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Abstract

We define the local matrices for triangular nonconforming elements
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1. Introduction

2. A continuous-time finite element method. Parallelepiped elements.

Let T h be a quasiregular partition of Ω into parallelepipeds Ωj of diameter

bounded by h. Denote by ξj and ξjk the centroids of Γj = ∂Ωj ∩ Γ and Γjk =

Γkj = ∂Ωj ∩ ∂Ωk, respectively.

To approximate the solid displacement vector we will employ the noncon-

forming finite element space NCh presented in [24]. This choice is made based

on the numerical dispersion analysis presented in [25], where it is shown that

using this nonconforming space allows for using about half the number of points

per wavelength as compared with standard bilinear elements to have a desired
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tolerance in numerical dispersion. See also [26] for the analysis of the numerical

dispersion of waves in fluid-saturated poroelastic media when employing this

non-conforming element to represent the solid displacement vector. The space

NCh is defined as follows. On the reference element R̂ = [−1, 1]3 set

Q(R̂) = Span{1, x̂1, x̂2, x̂3, α̃(x̂1) − α̃(x̂2), α̃(x̂1) − α̃(x̂3)}, α̃(z) = z2 −
5

3
z4.

Then let NCh
j = [Q(Ωj)]

3 and

NCh = {v : vj = v|Ωj
∈ NCh

j , vj(ξjk) = vk(ξjk) ∀(j, k)}.

The six local degres of freedom are the values at the centroids ξjk of the faces

of Ωj .

To approximate the fluid displacement, we employ the vector part of the

Raviart-Thomas-Nédélec space of zero order [18, 19], defined as follows.

Mh = {w ∈ H(div,Ωp) : w|Ωj ∈ Mh
j ≡ P1,0,0 × P0,1,0 × P0,0,1}.

The approximating properties of the finite element spaces defined above can

be stated as follows. Let

[H1
h(Ω)]3 = {ψ : ψ|Ωj ∈ [H1(Ωj)]

3},

with [H1
h(Ωp)]

3 defined in similar fashion. Also, if Γjk,p denotes any inner

interface Γjk in Ωp let

Λ̃h =
{
λ̃h : λ̃h

jk = tr Γjk,p
(λ̃h|Ωj

) ∈ [P0(Γjk,p)]
3 ≡ Λ̃h

jk, λ̃h
jk + λ̃h

kj = 0
}
,

where P0(Γjk,p) denotes the constant functions defined on Γjk,p.

Remark: Note that there are two copies of [P0(Γjk,p)]3 assigned to each Γjk,p,

one from Ωj to Ωk and another from Ωk to Ωj .
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Then we define the projections

Ph : [L2(Ω)]3 → Wh : (Phw − w,ϕ) = 0, ϕ ∈ Wh, (1)

Rh : [H2(Ωp)]
3 → NCh : (vs

i −Rhv
s
i )(ξ) = 0, ξ = ξjk or ξj , (2)

for vs = (vs
1, v

s
2, v

s
3),

Qh : [H1(Ωp)]
3 → Mh :

〈
(vf −Qhv

f ) · ν, 1
〉
B

= 0; B = Γjk,p or Γj , (3)

Sh : [H2(Ωp)]
3 ×H1(div; Ωp) → Λ̃h : 〈τ(v)ν − Sh(v), 1〉B = 0, (4)

v = (vs, vf ), B = Γjk,p or Γj .

Let us define the broken norms

‖v‖2
s,h,Ωp

=
∑

Ωj⊂Ωp

‖v‖2
s,Ωj

.

The approximation properties of these operators can be stated as follows [19, 29]:

‖∇× (ψ − Πhψ)‖0 ≤ Ch‖∇× ψ‖1, ψ ∈ [H1(Ω)]3, ∇× ψ ∈ H1(Ω), (5)

‖Phϕ− ϕ‖0 ≤ Ch‖ϕ‖1, ∀ϕ ∈ H1(Ω), (6)
[
‖vs −Rhv

s‖Ωp
+ h‖vs −Rhv

s‖2
1,h,Ωp

+ h2‖vs −Rhv
s‖2

2,h,Ωp
(7)

+h
1

2

( ∑

Ωj⊂Ωp

‖vs −Rhv
s‖2

0,∂Ωj

) 1

2

+ h
3

2

( ∑

Ωj⊂Ωp

‖τ(vj)νj − Shvj‖
2
0,∂Ωj

)1/2

≤ Ch2
(
‖vs‖2,Ωp

+ ‖∇ · vf‖1,Ωp

)
, v =

(
vs, vf

)
∈ [H2(Ωp)]

3 ×H1(div,Ωp),

‖Qhv
f − vf‖0,Ωp

≤ Ch‖vf‖1,Ωp
, vf ∈ [H1(Ωp)]

3, (8)

‖∇ · (vf −Qhv
f )‖0,Ωp

≤ Ch‖∇ · vf‖1,Ωp
, vf ∈ H1(div,Ωp). (9)

Also note the orthogonality property for functions on NCh:

〈
vs

j − vs
k, 1

〉
Γjk

= 0 for all interior interfaces Γjk, vs ∈ NCh. (10)

3. The case of tetrahedral elements

Let T h(Ω) be a nonoverlapping quasiregular partition of Ω = Ωp ∪ Ωa into

tetrahedral elements Ωj of diameter bounded by h and let x = (x1,x2,x3).
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The nonconforming finite element space to approximate the solid displace-

ment vector is defined as in [24] as follows: Let NCh
j = [P1(Ωj)]

3 and

NCh = {v : vj = v|Ωj
∈ NCh

j , vj(ξjk) = vk(ξjk) ∀(j, k)}.

