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We analyze the solution of the time-harmonic Maxwell equations with vanishing elec-
tric permittivity in bounded domains and subject to absorbing boundary conditions.
The problem arises naturally in magnetotellurics when considering the propagation of
electromagnetic waves within the earth’s interior. Existence and uniqueness are shown
under the assumption that the source functions are square integrable. In this case, the
electric and magnetic fields belong to H(curl; ). If, in addition, the divergences of the
source functions are square integrable and the coefficients are Lipschitz-continuous, a
stronger regularity result is obtained. A decomposition of the space of square integrable
vector functions and a new compact imbedding result are exploited.

1. Introduction

The magnetotelluric method is used to infer distribution of the earth’s electric con-
ductivity from measurements of natural electric and magnetic fields on the earth’s
surface (see Refs. 3, 15, 18 and 21). Applications of the magnetotelluric method in-
clude petroleum exploration in regions where the seismic reflection method is very
expensive or impossible to perform. The aim of this paper is to derive existence
and uniqueness results for a mathematical model arising from magnetotellurics.

*E-mail: santos@math.purdue.edu
TE-mail: sheen@math.snu.ac.kr

615



616 J. E. Santos € D. Sheen

Let E = E(z,w) and H = H(z,w) denote the electric and magnetic field intensi-
ties, respectively, at € R? and frequency w. Consider the time-harmonic Maxwell
equations in the form

(iwe+0)E—-V xH=Ff, (1.1a)

iwpH+VxE=g, (1.1b)

where the 3 X 3 matrix functions €, o and p designate the electric permittivity,
electric conductivity, and magnetic permeability in the medium, respectively. In
(1.1), —f and —g denote the electric and magnetic current densities, and p =
p(x) = V- (eE)(z) and m = m(z) = V- (uH)(x) are the electric and magnetic
charges.

One of the most important features of the magnetotelluric method is that
we < o when € and o are scalars; consequently, the term containing displacement
currents associated with the electric permittivity ¢ is usually dropped from (1.1).
Another important feature in magnetotelluric modelling comes from limiting the
computational domain; one often introduces an artificial boundary so that the size
of the domain is reasonable. An absorbing boundary condition, such as the one we
impose below, needs to be imposed on the artificial boundary to reduce the effects
of reflections generated on this part of the boundary.

Our problem is, therefore, formulated as follows. Let €2 be a bounded, open sub-
set of R? with a Lipschitz-continuous boundary I'. Then, find F and H such that

cE—-VxH=f inQ, (1.2a)
iwpH+V xE=g¢ inQ, (1.2b)
aP,E+vxH=0 onl, (1.2¢)

where « is a 3 x 3 matrix function defined on I', v the unit outward normal on the
boundary I'; P, the projection of the trace operator, is defined in (2.1). If o and
w are positive functions and

1—17 Jo
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the boundary condition (1.2c) is a limit of well-known absorbing boundary condi-
tions (see Refs. 2, 8, 12, 14, 23 and 25) for the full Maxwell equations (1.1), and
its effect is such that electromagnetic waves arriving normally at the boundary
are transmitted transparently; it reduces reflections from the artificial boundary
I" and is a convenient and effective way of controlling computational costs when
performing numerical simulations using discretizations of (1.2).
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We assume that, for all £ € C? and z € Q, the medium parameters satisfy

3
0 < ominlé? < D o (@)& < omaxlél,
J,k=1
3

0< /Jmin|£‘ Z Ujk gjgk < /JmaX‘5|2

7,k=1

(1.3)

for positive omin, Omax; fmin a0d fimax. Also assume that « is Lipschitz-continuous
on I' and, again for all £ € C? and = € , that

3 3
0<ommlé* < | Y an@&&| . > Re(ayu(@)&& >0 (1.4)
k=1 k=1
for some positive . If ¢ and p are positive functions and o = 2= Re( ) >

\/ﬂ
\/%\/O'min/ﬂmax > 0 and —Im(a) > \/%\/amin/umax > 0.

Under slightly stronger assumptions on €, ¢ and o, the case when £ > 0 has
been analyzed in Ref. 25, where a unique continuation principle is used.

If (1.2) is considered in the space-time domain, it has the nature of a parabolic
system rather than that of a hyperbolic system that occurs when € > 0. The major
source of difficulty in analyzing (1.2) is its treatment with the boundary condition
(1.2c), where tangential components of electric and magnetic fields are coupled.

