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The concept of the fractional Fourier transform is framed within the context of quantum
evolution operators. This point of view yields an extension of the above concept and greatly
simplifies the underlying operational algebra. It is also proved that a multidimensional
extension can be performed by using a biorthogonal multiindex harmonic oscillator basis. It
is finally shown that most of the proposed physical interpretations of the fractional Fourier
transform are just trivial consequences of the analysis developed in this paper.

1. Introduction

The concept of Fourier transform of fractional order (F.O.F.T.) was introduced by Namias
(1980), who established the main properties and provided the rules of the relevant opera-
tional calculus. The Namias ideas have been put on more rigorous basis by McBride & Kerr
(1987), who eliminated, by a proper redefinition of the F.O.E.T. operator, the ambiguity
contained in the first ‘heuristic’ formulation. Notwithstanding the weakness of the Namias
approach from the purely mathematical point of view, the methods and the concepts de-
veloped in (Namias 1980) provide effective tools to deal with time-dependent Schrodinger
equations or other types of non-homogenous parabolic equations. Furthermore they have
stimulated interesting speculation in optics (Sashin ef al. 1995) and in quantum optics
(Aytiir & Ozaktas 1995).

In this paper we propose a point of view different from the theory of FO.ET. by show-
ing that it is a particular case of the evolution operator theory. The F.O.ET. will be shown
to be generated by an evolution operator belonging to a Hamiltonian admitting SU(1,1)
as dynamical group. We will see how this point of view puts the EO.E.T. in a wider con-
text, allows the introduction of a generalized form of FO.E.T,, justifies the speculations of
(Sashin et al. 1995, Aytiir & Ozaktas 1995) and suggests further physical interpretations.

The paper is organized as follows. In Section 2 we recall the Namias definition of
F.O.ET. and show how it can be derived within the context of SU(1,1) evolution operator
theory. In Section 3 we discuss the extension of the Namias operator to the multidimen-
sional case and, as an important byproduct, we derive the Mehler formula for the Hermite
functions with many variables and many indices. Final comments are contained in Sec-
tion 4, which is also devoted to the physical interpretation of the concepts associated with
F.OET.

(© Oxford University Press 1998
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2. Fractional order Fourier transform and evolution operators

The F.O.E.T. operation, denoted by F,, has been suggested by the following simple con-
siderations.

(a) The harmonic oscillator functions are eigenfunctions of the ordinary E.T. denoted by
Fi., namely

Fio [e# By )] = et [ B, ()] (1)
(b) The obvious generalization of the above identity can be written as

Fo [e-%"’ H,,(x)] = ¢l [e-%"’ H,,(x)] . @)

(c) By denoting the operator F, by ei*A and by keeping the derivative of both sides of
(2) with respect to ¢, we find the following differential realization for A:

N 1 & 1.2 1
A=—-§a;5+§x -3 3)
It is obvious that for o real
Fo = e )

is a unitary operator, which follows from the hermiticity of A. The action of F, on a given
function of x can be viewed as that of an evolution operator relevant to a Hamiltonian of a
harmonic oscillator; with respect to this constant term -—% plays a minor role. We rewrite
@4) as

Fo = exp(—3ia) exp(—jiad’/dx® + Jiax?). 3)

From group theory, we introduce the following SU(1,1) generators (Dattoli et al. 1987)
Ky = Lid¥/dx?, K- =-lix?, Ko=—1(xd/dx+1) 6)
which satisfy the rules of commutation
[1&,, 12_] = —2K,, [120, 1%1] = +Ry. %)
By using the ordinary ordering theorems, we can write F, as the following product of
exponential operators; see, for example, (Dattoli et al. 1987, Wei & Norman 1963):
F, = e—%iaeg(a)le,e2h(a)1€'oef(a)le+’ (8)
where (see Dattoli et al. (1987) for the details of the derivation)
gl@)=—tana, f(a¢)=—tana, e"® =cosa. 9)

The action of F, on a given function F(x) can be evaluated by using the following two
operational identities (Dattoli et al. 1990):

1
2/(mt)

+o0
1 (x) = f pae = x>0,
—00
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e (x) = ¢ (e“x), (10)

which, together with (8), after a little algebra yield
i(%na—%a) 12 +o00 , ) N2 ,
——————exiv e F(x)exp[—1/2tana(x/cosoc——x) ]dx,
2m)7 |sing|? —o0
(1D

where & = sign(a) and —7 < « < 7 the values « = 0 and @ = =+ reproducing the
identity and reflection (with respect to x = 0) operators respectively.
Since we have clarified that F, is just an evolution operator, most of the operational rules

established in Namias (1980), McBride & Kerr (1987) follow from elementary quantum
mechanics. To give an example we note that since F, is unitary we have

