective if and only if the dimension of each eigenspace is
the same as the algebraic multiplicity m; of the corresponding eigenvalue; that is, ifand

only if dim[E;] = m; for each i.