Problems similar to (1.1) with a Dirichlet boundary condition for the electric
field v x E = ® on I' have been studied by several authors; see, e.g. Refs. 1, 16, 17
and 29. Magnetostatic and electrostatic problems with mixed boundary conditions
in inhomogeneous, anisotropic media have been analyzed in Refs. 9 and 13, while
a boundary condition of the type (1.2c) has been treated for the time-dependent
Maxwell equation in Ref. 4.

Several conforming and nonconforming mixed finite element procedures and
domain-decomposition iterative procedures for problems related with (1.2) have
been proposed and analyzed in Refs. 7, 21 and 22.

The purpose of this paper is to show the existence and uniqueness of solutions
of (1.2). The results are stated precisely in the following theorems.

Theorem 1.1. Let f, g € [L*(Q)]® and w # 0. Then, there exist unique electro-
magnetic fields {E, H} € [H(curl; Q)]? satisfying (1.2).

Theorem 1.2. Assume further that o, p are Lipschitz-continuous on Q. Let
f,g € H(div;Q) and w # 0. Then, there exist unique electromagnetic fields
{E,H} € [H(curl;Q)]? satisfying (1.2). Moreover, {E,H} belongs to [H'/?(Q)];
more precisely, {E,H} € [H(curl; Q)2 N [H(div;Q)]? with boundary values in
[L2(1))°.

The function spaces will be defined at the beginning of the next section.
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The paper is organized as follows. In Sec. 2 we introduce some notation and
definitions of the function spaces, along with some preliminary results. Then, in
Sec. 3 we prove several lemmas. In order to treat the impedance boundary condition
(1.2¢), a generalized Green’s theorem must be used in several places. Problem (1.2)
will be reduced to a tractable one by using a decomposition of a square-integrable
vector function into a gradient plus a multiple of a divergence-free vector. A new
result on compact imbedding will be proved. Combining several lemmas, we prove
Theorems 1.1 and 1.2.

2. Notations and Preliminaries

Functions and inner products are taken to be in the complex field. For a positive
integer N, denote by [L2(2)]" and [L?(T")]"V the spaces of square-integrable vector
functions on 2 and I', respectively, with corresponding inner products and norms
(-,9), (-, )rand ||-]], |-|r. Also, the space of functions square integrable with respect
to the weight function w will be denoted by L2 (). That is, f € L2 (£2) implies that
JolFPude < 00 and £z 0y = Uy [fPwdz)/2. Let ([H™ (@)Y and [H™ (D),
for any real number m, denote the usual vector Sobolev spaces with norms || - ||,
and | - |m,r (see Ref. 11). Let the Hilbert spaces

H(curl; Q) = {u € [L*(Q)]3; V x u € [L*(Q)]*},

H(div;Q) = {u € [L*(V)]*; V-u € L*(Q)},
be endowed with the corresponding inner products

(U, V) H(cws) = (W, 0) +(V xu, V xv),  (4,v)mdivio) = (u,v) + (V- u,V-v),
and norms
el srgeurty = Llull? + 19 x 272, lullrgany = {lull? + 1V - ul272.
Also, set
H(div0; Q) = {u € [L*(Q)]*; V -u=0in Q}.
Also, for w # 0, let
H(curlw; Q) = {u € [L2(Q)]; V x (wu) € [L*(Q)*},

with the inner product

(U, V) H(curlwi) = (u,v) + (V X (wu), V x (wv))
and the norm

]l freurt sy = {llull® + IV x (wu)||2}H2.
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Throughout, P- the projection of the trace operator into the plane perpendicular

to v. Therefore, if u is a three-dimensional vector field defined on T,
Pu=u—v(v-u)=—-vx(¥xu) onl. (2.1)
The following generalized Green’s theorem for vector functions in H (curl; Q)

was established in Ref. 24:
(VxUV)=(UVXxV)=wxUV)r=wxUPV)r, UV eH((ulQ).

(2.2)
For U, V € H(curl; Q) the traces v x U and v x V belong only to [H~'/2(T")]3. In
this case, and in what follows, the boundary integral (v x U, V)r is understood as
(v xU-V,1), the duality pairing between v x U-V € Lip(T')’ and 1 € Lip(T'), where

Lip(T")’ is the dual space of the space Lip(I') of Lipschitz-continuous functions on
I'. Clearly, the constant function 1 on I" belongs to Lip(T"). For details, see Ref. 24.