Fox = (FoxFl) Fo, (12)

(FaF) (x) =

and we also obtain

- 1
—ied — xcosa + — sina—, (13)
i

dx

which is nothing but the Heisenberg evolution of x. The same procedure can be used to
establish identities of the type

Fax F; =e%xe

. 1 ) d m
Fox™ = xcosot—l——i-smaa; Fe . (14)

Before concluding this section, let us note that we can derive from (11) the Mehler sum
rule (Morse & Feschback 1953, p. 871), which is one of the starting points of the Namias
procedure. Indeed by expanding F(x) in harmonic oscillator eigenfunctions, we obtain

F(x) =) ane™2" Hy(x), (15)
=0
where
1 +eo 1,2
H,(x)e™?* F(x)dx. (16)

a4y = ———
S LTIVZ 2

By noting that, according to (2) and (15)
(FaF) (x) =) ane™e™" Hy(x) (17)
=0

by inserting (16) in (17), and using (11), after some manipulation we get

a

ng(:) ;;—mHn(x)Hn(x/) = a exp ({2xx'e — e (x> + x%)} / {1 — e*})

(18)
which is just the Mehler sum rule. We will see that this result can be extended to generalized
Hermite polynomials within the context of the multidimensional extension of the FO.F.T.
concept.

— elia)}



218 G. DATTOLI ET AL.

3. Generalized form of fractional Fourier transform

A first, almost trivial, example of gegeralization of EO.ET. is that of considering the fol-
lowing slightly generalized form of A:

A ad2+b2+ic d 1 (19)

=———4+ X"+ =(x—+=),
2dx?2 2 2\ dx 2

where a, b, ¢ are assumed real to ensure the hermiticity of A. By using the operators (4)

and (19) and by exploiting the same ordering procedure as before, we find the characteristic

functions (Dattoli et al. 1987)

c

R(a) = e"® = cosh (/Aa) + 274

sinh ({/Aa)

eh(a)f(a) — _j‘z_ sinh (\/A(X) , eh(a)g(a) = _ﬁ- sinh (JAQ)

= —ab+ . (20)
The use of the identities (10) finally yields

exp (—sign(@)5i[3m — x?g(— lee])])

: (R (— |a]))?
Qn [—f (= laDD?

(FoF) (x) =

1
XfReXp{—sign(a)zi [(R(=lahx—y)?]/— f(- Ial)] F(y)dy. (21

which holds for A > 0, a > 0 and for every a.

The possibility of a more interesting generalization of FO.ET. is offered by the en-
tangled harmonic oscillator eigenvalue equation (Dattoli & Torre 1995) satisfied by the
functions H,, ., (x, y) and G, ,,(x, y), namely

(07 M8, = 14§27 M2) Tym(x, ) = (1 4+ m)Tym(x, ), @2

where T, , is Hpm O Gy, With

A;-l:l 1 1M
Hun.m(x, y) = N ] Hym(x, y)e™s® 72,
@2mr)2 (n'm!)2

AIZ\:I 1 —1 Mz
gn.m(x’)_’)r- 1 '—'TGn.m(x’y)e 4 ’
2r)? (n!m!)?2

y

and T denotes transpose. The functions H, , and G, , are generalized Hermite polyno-
mials provided by the following Rodrigues type relation:

X ~ a b
z=( ) M=(b c), a,c>0, Ag=ac—b*#0 (23)
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. an+m L
H y = (-1 "+me%ZTMZ e~ 2% Mz’
nn(: )= (2D axmaym
1T py—1 an+m L T ay—1
Gn.m(xy )’) = ("l)n+m€5w M~ w e—iw M w’
agnon™
_ (&) _n
w=\y) =M (24)

It is finally clear that the quadratic operator on the left-hand side of (22) is the general-
ization of the one-dimensional quantum harmonic oscillator Hamiltonian, in fact

d/dx
a, —(8/8y ) (25)

1 c =b Ox
a0 (5 7)) @0

is the entangled Laplace operator.
The bidimensional F.O.E.T. operator can be therefore defined as follows:

and

Fo=c%®0, D =—8TM9, + 1x" Mx @7

and according to (22)
Fa Tn.m = ei(n+m)a Tn.m . (28)

