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Definition 2.17. Two events A and B are independent if

P(AB) = P(A)P(B).

(2.11)
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Example 2.19. Suppose that we have an urn with 4 red and 7 green balls. We
choose two balls with replacement. Let

A = {fuirst ball isred} and B = {second ball is green}.

Is it true that A and B are independent? What if we sample without replacement?
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Fact 2.20. Suppose that A and B are independent. Then the same is true for
each of these pairs: A and B, A and B, and A and B“.
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Example 2.21. Suppose that A and B are independent and P(A) = 1/3, P(B) = 1/4.
Find the probability that exactly one of the two events is true.
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P( Ic‘ \;D Example 2.24. Choose a random real number uniformly from the unit interval
= b -a = [0, 1]. (This model was introduced in Example 1.17.) Consider these events:
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Definition 2.22. Events Ay, ...,A, are independent (or _rrﬂl't_u’al_lx’independent)
if for every collection Aj,,...,Aj,where2 <k <nand1<i1 <ip <<

i < n,

P(AilAiz e .Aik) == P(AII)P(Alz) t .P(Aik ). (2.12)
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Fact 2.23. Suppose events Ay,. .., A, are mutually independent. Then for every

collection A;,...,A;, where 2 <k <mnand 1 <i; <iy <--- <ip <n we
have
P(A;-"IA;-"2 = -A;f‘k) — P(A;-"l )P(A;.';)- : -P(A;’;) (2.13)
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Example 2.26. The picture below represents an electric network. Current can flow
through the top branch if switches 1 and 2 are closed, and through the lower
branch if switch 3 is closed. Current can flow from A to B if current can flow

either through the top branch or through the lower branch.

Assume that the switches are open or closed independently of each other, and

that switch i is closed with probability pi. Find the probability that current can
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flow from point A to point B.
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Definition 1.28. Let Q2 be a sample space. A random variable is a function from

2 into the real numbers. &% ')( . ,O_. — |R
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Example 1.29. We consider again the roll of a pair of dice (Example 1.6). Let

us introduce three random variables:\ X; is the outco f the first di, M

outcome of the second dig) and|S is the sum of the two dice\ S grmalin dafoulines
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Example 1.30. A die is rolled. If the outcome of the roll is 1, 2, or 3, the player

loses $1. If the outcome is 4, the player gains $1, and if the outcome is 5 or 6, the

player gains $3. Let W denote the change in wealth of the player in one round of

this game. D15 cRETE
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Example 1.32. A random variable X is degenerate if there is some real value b such

that P(X = b) = I A
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Definition 1.33. Let X be a random variable. The probability distribution of the
random variable X is the collection of probabilities‘ P{X € B} for sets B of real

numbers. &
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DISCRETE  PANDOM  VUARTARLES
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Definition 1.34. A random variable X is a discrete random variable if there

exists a finite or countably infinite set {k;, k;,k3,...} of real numbers such

that

—

ZP(X =k) =1 (1.27)

where the sum ranges over the entire set of points {ky, k>, k3, ... }.
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Definition 1.35. The probability mass functionof a discrete random
variable X is the function p (or px) defined by
—

p(k) = P(X = k)

for possible values k of X.
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Example 1.36. (Continuation of Example 1.29) Here are the probability mass
functions of the first die and the sum of the dice.
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Example 1.38. We have a dartboard of radius 9 inches. The board is divided into

four parts by three concentric circles of radii 1, 3, and 6 inches. If our dart hits

the smallest disk, we get 10 points, if it hits the next region then we get 5 points,

and we get 2 and 1 points for the other two regions (see Figure 1.4). Let X denote

the number of points we get when we throw a dart randomly (uniformly) at the
board. How can we determine the distribution of X?

The radii of the four circles in the picture are 1,

3, 6 and 9 inches.
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Definition 2.27. Let X, X,,...,X, be random variables defined on the same

probability space. Then X1, X3, ..., X, are independent if

n
P(X; € B1,X; €By,..., Xy € By) = | | PXx € Bi) (2.14)
k=1
for all choices of subsets By, B,, ..., B, of the real line. %
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Fact 2.28. Discrete random variables Xi, X3, ...,X, are independent if and
only if

n
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BASZC EXAMTLE:  BERMOULLT RV, pemE
e
Definition 2.31. Let 0 < p < 1. A random variable X has thdrE;ou istribu-
tion with success probability p if X is {0 1}-valued and satisfies P(X = 1) D
and P(X = 0) = 1 — p. Abbreviate this by X ~ Ber(p).
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Definition 2.32. Let n be a positive integer and ES/pS/ﬂA random variable

X has the binomial distribution with parametets# and p if the possible values

of X are@and the probabilities are
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Example 2.33. What is the probability that five rolls of a fair die yield two or three

sixes?
X = # Of SIXES T S Roues
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Definition 2.34. Let 0 < p < 1. A random variable X has the geometric dis-
tribution with success parameter p if the possible values of X are {1,2,3,...}

and X satisfies P(X = k) = (1 — p)k‘1 p for positive integers k. Abbreviate this

by X ~ Geom(p). | D
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Example 2.35. What is the probability that it takes more than seven rolls of a fair

die to roll a six?
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