3. Proofs of Theorems 1.1 and 1.2

Multiply (1.2a) by the conjugate of ¢ € H(curl; Q) and integrate over 2, use (2.2)
on the second term, and apply the boundary condition (1.2¢). Also, multiply (1.2b)
by the conjugate of ¢ € [L?%(Q)]® and integrate over Q. The weak formulation of
(1.2) is then given by

(0E,$) — (H,V x ¢) + (aP.E, Prd)r = (f,¢), ¢€ H(cwrl;Q), (3.1a)

w(pH, ¥) +(V x B,¢) = (9,9), ¢ e[L2(Q)F.  (3.1b)

The boundary term has meaning since a* (= @', the complex conjugate of the

transpose of «) is Lipschitz-continuous, and therefore, for some a* € Lip(£2) such
that a*lr = a*, @*¢ € H(curl;Q) and v x [a*¢] € [H~Y?(T)]3; moreover,
<aPTE7 ¢>F = <PTE7 a*PT¢>F~
Let the Maxwell operator be denoted by
0 V%
—Vx 0

and consider the unbounded operator L, in [L?(Q)]°, for w > 0, defined by

M =

] [H(curl Q)] € [L2(Q)]° — [L2(Q))°,

L. [U 0 ]_M;D(Lw)c[L2(Q)}6—>[L2(Q)]6,

0 iwp
with domain
D(L,) = {{U,V} € [H(cur; Q))* : aP,U + v x V =0 onT},
which is dense in [L?(0)]S.
Then, given {f,g} € [L?()]5, (1.2) is equivalent to finding {E, H} € D(L,,)
such that

L,{E,H}={f,g} in Q.
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We then have the following result.
Lemma 3.1. Ker(L,) = {0,0} for w # 0.

Proof. Assume {E,H} € Ker(L,), so that f = g = 0. Then choose ¢ = E in
(3.1a) and ¥ = H in the conjugate of (3.1b), and add the resulting equations to
obtain
(0E, E) — iw(uH, H) + (P, E, P,E)r = 0. (3.2)
The real part of (3.2) gives
(0E,E) + (Re(a)P,E, P,E)r = 0.

Thus, by the assumptions (1.3) and (1.4), E = 0 in Q. This in turn implies that H
is identically zero, by (1.2b). This completes the proof. O

Now, let us analyze the range of the operator L,,. The adjoint operator L}, of
L, and its domain D(L*) are given by

ol 0
L =

5 +M : D(L},) C [LA(Q)]° — [L*(Q)]°,
0 —iwuT

D(L:) = {{U,V} € [H(cur; Q)]*: P, [a*U] —vxV =0 onT}.
Consequently, the adjoint problem to (1.2) is given by
TE-VxH=f inQ,
—iwpTH+VxE=g inQ,
P o*El]—vxH=0 onl.

The next lemma follows from exactly the same argument as given in the proof of
Lemma 3.1.

Lemma 3.2. Ker(L}) = {0,0} for w # 0.

Lemma 3.1 implies uniqueness for (1.2), while Lemma 3.2 implies that R(L,)
is dense in [L?(0)]®. Thus, to obtain the existence for (1.2), by the Banach closed
range theorem, we need only to show that R(L,) is closed. Therefore, let {f;, g;}
be a sequence in R(L,,) such that

{firgi} = {f, g9} in [L*(Q)]° asj— .

We wish to show that {f, g} € R(L.).
For each j, there exists {E;, H;} € D(L,,) such that

O’Ej—VXHj:fj in Q, (33&)
iwqu =+ V x Ej =gj in Q, (33b)

aPE;+vxHj=0 onl. (3.3c)



Existence and Uniqueness of Solutions to Mazwell’s Equations 621

We recall (see Refs. 6, 9, 17, 19 and 25) the following decomposition of vectors:
[LZ()]° = VHy(Q) @ o "H(div0;Q), [L2(Q)]* = VH(Q) & = "H(div0; Q).