We can obtain the two-dimensional EO.F.T. by employing the same procedure as before
if we note that the SU(1,1) generators can be realized by the following operators:

Ky=idTM™"s,, K_=-i}s"Mz, Ko=-1(z"8,+87z), (29)
and further by noting that the bidimensional counterparts of equations (10) read

PK-y(x, y) = e 57 My (x, ),

ePKoy (x, y) = e Py (e Px, e Py),

+00 g
eﬂkﬂ,b(x y) — _4_7;_5 / dy’e—l/4lﬂ(z—z) M(z z)w(z ), S(ﬂ) >0 (30)

we can specify the action of the bidimensional F, operator as follows:

1
2

p T
(FO(F) (x, y) - _ M e—la—imaeznanaz T M
4 |sina|
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+00 +00 i T -
X f dx’ / dy’ exp {— ((cose)™'z—2')" M ((cosa)™ 'z — z’)} Fx',y),

4tan
—im <a<3m,a#0, (31)
or in a form closer to the Namias formula, as

Tt

e—ld—ilﬁaAZA

FoF)(x,y) = ————

Faf) () 47 |sin |
oo ’ oo / 1 T a7y 1T Xy T . ’ot
X d dy’ ex ——icota( Mz — M)+ — M7} F(x',y),
./_oo x/;oo ¢ p{ 4 ¢ ¢ M%) T Jsina }( )

_%n<a<%ﬂ,(¥5/—'o. (32)

It is important to note that, in the limit @ = %r{ we find that

A;{ +00 p+oo LT . L
(F%”F>(x,y)=ﬁﬁw ‘/_oo €2 F(x',y)dx'dy’,

(F2Tum) (x, y) = €5 T, (x, ), 33)

that is, either H, ,, or G, is an eigenfunction of the bidimensional FO.ET. operator.
Other definitions of the bidimensional Fourier transform are possible but do not satisfy the
property (28). For a more general treatment of the two-dimensional Fourier transform the
reader is addressed to Dattoli & Torre (1995) and Dattoli et al. (1997).

An important byproduct of the above results is the derivation of a generalized form of
the Mehler sum rule for the entangled Hermite polynomials. Remember that the functions
H,.m and G, ,, provide a biorthogonal system in the sense that

+00 +00
/ Hum(x, Y)Gnr g (x, y) dx dy = 85 Sy - (34)
—0 J-00

We can therefore use this property to expand a two-variable function as follows:

0
F(x,y) = Z anmHnm(x,y),

n.m=0
+o00 +00
Onm = f dx’ / dy' F(x', Y)Gnm(x', ) . 35)
According to (28) we also find
m .
(FaF) (x, y) = Z an.mel(”+”l)aHn.m (x, )’) . (36)

n.m=0
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By means of (35),, equation (36) can be cast in the form
o0 . +oo +00
(FaF) (x,y) = ) _ eltme / dx’ / dy' F(x', Y)Gnm(x', Y Y Hnm(x,y)  (37)
n,m=0 —o0 —0
which, using (3), yields (for —%n’ <a< %:rr, a #0)
.. 1
Z M —— Gy (x, ) Hym (X, y) = ———
n,m=0 nm: (1 _ e21(1)2
ZZTMZ/eia — lia (ZTMZ + Z/TMZ/)

(1= ) G8)

X exp

This last identity is fairly important, being the extension of the Mehler formula to the
multivariable multiindex Hermite functions.

To complete this section we note that the rules of the operational calculus of the bidi-
mensional operator F, can be established fairly straightforwardly and in fact we can infer
that

FazFl = ei"’f)ze‘i"‘b = zcosa — 2isin OtM"laz (39)

which facilitates the following alternative definition of FE.O.E.T. operations:

(FaF) (x,y) =
.. c b o b a
F|xcosa —2isina Zax - Zay ,ycosa —2isina —-A-ax + Zay .
40)
The multidimensional generalization (more than two indicesAand two variables) of the
F.O.ET. is straightforward and obtained from (31) by replacing M with an n x n symmetric

matrix, z with an n-component vector, the integral with an n-dimensional integral and F
with an n-variable function.

4. Concluding remarks

The fact that we have viewed the operator F, as an ordinary evolution operator clarifies
in a fairly transparent way its physical meaning. It is therefore obvious that any evolution
problem treated by means of a Schrddinger equation involving a quadratic potential may
be considered a FO.ET.

In particular the paraxial propagation of an optical beam through a lens-like medium is
a relevant genuine example.