The four local degres of freedom are the values at the centers ξjk of the faces of

Ωj . Next, let

S1 = {U : U = α+ λx, α ∈ [P0]
3, λ ∈ P0} (11)

and let

Mh = {vf ∈ H(div,Ωp) : vj = v|Ωj
∈ S1 ∀j}. (12)

The projections

Rh : [H2(Ωp)]
3 → [NCh]3,

Qh : [H1(Ωp)]
3 ∪ (H1

h(Ωp))
3 → Mh,

Sh : [H2(Ωp)]
3 ×H1(div; Ωp) → Λ̃h,

are defined identically than in (2), (3) and (4). The degrees of freedom

Nj(v
f ) =

{〈
vf · ν, 1

〉
B
, B any of the four faces of Ωj

}
(13)

are S1-solvent and conforming in H(div; Ωp) (see [20]), so that (3) uniquely

defines Qh.

4. 2D case. Rectangular and Triangular elements

In this section we will assume that all physical quantities describing our

domains Ωa and Ωp are independent of the x2-direction (i.e., x2 is the symmetry

axis)

First consider the case that T h(Ω) is a nonoverlapping quasiregular partition

of Ω = Ωp ∪ Ωa into rectangles Ωj of diameter bounded by h such that Ω =

∪J
j=1Ωj .
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To approximate each component of the solid displacement vector we employ

the nonconforming finite element space NCh as in [24], while to approximate

the fluid displacement vector we choose Mh, the vector part of the Raviart-

Thomas-Nédélec space [18, 19] of zero order. Thus,

R̂ = [−1, 1]2, Q(R̂) = Span{1, x̂1, x̂3, α̃(x̂1) − α̃(x̂3)}, α̃(z) = z2 −
5

3
z4,

with the degrees of freedom being the values at the midpoint of each edge of R̂.

Next let NCh
j = [Q(Ωj)]

2 and

NCh = {v : vj = v|Ωj
∈ NCh

j , vj(ξjk) = vk(ξjk) ∀(j, k)}, (14)

Mh = {w ∈ H(div,Ωp) : w|Ωj ∈ Mh
j ≡ P1,0(Ωj) × P0,1(Ωj)}. (15)

Next consider the case in which T h is a quasiregular partition of Ω into

triangles Ωj of diameter bounded by h.

Next, if

NCh
j = [P1(Ωj)]

2,

the space NCh to approximate each component of the solid displacement in Ωp

is defined as in the rectangular case in (14). with the local degrees of freedom

being the values at the mid-point of the edges of each Ωj .

Finally if

S1 = {U : u = (a+ b x1, c+ d x3), a, b, c constants},

the space to approximate the fluid displacement vector is

Mh = {vf ∈ H(div,Ωp) : vf |Ωj
∈ S1(Ωj) ∀j}.

The local degrees of fredom for Mh are the values of normal components at the

mid-points of each edge of the triangle Ωj .

The approximating properties of the 2D finite element spaces defined above

are the same than those stated in the 3D case.

Next we consider the SHTE-mode. In this case we will employ the spaces

Vh and Wh to approximate the magnetic vector field H and the scalar field E2.
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Also, to approximate the solid displacement us
2 in Ωp we employ the (scalar)

nonconforming finite element space NCh (i.e. in (14) change the definition of

NCh
j to NCh

j = Q(Ωj) (resp. NCh
j = P1(Ωj), depending on whether we have

rectangular of triangular elements). To approximate the fluid displacement us
2

we choose the space of piecewise constants over the restriction of the partition

T h(Ω) to Ωp. Thus, for the fluid displacement, the space M̂h
j is defined as

M̂h
j = {w : w|Ωj

∈ P0(Ωj)}, M̂h = {w ∈ L2(Ω) : wj = w|Ωj
∈ M̂h

j }
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[20] J. C. Nédélec, “A new family of mixed finite elements in R3,” Numer.

Math., 50, 57–81, (1986).

[21] P. B. Monk, “A mixed method for approximating Maxwell’s equations”

SIAM J. Num. Anal., 28 (6), 1610-1634, (1991).
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Table 1: Parameters characterizing the model used in Example 1.
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Figure 1: Scheme of the domain and boundaries used in this work.
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Figure 2: Trace of solid displacements measured on the surface. ”A”, ”B” and ”C” are direct

arrivals of waves originated at the 500 mts, 700 m and 800 m depth interfaces respectively.

”D” is a reflection on the lower boundary of the 200 mts width layer of a downwards travelling

wave originated on the top boundary of the same layer.
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Table 2: Material parameters for the second model
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Table 3: Numerical estimate of the order of approximation of the studied finite element

method, 1D case
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