(For the closedness of VHE(Q) in [L2(Q)]3, see Ref. 9.) Therefore, for each j, there
exist ¢, ¥; € H3(Q) and ej, h; € H(div0;2) such that

Ej =Vé;+o7 e;, Hj= Vi + (iwu) " hy. (3-4)

Since V x V = 0, (3.3) and (3.4) imply that o~'e; and u~'h; belong to H (curl; )
with v x [0 te;] and v x [p~'h;] in [H~Y/2(T)]* and that

aV¢j +ej =V x [(iwp) " hy] = fj, (3.5a)
iwpNY; +h; +V x [0 te;] = g; . (3.5b)
Also, since v x V¢; = 0 for ¢; € Hg (),
PEj=-vx(vxEj)=-vx[vx(c e+ V)
=-vx(vxote)=Plote] onl.
Similarly,
vx Hj =vx [(iwp)  h; + Ve;] = v x [(iwp) *h;] onT.

By (3.3c),

aP.lo"ej] +v x [(iwp) thj]=0 onT. (3.6)

An application of the divergence operator in (3.5) leads to the two independent
elliptic problems

V. (0Vé,)=V-f inQ, (3.72)
wV - (uVip;) =V -g; inQ, (3.7b)
¢; =1%; =0 onT. (3.7¢)

Note that (3.7a) and (3.7b) are understood as in Ref. 10 or Ref. 26. Thus, it follows
that

1wl < il < Lol

0-1'1’111'1 min

Since V¢; and Vip; are Cauchy sequences in [L?(2)]3, there exist ey and ho in
[L%(Q)]? such that

Vo¢; = ey and V¢; — ho (3.8)

in [L?(Q)]% as j — oo. From (3.5) and (3.6), it follows that
ej — V x (iwp) th; = f] inQ, (3.9a)
hj+V x (60 e;) =g; inQ, (3.9b)

aP o7 ej] +v x [(iwn)thj] =0 onT, (3.9¢)
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where fj = fj —oV¢; and g; = g; — iwpuVp; are such that V - JTJ =V.g; =0and
fi = f—oeo, gj = g —iwphg in [L2(Q)]3 as j — .
Let us introduce the space
W = {{U,V} € [H(curlo™;Q) x H(curl p=*; Q)] N [H(div 0; Q)]? :
aP, o7 U] 4+ v x [(iwp) 'V] =0 on T},

equipped with the inner product and norm of H(curlo™";Q) x H(curl p~*; Q).
Consider the operator L, : W — [H(div 0;Q)]? defined by

~ 0 V x (iwp) ™!
_ (i)
-V xot 0
It follows from (3.9) that {e;, h;} € W and Zw{ej, hj} = {f],ﬁ]} We wish to show

that {f — oeg, g — iwpho} € R(L,). The following observation provides a starting
point.

Lemma 3.3. For {U,V} € W, the tangential components vx[oc~ U] and vx[u~'V]
belong to [L*(T)]3.

Proof. Let {U,V} € W. Since 071U € H(curl;Q), P;[c~1U] - P;[oc~1U] = v x
[071U]-[v x 0=1U] belongs to Lip(T')’; for the same reason P, [u~1V]- P [u~1V] also
belongs to Lip(I')’. Then, the boundary condition a P[0~ U] +v x [(iwu)~1V] =0
on I yields the following estimate:

[{wa Py [cr*lU}, P, [ailU]>p|
= w|(v x [(iwp)'V], 0 U)r|

=|(Vx [u=V],07'0) = (n™'V, V x [0~ 'U])]

IN

IV > = V1o U + [l VIV x [0~ U]

A

1
< 5[\|U\|%1(cur1rl;n) + HV”%(curlM*l;Q)} < 0. (3.10)
On the other hand, by (1.4), we have

Wamin (v X [071U],v x [07 U])r
= Wamin (Pr [0 U], Prlo U\ < [(waPy (e U], P o~ U,

which, together with (3.10), shows that v x [c~1U] € [L*(T)]3. Since P,[c~ U] =
—v X [v X (671U)], the boundary condition aP, [0~ U] + v x [(iwu) V] =0o0on T
implies that v x [u=1V] € [L2(T")]3. This completes the proof. 0

For n = o or u, let

W, ={V € H(curlyn™ Q)N H(div; Q) : v x [p7'V] € [L*(D)]*},
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and note that
W, ={U € H(curl; Q) N H(divny; Q) : v x U € [L*(1)]*}.
Next, we consider the following compactness result.