It is indeed well known that the propagation of an electromagnetic wave in a non-
homogeneous medium with a quadratic refractive index profile is governed by an equation
of the type (Yariv 1975)

1 3% k() , N
[2,(0(2)5;73— > n]W(n,z)—la—zVI(n,z), @1

() =v(»,0),
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where z is the longitudinal coordinate of propagation and 7 is one of the transverse coord-
inates (x or y). Furthermore ko(z) is the wave number on the axis of propagation and k»(z)
is associated to the refractive index. In the case in which ko (z) and k,(z) are not explicitly
z-dependenti the solution of (41) is just the FEO.E.T. of ¢ (7). We must also emphasize that
in the general time-dependent case the solution can be found in a FO.E.T. like form but in
that case the characteristic functions (f, g, k) are obtained as the solution of a nonlinear
system of first-order differential equations, namely (Dattoli et al. 1987)

d [ e —e f 0 1/ko(z) el —etf
E( c'g —e"fg+e™" ) - ( —k2(x) 0 ) ( c'g —e"fg+e™ ) '
(42)

It is also clear that the same method can be applied to other problems involving, for
example, the evolution of squeezed states.

The concepts developed in this paper indicate that the idea of F.O.E.T. can be extended
to other types of solvable Hamiltonians admitting SU(1,1) as dynamical group. This aspect
of the problems will be considered in a forcoming investigation.

In the previous sections we have stressed the hermiticity of the operators A and D which
ensures the unitarity of F, and thus the fact that F}, produces a F.O.ET. which is the com-
plex conjugate of that associated with F,. We must emphasize that the unitarity of the
operator-generating transform of the fractional type is not crucial. Namias has in fact in-
troduced the fractional Hankel transform defined by the operator (Namias 1980)

A

i B
Ha =€ ’

1 d? 1d x2 -1 (@+1)

B=—oe - —— 4= - ; 43
4 dx? 4xdx+4+ 4x2 2 “3)
H, can be viewed as a non-unitary evolution operator since
A 1d>  1d x2 v (w+])
B#B = — 4 —— 44— _ .
7> 4 dx? + 4xdx 4 4x? 2 “4)

However, the techniques developed in the previous sections can be exploited in this case
too, the only difference being that two different Hankel transforms should be considered,
one associated with B and the other with BT.

The fractional Hankel transform can be shown to be contained in the FO.ET. This fact
can be understood as follows. The function

] 1 2
L,(x*+y%) = T L,(x? + yhe s+, 45)
T2

where L, denotes Laguerre polynomials (Morse & Feschback 1953), satisfies the differ-
ential equation

(<07 =0} + 5 (®+ )] Ly(x> + y») = 2pL,(x* + 7). (46)

1 Note that within the present context z plays the role of time and thus of a.
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We can therefore define the following bidimensional operators:
F, = e—iaeiszJeiaQ\-’ 0, = —33 + %n2 @7
which yield

—ia— i . i
e~d cota(x2+y?)

(Fa¥) (x,y) =

e [sin «|

+0oo +00 1 i
x / dx’/ dy’ exp [—icota (24 + —— (xx' + yy/)} vy,
—oo oo 4 2sina

—%n <a< %n, 48)
the value & = 0 reproducing the unit operator.
By using polar coordinates, by assuming that y has a cylindrical symmetry and by
exploiting the following integral representation for the Jy-Bessel function:

n

1 .
Jo(x) - e—lxcosé) d9, (49)
2 J_,

. 1: A
—la—zima

+o00 ) ) /
(Fa¥) (p) = e~ oot ? / p’dp'e-%'w‘”zw(p’)lo(—”” ) (50)
0

v |sin ¢ 2sina

which is a particular case of the fractional Hankel transform introduced in Namias (1980).
By using the same procedure leading to the Mehler sum rule for the Hermite polynomials,
we can exploit the fact that L, is an orthogonal basis (Morse & Feschback 1953), to get
the following Mehler addition formula for Laguerre polynomials:

00 2ipa 1 2+ 2\ a2ix ’
> Ly(o)Ly(p)> exp{—(p of)e ]JO( i ) 51

= 21—l 2(1 — e%e) 2sina

The more general case of fractional-order Hankel transform, involving the generalized
Laguerre polynomials, will be discussed elsewhere.

Before closing we want to further emphasize the usefulness of the EO.E.T. concept from
the mathematical point of view; we have seen that by inverting the procedure we can derive
the Mehler sum rule as a consequence of the fractional-order transform. This fact can be
exploited to obtain Mehler type sum rules for other types of special functions.
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