Lemma 3.4. Suppose that n is a 3 X 3 complez-valued matrix function such that
3 —
0< nmin|§‘2 < Z nj/c(x)gjflc < nmame
drk=1

for all z € Q and & € C3? for positive constants Nmin and Nmax. Then, the imbedding
W, < [L2(Q)]? is compact.
Proof. Let {U,} C W, be such that

Ul + IV X Unll + IV - qUn) || + [ x Uplp <1, V¥ n. (3.11)

We wish to show that there is a convergent subsequence of {U,}.
For every n, there exists ¢, € H}(Q2) such that

Upn=Vén+Vy, (3.12)
where (by the Lax—Milgram lemma) ¢,, solves the variational problem
NV ¢n,V2) = (nU,,Vz), z¢€ Hi(Q), (3.13)
or, equivalently, the Dirichlet problem
-V -(nVe¢,) =-V-(U,), z€Q, (3.14a)
¢n =0, zel. (3.14Db)
Then, by (3.11),
Mnin || Vén || < Mmax | Un|| < Tmax -

By the Poincaré inequality, ||V, |1 < C for all n (here, and in what follows, C;’s
will denote generic constants). Thus, by the compactness of H(Q) < L?(Q), it
follows that there exists a subsequence of {¢,}, again denoted by {¢,}, which is
strongly convergent to some element ¢g in L2(). Since ||V - (nU,)|| < 1 for all
n due to (3.11), there exists a subsequence of {U,}, denoted by {U,}, such that
{V - (nU,)} is weakly convergent in L?(2). By (3.13) and integration by parts,

| =V (@n — k), V(dn — ¢k))| = [=(1(Un — Uk), V(¢n — é1))l
= |(V : U(Un - Uk)7¢n - ¢k)‘ —0
as n, k — oco. By the assumption on 7 and again the Poincaré inequality,

Ifn — ¢kllr < Cal[V(dn — ¢r)]| = 0
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as n, k — oo. Thus, {¢,} is a Cauchy sequence in H}(2); therefore, there exists
do € H(Q) such that ||¢, — ¢oll1 — 0 as n — oo.
Next, observe that V,, satisfies
VxV,=VxU,, 9,
V- (nVn) = Oa Qa
vxV,=vxU,, T,
and

Vall IV X Vol + v x Valr < C, ¥ n.

Therefore, there exists a subsequence of {V,}, still written as {V,,}, such that
{V x V,,} and {v x V,,} converge weakly in [L*(Q)]® and [L?(T")]3, respectively.
By Theorem 3.4 in Ref. 11, there exists {¥,,} C [H*(Q)]® such that

VxU,=nV,, Q,
v(\Iln>:07 Q,

from which one can extract a subsequence, still denoted by {¥,,}, which converges
strongly in [L?(2)]? and {v x ¥,,} converges strongly in [L?(T')]3. Hence,

(Vi = Vi), Vi = Vi) = (V x (U, = Ug), Vi — Vi)
= <\I/n — \I//c,v X (Vn — Vk)) — <\I/n — \I/k,V X (Vn — Vk)>I‘7

which tends to 0 as n and k tend to oco. Therefore, {V,,} is a Cauchy sequence in
[L2(0)]3; hence, it converges to an element Vo € [L?(Q2)]?. By the decomposition
(3.12),

1Un = (Vo + Vo)l < IVn — Vol + [V = Vol — 0

as n — 0o. Thus, the resulting subsequence {U,,} converges to Vo + Vo strongly in
[L%(Q)]3. Consequently, the imbedding W, — [L?(£2)]? is compact. This completes
the proof. |

Remark 3.1. For homogeneous boundary conditions, analogues of Lemma 3.4 were
proved by Leis (see Refs. 16 and 17), Weber (see Ref. 28), and Witsch (see Ref. 29).
Alonso and Valli (see Ref. 1) treated more complicated domains and complex,
symmetric 7 for the homogeneous boundary condition case. For nonhomogeneous
boundary conditions in more complicated domains, Fernandes and Gilardi (see
Ref. 9) and Hazard and Lenoir (see Ref. 13) proved Lemma 3.4 under certain mild
assumptions on some function spaces and an elliptic regularity for the Neumann
problem, respectively.

For a more restricted 7, a better compactness result due to Costabel (see Ref. 5)
holds for W,.
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Lemma 3.5. Suppose n is a Lipschitz-continuous, complex-valued matriz function
such that

3
0 < Pminlé|* < Z 1k ()€ €k | < NMmaxl€]®
jk=1
for all x € Q for positive constants Nmin and Nmax. Then, W, C [HY2(Q)]3.
Proof. Let U € W,,. Then, U € H(curl; ) with v x U € [L?(T")]® and V - (nU) =

(Vn)U +nV - U € L*(Q). Thus, U also belongs to H(div;Q). By the result of
Costabel (see Ref. 5), it follows that U € [H'/2(Q)]3. This completes the proof. O

Next, recall the following lemma due to Peetre (see Ref. 20) and Tartar (see
Ref. 27).

Lemma 3.6. Let L; be a bounded linear map from a Banach space W into a
normed linear space Wy. Suppose that there exists a compact linear map Lo from
W into another normed linear space Wy such that

[ullw < C{|lLyullw, + ([ Loullw,}  for all u e W.
Then, the range of Ly is closed and dimker(L;) < oo. Moreover,

inf  |lu+o|lw < Ci||Liv|lw, for allue W.
veker(L1)

We now apply Lemma 3.6 to demonstrate that the range of L., is closed.

Lemma 3.7. The range R(L,,) is closed in [L*(Q)]6. Moreover, there exists a posi-
tive constant C, independent of {U,V'}, such that

I{U, V}lw < C|IL{U,V}|, V{UV}eW. (3.15)

Proof. Set Wy = W, = [L2(Q)]6. Apply Lemma 3.4 with Ly = L, : W — W, and
Ly = id : W — W,. First, observe that, by Lemmas 3.3 and 3.4, the imbedding
Ly : W < [L?(2)]® is compact. Next, note that for {U,V} € W,

IZ AT, VG
={U -V x (iwp) ' V,V+V xo WU} {U -V x (iwp) " *'V,V+V xo U}
= (U ~=V x (iwp) 'V,U =V x (iwp) V) +(V+V xo U, V+V xo 'U)
= U3 = (V x (iwp)"'V,U)
— (U, V x (iwp) V) +(V x (iwp) "V, V x (iwp) V)
+IVIR+(Vxo U, V)+(V,V x o 'U) + (V x 07U,V x 071U)

> UG+ IV x o7 UIG + VG + w21V x (u V)3

_ _ 1 _ 1
—aw [V x (u 1V)HS—QIIUII?)—EQHVX(ff 1U)H%—;IIVII%,
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for all €1, €2 > 0. For sufficiently small ¢; > 0 and €5 > 0,
IZAU, V5 > C1I{U, VIR — C2l{U, VI3
so that
KU, Viw < Cs||L{U, V|| + Cal{U, V}|| < C5|| Lo{U, V3,

for generic positive constants Cj, j = 1,...,5, independent of {U,V} € W. This
proves (3.15). Obviously, we also have

ILAUVIHE < CIU W VIw,

which means that L, : W — [L*(Q)]° is continuous.
By Lemma 3.6, R(L,,) is closed. This completes the proof. O

Let us turn to the proofs of Theorems 1.1 and 1.2. By Lemma 3.7, {f—oeo,g—
iwpho} € R(L,,). Thus, there exists {e1,h1} € W such that

Lo{er, ha} = {f — oeo, g — iwpho} ,
so that
e1 — V x (iwp) thy = f —oey, h1+V xo tey =g —iwphy.
Let
E=ey+0 te;, H=ho+ (iwp) ‘hy.
Then, since V x hg =0 and V x ey =0,
0E -~V x H=o0(eqg +0 e1) =V x [ho + (iwp) " hy]
=cgeg+e1 — V x (iwp) thy = f,
V x E +iwpH =V x (eg + 0 e1) + iwp(ho + (iwp) " hy)
=V xo tey +iwpho+hi =g,
in . The boundary condition (1.2c) is obviously satisfied by {E, H}. Therefore,
Lo{E,H} = {f.9},

which implies that R(L,,) is closed. This proves Theorem 1.1.

To prove Theorem 1.2, assume further that f € H(div;Q) and g € H(div; )
with corresponding assumptions on o and . By Theorem 1.1, there exists a unique
pair {E, H} € [H (curl; Q)]? satisfying (1.2). Since V- f € L?(Q) and V- g € L*(Q),
it follows from (1.2a) and (1.2b) that V - [0E] € L*(Q) and V - [uH] € L*(Q). By
Lemma 3.5, E € W, C [HY/?(Q)]® and H € W, C [H'/?(Q)]® with the boundary
traces of E and H in [L*(T")]®. This proves Theorem 1.2.
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